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SOME PROPERTIES OF THE BASIC INVARIANTS OF THE UNITARY GROUP W (J3(4)).
Rudnitskii O. 1.

Abstract. This paper is devoted to the study of the algebra of invariants of the finite
unitary primitive group W (J3(4)) of order 336 generated by reflections of second order with
respect to the planes in the 3-dimensional unitary space (the group of number 24 in the list of
Shephard-Todd). The group W (J3(4)) acts on the polynomial ring in 3 variables over the field
of complex numbers in a natural manner, and, as is well known (Shephard and Todd), the set
of all W (J3(4))-invariant polynomials forms an algera generated by 3 algebraically independent
homogeneous polynomials .J,,, of degrees m; = 4,6,14 (a system of basic invariants of group
W (J3(4))). This group and its invariants have been studied in a large number of scientific papers
(e.g., F. Klein, H.S.M. Coxeter). Of particular interest is the curve with equation J4 = 0, which
has a number of interesting properties (see F. Klein, H.S.M. Coxeter, M. Kato). In the previous
works, author obtained in explicit form all basic invariants .J,,, of this group.

The main purpose of the article is to consider two new methods of finding in explicit form
of the basic invariants of group W (J3(4)). These methods are based on the following property
of group W (J3(4)): the group W(J3(4)) D B3 D As, where A3 and Bs are the symmetry
groups of the regular 3-simplex and the real 3-cube, respectively. In particular, we obtain the
representation of each basis invariant of the group W(J3(4)) as a polynomial of the power sum
symmetric polynomials (of the basic invariants of group B3).

Note that previously a similar problem was solved in the paper by M. Oura and J. Sekiguchi
for the group W (Kj) and in the author’s papers for the groups W (K5), W(Ny), EW (Ny).

Keywords: Unitary space, reflection, reflection groups, invariant, algebra of invariants.

BBEOEHUE

ITycTh B n-MepHOM yHUTApHOM IpocTpaHcTse U™ 3aJaHa IPAMOYTOJILHASA CHCTEMa, KO-
n

opauHaT ¢ HauaaoM O U OPTOHOPMUPOBAHHBIM 6azucoM €; (i = 1,n); BeKTop & = Y 1;€;.
i=1



8 0. U. Pyoruuruii

Koneunas ynurapHas HenupuBoauMas rpyiia (G, MOPOXKIEHHAS OTPAKEHUSIMEI OTHO-
CUTEJIbHO TUIEPILIOCKOCTel tpocTpancTBa U™ ¢ obieit Toukoit (), ecTeCTBEHHBIM 00pa-
30M jiefictByer B KoJiblle MHOrOuwIeHoB R = Clxy,...,x,|. MHOXKecTBO BCex MHOTOUIIE-
HOB [ € R, MHBapMaHTHBIX OTHOCHTHEJILHO JeficTBUA Ipyibl (G, UMeeT CTPYKTYPY ajreo-
pbI, KoTopyto Gyiem obosnadats 9. UssectHo [1], uto anrebpa I¢ mopoxnaerca n anreb-
parvIecKy He3aBUCUMbBIME OJTHOPO/IHBIMU MHOTOUJIeHaMu f,. € R creneneit m; (i = 1,n),
KOTOpbIE Ha3bIBAIOTCA OA3UCHBIMU UHEapuarmamu rpyuusl. OTMETHM, 9TO IS 3a-
nannoi rpymnbl G cucreMa 6a3MCHBIX MHBAPUAHTOB OIPEIE/IeTCss HeOAHO3HAYHO, HO UX
crerneHn (9ucsa m;) OUPEEIATCS OMHO3HAYHO U HA3BIBAIOTCS MOKA3ATESIMU TPYIIIHL.

Jannag craTbsg HOCBAIIEHA W3YyYEHWIO CBOHCTB Oa3MCHBIX MHBAPHAHTOB TI'PYII-
el W(J3(4)) nopsiyika 336, HOPOKJIEHHON OTpazKeHUsIME BTOPOTO MOPsiIKa B TPEXMep-
HOM yHuTapHOM npocrpancTBe (rpymma Ne 24 B crmcke [llenapaa-Tomma) [1]. Ormerm,
gro rpynna W (J3(4)) 1 ee MHBAPHAHTBI UCC/IEIOBATINCH B OOJIBIIOM UHCIe paboT, HAPU-
mep, [2-6] (cm. Takxke crarbu asropa [7-9]). Ocobblit uHTEpec npeacraBasger Ga3UCHbINR
WHBapUaHT f; MUHUMAaJbLHOI deTBepToil cremenn. Asrebpanmveckast kpuBas fy = 0 Ha
KOMILJIEKCHOH ITPOEKTUBHOM ILIIOCKOCTH 00JIaIaeT CJIeLyIONMMI MHTEPECHBIME CBOMCTBA-
Mu: mMeeT 28 JIBOMHBIX KacaTeIbHBbIX [3|, sABIgeTCsS eIMHCTBEHHON KPHUBOI poja TpU C
rpyunoii aBromopdusMoB nopgaaka 168, a cam 3TOT MOPSJIOK peaau3yeT OLEHKY, J1aBae-
MyIo TeopeMoii ['ypBuna mjis MaKCUMAJILHOIO IMOPSAKA IPYIIIBI aBTOMOPMU3MOB KPUBOi
posa tpu [4].

ITeav nacmosweti pabomuvt — paccCMOTPETH JIBa MOIX0/1a K IIOCTPOEHNI0 HA3UCHBIX
naBapuanTos rpymisl W (.J5(4)), OCHOBAHHBIX Ha CBOCTBAX TON I'PYIIIIbL.

JJ1s1 IOJTy 9eHust pe3yJIbTaToB B 3TOM CTaThe ObLI NCIIOIB30BaH IIPOrPAMMHBIN ITAKeT —

cucTeMa KOMIIbIOTepHOiT anredpwur Maple.

1. IIOCTAHOBKA 3AJAYUN

Koneunast yuurapuas rpynma W (J3(4)) mopsiaka 336 mopoxkiaercss B IPOCTPaH-

CTBE U3 OTpazKE€HUAMMU BTOPOI'O IIOPAAKa OTHOCUTEJIBHO IJIOCKOCTEA C YpaBHEHUAMU

To = 07 (1)
To + T3 = O, (2)

u
1+ 29 — axs =0, (3)

rie o = (1 — eV/7) — xopenn ypasuenns 2% — z +2 = 0; € = /=1 [7] (cm. raxke [8]).

“Taurida Journal of Computer Science Theory and Mathematics”, 2025, 3



Hexomopuie ceoticmea 6a3ucHbi uH8apuanHmos yrhumaprot epynnoe W (J3(4)) 9

['pynma cojiepKuT oTpazKeHust BTOPOro MOPsJIKa OTHOCUTE/IHHO 21 IJIOCKOCTH ¢ ypaB-

HeHusAMH [§]

JZZ‘:O, in:txj:(), Z,j:1,3(2<j), (4)

£ x +ax, =0; (k,I,m) = (1,2, 3)-1uKIn9eCcKN.

Aunre6py 1W(3(4) nopozknaror Tpu 6azucHLIX WHBapHaHTa creneneit m; = 4,6, 14 [1].
B pa6ore |7] (cm. Takxke [9]) mocrpoena ciemyiomast cucTeMa Ga3UCHBIX MHBAPHAHTOB

rpynnst W(J5(4)):

Ji = E r;t —3a E :BiijQ,

1<j

Jg =2 Z ;% + ba Z xi4$]~2 + 20a2x12x22$32,

Jia=382) ;M — 7930 ) 2w +143(16 — 21a) Y a0t

—143(16 4 950) 3 2,0 + 572(21 +9a) 3 0% 2y~ (5)
i<k
—4290(19 — 5a) Y _ ax; w4+ 8008(13 — 11a) Y _ a2+
1<j

+20020(5 + @) E x50 oyt
j<k
3/1€Ch UHJIEKCHI 1, ], k TPUHUMAIOT 3HadYeHud 1, 2, 3 1 yI0BJIETBOPAIOT HEPABEHCTBAM, yKa-
3aHHBIM TI0JT 3HAKOM CyMMHBI.

PaccmorpuwMm ernie iBa 10/1xo/1a K IMIOCTPOEHHUIO Oa3MCHBIX MHBAPUAHTOB 3TOH TI'PYIIIIHI.

2. /IBA CIIOCOBA TIOCTPOEHUSI BABUCHBIX UHBAPUAHTOB

Cmocob 1. Herpyano sameruts, uro rpymmna W(J3(4)) comepKur B KadecTBe Mo
IPyNIbl rpylny Bz — cuMMeTpuil BerecTBEHHOro Kyba, MOPOKIEHHYIO OTParKeHUSIMU
BTOPOI'O TOPsIJIKA OTHOCUTENBHO 1I0cKocTeit (4)(cm. takxke [10, Proposition 5.13|). Cie-
nosaresbro, IW(/(4) « B,

NsectHo (cM. [1]),9T0 crenenubie cyMmbl

3

L= e (k=T.3), (6)

=1
SBJIAIOTCS OA3MCHBIMU HHBAPUAHTAME IPYIIILI Bs.
CremoBaTenbho, m060it snement f aare6psr 1V (3™H) mpencrasum B Bune f = ¢ (1),

k = 1,3, tme ¢¢(Ix) — HEKOTODBIi MHOTOWIEH IMOAXOJAIIEHl CTENEeHN ¢, OT CTEIEeHHBIX

«Taspuuecruli secmHux unopmamuru u mamemamuru», N 3 (68)’ 2025



10 0. U. Pyonuuxuii

CyMM [}, YIOBJIETBOPAIONIHNI YCIOBUIO

6(de(Ix)) = ¢e(1k), (7)
r7e 0 ecThb mpeodbpa3oBaHme BUIA

xr1 — %(LCl — X9 + Oé.I'g),
To — %(—331 + x5 + axy),

T3 — %(@l’l + axry — 21‘3)

(oTpazkeHne BTOPOro MOpsijika OTHOCHTEJILHO IIJIOCKOCTH € ypaBHeHneM (3)).

[Tosyanm siBHBIHA BHJT MHOTOYIEHOB ¢y([)),t = 2,3,7, KOTOpbIE COOTBETCTBYIOT Ga-
sucHbIM uHBapuaHnTaMm rpynnbl W (J3(4)), To ecTh HaiijeM $BHBI BUJ IpeICTABICHUS
6asucHblx nHBapHaHTOB rpynbl W(J3(4)) B BHe MHOTOWIEHA OT CTENEHHBIX cyMM (6).

Anasormanas 3a1a9a i HEKOTOPBIX rpymi (G OblIa [MOCTaBIeHA W PelnieHa B pabo-
te [11], a Takxke B paborax aBropa [12-14]. OTMeTnM TakzKe, ITO AHAJOIHIHBIN MOIXOJ
K [OCTPOEHUIO 6as3nucHbIX nHBapuanToB rpynnbl W (J3(4)) 6bu1 paccMoTpeH B pabore aBs-
Topa [9).

1.1. Ilycts t = 2. Torna

Py = ¢o(1h, 1) = Cl1112 + agls,

3JIeCh U Jajee a; — HeolpeaeeHHbIe KOd(MPUIINTEHTHI.
Ecau muOrOWIeH Py yaoBiaersopsier yciaouio (7), TO, IpUpaBHUBasA KOIDMUIHEHTHI

Ipu OAUMHAKOBBIX OJHOYJ/ICHAX B HpaBOfI U JIEBOA YacTdX PpaB€HCTBa (7), II0JIy9YUM

35\/704
e

ap = 14 2.
CremoBaTesibHO,
3ev/Tax
P4 = a2(_T[12 + [2)

HenysteBoit muorodsien Py, onpenesnsieMblit OJJTHO3HAYHO C TOYHOCTHIO JI0 MTOCTOSTHHOTO

MHOKUTEJIsI, SBJISIeTCsI GA3MCHBIM MHBAPMAHTOM BOCHMOIi cremenu rpymmnbt W (J3(4)), u

V7

—¥Lea? cosnajaer ¢ GasucubiM unsapuanToM Jy (em. (5)), To ecrb

upu ag =
1
Jy = —5(354112 + V702 ). (8)

1.2. /Inga t = 3, MHOrO4JIEH

Ps = ¢3(1y, Iy, I3) = ar[,* + a1 I + asls.
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Yeaosue (7) NPUBOJUT K COBMECTHON CHCTeMe JIMHEHHBIX ypaBHEHUH OTHOCHTEIBHO

HeolpeJie/IeHHbIX KovddurmeHnTos a;, | = 1, 3. Ee obimee perenne uMeer BUI:

VT 7

ay =t,a9 = —?805475,&3 = —E’St.

Takum obpasom,

t
P = E<40113 — 15V/7ea* 1,1, — 7a°I5).
Dra dopma mpu t # 0 ecth GazucHbI wHBapuaHT 6-if crenenu rpymnmsl W(J3(4)),

KoTopbiit ipn ¢ = Ya? copnagaer ¢ 6asncupiv nusapuanrom Jg(em. (5)), To ecTh

1
Js = g(loonIf’ — 15V/7ea’ 1, — 7a°I5). (9)

1.3. Ecim t =7, 10
Py = ¢s(Lh, I, I3) = ar [, + ay DIy + a3]14]3 +as P L7 + a5 I3+

tagl I + a7 I5* 4 agl, ;.

Cootrrorienne (7) NPUBOAUT K OJHOPOJHON CHCTEME JIMHEHHBIX YPABHEHUN OTHOCH-
TEJILHO 8 HEM3BECTHBIX KOI(DMUIMEHTOB a; ¢ OOIUM PelleHneM:

2140093 78705 9565 495
“ = (oormssas 3211204 Y 1 (gar  1maa”Y

99593 215475 1185 195
2=~ T 16056326\/_)01 ~(So6 T gogcV
1165 135 27 9
a5 = (Jzgp T Trgg=V e + (55 + %5\/?)@2,
142839 17541 1145 75
= (z6e8 + 1146888\/_>01 s T stV e

285 129 3 3
+ Ter — (= + ﬂéﬁ)cg,

% = ~(155 * 506° >
603 207 45 15
a6 = (5702 ~ z192°Y ) ~ (55 ~ 5955V e

a7 = C1,4a8 = Cg,
rae cj, Co — IPOU3BOJILHBIE YUCJIA.

[Ipu 100BIX 3HAYUEHUSAX C1, Cy MHOTOWIEH Pyy ecTh MHBapuaHT 14-il cTeleHu IPyIIbl
W (J5(4)).

Ecmm
72471 + 75803eV/T

495383 — 110565e/7 2793 — 5397
C1 9 bl + b

b =
1,C2 24 24 2,
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TO

Py = by iy + baJi* J,
rae Jy, Jg, J14 — 6azucuble uaBapuanTel rpymnbt W (J3(4)) (em. (5)).

[Tpu ¢ # 0, bopma Py — GasucHbIi HHBAPUAHT, a PU

72471 + 758036/ 7 495383 — 110565¢/7
¢ = y C2 = ’
9 24
dopma P4 coBnajgaer ¢ 6a3uCHbIM UHBAPUAHTOM Ji4, TO €CTh
1
Jis = —((79188 — 627640°)I," — (960102 + 380679a)1,°I,—

36
— (201855 + 516841a2)I;*I5 + (2089086 + 816660*)I;* [,* —

—(1075932 + 1254630a) [,* I 13 — (774189 + 535977a) I, I3 —
2
— (619752 + 606424021, I3* + (687792 + 110565a") [, I3).

(10)

Takum ob6pazom, mosmydeno (em. (8)—(10)) mpescrabienue Ga3UCHBIX NHBAPHAHTOB

rpymmst W (J3(4)) B Buie MHOTO®WIEHA OT CTEHEHHBIX cyMM (6).

Crioco6 2. HazoBem TeTpasap BIUCAHHBIM B KyO, €CJTM BCe BEPIIUHBI TETPad/ipa, SdB-
ns0TCs BepimuHaMu Kyba. M3Bectro (eMm., Hanpumep, [15, 16]), aro B TpexMepHOM Beriie-
CTBEHHOM €BKJIMJOBOM IIPOCTPAHCTBE IPABUILHBINA TeTpasap MOXKHO BIIMCATH B KyO.

CirenoBarenbno, rpymmna Bz COIEp:KUT B Ka9eCcTBe HOATrPYIIILI Ipymiry As cummerpnit
[PaBUIBHOIO TeTpaspa, a 3HauuT rpyimna Az C W (J3(4)) u mopoxgaercs: OTpaskeHusIMU
BTOPOIO MOPAIKA OTHOCUTEJILHO ILIOCKOCTEl (PyHIaMEHTAILHON 00JIACTH ¢ yPABHEHUSMI

1
z1 =0, —§(x1+a:2—ax3):0, Ty = 0. (11)

Takum o6paszom, IV (34) © [43 i rak kak anrebpa 143 HopoKIaeTcs TpeMs aarebpa-
MYeCKN He3aBUCHMBIMI MHOTOUIeHaMHU T, cremeneit m; = 2, 3,4 [1], To Besakuit smemenT
f anre6pnr IW3™) npencrasum B Buge f = ¢ (T),,), k = 1,3, tue vy, Kak u panee,

MHOI'OYJIEH HOJAXOJAIIECH CTEIeH! ¢, YAOBJIECTBOPAIONINNA YCIIOBUIO

o (1(Tin,)) = e(Tr,); (12)

31€Cb 0 €CTb Hpeo6pa30BaHI/1e BU A&

xry — 1,
To — —I3,
T3 — —To

(oTpazkeHHe BTOPOTO MOPsijiKa OTHOCUTEJLHO IJIOCKOCTH C ypaBHEHHEM (2)).
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Haiinem siBHBIN Buji 6a3MCHBIX MHBAPUAHTOB 1, W MHOI'OYJIEHOB 1);, COOTBETCTBYIO-
T
mux 6a3ucHbIM HHBapuaHTaM rpymuisl W(J3(4)).
Basucuble naBapuanTsl 1, HailjleM 13 CIeLyIonuX cooOpasKeHuil.
[IycTh BepmuHBI TPaBUILHOTO TeTpas’pa 3ajanbl Bektopamu OV, r = 1,4. Torma

aHFe6paI/IquKI/I He3aBUCHUMbIE MHOI'OYJICHBI
=S @ ov)m (13)

— 0a3ucHble UHBAPUAHTHI IPyIIbl Aj.

B [15] kKoopamHATEI BEPIINH TPABUIIBHOIO TETPAs/Ipa 3aaHbl CTOJIOIAME CJIey oMl

MaTPUIIHI
1 -1 0 0
11 2
V6 V6 VB V6

[TecTs mIockocTeil cUMMETpUN IPABIIBHOTO TEPasIPa — 3TO IJIOCKOCTH, IIPOXOIIIIE
gepe3 cepenHy pebpa TeTpas/pa U HMepIeHINKY/ISPHbIE 9TOMY pebpy (pasHOCTDb JTH06BIX
JIBYX CTOJIOIOB MATPUIILI V' J1a€T KOOPIMHATHI HOPMAJIBHOIO BEKTOPA ITUX ILIOCKOCTEI! ).
Breibepem n3 HuX TpH, 3a1a0MuxX (GyHIaMEeHTaIbHYO 001aCTh Tpyibl Az. DTo mirockocTn
C YPaBHEHUSMU

1

T = O, —5(.771 — \/gfﬂg) = 0, —

! (29 — V2x35) = 0. (15)

Sl

[IpeobpazoBanue p ¢ marpureit

R=

S ©
Sl ©

[EPEBOIUT ITOCKOCTH yHAaMenTanbHoil obractr (15) B wiockoctu (11) dyngamentas-
HOI obJtacTH Halero Terpasapa. Ciie10BaTeIbHO, KOOPUHATEI BEPIIHH HAIIEIO TETPasIPa

9T0 cToJ01BI MaTpulbl Vi = R -V, TO ecTb MaTpHUIIbI

-1 0 0

1
Vi=|10 0 1 —1 (16)
4 ta —3a —3a

Hastee, ncnosb3yst (13), ¢ TOYHOCTBIO JI0 TIOCTOSTHHOTO MHOYKHUTEJIS, TOJIY UM CJIEIy-

[oIye 6a3UCHbIe MHBAPUAHTE IPYHIILI As:
2 2 2.2 2 2
Ty = 2(z1" + 22°) + "x3”, Ty = z1°w3 — 22773,
4 4 44 2/ 2. 2 2.2
Ty =8(x1" + x2") + a’z3™ + 1207 (21°23° + 12°237).
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[Tostyanm Terneps sIBHBINA BUJ MHOTOYJIEHOB 1), COOTBETCTBYIOIINX OA3MCHBIM HHBAPH-
auaTam rpymnet W(J3(4)), To ecthb creneneit t = 2,3, 7.
2.1. Ilycrs t = 2. Torma

Hy = y(To, Ty) = a1 T2 + aoTy,

31€Cb, KaK 1 paHee, a; — HeEOoIIpeIeJICHHbIE KO3(1)(1)HHH€HTI:>I.

U3 pasencrsa (12) mosrydanm

eV Ta
IIpu t # 0 wmmorounen H, — Oa3ucHDLI WHBAPUAHT 9YETBEPTOHl CTEIEHH T'DYIIIbI
W (J3(4)), xoropsiii pu t = —%o‘f coBnajaer ¢ 6asucHbIM nHBapuanToM Jy (cm. (5)),
TO €CTh _
a
Jy = —1—6(6T22 + eVTaTy). (17)

2.2. [Ipu t = 3 umeem
H6 = wg(TQ, Tg, T4) = a1T23 + a2T32 + a3T2T4.
Ecmu Hg yaosiersopsier yesaosuio (12), To

—21 + 557
ap = +€\/—t, a9 = (—14 + 225ﬁ)t, as = t.
CJIQ,HOB&TGJH)HO, MHOI'OYJIEH
t
Hy = - (=21 + 56V T)T5 + (=196 + 308eV/7)TE + 14T, Ty),

npu t # 0 — GasucHbIl nHBapuaHT mmectoil crernenn rpymibl W (J3(4)), KoTopslil mpu

t= Eg—fd?’ coBaJaer ¢ 6asucHbIM nHBapuanToM Jy (cM. (5)), TO ecThb
1 ~ 3 272 | =3
Jo = 55108 = )T — 2240”1} + "IV TY). (18)

2.3. Jlna t = 7 umeeMm
Hyy = 3(T3, T3, Ty) = a1T27 + arTyTy + CL3T24T32+
+asTETE + asT3TETy + agToTy + a7 ThT3 + agTETE.

Kaxk u panee, coorHomenue (12) IpUBOAUT K OJHOPOJIHON CUCTEME JIMHEHHBIX ypPaB-

HEHUI OTHOCUTE/ILHO 8 HEU3BECTHBIX KOIMDMUIIUEHTOB @; C OOIIUM PEIeHUEeM:

ay = t1,a7 = ta,

_ 261 —105ev/7, | 2751 - 16837,
B 98 ' 343

ay 2,
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—21 + 567 —89 + 4567
ay = t ta,
7 14
—17612 + 4828/ 7
as = (—514 + 154€ﬁ)t1 + ﬂ_7 E\/_tg,

as = (448 — 32eV/T)t) + (2140 — 172eV/7)ts,
ag = (3752 — 12882/ T)t; + (17528 — 55282/7)ts,
ag = (—98 — 14eV/7)t; — (448 + 48=V/7)ts.

Qopma Hy4 1tpm J00bIX 3HaYeHUAX ty, to ecTh WHBapuaHT 14-ff crenenu rpyi-

st W(J5(4)).

Ecan
64111 +23699ev7, 749 + 2175\/7b
L 8192 ! 8192 2
32193 + 8541ev/7 343 + 91e/7
2 = by + b,
16384 16384

TO

Hyy=b1J1s + b2J42J67

rje, Kak u panee, Jy, Jg, Ji4 — 6asucueie naBapuantsl rpynmsl W(J5(4)) (em. (5)).
Orciona, HETPY/IHO YCTAHOBHUTD, UTO IPH £ # —%ﬁtz MHOrOWIeH Hyq — Ga3uCHBII

uaBapuant 14-it crenenu rpynmnsr W(J5(4)), a npn

| 64111 4 23699ev/7 | 32193 + 8541eV/7
8192 T 16384 ’
dbopma Hyy coBnaaer ¢ 6asucHbIM nHBapuanToM Ji4 rpynmsl W(J3(4)), To ecrb

16384.J14 = (—145416 — 78312/ 7)TT + (224828 + 99788/ 7)ToTy+
+(—5232384 4 5331200V 7) Ty T2 4 (—128222 — 47398/ 7) TS T2+
+(11115776 — 43906562/ 7) T T2Ty 4 (—13647872 — 40943616eV/7) Ty 5+
+(32193 + 8541V7)TL T3 + (—3631936 + 1068480/ 7)T2T2.

=

(19)

Taxkum o6paszom, moaydero (em. (17)—(19)) eme oxHO mpencTaBieHne 6Ga3MCHBIX NHBA-

puamnTos rpymmsr W (.J5(4)).

3AKJIIOYEHUE

B crarbe peanmsoBaHbl JBa MOJIX0Ja K IOCTPOCHHUIO B ABHOM BHJIE€ OA3UCHBIX UHBA-
puantoB rpymsl W (J5(4)) mopsnka 336 MOPOXKIEHHON OTPAKEHUSIMEI BTOPOTO TOPSIIKA
OTHOCHTEIBLHO ILIOCKOCTEH TPEXMEPHOTO YHUTAPHOIO MpOoCTpaHcTa. Pemen Bompoc o Bbl-
pazkeHnn OA3UCHBIX MHBAPUAHTOB STON IPYIIILI Y€PEe3 CTEIICHHBLIC CYMMBI, yCTAHOBJICHDI

COOTHOIIEHUA ME2KIY 0a3UCHBIMUI NMHBapuaHTaMU, HaI'?'I,ZLeHHbIMI/I Pa3JIMIHbIMU METOJJaMU.
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Abstract. The theory of analytic function spaces in very general tubular domains over
symmetric cones is a relatively new interesting research area. Tube domains are very general and
very complicated domains. Recently several new results in this research area were provided
in papers of B. Sehba and his coauthors concerning Bergman type operators in such type
complicated unbounded domains. In this note we expand their results to certain spaces of analytic
functions in products of tube domains. We define new integral operators of Bergman type and
new analytic mixed norm spaces in such type domains and products of tube domains and provide
new results on boundedness of certain Bergman type operators. Our results may have various
nice applications in this research area. Our results with very similar proofs may be valid in Siegel
domains of second type, in bounded symmetric domains and bounded strongly pseudoconvex
domains with the smooth boundary, various matrix domains. We will add at the end of this note a
new sharp decomposition theorem for Bergman space. Previously such type sharp decomposition
theorems in analytic function spaces were provided by author in other domains. Our sharp result
in Bergman type function spaces enlarge that list of previously known such type assertions in
analytic function spaces of several variables. We finnaly pose in addition various interesting new
problems related to this research area and moreover indicate also some concrete schemes for
solutions of these problems. We also provide in the second part of this note many interesting
short comments and remarks.

Keywords: analytic functions, Bergman projections, tubular domains over symmetric cones,
Bergman spaces, product domains, mixed norm function spaces, decomposition theorems,

harmonic function spaces, polydisk.

1. INTRODUCTION

The goal of this paper is to provide new results on boundedness of Bergman type
projections in tubular domains over symmetric cones and in products of such type
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domains. Note that for particular values of parameters our results are well-known. Our
results on Bergman type projections may have various interesting applications in complex
function theory of several variables namely in spaces of analytic functions in tubular
domains over symmetric cones. We provide first basic notations and definitions of complex
function theory in tubular domains over symmetric cones which are needed for this paper.
The theory of analytic spaces in tubular domains over symmetric cones is an active
research area (see, for example, [1]-|7] and references there).

Let T = V 4 i§2 be the tube domain over an irreducible symmetric cone €) in the
complexification V¢ of an n—dimensional Euclidean space V. 5#(Tq) denotes the space
of all holomorphic functions on Ty,. Following the notation of [5] and [8] we denote the
rank of the cone €2 by r and by A the determinant function on V.

Letting V' = R", we have as an example of a symmetric cone on R" the Lorentz cone
A,, which is a rank 2 cone defined for n > 3 by

Ap={yeR": 92— ... —y> >0,y >0}
The determinant function in this case is given by the Lorentz form

Aly)=yi—...— v,

(see, for example, [5]).
Also, if t,k € R", then t < k means t; < k; for all 1 < j <r.

For 7 € R, and the associated determinant function A(z) [5] we set

A1) = {F € (1) 1Flliz = _sup [F(a+ i) A7(5) < oo

z+iyeTlq
It can be checked that this is a Banach space. For 1 < p,q < +00 and v € R, and
v > —1 we denote by AP9(Ty) the mixed-norm weighted Bergman space consisting of
analytic functions f in T such that

q 1
; q

1P| ags = / / FlatipPde| Ay)dy| <o
Q 174

It will be interesting to study also these analytic function spaces when p or ¢ are equal
to co. Such spaces can be easily defined, as in case of simpler domains.

We can extend easily these A2¢ analytic spaces to product domains in at least two
ways. The study of such type analytic spaces is a new interesting problem.

This is a Banach space. Replacing above A by L we will get as usual the corresponding

larger space of all measurable functions in tube over symmetric cone with the same
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quazinorm (see [1], [8]). It is known that the AP%(T,) space is nontrivial if and only
if v > —1 (see [5], [9]). When p = g we write (see |5])

AP (Ta) = AY(Ta).

This is the classical weighted Bergman space with usual modification when p = oo.

The (weighted) Bergman projection P, is the orthogonal projection from the Hilbert
space L2(Tq) onto its closed subspace A2%(Ty) and it is given by the following integral
formula (see [5])

P,f(z) = C’V/Bv(z,w)f(w)dvl,w,
To
where
B,(z,w) = C,A"*7 ((z — W) /7)
is the Bergman reproducing kernel for A%(Tg) (see [5], [8]).
Here we used the notation dV, (w) = A"~ 7 (v)dudv. Below and here we use constantly
the following notations w = v +iv € T and also z = x + 1y € Ty. Hence for any analytic

function from A%(Ty) the following integral formula is valid (see also [5])

f(x) =, / By(z,w) f (w)dViw.

In this case sometimes below we say simply that the f function allows Bergman
representation via Bergman kernel with v index. Note that these assertions have direct
copies in simpler cases of analytic function spaces in unit disk, polydisk, unit ball,
upperhalfspace C, and in spaces of harmonic functions in the unit ball or upperhalfspace
of Euclidean space R™. These classical facts are well-known and can be found, for example,
in [2], [10] and in some items from references there. Above and throughout the paper we
write C (sometimes with indexes) to denote positive constants which might be different
each time we see them (and even in a chain of inequalities), but are independent of the
functions or variables being discussed.

In the second part of this paper we formulate new sharp decomposition theorem for
Bergman Al function spaces in tube domain and pose various new interesting problems
for readers concerning same type results in harmonic function spaces in several variables in
the unit ball and upper half space of R", indicating shortly some ways for readers on how
to solve such type problems. Previously such sharp results were provided by the author
in Bergman type function spaces in the unit ball and in bounded strongly pseudoconvex

domains with smooth boundary in his recent papers with E. Tomashevskaya (see, for
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example, [16]-[18]). Such type sharp results may have various applications in function
theory of several variables.

Rather transparent arguments which we found in proof of theorem 3 in tube domains
over symmetric cones and earlier in bounded strongly pseudoconvex domains shows that
similar type sharp decomposition theorems for Bergman spaces may be valid also with
very similar proofs in Siegel domains of second type, bounded symmetric domains and
minimal bounded homogeneous domains.

Proofs of all our sharp decomposition assertions are based on special integral
representations, uniform estimates for Bergman spaces and Forelly-Rudin estimates which

are available in many domains.

2. BASIC PRELIMINARIES ON SYMMETRIC CONES
AND DETERMINANT FUNCTION

We first shortly remind the readers some basic facts on symmetric cones (see [11],
[14]). A subset Q of R™ or V, so that dimV = n to be a cone if Az € Q, for all
r € QXN >0 if e +py € Q for all z,y € Q, A\, u > 0 then it is convex. Let in
addition Q* = {y € R" : (y/x) > 0, for all € Q\{0}} and Q* = Q. This type open cone
is selfdual (2* is dual cone).

Let G(Q) = {g € GL(R") : ¢ = Q}, where GI(R") denotes the group of all linear
invertible transformation of R™. If for all z,y € Q,y = gz, for some g € G(£2) then our
open convex cone () is homogeneous, if also 2* = 2 then it is symmetric cone. These are
one of the main objects of this paper.

If the equation Q = Q; + €y is not possible for each V; C R", V5, € R", then our
cone is irreducible, here V; # @, i = 1,2, ( O, are symmetric cones), where also
O CVii=12

We remind shortly the reader now basic facts on determinant Af(Imz), z € C",
t € (0,00). We fix V' — a simple Euclidean Jordan algebra with rank r.

(a) A Jordan algebra V' over R is said to be Euclidean if there exists a positive definite
bilinear symmetric form on V' which is associative (L(x)u/v) = (u, L(x)v), where ( u,v )
is an inner product on R", for all x,u,v € V;

(b) A Jordan algebra is simple if all it’s ideals are trivial;

(c) We define rank of V.

If v € V, m(z) = min{k > 0 : (l,x,a:Q,...,xk) are linearly dependent}, then
1 <m(z) <dimV and r = max{m(z) : x € V'}, we say rank of V' is r.

According to spectral theorem if V' has rank r, then o = Y/ N, i € R, ¢; are
elements of so called Jourdan frame, and {);} are determined uniquely by = (with their
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multiplicities). We fix now a Peirce decomposition of V' = @®;<;<j<,V;;; we formally look at

i3
V as a space of symmetric matrices (V;;), Vi; = Rc;, where R is a special mapping (see [8]),
Vi =V (e, 1/2)NV (c;,1/2) = {z €V icr=cz==%} i< jdmV; =d = 2”/T ).
We denote by P;; the orthogonal projection of V' onto V;; for ¢ < j. Finally we denote by
Aj(x), j=1,...,r, the principal minors of x € V' with respect to the fixed Jordan frame
{c1,...,¢.}. That is Ag(x) is the determinant of the projection Pyx of x in the Jordan
subalgebra V) = @<, Vij.

It is well-known that Q@ = {z eV :Ag(z)>0,k=1,...,r}. We have also
Ag(mz) = Ag(x), x € V, m € Z;,m > 0. See other properties of Ay in [14].

We define A,(z) = [}, Asrsﬁl( )= Asl_‘”( )... A% (x), r € Q, s € C". We have
that |As] = A(Imz) and Ay D> aic; = [y a]", ;i >0,i=1,...,r.

To formulate our theorems we will need basic facts of theory of analytic function
spaces in tubular domains over symmetric cones taken from [11], [14]. Let dv(w) and
dvg(w) = [A*"F(v)] dudv, @ > n/r — 1, be a standard Lebesque measure in tubular
domains over symmetric cone T and weighted Lebesque measure in tube, w = u + .

