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MATRIX BOUNDARY VALUE PROBLEM IN THE CASE OF PARAMETRIC RESONANCE.
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Abstract.

The study of nonlinear Noetherian matrix boundary value problems for ordinary differential
equations is associated with numerous applications of such problems in the theory of
nonlinear oscillations in mechanics, biology, electrical engineering, theory of management,
theory of motion stability, particularly in problems associated with different cases of the
parametric resonance. Research papers of Yu.A Mitropolskii, A.M. Samoilenko, N.A. Perestyuk,
A.A. Boichuk, M.I. Ronto, I.G. Malkin, P.A. Proskuryakov, V.A. Yakubovich, V.M. Starzhinsky,
D.I. Martynyuk, E.A. Grebenikov, Y.A. Ryabov and other scientists are dedicated to various
aspects of the theory of boundary value problems. Research papers of such foreign scientists as
G.D. Birkhoff, G.A. Bliss, R. Conti, J. Hale, W.T. Reid, S. Schwabik, O. Veivoda, D. Wexler,
and others are also dedicated to the theory of boundary value problems.

These methods are used in the analysis of boundary value problems for various classes
of systems: boundary value problems for systems of ordinary differential equations, matrix,
boundary value problems for systems of ordinary differential equations, autonomous differential
systems, for operator equations in functional spaces.

In recent years, considerable attention is paid to the research of boundary value problems,
which linear part is not reversible operator, and, in particular, in the case where the number of
boundary conditions does not coincide with the dimensionality of solution. Note that in scientific
literature this class of boundary value problems has been called Noetherian.

The aim of this article is to obtain solvability conditions and solution constructions of
Noetherian weakly nonlinear matrix boundary value problems for systems of ordinary differential
equations in the case of parametric resonance, in this case they use original techniques for
solving generalized matrix equations of Sylvester with usage of projectors and pseudo inverse (by
Moore-Penrose) matrixes and the operator, which leads to a linear algebraic matrix equation of
Sylvester to traditional linear algebra system with a rectangular matrix. A generalized method

of Green’s operator built for traditional Noetherian boundary value problems for systems of
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ordinary differential equations in the works of A.M. Samoilenko and A.A. Boichuk are also
used. As opposed to researches of periodic boundary value problems in the case of parametric
resonance of V.A. Yakubovich and V. M. Starzhinsky, this article is devoted to the investigation
of more general Noetherian matrix boundary value problems for systems of ordinary differential
equations.

Obtained solvability conditions and a scheme for constructing solutions of nonlinear
Noetherian matrix boundary value problems for systems of differential equations in the case
of parametric resonance generalize similar results, which are presented in papers of A.A. Boichuk
and S.A. Krivosheya for periodic matrix boundary value problems for Riccati equation in the
absence thereof parametric resonance. In addition, received solvability conditions and a scheme
of constructing solutions stipulate the inhomogeneity dependence of the linear part of the matrix
boundary value problem, and hence the solutions of the equation for generating constants from
a small parameter too.

Obtained results are illustrated by the example of a matrix periodic boundary value problem
for Riccati equation in the case of parametric resonance.

Key words: matrix boundary value problem, matrix differential equations, generalized
Green’s operator, parametric excitation, Riccati equation.

IIOCTAHOBKA 3AJAYN
Uccnemyem 3ayady o nocrpoenun perenuii |27
Z(t,e): Z(-,e) € Casb], Z(t,-) € C[0;50), Z(t,e) € R™*F
MaTpUIHOrO JuddhepeHnnaaIbHOr0 ypaBHEHHS
Z'(t,e) = AZ(t,e) + Z(t,e)B + F(t,e) + € ®(Z(t,¢), u(e), t,¢), (1)
HO/IYMHEHHBIX KPAEBOMY YCJIOBUIO
L7(e) =g, o € R, (2)
Perienne marpuunoit kpaesoii 3agaqau (1), (2) uiem B Majioli OKPECTHOCTH peleHust T10-
poKIaroNeit 3amaun

Z(t,e) = AZy(t,e) + Zo(t,e)B+ F(t,e), LZ(-,e) = . (3)

Bnece A € R¥** u B € R#*F — nocrosambie Marpuipsl. HemHeHbIIT MATPIYHBIH OIepa-
TOP
O(Z(t,e), u(e), t,e) : R¥F — R
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upeanosaraeM jaudddepenimpyembim B eMbicsie Pperte |9, ¢. 636] o mepBoMy aprymenty
B MaJIoli OKPECTHOCTHU PelleHust TTOPOKIAIoNiel 3a/a4l U HelpPepbIBHO auddepeHiupy-
eMBbIM 110 [t B MaJIOil OKPECTHOCTH PeIlleHrsl TTOPOXK/Iatomieil 3aiaun (2) u HAYaJIbHOTO
sHadeHnst fip(e) cobcrsennoit dbynkunu p(e). Hemuneitnocrs ®(z, pu(e), ¢, €) u Heonmopo-
HOCTH HOPOXKIatoleii 3aa4un F(t, ) cauraeM HelpepbIBHBIME 110 ¢ Ha oTpe3ke [a, b] u 1o
MaJjioMy Tapamerpy ¢ Ha orpeske [0, gq]. Kpome Toro, £ Z (-, &) — nuHeiinblii orpannyeH-