The weighted Bergman kernel B,, of T, is given as usual by

n

w—2z\ "
) ,w,z €To,veR,

l

B,(w,z) = (d,) A (
is a Bergman constant, where

1 n
d, = (c,/ )F(u—i—;).

Let 2 be an irreducible symmetric cone in the Euclidean space V', and T, = V 41 the
corresponding tube domain in the complexified space VC. We shall note n the dimension
of V' and r the rank of 2. Moreover, we shall denote by (x | y) the scalar product in V,
and by A the determinant function. For the description of such cones €2 in terms of Jordan
algebras, one may use the book of Faraut and Koranyi [8]. One may also have in mind the
typical example that one obtains when V' is the space of real symmetric r X r matrices,
and €) is the cone of positive definitive matrices. In this example, the scalar product on
V' is induced by the Hilbert-Schmidt norm of the matrices, and the determinant function
is given by the determinant of the matrices. The rank is r, while the dimension is T(TH)

We shall also make use the g eneralized wave operator on V', given by [J = A (z 8x)
This is a differential operator of degree r, defined by the equality

19 |
i(=10) i(al¢)
A(zaz)[ ] = A(Q)F9, ¢ e V.
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It’s name is due to another fundamental example, given by the forward light cone in

R",
{xeR”;x1> \/x§+---+x%},

which is of rank 2 . In this case, the determinant function is equal to

Alr) =23 — x5 — - — 22,

3. PRELIMINARIES ON GEOMETRY OF TUBULAR DOMAINS
OVER SYMMETRIC CONES, BASIC LEMMAS, NEW ANALYTIC SPACES

In this section we will collect several very useful assertions from [1], [8]-[9] mainly
concerning so-called r-lattices that will be used rather often in all proofs of our sharp
embedding theorems below.

Let T € C™ be a bounded tubular domains over symmetric cones in C". We shall
use the following notations:

e : Top — R*™ will denote the determinant function from the boundary, that is
§(z) = A(Imz). Let dv(Z) = (6(2))'dv(2),t > —1;

e v will be the Lebesgue measure on Tj;

e H(Tg) will denote the space of holomorphic function on Tq, endowed with the
topology of uniform convergence on compact subsets;

e B: Ty x Ty — C will be the Bergman kernel of T. Note that if B is kernel of
type t,t € N, then B? is kernel of type st,s € N, € N. This follows directly from
definition (see [1], [8]-]9], [11], [12]). Note B = Bs,,, (see [1], [8]-[9], [11], [12]);

e given r € (0,00) and zy € T, we shall denote by Br, (29, 7) the Bergman ball.

See, for example, [1], [8]-[9], [11], [12], for definitions, basic properties and applications
to geometric function theory of the Bergman distance and [1], [8]-[9], [11], [12] for
definitions and basic properties of the Bergman kernel. Let us now recall a number of
vital results proved in Tq. The first two give information about the shape of Bergman
balls:

Lemma 1 (see [1], [8]-[9], [11], [12]). Let To C C™ be a bounded tubular domains over
symmetric cones, and r € (0,00). Then

v(Br, (-, 1)) = §2r/n,

Lemma 2 (see [1], [8]-[9], [11], [12]). Let Tq C C™ be a bounded tubular domains over

symmetric cones. Then there is C > 0 such that

C 1—7r
< <
T 0) s 0() = =5

6(20)
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for all r € (0,00), 29 € Tq and z € Br,(20,7).
Definition 1. Let T, C C" be a tubular domains over symmetric cones, and r > 0.
An r-lattice in Ty is a sequence a, C Tq such that To = |J Br, (ag, ) and there exists
k

m > 0 such that any point in T, belongs to at most m balls of the form By, (ax, R), where
R = 1(1+r). Note by Lemma 2,

Vo(Br, (ag, R)) = / 0%(2)dv(z) = (0%(ax))v(Br,(ak, R)),a > —1.
Br, (ak,R)
The existence of r-lattice in tubular domains over symmetric cones is ensured by the
following
Lemma 3 (sece 1], [3]-[6], [8]-[9], [11], [12]). Let T C C™ be a bounded tubular domains
over symmetric cones. Then for every r € (0,00) there exists an r-lattice in Tq, that is

there exists m € N and a sequence a C Tq of points such that Tq = |J Br,(ax,r) and
k=0

no point of T belongs to more than m of the balls By, (ax, R), where R = (1 + 7).

We will call r-lattice sometimes the family Br,(ag;7). Dealing with B Bergman
kernel we always assume |B(z;ar)| =< |B(ag;ar)| for any z € Brg,(a;r),
r € (0;00) (see [1], [8]-]9], [11], [12]). Let m = (2n/r)l,l € N. Then
| By (25 ar)| < |Bm(ak; ag)|, 2 € Br,(ax;7),7 € (0;00). This fact is crucial for embedding
theorems in tubular domains over symmetric cones (see also [13]).

Lemma 4 (see [3]-[6], [8], [11], [12]). Let T C C™ be a tubular domains over
symmetric cones. Given r € (0;00), set R = 2(1 +r) € (0;00). Then there exists a
C,. > 0 depending on r such that

Vzo € Ta, Vz € By, (20,7), x(2) < L)) / X dv

~ v(Br, (20,7

Brg,

for every nonnegative plurisubharmonic function x : To — RT.

Lemma 5 (see [3]-[6], [8], [11], [12]).

1. Let A\ > 2 —1 be fized. Then Ay +y') > A(y)Vy, ' € Q,
AN )| > A(y) ™, Ve € R, y € Q.
2. Let o, B are real, then

I s(t) = / (A% (y + £)) (A (1))dy < oo,
Q

ifB>-la+pB<1—2 and

Lap(t) = (cag) A7 (1).
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/‘ (x+zy)‘dx<oo

Lo(y) = (ca) A*T7 (y),

Moreover

ifoz>27"—1, and

where y € €.

Lemma 6. For any analytic function from A2(Tq) the following integral formula is

valid
f(z)= 6a/Ba(z,w)f(w) dv,(w), z € Tg. (1)
To

Let1§p<oo,1§q<oo,%_pl,—+——1 < 7. Let f € AP9, then (1) with
a > —1is valid (Bergman representation formula with « index is valid).

We now collect a few facts on the (possibly weighted) LP-norms of the Bergman kernel
and the normalized Bergman kernel. The first result is classical (see, for example, [1], [5],
81).

Proposition 1 (Forelly-Rudin estimates). Let To C C" be a tubular domains over

symmetric cones, and let zy € Tg and 1 < p < oco. Then

/ |B(C, 20)["6°(Q)dv(C) < Co72EME™0 (), =1 < B < (2n/r)(p — 1).
To
The same result is valid for weighted Bergman kernel (see [11]).
We define new Banach mixed norm analytic Bergman-type spaces in Ty X ... x Ty
in product of tubular domains over symmetric cones as follows. Let m > 1, p; € (1;00)
vi > —1,
AP — {f e H(TE) = H(To x ... x Tg) =

P2 Do
pl Pm

/ / (21, 2m) [PPAY 5 (1) ey dyy AT () ATy, < 00}

Replacmg A by L as usual we get larger space of measurable functions with the same
norms.

Mixed norm analytic function spaces in tube we just defined above may be defined
easily when one p; index is equal to infinity. As in simpler domains and probably our
projection theorems may be extended also to such type analytic function spaces and we

pose this as a problem for readers.
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Note first for case of polydisk (when T, is a unit disk) or even Tg, is a unit ball in C*
these analytic spaces are not new. They were introduced and studied in [14]-[15]. Note
also very similar spaces in R"™ were introduced and studied before by various authors. Our
theorem for mentioned particular cases are not new. They can be seen in [14]: For m =1
case our theorem is also known (see [3]-[5]).

Lemma 7 (Reproducing formulas, see [5]). For any analytic function from A% (Tg)

the following integral formula is valid

f(z) =¢, / Bo(z,w) f(w)dve(w), z € Ty. (2)
To

Let 1 <p<oo,1<qg<oo,(n/r)<p, pil%—%:l, (2-1) <. Let f € AP9, then
(2) with o > (2 — 1) is valid (Bergman representation formula with « index is valid).

We provide below a well-known and important application of r-lattices of tubular
domains over symmentic cones.

Lemma 8 (Atomic decomposition of A, see [5]). Let p > 1 and v > = — 1. Let {2;}
be a d-lattice in T, 6 € (0,1), z; =x; +iy;, zj € To, j=1,...,r. Then

1/ 1laz = Z Lf ()P A7 ().

Assume that Bergman projection P, is bounded on AY and let {z;} be a §-lattice in Ty.

If f € AP, then

F(2) = NiB,(2,2) AT (y) , 2 € To, (3)
DI ATTE () < ellf Iy (4)

If
D INIP AT (y)) < +oo,
j=1
then the "sum with B, "(3) converges in AL and the reverse to (4) is true also.
We mention now several known results on Bergman type projections. The weighted

Bergman projection P, is the orthogonal projection from the Hilbert space L? (Ty) onto
its closed subspace A2 (Tg) and it is given by the integral formula

(P.5)(2) = [ Bulzvw) f@)a? (mw)dv(w)

Tq

z€Tg, v>2—1 (see [11], [14]).
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The L2 boundedness of the Bergman projection P, is still an open problem and
has attracted a lot of attention in recent years. Today it is only known that this

projection extends to a bounded operator on LP¢ for general symmetric cones for the

range 1 <p <00, q,, < q < Gup, Qup =min{p,p'} ¢, ¢, = 1 + n/:q and }17 + }% =1 (see
[11], [14]).

The importance can be seen, for example, from the following fact. If P, extends to a
bounded operator on LE4, then the topological dual space (A29)" of the Bergman space
AP4 identifies with A? | ¢’ under the integral pairing

() = [ FEIEIA" (m2)do),
f e Art g c AP (see [11], [14]). Let

(T ) (2) = 8%(Im2) [ By (2,0 () A% (1 w)do(w),

Tq

(T ) (2) = 8 (Mm2) [ 1B, (2 0)] f@)A (I w)do(w),

z € Ty, f € LY(Ty). The following assertions were proved in [14].

Theorem A. There are vy = vi(a,n,r,q), Ve = ve(a,n,r,q) so that for 1 < p,q < oo,
vER, y=a+ B+ a+ > -1, then T;Bn is a bounded operator on LV (Tq) for all
v e (v, o).

Theorem B. Let ( Q%) be (T;B,w) operator for « = 0,y =v+m, f =v — 7.
Then (Q) forv+m > 2% —1,1<p,q < o0, is a bounded operator from LE? to ijﬁmq,
if v € (v1,1.) for some vy = vi(p,q,n,r,v), va = a(p,q,n,r, V), (T;ﬁn) is a bounded
operator on L, if a > * =1, 8 > —1, v = a+ B+ 2. The same is valid for T,z
operator, acting between same L4 type spaces into certain AP? spaces.

It is natural to try to extend these results to larger spaces of analytic function in tube.
It is one of the goals of this paper.

Theorems A, B can be seen as direct extensions of well-known old classical theorems
on Bergman projection in analytic function spaces in simpler domains to general tube

domains over symmetric cones.

4. MAIN RESULTS

In this section we formulate main results of this note. Complete and not difficult
proofs of these interesting assertions will be provided elsewhere.
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Theorem 1. Let

Flwn, ) TT A5 (wy)dvo(uy)

dv(w) = dudv;w = u+iv € Tg, 2= (21,...,2m) € Tq. Let 5; > Bo,j = 1,...,m for some
fized enough large Bo. Then Ty operator maps L’;(Tg)") into Ag(T{{L), p;>1lv>%—1,
7=1,...,m.

Remark 1. For unit ball and unit disk this theorem can be seen in [14], [15]. We
provide for simplisity our proof in the unit disk case since repetition of same arguments
leads to the proof of theorem 1. The proof use only Minkowski and Holder’s inequality
and Forelly-Rudin estimate (5) which is avialable in tubular domaines over symmetric
cones 7> —1, 171 >7+ 27",

/ A A(mem 1jj>< ;flfg”) < AT (Imz), 2 € T (5)

]

Ta

Remark 2. In the unit disk for m = 1 this result is classical and well-known fact
(Bergman projection theorem in tubular domain ([10], [12])). The proof uses only Forelly-
Rudin estimate from Lemma 1 and Holders and Minkowski inequalities and m = 2 and
unit disk case is typical. We have in the unit disk U = {|z| < 1}, m = 2 case the following
estimates.

The following theorem for m = 1 is well-knowns.

For any two n-tuples of real numbers x = (x1,...,x,) and y = (y1, ..., y,) We consider

integral operator

(Royg)(w) = AImaw) "TEY /.../g(zl,...,zm).

To To

104 AUM)IY ) V(e

o AT ()

for g € LNTG dVyyyoo oy dVy, s w €T, zp > =12 +y; >0, 5=1,...,m.

m

Theorem 2. Let s; > (—1) and s; < p, ms; + 1 > m(Z — y;) — (m — 1)(2),

j=1,...,m. Then there is exist a constant C > 0 such that

m
(m—1)22+ Zl 55
=

/ IRy y0)(w)] - A(Imw) AV (w) <

To
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< c/.../g<zl,...,zm>f[l(mumzj)) 4V ().

Remark 3. This theorem is valid probably for all p > 1. Our theorem 2 for m =1

case can be seen in [1] and [3].

We refer to [3]-[5] for definitions of weighted Hardy Hj and A%, # > 0 (analytic
Bloch and Hardy type spaces in tube). We formulate a new sharp decomposition theorem
for Bergman spaces in tube.

Let D be bounded (or unbounded) domain in C". We seek equivalent relations of
the following type || fi..fmllx < [TjZ; [Ifjllx;, where X, X; are certain classes of analytic
function spaces in D domain and fi,..., f,, are concrete analytic functions from these
domains. Such type sharp results were proved by author in various domains and various
complex function spaces previously in [16]-[19]. In the following theorem we add a new
result in this direction. A valuable remark will be added after theorem also.

Theorem 3. We have

| frofmllan < H 1fillay,

for some a, ap, k=1,...m, a > =1, ap > =1, k=1,....m,

or

1f1e Sl ay ) = HIIJ‘}HA1 (To) X H 1£illx;,

j=mo+1
of
dv(z
HfZ Wi _Cﬁ/HfJ <ﬂ22n/7«( )7 )
To j=1 H] IA ( )

where X; = %j or Héj, B > o, Bo is large enough, cg is a constant of Bergman

representation formula, and w; € Tq for all j = 1,....m, my > 1, some fized indexes
B >0, k=mog+1,....n

Note that if the amount of functions equal to one, then integral representation vanishes
and we get a trivial relation.

This type sharp decomposition theorems in the ball and bounded strongly
pseudoconvex domains with smooth boundary were proved earlier in [16]-[19].

Remark 4. The core of the proof of theorem 3 is a new special integral representation,
uniform estimates for Bergman spaces and Forelly-Rudin formula in tube domains over
symmetric cones. Probably this sharp decomposition theorem 3 can be extended from
Al Bergman analytic function spaces in tubular domains over symmetric cones to all
AP spaces in tubular domains for all positive values of p and all « > —1. We leave

this interesting question as a problem for interested readers. Note that for strongly
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pseudoconvex bounded domains this is true and it was proved previously by author in a
recent paper with E. Tomashevskaya (see, for example, [16]-[18]). We remark for interested
readers in addition that this sharp decomposition theorem 3 is valid with the same proof
for AL Bergman function spaces in very general Siegel domains of second type, and also
for bounded symmetric domains. Another interesting problem is to extend this sharp
decomposition theorem 3 from A} function spaces in tubular domains to general AP
function spaces for all positive values p and ¢ and and o > —1, or at least with some
restrictions on positive parameters p and q. We leave this rather interesting question also
to interested readers. This type decomposition problems may be considered and solved by
similar methods also for Bergman type AP harmonic function spaces of several variables
in the upper half space and in the unit ball of R". We leave this also to interested readers.

Remark 5. In various other domains this theorem 3 was proved previously by author.
We refer the reader to [16]-[19] for similar type results in other analytic function spaces
of several variables in other domains in C™.

All elementar tools (in particular uniform estimates and integral representations
and Forelly-Rudin type estimates), which are needed to get similar type new sharp
decomposition theorems in Bergman type function spaces of several variables in the unit
polydisk and in harmonic function spaces in the unit ball and upper-half spaces can be
seen in [20]-[22]. We pose this as a problem and leave this to various interested readers.
We also note that similar type sharp decomposition theorems with very similar proofs
may be valid also in minimal bounded homogeneous domains, Siegel domains of second
type and also in various bounded symmetric domains in C".

We refer to [20]-[22] for basic definitions of function theory in the polydisk and unit
ball of R" of analytic and harmonic functions of several variables. We denote as usual A?
Bergman spaces in the polydisk U™ in C" and unit ball B™ in R".

We have similarly as in tube domains in theorem 3 under certain integral condition
in polydisk U™ || fi... fm|| a1 wn) is equivalent to ;" ||kaA(1¥k (ny (under certain Bergman
type condition which vanishes for m = 1) for some o, ag, k=1,....m, a > —1, oy > —1,
k =1,...,m. Note that some modifications of relation which was provided above are also
valid if we replace Aék by A% or H, ék Where these are analytic Bloch type and weighted
Hardy classes in the polydisk U™ (see [20]-[22] for these spaces in the polydisk), for some
ay > —1 (see for such results also theorem 3).

Very similarly for AP (B™) harmonic Bergman spaces in the ball B™ in R™ we have
under certain natural integral condition (which vanishes for m = 1) that || f1... fu|| a1 (5
is equivalent to [];-, ||fk||Aékv for some v > —1, ay, > —1, k = 1,...,m. With obvious
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simple modifications of the right side of this sharp relation for weighted Hardy and Bloch
spaces of harmonic functions spaces of several variables in the ball B™ of R".

These assertions can be also shown for A}, Bergman harmonic function spaces in R"!
and related Bloch and weighed Hardy spaces in these unbounded domains (see [20]-[22]
and various references there for these spaces of harmonic functions of several variables in
these domains).

Proofs in all cases are very similar and not difficult and can be probably extended even

to all values of positive p, namely for A? Bergman spaces in these domains, where o > —1.

5. CONCLUSION

The theory of analytic function spaces in rather complicated and general tubular
domains over symmetric cones. Is a new research area and our new results on Bergman
type projections in these analytic function spaces may have various interesting applications
in this new research area. In much simpler domains for example such as the unit ball, the
unit polydisk, and upper half plane such type interesting applications are well known in
literature.

All our results have rather transparent proofs and they with the same proof are also
valid in various other domains (and various similar type analytic function spaces on them)
such as, for example, Siegel domains of second type or bounded symmetric domains or
minimal bounded homogeneous domains and they may have also many applications in
complex function theory in these type domains. We leave this to interested readers. These
all our results have with the same proof also complete analogues in Bergman type harmonic
function spaces of several variables in upperhalf plane and in the unit ball in R™. We leave
this task also to interested readers.

All our results can be probably extended to mixed norm AP? spaces in tube and
product of tube domains also and to analytic Herz spaces also in tube and in products of
tube domains. We refer to [5| for many properties of A?? mixed norm analytic function
spaces in tube. To define such spaces in product domains is an easy task. We define
analytic Herz spaces in tube as follows they have the following finite quazinorm

q/p

[ [ verads | dw,

To \B(w,r)

where ;¢ > 1, a > —1. Such type analytic function spaces in other domains are well
studied.
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Or we can replace integration by Ty, by summation, and the inner integral by D(ag, ),
where dv, is weighted Lebegues measure (see [5]) and (ay) is r-lattice in tube (see [5]),
and where B(z,r) is a Bergman ball in tube domains, z € Tq (see [5]).

To define such analytic mixed norm Herz spaces in product domains is an easy task.
We pose an extension of all our results of this note to this type function spaces in tube
and product of tube domains as a problem to interested readers.

In 23] new Bergman projection theorems were provided for new mixed norm spaces
in the polydisk extending well known classical results. It will be interesting to find their
complete analogues in tubular domain. We can easily define such spaces also in tube by
simple iteration of a norm of AP? spaces in T which we defined above.

Namely can we say that there is a bounded projection of Bergman type T3, where [ is
large enough, from LA!-Pm to APL--Pm spaces in T{)" products of tube domains, m > 1.

Where analytic function spaces we indicated above have the following finite
quazinorms ||...||f||A211,P2...||AZZ72;;711PW, p;>1,j=1..m,a; >—1,j=1,..m (or related
classes of measurable functions with L instead of A).

We denote new analytic Herz type spaces defined above by H?? p.g > 1, a > —1,
larger classes consisting from measurable functions by L29 for same parameters. The
interesting question is Tjp, for large enough (3, that is Bergman projection bounded
from spaces with norm ||...||f||Lg117P2...||LZ7:;1,P71 to it is analytic subspace for all p; > 1,
Jj=1..na;>-1,7=1..n.

Let AP9(Tq x ... x Tg) be the space of analytic functions, so that

q/p

// /.../|f|pda:1...dxm AP (y)) . AP (g ) dyy ... dy,
Q o \v v

is finite. We define large spaces of measurable functions similarly as usual replacing A by
L. The open interesting question is the following, is there a bounded Bergman projection
T} for large enough [ between these spaces for all p,¢ > 1, and 8; > -1, 7 =1,...,m.

We refer the reader to [15], [24]-[28] for other new interesting results on Bergman
projection in various analytic spaces and various domains.

Bergman projection theorems in C™ may have many applications in function theory,
for example to prove various embedding theorems in C" (see, for example, [6], [7], [11]-
[13]).

The author thanks Dr. Natalia Makhina for technical help and support.
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THE RELATIONSHIP OF ESTIMATES OF FIRST- AND SECOND-ORDER DERIVATIVES.
Getmanskaya I. V.

Abstract. In the theory of approximation of functions and operators, theorems for
comparing absolute values or norms of derivatives play an important role under certain
restrictions on the function itself and its derivatives. A significant result in this direction is
the exact A. N. Kolmogorov inequality [1] for the norms of intermediate derivatives through the
norms of the function itself and its highest derivative. In the works of N. P. Dmitrieva [2], [3]
found a two-way estimate of the norm of the first-order derivative using special vector-valued
differentiable periodic splines on a class of bounded vector-valued differentiable functions with
values in a spherical ring of an n-dimensional Euclidean space. The obtained results of comparing
estimates of the norms of derivatives are used in [3] to find the maximum speed of an object
moving along a given ring under restrictions on the power plant. In this paper, we study the
relationship between estimates of the upper edges of first- and second-order derivatives of a
function of one variable. The results of these studies are used in the formation of methods for
nonlinear estimation of parametric regression [4]. The latter is based on the approximation by
the Taylor formula of varying degrees of accuracy of the main numerical characteristics of the
components of the estimation formulas [5].

In the practical application of the obtained approximations, the question arises of their
correctness, the answer to which depends on the correctness of the representation according to
the Taylor formula of the inverse relative to the estimated parameter of the regression function.
The solution to this problem is related to the results of comparing random limited "O"values,
which are the errors of the initial data and approximation formulas, on the one hand, and the
two forms of error of the Peano and Lagrange approximation formulas.

At the same time, the dependence of the estimate of the absolute value of the second-
order derivative on the first-order derivative is revealed. The consequences of the latter are the
relationship between estimates of the absolute values of derivatives of the first and second order,
the justification of which is carried out by methods of formal logic [6].

The results obtained do not contradict the generalized formulas for comparing the norms of
derivatives. At the same time, for the special case of the generally accepted formulation of the

problem, the approximate formulas proposed in the paper for comparing the norms of derivatives
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of a function of one variable are much simpler, which is important for practical application and
justified for the case of a function of one variable.

Keywords: Taylor’s formula, the error of the approximation formula, the comparison of the
"big"small, theory of evidence, predicate statements, the logical operation relation to the condition,

contraposition.

BBEIEHUE

B Teopun armpoxkcumMaruu (yHKIIUKA U OIIEPATOPOB HEMAJIOBAXKHYIO POJIb UT'PAIOT TEO-
peMbl cpaBHeHUsI abCOIIOTHBIX 3HAYEHUN WJIM HOPM MPOW3BOJHBIX MPU OMPEICTECHHBIX
OrpaHUYEHUAX Ha caMy (QYHKIUIO U €€ MPOU3BOJIHDbIE. JHAYUTEJHHBIM Pe3yJILTaToOM B
9TOM HAIpPaBJeHnn siBjisiercst Toanoe HepaBeHcTBo A. H. Kosmoroposa [1] asist Hopm mpo-
MEKYTOYHBIX ITPOU3BOJIHBIX Yepe3 HOPMBbI caMoil (DYHKIUU U €€ cTapIineil MpOon3BOTHOM.
B paborax H. II. JImurpuesa [2|, [3] Ha Ki1acce orpaHMYeHHBIX BEKTOPHO3HAYHBIX JHh-
depenrupyeMbix OYHKIMI CO 3HAYEHUSIMHI B IMAPOBOM KOJIbIIE N-MepPHOro EBKIIMIOBOTO
IIPOCTPAHCTBA HailJleHa JBYXCTOPOHHASA OIEHKA HOPMBbI ITPOM3BOJIHON MIEPBOIO MOPSIKA C
ITOMOTIIHIO CIENUATBHBIX BEKTOPHO3HAYHBIX JU(DEPEHITUPYEMBIX TIEPUOIMIECKUX CILIAl-
HOB. [losrydennble pe3yabTaThbl CpaBHEHHUS OIEHOK HOPM ITPOM3BOJIHBIX IIPUMEHEHBI B pa-
Gore (3| mas HAXOXKJIEHUS MAKCUMAJIBHON CKOPOCTU JIBUXKEHUsI OOBEKTa 10 3aaHHOMY
KOJIBILY TIPU OTPAHUYEHUAX HA MOIIHOCTH CUJIOBOW YCTAHOBKH.

B mamnoit pabore mcciemyeTcss B3aMMOCB3b OIEHOK BEPXHUX I'PAHEil MPOU3BOJIHBIX
[IEPBOI'O U BTOPOT'O TOpsijiKa (PYHKIUUA OIHON TepeMeHHON. Pe3yabraThl 3Tux mccieo-
BaHU HUCIOIB3YIOTCA TPU (POPMUPOBAHUK METOJIOB HEJNHEHHOTO OIEHWBAHUS MTapaMeT-
pudeckoit perpeccun [4]. Tlociennee 6asupyercst Ha npubamkenun dopmydoit Teitropa
Pa3IMYIHON CTENIeHN TOYHOCTU OCHOBHBIX YHMCJIOBBIX XapPaKTEPUCTUK COCTABJIAIONINX (hOp-
MyJ1 oreHuBaHus [5).

B mpakTuieckoM mIpuMeHeHUH 0Ty YeHHBIX TPUOINKEHNIT BCTAET BOIIPOC NX KOPPEKT-
HOCTHU, OTBET Ha KOTOPBII 3aBUCUT OT KOPPEKTHOCTH IIpejicTaBenus 1o ¢popmyie Teitaopa
0o0paTHOI OTHOCUTEIBHO OIEHMBAEMOI'O MapamMerpa (DyHKIMU perpeccun. Perenue 31oit
3a/Ia91 CBI3aHO C PE3yJIbTaTaMU CPaBHEHUs CJIydailiHbiX orpanndenubix 'O "6oibiioe, Ko-
VMU SIBJIAIOTCS TTOTPENTHOCTH MCXOTHBIX JAHHBIX M (DOPMYI TPUOINKEHNS, C OJTHOI CTOPO-
HBI, 1 JIByX hopM morpertHoct (popmystbl mpubmmkenus [leano u Jlarpam:xka, ¢ apyroit
croponbl. [Ipu sTOM, 0OHAPYKUBAETCS 3aBUCUMOCTH OIICHKH aOCOJIIOTHON BEJIMIMHBI TTPO-
U3BOJIHON BTOPOr'O OT MPOM3BOJIHON MEPBOro nopsjika. CregacTBus MOCTIETHEero: B3auMo-
CBA3b MEXKJIy OIEHKAMU aDCOJIIOTHBIX BEJIMYUH ITPOU3BOJIHBIX ITIEPBOTO ¥ BTOPOTO TIOPSJIKA,

obocHoBaHME KOTOPOIl OCYIIECTBIEHO MeToaMi (hOPMAILHOM JToruku (6.
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[Tosry4uennble pe3y/IbTaThl He TPOTUBOpedaT 0000IEHHBIM (DOPMY/IaM CPaBHEHUST HOPM
npou3BoJHbIX. [Ipu sTOM, /71 YacTHOrO Cjydasi OOIIENPUHSATON MOCTAHOBKH 3a/Iatu,
npejiyiaraeMble B paboTe mpud/ImKEeHHbIe (GOPMYJIbI CDABHEHUST HOPM ITPOU3BOHBIX (DYHK-
NN OJTHOW TepeMeHHOU 3HAYUTEIbHO IIPOIIe, YeM 00O0OMEHHBIE (DOPMYJIBI OIIEHUBAHNUS,
YTO HEMAJIOBAYKHO JIJIsI TPAKTUYECKOTO NIPUMEHEHUsI U OIPABJIAHO JIJIA CJIydas (PyHKITUU

OJIHO IIepEeMEHHOM.

1. YCJ10BUSI KOPPEKTHOCTU MNPUBJINYXKEHUSI 3HAYEHUSA ®YHKIIUMU OJHOM
NEPEMEHHOMN ®OPMVYJION TEMJIOPA

B upeanonoxennn toro, uro dyukiua y = Y(x) C D(Y) x R(Y) C R? tme D(Y)
obactb eé onpeesernst , R(Y') — obiactb eé gomycTuMbix 3Hadenuii, uddepennupyema
710 v+1-ro mopsijika B HeKoTOpoit okpectHOCTH U (%)) Toukm x¢ € D(Y'), €€ npencraBienne
Va € U(xg) no dopmyse Teiiopa 7] npu x — x¢ —

Y d*Y (o) (x — )"
dxk k!

V(&) = Fol(x—w0)") 0
k=0

BJech, ecim obozHauuTL T — T9 = €, To 0(e¥) = O(e”™!) — morpemmnocts (ocTaTok) B
dopwme Ileano.

Koppekraocts dopmysibl (1) 3aBucur or pajauyca & okpecraoctu U(xg, ) TOUKE X,
B TOYKax KOTOpOiil paziaraercs dyuknus. s |e| > 1 dopmyna HeKOppeKTHA, 9TO HEOO-
XOAUMMO YYUTBIBATH B IIPaKTHUKE eé IIPUMECHECHNA.

B pabore [8] mpuBeeno 10Ka3aTeILCTBO TOrO, 94To 1pH || < 1 "o Masoe" o(g) MOXKHO
OLICHUTD

o(e) = O(e?) < &

O06o061eHnEe 3TOr0 yTBEPK/IEHUs — CJIEJIYIOIIasi TeopeMa.

Teopema 1. Ecau: e| < 1, mo
O(EM)] < Jel*. (2)

Joxazamenvcmeo. Ucxona us pasencrsa [O(eF)| = O(|e¥]) = O(|e|*) n onpenenenns [7]
orpannyeHHoil pyHkmu, Ve — 0 INER: 0 < A < 00

0(eM)] = O(el*) < Ael*. (3)

OrneHka A clieryromast:
el <A <1/l
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nHave mMenserca nopsiok magoctn O(|e|*¥) B dbopmyme (3). Tak kax 1o yciosuio Teope-

MBI €] < 1, TO

1
sup A = min{1/]¢|} = lim — =1,
el lel-1 |€]
inf A\ = max {|¢|} = lim |¢| = 1.
lel le|—1
[ostomy A =1 u |O(e")| < ||¥, uto u crenosaso jpokaszars. O

[Torpermocts dopmyssr Teitnopa B dhopme Jlarpamxa [7):

dquly(g) 61/+1

o) =0 = —om w+ 1)

rie § € U(xo, ). [lpu cpaBaennn norperaoctu tpubsimxkenns B popme [leano ¢ dopmoit

Jlarpamzxka, npumensist onenky (2), mveem

du+1y( 6) EV_H
dzvtt (v +1)!

Y ()] e
dzr+T | (v + 1)

U3 nocJieiHero moJrydaeM cJieyoliee yeJaoBue KOppeKTHOCTH (DOpMyJIbl ipub iimkenus (1)

’l/—l—l

‘ S |€|u+1‘

tounocru o(e”) = O(e" 1)
d'/JrlY(f)
dxu—&-l

1
(v+1)! =

(4)

2. 3ABUCUMOCTH OLNEHOK ITPOM3BOJHBIX IIEPBOT'O N1 BTOPOTI'O IIOPAJKA

Teopema 2. Ecau das mpuorcov. duddeperyupyemoti 6 mouke & € D(Y) onpedeaénnoti

6 n.1 pynrxuyuu y =Y () ¢ owubkols mernvwiet

1d%Y 19
0(§) = ‘5 dx(g )‘
BHNONHACNCA v (6)
<
T < 5)
mo ¢ ouwubxrot menvuiel . d3Y(§)
BUINONHACNCA sz(g)
< 2.
dz? ‘ - (6)

Jlokasameavcmso. dna ¥ 1. £ € D(Y), B KOTOPOii BBINIOJHAIOTCS YCIOBHSI TEOPEMBI,
dr xg € DY) u U(xg,e) pamuyca ¢ < 1 : & € U(xg,e) u Vo € U(xp,€) BBIIOJIHS-
ercs ycsoBug TpuKbl guddepenimpyemMoct Y (x), 4TO IpeanosaraeT BO3ZMOMXKHBIM €
TounocThio 0(e?) paznoxkenne dynkuun Y (z) B okpectroctu U(xg, €) no dopmyne Teii-
nopa (1).
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JlocTaTouHbIM yC/IOBHEM KOPPEKTHOCTH (hopMyJibl Teitopa Jiio0o#t TOYHOCTH ABJIAET-

cst onierka (4) ¢ v = 0, u3 KoTopoit ciexayer (5).

Eé Tounocts |o(e!)| = |O(g?)|, sanucannas B opme Jlarpamka
L&Y ()| »
2| da? ’
OIlEHKA CBEPXY KOTOPOi
1|d*Y (€) 1|d?Y (€)
O 2 — 2 < =
OE)] 2‘ w2 |° dz? |’

970 coBmagaer ¢ d1(&).

CoryacHo Teopun pasioxkenus (yHkimu 1o dopmyse Teilsiopa, MOPsiJIOK MAJIOCTH
OYEPEJIHOIO CJIAraeMoro yBeJIMYMBAeTCsi Ha ejuHuIly. 1losromy, eciu BbinosHsercs (4)
¢ v = 0, To JOJIKHO BITOIHATHCA (4) Vv > 0, B ToM 1uncie u ¢ v = 1, u3 dero ciesyer (6).

Tounoctrio onenku (6) |o(e2)| = |O(e®)] B dpopme Jlarpanxa

’O<€3)| — é ‘d Y(f) 3

dz3 ’

a €€ OlleHKa CBEePXY

6| dad

KOTOpast coBmaIaer ¢ dz(&), 410 u TpeboBaIoch JOKa3aTh. O

1 d3Y(£)‘

Hns tpmk st iuddepennupyemoii B 1. ¢ € D(Y') dyskiun y = Y (), onpeenéHHOR

B 1. 1, mpuMeM 000O3HAUEHUS CJIEIYIONMX IPeJAuKaToB (DyHKIMIA BbIcKa3biBanuii) (6]

a(x) : ‘d};;@ <1;
b(x) : ‘%x(f) < 2.

CaexncrBue 1. B ycaosuax meopemv 2 b(§) — a().

Jlokasameavcmso. B anrebpe JIOruKu BbICKa3biBaHuil [6] Teopemy 2 MOXKHO 3alUcaTh Jio-
IUYecKoil onepanueit cBa3u yciaopueM npeaukatoB a(§) — b(§). CormacHo eé cpoiicTBy

KOHTpano3unun [6], crpaseyinBa Jorndeckas SKBUBAJCHTHOCTD

a(€) — b(¢) = b(¢) — a(¢),

9TO M TpebOBaJIOCh JIOKA3ATh. 0
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3. ITPUMEPHI OIIEHOK ITPOM3BO/JHBIX ITIEPBOTO M BTOPOTO IMOPSJIKA

B kauecTBe nmpumMepoB paccMaTpPUBAIOTCs OCHOBHBIE dJIeMEeHTapHble (DYHKIMU UJIA X

KOMIIO3UII 1.

dY ..
HpI/IMeM ciaeayromue 0003HAUYCHN: OTKJIOHEHNE SHAUCHUS ‘ dix) ‘ OT IIOI'PaHUYIHOI'O ee

oreHku (5)
dY (z)
= —1
pu () H do ‘
&Y (€) .
1 OTKJIOHEHHE 3HAYECHUS] W’ OT TIOrpaHuyIHoro eé onenku (6)
d*Y (z)
o) =|| 5 2|

IIpumep 1. y = Y(x) = sin(x).
Ob6usacts onpenenenns Gyukiwn Y (z): D(Y) = R, a 061acTh J0MyCTHMBIX 3HAYCHMI
R(Y) =[-1,1].

T — _sin(a)
d3c}l;gx) _  cos(a)
B Touke z = /4
a<z>:\v<£>\=?<L

&l

b ( ) ‘Y” ( )
2

Tak kak Vx BeickaseiBanue b(x) = false, To ciepcrsue 1 g GyHKIMU 3TOrO pU-

Mepa He MTPOBEPSIEMO.

IIpumep 2. y = Y(z) = tg(x).
O6aacts onpeenenns gynkmun Y (z): D(R) = R\ {07 2k U7 ke NY.

dY(r) 1
dr  cos?(z)’
d?Y (z) . sin(z)
de? 20083(9(:)'

B rouke x = /4
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() ]2

b (%) : ‘Y”(%)‘ —4>2

Brmosmsercs crencrsue 1 b(r/4) — a(r/4).

IMpumep 3. y = Y (r) = exp(1/2?).
O6uracts onpesenenust Gynknun dbysxmpn Y (x): D(Y) =R\ {0}.

dY (z) . 1Y 2
SV [ )2
dz P x2 ) a3’

PY@) (12 (2
dx? - &P x2 ) x4 \ 2 )

a(1): [Y'(1)] = | — 2exp(1)] = 2¢ > 1,

b(1): [Y"(1)] = 10e > 2.

Brmosmsercs ciencreue 1 b(1) — a(l).

ITpumep 4. y =Y (z) = y/1/In(z),

obsacts onpegenenns Y (x): D(Y) = (1,00) C R.
dY (z) 1 1

dx 2x 1n3(x)

wi 1 <3 1)’

2In(x) * T

B Ttouke x =1

d3;;(3$) _ 2332\/11113? (% n %@) (1 + i) + ﬁf@)) ,

C1|@Y(@)| |11 3 1
1Y ()| 1 2, 3 1y, 15
e o 12224 /In(z) <l’ ! 21In(z) (1 ' CL’) " 41n2(x)) |

B rouke x = exp(1)
v ()
a(e) : ‘ T
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d*Y (e) 3 1
b : = —+-— <2
(e) dx? de * 22 =
Teopema 2 a(e) — b(e) BbinonHsIETCSI.
B rouke x = exp(1/4)
4

= - >312>1,

e

4 1Y
=z |6+ 5z) =163>2

atye) ||
B(v) : | YO

e
Brmosmserca crencrsue 1 b(/e) — a(e).

B rouke z = exp(1/2)
2
= \/j =0.86 < 1,
e

R
g <3+i> = 3.09 > 2.

Bve) : [ oW

Teopema 2 u eé cieycTBue 1 He BBITIOJTHAETCS.

dx
e Ve

Tak kak onenku (5) u (6) TPUOIMKEHHBIC, TOJKOBAHNE HEBBITOIHEHHS TEOPEMBI U €&

CJIEJICTBUS CJIETYIOIIEE:

1. Bepxusisi rpasb ommbKu mpubinzKerust oreHku (6) —

1Y (exp(1/2))| V2 [ 2 1
So(exp(1/2)) = = Y5 (23142 ) +15) 2182
2(exp(1/2) 6 dx? Ge \/EjL * e *

a OTKJIOHEHHUe JIeBOil JacTu HepaBeHncrna (6) or mpasoif —
&Y (exp(1/2
pa(exp(1/2)) = (e;(p; /2) ’ - 2‘ ~ 3,09 — 2 = 1.00.
x

Tak xak orksonenue ounenku (6) ps(exp(1/2)) = 1.09 memnbie Bepxueil rpanu eé
omubky npubsmkenns dy(exp(1/2)) = 1.82, To Touka x = exp(1/2) asisgercsa Tou-
Koil HeonpeieaénuocTn s onenku (6). Ho, mpu sToM, ommbka npubinzkenns omeH-
kit (6) gosrzkaa ObITh < 1.82, MO9TOMY, TaK Kak pasHUNa Mex Iy Lo (exp(1/2)) = 1.09
u dy(exp(1/2)) = 1.82 meBesuka, To, ¢ GOJBINON J0/I€fi BEPOATHOCTH, MOXKHO TIPE/I-
HOJIOKUTD, 9TO ommbKa npubsmkenns < fio(exp(1/2)) = 1.09, Torna BbICKa3bIBa-
1o b(y/e) MOKHO J0BEpATE.

2. BepxHsst rpaHb ommbKH MPUOJINKEHUs ONeHKH (5) —

51 (exp(1/2)) = %\/g <3 + %) ~ 3—209 ~ 155,
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a OTKJIOHEHHUE JIEBOW IacTh HepaBeHCTBa (D) OT mpaBoii —

dY (exp(1/2)) V2
2

1 (exp(1/2)) = HT' - 1‘ - =~ (.14.

Tak kak orksonenne oneHkn (5) u(exp(1/2)) = 0.14 menbine Bepxueil rpaiu
omubku npub/mkenns orenkn (5) 0q(exp(1/2)) = 1.55, To Touka x = exp(l/2)
SIBJIICTCSL TOUKO HEOLPEIeJIEHHOCTH JIst OneHKN (5).

Ho, tpu sTOM, Majioe OTKJIOHEHHE OT MOrPAHUIHOrO OIeHKH (5) ¥ npubInzKeH-

HOCTB OII€HKH ITO3BOJIAET IPEAIIOJIO2KUTDL JIO2KHOCTDH BBICKa3bIBaHUA a(\/E)

Brrme N3JIOZKEHHOMY HE€ IIPOTHUBOPEYUT BBLIIIOJIHEHUE CJICJICTBUA 1

b(v/e) — a(Ve).

IIpumep 5. s dyukiun y = Y (x) = 2arctg(z),
obactb onpesesnenns koropoit D(Y) = R,
dY(z) 2
dx 1+ 22’
d*Y (z) —4x

da? (14 22)%
B Touke £ =0

a(0) : ’diio)‘ —2>1,
b(0) : dZd};(QO) —0<2.

DToT MpUMep JOKa3bIBAET TO, U4TO Mpu3Hak b(X) He sBJsIeTCs JOCTATOYHBIM TPU3HA~

koM a(x), To ecThb a(x) — b(x), no b(x) » a(x).

ITpumep 6. ObstacTb onpejiesienus: GyHKIUN

= V(o) = expi_x)
D(Y) =R\ {0}. @) __ en(—a) (1 * i) ’
d2yfg) 1 xz x22
= exp(—x) (; T2 E) ’
dgc}l/xgx) = —exp(—z) (i i % % . %>
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B Touke x = —2 )
a(-2): V(-2)| = 7 > 1.

e2
b(-2): [V (-2) = T <2,

DTOoT HpHMep J0Ka3bBaeT To, 410 b(-2) » a(-2).
B Touke z = —1
a(—1): [Y'(-1)]=0<1,
b(—1): |Y"(=1)] = e > 2.
Teopema 2 ne Boimosasiercs: a(-1) - b(-1).

OObsicCHEHNST HEBBIITOJTHEHUST CJIe LY OIIIe:

1. Bepxusisi rpasb ommbKu npubinzKerust oleHku (6) —

1|d3Y (-1 e

OTk/IoOHEHUE 3HAYEHMsI 2-1 TPOM3BO/HOl OT MMOIPAHUYHOTO 3HAUEHMUsI €6 OlleHKH (6)

d?Y (—1) -
Tak kak d2(—1) = 0.9 > ps(—1) = 0.72, To Touka r = —1 paccMaTpuBacMoii

DYHKIN SBJIAETCS TOUKON HEOIPEIeIEHHOCTH 171t OTleHKH (6).

Ho, Tak xak dy(—1) = 0.9 BepxusAsg rpanb omubKu npubsmkenns orenkn (6),

To ommbKa npubszkenust oneHku (6) #e Tosbko < 0.9, HO u, ¢ GOJBIION o€l

BEpPOSITHOCTHU, OHa MeHbIe (.72, U3 Yero cijeayeT JTOCTOBEPHOCTH BBHICKA3BIBAHUA

b(—1).
2. Bepxusig rpanb omubKu mpubyKeHus oneHKn (5) —
PY(-1)| e
—1) == |———| = = = 1.36.
0(=1) 2 ‘ dx? ‘ 2

OTkJ/ionenune 3navenus 1-it HpOI/ISBO,ZLHOfI OT MOIPAHUIHOTO 3HAUCHUS €€ oreHKH (5)

1‘:|0—1|=1.

Tak kak 01(—1) = 1.36 > 1y 1) = 1, To Touka * = —1 paccmarpuBaeMoii pyHK-

DN ABJIAETCA TOYKOMN HeOHpe,ILeJ'IeHHOCTI/I JJIgd OHCHKIM (5)

Pasunna mexy suadennsmu 01(—1) = 1.36 u py(—1) = 1 onenku (5) B 2 pasa

Goubirie, ueMm y oreHku (6). [TosTomy BeposTHOCTH HCTHHHOCTH BbICKa3biBaHst a(-1)

MeHbIIe, 9eM y BbICKasbiBauus b(—1). Eciau npeanosokuTh, 9T0 BBICKA3BIBAHNE
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a(-1) J10KHO, TO BBIMOJIHSAETCS CJie/icTBre 1

b(—1) — a(—1).
B Touke x = —3
, 2¢3
a(-3) : [¥Y'(-3) = 5 51,
5e3
b(-3): |[Y'(-3)| = — >2
(3): V(-3)| = 2= >0,

9TO JIEMOHCTPHDYeT BhITOJIHenne cesctsus 1 b(—3) — a(—3).
B Touke z =1 5
a(l): |Y'(1)] = o< 1,

b(1): [¥"(1) =2 <2

YTO JIEMOHCTPHpPYeT BhlosHenue TeopeMsl 2 a(1) — b(1).

BouIBOABI

B pabore naiijienbl ycjoBUg KOPPEKTHOCTU TMPUOINKEHUsT (PYHKITUU OJIHOI TIepeMeH-
noit gpopmyJioit Teitsopa, HeOOXOUMbIE B IIPAKTUKE HEJIMHEHHBIX OIEHOK IapaMeTpude-
CKOI perpeccuu.

BripaboTka ycjaoBuit KOppeKTHOCTH (DOPMYJIbI ITPUOJIMKEHUS OCYIIECCTBIICTCH METO-
JIOM CPaBHEHUsI MAJIBIX OI'PAHUYIEHHBIX BEJIMINH.

Kak pesyabrar 9mux mcciieIoBaHuil, 0OHAPYKUBAECTCA CBA3b MEXKJIy OIEHKaMU IIPO-
M3BOJIHBIX TIEPBOTO U BTOPOT'O MOPSJIKA.

JlokazaTebcTBO CAeJACTBUS CPOPMYIUPOBAHHOTO YTBEPKICHUS O 3aBUCUMOCTHU OIle-
HOK IIPOM3BOJIHBIX MPOBOJUTCI METOI0M (hOPMAaIbHOM JIOTUKK C MCIIOJIb30BAHUEM CBOIi-
CTBa KOHTPAIO3UIIUN JIOTHIECKOI OIlePaIlii CBA3U YCJIOBUEM BHICKA3BIBAHUN-TTPETMKATOB.

JIBa mpuMmepa, KaK KOHTPIPUMEDDI IIPEJIITOIAaraeMoro yTBEePK/IeHNs, TOKA3bIBAIOT €TI0
OIMMOOYHOCTb.

Pesynbrarsr npuBeIEHHBIX B paboTe OIEHOK ITPOU3BOIHBIX IIEPBOT0 U BTOPOT'O TOPSI/I-
Ka JIJId [IECTU PA3/JINYHbIX (DYHKIUN B PA3/IMYHBIX TOYKAX UX UM @epeHIupyeMocTu He
MIPOTUBOPEYAT YTBEPXKIEHUSAM O B3aNMO3aBUCUMOCTHU TPUOIMKEHHBIX OTIEHOK ITPOU3BOJI-
HBIX [IEPBOTO U BTOPOTO MOPSIIKA.

B roukax muddepennupyemoctu paccMaTpuBaeMbIX (bYHKIIHIA, Tjie OMUOKHU Ipud.In-
JKEHUS OIEHOK TTPOU3BO/IHBIX IIEPBOIO M BTOPOTO MOPsJIKA MEHbBIIE OTKJIOHEHUS 3HAYEHU
IIPOU3BO/HBIX OT IMOIPAHUYIHOTO OIEHOK, JIOKA3aHHBIE TeopeMa U €€ CJIeJICTBUE BBIOJIHSI-

I0OTCA.
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DEVELOPMENT OF A WEB APPLICATION FOR ANALYZING THE CONDITION OF
PLANTS USING ARTIFICIAL INTELLIGENCE TECHNOLOGIES.

Brykin V. V.

Abstract. This paper presents the development of a web application designed for the
automated assessment of plant health through image analysis utilizing artificial intelligence.
The growing demand for solutions in precision agriculture motivates this development, enabling
optimized monitoring and diagnosis of crop conditions, reduced labor costs for manual inspection,
and enhanced decision-making within the agro-industrial complex. The web application allows
users to upload plant images and receive prompt assessments of their health, facilitating timely
identification of problems and proactive interventions.

At the core of the application lies an artificial neural network (ANN) model trained using the
TensorFlow and Keras machine learning libraries. The selection of ANNs stems from their ability
to effectively process complex non-linear relationships in data and achieve high classification
accuracy. To ensure reliable and precise diagnostics, the ANN model underwent training on an
extensive dataset encompassing images of healthy and diseased plants of various species. Detailed
investigation and preprocessing of the data included scaling, normalization, and augmentation
techniques aimed at enhancing the model’s robustness and generalization capabilities. The ANN
architecture was optimized using regularization methods and hyperparameter optimization to
achieve the best balance between accuracy and computational complexity. Experimental results
demonstrate that the developed ANN model exhibits high classification accuracy, outperforming
existing alternatives, enabling the effective detection of disease symptoms and developmental
anomalies in plants at early stages.

The web application is developed using modern web technologies, including HTML, CSS,
and JavaScript, ensuring cross-platform compatibility and accessibility from various device
types, including personal computers, tablets, and smartphones. The application interface is
designed with user-friendliness and intuitive understanding in mind for users with varying
levels of technical expertise. Particular attention was paid to optimizing performance and image
processing speed, which is achieved through the use of efficient algorithms and JavaScript code
optimization. The application provides users with the ability to upload images directly from
a device or utilize photographs taken in real-time. After image upload, automatic processing
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and analysis are performed using the trained ANN model. The analysis results are displayed
in a convenient and understandable format, including an assessment of plant condition and, if
necessary, recommendations for further action.

All image operations are performed in the RGB color space, ensuring compatibility with
most image formats and allowing the use of standard processing algorithms. Image preprocessing
includes scaling and normalization to ensure a uniform input data format for the AI model.
The developed web application is a promising tool for automated plant health analysis that
can be used in various fields, including agriculture, horticulture, landscaping, and scientific
research. Further development directions include expanding the image database, adding new
features such as integration with geolocation systems and yield prediction, as well as optimizing
the application’s performance and scalability for handling large data volumes. This research
contributes to the advancement of Al-driven solutions in agriculture, enabling more sustainable

and efficient crop management practices.

Keywords: web application, artificial intelligence, image classification, mobile devices,

convolutional neural networks

BBEJIEHUE

ABTrOMATH3MPOBAHHBIC CHCTEMBI JIUCTAHIIMOHHOIO MOHUTOPHHIA COCTOSHUS PACTEHUIA
HAXOJAT BCE GoJiee MIMPOKOE IPUMEHEHIE B CEIBCKOM Xo3siicTBe. OHI MO3BOJISIOT CBOE-
BPEMEHHO BBISIBJIATEH 3a00JI€BaHMsl, OIPEIeNITh BOJHBIN OaJaHC W ONEHHBATH ODHOMACCY
pacreHnii Kak B OTKPBITOM I'DYHTe, Tak U B Temmnax [1], [2], [3].

PacnosnaBanne cocTostHUsI pacTeHUii CBOANTCA K 3ajade KIaccudUuKaImn n306pazke-
Huit. B kadecTBe Kiaaccudukaropa mpejaraeTcsi UCIoIb30BaTh HCKYCCTBEHHYIO HEHPOH-
uyio cerb (MHC) — momenb, obydaemyio 6e3 ydacTusi mosb3oBarestsi. [ omeHkn co-
CTOSIHUST PACTEHHI MCIIOJIb3YeTCsI MHOTOKJIacCcoBast Kiaaccudukarms. 3o06paxenus OyayT
OTHECEHBI K OJJHOMY U3 BOCBMU KJIACCOB, MPEJCTABJISIONIX HANOO/Iee PACIPOCTPAHEHHBIE

3abojieBaHUs PACTCHUIL:

e Bakrepuasbhas nsraucrocts (bacterial spot)

['pubkoBas mstaucrocTsb (fungle spot)

Broposoe (healthy)
®urodropos (late blight)

Jlucrosas mwrecens (leaf mold)

Ozxor smcrnes (leaf scorch)
e Myunucras poca (powdery mildew)

e Bupyc xénroit kypuasoctu (yellow cirl virus)
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Kiraccudukarop BeLIAET BEKTOP BEPOSTHOCTEH MPUHAIEZKHOCTH BXOTHOTO U300pa-
JKEHUST KarXKI0My u3 KjaccoB. Kitace ¢ HauBbICIEi BEPOSITHOCTBIO CAUTACTCS PE3Y/IBTaATOM
KJ1accuuKaIm.

B nmannoit pabore mpejcTaB/IeHbl STAIlBl CO3JaHud n pas3BéprbiBanus mojenun VHC
CBEPTOYHON apXUTEKTYPhI JJIs PEIIeHnsT 33,1891 MHOTOKJIACCOBON KJTaCCH(DUKAIINN COCTO-

SIHUSI PACTEHUI 110 TBETHBIM U300PAYKEHUSIM:

e HemnocpejicrBenno MojenpoBaHue HEHPOHHON CeTH, Pe3y/IbTATOM KOTOPOI'O SBJIsi-
ercst 0OydYeHHasi MOJIE/Ib, CIIOCOOHAsI NeHEPUPOBATH PE3Y/IbTAT ¢ KaK MOYXKHO 0oJiee
BBICOKOW TOYHOCTBIO;

e PaspaboTka BeO-IPUIOKEHNSI, TTO3BOJIAIOIIETO PA3BEPHYTh CO3TAHHYIO MOJETb s

OOIIEro MOJIbL30BAHMI.

Bce omnepanun 06paboTkn m3o0parkeHUil ObLIM BBIITOJHEHBI B I[BETOBOM IPOCTPAH-

ctBe RGB.

1. MATEPUAJIBI U METOIOJIOTUHA

g uccrieioBaHus UCIIOJIb30BAINUCH UG POBBIE (doTorpadun JUCTHEB 3I0POBLIX U
00JIbHBIX pacTenwuii, goctynubie Ha wiardopme Kaggle. Habop manubix cocrout uz 18 000
n300parkeHuil, pa3jieeHHbIX Ha 8 KJIaccoB, 1o 2250 n3obparkeHuil B KazKI0M KJIacce, ITo-
OBl n30eKaTh Auchasanca KiaaccoB. /ucbananc Kj1accoB MOXKET IIPUBECTHU K IIEePEOdyICHITIO
MOJICJIH, JIeJiasi ee IIPEJIB3ATON B CTOPOHY KJIAcca ¢ OOJIBIINM KOJMIECTBOM JIAHHBIX [4].

Habop nanabix ObLT pas3/ie/éH Ha TPU KOMIIOHEHTa B COOTHOIIECHUN:

O6y4aromas Boibopka: 70% MaHHBIX, HCHOIL3YEMBIX I 00ydeHrs MO/, Bamumsa-
UOHHAA BEIOOPKa: 15% JaHHBIX, HCIIOIB3YeMBIX JI HACTPOMKHI THIIEPIAPAMETPOB MOJIe-
JII U IpeIoTBpalienns nepeodydenns. Tecrosas BboiOOpKa: 15% JaHHBIX, UCIOIL3YEMbIX
JIJIE OIIEHKU KadecTBa paboThl 00yUIeHHON MOJIe/IN.

s paspaboTku ncmosb3oBaiach obaadnas miardopma Google Colab, maTerpupo-
BaHHas ¢ ydeTHoit 3amuckio Google /[ucka, 9To ympormaer uccieoBannust B 00JIaCTH Ma-
muHHOTO O0yueHus. B kadecTBe KjiaccudukaTopa UCIOIH30BAIACH CBEPTOUHAS HEHPOH-
nasg cerb (CNN) MobileNet, o6yuennas na nabope nanubix ImageNet. IIpeaBapurenbroe
ofyteHre TTO3BOJISIET 3HAUNTEIBHO COKPATHTD BpeMst o0y denus mozenu [5], [6].

[To uroram obyuenns momaean MobileNet Ha n3o0pakeHusix pacreHnit ObLIN Oy e~
HBI HOKazaTean obimeit Tounoctu (Accuracy): 78% ma obyuatomieit Boibopke, 59% — mHa
Basganuonnoii. Pasnuna nokaksareseit B 19% rosoput o npobieme nepeobydeHust —
U3JIAIITHEH aJIanTalid MOJIeJIM K OOYdJalomuM JIAHHBIM C yTpaToii 0bobIaomeii crocob-

Hoct |7].
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OjiHa u3 TpuvuH mepeodydeHnsl HEHPOHHON CeTH — Ype3MepHOe KOJIMIEeCTBO Helpo-
noB. B MobileNet konuvectBo HelipoHOB Besinko u3-3a eé rinybunbl. [Ipu pacxoxaenun
TOYHOCTH MEXKJIy 00ydJaloleil 1 BaJUIAIIMOHHON BRIOOPKaMK, 00y IeHe HEOOXOIMMO OCTa-
HOBUTH U YMEHBINNTH KOJTUIECTBO HEHPOHOB B Mojesm. OIHAKO yMeHbITEHHEe KOJITIeCTBa
HEHPOHOB MOYKET CHU3UTh TOUYHOCTD, IIOITOMY IIPHU TePeody IeHUN YKeTaTe/IbHO COXPAHITh
KOJINYECTBO HEHPOHOB.

st perierusi pobJieMbl IepeodyIeHrsT TPUMeEHsIcs ajaropuTM Dropout, KoTopblii
HUCKJIIOUaeT CJIydaiiHble HEHPOHBI U3 CETU C OIPEJIeJIEHHON BEPOSITHOCTHIO P Ha KaxKJ0#
ATepanyn 00ydeHus. JTO [IOMOTraeT 0OOOIIUTD MOIE/Ib U CHU3UTD €€ CIelruaJ n3aIno. AJl-
roput™ Dropout npumensiercst K KJIacCupUKAIMOHHON YaCTU CeTH, TIepe] BBIXOIHBIM CJI0-
eM “Dense”. BeposaTHOCTD p, ¢ KOTOPOII HEHPOHBI OTKJIIOYAIOTCSI, ABJIAETCS €IMHCTBEHHBIM
mapameTpoM ajaropurma [8.

g n3ydenud Baugaug Dropout Ha KadecTBO MOEIN OBLIO ITPOBEJIEHO HECKOJIHKO

3KCH€pHM6HTOB(3paSHHqumHISHaquHHMHZp.F@3yﬂbTaTbIHpHBeﬂeHbIBTﬁﬁﬂHHe1.

SHavueHne BEPOATHOCTU P 0.1102/03(04]05(0.6]0.7,0.810.9
Tounocts (0by4walonias BoIOOpKa), % | 76 | 79 | 84 | 88 | 87 | 84 | 80 | 72 | 70
Tounocts (mpoBepounast BEIOOpKa), % | 66 | 71 | 75 | 85 | 84 | 76 | 70 | 64 | 61

Tabauya 1. Ilpumenenue anropurma Dropout B Keras mis mojenu na oc-
nose MobileNet

Ananms maHHbIX B Tabsuie 1 moKasblBaeT, 9TO ONTUMAJIbHOE 3HaYeHHe BePOATHOCTH
p Juist anroputMma Dropout cocrasisier 0.4. Ilpu 9T0M 3HaUMEeHUN MO/E/B TEMOHCTPUPYET
HaAWJIy4IIyI0 TOYHOCTH KaK Ha 0OydJaloleil, TaKk 1 Ha BaJIMJIAIMOHHON BHIOOPKAX, a TaKzKe
HauOOJIBIIHI ITPOrpect TOYHOCTU Ha BaJINIAIMOHHON BBIOOPKE.

Ha pucynke 1 nzobpaxkena jguHamuka odoydenus mojenun MobileNet ¢ nmpumenenuem

MeTojia MCKoueHus Heiiponos (Dropout) mpu p = 0.4.

Epoch 1/8

64/64 [ 1 - 671s 18s/step - loss: 1.5986 - accuracy: ©.4538 - val_loss: 11.1643 - val_accuracy: 8.2246 - lr: ©.0018
Epoch 2/8

64/64 [ ] - 669s 1@s/step - loss: @.9971 - accuracy: 8.6742 - val_loss: 6.3521 - val_accuracy: @.468@ - lr: @.eele
Epoch 3/8

64/64 [ 1
Epoch 4/8

64/64 [ 1 - 44@s 7s/step - loss: 8.7848 - accuracy: @.7696 - val_loss: 1.8320 - val_accuracy: ©.7848 - lr: @.e91@
Epoch 5/8

64/64 [
Epoch 6/8
64/64 [
Epoch 7/8
64/64 [
Epoch 8/8

64/64 [ 1 - 21@s 3s/step - loss: ©.5744 - accuracy: 8.8772 - val _loss: 8.5322 - val_accuracy: ©.8586 - lr: 8.8918

5255 8s/step - loss: ©.8133 - accuracy: 8.741@ - val loss: 2.3861 - val_accuracy: 2.6426 - lr: @.8818

3665 65/step - loss: ©.668@ - accuracy: ©.7924 - val_loss: ©.7391 - val_accuracy: ©.8143 - lr: @.e9le@

385s S5s/step - loss: ©.6342 - accuracy: ©.79%0 - val_loss: 8.8367 - val_accuracy: ©.7984 - 1lr: 2.8818

—
'

2525 4s/step - loss: 8.5914 - accuracy: @.8@42 - val_loss: ©.7685 - val_accuracy: 2.817@ - lr: @.eele

Puc. 1. Obyuenne momeu uHa ocaoBe MobileNet npu p = 0,4
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Takum obpazom, meros Dropout ycmerniHo mpeoTBpaTum/i nepeodydeHne MoJen B
pPaMKax NJaHHOW 3a/a4u.

Ha ocHoBannu mpoBeIEHHBIX SKCIIEPUMEHTOB U IOJIyIE€HHBIX PE3YJILTATOB, PEKOMEH-
JIYIOTCS CJIJIyIONIne OOIIre MPUHITUILI puMeHeHns: Dropout kak mMeToja 60pbhObI ¢ 1epe-
obydeHneM B 3ajladax paclo3HaBaHUA N300parKeHUit:

1. Hauunare ¢ mequannbix 3nadernii p (0.3-0.5), KOTOpbIe HO3BOJISAIOT MOJIYIUTH CY-
eCTBEHHBIN 3 deKT perynrgapusannn 6e3 n30bITOYHOTO “pa3pe:keHus’ CeTH.

2. BpImosHgaTs sMImupudeckKuil mogoop p: HaWIydIlnee 3HAYCHHE MOYKET 3aBUCETH OT
cuermuduKN 33J1a91, apXUTEKTYPbl CeTH W pa3Mepa oOydarorieil BoiOopku. Heobxommmo
[IPOBECTHU CEPUIO IKCIEPUMEHTOB € PA3TUIHBIMU 3HAUCHUSIMU P ¥ OIEHUTH TOYHOCTD KJIAC-
cuduKaIul Ha HE3aBUCUMOI TecTOBOI BhIOOpKe. [IpuBeTcTByeTCST KpOCC-BaIM Al JIIs
OoJtee HAJIEXKHON OTIEHKU TTPOU3BOIUTETHLHOCTH.

3. OTceKMBATh PA3HUILY MEXKJIy TOYHOCTHIO Ha TPEHUPOBOUYHON M TECTOBOI BBIOOP-
KaxX: OHA SIBJIIETCS KJIIOUEBBIM WHIMKATOPOM HEePeodyIeHus.

4. PaccmoTpeTh BO3MOXKHOCTD IIpUMeHeHusT Dropout B HECKOJIbKUX CJIOSAX: 9TO MOXKET
YCUIUTD 3P DEKT peryiapu3aliui.

Ha pucynke 2 nipejicraBiienbl rpaduKki 3aBUCHMOCTH TOYHOCTH U OIIUOKHM O0y4eHUSs
mogiesn MobileNet (151 06y darorneit 1 BaauIaIMOHHON BEIOOPOK ) 1OC/Ie IPUMEHEHMST Me-

TOJIOB ayIMeHTaIun JaHHbIX 1 Dropout.

— ftrain_loss
2251 val_loss
200 | ; = ftrain_accuracy
— val_accuracy
175 1
150 1
125 1
100 1
0.75 1 *;}-i\ﬁ
0.50 1 —

Puc. 2. TIporecc oOyuennsi B rpadpudeckoM peJIcTaB/IeHIH

Jlerena na pucHyke 2 COJEPKUT CJIEYIONIIe 0003HAYEHNUS:
Cunss muans — “train_loss™ rpaduk ommbKn Mojeu Ha 00yJarolieil BEIOOPKe.

Opamxkeast iuanst — “val _loss”: rpacduk ommOKu Moje/ i Ha TTPOBEPOIHON BBHIOOPKE.
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Benénas muHES — “train__accuracy’: rpaduk TOIHOCTH pabOTHI MOJEIN Ha 00ydaro-
et BhIOOpKe.

Kpacnag munua — “val _accuracy” rpaduk TodHOCTH PAOOTHI MOJENN Ha ITPOBEPOY-
HOIT BBIOODKE.

[To ocu abcruee HYMEPYIOTCs STIOXU 00y YEHUS.

[IpeacraBientbie rpaduK JEMOHCTPUPYIOT MOBBIIIEHIE TOYHOCTU O0YUE€HUS MOJIE/IN
MobileNet kak na obyuaroreil, Tak 1 Ha BaJUJAIMOHHON BbIOOpPKE. TOUHOCTH Ha 0Denx
BbIOOpKax jocruria 6am3kux 3nadenuii: 88% s obyuwaromeir n 85% s BaJImIaMoOH-
HOIT (3eJI6Has M KpacHasi JIMHUK COOTBETCTBEHHO), UTO TOATBEpZKIaeT 3hHEKTUBHOCTE
HCIIOJIb30BAHHBIX METOOB ONMTUMUBAINI MOJICIIN.

Jlaee ObLIa IpoBejieHa TIPOIEIypa TECTUPOBaHUs OOYUEHHON MOJEIN: CIydaiiHbIM
o6pa3oM BBIOpAHO M300paykeHne U3 TeCTOBON BBIOOPKH (KOTOPOE HE y9IaCcTBOBAJIO B 00Y-
YeHNn) ¢ moMoIbio oubimorek Keras jist paborsl ¢ n306parkeHusIME (PUCYHOK 3).

from PIL import Image
np.random. seed(268)
ide = np.randes.randint(38)

test_images_dir = es.path.join("/content/drive/My Drive/PLANT_DIS_REC/datasets/Dataset/test', "late_blight")
testl = Image.open(os.path.join(test_images_dir, os.listdir(test_images_dir)[idx]))

plt.imshow(testl)
plt.title{os.listdir(test_images_dir)[idx])

Text(@.5, 1.8, "late blight.2ese.jpg")
late_blight 20

B

00 B0

testl = testl.resize((224,224))

testl_scaled = np.expand_dims(np.asarray(testl), axis = @) / 255
predictions = mobilenet model.predict(testl_scaled)
print(predictions)

[[5.668698%e-85 2.8846331e-04 1.5034264e-05 9.9963975e-81 6.2135714e-89
§.8132720e-10 3.334610%e-10 4.1249524e-12]]

classes_dict = train_set_from_dir.class_indices
classes_dict = { v:k for (k,v) in classes_dict.items() }
classes_dict[np.argmax(predictions)]

‘late_blight'

Puc. 3. PesynbraTr pabotsl Kiaaccudukaropa Ha ocHoBe MobileNet

Kak BujHO 13 Ha3BaHusg 0Opa3lia Ha PUCYHKE 3, PACTEHUE MOopayKeHo 00JIe3HbIO “du-
todropos” (kmacc “late blight).

“Taurida Journal of Computer Science Theory and Mathematics”, 2025, 3



ITpoerno3uposarue npudHakos pacmeruli 8 M0JeauPOBAHUY IKOCUCTIEM 59

Mojiestb BBIIAET BEPOSTHOCTHBIN MACCUB MPUHAIEZKHOCTH TECTUPYEMOT0 n300pazke-
Hus Kaxkaomy us 8 kiaccos. C BepogrnocTbio 99.9% uszobparkenue KiaccuduUIupOBAHO
Kak kjacc “3". Ha pucynke 3 Takke BUJIHO, 9TO 3TOMY Kjaccy coorBercTByeT “late blight,
CJIEJTIOBATE/IBHO, KJIACCUMDUKAIIA TTPOIILIA, YCIIEITHO.