HBIIT MATPUYIHBINA (PYHKIIMOHAJT:
L7(-e): Cla;b) — RO,

Boobie rosopst, npesmnonaraeM « # 3 # § # y. YCIOBUSA PA3pemuMOCTH U CTPYKTypa
peltienust JiHeHOl juddepeHuanbHoll crucreMbl (3) ObLIM IPUBEJIEHBI B MOHOIpaduu
[1]. KoncTpyKTHBHBIE YCJIOBUS Pa3PENIMMOCTH U CTPYKTYPa HEPHOJUIECKOTO PereHHst
muHeitHol juddepennnanbHoii cructembl (3) npu ycsioBun « = (3 110JIyYeHbl B cTaTbe [27]
C UCIOJIB30BaHUEM 0DO0DOIIEHHOTO OOPAIEeHNs] MATPHIL U OIIEPATOPOB, OIMMMCAHHOTO B CTATHE
[28]. Takum obpazom, 3aja49a 0 HOCTPOEHUN PeIIeHu MATPUIHOTO JTuddepeHnaaIbHOro
ypasHerus (1), MOXIYMHEHHOTO KPaeBOMY YCJIOBHIO (2), siBJisieTCsi 000OIIEHNEeM TTepUOItie-
CKOIi 3aJ1a41 JIJIsi MATPUYHOrO ypaBHeHusi PUKkaru [27], HeTepoBbIX KPAeBbIX 3a/1ad Jisl
cucreM 0OBIKHOBEHHBIX T depeHnnaibubiX ypasaenuii |2, 3, 29|, a takzke 3a1aan Komn
JIUTl MATPUIHOTO ypaBHenus Beprysumm |7, 8|.

Kak usBecrno |1, c. 211|, obmiee perenue

W(t,0)=U(t)-0-V(t), 6 c R’
sa 1aun Kormn
Z'(ty=AZ({t)+ Z(t)B, Z(a) =©

oupenensior U(t) u V (t) — mopmasbable GyHIaMeHTaTbHBIE MATPHUIIBL:

U'(t) = AU(t), U(a) = 1,, V'(t) = BV(t), V(a) = Is.
O6miee pemenue Z(t) € C'a, b] zamaau Komm [27]

Z't)y=AZ(t)+ Z(t)B+ F(t), Z(a) =© (4)

HMeeT BUJ

Z(t,0)=W(t0)+K {F(s)} (t), © € R**F,
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rjae

t
K[F(s)} (t) == /U(t)U_l(s)F(s)V(t)V_l(s) ds
a
— omneparop ['puna 3amaun Komn s marpuanoro ypasaenusi (4). Ilogcrasisis obiree
perierre MaTpuaHOro Juddepennuaibaoro ypapuenus (4) B Kpaepoe yciosue (2), mpu-

XOJIUM K JIMHEHHOMY aJireOpanvieckoMy ypaBHEHUIO
22(.6) = 2K |F(5)| () 5)

oTHOCHTEILHO MaTpunsl © € RY*F. O6osnaunm ZEU) € R**F j =1,2, .. a-f — ecre-
crBennblit Gasuc [5] npocrpancrsa R**P 1 ¢; — KOHCTAHTDI, ONPEJIENAIONINE PA3IOKEHHIE
marpuipl © € R o Bekropam =) 6asnca npocrpancrsa R4 mpn srom
o
Z.ZU EOV (s, =Y V¢, ¢ €RY, j=1,2, .. a- B

j=1

Takum 06pazoM, IPUXOIUM K JIMTHEHHOMY aJIre0pandeckoMy yPaBHEHUIO
ZgU )ZDV ()e; = o — gK{ (s )]()

oTHOCHTENBbHO KOHCTaHT ¢; € R'. Oupenemum oneparop #[%] : R™" — R™™
KaK OIIepaTop, KOTOPBI CTaBUT B cOOTBeTcTBHE Marpuie % € R™*™ pekrop-croJiderr

M PB) € R™™ cocraBjieHHbIN U3 1 CTONOIOB MATPUILl B, a TakzKe 0OpATHBIN OIEepaTop
//1_1{///[%’]} : R™™ — R™*™,

KOTODBIIl CTABUT B COOTBETCTBUE BEKTOD-CTOJIONY A [#A] € R™" marpuny £ € R™*",

Urak, npuxoauM K JIMHEHHOMY ajireGpandeckomy ypasHeHuto |16, 17]
2.c= .///{d] - ,///{zK [F(s)] (-)} (6)
OTHOCHTEJIBHO BeKTOpa ¢ € R*?| paBHOCHIBHOMY ypaBHEHHIO (5); 31ech
2 .= [///[9”] ///[Q<2>] .///{,@W'ﬁ)} ] 2V .= PU(HEVV(.) € RP,
Ypapuenue (6) paspenumo Torjga U TOJbKO Torja, korga [17, 16, 29|

Pg;///{@% — YK [F(s)] <.)} =0 (7)
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Bnech Pg« — oprompoexTop: RO7*7 — N(2*); marpuia Pg: cocrasyena us d jmmHeiHo
HE3aBUCUMBIX CTPOK OPTONpPOeKTOpa Pg- Marpunpl 2 € RO7*A Tlpu ycnopun (7) u

TOJILKO TIpU HeM o01riee perreHne ypaBHenus (6)
c= Q*///{ﬂ% - 2K [F(s)] ()} + Pg,c,, ¢, €R’
oupeessier obiee pemtenne |16, 17| marpuanoro ypasuenust (5)
0= //z—l{fﬁ///{gf - YK {F(s)} (-)}} + . |:Pgrcr:| ,

KOTOpPOE, B CBOIO OUepeIhb, OIPEae/deT 0blee pelleHne MaTPHYHOTo g depeHnnaIbHOro

ypaBHeHns (4), MOIMHHEHHOr0 KPAeBOMY YCIOBHIO (2)
Z(t,0,)=W(t,0,) +G {F(s); ,524 (t), ©, :=.47" |:PQTCT:| :

Bnech Py — opronpoektop: R*#*%# — N(2); marpuna Py, € RYP*" cocrapiena us r

JINHEWHO HE3aBUCUMBIX CTOJIOIOB OpTONpoeKTOpa Pg,

G {F(s); d] (t) = W{t, ///‘1{Q+/// [gf ~ YK [F(s)] (-)] }} +K {F(s)] (t)

+

— 0bobmenublii oneparop 'puna [19] marpuunoit kpaesoii 3agaun (2), (4), 2T — uces-

noobparnas (o Mypy-Ilenpoysy) marpuna |5, 29]. O603HaUNM HHIEKCHI

{jb j?a ,]r} g {1, 2, mn}

JIMHEHHO HE3aBUCUMBIX CTOJIOIIOB OPTOIPOEKTOpa Pg, mpu 3TOM
T
W(t,©,) =Y Ut)-EWV(t)-¢;,, 6, e R’
k=1

— obiree perieHre MaTPUIHOrO juddepeHIuaIbHOro ypasHenust (4), IO [UNHEHHOIO KPa-
esomy yesioBuio (2). Ilpu ycnosun Py« # 0 GyjeM roBOpuThb, 4TO JJId KpPaeBoll 3ajadu
(3) mMeer MecTO KpUTHYECKHI CJIydail, mpu 3ToM 3ajada (3) paspenrmMa JIHIib JJisi TexX
HeorHOpOAHOCTEH F'(t) m o7, 171st KOTOpBIX BBITIOIHEHO ycaosue (7). B cBoto ovepein, mpu
yenoBun Pg« = 0 171 KpaeBoit 3a/1a4u (3) “MeeT MeCTO HEKPUTHUIECKUN caydali, IIpyu 3TOM
3asiada (3) paspernmMa Jist Jo0bIX HeofHopogHoCTel F'(t) 1 o7 . YcsioBue paspermmmocT
(7) siBasteTcst 0OOOIEHNEM COOTBETCTBYIONIUX yeaoBmii (2, 3, 11, 29| Ha ciryuail MmaTpudHOit
KpaeBoil 3a/1a4n (3) 1 MOXKeT OBITH NCIOIBL30BAHO B TEOPUH KPAEBBIX 3aj1a4 [29], a Takke

B Teopun yupasienus [10].
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YCJII0BUA PA3SPEILIMMOCTU

[Ipesmonoxum, 9To Jjid KpaeBoil 3aja4n (3) uMeeT MeCTO KPUTHYECKUI CIrydail, Ipu

sToM ycstosue (7) BblmosiHeHo 1 3aja4a (1), (2) B MasIoit OKPeCTHOCTH PEIIeHNUs
20, €0(E)) = W(t.00(2) + G | F(s.2) 7| 0
IOPOZK TAOITIel 3a/1a49u (3) uMeeT pereHue
Z(t,e) = Zy(t,00(e)) + X(t,€), Oo(0) := O € R,