Ha ycnemmaom TecTupoBaHIu MOJIETN 3aBEPIAETCS TIEPBBIi STAll, BBITOJTHEHHBIH CPeJI-
crBaMu Oubsimorek maruHHOro ooy4uenus: Tensorflow u Keras, a Takzke BbICOKOYPOBHEBO-
ro s3bika Python, siBistiorerocss mpocTbIM 1 HAJIEKHBIM TIPU PEIICHUU 33J1a9 U3 00J1a-
cru MO [9].

g coznanms NpuIoyKeHus HeoOXOoIuMO pa3BepHYyTb Mojeab MobileNet misa obre-
ro JIOCTyla u mpeodbpaszoBarh Mojeab “mobilenet model” u3 dbopmara “H5 B dbopmar
“JSON*“. ®opmar “JSON* mozBojisier 0OMEHUBATHCA JAHHBIMUA MEXKJTy KJIUEHTCKON U cep-
BEPHON 9acTIMU TTPUIOKEHS.

JL1s1 3ammycKa Mojeseit MalmmHHOro 00y UeHns B Opaysepe ¢ ncosb3oBanneM JavaScript
u 1mpeobpazoBaHus Mojie/in B (hopMaT, COBMECTUMBIH ¢ JavaScript, ucnosb3yercs 6ub/mo-

teka TensorFlow.js. Ona obiiagaer psaoM IPernMyIInecTs:

e Busyanuzarmus: TensorFlow.js mpejoctaBisger MHOXKECTBO MHCTPYMEHTOB JIjIsi BU-
3yaJIn3allii MPOIEcCcOB 00yUeHust 1 PaboThl Mojesn (rpaduKu, aHUMAIUA U JIP. ).

e JlocTymr K cerHcopam: OHOJIMOTEKA TIO3BOJISIET HAIIPSIMYIO OOpAIaTbCsd K CEHCOpaM
ycrpoiicta (kamepa, GPS u . 11.).

e bBesorracHocTh JJAaHHBIX: JIaHHBIE 00PabaThIBAIOTC HEIIOCPEICTBEHHO B Opay3epe, 94To
obecrieunBaeT OE30MaCHOCTD JIAHHBIX TT0JIHL30BATEIS.

e CoBmectumocth ¢ Python: TensorFlow.js mommepkuBaer mojenn, oOydeHHbIE B
Python.

TensorFlow.js 3amyckaercsi B 6pay3epe, uctosb3ys oudanoreky WebGL, uro obecrie-
YUBAET BBICOKYIO MPOU3BO/INTE/ILHOCTD ITPU BBIITOJIHEHUN MATEMATHIECKUX OIE€PAINil Ha/T
tensopamu [10].

s mpeobpazoBanus mogenn B JSON-dopmar npumensiercss komauaa tensorflowjs-
converter. [Tocsie BbinoiHeHMs 3T0M KOMaH 16l Ha Google Jlucke co3maérest apxuB ¢ pe3yiib-
TaTaMU, KOTOPBI HEOOXOIMMO PacIlaKOBaTh U MIOMECTUTH JaHHbIe B KaTaJior “tensorflowjs-
model”.

PasséprhiBanne MOJe/IM MAIIMHHOTO O0YYEHUS JJIs IIUPOKOI ayUTOPUHN MTOIPA3yMe-
BaeT co3jaHue BeO-pu/IoyKeHusi. BeO-TIpuIoKeHne Mo3BOJISET MOJIB30BATESIM B3aMO-
JIECTBOBATH C MOJIEJIBIO Uepe3 Opays3ep, UCIOoJIb3ys KOMIBIOTED, HHTEPHET U BeO-cepBep.

[Tostb3oBaTenbckuit nHTEPdEic co3maéTca ¢ ToMOIIbIo si3bika pasmerku HTML u cru-

jymsyercs KackaaabiMu Tabaumamu CSS.
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2. PEBVJIIBTATHI U OBCY2K/JIEHUE

TectupoBanue pazpabOTAaHHOIO BEO-NPUIOKEHUS MPOBOJMIOCH Ha JIOKAJTHBHOM BeO-
cepBepe, sMyMpyIoneM XocTuHr ¢ nomoisio XAMPP (Apache + MariaDB + PHP +
Perl) — Gecrarroit kpocemaaTdopMenHoit ¢60pKu BeG-cepBepa.

Brrna nposepena pabora hyHKIIMOHAIBHBIX XaPaKTEPUCTHK CHCTEMBI: 3arPy3Ka Mo/Ie-
JI MAITUHHOTO 00yUeHusi B Opay3ep, 0ToOpazkKeHue 3arpyKeHHOTr0 n300pazKeHus U BbIBO/I
Pe3YIbTATOB KJIACCHU(DUKAIINN.

Yr0o0ObI TPOTECTUPOBATH IPUJIOZKEHNE, TT0IH30BATEh JIOJ?KEH KJINKHYTh JIEBOH KHOTI-
KOl MBIIITH Ha, CBETJIYIO 00JIACTH B IIEHTPe 9KpaHa (KHOIKA CO 3HAYKOM CTPEJIKU 3arpy3Kn)

U BBIOpATh M300pakKeHne pacTeHnsT Ha CBOEM YCTPOHCTBe (PHCYHOK 4).

LTACCHOHKATOP BOJAEIHEW PACTEHHIH

Cocroanme PACTEURH GTHBCHTOH K K IRCCY s
K TERLTLIAH N THIC Tk

Puc. 4. Pesysnbrar paboThl MPUIOKEHUS

N3 pucynka 4 BujiHO, uTO coobienue “Mojiesb ycrenrto 3arpyzkena’ nunopmupyer o0
YCIIEIITHOM 3arpy3Ke Ipeodpa30BaHHONl MO/Ie/ 1N MAITUHHOTO 00y ueHust. Ha imceh Ha KHOIIKe
3arpy3Ku U3MEHSEeTCS — I0C/Ie 3arpy3KN KapTUHKU IPEeJJIAraeTcsl 3aMEeHUTh U300pazke-
uHre. Tak:ke Ha pucyHke 4 IpeCTaBIECHO M300paKeHNe JINCTa PACTEHUsl, TOPaXKEHHOTO
OakTepruabHON MSITHUCTOCTHIO. DTO M300parkeHne OBbLIO B3STO U3 TECTOBON BHIOOPKH, TO
€CTb MOJIeJIb He “Bujieia’ ero BO BpeMst o0ydenus. Kak BUIHO, HEPDOHHAS CETh MPABU/Ib-
HO OTHec/Ia u3o0pazkenne K Kiaccy “bacterial _spot* ¢ Bepogrnoctsio 94.78%. Pesynbrar
0TOOPaK€H Ha KPYTOBOM MHINKATOPE, 3aII0JTHEHHOM COOTBETCTBEHHO BEPOSTHOCTH, & TaK-

JKe B BUJIe 9MCJIa MOJT NHIUKATOPOM, OKPYIVIEHHOTO JI0 IIeJI0TO.
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TectupoBanue MPUIOKEHUST BBIIBUJIO CJEIYIONNE OCOOEHHOCTH PadOThI CHCTEMBI

KJIaCCUDUKAIINAN

e Pacrnosiokerne obbekTa: 06beKT (JIMCT PACTEHUs) JOJZKEH 3aHUMATh KAK MOXKHO
OOJIBIITYIO YacTh U300paKEHNUs.
e OcBemenne: 0ObEKT JOJZKEH OBITH PABHOMEPHO OCBEIIEH.

[Ipu HEBBIIOTHEHUN STUX TPEOOBAHUI TOYHOCTH PACIO3HABAHUST CHUYKAETCH.
[Ipu cozmannm mpuioxkeHus ObLaa npuMeHeHa Flexbox-TexHosorns, mo3BoJstioniast

[OJIB30BATHCs TPOrPAMMOii Ha yCTpoiicTBax MOGHIBHOTO hopMmaTa, (PHCYHOK ).

CLASSIFICATION
OF PLANT
DISEASES

Mioale] Loaeded Succesafully «

Your plant belongs to the
class: powdery_mildew

ACCURACY " B2 %

Puc. 5. Pesynbrar paboTbl MOOU/ILHON BEPCUU TTPUIOXKEHUA

[lepras wkiaaccudukaiys sanumaer 6oJibine BpeMmenu (okoso 7-10 cekyHi), deM mo-
caenytommue (OKOJI0 3-5 CeKyHT). DTO CBI3aHO € 3aTpaTaMy BPEMEHU HA WHUIHATH3AIITIO

MOJIEJIN.
[Ipu monbITKe 3arpy3uTh (ailjl, He ABJISIONHICT n300paXKeHneM, MOSBISETC BCILIbI-
BaloIlllee OKHO C MpeJyIpexKIeHneM 0 HeKOppeKTHOM dhopmare daiiia.
TectupoBanne n3 puCyHKOB 4-5 MOKa3aJ10, 9YTO MPUJIOKEHUE YCIENTHO 3arPYy3UI0 MO-

JieJTb HEPOHHOI CeTH U KOPPEKTHO KJIaCCU(DUIIUPOBAJIO MIPEJI0CTABIEHHOE N300PazKeHue.
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S3AKJIFOYEHUE

B npusesiénnoii crathe OBLIO pacCMOTPEHO CO3JIaHUE BeO-IPUJIOXKEHUS, JTOCTYITHOTO
JIJIS IIAPOKOTO KPyTa MoJIb30BaTe /el U ONTUMU3UPOBAHHOIO JIJIsT MOOMJIBHBIX YCTPOUCTB.
[Tputoxkenne ocHOBaHO HA MO/JIE/ T CBEPTOYHON HEMPOHHON CeTH, peralornieil 3a1aTy Kiaac-
cuduKaIUl COCTOSTHUA PAacTeHuii 1Mo (poTorpadusim.

J11s1 TTOBBINIIEHNST TOYHOCTH HEHPOHHOM ceTH OBLIN MCIIOJIb30BAHBI METOJbl ayTrMeH-
Taluyu JaHHLIX 1 Dropout, 94To MO3BOJIMIO yBeJnduTh ToUHOCThL Ha 10% Ha obyuaromieit
BoIGOpKe 1 Ha 26% na Bammmanmonnoi. Kpome toro, 6Lia pemtena mpobsiema nepeodyde-
HUSA MOJIEJIN.

st nasibHefiero moBBINIEHNs] KavdecTBa KJacCuUKaIUu HEeOOXOIUMO UCIOIb30-
BaTh IPEJIBAPUTEILHYIO 00pabOTKY M300parkeHuil, HAIIPUMEp, yBeJIndeHrne KOHTPaCTHO-
cTH, MacITabupoBaHue u T. JI.

ViyulenHasi MoJie/ib ObLIa pa3BEPHYTa AJIsi 0OIIIEro J0CTyIIa B BUJIe BEO-TIPUIOKEHUSI.

[IpoBejieHO TecTUpoBaHWE TIPUJIOXKEHHUS C IIOMOIIBIO JIOKAJBLHOIO Beb-cepBepa
XAMPP, uro noarBepauao KOppeKTHYIO pabOTy OCHOBHBIX (PYHKIIH: 3aIyCK IPUIIOIKe-
HUd, 3arpy3Ka Mojean U (hailjioB, reHepalys pe3y/aIbTaToB KJIacCU(OUKAIINI, BBIBOJL JIaH-

HBIX Ha 9KpaH, 00paboTKa OMMnOOK.
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APPLICATION OF ARTIFICIAL INTELLIGENCE METHOD TO IMPLEMENT A PROJECT
WITH COMPLEX NONLINEAR CONTROL.

A. T. Karyakin, V. A. Sotskov

Abstract. The paper examines an approach to students studying artificial intelligence
methods using the example of polynomial regression and fuzzy logic for indoor climate control.
Fuzzy logic allows for uncertainty and variability of data, making this method effective in real-
world conditions where parameters may be inaccurate or fuzzy, while the regression model allows
for describing complex nonlinear dependencies between temperature and humidity and the level
of perceived comfort. In developing a hybrid model and using more complex algorithms, students
learn to use combinations of methods to improve the accuracy of control of the selected process.

In recent decades, there has been an active interest in the use of more complex nonlinear
regression models in climate control systems. This is due to the fact that traditional methods
using linear models have significant limitations; they assume the presence of strict and simple
dependencies between input and output parameters, which may not reflect the complex and
nonlinear nature of changes in microclimate conditions. In this regard, there is a need to use
more complex mathematical apparatus, such as nonlinear regression and fuzzy logic. Nonlinear
regression allows you to model complex dependencies between microclimate parameters and
control actions, which makes it possible to more accurately predict changes in humidification,
ventilation and air conditioning conditions. Fuzzy logic, in turn, allows you to take into account
the uncertainties and variability of data, processing them in terms of "approximate" states, such
as "cold", "warm", "humid", etc., which significantly improves the adaptability of the system. The
implementation of the presented project showed that both approaches have significant potential
for solving problems in the field of forecasting and managing climate processes. Evaluation of
effectiveness showed that polynomial regression allows for fairly accurate forecasting of changes in
microclimate parameters in the presence of complex relationships between temperature, humidity
and the level of perceived comfort. The operation of fuzzy control systems is associated with
the processes of fuzzification and defuzzification. Fuzzification translates crisp (classical) input
values into membership degrees within corresponding fuzzy sets. At the inference stage, the "If...,

then..." rule aggregates multiple conditions and produces a combined recommendation. Finally,
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defuzzification performs the reverse translation: from the fuzzy domain, the system returns a final
crisp value that has practical meaning for the operator or actuator. Defuzzification methods can
vary, such as the center-of-gravity method, the mean-maximum method, the weighted average
method, and others.

The practical results of applying fuzzy methods depend on the quality of the data. If
the data base is collected irregularly and sensors frequently fail, any system cannot guarantee
accuracy. Therefore, when implementing fuzzy logic, it is advisable to simultaneously modernize
measurement and data collection systems and implement a comprehensive information flow
management policy. In the context of the potential implementation of fuzzy logic, it is also
necessary to consider the integration of such systems with existing control infrastructure. In a
number of real-world industrial sectors, SCADA systems are often used to monitor technological
processes in real time. Their traditional functionality includes collecting data from sensors,
controlling actuators, and generating reports. To expand these capabilities, an additional fuzzy
inference module could be developed that would receive current process parameter values from
the SCADA and generate control actions taking into account uncertainty. Such a scheme would
increase the level of automation and bring it closer to intelligence. To develop the necessary
competencies in this complex area, the authors believe that the implementation of practical,

integrated projects is a logical direction.

Keywords: Polynomial regression, fuzzy logic, microclimate control, comfort coefficient, control

systems, optimization of conditions.

BBEJIEHUE

Yupasienne KJIMMATHIECKUME YCJIOBUSAMHE B IIOMEIIEHUSAX SABJISIETCS BazKHOI 3a1a4eil,
0COOEHHO B KOHTEKCTE TIOBBIMIEHUsT KoMdopTa n sHeprodddexrunoctu. CoBpeMeHHbIE
CHCTEMBI OTOILJIEHWsI, BEHTUJIAIMN U KOHunnornposanus Boszayxa (OBK) ucnonbsyor
pasIaHble METOMBI IS MOJJIePZKAaHNs ONTUMAJBHON TeMIepaTypbl U BJIayKHOCTH |[1].
HawubosbIiee pacrnpocrpanenne MOJIyYMId TPAIUINOHHBIE CUCTEMBI. DTU CUCTEMBI, KaK
[IPpaBUJIO, pearupyoT Ha TEKYIIUEe MOKa3aHUs TeMIIePaTypPhl U BJIAXKHOCTH, HO HE BCETJa
c1iocoOHBI 3(PEKTUBHO YUNTHIBATH BCE BapHallUd XapaKTEPUCTUK B OKPYKaIOIIeil cpe-
ae [2].

B nocnennune necaruwiierns HabJII0/IaeTCd aKTUBHBIM MHTEpPEC K IPUMEHEHHIO Oojiee
CJIOZKHBIX HEJIMHEWHBIX PErPECCUOHHBIX MOJEseHl B cucTeMax KJIUMAaTUIECKOTO KOHTPOJIS.
DTO CBS3aHO C T€M, UTO TPAIUIIUOHHBIE METOJIbI, UCIIOJIb3YIOIINe JTUHEHHbIE MOJIETH, TMe-
10T CYIIECTBEHHBIC OI'PAHUYEHUsI, OHU MPEJIIOIAral0T HAJIMINE CTPOIMX U IMPOCTBIX 3aBU-
CUMOCTEN MEXK/Ty BXOIHBIMU U BBIXOJHBIMU HTapaMeTpaMu, 9TO MOXKET He OTParKaTh CJI0¥K-
HYIO U HEJIMHEHHYIO MPUPOJY M3MEHEHUs YCJIOBUI MUKPOKINMaTa. B ¢BA3M ¢ 9TMM BO3-

HUKaeT HeoOXOJAMMOCTb B IPUMEHEeHHH 6oJiee CJI0KHONO MaTeMaTHIecKoro armapara |3,
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TAKOTO KaK HeJInHeiiHasi perpeccust u HedeTkasi joruka [4-5|. Hemuneiinas perpeccust mo3-
BOJIIET MOJIEJIUPOBATH CJIOXKHBIE 3aBUCUMOCTH MEXKJIy IapaMeTpaMyi MHUKPOK/JIMMATa 1
YIPABJISIONIMMEI BO3/IEHCTBUSIMU, UTO JIA€T BO3MOKHOCTH TOUHEE TTPEJICKA3bIBATH U3MEHe-
HUsI B YCJOBUAX YBJIA’KHEHUsI, BEHTUIAIMN ¥ KOHumornposanust [6]. Heuerkas noruka,
B CBOIO OYepe/ib, MO3BOJIAET YUUTBHIBATHL HEOIPEIEJTCHHOCTH U BAPUATUBHOCTH JIAHHBIX,
obpabarbiBasi UX B TEPMHUHAX <«IIPUOJIM3UTETHHBIXY COCTOSHUN, TAKUX KAK <«XOJIOIHOY,
«TEIJIO», «BJAXKHO» W T. /., YTO 3HAYUTEJILHO Y/IydliaeT aJallTUBHOCTL CUCTEMBI |5-6].
[enb paborer. ObecrieanTh KOMIIETEHITUH CTYAEHTOR T10 CIIeNNaIbHOCTH Y IIPaB/IeHNE B
TEeXHUIECKIX CHCTeMax K pabore Ha ocHOBe MeTonoB VckyccrBennoro Uuremrexra (M)
IyTeM PeaJIM3aIfi IPOEKTa CO CJ0KHBIM HEJUHEHHBIM yipaBienueM. [l sToro paspa-
OOoTaH U UCCJIEIOBAH METOJ, KOTOPBIN UCIOJIb3yeT MOJTNHOMUAILHYIO PEI'PECCUIO U HEeYeT-
KYIO JIOTUKY JIJIsl YJIYYIIeHUs TOTHOCTH U TUOKOCTHU YIIPABJIEHHS ITPOIIECCOM IO JIePIKAHUS
KOMMDOPTHBIX YCJIOBUIl IIyTeM KOHTPOJI MUKPOK/IUMAaTa B rmoMernernn. CTaBuTcs 3a1ada
[IPOJIEMOHCTPUPOBATD, KaK cOueTaHue PasmIHbIX MeTo10B VIV MoxkeT npuBecTu K yiyd-
IMEHUIO KaYeCcTBa YIPABIEHUS KJINMATOM, TOBBIIIEHUIO TOYHOCTH TPEICKA3aHUN U YBeJIH-
gennio sHeprosdexrusroctn cucreM OBK. Hayunas noBuzna. BriepBbie paccMoTpeHbl
METO/IbI MTOJTMHOMUAIBLHON PErpecCur W HeYeTKOM JIOTMKHM KaK MHCTPYMEHTHI JIJisd yIIpaB-

JICHUA KJIMMAaTUYIC€CKNUMU yCJIOBUAMU.

1. MATEPUAJIbI 1 METO/IbI

[IpoekT ¢ ucmoab30BaHHEM MHKPOKOHTPOJLIEPA IS OCYIIECTBJICHHUS YIIPABICHUS
MUKPOKJIIMATOM B ITOMEIIEHNN MOYXKHO Peait30BaTh C IMOMOIIBIO PA3INIHBIX JATINKOB U
HCIIOJTHATETbHBIX MexaHu3MoB. [IpecTaBumM HaboOp KOMIIOHEHTOB, KOTOPBIH OMIINOHATILHO
MOYKET BXOJIUTH B IIPOEKT.

MukpoKOHTpOJLIEP: OCHOBHON KOHTPOJLJIED, KOTOPBI OyIeT yIpaB/IaATh BCEM IIPOIEC-
coM, Harpumep, Arduino.

Harauku: parauk remmeparypbl u Biaaxkuoctu (Hanpumep, DHT11 wm DHT22) —
JIUTsT M3MEpEHHsT TeMIIepaTyphbl U YPOBHs BiakHocTH B nomernennu. Jarank CO2 (ecim
Tpebyercst) — JiJIs MOHUTOPUHTA, KauecTBa BO3/LyXa.

Ucrnionnurebable MEXaHU3MBbI:

— BEHTUJISITOP — /ISl BEHTUJISIIIUN W TI0/IJIEPYKAHUS CBEKEro BO3JIyXa;

— HarpeBaTe/bHBIN 9JIEMEHT — JIJIsI TIOIHATUSI TEMIIEPATYPHI B XOJIOIHBIE JTHU, MOYKET
OBITH O0BEINHEH ¢ BEHTUJISITOPOM KaK TEILIOBasl IIyIIIKa,;

— KOHJIMIMOHEP — JIJIsI OXJIAXKIeHNS B YKapKYIO TOTOLY;

— YBJIaXKHUTEJIb/OCYIIIATENb BO3LyXa — JJisl KOHTPOJIsI YPOBHST BIIa’KHOCTH.

ILOHO.HHI/ITG.HI)HBIG MOYJIn:

«Taspuuecruli secmnux unpopmamuru u mamemamuru», N 3 (68)’ 2025



64 A. T. Kapaxun, B. A. Couxos

— peJie JUId yIIpaBeHusI PabOTOil BEHTUISITOPOB, HArpeBaTeseil u APYyruxX yCTPONCTB;

— LCD-mucmieit ajst orobpazkeHns TeKyIInX 3HAYeHUIT TeMIepaTypbl U BJIAsKHOCTH;

— cereBoii Mojysib (ecyim Tpebyercsi) JiIg YAaJeHHOrO MOHUTODHHIA U YIPABJIEHUs
4yepe3 unrepHer (Hanpumep, ESP8266).

[Iporecc cbopa JaHHBIX BKJ/IOYaeT B ceOsl: CAUThIBAHUE ITOKA3aHWI TeMIlepaTypbl U
BiaxxHocTu ¢ garunkoB DHT11 nimm DHT22 B peasibHOM BpemMeHH U 1iepejiady I0JIyIeH-
HBIX JIAHHBIX Ha MUKPOKOHTPOJLIED I JIajbHeiieii 00paboTKu 1 aHaIn3a.

B ocnoBe janHoit cucTeMbl JIesKAT JIBa KJIIOYEBLIX METO/IA: MOJMHOMHAJIbHAS perpec-
cust U HedeTKasi jioruka. Momgesmposanue 3asucumoct temmeparypbl (1) u BaaxKHOCTH
(H), momenb komdpopraOoro cocrosiuus (C) peajmusyercs MOJUHOMHUAJIBHON perpeccueit

BTOPOI'O HMOPSJIKA U MOXKET OBITh 3alliCaHa CJICLYIOMIM 00Pa30M:
C=ao+aT+aH + asT? + a,H* + a5T - H, (1)

rje: C' — mokasaresib KOM(QOPTHOCTH COCTOsIHUs (HAnpumep, uHIeke komdbopra), T —
temiieparypa (B rpajycax Ilenbcnst), H — Bia)kHOCTH (B IPOIEHTAX), ag, G1, (g, A3, A4,
as — KOSCI)@)I/IH‘I/IQHTBI IIOJIMHOMa, KOTOPbIE OIIPEAC/IAIOTCA Ha OCHOBE JTaHHbIX.

ITponece onenku K03 PUIUEHTOB MOJE/N BKII0YaeT cOOP CTATUCTUYCCKUX JTAHHLIX U
UX aHAJIU3 ¢ IOMOIILIO METO0B ONTUMU3AIMH /IS HAXOXK/ICHHA JTy4IINX 3HaYeHnil mapa-
MeTpoB. HeweTkas Jormka IpuMensieTca s KIacCUMDHUKAIMA COCTOAHUIT OKPYIKaIomeit
CpeJIbl U TIPUHSITHsI PEINeHui Ha OCHOBE HEIOJIHBIX WMJIM HEeOIlpe/IeJeHHbIX JaHHbIX (8. B
YaCTHOCTH, IIEJ1eCO00Pa3HO MCIO/IL30BATh HeYeTKUe IIPABIIIA I KJIACCU(PUKAIIIA COCTO-
SHIS OKPYZKAIOIeil CpeJibl MO CJCAYIONUM KATETOPUSIM: <«XOJIOJHO», <«TEILIO», «CYXO»,
«BJIAZKHO». Ha OCHOBE€ HEYETKUX IIpaBUJI, CUCTeMa IIpUHUMaCT pelieHud O HeO6XO,ZLI/IMbIX

JIEMCTBUAX IS TIOJJIeP2KaHUsT KOM(MOPTHBIX YCJIOBHUIl B TIOMEIIEHNH.

2. CTPYKTYPA CUCTEMBI VIIPABJIEHUSI KJINUMATOM

[IpunsTHE pemreHnii Ha OCHOBE HEUETKON JIOTMKHU ITO3BOJISIET CUCTEME aalTHPOBATh-
cd K U3MEHEHHSIM B OKpYXKalomeil cpeje, He Tpedys TOYHBIX 3HAYEHHUil, UTO IOBBIIIAET
rubKoCTh U 3(PpdHEKTUBHOCTD yipaBjenus [9)].

JL1st Toro 4TOOBI cucTemMa MorJia paboTaThb ¢ HEYeTKUMU TIePEMEHHBIME, CHAYA/IA TIPO-
u3BouTCs hbaszudukaius gaHabIX. [Iporece dasudukanmm BKIOYaeT Mpeodpa3oBaHue
TOYHBIX U3MEPEHUI TeMIIepaTypbl U BJIaKHOCTHA B HEUYETKHE KATErOPUU, HAIIPUMED:

Temmeparypa 20 °C moxkeT OBITH IIpeobpa30BaHa B 3HAYECHUE «XOJIOIHO» WU «YyMe-
PEHHO TEILIO», B 3aBUCHMOCTH OT TPAHMUIl, YCTAHOBJIEHHLIX B cucreMe. Biaxknocts 80 %

MOKET OBIThH IIpeoOpa3oBaHa B 3HAUEHHE «BJIAXKHOY.
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Briok 6a3m 3nanmit

0ymﬂum NPHHAANCKHOCTH

Heuerkue npasuna

Brok ¢azzn- Ai Baok nornueckoro | Bj | Baok Aedazm- | Y
duxaumn 3aKNI04EHH drxaumn

Puc. 1. Baovnast cTpyKTypa CHCTEMBI YIDPABJICHUS PEryIsTOPa HEUETKOIT
Joruku 8|

DazudukaIys MO3BOJISIET CUCTEMe YIIPABIATh HHMOpMAaIueil, BEIPDAKEHHON B TEPMU-
Hax, Gojiee OJIM3KUX K ecTecTBeHHOMY BochpusiTuio desoseka [10]. ITocie npumenenus
HEUETKNX MPABUJI, CUCTEMa IOJIydaeT HeUETKNEe Pe3y/IbTaThl, KOTOPbIE HEOOXOIUMO TIpe-
00pa3oBaTh B TOYHBIE YIIPABJISIONINE CUTHAJIBI JIJIsT YCTPONCTB, TAKUX KaK 00OrpeBaTesn
WM KOHJUITUOHEPHI. DTOT Ipoliece HasbiBaeTcs Jedasudukarueit. g nedasudukarun
MOYKET UCIOJIb30BATHCS METOJL IIEHTPOU/IA, IIPU KOTOPOM BBIUUC/IAETCS IEHTP Macc 0bJa-

CTH, OHpeﬂeﬂHeMOﬁ HEYCTKHNM BbIXOJIOM. MaremMaTrnuecK 3TO BbIpa2KaeTCd KaK:

. J up(u)du
[ (u)du”

rae: 4 — BO3MOXKHOE€ YIIpaBJIfAIOIIEEe 3Ha4Y€HUC, [I,(U) — (byHKILI/IE{ IIPUHAIJICZKHOCTH  JIJI

(2)

HEYETKOI'O BBIXOJHOI'O IMapaMerpa. DTOT MeTOJ, TO3BOJISeT MOJIYYUTh TOYHOE 3HAYEHUE
YIPABJISIONIEr0 CUTHAJA, KOTOPBIIl 3aTeM IepeTaeTcs B CHCTEMY JJIs Peain3aIiiii Heoo-
XOJIUMBIX JIEHCTBUI, TAKIX KaK BKJIIOYEHUE 0O0TPEBAIOIIETO WU OXJIaKIAIOEro YCTPOii-
crea [10-11].

3. PEAJIN3BAIINA CUCTEMbBI U OBCYXK/JIEHUE

Cucrema ymupaBjeHIs MUKPOKJIUMATOM, pa3paboTaHHasT B paMKax JAHHOTO ITPOEKTA,
UCIIOJIB3YET JAHHBIE O TEMIIEPATYPE U BJIAYKHOCTH JIJIsI BBIMHUCJIEHUs UHJIEKCa KoMdopTa
U NPUHATAA PEIIeHU O JIeHCTBUAX, KOTOPhIe HEOOXOIMMO MPEIIPUHATE JIJIA TTOJJIePIKa-
HUsA ONTUMAJIBHBIX YCJIOBUI B ToMmertieHnu. [IporpaMMuas 9acTh IpoeKTa peain3oBaHa Ha

Python 3, 6710k-cxema, KOTOpOii TIpejicTaB/ieHa Ha PuUc. 2.
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Puc. 2. Brok-cxema mporpaMMHOII YacTH IIPOEKTa

[IpuBeiennblie Ha PUC. 3 pe3yaAbTaThl pabOTHI TPOrPAMMbI TOKA3bIBAIOT a1eKBATHOCTH
Mojiesin: HamboJsiee KOM(OPTHBIE yCJIOBUsS HaOJOAa0Tcsa B guamnazone 1 = 23 — 28 °C,
mocJie 4ero HabJIi01aeTcsl HeJTMHeTHOe CHUKEHUE MHIEKCa KOMMOPTA.

[IpuBemennbie Ha puc. 4 pesyabTaTbl PadOTHI IIPOrpaMMbl  TaK:Ke ITOKA3bIBAIOT
aJIEKBATHOCTb MOJIEIN: Hambosiee KOMQOPTHBIE YCJIOBHA HaOJIIOJAIOTCA B JIUAIIA30HE
H = 35 — 60 % BmakHocTH, IIOCJIE 9ero HaOJ/IIONACTCS HEJMHEHHOe CHUZKEHUE MHICKCA

KoMmdopTa.
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TectupoBanue n oTyaKa pa3pabOTaHHON CHCTEMBI BKIIIOYAJIA: IPOBEPKY PAOOTHI JaT-
YUKOB, TECTUPOBAHUE PeJjie, OTIIAJIKy KoJa. TakKe ITPOBEeJIEH PsJl IKCIIEPUMEHTOB: TECTHU-
poBaHUe HAJEKHOCTH, OIleHKa BPEeMEHHM OTKJINKa CUCTEMBbI, IPUMEHEHNe HeUYEeTKOM JIOTUKH,

TECTUPOBaHUE TTOJIMHOMHAJIBHON perpeccun. Bee BUJIbI TECTUPOBAHUS 3aBEPINEHbI YCITEI-

HO.
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S3AKJIIOYEHUE

B xoj1e mpoBeieHHOTO UCCIe/IOBaHUS PACCMOTPEHBI METO/IbI TIOJTMHOMHUAJILHON perpec-
CAW 1 HEYETKON JIOTUKM KaK WHCTPYMEHTHI JIJIs YIIPaBJIeHUsT KJINMATHIECKUMHU YCJIOBUSI-
mu. Peasmsartiust ipecTaB/IeHHOTO IIPOEKTa IoKa3aja, ITo 00a mMo1xo/1a 00/1a/1ai0T 3HAYUN-

TeJIbHBIM IIOTEHIIUAJIOM JIJId pelleHud 3a1a9 B obsracTn IIPOIrHO3UPOBaHUA 1 YIIDpaBJICHUA
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KanMaTraeckuMu mporeccamu. Orerka 3hheKTUBHOCTH TIOKa3a1a, ITO MOJINHOMHUAIbHAST
perpeccusi I03BOJISIET JIOCTATOYHO TOYHO IIPOTHO3UPOBATh M3MEHEHHs IapaMeTPOB MUK-
POKJINMaTa IPU HAJIUYAHN CJAOXKHBIX B3aMMOCBA3€H MeXKJy TeMIlepaTypoil, BJaKHOCTBIO 1
YPOBHEM OIIYIIAEMOT0 KOMMOPTA.

Cozanne cucTeMbl yIIPaBICHUS MUKPOK/JIMMATOM ¢ 1moMomibio Arduino — 3T1o akTy-
AJIBHBII IIPOEKT, KOTOPBIi MTO3BOJISIET IPUMEHThH HABBIKH IIPOIPAMMUPOBAHUS U PAOOTHI €
971eKTPOHUKOI. VIMeeTcss BOBMOXKHOCTD pacmupaTh OyHKITMOHAJ, JI00ABIIAsS HOBbIE JTATIH-
KU, YIIPABJIAIONINE YCTPONCTBA U aJrOPUTMBI, B 3aBUCUMOCTH OT TPeOOBaHNT KOHKPETHOTO

IIPOEKTA.
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DEVELOPMENT OF AN APPLICATION FOR FACIAL RECOGNITION OF STUDENTS IN
AN ACADEMIC GROUP.

Kozlova M. G., Gumenuk N. I.

Abstract. Facial recognition is one of the most promising and rapidly developing
technologies in artificial intelligence and computer vision. It is widely used in a wide range of
fields, from security and monitoring to improving user experiences in mobile apps and marketing.

However, recognizing faces in complex and dynamic environments, such as video, remains
one of the most challenging tasks. Effectively addressing this challenge requires systems that
can quickly and accurately detect and identify faces in real time, even in the presence of
interference. Advances in machine learning, neural network models, and mobile computing have
opened the door to implementing facial recognition directly on user devices, improving application
performance and enhancing transaction privacy.

Facial recognition technology has come a long way thanks to significant advances in artificial
intelligence (AI) and machine learning. These innovations are taking the accuracy and speed
of facial recognition systems to new heights, driving change in industries and improving user
experiences worldwide. One of the most significant improvements in recent years has been the
increased accuracy of facial recognition algorithms. Al-powered systems now use deep learning
methods, particularly convolutional neural networks (CNNs), to analyze facial features with
unprecedented accuracy. These advanced models can recognize even the most subtle facial
features, improving accuracy in a variety of conditions, including lighting, facial expressions, and
camera angles. This leap in accuracy has significantly reduced the likelihood of error, making
facial recognition systems much more reliable.

Modern facial recognition systems demonstrate high performance when working with large
streams of people and challenging filming conditions. For example, the FA6 Class platform
combines computer vision, biometric analysis, and modular integration with external systems,
ensuring accurate identification in real time. Thanks to high-performance video processing
algorithms and the use of peripheral devices for primary analytics, such solutions enable instant
verification of biometric data against local or corporate databases, maintaining stable operation

even with low image quality.
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This paper describes the development of a mobile application using facial recognition
methods based on convolutional neural networks. The main goal is to recognize and identify
the faces of students in a specific group. Google ML Kit is used for face detection and FaceNet
for face recognition.

This paper examines methods, models, and technologies for face detection and recognition,
and describes client-server interaction. Using these methods and the server component, an
application was developed that enables real-time video processing and high-precision face

initialization.

Keywords: recognition, classification, convolutional neural networks, Google ML Kit, FaceNet.

BBEIEHUE

PacniosnaBanme Jjinrg siBJIsieTcsl OJHON M3 CaMBIX MMEPCIEKTUBHBIX U aKTUBHO pa3BUBa-
IOIUXCST TEXHOJIOTHI B 00JIACTH MCKYCCTBEHHOTO MHTE/JIEKTA W KOMIIBIOTEPHOT'O 3PEHUSI.
DTa TEXHOJIOTUs HAXOIUT IMUPOKOE IPUMEHEHNEe B CaMbIX PA3HBIX chepax: OT 0becreueHust
0e30MacHOCTH U MOHUTOPHWHIA JIO YIIYUIIEHUs TOJb30BATETHCKOIO OMBbITA B MOOMJIBHBIX
OPUJIOYKEHUsIX U MapkeTuHre. Tak, B crarbe [1]| nccsieayroress aJropuTMbl 1 METOJBI PAC-
[O3HABAHMSI JIUIL Ha BHIeon300pazkenusx, oubanorekn OpenCV u face recognition. B [2]
OIIMCaHbl OCHOBHBIE CDEPhI U 00JIACTH IIPUMEHEHUsI TeXHOJIOTUN PACIIO3HABAHUS JINII, Ha-
IpuMep: KOHTPOJIb JIOCTYIIa — OBICTPBINA U OECKOHTAKTHBIIN JIOCTYT Ha TEPPUTOPHIO, KOH-
TPOJIb TIOCEMICHUN U TIepeMeIeHnil, OO bEKTUBHBIN YIET pabodero BpeMeHU; MOCTPOCHUE
AHAJIUTUKUA — OIIPEJIe/IEHNE T0JIa, BO3PACTa, SMOIUN U Jpyroit nudopMaiun O KJIMeH-
TaX, BBIIBJICHUE IIPEJNOYTEHNIl TOKyaTeseil, anajn3upys UX MMoBeJleHIecKre (haKTOPDI.
B [3] aBTOpBI aHAIN3UPYIOT pE3yIIbTAThI TECTUPOBAHUS HANOOJIeE IIMPOKO U3BECTHBIX MO-
Jlesieil 1 OUGIMOTEK M0 paclo3HABAHUIO Jinil. B crarbe [4] roBopurcst 0 TOM, 9TO PHIHOK
pacro3HaBaHus JIUI[ OBICTPO PACTET U PACIIUPSIETCS B PA3HBIX HAIPABJICHUSIX, BKIIOYAS
[IPABUTEJILCTBO, 3/I[PABOOXPAHEHNEe, 0€30MACHOCTh, POZHUYHYIO TOPIOBJIIO, MaAPKETUHT, 110-
CaJIKy B adpomnoprax m MHOroe jpyroe. Tak:ke yHOMHHAETCS O TEHJEHIUAX B PAa3BUTUU
TEXHOJIOTUHU PACIIO3HABAHUS JIUI, TAKUX KAK OECKOHTAKTHBIE OMOMETPUIECKIE PEIeHNUS.

O/1HaKO OJIHOM M3 CaMbIX CJIOXKHBIX 3389 OCTAETCs PaCIO3HABAHUE JIUIL B CJIOKHBIX
U JMHAMUYHBIX YCJIOBHAX, HAIpUMep, Ha Bujeo. s sadbdekTuBnoro perienus 3Toit mpo-
OJ1eMbI HEOOXOIMMBI CUCTEMbI, KOTOPBIE MOTYT OBICTPO U TOYHO OOHAPYKUBATH U UJICHTHU-
dunuposaTh Jinlia B peaJbHOM BPEMEHH, JaKe TPU HAJUIUU TToMeX. Pa3Burue TexXHOJI0-
Uil MAIUHHOTO O0yYeHUsl, HEMPOCETEBBIX MOJIE/Ieil 1 MOOUJIBHBIX BBIMUC/IEHUN OTKPBLIO
BO3MOKHOCTDH PeasIn3alliid PACIIO3HABAHUS JIUI HEIIOCPEJICTBEHHO HA MOJIH30BATETbCKUX
YCTPORCTBAX, 9TO MO3BOJIAET YIYUIIATH MPOU3BOINTETHHOCTD MPUIOXKEHNN W TIOBBICUTH

yPOBeHb KOH(MUIEHITUAIBHOCTH OTIEPAITUIA.
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Texmosiornst pacro3HaBaHus JIUIL MPOILIA JOJTHI MyTh Pa3BUTU Ojaromapsd 3HAYH-
TeJIbHBIM JIOCTUXKEHUSIM B 06/1aCTH UCKyccTBeHHOro nHTesuiekTa (M) u mammuaHOrO 06y-
YeHUsI. DTU WHHOBAIUY [IOJIHUMAIOT TOYHOCTH U CKOPOCTH CHCTEM DACIIO3HABAHUS JIUI] Ha
HOBYIO BBICOTY, UTO IIPUBOJIUT K U3MEHEHUSM B OTPACAX U YIYUIIAT ITOJTb30BATETHCKUI
OTIBIT BO BCEM Mupe. O IHUM 13 Hanbo/1ee 3HATNMBIX YTy IIIeHNI 3 TOCJIEITHNAE TOIbI CTAJIO
[OBBIIIIEHNE TOYHOCTU AJITOPUTMOB paciio3HaBanus Jjinil. CucreMbl Ha 6a3e UCKYCCTBEHHO-
IO MHTEJUIEKTa TelePhb UCIOJIL3YIOT METO/IbI TVIyOOKOro 00ydeHMs, B YaCTHOCTU CBEPTOU-
uble Heiiponubie ceru (CNN), g ananusa depr juna ¢ GeCrpere/IeHTHOH TOYHOCTBIO.
DTHU yCOBEPIIIEHCTBOBAHHBIE MOJIE/IM MOTYT PaCIO3HABATH JIaKe CaMble HE3HAUUTE/ThHBIE
0COOEHHOCTH JIUIIA, MTOBBIIIAsT TOYHOCTb B PA3JIMYHBIX YCJIOBHUAX, Oy/Ib TO pa3HOe OCBEIIe-
HUe, BbIpaxKeHue JIUIa W pakypc. Takoil CKaY0K B TOYHOCTU 3HAYUTEHHO COKPATUII
BEPOSTHOCTH OINIUOKH, CJIeJIaB CUCTEMbI PACITO3HABAHUS JIMI TOPa3/i0 6ojiee HaIEKHBIMHU.

Braromapa mcnob30BaHUI0 ONTUMU3UPOBAHHBIX AJTOPUTMOB U MOIIHBIX BBIYUCIIU-
TEJILHBIX BO3MOYKHOCTEl COBPEMEHHbIE CHCTEMbI PACIIO3HABAHUS JIUIL MOTYT 00PadaThIBATH
U CONOCTABJISTH JINIA B PEKUMe PeabHOTO BpeMeHu. Takas ObicTpasi 0OpaboTka Kpaiine
BazKHA JIJI NPUJIOKEHUH, TPeOYIOMMX OBICTPOIl BepudUKAIUU, HAIPUMED JJId CUCTEM
0e301acHOCTH B ad9PONOpPTax WK ayTeHTU(MUKAIINN MOOUIBHBIX YCTPOCTB. Bo3MoKHOCTH
[IPAKTUYIECKU MIHOBEHHO CKAHUPOBATH U PACIIO3HABATDH JIUIA CJIEJIaJIa STU CUCTEMbI BHICO-
K03 DEKTUBHBIMI, COKPATHB BPEMsI OXKUIAHUS U MIOBBICUB YIOBIETBOPEHHOCTH TOJIb30BaA-
teseit. Kpome Toro, criocobnocts N ajantupoBaThes u COBEPIIEHCTBOBATLCA ¢ TEUCHUEM
BpPEMEHU UT'PAET KJIIOYEBYIO POJIb B PA3BUTUU TEXHOJIOIMU pacriozHaBanug Jjmil. [lo me-
pe 00paboTKu BCE HOJIBINEro 00bEMa JJAHHBIX 9TH CUCTEMbI CTAHOBSATCS JIydile B paboTe
C TOTPAHWUYHBIMU CIyYasMU, TAKUMI KaK U300pakeHNs HU3KOTO KavdecTBa MJIM JacTUY-
HbIe N300PaKeHUs JIUI. JTOT IIPOIECC HEIIPEPBIBHOTO 00y YIeHUs TapAHTUPYET TOTHOCTH U
HAJIE2KHOCTD CUCTEM JIarKe [IPU CTOJIKHOBEHUH C HOBBIMU U PA3HOOOPA3HBIMU CIICHAPUSIMU.

Oco0y1o 3HAUMMOCTH TPUOOPETAET BOZMOXKHOCTH OOHAPYKEHUS M OTCJIe?KUBAHUS KOH-
KPETHOI'O 4YeJIoBeKa Cpelin MHOyKecTBa JApyrux. llomo0Has 3ajada BeTpedaeTcs B CHTYa-
UAX, T7ie TpedyeTcs olepaTuBHas U TOYHAsS WICHTU(MUKAINA: B MECTaX MAaCCOBOI'O CKOII-
JieHus JIIojieil, Ha 00bEKTaX C IMOBLIIICHHBIMI TPEOOBAHUSIMEU K OE30IIACHOCTH, IIPU [TOUCKE
JIOJIell WM TIPeJIOCTABIEHUN TIePCOHAIN3UPOBAHHBIX YCIyT. Texnomorus, KoTopas mO3BO-
ss1eT 3(PEKTUBHO U B peaibHOM BPEMEHN PeNTaTh 9Ty 3a/1a1dy, J0IKHA 0071a/1aTh BBICOKO
TOYHOCTBIO U CIIOCOOHOCTHIO PabOTaTh C OOJIBIIMMU ITOTOKAMHU JTAHHBIX.

CoBpeMeHHbIE CUCTEMbI PACIIO3HABAHUS JIUI[ JEMOHCTPUPYIOT BBICOKYIO 3 dheKkTun-
HOCTB IIpu paboTe ¢ OOJIBIIMMY TTOTOKAMH JIIOJIEN U CJIOYKHBIMU yCJIOBUSAMU ChéMKu. Ha-

npumep, aardopma FA6 Class couetaeT KOMIIbIOTEPHOE 3peHre, ONOMETPUIECKUI aHAIN3
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U MOJIYJIbHYIO MHTETPAINIO ¢ BHEITHUMHU CHCTeMaMu, 00ecrednBas TOUHYIO HUIeHTH(pUKA-
M0 B peasbHOM BpeMeHH |5]. Biiaromapst BBICOKOIIPOM3BOANTEIBHBIM aJrOpATMaM 06pa-
OOTKHU BUJIEONIOTOKA W KCIIOJIB30BAHUIO TepUMEPUITHBIX YCTPONCTB /I MepBUTHON aHa-
JINTUKU, TTOJ00HBIE PEIIECHUs TTO3BOJISIOT MI'HOBEHHO CBEPATH OMOMETPUYECKUE JIaHHbIE C
JIOKQJIbHBIMU WJIM KOPIOPATUBHBIMU Oa3aMu, COXpaHdsd CTaOUIbHOCTH pabOThI JlayKe ITPU
HU3KOM Ka4ecTBe M300parKeHMUsI.

AHaJIOru9IHBIA TOX0/1I peajn30BaH U B psijie TOPOJCKHUX CHCTEM 0e30IaCHOCTH, TaKUX
Kak cucreMa BuIeoHabI0/IeHNsT B apreHTHHCKOM Topoje Turpe [6]. Tam ucronb3osana
MacIiiTabHas ceTb Kamep u cucrema NeoFace Watch, mmo3BoJisonias aBToMaTudecKn pac-
[TO3HABATD JIUIA U COIIOCTABJIATD UX C HAITMOHAJIBHBIMU Oa3aMU JAHHBIX B PEKUME PeaIhb-
HOI'O BpEMEHU.

O tHaKO TO00HBIE TI1AT(GOPMBI, HECMOTPST HA UX BBICOKYIO TOTHOCTH U (DYHKITHOHA b~
HOCTD, 00JIaJIAI0T CYIIECTBEHHBIMI OTPAHUYEHUSIMU: KOPIOPATUBHBIE CUCTEMbBI HAIIOJI00ME
FA6 Class gBasioTCsI KOMMEPUYECKUMU 1 TPEOYIOT JOPOrOCTOAIIEH MHTErpaIym, a KpPyll-
Hble HHMPACTPYKTYPHBIE PEIieHns BpoJie KoMILIekca B TUurpe mMeroT BhICOKYIO CJI0KHOCTh
pPa3BepPTHIBAHUS M OOCJIYKUBAIOTCS CIEUATN3UPOBAHHBIMI CTPYKTYPaMU. DTO JeIaeT UX
MaJIOIIPUTOIHBIME I JIOKAJIbHBIX, Y3KOIPUKJIAIHBIX 38/1a9, TAKUX KaK MIeHTH(DUKAIIHS
CTYZEHTOB B y4IeOHOU ayUTOPHUHU.

[TosToMy BO3HHMKaeT HEOOXOJMMOCTH B KOMIAKTHOM M JOCTYITHOM PEIIEHUU, CIIOCO0-
HOM O0ECIEYUTH NMPUEMJIEMbINl yPOBEHb TOYHOCTU U CKOPOCTU 0e3 M30LITOYHO# mHMpa-
cTpykTypbl. OCHOBHOI 3a/1a1eil JaHHON PabOTHI SIBJISIETCS pa3padOTKa MOOUIBHOTO MPU-
JIOXKEHHSI, KOTOPOEe CMOXKeT OOHapyKUBaTh U UACHTHMUIIMPOBATD JIUIA CTYJICHTOB B pe-
JKUME PeaibHOTO BPEMEHU HEMOCPEJICTBEHHO C TOJIL30BATEIbCKOTO ycTpoiicTBa. llenbio
UCCJIEJIOBAHUS SBJISETCS CO3JIAHUE PEIIeHHs, KOTOPOEe COYeTAeT BBICOKYIO TOYHOCTH, CKO-
POCTb U yCTOHYMBOCTHL K IIOMEXaM, UTO Je/IaeT €ro MPUMEHUMBIM B IMMUPOKOM CIEKTPE

IIPaKTUY€CKUX 3a/a4.

1. IIOCTPOEHUE MOJEJ/IN OJIA OBHAPY>KEHUS JIUIIA

1.1. Obnapy>keHue U OTCJIE>KNUBAHUE JIUIL B BUIe0. [ oOHADYKEHUS U OTCJIEIKU-
BaHUs JIUI[ B BUJIEO MOXKHO HCIIOJIb30BATH IVIyOOKHME HEHPOHHBIE CETU, CHEIUAJILHO Ha-
CTPOEHHBIE JjI paboThl ¢ BujeoganubiMu. OaanmM u3 3hMOEKTUBHBIX TOIXO0/I0B sABJISAETCHA
UCITOJIb30BaHNe KOMOWHAIMH JIETEKTOPa JIUI] Ha OCHOBE CBEPTOYHBIX HEHPOHHBIX ceTeit
(CNN) ¢ mocie/ryormmM aaropuTMOM OTCIeKUBAHUS JIBUKYIIUXCST OObEKTOB (HAIIPUMED,
AJITOPUTMOM OTIOPHBIX BEKTOPOB HJIM METOJOM OINOPHBIX TOYEK). PaccMoTpuM OCHOBHbIE
aru U apXuTeKTypy MOJEIN i TaKO! 3ajaqu.

HepBbIM raroM dBJIfA€TCA IIOCTPOECHUE MOIETIN JIJIA O6Hapy}KeHI/IH JINIT, B BUJEO.
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s Havama cTpouTCs MOAEIL I OOHApYXKEeHUsl JIMIL B Kajapax Buaeo. st sTo-
ro MOXKHO HUCIIOJIb30BaTh IPEIBAPUTENLHO OOY9IeHHYI0 MOJe/Ib, Takyio Kak Single Shot
MultiBox Detector (SSD) niu You Only Look Once (YOLO), KoTOpbIE HOKA3BIBAIOT XO-
POIIYIO MPOU3BOIUTETHHOCTD B PEATBHOM BPEMEHH.

[IpuBesem npumep apxuTekTypbl Mojeaun SSD st oOHApYKEeHUsT JIUIT:

python

import tensorflow as tf

from tensorflow.keras.applications import MobileNetV2

from tensorflow.keras.layers import Conv2D, Reshape

from tensorflow.keras.models import Model

# 3arpyska npegBapuTtensHo obyderHoinn mogenn MobileNetV2 6e3 nonHocBs3HbIX CloeB

base _model = MobileNetV2(input shape=(224, 224, 3),

include top=False, weights="imagenet’)

# 3amopaxxuBaem Beca npeaBapuTensHO 0bydeHHOW Moaenu

base model.trainable = False

# [lobaBnsiem fononHNTENbHbIE COU ANS AETEKLMN UL,

x = base model.output

x = Conv2D(256, (3, 3), activation="relu’, padding="same")(x)

x = Conv2D(128, (3, 3), activation="relu’, padding="same’)(x)

# 4 koopauHaTbl bounding box'a

predictions = Conv2D(4, (3, 3), activation="sigmoid’, name="face detection’)(x)

# Komnunupyem mogens

model = Model(inputs=base model.input, outputs=predictions)

# BolBog apxuTekTypbl Mogenu

model.summary()

CUlelyIoImmM 3TaloM SBJISETCsl OTC/IeXKUBaHuMe JiMll B Bujeo. [locie obHapyKeHust
JIUI] HA KarKJIOM KaJ[pe BUJIEO HEOOXOINMO OTCJIeKUBATH ITH JIUIA B MOCIELYIONNX KaJl-
pax. HHH 9TOI'O MO2KHO HCIIOJIB30BAaThb aJI'OPUTMbI OTCJIC2KUBAHUA O6'beKTOB, TaKNEe KaK
Kalman Filter un SORT (Simple Online and Realtime Tracking). B kadectse npumepa
pacemorpuMm ucnosibdoBarre SORT st orcexuBanust Jiui,

python

from sort import Sort # pip install sort

tracker = Sort()

# lMpumep nonyyenuns bounding box'os 3 mogenu getekuum nuy,

frames = [| # cnncok kagpos BuAeo

# [Ons kaxporo kagpa:

# Monyyaem bounding box'bl ¢ nomowybto Mogenn getekuun nuy
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# lMepepaém bounding box'bl 8 SORT gns otcnexnsaHus
detections = model.predict(frame)

tracked objects = tracker.update(detections)

# OtpucosbiBaem tracked objects Ha kagpe Bugeo

SaMmevaHne 10 apXUTEKType U MPOIEeCCy:

1. Jerekrop Jmm Ha ocuHoBe CNN: B HpHBeIEHHOM IIPUMEpPE UCIOIb3YETCS
MobileNet V2 kak 6a3oBast Mojiesb 0€3 MOJTHOCBA3HBIX CJ10€B. HeCKOIBKO CBEPTOYHBIX CJI0-
€B 7100aBJIAETCsI JJT YTy dIIeHNsT TOTHOCTH JieTeKiun juil. OuHaIbHBIN CJI0H HCITOTB3YeTCsT
JIs npejacKaszannsg bounding box’oB Jmi Ha H300parKEeHNUMN.

2. OTctexuBaHue JIUIL B BUJEO: TTOCTIE JETEeKINH JIUI] Ha KaXKI0M KaJIpe BUJIE0 UCIIOhb-
gyercst ajmoputM otcaexkuBanna SORT 11 HempepbIBHOTO OTC/IEXKUBAHUS ITUX JIUI HA
nocsterytorux kagipax. SORT ocyrecTBiisier accomuanuo U OTC/IeKnBaHne 00bEeKTOB HA
OCHOBE UCTOPUM U IIPEACKa3aHUN.

[IpenmytiecTBa UCIOIB30BAHUS TAKOH MOJIE/IN:

— BBICOKasi TOYHOCTH JICTEKIIUN: UCIOJIBL30BAHUE TVIYOOKUX CBEPTOUHBIX CETEll 1TO3BO-
JITeT JTOOUTHCST BBICOKOI TOYHOCTH IPH JIETEKIIUN JIUIl B BHIEO;

— pabora B peasbHoM Bpemenu: mozesnu tuna SSD mian YOLO mosposstior obpaba-
TBIBATH KaJIPhl BUJICO B PeaJbHOM BPEMEHH, UTO BaXKHO I 3aJiad BHUICOHAOJIIOICHUS 1
AHAJIUTUKU;

— HEIPEePBIBHOE OTC/IEKUBAHUE: AJITOPUTMBI OTC/IEKUBAHUS OOBEKTOB, TaKWe KaK
SORT, obecrieqnBaioT HEIPEPbIBHOE OTCIEKUBAHKE JIUI] HA IPOTIXKEHUH BUJIEO, UTO I10-
JIEBHO JIJIA 3a/1aY BHUICOAHAJUTUKHA.

Taxum 0O6pas3oM, TOCTPOEHIE MOJIEIN JIJIsi OOHAPYKEHNUsT 1 OTCJICKUBAHUS JIUIL B BUJIE0
C WCIIOJIb30BAHMEM IJTyOOKMX HEHPOHHBIX ceTeil M aJropuTMOB OTC/IEKUBAHUS TIPE/ICTaB-
JisieT co0oit 9hEeKTUBHBIN MOIXO0/T K PEIIeHIO 3391 BUICOAHAIUTUKNA U Oe3011aCHOCTH.

B cBasu co criennukoil mocTaHOBKE 3aJ1a49u 110 0OHAPYKEHUIO JIUI CTYJICHTOB KOH-
KPETHOM aKaJIeMIIeCcKoil IpyTiibl (HamprMep, IpernojaBaTesieM) B paMKaX IIPOEKTa Kypca
«arennekryammsanus 0bpaborku nuadopmanus 7| BBIOpaHbI HHCTPYMEHTHI H TEXHOJIO-

' aHaJIOTHMYIHBIC HpI/IBe,ZLéHHI)IM.

1.2. IIpoekT obuapy2kenus Jjuil. Ha nepBom sTarie npoekTa s 3aja4qu obHapyzKe-
Hus una 6nw1 uernosb3oBan Google ML Kit Face Detection [8]. ML Kit mpemocrasiser
npoctoii AP, KOoTopbIit MO3BOJIIET HAXOAUTD JINIA HA N300PAKEHUSX WM BUICOMOTOKE.
Peub usiét T0/IbKO O JETEKINN, & He PACIO3HABAHUU JITIHOCTU — OUOIMOTEKA OIIPeIe/IseT,
I/le HAXOJIUTCS JIMIO, HO He MOXKET CKa3aTh, KTO N300PaKEH.

ML Kit ucnosb3yer KOMOMHAIMIO KJIACCHYECKUX METOJI0OB KOMIIBIOTEPHOTI'O 3PEHUS U

COBPEMEHHBIX HEHPOHHBIX ceTeil. Pabora jerekTopa HaunHaeTcd ¢ 0OPabOTKU MCXOTHOTO
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n3obpakenusi. [lepea Tem Kak 1epenaTh gaHHble B Mojenb, ML Kit npuBomguT msobpa-
JKeHne K KOPPEKTHOI OpHMeHTAIlnM, HOPMAJIU3yeT SPKOCTb U IIBETOBbIE KaHAJbI U, €CJIU
9TO HEOOXOIMMO, YMEeHbITaeT paspernienne. Takas 1mpeaBapuTebHast MOAI0TOBKA ITOMOTa-
€T aJITOPUTMY YCIIEITHO CIPABJIATHCI CO CJIOXKHBIMU YCIOBUSIME, BKJIIOYas cjiaboe ocBe-
IeHne, MIyM, CMeIleHre SKCIO3UIMU 1 ObICTpble JIBUXKeHudA. B ocHOBe mporiecca JIeXKHUT
KOMITAKTHAsI CBEPTOYHAS HEIPOHHAS CETh, AHAJTU3UPYIONIAs N300 PaKEHIe IIEJTUKOM U [IPO-
PHO3UPYIOIIasi, Ije Ha HEM MOI'YT HAXOAWTHCS JIMIA. APXUTEKTYPHO 9Ta CeTh OTHOCHUTCS
K KJIACCY OJIHOIPOXO/IHBIX JIeTeKTOpOB, Takux Kak SSD. Cerb He cKaHUpyeT mM300pazke-
HUE TI0 OTJEIbHBIM 30HAM M He ITPOBOJIUT KACKaIHBIX MPOBEPOK, a aHaJU3UPYET €ro 3a
OJIMH TIPSMOIl IIPOXOJI, OJHOBPEMEHHO M3BJI€Kasd MPU3HAKHU U OIPEJIe/sisl TOTEHITHATbHBIE
paMKi O0ObEeKTOB. Takasi apXuTeKTypa 0DecliednBaeT COYeTaHHe CKOPOCTH M JOCTaTOY-
HOMl TOYHOCTHU, YTO KPUTUYECKH BarKHO JIjII PabOTHI B peajbHOM BpeMeHu. BHyTpenne
ceTh HAIlOMUHAET YIpPOIIEHHbI BapranT MobileNet: ona coderaeT cBEPpTKU ¢ MaJIbIM YHC-
JIOM TIapaMeTPOB U OIllepallni IIyOMHHOIO Pas3ie/IeHusI, 9TO TO3BOJISIET PE3KO YMEHbBIIUTh
00bEM BBIYHCIIEHHI, cOXpaHsisi HH(MOPMATHBHOCTL Mpu3HakoB. HeiipoceTh obydena pac-
[IO3HABATH XapaKTepHbIE BU3yaJbHbIE MPU3HAKU JIUIA: CUMMETPUIO, (pOPMY, KOHTPACTHI
IJ1a3 U PTa, OTHOCUTETHLHOE PACIIOJIOKEHNE KIIOUEBbIX YacTel.

[Tocsie Toro Kak MoJe/Ib HaXOIUT JINIIO U OIIPEIEsIsieT ero IPaHuIlbl, BCTyIIaeT B paboTy
JIpyrasi HeipOHHAs CeTh, 3aHNMAIOIIAsICS JTOKaIu3aIneil KIIro9eBbIXx ToueK. OHa MpOrHO31-
pyeT ToJIOZKeHne TJ1a3, HOCa, PTa U JIPYTUX BarKHBIX OPUEHTUPOB. ITO HEOOIBINIAs perpec-
CHUOHHAs HEeHpOHHAs ceTb, OOyUYeHHas MPEJICKa3blBaTh KOOPJANHATHI TOUEK Ha (pparMente
saria. Takoit MoIxo1 MO3BOJISIeT CUCTEME JJOCTATOTHO TOTHO OIPEIE/IAThH NeOMETPHIO JINIA
IIPA CaMbIX Pa3HBIX PaKypcax.

Ecim Brmouén pexxkum ompepesnenus KoHTypos, ML Kit npumensier emé ojany Kom-
MMAKTHYIO MOJIEJIb, TIOXOXKYIO 110 TPUHIIAIIAM Ha JIETKUE apXUTEKTYPhI, UCIIOJIb3YIOIINeCs B
cucremax tuna MediaPipe FaceMesh [9]. Ona dopmupyer Habop U3 MHOXKECTBA TOYEK,
OTIMCHIBAIOIINX KOHTYP JIUIA, KOHTYPBI I71a3, Iy0, OpoBeil m Hoca. DTH KOHTYPHI He3aMe-
HUMBI TIPU CO3JIaHNN peancTuIHbix AR-3¢ddekToB, a TakKe mpu TOHKON 1ocTOOPabOTKe
M300PaXKEHUIA.

B npunoxkenusix, paboTalommux ¢ BUIEOIOTOKOM, KaK yKa3aHo B pazjese 1.1, ocobyio
pPOoJIb UrpaeT MexanusM otciexkupanusd juil. ML Kit conoctapisier obHapyKeHHOE JIUIIO ¢
MIPEJIBLTY UMY KaJIPaMU, UCIOIb3Ys NeOMETPHIO JIUIA, €r0 K/TI0UEBbIe TOUKH U MOJI0YKEHUE
B kKaJsipe. Ha ocHoBe 3Tux JaHHBIX crucreMa (OpMHUPYeT CTabWIbHBIA UICHTH(MUKATOP,
Os1aroiaps YeMy OJIHO U TO K€ JIUIO B JIBUXKEHUU BOCIPUHUMAETCS KaK €JIMHbI 00bEKT.
Taxkoit 110/1X0/T TTO3BOJIAET TPUMEHATH (PUIBTPHI U 3DHEKTH K KOHKPETHOMY YeJIOBEKY,

JazxKe €CJIM OH IlepeMellacTCdA UM BPEMEHHO BBIXO/IUT U3 Ka/pa.

«Taspuuecruli secmnur unPopmamuru u mamemamuru», N 3 (68)’ 2025



78 M. I'. Kosaosa, H. H. T'ymenior

Bce neitpocetn ML Kit paboraror He M30MpPOBAHHO, & KaK €JUHasd I0CJIeI0BATE b
Hag cucrema. OCHOBHasI MOJIE/Ib OTBEYAET 33 JIOKAJIU3AIMIO JIUIA, & IMOCIeIyoNne — 3a
yIUIyOJIEHHBIN anaan3. B 9ToMm 1mojxo/ie BaXKHO TO, 9TO OOJIBIINHCTBO MOJieeil paboTamoT
He ¢ UCXOJHBIM N300pakKeHneM, a ¢ MPU3HaKaMU, yyKe M3BJIeYEHHBIMI ITPeIbITYIIIMI 9Ta-
maMu. DTO CHUKAET BBIUUCIUTE/IBHYIO HATPY3KY U YCKOpsieT mporiecc. st obecrieuennst
a¢pdekTuBHOCTU HA MOOUIBHBIX yeTpoiicTBax (Google mpuMeHsieT psiji METOIOB OINTUMUA3A-
. Mojien npoxoJgaT KBAaHTUZAIMIO, YTO YMEHbBIIIAeT Pa3Mep U YCKOPSAeT BhIMHUCJIEHUS,
IIepeBo/Isi BecoBble 3HadeHns B hopMar ¢ 6ojiee HU3KOM TOUYHOCTHIO. HeitpoHHble ceTn Tak-
JKe QJIalTUPOBAHBI JIJIs BBIIOJTHEHUST HA CAMBIX Pa3HBIX ammnapaTHbix yckoputessx: CPU,
GPU u NNAPI, koropsrit moxker ncnosib3oBarb DSP wiu crenmanmmsupoBanibie 6710K1
HelipoceTeBoit 06padboTKu. [Ipu 3TOM apxuTeKTypa cI0€B 1mojJodpaHa TaKuM 00pa3oM, UTo-
OBl ObecrieamBaTh MUHUMAJIBHBIE 3aJePKKN 1 pabOTaTh IIABHO JaykKe Ha yCTPOWCTBAX

CPeTHero ypOBHS.

1.3. Unentndpukaius auma. g perenus 3a1a49n naeHTHOUKAIIT y2Ke 00HAPY KEH-
HOro Jiniia ObL1a BeiOpaHa mojesb FaceNet. FaceNet — oanH 3 HOBBIX IIOIXOI0B B TeX-
HOJIOTUU PACIO3HABAHUS JIUI]. JTOT METOJ OCHOBaH Ha ITyOOKO# CBEPTOUHOI HEHPOHHOI
cetu u 0OyUeHnU ¢ ucnosb3oBanueM triplet loss jyis o6paborku obyuaomux ganubix [10].
[IpenmytecTBo mcrnonb3oBanusg Merojia FaceNet 3akmodaercs B TOM, UTO 3Ta MOJE/TH
TpedyeT JINITh MUHIMAJIHFHOTO BBIDABHUBAHUS C TOUYKH 3PEHM JOCTATOTHO ILJIOTHOTO BBI-
pe3aHus 00J1aCTU JINIIA.

FaceNet — 910 MeTo/ (HA3BIBAETCS OJJHOKPATHBIM OOYUYEHUEM ), KOTOPBIl MCIOIB3yeT
r1yObOKHe CBEPTOYHBIE CETU JIJIsd ONTUMHU3AINKA CO3/daHud dMOeaunros. Mero moxkeTr wnc-
110J1b30BaTh HEOOJIbINON HabOp M300paskKeHuil JIMIa JIId CO3MaHus HaYaJIbHON MOJIEe/N, 1
[PU TIOSIBJICHUN HOBBIX JIAHHBIX 9TA MOJE/Ih MOXKET HPUMEHSThCs 0e3 TMOBTOPHOrO 00y-
yenns. FaceNet nHampsmyto obydaeT mpejcTaB/lIeHns JUIA B €BKJIMJIOBOM IIPOCTPAHCTBE,
IJIe PACCTOSHUE OTPayKaeT CTeleHb CXOJCTBA MEXKLy MojessMu Jjimrl,. [logyaus pesyibra-
ThI CXOJICTBA MEXK/Ty MOJIEJISMHE JIUI, CTAHOBUTCSI JIETKO OCYIIECTB/IATh PACIO3HABAHUE U
KJ1accuUKAIIIO, UCIOJIb3ysl BEKTOPHI IIPU3HAKOB, (opmupyembie FaceNet.

B nporiecce obyuenns FaceNet uctiosib3yer TpuiLieTsb, COoOCTaBIsgss N300parKeHUs JIHI]
MeTojioM online triplet mining. Kaxkplit TpuIieT mpejactaBisgeT coboit Habop U3 OIMOPHO-
ro nzobpazkenus (anchor), mosoxkurensroro (positive) n orpunarensuoro (negative). Ha
puc. 1 mokazaHa cCTpyKTypHas Moje/ib, npumensemas B FaceNet. FaceNet Briouaer na-
KEeTHBIE CJIOM Ha BXOJIe U TJIYOOKYIO apxuTekTypy — riybokyio CNN, 3a koTopoii cieyer
L2-nopmanmsanus, hopMupyromias KoHedHoe BerpanBanue jmia [11]. Bo Bpemst o6y denms

ucnosb3yercs GyHKIMs T0Teph Ha Tpuitetax (triplet loss) (puc. 2).
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Triplet loss MurmMu3MpyeT paccrogume Mexkjy anchor m positive u MmakcumMuzupyer
paccrostare Mexkty anchor u negative. [Ipu sTom positive umeer Ty ke JIMIHOCTD, 9TO U
anchor, a negative — npyryio. FaceNet manpsimyro ob6y4uaer cBo€ BBIXOIHOE TTPeICTaBIEHTEe
(9MOeIMHT) K KOMIIAKTHOMY BEKTODY pa3MepHOCTbio 112, MCHosib3yst MeToj| moTeph Ha

OCHOBe TpHILIEeTOB, ocHOBaHHBI Ha LMNN [12].