JJIS KOTOPOTO B JIOCTATOYHO MAJIOH OKPECTHOCTH HA4YaJbHOTO 3HAYEHUs COOCTBEHHOM

dbyuknum po(e) cymecrByer HenpepbiBHAsT COOCTBEHHAsT (DYHKITHS
1(e) = po(e) +¢(e), po(0) = pg.
TakuMm 06pa30M, IPUXOIUM K 3a/a9€ O HAXOXKJICHUN DEIIeHHsT
X(t,e): X(-,¢e) € CYa,b], X(t,-) € C[0,e0], X(t,e) € R
u cobersennoit dyuknun ((g) € C|0, €] cnabonenmHeiiHOi MaATPUIHON KpaeBoil 3a1axm
X'(t,e) = AX(t,e) + X(t,e)B+e ®(Z(t,e), u(e), t,e), LX(-,e) =0, (8)

paBpeHlHMOfI TOT'a 1 TOJIbKO TOI'/la, KOT'Ja

Pg;///{EK {(I)(Zo(s, Oo(e)) + X (s,¢€), pole) +¢(e), s, s)} (-)}

0. 9)

B cuny menpepbiBHOCTH TIO Z U 110 p HeqauneiiHoi dyuknuio P (z,u(e),t,e) B Masoii
OKPECTHOCTH PENIeHHsI IOPOXKIAOMIel 3a1at (3) 1 Ha9aIbHOIO 3HAUEHNS [i(£) cOOCTBEH-

HOM DyHKIUK (4(€) IPUXOAUM K CJIIYIOIIEMY YPaBHEHUIO

(0. ale)) 1= Py { LK [9(Za(s.00(e)). po(e). 9] ()} 0.

HeobGxo/uMble ycsioBust CyIeCTBOBaHUsI peIlleHns MaTpu4HOi KpaeBoil 3amaun (1), (2)
B CJlydae I[1apaMeTPUYeCKOI'0 Pe30HAHCa OlIpe/essieT CJIe/IYIONasl JeMMa, SIBJISIOMASCS

060BIIEHIeM COOTBETCTBYIONIMX YTBepKAeHui [22, 23, 24].

Jlemma. [Tpednosostcum, wmo das kpaesot 3adavu (3) umeem mecmo Kpumuseckuls cay-
Yati, NPU IMOM E8HNOAHEHO YCAOBUE PAZPEULUMOCTIL

popa{or 2o} <o

“Taurida Journal of Computer Science Theory and Mathematics”, 2015, 1



Mampuunas nemeposa kpaesas 3adaua 6 cayHae NApamMempuHeckozo pesonanca 123

IIpednonosicum maksice, ¥mo 6 Maroti OKPECTHOCTIU NOPOHCIAIOULE20 PEULCHUA
201, €0(e)) = W(t,00(6)) + G| (s, 23 o )

sadaua (1), (2) umeem pewenue
Z(t,e) = Zy(t,00(e)) + X(t,€), Oo(0) := O € R*,

ons Komopoeo 6 docmamouro maroti OKPECMHOCTNUY, HAYANDHO20 SHAYEHUA cobcmeennot

dynruuu po(e) cywecmeyem nenpepueran cobcmeennas GyYHKyUs

1(g) = po(e) + ¢(e), po(0) := pyg.

Tozda umeem mecmo paceHCMEo

F(09(e), po(€)) == Po;//{XK [@(Zo(s, O0(e)), o (e), 5,8)} (.)} =0.  (10)

ITo anajioruu ¢ HETEPOBBIMU CJIAOOHEIMHEHHBIMU KPACBLIMU 33, 1a9aMU B KPUTHIECKOM
ciaydae [29], a Tak:Ke HePHOANTIECKUMHI KpaeBbIME 3asadamnu [6], ypasuenne (10) Gyzem
HA3bIBATH YPABHEHUEM JIJIsl TIOPOXKIAIOIINX KOHCTAHT MAaTPUIHON Kpaesoii 3ajaun (1), (2)
B CJIydae MapaMeTprIecKoro pesonamnca. Kopau ypaBHeHus J1J1st HOPOXK IAIOIINX TOPOXK 1A~
tormux Konerant (10), B manroM caydae — MaTpuipl Og(e) € R a Takske cobeTBeHHbIE
dbyukImm Lg(g) onpemessioT OpoXK patoree pemenne Zo(t, ©g(€)), B MaIoil OKPECTHOCTH
KOTOPOI'0 MOTYT CYyIIECTBOBATHL MCKOMBIC PEHICHUAS MCXOJHON MaTPUIHON KpPaceBON 3a/ia-
qu (1), (2) B ciyuae napamerpuueckoro pesonanca. Eciu ke ypasrenue (10) me umeer