2. PABPABOTKA IIPUJIOXKEHUSLA

B pamkax mocraBjeHHOI 3a/1a91 PACIIO3HABAHUS JIUI] CTY/IEHTOB OIPeJIeJIEHHON IPyTI-
bl pa3paboTaHo KJIMEHT-cepBepHoe npusokenue. Ha mepBom sTare paboThl TPUIOXKEHIA
IIPOUCXOJIUT 3aXBaT M300pazKeHs C KaMePhl YCTPOICTBa. 3aXBadueHHOe N300paKeHue Ie-
penaércs B Mojysib obnapyxkenus jui, oubsmorekn Google ML Kit. Ilocse ycnemnoro
oOHApY KeHNs, KayKJI0e PACIO3HAHHOE Ha M300PayKeHWH JIUIO BBIPE3AETCH U3 UCXOIHOTO
n3obpazkenud. [locite sToro mzobparkenue Jmia NPpUBOUTCA K pasmeprHocTn 112x112 px
METOJIOM OMJIMHEHHON WHTEPIOJAINNA, HOpMaJm3yercsd u npu momoru mozean FaceNet
co31aéTcs BeKTOP dMOeiuara. [lorydentbie BEKTOPBI CPABHUBAIOTCS CO CIIMCKOM COXPa-
HEHHBIX JIUIL IIPY TIOMOIIN L2-HOPMBI: €C/in PACCTOSHIE MEXK Ty JIBYMsI BEKTOPaMU MeHbIIe
3a/IAHHOTO 1I0POra M HaUMEHbIIIee CPEJIM BCEX COXPAHEHHDIX JIUIl, TO M300PayKeHuIo MPU-
CBamMBAETCsI COOTBETCTBYIOIIAA MeTKa, (pHc. 3).

KimenT-cepsepnoe B3anMo/ieiicTBIE B CCTEME aBTOMATU3UPOBAHHOIO PACIO3HABAHUSA
JINII, THTETPUPOBAHHON C CHCTEMON YYeOHBIX TDYIII, MPEJICTABIIeT co00il pacrmpeeaéH-
HYIO apXUTeKTypy, B KOTOpoil MobmibHOe Android-nipuioxkenue pyHKIIMOHUPYET B POJIN
KJIMEeHTa, a VIaJ6HHBII cepBep, peain3oBaHublil Ha miaTtdopme FastAPI, Beimoasier posib
[EHTPAJIN30BAHHOTO XPAHUIMINA U OCTaBIMKa JaHHbX [13]. Kinent ununuupyer 3ampo-
CBI Ha TIOJTy9eHre NH(MOPMAIIHI O COCTaBe yIeOHBIX TPYII U CBSI3aHHBIX C HUMU OMOMETPH-

YeCKUX JIAHHBIX, MTOCJIE YeTro CePBEP OCYIIECTBIIIET (DOPMUPOBAHUE CTPYKTYPUPOBAHHBIX
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3axBart u3obpaxeHus ¢ kamepbl

BbiGop rpynnbI cTyaeHToB

v v
OGHapyxeHue nuy ®opMuUpOBaHHe 3anpoca Ha cepeep
v v

Bbipeska kaxgoro nuua
U3 UCXOOHOrO M300paxeHMs

v OGpabotka 3anpoca cepsepom (FaceAPI
MpuBegenune paamepa k 112x112 px v
v W3BneyeHne aaHHbIX U3 6a3bi (DB)
Hopmanusauus nsobpaxeHus v
v Cepvanusaums oteeta B JSON
leHepaumsa am6epauHra (FaceNet)
v v
CpaBHeHue ambeaanHroB KnueHTt nonyyaet JSON
c nOKaanI;IM CMUCKOM " p.ecep:anwsyeT

BbiBoA pe3ynbTata

®opmMupoBaHue nokansHoOM

6a3bl aMbeanHroB

Puc. 3. Knumenr-cepepHoe B3anMojeiicTsue

orBeToB. B3anmoselicrBue obecrieqnBaeT COrJIaACOBAHHOCTD JIAHHBIX U TO3BOJISET CUHXPO-
HU3UPOBATH JIOKAJIbHBIE U YJIAJIEHHbBIE TTPe/ICTaBIeHNsT HADOpa SMO€e IIMHIOB, OTHOCATIINXCS
K YYIaIiIMCs.

ApxuTeKkTypa MPUIOXKEHUs MPEIIIo/IaraeT, YTo KaxKaas ydeOHas rpyIia UMeeT yHU-
KaJIbHBIH MJIeHTU(MUKATOD, KOTOPBII UCIOJIb3yeTCsd KJIUEHTOM JIJIsl 3alPpOCa COOTBETCTBY-
formero Habopa jaHnbix. [Ipu obparennn K cepBepy KJHMEHT IepejiaeT UICHTH(DUKATOP
rpymmsl B napamerpax HTTP-zanpoca. CepBeprast 9acThb IpuHIMAaET 3aIpoC, M3BIEKAET
JlaHHBbIe U3 0a3bl, COJEPKAIIEH CYITHOCTH, OIMMCHIBAIOIINE I'PYIIIbI U CBI3aHHBIE C HUMU
npodun yJaIuxcs, mocje dero cepuaaunsyet csejienus B popmare JSON. B orere dop-
MUDPYIOTCS UMsI TPYIIIBI, IEPCOHAIbHBIE JJAHHBIE CTY/IEHTOB, a TAKKe YNCJIOBbIE TIPeICTaB-
JtleHusi AMOemHTroB Jnil. PopMaTr JAHHBIX BKJIOYAET I0JIe UMEHU, 3HAYEHUsS KOTOPOTO
UCIOJIB3YIOTCS JIJIsi OTOOparKeHUsl B IMOJIL30BATE/ILCKOM HHTEpdelice, 1 MacCUB YUCEN C
[JIABAIOIIEN TOYKOM, NMHTEPIPETUPYEMbINl KAK BEKTOD IPU3HAKOB, MOJIYUYEHHDBIN B PE3YJIb-
TaTe pabOTHI MoJlenn pacrno3HaBaHusd. [locse morydenns orBeTa KJIMEHT BBITOTHSIET Jlece-
pUAIM3aIiio JaHHBIX, TTPeodpa3yeT BJIOXKEHHBIE MACCUBBI UUCE, TTOCe 9ero (hOpMUpPYeT
JIOKAJTbHBIE 9K3EMILISPBhI 00bEKTOB, COACPIKAIINUX UM U IMOCJIMHT KaXKJOr0 YUIaIlerocs,
OTHOCHIIEr0oCsl K BRIOPAHHOI IpyIIIIE.

[Iputozkenne peycMaTpuBaeT BO3MOYKHOCTE JTOOABJIEHIST HOBBIX JAHHBIX HA CepPBEpP-

HYIO CTOPOHY. B Iporiecce peructpaliii HOBOT'O JIUIIA BBITIOJIHIETCA 3aXBaT M300ParKeHust
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KaMephbl, [TOCJIE Tero N3BJIEKAETCsT IMOE/IINHT ¢ TIOMOIIBIO JIOKAJTHLHO pabOTAOIIEH MO IeIH.
CepBep mosiydaeT JaHHbIE, ITOCJEe Yer0 BBIIOJIHIET IPOBEPKY KOPPEKTHOCTU CTPYKTYPHI,
KOHBEPTHUPYET IMOJIyUIEeHHbII MAacCUB 4duces B (popMaT, o/Iep:KIUBaeMbIil 0a30il JTaHHBIX,
u J100aB/IsieT HOBYIO 3allUCh K CYIIECTBYIOIIEH IPyIIIe.

O6mMmen ganHBIME peasn30oBaH depes nmpoTokoa1 HTTP ¢ ucnonms3oBanneM KIneHTCKOI
6ubsmorexkn Retrofit na cropore Android [14]. Cepepras qacts peasmsosana na Fast API,
YTO 00ECIIeInBaCT BBICOKYIO ITPOU3BOAUTEILHOCTD M CTPOrYIO TUITH3AIMIO JTaHHBIX OJ1aro-
naps npumenenuio Pydantic-momeneit. Kazktasg Mojiesrb onucbiBaeT CTPYKTYpPY 0O0beKTa,

IIOJIy9aeMOro njin OTIIPaBJIsAEeMOI'O KJIMEHTOM.

3. TECTUPOBAHUE U AHAJIN3 PE3VJIbTATOB

[Iputozkenne pe0CcTaB/IIeT MPEIoIaBATEI0 BO3MOKHOCTE BBIOPATH IPYIIITY CTY/IEH-
TOB, JIJIsI KOTOPOil yKe 3apaHee coxpaHeHbl sMOeunaru. [locsie BbIOOpa IpyIIiib cucremMa
akTUBUpyeT Kamepy u ucrojbsyer ML Kit s obnapyzkenus jui B Kajape. Kaxkprii
Haiijiennblii pparmenT Jsmia repegaéres B FaceNet, koropast mpeodbpasyer nzobpazkeHune
B BEKTOD NMPU3HAKOB (PUKCUPOBAHHOM JTHHBI. [lo/TydeHHbI SMOE/[IMHT CPaBHUBAETCS C
MO IJIMHIaMy CTY/JICHTOB BHIOPAHHOI rpynibl. Ecu quctaniys MexK/ly BEKTOPaMU HUZKE
3apaHee YCTAHOBJIEHHOI'O ITOPOra, CUCTEMA CUUTAET, YTO JIUIO MPUHAJIEXKUT KOHKPETHO-
My CTYJIEHTY; NPU IPEBBINIEHNN [TOPOra OHO KJIACCH(PUIMPYETCsS KaK Hem3BecTHoe. Pe-
3yJIbTATHI PACIIO3HABAHUSA OTOOpaxKaioTcs B mHTepdeiice Mpuioxkenus, (GUKCUPYIOTC €
yKa3aHueM BPEMEHU M MOTYT ObITh MCIIOJIb30BAHbBI, HAIIPUMED, JIjIs aBTOMATU3AIUN T10Ce-
IIAEMOCTH.

TecTupoBanue pUIIOKEHUS TPOBOIUIOCH HA PEaIbHON BBIOOPKE M300parKeHHil CTy-
JIEHTOB, CHSATBIX B YCJOBHUSX, MaKCUMAJbHO MPUOJUKEHHBIX K YIE€OHBIM AyJIUTOPUSIM,
BKJIIOYAsd PA3JIMIHBIE TUIIBI OCBEIEHNUS, IOBOPOTHI U YACTUIHBIE [IePEKPBITHA JIUIL (pHUC. 7).
[To nroram aranm3a OBLIN MOJIYUEHBI CJIEIYIONINE TOKA3aTeJ METPHUK: OI[eHKa TOYHOCTHU
(precision) cocrasuia 0.80, mosrora cocrasuia 0.92.

TecTupoBanue BBIIBUIO KJIFOUEBYIO ITPOOJIEMY: MOJE/Ib XOPOIIO PA3INIAET U3BECTHHIE
JINIIA, HO HEJIOCTATOYHO HAJIEZKHO OTBEPraeT HEM3BECTHDIE, MHOIIA OIMUOOYHO IIPUCBANBASs
UM METKH CTYJeHTOB (JI0:KHble cpabaTbiBanusi) (puc. 8).

DTO0 yKa3bIBaeT HA TO, UTO AJITOPUTM YCIIEIITHO PEIaeT 3a/a1y BePUPUKAINN, HO UMe-
eT caabyio 0000MIAIOILYI0 CIIOCOOHOCTD JJIsi UJACHTU(MUKAINE ¢ OTKPBITHIM MHOXKECTBOM.
Tpebyercst MOBLICUTD OPOT YBEPEHHOCTU MOJIEJIH UJIU BHEJIPUTH CIIENUAIHHBII MEXaHU3M
JIETEKINN «HEU3BECTHBIX» JIUIl, ITOOBI MUHUMHU3UPOBATH PUCKHU ONMMOOYTHOTO JOCTYIIa 1

IIOBBICUTD O6IL[yIO Ha,ZLé}KHOCTb CHUCTEMDBI.
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ID; 465

ID: 496

Name: Kata
Name: Anue

a) paclo3HaBaHUe JBYX JIIOJEi 6) pacro3HaBaHHE OJHOIO YeJIOBEKa

Puc. 4. Jlemoncrparius paboThl IIPUIOKEHUS

ID: 367
ID: 371

Name: Kata

Puc. 5. Ilpumep j102kHOTO cpabaTbhIiBaHUs
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S3AKJIFOYEHUE

B pabore paccMOTpeHbI METOIbI, MOJIC/IM U TEXHOJIOTUN OOHAPYKEHUsI U PACIIO3HABA~
HUs JIUIT, OTTCAaHO KJINEHT-cepBepHoe B3anMoieiicreue. Ha ocnoBe cuMbmosa 3Tux MeTo/10B
U CEPBEPHON J9acTh ObLIO PEeaJn30BaHO IPUJIOKEHIE, TO3BOJISIONIEE B PeaIbHOM BPEMEHN
00pabaThIBATh BUIEOPSIT M MHATMAIU3UPOBATH JIUIIA JIFO/IEH ¢ BBICOKOH TOYHOCTBIO.

Janbreitmas 10paboTKa MPUIOXKEHUsT MOYKET BKJIIOYATh B ce0st paciipenne pyHKIN-
OHAJI& IPUJIOYKEHUs: PEJJAKTUPOBAHNE CIIUCKA I'PYIIT CTYIEHTOB, ABTOMATUIECKOE BBICTAB-
JIEHHE TTOMETKHU O TMOCEIEHNH YIeOHOT0 3aHATUS IIPU YCIEITHOM PACIIO3HABAHUY CTY/ICHTA,

yiaydiieHne KadeCTBa pacCllO3SHaBaHMA.
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ABOUT THE PROGRAM FOR APPROXIMATE SOLUTION OF HILBERT BOUNDARY
VALUE PROBLEM FOR ANALYTICAL FUNCTIONS.

Kristalinskiy V. R.

Abstract.

The theory of boundary value problems for analytical functions and their generalizations is
one of the most important and has a large number of applications in various applied fields, in
particular, in the theory of elasticity. The methods of their solution are considered in a number
of works. In connection with the applications of boundary value problems in practice, the issue
of developing methods for their approximate solution and computer implementation of these
methods is very relevant. The development of such methods and their implementation involves
overcoming significant difficulties.

This article is devoted to the computer implementation of an approximate method for
solving the Hilbert boundary value problem based on modern information technologies. Hilbert’s
boundary value problem, which belongs, along with the Riemann problem, to the main boundary
value problems of the theory of analytic functions, is the oldest of the problems of this type. It was
considered in the works of S. L. Sobolev, F. D. Gakhov, N. I. Muskhelishvili and other authors.
The works of V. S. Rogozhin and M. P. Ganin indicate methods for reducing boundary value
problems for polyanalytical and polyharmonic functions to this problem.

Thus, the development and implementation of approximate methods for solving this problem
is a very urgent task. It was considered by us in the dissertation [1].

However, the development of information technology, in particular computer mathematical
systems, makes it possible to implement improved approaches to the computer implementation
of the methods we have developed, to develop software products more efficient and user-friendly
than it was before. In particular, the program we developed in the Wolfram Mathematica system
makes it possible to find the maximum value of the absolute value of the difference between the
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exact and approximate solution of the boundary value problem, if the exact value is known. In
addition, we have built a C# program based on it, which allows us to implement an algorithm for
approximate solution of the Hilbert boundary value problem in the interface of modern Windows

applications, which makes it convenient for a wide range of users.

Keywords: complex analysis, Hilbert boundary value problem, approrimate solution methods,

Wolfram Mathematica system, C# language

BBEJIEHUE

[Iycts D — KoHeUYHAs OHOCBsA3HAs 00JIACTh, OTpAHMYEHHAs TPOCTON 3aMKHYTON KPH-
Boii JIamynosa L. MI3BecTHo, 4To KpaeBad 3ajia4da ['mipbepTa 1 aHATUTUIECKUX (DYHK-
I CTABUTCS CJIEYIONM 00pasoM (cM., Hanpumep, [10, c. 264]): HaiiTn aHATUTHIECKYIO

B obsiactu D 1 HenpepbIBHYIO Ha KOHTYPe L pyHKIINIO

f(2) = u(z,y) +iv(z,y) (1)

[peJie/IbHbIe 3HAUeHUs JefiCTBUTEIbHOM U MHUMOI YacTeil KOTOPOi yI0BIeTBOPSIOT Ha L
COOTHOITIEHHIO
a(t)u(t) + b(t)o(t) = c(t) (2)
rie a(t), b(t) u ¢(t) — samannble Ha L jeficTBuTe bHbIE (DYHKIUE KOMILIEKCHOTO apry-
MeHTa, yjoBJeTBopstorue ycaosuo Lembaepa (1. e. a(t), b(t)c(t) € H(L)).
Bajaua ['mibbepra u ee 0000IIEHNS UCC/IEIOBAIICHE MHOTUME aBTOPAME, B YACTHOCTH,
npuHajyiexkamumu K CMOJIEHCKO MareMaTndeckoil mkosie (cM., Hampumep, [4-7], [13,
14]). HaubGosiee 1o/HOe M3JI0KEHUE Pe3Y/IBTATOB, CBA3AHHBIX C 9TON 3aJadeil, IIpUBeIeHO

B [10]. TIpuBesiem ykasanHbIil, HaIpuMep, B 2|, MeTo pereHust JaHHON 3a1a490.

Torma k=2m, tae m=Ind[a(t) + ib(t)]. Caeaysa H. V. Mycxemumsuin [3], qucso x Gymem

[IycTn

HasbIBaTh HHIeKcoM 3ajaqu ['miapbepra (77). Kak ussectHo, (cM., Hampumep, |2, c. 186])

upu £ > 0 obmee perenne 3a1aqu ['nabpbepra (1) maercs dopmysioit

271 T —
L

o)== X o0 [ ar+ Y )| )

rje p(7) — pelenue uHTErpaabHOro ypasuenus Opeproabma

[ L _ E(S_)] p(r)dr = Q) (4)

T—t T-—1 tmX(t)’

)0 = ntt) + 5 [
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X =ew ] o | 1) 4, (5)

2 ) T — 2
L
v(t) — peleHne UHTErPAIBLHOTO yPABHEHHST
%m
()0 = | 60 ©)
2¢(t) a(t) +1ib(t)
t)= ——F——, G(t) = telL. 7
QO == aw “Y s =ae L© )
Oynkimu W;(2z) onpeensoTcs paBeHcTBaME
- 1 1 l/gk_l(T)
Wo(Z) = 1, WQkfl = ; + % / ﬁdﬂ (8)
L
1 1 Vor(T)
- [ 2Ty
W e ©)

L

rje v;(t) — pelerust uHTErpasbHbIX ypasHenuit @pearonsma (Zv;)(t)=q;(t), i=1,2,..., K
puIeM

1 1 1 7

Qor-1(t) = T Qo (t) = x T

[Ipubimkennble MeTOIBI pelienus 3a1a4u ['uasdepra u ee 0000IIEHMIT, B CBSI3U € UX

(10)

BayKHOCTBIO JIJIs IPUJIOXKEHUH, TaKyKe PACCMATPUBAJIUCH PSIIOM aBTOPOB (CM., HATIPHMED,
[11, 12]). B muccepramuu [1] u B crarbe [4] mamum 6T Ipe/IozKeH MeTOJL IPUOIINKEHHOTO
pertienns KpaeBoii 3a1auu ['ubbepra /1 aHAJIMTUYIeCKUX (PYHKIINN, OCHOBAHHBIN HA OIIV-
caHHOM B [5| MeTosie TIPUOJIMKEHHOTO BbIUUC/IeHNs UHTerpaJsa tuia Komm. Dror MeTos
obL1 peanuzoBan B cucreme MathCad. Onako 3Ta KOMIbIOTEDPHAsT peaau3alius 00/1a/1aeT
PSIIOM HEJ0CTATKOB. B wacTHOCTH, OHA HE MO3BOJISIET HAXOIUTH MaKCUMAJIbHOE 3HATECHUE
abOCOJTIOTHON BEJTMYIMHBI PA3HOCTU MEXKJIy TOYHBIM U HMPUOIMKEHHBIM DeIlleHneM 3ajadu
Ha KOHTYPE, eC/IN TOYHOE 3HAUEHNE M3BECTHO. DTOr0 HEJI0CTATKA JINIIEHA MIpeJiylaraeMast B
HaCTOAIIEH cTaThe peaau3aliid YKa3anHoro Metoa B cucreMe Mathematica. Kpome Toro,
Ha ee OCHOBE MOXKHO IOCTPOUTH MporpaMmy Ha s3bike C# B cTaHIapTHOM HHTEpdeiice

npuiozkenus Windows, BKJIIOUAIONIYIO B ce0s 9Ty pean3alluio.

1. OCHOBHAY YACTH

[lenbio craThbu sIBJISIETCsI OCTPOEHUE KOMIIBIOTEPHOl peajin3aiuy OlucanHoro B [1]
asmopuT™Ma B cucreme Mathematica n ee marerparus ¢ mporpavmmoit Ha s3bike C#£. [lycrs

D — obsiacTh, orpaHutdeHHAas SJUTIIICOM, 33/ IaHHbIM ypaBraerueM t( f) = asin(f)+ibcos(f).
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Tpebyercs naiitu yuximo (2) = u(x, y)+iv(x,y), rpaHIdHBIE 3HAYEHHS IeHCTBATEb-

HOIl ¥ MHUMOI YacTeil KOTOPbIX Ha L yJIOBJIETBOPAIOT COOTHOIIIEHUIO

cos(0.2 cos fu(f) + sin(0.2 cos f)v(f) = c(f), (11)

(S
c(f) = cos(0.2cos f)Re(sint(f)) + sin(0.2 cos f)Im(sint(f)). (12)

Bynem perath mocTaB/eHHYIO 3ajady Ha OCHOBE CXEMbl, ONMCAHHON B [2| ¢ TOMOIIBIO
cucrembl Wolfram Mathematica. Beojgum mostyocu ssuturica

a=1.2

b=0.9

BajiaeM ancsio 4ieHoB psaoB Pypbe, KOTOpbIE B JabHEHIIIEeM Oy T UCIOTb30BATHCS
JIUTsl TPUOJIMZKEHHOTO BhIMKC/IeHUsT MHTerpaJioB Tuma Kormm

nf=19

s 38 JaHHOTO SJITUIICA CTPOUM SJIPO MHTErPAJIbHOIO YpaBHEHUs, K KOTOPOMY CBO-
JIUTCS pellenne Kpaesoit 3ajaun ['minbepra

K[f1_,f2_]=If[f1==f2, (a*b)/(2*(b~2x(Cos [f2])~2+a~2*(Sin[f2])"2)),
((axb)*(1-Cos[£f1-£2]))/(a~2*(Cos [£f1] -Cos[£2]) ~2+b~2x(Sin[f1]-Sin[£f2])~2)]

s muCcKpeTu3aIyu aipa pasjie/inM OTpe30K uHTerpuposannd Ha 200 paBHBIX OTpe3-
KOB U BBIYUCJIMM €ro 3HaUeHHUs B UX KOHIAX

ft=Table[0,{i,1,201}];

Kd=Table[K[ft[[i]],£ft[[j]11],{i,1,201},{j,1,201}];

[Ipu sTom 3Hadenus pyuknuu npu ¢ = 1 u j = 1 Hy2KHO 3a/1aBaTh BPYYHYIO

Kd[[201,11]1=0

Kd[[1,201]11=0

CeejieM pellieHre WHTEIPAJTLHONO YDABHEHHsI, YKA3aHHOTO B [2| K peIleHnto cucre-
MbI JIMHEHAHBIX YPaBHEHUH, UCIIOIb3YyH U3BECTHBII METO/, OCHOBAHHBINA Ha MCIIOJIb30BAHUN
dopmyabr Cumiicona

A=Table[Kd[[m,n]]1/300,{m,1,201},{n,1,201}]1;

R=Table[If [k==1,A[[m,k]]/2,If [Mod[k,2]==1,A[[m,k]1]1*2,A[[m,k]]*4]1],
{m,1,201},{k,1,201}];

ed=IdentityMatrix[201];

R1=Table[R[[m,k]]+ed[[m,k]],{m,1,201},{k,1,201}];

Haxomnm npubimkentnoe 3Hadenne Gynkiuuu v(f), Koropas Oyaer B JajbHefirem
HCIIOJIb30BaHa JIJ1s1 BBIYMCJIEHUS TTPaBOil YacTH YpPaBHEHUS

M[£f_1=0.4%Cos[f]

M1=Table[M[ft[[il]],{i,1,201}];
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~v1=LinearSolve[R1,M1];

Ti=Table[ft[[i]l],Rely1[[i]]1],{i,1,201}];

v = Interpolation[T1]

Hanee sorancisiem uarerpas tunia Komn I'(z) ¢ maoraocTsio (f) MeTo0M, onucaH-
HBIM B [4] 1 BeIUHCIIsIeM KpaeBoe 3HaUeHne Jiist (DYHKINN, OIPE/Ie/IeMOil STUM HHTerpa-
JioM BHYTpH 3Juinnca. C 3TOi IesbIo IPeIBAPUTEbHO BBIUHUC/IIEM I'DAHMYHOE 3HAYEHIE
JUTst (DYHKITAHU, OIPeJIe/IsieMOil 9TUM UHTErPAJIoOM BHe 3jutmiica. astee morydaem dbyHKIHIO
X(t):

Xplt_1=Exp[I*['[t]];

Crpoum dyukiwmio g(f):

gl[f_1=2%(Cos [0.2*Cos[f]]*Re[Sin[t[£f]]]1+Sin[0.2*Cos [f]]*Im[Sin[t[£]]1])/
(Cos[0.2%Cos[f]]-I*Sin[0.2%Cos[f]1]);

Ctpoum 1paByio 4acTh UHTEIPAJBLHOTO yPABHEHUS

gllf_1=gl£f]/Xp[t[£f]1];

Haxomum nipubiinzkenHoe perienue 51oro ypasaerust (i f)

glt=Table[gl[ft[[i]]],{i,1,201}];

res=LinearSolve[R1,glt];

Ti=Table[ft[[i]],Relres[[i]l]1],{i,1,201}];

rep =Interpolation[T1]

T2=Table[ft[[i]],Im[res[[i]11],{i,1,201}];

imp =Interpolation[T2]

p [f_1=rep [£f1+Iximp [£];

Hanee Bbranciasiem uarerpas tumna Komm ¢ miorHocTbio o f) aHATOTHYIHO TOMY, Kak
510 6bLTO clenano Boime s Gyuknuu (f). [locme sToro MoxkHO cTpouTh OYHKITHIO
g1(f) — upubimkenHoe pereHne 3aa4u. SHaYeHe TPOU3BOJILHOI MOCTOSHHON (v] Haxo-
JTIM ITOAOOPOM.

a1=-0.0393969*I

gllf_1=Xp[t[f11*Mp[t[f]1]1+ al);

Crpoum rpaduku BEIECTBEHHON M MHMMON YacTeil TOYHOTO perieHus — (YHKIUN
sin(z) u HpUOJINKEHHOTO PEIeHNsT Ha KOHTYPe U 3HAYEHUs MAKCHUMAJILHONU abCOIOTHON
MOTPEITHOCTH PEIICHUSI.

Plot[Re[Sin[t[f]]],Relgl[£f]],{£f,0,2%Pi}]

NMaximize [Abs [Re [Sin[t[f]]]-Relgl[£]]1],f]

0.0897874,f—1.20919

Plot [Im[Sin[t[f]]],Im[gl[£f]],f,0,2%Pi]

NMaximize [Abs[Im[Sin[t[£]1]1]-Im[g1[£]]],f,0,2%Pi]
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0.120551,f—1.5708
MokHO MHTErpUPOBATH JIAHHYIO IPOIPAMMY € IIPUJIOYKeHeM Ha s3bike C#, anajaornd-

HO TOMY, KaK 3TO ¢JIeJIaHo B Hamux paborax (13, 14]. 910 mosBosmTh TPOBOUTH pACIeThl

B TpajuimonHoM unrepdeiice npuioxkenuiit Windows. Ha puc. 1 nokazano pabodee 0OKHO

HMHTEIrPpUPOBAHHOI'O IIPpUJIOZKEHUA C PE3yJIbTaTaMt PacCd€TOB.

o5 3agaua Munsbepra

MNepsas nonyoce

Bropas nonyoce

Yucno uneHoe paga Pypee

nOrpeLIJHOCTb MHWUMOR YacTKn

{0.0900101, {f -> 1.20916%
nOrpeI.IJHOCTb BeMeCTBeHHOIﬁ 4YacTtu
{0.120051, {f-> 1.57084})

Pacyet

MHUMBIE YacTn

BelwecTBeHHbIE YacTu

Puc. 1. Okno paspaborannoit nmporpammbl Ha si3bike C# ¢ pesysabraTaMu

BBIUUCJIEHU
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S3AKJIFOYEHUE

Takum obpazom, HAMU MOCTPOEHA KOMITLIOTEPHAS PEAJIM3allusd CPEJICTBAMUA CHUCTEMBbI
Mathematica pamnee pazpaboTaHHOr0O aJropuTMa MPUOJIMAKEHHOTO PEIIeHns KPaeBoil 3a-
naan ['minbepra B Kiacce aHaIUTUIeCKUX (PYHKITUS, TO3BOJIAIONIAA B CJIydae N3BECTHOTO
pelenns MoJIy9YUTh OIPEITHOCTD MMOJIydeHHoro perienus. [locTpoena Tak:ke HHTErpupo-
BaHHAas IporpamMmma Ha si3bike CF##, M03BOJISIONIAs ITPOBOIUTH PACIETHI B 60JIe€e TPUBBITHOM
JUTd TIoJTb30BaTesd unrepdeiice. B mocrpoennom mpumMepe moJib30BaTeb BBOIUT TOJIHKO
MIOJIYOCH 3JUIAIICA U YHCJIO 1IeHOB pafa Pypbe, NCIOIb3yeMOro Jjis MPUOINKEHHOTO BbI-
YUCJIEHUS MHTerpaJsia Tuita Kormm, ofHaKO B NPUHIUIIE MOYXKHO JIOpabOTATh MPOIPaAMMY,
9TOOBI ¢ (POPMBI BBOJMINCH U KOMIIOHEHTHI KPaeBOro ycjosus. [logydennas koMiboTep-
Had peajn3aliid MOXKeT HCIO0JIb30BaThCA B HAYyYHBIX NCCJIEIOBAHNAX 10 KPAeBbIM 3a/1a9aM

['misbepra u ux 0OOOIIEHUSIM.
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CONDITIONALLY IDEAL STRUCTURES IN SOLVING DISCRETE OPTIMIZATION
PROBLEMS. PART 2.

Lemtyuzhnikova D. V.

Abstract.

This work presents a comprehensive theoretical development of Conditionally Ideal
Structures (CIS), establishing deep connections with fundamental areas of computational
complexity. Building upon the foundational framework introduced in the first part, we
demonstrate how structural data invariants can systematically overcome computational barriers
in NP-hard problems through a unified mathematical apparatus.

The research reveals that structural parameters serve as a powerful bridge connecting
geometric data properties with computational complexity classes. Our key contributions include
the formalization of relationships between CIS and fixed-parameter tractability, where we
establish precise conditions for complexity reduction from exponential to polynomial regimes. The
theory naturally extends to approximation schemes, demonstrating that structural constraints
enable efficient polynomial-time approximation schemes (PTAS) for problems that remain
intractable in the general case.

A significant advancement lies in the robustness analysis of CIS algorithms, where we
prove stability guarantees under bounded data perturbations. This theoretical foundation
enables practical applications in scenarios where data exhibits approximate structural regularity
rather than perfect adherence to ideal patterns. Furthermore, we develop a comprehensive
parallel computation framework for CIS, establishing work-optimal parallel algorithms with
polylogarithmic depth for broad classes of structurally decomposable problems.

The kernelization theory for CIS represents another major contribution, providing
constructive methods for data reduction while preserving solution guarantees. This approach
enables efficient preprocessing for large-scale instances of structurally constrained problems. The
universality of the CIS framework is demonstrated through its extension to matroids, where we
establish fundamental equivalences between matroid rank functions and structural parameters.

Practical applications span multiple domains including graph optimization, clustering
algorithms, sparse matrix processing, and cryptographic schemes. The proposed techniques

achieve substantial complexity reduction for real-world problems exhibiting hierarchical
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organization or sparsity patterns. The theory provides both theoretical guarantees and practical
algorithmic blueprints for handling computationally challenging problems in high-dimensional
data environments.

Looking forward, the CIS framework opens several promising research directions, including
integration with machine learning for automatic structure discovery, analysis of complexity phase
transitions, and development of adaptive algorithms for dynamic environments.

The work establishes a new paradigm for designing efficient algorithms that leverage
structural data properties to combat combinatorial explosion in increasingly complex
computational problems.

Keywords: Conditionally Ideal Structures, Parameterized Complexity, Approzimation Schemes,

Algorithm Robustness, Parallel Algorithms, Kernelization, Matroids, Computational Complexity

BBEIEHUE

CoBpemMeHHast T€OPHsI BBIYNCIUTEILHON CI0KHOCTH IEPEKMBAET apaIurMasibHbII
CABUI': OT aHaJIM3a HAUXYAIINX CJIydaeB K HCCJA€JOBaHUIO CTPYKTYPHBIX CBOICTB JdaH-
HBIX, TIO3BOJISIONINX [IPEOJIOIEBATH IKCIIOHEHIIUAIbHBIE OAphephbl. DTOT HEPEeX0/l, HAYaATbHII
B paborax 110 IapaMeTpU30BAHHON CJI0KHOCTH 6] 1 CyGIKCIIOHEHIIMAILHBIM AJITOPUTMAM
[9], mosryuaer cucremarnvyeckoe pasBUTHE B TEOPHU YCJIOBHO-njea bHbIX cTpyKTyp (CIS),
IIpeJICTaB/IEHHON B IIePBOii YacTH JaHHOW PabOTHI.