KOpHein
@O<£) < RaXﬁ7 MO(E) € Rl? @0(5)7 MO(E) S C[07€0]7

TO MCXOJIHAsI MATpUIHas Kpaesas 3ajada (1), (2) B ciyuae mapaMeTpuaeckoro pe3oHaH-
ca He MMeeT WCKOMBIX perenuit. @ukcupys onno us pentenuit Og(e) € RY*A. ypasne-
HUsL JIJIsl TOPOZKJIAIOIUX MOopoxkaarormux KoHcranT (10), a Takxke coOCTBEHHYIO (DYHKIIUIO
o(€), mpuxoIMM K 3ajade 00 OTHICKAHUHU pelleHns] MaTpUIHON Kpaesoii 3amaqdu (1), (2)
B OKPECTHOCTH TOPOKIAIONIEro pererns Zo(t, ©g(€)); B 9TOIl OKPECTHOCTH UMEET MECTO

pasnoxenue |9, c. 636]

P {Zo(t, Oo(e)) + X (t,e), pole) +C(e). t, a] = {Zo(t, 60(5)),%(5),75,5} +

+D [Zo(t, ©(e)), pole), X(t, 5)} + A {Zo(t, Oo(e)), uo(s)} C(e)+R [Z(t, £), u(e), t, 5} ,
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[IPU STOM B MaJIOH OKPECTHOCTH MOPOXK/IAIOIIero perenns Og(e) € R**8 | ypaBnenns s

HOPOZKJIAIOIINX MOPOzKTaroux Koucrant (10), a Takxke cobcTBeHHO hyHKINM fio(€),

A Zy(t, @0(5))»M0(5)] = 2@ [Zo(t, Oo(e)) + X(t,e), uo(e) + ¢(e),t, 5}

¢ X(t,e) =0

() =0

— (axf) —wmarpunau R(Z(t,€), pu(e), t, ) — ocraTok sroro paszsoxenus. Tuddepenrmar
D|Zu(t, 0u(e)). pnfe), X1 2)| € B

npejcTaBiser coboit ymueiinblit o X (t,e) omeparop. C yd4eToM IIOC/IETIHETO pa3/IoKe-
Hus, a Takxke pasencTsa (10), neobxoaumoe u gocTaTodHoe yeaosue (9) CyIecTBOBaHMS

perieHns
X(t,e) =W(t,0,(e) + XV(t,¢)

HeJIMHEHOI MaTpUIHOi KpaeBoil 3a1a4du (8) fBigeTcs ypaBHEHHEM

PQZM{.ZK{D [Zg(s, O0(e)), t1ole), X (s, g)} +

+A [Zo(s, O0(e)), uo(a)} C(e) + R{Z(s,s),u(s), 3,5] }(-)} =0

OTHOCHTEILHO MaTpuIisl O, (¢) n ckanapnoit dynknun ((g). 3xecs W (t, ©,()) — obmree

pellieHre OJIHOPOJIHON YacTh KpaeBoi 3aja4n (8) u
XO(te)=e G {‘I)(Zo(s, Oo(e)) + X (s,€), to(e) +C(€), 8,€); 0} (t)

— YaCTHOE pellleHre HEeOHOPOIHON MaTpUIHON Kpaepoii 3ajgadn (8). ObosHadmM fj(a)
cKaJisipHble (DYHKIINU, OIPEJIe/IAIONINE PA3JIOXKEeHe MATPUTIBI
a-B
6,(c) = > EV%(e), &(e) € C0, &), j=1,2, .- f3

=1

o Bektopam =) € R**# Gasuca mpocrpancrsa R**?, Bexrop

ég) = ( &) ) e R £(e) € R
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U MaTpUILy
HBy(€) = [@61)(8) 93(()2)(5) @éaﬁ)(g) %61+aﬂ)(5> } € RIx(1+aB).

rie

2e) = Popa{ 25 { D] 25 000) o). U2 -v(9)| f) € Y

BT () = PQ;M{.,%K{A{Zo(s,@o(g)),uo(g)}}(.)}, j=1,2, ... aB.

Takum o6pa3omM, HEOOXOAUMOe ¥ JOCTATOYHOE ycaoBue (9) paspenmMocTd HeJTMHEeHHOI

MaTPUIHOI Kpaesoii 3a1aun (8) mpeobpasyercs K BHLY
Po(e) - le) = —PQ;//Z{Q”K{D [ZO(Sa O0(e)); po(e), X (s, 6)} }(')+

L 2K {Rws, O0(e)) + X(5.2), ole) + (&), >] <->}. (11)

Vpasrenne (11) paspernmno oTHocHTeIbHO BekTopa ¢(g) € R Torma n Tonmbko Torya,

KOrJa

R@gpg;//z{,ﬂ({p [Zo(s, Oo(e)), pole), XM (s, s)} }(-)+

+ 2 K| R 0u(0) + X(6.9)a(2) + (21,2 ()] =
B uacraocTH, ypasHenue (11) paspermmmo npu ycjaoBuu
Pg:(e)Poy = 0, Ay (€) € C[0, g0]; (12)