KoHuenmnus yciioBHO-UI€aIbHBIX CTPYKTYP IIPEJICTaBIIAeT COO0i TPUHITUITUAb-
HO HOBBI TI0/IXO/T K aHAJIN3Y BBIYUCIUTE/IHHOM CJIOKHOCTH, OCHOBAHHBINM Ha TJIyOOKOI CBs-
31 MEXK/Iy CTPYKTYPHBIMU CBOHCTBAMU JAHHBIX U 3PPHEKTUBHOCTHIO aaroputmos. Pop-
MAaJIbHO, YCAOBHO-UIEANLHOT cmpyKkmypot Jjisi BeraucauTebHoi 3agaquun 11 = (D,Y,n)

Ha3bIBAETCA MHOXKECTBO S Q D, JJIdd KOTOPOI'o CyeCTBYIOT:

o Cmpyxmyprwud napamemp k(n) : N — RT| koaumuecTBeHHO XapaKTepusyromumii
BHYTPEHHIOIO OPraHU3aIUI0 JIAHHBIX U YIOBJIETBOPSIONIII YCIOBUSIM:
— BUHUCAUMOCTY: k() BBIYUCIISIETCS 3a TOJIMHOMUAIBHOE BPEMSI;

— cozaacosannocmo: k(n) < p(n) aisg HEKOTOPOTO HOJUHOMA P(N);

— DE2YAAPHOCTIDL: (v = 7}1_)120 11115(:) €1[0,1).

o Komnencupyrowan gynrxyus f(k(n)), npeobpasyioiiast CrpyKTypHbIE OIDaAHUYCHUST

B BbIHUCJ/IUTEJIbHBIE PECYDPCHI:

E™(n) upuma=0 (morapudmyMudecKuii pexnm)
f(k(n)) =

2k mpm € (0,1)  (cyGuneiinbii pezKkmM)

e m > & — KOHCTaHTbI, 00eciiednBaionie JOMUHIPOBaHE CTPYKTYPHOI'O BKJIAIA.
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o CmpyxmypHo-KoMneHcupo8aHHAA CAOHCHOCTL AJTOPUTMA PEITEeHNUSI:

T(n,k(n)) = O(f(k(n)) - n%)
C BBIIIOJIHEHUEM KJIIOYE€BOI'O YCJIOBUA ACAMIITOTIYIECKON YIIpaBJIA€MOCTH:

lim T'(n,k(n))e™™ =0

n—o0

Kpurungeckn BaxkabiM aciiekToM CIS gBisercss Kiraccmukaliist 1Mo aCUMIITOTHKE
CTPYKTYPHOI'O ITapaMeTpa, ONpeesdionias MPUHININAIRHO Pa3Hble PEKUMbI BBIYHUCIIN-

TeJIbHOU CJIO?KHOCTH:

o sozapupmuneckuts pesrcum  (k(n)=0(logn)): obecreunBaer MTOJMHOMHUAIBHYO
cioxnocth O(n™te);

o cybaunetnvts pesrcum (k(n)=0(n), 0<a<l): naér cy6IKCIOHEHINATBHYIO CJIOXK-
noctb O(2"" - nt).

Teopernuecknii anmapat CIS BKITo9aeT TakxKe ajaredpandeckue ornepann HaJl CTPYK-
Typamu (KoMnosurust G u mepecedenne M), T0KA3aTeIbCTBO 3aMKHYTOCTH KJIACCA OTHOCH-
TeJIbHO 9TUX Olepalnii, 1 (popMaJIbHYIO IPOIELYPY KOMIIEHCAIIUN CJIOKHOCTH JIJIsi TIPaK-
THUIECKOTO ITPUMEHEHNUS.

Bo BTopoii vacTu paboThl 9TOT TEOPETUUIECKUIT allllapaT MoJIyvdaeT JajabHeiiee pa3Bu-
THE Yepe3 YCTAHOBJIEHUE CUCTEMATUIECCKUX CBA3EH C KJIIOYEBBIME pa3/ie/laMi COBPEMEHHO
Teopun cjiozKHOCTHU. VccteioBanne opraHn30BaHoO B MIECTH B3AMMOCBA3AHHBIX HaIlpaBJie-
HUSAX.

Paznen 1 ycramaBmmBaer dopmasbabie yenoBus npunasiexknoctn CIS k kiaccy
dbukcnpoBanHo-nIapaMerpusyembix 3ajgad (FPT), anammsupyst mepexoj or mapameTpuso-
BaHHOII CJIOZKHOCTU K CTPYKTYPHO-KOMIIeHCHPOBaHHOi. Paznest 2 packpbiBaeT riiybOKyI0O
cBsi3b Mexk iy CIS u npubinmKEeHHbIME cxeMaMu TToJinHOMUAIbHOTO BpeMenu (PTAS), ne-
MOHCTPUPYs KaK CTPYKTYPHBIE OI'PaHUYEHUS JIAHHBIX 00ECIIeurBaIOT CyIeCcTBOBaHUE -
dEeKTUBHBIX NMPUOJIMAKEHHBIX ajroputmMoB. Pazen 3 nocdnién ucciieioBanuio pobact-
noctu ajropurmoB CIS, dopmasuzys yc/ioBusi yCTORIUBOCTU BBIYUC/IUTE/ILHON CJIOZKHO-
CTH K OIPAHUYEHHBIM BO3MYINECHHSM CTPYKTYPHBIX HapamMeTpoB. Pazmesn 4 pa3Bubaer
napaJstenbuble actekTsl CIS,) ycranaBimpast kpurepun 3¢h@EKTUBHON HapaJsien3aiun
CTPYKTYPHO-OTpaHUYeHHBIX 3a/1a41. Paznest 5 ceaspiBaer CIS ¢ Teopwueit siaep 3a1ad, 10-
Ka3bIBasl CyIIECTBOBAHUE TIOJIMHOMUAIBHBIX sJIep U pa3pabaTbiBast METOJbI CTPYKTYPHOI
peayknuu. Pazges 6 3asepiiaer paboTy paciimpeHHeM TeOPETHYeCcKOro almapara Ha
KJIACC MaTPOUJIOB, JTEMOHCTPUPYS YHUBEPCAJLHOCTD TOJIX0/a Yepe3 YCTaHOBJIEHNE SKBU-

BaJIEHTHOCTHU PaHTra MaTpouja u cTpyKTypHoro mapamerpa CIS.
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Teopernyieckas 3HaYMMOCTD IIPEICTABIEHHBIX PE3Y/IbTATOB 3aKII0YAETCd B CO3/IaHUN
€JINHOTO AIIIapaTa, CBI3bIBAIONIETO CTPYKTYPHBIE CBOMCTBA JIAHHBIX C (DYHIAMEHTAIHHBI-
MI KJIaCCaMU BBIYUCIUTETBLHON CJIO2KHOCTHU. [IpakTmyeckas MEHHOCTDH IOJITBEPIKIAETCS
pa3paboTKON KOHKPETHBIX aJTOPUTMUYECKUX TEXHUK LIS 3a/1a9 JUCKPETHON ONTHMU3a-
UK, MAIITTHHOTO OOyY€eHUs W aHa/n3a OOJIBITNX JAHHBIX, JTeMOHCTPUPYIONINX 3P DEeKTHB-

HOCTDL Ha peaJsibHBbIX 3a/ia4aX C BbIPAXKCHHOI CTPYKTYPHOII OpraHu3aliuei.

1. O CBsA3U YCJIOBHO-UJAEAJIBHBIX CTPYKTYP U
PUNKCUPOBAHHO-IIAPAMETPU3YEMBIX 3AJAY

1.1. ®opmanuzanus ycsgoBuit ipunaaiaexkaoctu CIS k FPT. l3yuenue B3anmo-
ceasu mexy CISP u dukcnpoBanno-apamerpusyembivu 3agadamu (Fixed-Parameter
Tractable Problem, FPTP) mno3ssossier BBISBUTH yCJIOBUsI, IPU KOTOPBIX CTPYKTYPHbIE
OTpaHUYEeHUS JIAHHBIX 00ECIIEINBAIOT ITEPEX0J] OT TEOPETHIECKON PA3PEITUMOCTH K MPaK-

TUYECKON IIPUMEHUMOCTH. HamomuanM Kiro4yeBble olpejgesieHud:

Ounpenenienne 1 (FPTP). 3anaua I masbiBaercs dukcuposarno-napamempusyemoti
(FPTP), ecim cymecrByer anroputym, pematomuii eé 3a Bpems: T'(n, k)=0(f(k) - n°),
rie k — dbukcupoBaHHBI TTapameTp, He 3apucaimit or n, f : N — N — mpousBoJibHAasI

dyukiudg, ¢ € N — KOHCTAHTA.

Onpepenenne 2 (CISP). Bagaua I1 npunaexur kinaccy CISP, ecmm cymectByer asro-
put™ ¢ BpemeneMm: 1'(n, k(n))=0(f(k(n))-n°), tae k(n)=o(n) — crpyKTypHbIi HapaMeTp,
a f(k(n)) — komnencupytoras dbyHKIMst (CM. ONpe/ieJieHrne KOMIIEHCUPYOIel hyHKIn

B [IEPBOIl YaCTH CTATHH).

Kumouesoe orimane CIS or FPT — 3aBucumocts napamerpa k(n) or n, 910 103BO-
JISIET AHAJM3UPOBATH 3aJIa9l C «MATKUMU» CTPYKTYDHBIMU OTDAHUYEHUsIME (HAIIPUMED,

0'3). CJIe,ZLyIOIlIaH TeopeEMa yCTaHaBJ/IMBaeT YCJIOBUA BJIO2KEH-

k(n) = logn nm k(n) = n
noctu CIS B FPT. BaxkabiM acrieKToM siBjIsieTcsl yeTaHOBIEHNE (DOPMAaIbHBIX KPUTEPUEB
Bioxkennoctu CISP B xmacc FPTP, rie crpykrypHble orpaHndeHust JaHHBIX 00eceanBa-

0T IIOHU2KEHNE BBIYUCAUTETBHON CJI0XKHOCTHU A0 IIPpaKTU4YIeCKU IIprueMJIeMOoro ypoBHAI.

Teopema 1 (Ilpunajyexxnocts CIS k FPT B SLG-pexume). ITycms  3adaua
[IeCISP umeem cmpyxmyprodi napamemp k(n)=0(logn) (SLG-pesicum) u xom-
nencupyrowyro  dynryuo  f(k(n))=k(n)™, ede m>c. Tozda II€FPT ¢ epemerem:
T(n,k(n))=0((logn)™ - nc).
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Jlokasamenvcmeso. 3 yenosus k(n)=0(logn) caenyer, aro (logn)™ pactér memieHuee
M060ro MoJMMHOMa OT . JoMUHHMpYIOMHUil WwieH — N, 49TO COOTBETCTBYET OIIpejIesie-
nuio FPT. UJ

Bameuanue 1. CIS obpazyer nmonkmacc FPT tonbko B SLG-pexxnme. B SBL-pexmme
(k(n)=0(n%),0<a<1) cnoxuocts T(n, k(n))=0(2""-n) Bbixomur 3a pamku FPT, uro
HOMIEPKUBACT BasKHOCTH CTPYKTYPHBIX OIPAHUYICHHUN (CM. IPUMEPBI PEXKUMOB ACHMIITO-

THUKHU U3 HepBOﬁ JaCTn CTaTbI/I).

1.2. CTrpyKTypHas peayKIus CJIO>KHOCTHU.

Teopema 2 (Ilomnomuanmzarus FPT-amropurmos st CIS). /s 3adawu I1€CISP
¢ napamempom k(n)=0(logn) u f(k(n))=2*" epemennas caootcrocmv donyckaem no-
aunomuarvhyro ouenxy: T(n, k(n))=0(nc1e%+¢)  20e C — xoncmanma u3 ycrosus
k(n)<C'logn.

Jloxazameavcmeo. Iogcranoska k(n)=C'logn B f(k(n)) maér:
T(n, k‘(n))zO(zC’logn . nc):O(nCIOgQ . nc):O(nCIOg2+C),

YcesioBue yrpaB/isieMOCTH BbIoJHsIeTcs], Tak Kak C'log2 + ¢ — KoHcTaHTa (CM. Teopemy

ACUMIITOTUYIECKUTl yIPABJISIEMOCTH U3 TIEPBON YaCTU CTATHH). 0

IIpumep 1 (Bepummnanoe nokpsitue Ha rpadax ¢ apeBoBujHON mupuHoii). s rpados
¢ tw(G@)=0(logn) (SLG-pexum) crangaprubiit FPT-anropury ¢ T'(n, k)=0(2% -n) umeer

croxnoctb O(n?).

Crpykrypubie napamerpsl B CIS obsazaror aBoiicTBerHoit npuposoii. KomburaTop-
HbIE TIapaMETPBI: JPEBOBU/IHAL MIUPUHA, Pa3Mep BEPIIUHHOIO MOKPBITUs. Ajirebpande-

CKHE ITapaMeTPbI: paHI’ MaTPUIIbl, CTCIICHb KJ/IaCTE€PpU3alllin.

ITpumep 2 (unamuaeckoe nporpammvupoBanune Ha rpadax). s rpados ¢ tw(G)=k(n)
cioxuocts anropurMa — O(28M.k%(n)-n). Tlpn k(n)=logn (SLG-pexum) momydaem
O(n?), a mpu k(n)=n"° (SBL-pexxum) — O(2"-n?), uro mumocrpupyer nepexos or FPT

K CYOKCIIOHEHIIMAJIbHOMY KJIACCY.

B mansOM mpumepe xoporo BuaHOo, uTo napamerp k(n) B CIS obmamaer asoiicTeen-

HOIl TPUPOJIOH, OTpaxkKad KaKk KOMOMHATOPHBIE, TAK U ajJredpandecKre CBONCTBA JIAHHDBIX.
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Hpesecnast mmpuna rpada tw(G) xapakrepusyer nepapxudecKyto CI0KHOCTh €0 CTPYK-
TYpBI, TOrJa Kak padr marpoujaa rank(M) ompejesnsier pasMepHOCTh HE3aBUCHMBIX TI0/T-
muOKecTB. s rpados ¢ tw(G)=k(n) nuaamMudeckoe nporpaMMUpOBAHUE HA JIEPEBE Jle-
KoMITO3HIN obecriednBaet ciaokuocth O(25M . k2(n) - n), neMoHCTpUpYs IPAMYTO 3aBH-
CHMOCTb MEXKJLy CTPYKTYPHBIM IIaPaMETPOM M BPEMEHEM BBIIOJIHEHUS.

Hecmorpst Ha Teoperndeckue npenmytiectsa, npuMenenne CIS craikusaercs ¢ cyrie-
CTBEHHbIMU orpannuenusiMu. Tpeboanne monoronuoctn yukuuu f(k(n)) uckiodaer
3a/1a41 ¢ KoJiebaTeIbHBIMU 3aBUCUMOCTSIMU CJIOYKHOCTH OT Hapamerpa. AJIropurMudecKas
Bepudukanus ycaosust k(n)=o(n) ocraércs Hepa3permmMoil JI7Is1 IMIPOKOTO KJIACCa CTPYK-
TYPHBIX ITapaMeTpoB. Kpome Toro, CKpbIThble KOHCTAHTBI B TOJMHOMUAILHBIX OIMEHKAX MO-
I'YT JIOCTUTATH HENPAKTHYHBIX 3HAYEHUIA.

[lepcriek TMBHbIE HAIIPABJIEHUS HCCJIEIOBAHNI BKIFOUAIOT PAa3pabOTKy aJIall TUBHBIX aJl-
FOPUTMOB, aBTOMATUYECKU ONPEJIESIONINX CTPYKTYPHBIE IIapaMeTphbl 9epe3 MalllMHHOEe
obydenwue, u 0000IIEHNE TEOPUH Ha CJIydail CylepIKCIoHeHnuaabubix dyakmii f(k(n)).
OryiebHBIIT MHTEPEC TpejiCcTaB/IsgeT n3ydenne yeroiiansoctu 3a1a4 Ha CIS K MasbiM BO3-

mymieHnsM mapamerpa. s k(n)=o(n) n e(n)=o(1) cupasemmuso:
T(n, k(n) +en)=0(T (n, k(n))-27),

r7e mIpu 8(’/7,):71,_0'5 SKCIIOHCHINAIBLHBIH MHOKATETb 2V™ ocTaéTes cyOIOMUHUPYIOTIIIM

OTHOCUTEJLHO €.

1.3. CrpykrypHasa mosiHota u kJjaccudwukanusa CIS. OynpamenrtaibHas CBI3b
mex ity FPT-tiosinoroit u CIS ycranasiiuBaer crporue kpurepun uckjodenus CISP. Tlen-
TPaJIbHBIM BOIIPOCOM 3JI€CH SIBJISE€TCS KPUTEPUil, BBIABJISIONUI IPUHITUITHAILHYIO HECOB-
MECTUMOCTH CTPYKTYDPHOW DEryIdpu3aliuu ¢ 3ajadaMi, IapaMeTPpU30BAHHBIME OTHOCH-

TEJBHO JIMHEHHO pacTyIuX IIapaMeTpOB.

Teopema 3 (Kpurepuit FPT-nomrorsr qyist CIS). Jlas FPT-noanot 3adawu I1 ommocu-
meavho napamempa k(n) sK6UEANEHMHDL:

1)1 ¢ CISP;
2) e > 0: k(n)=0(n'").

Jloxazameavcmeo. Ecom 11 € CISP upu k(n)=0(n), to amropurm ¢ T'(n, k(n))=o(e")
no3posinyt Obl pemarh SAT 3a cybskcrnonenmuaabaoe BpeMsi, Hapymas SETH. Obparwo,
npu k(n)=0(n'"¢) sagaua nomyckaer npescrasiaenne B CIS yepes orpannienne Hocures

JAHHBIX. O
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ITpumep 3 ([Touck ximkn). Samada moncka Kiaukn pasmepa k(n)=[0.5n] nckaodena 3
CIS, rak kak k(n) pactér juHeiiHO, uT0 Hapymmaer ycaosue k(n)=o(n) (cM. Teopemy o

2KECTKOCTHU CJIO2KHOCTHU HECTPYKTYPHUPOBaHHBIX JTaHHBIX U3 HepBOI'/JI qJacCcTHu CTaTbI/I).

[TockosbKy napamerp k(n) pactér JIMHEHHO OTHOCUTEIBHO N, a 3aja4a sBisiercs FPT-
[TOJTHOI OTHOCUTE/IBHO 3TOrO MapamMerpa, U3 TeOpeMbl HelloCPeJICTBEHHO CJIelyeT eé WC-
kodenne n3 Kiacca CISP. /lamubrit mpumep jeMoHCTpuUpyeT OOIMUiI MIPUHITAIL: 3814,
Ubsl BBIUYUC/UTE/IbHAS CJI0YKHOCTD CYIIECTBEHHO 3aBUCUT OT MapPaMeTpPOB, MacIITabupyio-
IIUXCSI C Pa3MEPOM BXOJIa, IPUHIUINAJILHO HE JIOIYCKAIOT CTPYKTYPHOR perysspu3aliun
B pamkax CIS.

Kiraccudukarus 3agaa CIS Takum 06pa3zom 0CHOBBIBAETCST HA JIBOMCTBEHHOCTH MEXK LY
reoMeTpueil JaHHBIX U TapaMeTPU30BAHHON CIOKHOCTHIO. 3aJiadu, JOMYCKAIOIIIe IPe/I-
cTaBJIeHNe Yepe3 orpaHnYeHHbIe CTPYKTYPHBIE ITapaMeTphl, 00pas3yioT aapo Kiaacca CISP,
tora Kak FPT-moabie 3a1a4n ¢ HeOrpaHUIeHHBIME TTapaMeTpaMu (DOPMHUPYIOT €0 ecTe-
CTBEHHYIO TDAHUILY.

YcraHoB/IEHHAsT XapaKTEPUCTUKA IMO3BOJIAET MO3uIuoHnpoBaTh kjaace CISP Bayrpu
CTaHJaPTHOI MapaMeTpu3oBaHHoil nepapxun. B wactaocru, yeaosue k(n)=0(n'~¢) coor-
serctByer Kiaccy SUBEPT !, uto Bieuér crporoe srmouenme CIS C SUBEPT. Dror
dakT MOTIEPKUBAET, ITO CTPYKTyPHAs PeryIdpu3alius pecTaBysger coboit 6oee Cub-
HOe TpeboBaHue, deM 00Ias CyOIKCIIOHEHITAIbHAS PA3PEIINMOCTh, HAK/IIbIBAs OO0
HUTEJIbHbIE OTPaHUYEHNsT Ha NeOMETPHIO JTaHHbIX.

Bagaun CIS B SBL-pexnme meMoHCTpUPYIOT acuMITOTHKY, cxoxkyio ¢ SUBEPT, wo
dopmasibHasT BJIOZKEHHOCTH OTCYTCTBYET U3-3a PA3JIUUIUNl B ONPEICICHIH TapaMeTPOB.

CdopmynupoBaHHbIE PE3yJIbTATHI IIPEJIOCTABIAIOT BO3MOKHOCTD JIJId aHAIN3a AJIo-
PUTMUYECKHUX T'panutl. 3ajadu, nckiaouéunbie n3 CISP B cuty cBoeit FPT-nonnoTsr, Tpe-
OyIOT TPUHITUITNAJIBHO WHBIX TOIXO0/I0B, TAKMX KaK 9BPUCTUKU WJIU AITPOKCUMAIMOHHBIE
cxeMbl, Torga Kak 3amadn u3 CISP pomyckaror peTepMUHHPOBAHHOE TOYHOE pEIeHUe C

FapaHTHpOBaHHOﬁ Cy63KCHOHeHHI/IaJIbHOI7I CJIOZKHOCTBIO.

1.4. IIpenenbubie mapamerpsl n agantamus K CIS. KirodeBbiMm acriekTom nHTErpa-

o1 3a/1a49 B KJIacCC CISP gasngerca aHaans acUMITOTHYECKOTO IHoBeaAeHA CTPYKTYPHOI'O

ISUBEPT (Subexponential Parameterized Complexity) — kiiacc napaMeTpu30BaHHbBIX 3a/a4, pa3pe-
nmvbix 3a Bpems T(n, k)=0(2°%) - poly(n)), rae: k — napamerp 3azasu (HAIPHMEp, Pa3Mep PeIleHns), 1
— pas3Mep BXOJIHBIX JaHHbIX, 0(k) — dbyHKIWMs, pacTyinasa MejjieHHee J6oro guaeitnoro wiena or k. Ha-
IpEMep, 3a/1a49a TONCKa BEPITMHHONO TIOKPLITUs pa3Mepa k permaerca 3a O(2°0F) - n), uro coorsercrnyer

SUBEPT.
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.k
napamerpa k(n). Yeaosue lim %:O BBICTYIIACT HEOOXOIUMBIM KPUTEPUEM JIJIT TPaHC-
n—00
dopmanun FPT-anmropurmos B nomunoMuaabubie cxembl. Popmasibio, 3a1a4a 11 momycka-

er npezcrasienue B CIS Torma u Tonbko Torya, Korjga eé mapamerp k(n) yI0BIe€TBODSIET:
Je > 0: k(n)=0(n'"9), (1)

970 06ECIIeYnBaeT IKCIOHEHIINAIbHOE TIo/aBjierne cBs3yommeil dyukuuu f(k(n)) orHocu-
TeJIbHO €.

Pacemorpum FPT-asropurm ¢ Bpemenem sbimosnenus 1'(n, k(n))=0(f(k(n)) - n®).
Ipu yenosmn k(n)=o(n) u f(k(n))=2°"), croxHOCTL aIropuTMa MOKeT GBITH Tepeotie-
HEHA Kak:

T(n,k(n))=0 (Qk(")'logc -n), (2)
rje KoHcTaHTa ¢ 3aBucut or crenudukn 3amaan. Jis k(n)=0(logn) 1o naér nonmuo-
MuaTbHyIo onenky O(n'°8¢+e) Torma xax mpm k(n)=0(n°) crokHOCTL OCTadTCA CyGIKC-
IIOHEHIINAJILHOI.

Yenosue k(n)=o(n) sBisgercs HeoOXOANMBIM Jyist BKiodenns 3aga4n B CIS.

IIpumep 4 (Jomunupyroree MHOKecTBO). Jljist 3a/a4n OUCKa JOMUHUPYIOIIETO MHO-
JKeCcTBa ¢ napamerpoM k(n):

e tipu k(n)=y/n: T(n)=0(3V" - n) ¢ CISP;

e 1pu k(n)=logn: T(n)=0(n's31) € CISP.
[lepBas orenka wuckiao4aer 3ajgady u3 CISP, Bropas — jomyckaer BKJIIOUEHHE IIPU
log3+1<2.

YKa3aHHBII MEXaHN3M [HO3BOJIAET KIaCCH(bUIMPOBATD 31441 [0 CTEIICHH MX a/IallTHB-
Hoctu K CIS. Ecomm s mapamerpa k(n) cymecryer npejcrasierne k(n)=w(1) No(n),
TO 3aJlaUa 3aHUMAET TIPOMEXKYTOUHOE TI0JIOzKeHne Mexk 1y Kiaccudeckumu FPTP u mosu-

HOMHAJIbHBIMU CJIydadMM. KpHTquCKOﬁ TOYKOI Imepexoga CTaHOBUTCHA BbIIIOJIHEHUE YCJIO-

o log f(k(n)

n—so0 logn
rapaHTHPYIOMIErO MOJTUHOMUAIBHOCTD.

BUA:

=const, (3)

JlaHHBIH pe3yabTaT CoTJIacyeTcs ¢ TEOPEMOil O CTPYKTYPHOI ITOJIHOTOM, TIOIIEpKUBas YHU-
BepcasbHOCTh CIS Kak mHCTpyMeHTa aHaIn3a aJrOPUTMUIECKUX TPAHMIII.

[IpuBeéHHBIE TOCTPOEHUS JIEMOHCTPUPYIOT parmonaabHocTh yeaouit CIS. Jlroboe
ocytabyienne TpeboBanus k(n)=o(n) HEMeIJICHHO IPUBOIUT K IIOTEPE MOJMHOMUATBLHOCTH,
qTO TposBsieTcss B npumepe ¢ k(n)=+/n. Takum obpazom, kiracc CISP obpasyer makcu-
MaJIbHO TTUPOKUIT HAabOP 3a/1a4, JIJIsT KOTOPBIX BO3MOKHA, JIETEPMUHUPOBAHHAS PETYJ/IsIPU-

3allysd CJI02KHOCTHU oe3 nmoTrepu TOIYHOCTHU.
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2. TEOPEMBI O CBSI3U YCJIOBHO-UJAEAJIbHBIX CTPYKTYP U
IMPNBJIN>XKEHHBIX CXEM IIOJIMHOMMAJIBHOTO BPEMEHN

Uccnenosanne B3anmocsszu CIS ¢ moJMHOMUAIBHBIMU TPUOJIMZKEHHBIMU CXEMaMU
(Polynomial-time approximation scheme, PTAS) nosBoJisier ycTaHOBUTE (hyHIAMEHTATb-
Hble OrPaHUYEHUs U BOZMOXKHOCTH IpHO/IMKEHHOT0 perennst NP-rpynnbix 3a1a4. Pesyinb-
TaThl JIEMOHCTPUPYIOT JBoiicTBennyI0 ipupoy CIS: cTpykTypHbIe orpaHuveHus JaAHHBIX
obecrieumBator cyrmiectBoBanne PTAS, Torja Kak ux OTCyTCTBUE TPUBOJIUT K ITPUHITUAIIN-

aJIbHOM HEBOBMOXKHOCTHU 3 PEKTUBHBIX TPUOJIMKEHHBIX aJropuTMoB. Hamomunm omnpe/ie-
smenne PTAS.

Onpenenenne 3. llosmuomnasnbras npubiamxkenaas cxema (PTAS) — amropurwm, pe-
3yJLTATOM PabOThI KOTOPOIO ABJIAETCA NPUOIMKEHHOE pellleHne ¢ OMMOKOM € 3a BpeMs,

IIOJIMHOMHIaJIbHOE OT pa3Mepa BXO/Ja, HO 9KCIIOHECHIINaAJIbHOE OT 8_1.

Crpykrypable mapamerpbl CIS MOryT sBISTHCS MPEIIIOCHIIKON JIJIsT TTOCTPOEHUS
PTAS. Hampuwmep, 3amaua kommuBoszképa (TSP) ma rpadax ¢ orpanmdentoii apesec-
Hoit mupunoit (CIS-mapamerp) momyckaer PTAS, 1. k. nekommosurust rpada mo3BoJsieT
JIOKAJTbHO ONTUMU3UPOBATH MapIIpyThHL. JIpyroit mpumep: 3aa4u KiacTepu3alnnun ¢ puK-
cupoBaHHBIM 4dncyioM Kiaacrepos (CIS-mapamerp) MoryT 6bITh TPUGIHZKEHBI ¢ TIOMOIIBIO
JIMHAMIIecKOro mporpamMupoBanust. [Ipu srom PTAS moryT cyriecrBoBaTh 6€3 CTpyK-
TYPHBIX Oorpanudenuii, xapakrepubix Jys CIS, ecim 3amada obiaaer crernuduaecKumMm
cBoicTBAMU: 3aja4ua yrnakoBku B npsimoyrosbauku (2D Strip Packing) numeer PTAS, oc-
HOBAHHBIN HA T€OMETPUIECKUX IIpeodpa3oBaHusX, HO He Tpebyer orpanndennit CIS.

[Tokazkem, Kak UMeHHO cBga3aHO cyiectBoBanne PTAS mia NP-rpyanbix 3amadc Ha-

JITYHEM CTPYKTYPHBIX orpanmdeHuii, ¢popmansyembrx depes CIS.

2.1. CymiecrBoBanue PTAS nna CIS.

Teopema 4 (PTAS mist cTpyKTypHO-OrPaHUYEHHBIX AHHBIX). Fcau 3adava 11 asasemen
NP-mpyonot u obaadaem S € CIS ¢ napamempom k(n)=0(log(n)), mozda das ecex 06s-

exmos M € S mo das nee cywecmsyem PTAS, sviuucaaowuti pewerue ¢ nozpetunocmyio

T(n,e)=0 ((@) : nd) ,

2de c,d € N — xoncmanmol, He 3a6UCAWUE OM N U E.

(1+4¢) 3a spema:
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loxazamenvcmao.

1. dexkommnosunus obbekTa. Pazobbém obbektr M € S Ha t= (ﬁ} HE3aBUCUMBIX OJI-
sagad { M, }_,, kaxzaas pasmepom O(k(n)). ITo onpenenenuio CIS, napamerp k(n)=o(n)
rapantTupyer t=0 ﬁ .

2. Tounoe perienune noazajaad. /s kaxmaoit M; npuMeHUM TOYHBIN aJIrOPUTM C Bpe-

MeHeM Thouy (k(n))=0(f(k(n))). CymmapHoe Bpemsi:

n

om0 (1 1010 ).

3. AmmnpokcuManusi arperanuu. BeejéM napamerp JIUCKpeTH3aun 0= EOR Yuco co-

CTOSTHUN IJId KaKJION Ioa3a1avn:

el (")

O61mee BpeMsi arperarum:

Toey=0 (¢ - Neger) =0 (ﬁ ~ (@)k()) |

4. Ananm3 cioXKHOCTH. YcioBue k(n)=o(n) Mo3BOJISET ONECHNTE:

n n )\ k)
T'(n, €)=Thomsanamm + Tarp=0 (W k™ (n) + ol (g) ) '

IIpu k(n)=0(logn) u dukcupoBaHHOM €:

k(n)
< k(”) ) :ek(n) ln(k(n)s_l):eO(log n-loglogn) :no(l) 7
9
a0 gaét nrorosyio onenky O(nt°M)=0(nd). O

2.2. Obparuas cBa3b: PTAS nmopoxmaer CIS. Ilokaxkem, kak PTAS moryr pac-
mupaTh npuMmernmocth CIS. Ecnn 3amada nmeer PTAS, e€ MoxkHO pemaTh Ha JAHHBIX,

ommskux K CIS, Hanpumep, mocie HEOGOIBIION MOAMMDUKAIINN BXOIHBIX TAHHBIX.

Teopema 5 (Crpykryprast perynaspusarust depes PTAS). [lyemo das sadawu 11 cy-
wecmeyem PTAS ¢ epemenem T(n,e)=0 (g(e) -nd), 2de g : RT—=RT — monomon-
HO so3pacmarowas Gyrnkuus. Toeda xaacc 3aday, ONYCKAWMOWUT NPUOAUHCEHHOE Deuie-

nue ¢ nozpewnocmuvio (1 + €), umeem CIS S ¢ napamempom k(n)=[e7'] u Pynryuer

f(k(n))=g(k~"(n)).
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Jlokazamenvcmso.
1. Onpegesienue cTpyKTypHoro mapamerpa. [lonoxum k(n)=[¢"1|. Tna dukcupo-
BanHoro k(n), PTAS tpebyer Bpemenu:

T(n, k™ (n))=0 (g(k~ (n)) - ).
2. IIposepka ycmosuit CIS. Jlna npunaiexxunoctu Kk CIS neodxoanmo:
1. k(n)=o(n): s cxembl ¢ € — 0 (k(n) — oo) norpedyem k(n)=o(n).
2. lim,, o f(k(n))e "=0: @yuxuus f(k(n))=g(k~'(n)) nomxua ynosnersopsaTs:
Ye>03N: Vn> N g(k™*(n)) < e
3. ITocTpoenue. Ilycrn g(s):25_1. Torma:

f(k(n))=2"", nlim 2kMe=n—0 = k(n)=o(n).

—00

[Tpu k(n)=0(logn) yciaoBue BBINOJIHIETCS, ITO COOTBETCTBYET JIOTapU(MUIECKOMY pe-

xumy CIS. U

2.3. 2KécrkocTh ammpokcumarnuu Bae CIS.

Caencrue 1 (Hesosmoxuocrs PTAS st HeCcTpyKTYpPHPOBAHHBIX JTaHHBIX). [Tycmo
sadava IT NP-mpyona u ne npunadaescum vu odnot CIS. Tozda npu P # NP u cnpa-
sedausocmu SETH, das aobozo €9 > 0 ne cywecmeyem PTAS ¢ epemenem o(2"), 6vi-

wucasrowezo (1 + €)-npubauscenue npu € < €.
Jloxazamenvemeo. I3 TeopeMbl 0 )KECTKOCTH CJIOKHOCTA HECTPYKTYPUPOBAHHBIX JIAHHBIX
U3 MePBOi YacTh CTaThH CJeJIyer, 9ro i obbekrToB M ¢ US;:

T(n,k(n))=2(c"), ¢>1.

[Tpeamonoxkum, cymecrsyer PTAS ¢ Bpemenem T'(n, £)=o(c™). Dro nporusopeunt SETH,

TaK Kak:
36> 0: T(n,e)=o(c") € O(21m).

YesoBue € < €y UCKIIOYAET TPUBUAJIbHBIE TPUOJIMMKEHNSA, COXPaHssd € KOHCTAHTOIA. 0

2.4. Narepruperanusa u IpuMephbI.

IIpumep 5 (Bamaga kommmBoszképa (TSP)). Paccmorpum, Kak mccieyeMbie HOHITH

IPUMEHAIOTCA K 3a/Ja9€ KOMMUBOA2KEDPA.