B 9TOM ciydae ypasHerue (10) umMeer 1o MeHbIIEH Mepe OJ[HO pelleHne
i) = B () - Pg;///{fK{D [Zo<s, @o<e)>,uo<e>,x<1><s,e>] }<->+

FLEK | RUZa(5,00(6)) + X5 ale) + 60),5.2)| )
3sech Py (e) € R4 — marpuna-opronpoekTop:

Py (e) : R — N(%;(e)).
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Takum obpazoM, IpHU yCIOBUU (11) IO MEHbIIEed Mepe OHO pellleHre HEeJIMHEeHHONH MaT-
pu4HOii Kpaesoii 3a1aun (1), (2) B ciydae mapaMeTpuvecKoro pe3oHaHca OIpeJessieT Cie-

JAYIoNiag olliepaTopHasd CUCTeMa

Z(t,e) = Zo(t,O0(e)) + X (t,€), X(t,e) =W (t,0,(c)) + XW(t,e),

XW(te)=¢ G[(I)(ZO(S, Oo(e)) + X (s,€), po(e) + ¢(e), s,¢); O] (1),
1(E) = 10(e) + C(e), O(e) = ™ {:so é<e>] CE) = 3 éle),
oe) =~ B (e) - Pg;//z{zK{D {zo@, @o<e>>,u0<e>,x<”<s,e>] }<->+

2K {R(Z(J(s, O0(e)) + X (5,2), pole) + C(&), >] <~>}; (13)
3716Ch
o= Ly 0) R 5= (0 0 0 1) R

— MOCTOSIHHBIE MATPHIBL. sl HAXOXK/IeHNsT TPUOINZKEHHOTO PEIIeHUs OllepaTOPHOI ch-
creMbl (2) IPIMEHHM METOJ TIOCIe[0BaTelbHbIX npubimkennii |9]. Taknm obpasom, 1o-
Ka3aHO CJIC/IYIONIee yTBEPXKJICHUE, KOTOPOE sIB/IAETCs OOOOIIEHHEM COOTBETCTBYIOIIEIO
YTBEpZKJIEHUs! JIJIsl TPAJUIMOHHBIX KPAEBbIX 3a/a4 JIId CUCTeM OOBIKHOBEHHBIX Jdde-

PEHIMATBHBIX YPaBHEHHI B CIydae ImapaMeTpudeckoro pesonanca |20, 23, 24, 25, 26].

Teopema. I[Ipednosostcum, wmo das noposcdarousets mampuurol kpaesol 3adawu (3)
UMEET, MECTNO KPUMUYECKUT CAYHAT, NPU IMOM YCAOBUE BBINOAHEHO PA3PEULUMOCTL

prya{o ok [riu]0) -0
IIpednosootcum markorce, wmo ypasnenue (10) umeem xopru
Op(e) € R*8. po(e) € RY, ©(e), pole) € C[0, o},
moezda npu ycaosuu (11) 6 manol oxpecmmuocmu pewenus nopostcdarowets 3adavy (3)
Z(t, ©0(e)) = W(t, 80(2)) + G {F<s,e>; ﬂ} (0

u 8 doCcmamowHo MaA0l OKPECTNHOCINU HAYAALHO20 3HAY%EHUA [io(E) cobemeennot dyrk-

yuu p(g) no menvwed mepe 00no pewenue mampuurol kpaesot sadavu (1), (2)

Z(t,e) = Zo(t,00(e)) + X (t, ¢)
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u Henpepuenyro cobcmeennyro Gynxyuro w(e) = po(e) + ((€) onpedeasem onepamopnas

cucmema (2), O0NA HAT0HCIEHUSA 2020 PEWEHUA NPUMEHUMA UMEPAUUOHHAA CTEMA

Zia(t€) = Zo(t,00(€)) + Xy (t,), Xpsr(t,e) = W(t, O, () + XV, (t,€),

XU = £ G|(Z0(s, () + Xils ) nle) + G6), 5.2 0 1)
tor1(€) = po(€) + Cer1(€), Oy, (e) = [30 ék+1<5>] ; Crra(e) = J1 Grya(e),
Crr1(e) = =By (e) - Pg;///{ZK{D [Zo(s, @0(5)),u0(5),X,gl)(3,5)] }()+

+$K{R(Zo(s,@o(5))+Xk(s,5),uo(5)+§k(6),5,5)}(-)}, k=0, 1,2... (14)

Jmua orpeska [0, €], Ha KOTOPOM IIPUMEHHM METO/T IIPOCTHIX UTEPAITHI, MOXKET OBITH
OlleHEeHa, KaK MOCPEeJICTBOM MazKopupyomux ypapuenuil Jlsmnynosa [6, 29|, Tak u Hero-
CPEJICTBEHHO U3 yCJIOBHUS CXKIMAEMOCTH OIlepaTopa, OIPEJIe/IIeMOro MOC/Ie/IHel CHCTeMOit
anasorudro [15, 18].

ITpumep. YciaoBud J0Ka3aHHON TEOPEMBI BBIIOHIIOTCH B CIydae 27T-TePUoInNIecKoil 3a-

Jda9u [dJId YypaBHEHUA THUIIQ Pukkarn
Z'(t,e) = AZ(t,e) + Z(t,e)B+ F(t) + ¢ ®(Z(t,e), ule), t,e), LZ(-,e) =0, (15)
rue

O(Z(t,e), ule), t,e) = uS1Z(t,e)Sy + S3Z(t,e)S4Z"(t,€)S5,

0 1 00 10 00
Sy = Sy 1= Sy 1= Sy =51, S5 =
1 ( 0 0 > ’ 2 ( 10 > ) 3 ( 0 0 > ) 4 1 5 < 10 ) 9

Ft) = ( COZ% Sh?% > LI e) = Z(0,6) — Z(2m, ).

Ob1mee perrerre mMoJIyoIHOPO/IHOM 3ataan Ko jiyist MaTpudaHoro jandepeHnaib-
Horo ypasuenust (15)

Z'(t) = AZ(t) + Z(1)B, Z(0) = ©
nMeeT BUIT

W(t,0)=U(t)-0-V(t), © c R¥?
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rie U(t) u V(t) — mopmasbusie (U(0) = I, V(0) = I3) dyngamenTaibHble MATPUIIBL:

U(t) _ ( cost +sint —2sint ) 7 V(t) _ < cos 2t — sin 2t —sin 2t ) ‘

sint cost —sint 2sin 2t cos 2t + sin 2t
O6o3naumM
E“):(lo) E<2>:(00> E(4>=<00>
00)’ 10/’ 7 0 1
— ecrecTBeHHBIH Gasuc npocrpanctea R**? u ¢;, j = 1,2, ... 4 — KOHCTaHTBI, OLpejie-

JISIONHE Pa3JIoyKeHne MaTpunbl © 1o BekTopaM =) Gasuca mpocrpamcTsa R2*2. Obrmee

pelerre OJHOPO/HO MarpudaHoil 3agaun (15) onpenensier marpuna 2 = 0 u ee opro-

poeKTOpbl Py = Py« = I,. Takum obpasom, m1j1st MaTpudaHOil KpaeBoii 3agadn (15) mmeer

MecTO Kputudeckuiit ciay4dait. [locko/bKy jiist 27m-1epuogmdecKoii 3a/1a4u Jijis MaTpUIHOTO

muddepennuabaoro ypasaenus (15) yeaosue (7) BBIIOJIHEHO, IOCTOIBKY TOPOZK JIAIOIIAST

27-niepuojindeckast 3aJada Jijis MaTpudHoro auddepennuaibaoro ypasaenus (15) pas-

pelmMa, Ijisi JaHHBIX HEOMHOPOmHOCTel F (t) u o/ = 0. Obiee pereHne MOPOXKAAIOIIEH

27T-IIepUOMIECKOil 3a1am i MaTpudHoro auddepennuaabaoro ypasaerns (15)

Co C4

Zo(t,0,) =W(t,0,) + G|:F(5);;z/:| (1), ©, = ( €1 C3 >

orpejiesisier 06001eHHbIi onepaTop ['puna

MK {F@)} (t) = —

6| Fegier| (0 = K| Fio) 0,

2(—25cost 4 37 cos 2t — 12 cos 3t — 6sin 2¢ + 9sin 3¢)
—25cost 4 46 cos 2t — 21 cos 3t + 25sint — 8sin 2t — 3sin 3t
—25cost + 28 cos 2t — 3 cos 3t + 25sint — 44 sin 2t + 21 sin 3¢
12 cos 2t — 12 cos 3t 4+ 25 sint — 26 sin 2t + 9 sin 3t

Ypasuernne (10) 110 TOPOKIAIONIIX KOHCTAHT 27-TIEPHOIMIECKON 3aatdu JIJIs MATPUY-

Horo uddepennuaibHoro ypastenus (15) numeer jeficTBUTE/ILHbI KOPEHD

e 37 23 14 2 \*
F=5s={ 1515155 )
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KOTOPOMY COOTBETCTBYET MaTpHUIla IIOJTHOI'O PaHI'a

34 —158 38 300
15 —-34 68 —38

3 =208 14 214
—-41 -3 61 -—14

By = —1207

o O O O

Takum obpasoM, B ciydae 27-MepUOJNIecKoil 3ajaqn jijis ypasHeHus (15) BBIIOJIHEHBI
YCJIOBHSI T€OPEMBI, CJIeJ0BATEILHO 27-TIepHoaecKast 3a1a4da (15) B MaJoit OKpecTHOCTH

TTOPOXKJTATOIIETO PEIEHUST

Zo(t) = 37cos2t —6sin2t  2(7cos2t — 11sin2t)
O\ —dsin2t 4+ 23cos2t 6Gcos2t — 13sin 2t

paszpemmnma, nipudeM ((0) = 1. Urepanunonnas cxema (14) onpejenser nepsoe npubmzKe-
HUE OT MOPOKJIAIOIIEro perenns X fl)(t, £):
4

XD (te) = {Xf}}(t,g)} :
=1
JJIsI KOTOPOT'O

Xt e) = T 5250{ — 31 500 + 24 192 cost — 10 080 cos 2t — 14 640 cos 3t+

432 028 cos 4t 4+ 41 776sint — 21 210sin 2¢ + 15 360 sin 3¢ + 5 021 sin 4t},

1
Xt e)

= 476250{ — 10 500 4+ 32 984 cost — 13 020 cos 2t — 15 000 cos 3t+

+5 536 cos 4t + 8 792sint — 29 190 sin 2¢ + 360 sin 3¢t 4+ 12 127 sin 4t},

XM(te) = - 250{ — 10 500 + 16 492 cos t — 12 180 cos 2¢ + 180 cos 3t-+

46 008 cos 4t + 4 396 sint — 2 310sin 2¢ + 7 500 sin 3¢t — 5 569 sin 4t},

8¢

Xf}zf(taé‘) = 7950

{2 611 cost — 2 730 cos 2t — 915 cos 3t+

+1 034 cosdt — 1 512sint — 1 260 sin 2¢ sin 2¢ + 960 sin 3t + 288 sin 4t}.
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g OIeHKN TOYHOCTH HAlJIEHHOI'O IOPOXKJIAIONIEr0 M IE€PBOr0 IPUOIMKEHUA K 27T-

IIEPpUOANIECKOMY DPEIHIECHUIO YpaBHEHUA TUIIA Puxkkaru (2) OIIpeJIe/INM HEBA3SKN

Ak({f) =

‘ H% [Z{(t’g) — AZ\(t,e) — Zi(t,e)B — F(t)—

—€ (I)(Zk(tv 5)7 M0(5>7 ta 6):|

R4 11 L2[0;27]

B gactHocTu, ipu € = 0, 1 umeeMm:
Ag(0,1) =~ 0,318 171, A4(0,1) ~ 0,030 770.
[Ipu € = 0,01 HEBA3KM yMEHBIAIOTCH:
Ao(0,01) = 0,0318 171, A;(0,01) =~ 0,00307 697.

Bamernm, aTo MaTpuna %y, KIodeBasd IIPU NCCIeTOBAHIN MATPUIHBIX KPACBBIX 3211
(1), (2) B ciayuae mapaMeTprUYecKOro Pe30HAHCA, KAK U B CJydae HETEPOBBIX KPAEBbIX
3aJ1ad J1JId CUCTeM OOLIKHOBEHHBIX Jnd depeHIualbHbIX YPaBHeHnil, MoxKeT ObITh HaflleHa

HEOCPEJICTBEHHO U3 ypaBHEHHUs Jjisi Hopokpatormux Koncrant (10). deiictBuresibHO:

0

& Pyt { 2K [0(2(s. 0061 (o). )}

= L S =W, (1)
_8(£,C)PQ;/// .ZK{D{Zo(s,@0(5)),u0(e),W(s,Z_ &)+ X (375)}+

j=1

#A| 205, 00D (| O | g =

¢(e)=0

[IpenyiozkeHHast B CTaThe CXeMa MCCJIeJOBAHII MaTPUYHBIX KpaeBbiX 3a1a4 (1), (2) B
cilydae TapaMeTpruiecKoro pe30HaHCa, KaK U B CJIydae HETEPOBBIX KPAEBBIX 33J1a4 JIJIs CH-
creM OOBIKHOBEHHBIX JrbdepeHInaabHbIX ypaBHeHnil, anajgoruaro [29, 32| moxker ObITh
nepeHeceHa Ha MATPUIHBIE KPAeBble 3aJIa9l C 3alla3/bIBAHNEM, a TaK:Ke — aHAJOTUIHO
[18, 29, 30, 31] na aBroHOMHBIE MaTpUYHbIE KpaeBble 3ajaqn. VM, HAKOHeIl, aHAJOIUIHO
[21, 29| npejyiozkeHHasi cxeMa HMCC/IEJIOBAHUE MATPUYHBIX KPAEBBIX 3a/1ad MOXKET ObITh
HepeHeceHa Ha MaTPUYHbBIE KPAeBbIe 3aJ1a49i CO CIaDOHETMHEHHBIM (DYHKIIMOHAIOM B Kpa-

€BOM YyCJIOBUU.
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