CrpykrypupoBanHbiii ciay4ait: ['pader ¢ apesecuoit mmpunoit k(n)=0(logn)
nomyckaior PTAS 3a O(n?).
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HecrpykrypupoBaussbiii ciay4daii: /lius npoussosbHbix rpados ¢ k(n)=0(n)

Hamty it pesyasrar — (1.5 — §)-npubmukenne 3a O(n?).

IIpumep 6 (3asmada o BepIIMHHOM MOKPLITHN). PaceMorpuM, Kak mccieyeMble TOHSITH

IIPUMCECHAIOTCA K 3a/a9€ O BEPIIMHHOM IIOKPBLITHUHA.

Jlorapudmudeckuii pexxum: [Ipu k(n)=0(logn) quramMudueckoe mporpaMMupo-
BaHMe JMaéT IPHOJIMKEHHOe pelierue ¢ norperHocTsio (1 + ¢) 3a O(n).

CyG6nosunomunasnbubiii  pexxum: Ilpu k(n)=0(n’?) spems Bospacraer Jo
0(2’”‘0'2)_

Taxum obpazom, maOXKecTBa CIS 1 crpykTyp, coorBercrByfomux PTAS, nepecekator-
cd. DTO TepecedeHne BOZHUKAET B CJIEAYIONIUX ciIydaax. MHorme 3a/1a4qm, JIOMyCKaONne
CIS (mampumep, ¢ OrpaHUYEHHOil JIPEBECHO IITMPUHOI U PAHIOM ), MOI'YT OBITH 3(dek-
TuBHO TpubsKenbr ¢ momompio PTAS. Hampumep, 3agaua kommvubosizképa (TSP) Ha
rpadax ¢ apesecuoit mupunoit k(n)=0(logn) umeer PTAS, KOTODBbIii UCIIOIB3YET JIEKOM-
mo3unuio rpada Ha MOA3a0a49N, WK 3aJa9a KIaCTepU3aiui ¢ (PUKCUPOBAHHBIM HHCJIOM
kiactepoB (CIS-mapamerp) Moxer 6bITh 3(DGMEKTUBHO pelieHa ¢ ITOMOIIBIO JTHHAMUTE-
ckoro mporpamvuposanusd. [laxke ecium 3amada NP-tpyana B obmiem ciiydae, Hajaudue
crpykTypHbIX mapamerpos CIS (Hanpumep, orpaHUYeHHON CTEeHN BEpINUH) MO3BOJISET
noctpouth PTAS. Hampumep, s 3aga4n packpacku rpadoB ¢ MAKCUMAJIBLHOM CTEIIEeHbIO
A=0(1) nonyckaercss PTAS ¢ spemenem O(n - e72).

Hekoropblie airopuTmb J0IyCKAIOT KOMOMHAINIO CTPYKTYPHBIX cBoiicTB CIS 1 meTo-
b1 PTAS, nanpumep, /it 3aj1a4 Ha rpadax ¢ OrpaHNIeHHO# JIPEeBECHOM MUPUHON MOXK-
HO cHavasa noctponth Jekomnosurmio (CIS), a sarem npumennts PTAS  moazamadam.
Taxkum obpazom, cTpyKTypHBIe mapamerpbl CIS obecrienBaoT ajropuTMuIecKyo yipas-
JsieMocTh, Heobxomumyto it PTAS, a PTAS moryT ObITh aganTupoBaHbl K JAHHBIM C
orpannuenusyu CIS, nonmzkas 3aBUCUMOCTH BPEMEHU OT TOYHOCTH E.

[Ipu kombunupoBarmu CIS u PTAS neobxomumo yuntsiBarTh orpanudenus. Hekoro-
pble 3aja4uu (HAIPUMED, YIAKOBKa B HpsaMOyrobHukn) umetor PTAS, me Tpebytomrue
crpykryp CIS. TIpu s10M, 3a/1a4u ¢ KECTKUMU CTPYKTYPHBIME OIPDAHUYEHUAME (HAIIPH-

Mep, KimKa Ha rpadax ¢ k(n)=0(n)) moryr me gomyckars PTAS.

3. O POBACTHOCTH YCJIOBHO-UAEAJIbBHBIX CTPYKTVYP

UccienoBanne ycroitauoctu aaroputmos st CISP Kk MaibiM BOZMYIIEHUSIM JTaHHBIX
[TO3BOJISIET PACHIUPHUTH 00JIACTh UX IPAKTUIECKOTo npuMenenus. Popmainsyem yCaoBusd,
IIPU KOTOPBIX OTKJIOHEHWS OT CTPYKTYPHBIX OIPAHUYEHUNl COXPAHSIOT BBIUYUCIUTETHHYIO

3 PEKTUBHOCTD.
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3.1. ®opmanusanusa yCTOWYIMBOCTH.

Onpenenenune 4. O6bexkr M HasvBaercs 0-Oauskum kK S € CIS, ecnu cymecrByer
[OCJIEIOBATEJIBHOCTE He GoJiee UeM ¢ 3JIeMEeHTapHbIX olepanuii (yaaaenue/ pobasieHre

BepIuH, pébep u T.11.), npeobpasytomas M B M’ € S.

Teopema 6 (Pobacraocts CISP). ITyemo sadava 11 paspewuma na S € CIS 3a epemsa
T(n, k(n))=0(f(k(n)) - n?), 2de k(n)=o(n) — cmpyxmypnviii napamemp, a f : N — RF
ydos.aemeopaem Ycao8ul:

Tim f(k(n))e"=0.

Tozda dan awb6020 -bauskozo k S obsexma M 3sadavwa Il pewaemes 3a epems:
Thos(n)=0 (f(k(n) +8) - n*°)

2de c=[6(logn) 7, npu yearosuu d=o(n).

Zoxazameavcmeo. KoHCTpYyKIins OpuOJIM>KEHHOTO obbekTta. [lo ompenenennto o-
6smzoctu, cymecrsyer M’ € S, nocrmxkumbiii uz M 3a § ounepanuii. Yucsao crnocobosB

BBIOOpA, TO3UIINIA /IS U3MEHEHUIA:
n en\? 1
< <_> -0 (eéln(n(S )) ]
(5) T \9

Anamums caoxuoctu. s kaxoro kammguiaara M’ pemaem 11 3a O(f(k(n)) - n?).

Ob61mast CI02KHOCTD:
Tpo6(n):O (e‘ﬂn(m?‘l) . f(k(n)) . nd) .

0n(n6™1) —pd . 50 pu §=o(n) u k(n)=o(n):

Tak Kak €

Thos(n)=0 (n” - f(k(n)) - n?) =0 (f(k(n) +8) - n**),

re c=[0(logn)~!], Tak Kak n’=2018n < gcloen—pe,

ITpoBepKa acHMOTOTHYECKOTO ycJIoBus ynpasiagemoctu. Jis f(k(n))=2F":

f(k‘(n) + 5) . nd+c_2k(n)+5 . pdte - 20(n) . no(n)

— 0.
en

s f(k(n))=k"(n):
(k(n) + &)™ - ndte - (o(n) + o(n))™ - no®

er en

— 0.

O
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3.2. Ilpumepbl 1 orpaHUYEHUS.

IIpumep 7 (Bepummnuoe MOKpbITHE Ha BO3MYIIEHHBIX Tpadax). Paccmorpum rpadsr,
tpebyionme d=0(1) uamenenuit st mocrmxkenust ApesecHoii mmpunst k(n)=0(logn).
e Yncio kammumaros: O(n?)=0(nW).
e Bpems obpaborkn: O(28M - n)=0(n?).
e Urorosas croxmocts: O(nW - n?)=0(n+2).
IIpu d=0(n(logn)™!) croxuocTs ocTAéTCst CyGIKCIOHEHITATBHOI.
IIpennoxenue 1 (I'pannnpl npumenumoctn). PobacTHOCTL COXpaHAETCsl TOJIBKO IPH:

d=o(n), f(k(n)+d)=o0(e™) n orcyTCTBIN KACKAHBIX 3aBICUMOCTEH MK 1y N3MEHEHUIMIL.

Asropurmbr s CISP gemoHCTpUpPYOT yCTOWYNBOCTH K ONPAHUYEHHBIM BO3MYIIE-
HUSIM JTAHHBIX, €CJIU CTPYKTYPHBIE OTKJIOHEHWS He HapyIIaloT aCUMITOTHKY ITapaMerpa
k(n). 9ddekTuBHOCTH COXpaHseTcst B Kiaacce o(e™) Ipu yCJIOBUU MOTMHOMHUAIBLHOTO POCTA

qucsa MouduKaIuii.

4. CBsA3b YCJIOBHO-UJAEAJIbHBIX CTPYKTVYP C IMAPAJIJIEJIbHBIMU
BbBIYVMCJIEHNAMMN

UccitetoBanne napasuiebHbIX agaropurmos s CISP mo3BosisieT BeIIBUTH (byH1aMeH-
TaJIbHBIE IIPUHIUIIBI, CBA3BIBAIOIINE CTPYKTYPHBIE CBOWCTBA JAHHBIX ¢ 3(PHEKTUBHOCTHIO
pacnapaJsiie/IuBaiusd. KIlo4eBbIM Pe3yIbTaToOM SBJIAETCH JOKA3aTeIbCTBO CYIIECTBOBA-
HUSI TIapaJiIeJIbHBIX CXEM C HOJUJIOrapudMUIecKoi TUIyOMHOM JI/Tsd 3a/1ad, JIOIMYCKAIOIINX

JIEKOMIIOZUIUIO Ha CTPYKTYPHO-OIPAHUYIEHHBIE KOMIIOHEHTHI.
4.1. TeopeTudeckuii 6a3uc.
Ounpenesienne 5 ([lapamtensras pexomnosurust CIS). O6bekr M € S HasbiBaeTcs
NAPAALENLHO DEKOMNO3UPYEMBIM, €CIU cylecTByeT pasbuenne M= @." | M;, rue:
e kaxkjas M; npunasexur S; € C'IS ¢ napamerpom k;(n)=o(n), i € {1,...,N};
e uncsio KoMronent m=poly(n);

e rpad zaBucumocteil Mexk 1y Komonentamu umeer guamerp O(logf n),.

Teopema 7 (Ilapamrenmsanus cTpYKTYPHO-IEKOMIIO3UPYEMbIX 3a7ad). [lycms 3adaua
Il paspewuma na S € CIS sa epemsa T(n,k(n))=0(f(k(n)) - n), 2de k(n)=o(n), a
f(k(n)) ydosaemsopaem lim, o f(k(n))e "=0. Tozda cywecmsyem napasiesorvil ai-
2opumm dasn 11 nwa modeau PRAM c:

eayouroti: Tpe(n)=0 (log? n - log f(k(n)));
padomoti: W (n)=0(f(k(n)) - n%);
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f(k(n)) - n
Tpar(n) ) '

Joxazameavcmeo. dekommosnmusa o0beKTa. lcronb3ys CTPYyKTYpPHBIH apamerp

npoueccopamu: P(n)=0 (

k(n), paznoxum M na m=0(nk~!(n)) nezaBucumbrx nopzanaq {M;}. na rpada c ape-
BecHOi mmpuHoit k(n) mepeso jexommosuiun BeicoTsl h=0(logn) comepxur m=0(n)
merkoB pasmepa O(k(n)).

ITapannenpHoe BbITIOMHEHME. Kakjoit mnojzajgade M; comoctaBuM TpyIILy u3

P=0O(f(k(n))) upoueccopos. ObIriee IUCIO MPOIECCOPOB:

P<n>=§a~zo (s k() ).

Venosue f(k(n))=0(k™(n)) upn k(n)=0(logn) rapanrupyer P(n)=0(n?).
Anammu3 rirybmHbl. Kputudeckuii myTh omnpejiesisieTcss BBICOTON JIEKOMITO3UIIUN U
BpeMeHEM JIOKAJIbHOI 00paboTKM:

Thar(n)=0 (h - log f(k(n))) =0 (logn - k(n)) =0O(log” n),

rJie mocseaee papeHcTBo cueayer u3 k(n)=0(logn).

Work-ontumanbaocTb. Coxpanenne padoTbl 00ECIIEINBACTCS COOTHOIIEHUEM:

W(n)=P(n) - Tyus(n)=0 (— - f(k(n))) O (1og? n)=0(J (k(n)) - ).

4.2. IIpumepbl NPUIIOKEHUIA.

ITpumep 8 (IlapasutesnbHbiii agropurm st napocoderanuit). st rpados ¢ apeBecHoit
mupunoit k(n)=0(logn) nocsienoBaTesbHBI AIrOPUTM HOUCKA MAKCHMAJIBLHOTO IIAPOCO-

geranns umeer ciozkuocts O(28™) - n)=0(n?). Ilapasie/bhas cxeMa peasu3yer:

e jexkommosuiio rpada va O(n) mermkos pazmepa O(logn);
e napaJuie/ibHyio 06paboTKy Merkor Ha O(n?) nporeccopax;

e CHHXPOHH3AIMIO pe3yanTaTos ¢ riaybuunoi O(log? n).

Urorosas work-croskuocts O(n?log®n) coOTBETCTBYeT ONTHMH3HPOBAHHON MOC/IEI0BA-

TEJIbHOI BEpPCUU.

IIpumep 9 (Packpacka KOMIO3UTHBIX CTPYKTYD). s obbekra M=S; @ Sy, tiae S —
rpadsl ¢ apesecnoii mmpunoii ki (n)=0(logn), a Sy — rpadur co crenensio ke (n)=0(1),
HapasiIe/IbHbI AJITOPUTM PACKPACKU JIOCTUTAET:

Tpar(n)=0 (max(log” n,logn)) =0(log® n)

«Taspuuecruli secmnux uHopmamuru u mamemamuru», N 3 (68)’ 2025



110 /. B. Jlemmiosichurosa

¢ coxpanenuem work-cioxxuocru O(n?). CUHXpOHU3BAIIUS [[BETOB HA TIEPECEUCHUAX CTPYK-

Typ Tpebyer monosHUTENBHON rryouHbl O(logn), UTO He BAMSET HA ACHMIITOTHUKY.
4.3. Kpurepun acpdeKkTuBHOCTH.

IIpennoxenune 2 (Ilpunajexuocts kinaccy NC). Sanaga 1 npunasexur kiaaccy NC
TOrJIa ¥ TOJIBKO TOIJIA, KOIJIA:

e cymectByer S € CIS ¢ mapamerpom k(n)=0(logn);

e xommencupytomtas dynkmusa f(k(n)) mommromuamnsna: f(k(n))=kM (n);

e rpad sasucnmocreii pexommosunun umeer guamerp O(logh n).

Joxazamensvemeo. Heobxomumocts: U3 onpenenernns NC ciemgyer cyiecTBOBaHIE CXEMBI
riy6unst O(log? n), aro coorBercrByer nekommnosunuu CIS ¢ k(n)=0(logn).
Hocrarounocrs: ITapamerpsr CIS k(n)=0(log®n) u f(k(n))=k™(n) obecneunsaior
rIyOuHy:
Tyar(n)=0(log n - mlog k(n))=0(log""' n) € NC
O

[Tapainen3yemMocThb 3aJia9u ONPE/JIEIAeTCd BO3MOXKHOCTBIO €€ IPeJICTaB/IeHUs Yepe3
HepapxXuio CTPYKTYPHO-OIPAHUIEHHBIX 110133184 ¢ JorapudMuIecKoil riiyOnHO 3aBUCH-
mocteit. C momoripio CIS dopmamusyores yeioBus, Mpu KOTOPBIX SKCIIOHEHITHAIbHAST
CJIOYKHOCTB CBOJIUTCSI K yIIPaB/ISI€MbIM ITOJIMHOMUAJIBHBIM U TOJIUIOTapU(MPMUIECKIM OIeH-

KaM.

5. CB43b YCJIOBHO-UJEAJIbBHBIX CTPYKTVYP C SIZIPAMU 3AIAY

B konTekcre mapaMeTpu3oBaHHON CJIOXKHOCTH TMOCTPOEHUE sijiep 3a7ad — (PyHIaMeH-
TaJIbHBII METO/J, CHHU>KEHUA BBIYUCJIUTEJIBHON pr,ZLOéMKOCTI/I IIOCPEJACTBOM CBE€JICHUA HC-
XOJTHOH 3a/1a11 K 9KBUBAJEHTHOMY 9K3EMILISIPY OJUHOMHUAJIBHOTO pa3Mepa OT IapaMeT-
pa. st NP-Ttpynubix 3amaq, gomyckarormux CIS, mamHBbI 1mogx0/1 mprnobperaer 0cobyio
SHAYUMOCTD: CTPYKTYPHasd peryjldpusalud JaHHBIX II03BOJIACT HE TOJIBKO I'apaHTUPOBaTh
CYIIIECTBOBaHNE KOMIIAKTHBIX fJ1eP, HO U ABHO CBA3aTh UX pa3Mep C aCUMIITOTUKON I1apa-
merpa k(n). B Hacrosiem pasjiesie yeTaHaBJIUBAIOTCA (DOPMAJIbHbIE YCJIOBUS, IPH KOTO-
poix 3agaan ¢ CIS jmomyckatoT moJiMHOMUAIBHBIE SIIpa, a TaKKe JIEMOHCTPUPYETCs KOH-
CTPYKTUBHOE MOCTPOEHNE TaKUX peyKimil. Pe3ysbrarsl ommpaioTcd Ha JBORCTBEHHOCTD
MEXKJy CTPYKTYPHBIMU OIDAHUYCHUSIMU JIAHHBIX (BBIPAYKAEMBIMHU YepPEe3 PEXKUMbBI POCTa,
k(n)) u ajropuTMuIecKoil yrnpaBsieMOCThbIO, 9TO 00ECIIeInBaeT MOCT MEXKJLy TeopeTude-
CKUMU IIpeaesjiaMm CJIO2KHOCTH U IIPpaKTUYIeCKUMHN METOJaMMn O6pa6OTKI/I 60ﬂleI/IX IK3EM-

ILISTPOB 3a/1a4.
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Teopema 8 (CymiecrBoBaHue MOJMHOMUAIBLHOTO A1pa). I[Tycms 3adaua pacno3nasanus
I=(2,% n) donyckaem CIS S C P ¢ napamempom k(n)=o(n) u xomnencupyrowed

dynryuet f(k(n)), ydosasemsoparowets ycaosuro:
Ve>03dN eN: Vn> N f(k(n)) <e™. (4)

Tozda cywecmsyem sviucisumas Gynkuus k= P — 2 u noaurnom p(k(n)), maxue wmo:

1) |k(M)|=0O(p(k(n))) s ecex M € S;
2) M e <— k(M)e¥;

3) epema evucaernua k(M) ozpanuneno O(f(k(n)) - n?) daa nexomopwz d € N.

Joxaszamenvcmeo.
1. @®opmanuzanusi cTpyKTypHOoro mapamerpa. Ilycrs {B;}._; — cemeiicto 1101
CTPYKTYp obbekTa M € S, rue:

° U§:1 Bi=M;
e max; |B;| < k(n);
e JiepeBo-jekoMmosuiust 7 umMeer mmpuny k(n) (mag rpadoBbix 3a1a9).

CyrmiecTBOBaHIE TAKOTO Pa3JIoyKeHHUsT rapaHTHpoBaHo onpeenennem CIS.
2. Tlocrpoenmne simepHoro omneparopa. OmnpejennM peaykiumo p @ 9 — & depe3

KOMIIOSHUIINIO: .
p(M)=J pi(By), (5)
rae p; — JIOKaJIbHbIC PEYKIIUMOHHBbIE HpaBI/IJIZ;,l COXpaHAgIoIMMe IKBUBAJICHTHOCTD peIHeHHfI:
BN #0 < pi(B)NY #0. (6)

Kounkpetnsiit Buj1 p; ornpejensgercd KoMOMHATOpHBIMEU cBoiicTBamu 11.

3. Omenka pazmepa gipa. s Kaxk10ro B; BBIIOJIHEHO:
0i(Bi)| < g(k(n)) rae  g(k(n))=0(k"(n)). (7)
CyMmMapHbIit pa3mep sjipa:

n

[K(M)] < Zg(k‘(n)) S ) - g(k(n))=0 (n- k' (n)) =0(k*(n)), (8)

rJie TI0CTIe/IHee PABEHCTBO cyejyer u3 k(n)=o(n).

4. JToka3aTeJbCTBO 3KBUBAJEHTHOCTU. VHyKImeil 10 cTpyKType 7 JTOKarKeM:

VM e S 38 (M) & U (k(M)), 9)
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rje Y — OueKIwsi, COXpaHstolas cBoiicTBa permennii. Basa wanykim: mis |M| < k(n)
yTBepzKieane TpuBnasbho. [llar unayknum: o0bemHeHne peayupOBAHHBIX OJCTPYKTYD

COXpPaHd€T 3KBUBAJICHTHOCTD II0 IIOCTPOCHUIO p;.

5. AHam3 cJI0>KHOCTHU. Bpems paboThl K CKJIAILIBACTCS U3:

o nexommnosurmu: O(f(k(n))) (no onpenenennio CIS);

e npumenenus p;: O(t - kT (n))=0(n - k°(n)).
Urorosas omenxa: O(f(k(n)) + n - k¢(n))=0(f(k(n)) - n%), uTo MOMMHOMHUATILHO TIPH
f (k(n)=kOD (n). B

ITpumep 10 (Bepmmunaoe mokpeiTHe [7isi rpadOoB OIPAHUYEHHON JIPEBECHON IMUPUHBI).
Hns rpada G=(V, E) ¢ apesecnoii mmpunoit tw(G)=k(n)=0(logn):
1. IToctponm mMunnMasBHOE jepeBo-aekommosuiun (1), {X;}) mupunst k(n).

2. JIma kaxk10ro Memka X; TpUMEHUM PeTyKITHIO:

X=X, \{veX|Fue Nw):ue | )X} (10)
t'£t
3. Pesymprupyiomee aapo G'=|J X, conepxur O(k*(n)) sepruun.

5.1. IlonnHOMUMAaNBHBIE gapa. B KoHTeKcTe mapaMeTpU30BAHHON CJIOKHOCTU ITOCTPO-
eHue sjiep 3aJiad MpeJICTaB/IgeT cOO0fl MEeTOIOJIOTUIO PEJIYKIINH, TTO3BOJIAIONLYIO CBOIUTH
HCXOJIHYIO 33/1a49y K 9KBUBAJEHTHOMY IK3EMILISIPY C pa3MepoM, MOJNHOMHUAIBHO 3aBUCH-
M oT cTpyKTypHOro mnapamerpa. Jlas CISP, mamubiii moaxom npuobperaer KaHOHUYIE-
CKyI0 (pOpMy, CBA3bIBasi T€OMETPUUIECKNE CBOMCTBA JAHHBIX C BHIUYUCIUTEILHON yIIPaB/Isi-

€MOCTBIO.

Teopema 9 (CrpykrypHas penykiws). [Tycmo 3adava pacnosnasanus 11=(2,% ,n) do-
nyckaem CIS S C P ¢ napamempom k(n)=o(n) u xomnencupyrowed gymnxyued f(k(n)),
ydosaemeoparoueti Yeaosuo:

T (k(n))e~"=0. (1)
Tozda cywecmeyem omobpasicenue k : P—P u noaunom p(k(n)), maxue wmo VMES :
|k(M)|=0(p(k(n))), Me¥ <<= k(M)e¥ u epema svwucienus k(M) oepanuueno
O(f(k(n)) - n).

Joxazamesvemeo. Hdexkommosumus. s MES mocrponM ceMeicTBO MOJCTPYKTYP
{B;}._,, vne | B;i|<k(n) u I=0(nk~1(n)), ucronnsys jiepeBo-1eKOMIO3UIINIO UPUHLL k(1)
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JlokanbHag peaykius. [1a xaxoit B; onpenemum omepatop p; : 251281 coxpa-
HATOIUNA:
Y(B:) #0 = Y (pi(By)) # 0. (12)
CBOMCTBO JOCTUKIMO HY€Pe3 TEOPEMY O COXPAHEHWH DEIeHUH 1PN KOHEYHBIX BO3MYIIIe-
HUSX.
Kowmmozurus. Snpo x(M)=J:_, p;(B;) mueer pazmep:

n

g4 =00 ) ). 13)

Yeaosue k(n)=o(n) rapaarupyer |k(M)|=0(k(n)).

KoppektHocTb. NHayKIneit 1Mo J1epeBy-1eKOMIIO3UIINN JIOKA3bIBAETCs CYIIECTBOBA-

0] < 10 ()=0 (

uue 6uekrun ¢ : Y (M) < % (k(M)), coxpassitoreil cBoficTBa pereHuii. O
5.2. PobacTHOCTh M mapaJijieJiu3M.

Teopema 10 (YcroituuBocTh K BO3MYyIeHusiM). Jlas obsexma M € S, mpebyrowezo
d(n)=o(n) modugpurayuii drsn exaouenus ¢ CIS, epems pewenus zadawu 11 na M oue-

Husaemcsa rvaw.

T(n,k(n))=0 (f(k(n) +d(n)) - nd+1) ) (14)

Jlokasameavcmso. Ilycts M’ nonyaen uz M nobasiernem 6(n) siaemenTos. Panr cTpyk-
Typbl M’ ynosinersopsier:

r(M') <r(M)+d6(n)=k(n) +d(n). (15)
[Tepebop Bcex (ZEZ%) KOMOWHAINN B3aUMOJIEHCTBUS HOBBIX 3JIEMEHTOB C MCXOJHOIN CTPYK-

Typoit Tpedyert:
T(n, k(n))=0 (6™ (n) - f(k(n)) - n?) =0 (f(k(n) +6) - n"*), (16)
rJie TI0CJIe/IHee PABEHCTBO cireyeT u3 d(n)=o(n). O

Teopema 11 (ITapastenbras nexkomnosunus). /s 3adavu I1 € CISP cywecmeyem na-
passesoront arzopumm ¢ 2ayournot O(logn + log f(k(n))) v wupunot O(n®), coxpansio-

wuti acumnmomuxy O(f(k(n) - n?).

Joxazamenvcmeo. Pazobbém nocurens F wa O(nk™!(n)) nesasucnmbix kommonent {C;}.
Kaxmast kommonenTa obpabarbiBaercs napasutenbao 3a O(log f(k(n))) maros. Cuuxpo-

Husaius pesyiabratoB Tpebyer O(logn) maros. CymMMapHOe 9IHCIO TPOIECCOPOB:
n
P(n)=0(——" f(k =0(n). 1
(n)=0 (k(n) I (n))) O(n) (17)

O
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5.3. NmocTpaTuBHBIA TpUMep.

ITpumep 11 (Bepmumnunoe nokpeirue). st rpada G=(V,E) ¢ apeBecHoil mupuHON
tw(G)=0(logn):
® JlepeBo-jieKoMIIo3uIus crpoutces 3a O(n);

® JIOKaJIbHad PEAYKIHNA Y/IaJIsA€T BEPHIINHBI CTEIICHN 1,

e urorosoe a1po G’ comepxur O(k?(n)) Beprum.

KOppeKTHOCTb cjaenyeTr u3 MHBapuaHTHOCTU MUHUMAJIbHOT'O IIOKPBITUSA ITPU Y IaJICHUN U30-

JIMPOBaAHHbIX BEPIIIWH.

6. CBsI3b YCJIOBHO-UAEAJIBHBIX CTPYKTYP C MATPONJAMMN

Onpepenenne 6 (MakcumasibHoe He3aBucrMoe MHOKeCTBO). st marpouia 4 =(E, %)
HalTH:

1.
arg max ||

6.1. @opmaJjibHbIE ONpe/ieJIeHNsl U OCHOBHbBIE PEe3YJIbTaThl. [lycTh 3a/1aH MaTpOU
M=(E,.F) c nocuresnem E mormmoctu n u panrosoit gyukiueit r : 28 — N. Bynem roso-
puth, uto .# obpaszyer CIS, eciu cyImiecTByIOT CTpYKTYpHBIi apameTp k(n)=o(n) u Kom-
nencupytoias dyuknus f : N — R ynosiaersopsiomas yeaosuio lim,, .. f(k(n))e =0,
TaKue 4o Jiobast 3aa4a onTuMusanmu Ha .4 paspemmma 3a spemst O(f(k(n)) - nd).

Teopema 12 (DKBUBaJIEHTHOCTH PaHra U CTPYKTYPHOro napamerpa). Jlas mampouda M

CALOYIOULUE YCAOBUA IKBUBANEHIMHDL:

1. A obpasyem CIS ¢ napamempom k(n)=r(4);
2. nocumeav E donycraem pasbuenue na t=0(nk~1(n)) nodmmnooicecmes {C;}i_,, 2de
r(C;) < k(n) das ecex i.

Jlokazamenvcmeo. JloKa3aresbCTBO OCHOBBIBAETCA Ha CBOHCTBAX DPaHTOBOH yHKIMM
marpousa. U3 yenosust k(n)=o(n) ciemyer cymecrBoBanue pasbmenus HocuTeas F Ha
HOJIMHOZKECTBA OPaHMYEHHOro panra. Takoe pasbueHne MO3BOJIAET POBECTU JIEKOMIIO-
SUIUIO UCXOJHYIO 3aJ1ady Ha He3aBHCUMBbIE T10/13a/1a9H, KazK/asd U3 KOTOPBIX PEIaeTcs 3a
spemst O(f(k(n))). Cymmapnas ciaoxuocts O(t - f(k(n)))=0(nk™'(n) - f(k(n))) ymose-

tBOpsteT oupenenenuio CIS B cuity sxcnonennuassioro noxasiaenus f(k(n)). O
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6.2. IlocTpoeHne KOMIaKTHBIX sIJEP.-

Teopema 13 (CymecrBoBanne MOJHHOMHUAIBHOTO sijpa). s mampouda M € CIS c
napamempom k(n) cywecmeyem nodmmnosicecmeo E' C E mowmocmu |E'|=0(k?*(n)), co-

rpanaowee ceoticmea ucroonot 3a0avwu:
Y(M) AV — Y (M|g)#0, (18)

ede Mg — ozparunenue mampouda na E'.

Jloxazamenvcmeo. Vcmonb3yst peKypCUBHYIO TIPOIELYPY Celapaliui, HOCTPOUM MOCIIE0-
BaTeJIbHOCTH mojMHOKecTB { X}, Kaxkmoe pazmepa O(k(n)), Takux dro yaanenne X; pa3-
Jle/IsieT MaTpous Ha KOMIOHEHTHI ¢ HocuressiMu pasmepa O(k(n)). Iocre O(logn) maros
pelyKIun o0beIMHeHne OCTaBHINXCA KOMIIOHEHT obpasyer aapo E' pasmepa O(k%(n)).

CoxpaHeHre paHra rapaHTUPYETCsl CBOMCTBAME PECTPUKINA MaTPOUIOB. 0

6.3. YcTolYnBOCTh K BO3MYMIIEHUSIM.

Teopema 14 (PobGacrnocrs CIS). Hycmo mampoud ' nosyuen uz M € CIS do-
basaenuem d=o(n) moswxr sremenmos. Tozda zadawa na A’ paspewuma 3a 6pems

O(f(k(n) + 6) - ni+1).

Jlokasameavcmeo. Panr  obbemuuenus 4 U A ¢ |A|=0 onenmBaercs  Kak
r(A# UA) < k(n) + 6. Ilepebop Bcex (k(én)) c11oco60B  B3AMMOJIEHICTBUS HOBBIX 3JIe-
MEHTOB ¢ MCXO/HO# cTpyKTypoit Tpebyer O(d%™ (n)) omeparmit. [y Kax/I0r0 BapuaHTa

pemenne wucxoanoit sajaunm zanumaer O(f(k(n)) - n?), uro B coBoKymHOCTH JAST

O(f(k(n) + ) - n*). O

6.4. IlapanyesibHbIE BBIYUCIICHUS.

Teopema 15 (Ilapamtenbuas pekomnosunus). Jaa mampouda A € CIS cywecmeyem
napaanesvnvits anzopumm c eaybunot O(logn+log f(k(n))) u wupunot O(nc), coxpans-

rowguti acumnmomury O(f(k(n)) - n?).

Jokazamenvcmeo. JIeKOMIO3UIHST HOCUTEIsI Ha HE3ABHCHMble KOMIIOHEHTBI BBIIOJIHSET-
cst 32 O(logn) napasuienbubix maros. Kazkias KOMIOHEHTa 06pabaThIBACTCs HE3ABIUCHMO
¢ rory6unoit O(log f(k(n))), a cunxpornsarms pesysabraroB Tpedyer O(1) maros. Cym-
MapHoe [ucio mporeccopos He npesbimaer O(nk™!(n) - f(k(n))), 9ro nmommHOMEATLHO

oo n. O
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S3AKJIFOYEHUE

B pabore mpejcraB/ieHO CHUCTEMATHYECKOE PA3BUTHE TEOPUHU YCJIOBHO-UJIEATHHBIX
crpykryp (CIS) u ycraHOBIEHBI MX CBS3U € KJIIOUEBBIMHU pa3JielaMi COBPEMEHHOI Teo-
pun ciaoxkuoctu. [losrydennbie pe3yabTaThl IEMOHCTPUPYIOT, KaK CTPYKTYPHBIE ITapaMeT-
PBI JAHHBIX UCHOIB3YIOTCH JJIsl IIPEOJI0JICHUS BRIYUCIUTEILHBIX 0apbepoB B NP-Tpyanbix
3a/1avax.

OcHoBHBIE TeopeTndeCKue pe3yJjibTaTbl BKJ/IIOYaioT:

1. ®@opmanuzaruio ca3u CIS ¢ mapamMerpu3oBaHHOI CJIO0>KHOCTBIO: JI0Ka3a-
ubl yesoBus npunajexuoctn CIS k knaccy FPT, yeranosiensr kpurepun FPT-
[OJTHOTHI ¥ TMOKA3aHO, YTO JIOrapuMUUIECKUIl PEXKUM CTPYKTYPHOI'O IIapameTpa
rapanTupyeT MOJMHOMUAIHHYIO CJIOZKHOCTD, TOTJIA KaK CyOJMHENHDBIN pesKUM COOT-
BETCTBYET CYOIKCIIOHEHIINATLHOMY KJIACCY CJIOZKHOCTH.

2. Pazpaborky Teopum npubanmxke€HHbIx cxem i CIS: qokazano cyiectBoBa-
uue PTAS 1 cTpyKTYpHO-OrpAHUYIEHHBIX JJAHHDBIX, YCTAHOBJIEHDBI YCIOBHUS B3aUM-
noro nopoxaerus CIS m PTAS, a takke mokazaHa NpUHIUNAAIbHAS HEBO3MOK-
HOCTB 3(DPPEKTUBHON ATTPOKCUMAIIAN JJIsT HECTPYKTYPUPOBAHHBIX JAHHBIX.

3. Cozmanue teopuu pobactHoctu CIS: dhopmanunzoBano nmousTue §-0IM30CTU K
CIS, nokazanbl TeOpeMbl 00 YCTONYNBOCTU BBIYUCTUTEIBHON CJIO2KHOCTU K ONDAHM-
YEeHHBIM BO3MYIIEHUSAM W OIpeJieIeHbl TPAHUIBI TPUMEHUMOCTHU AJTOPUTMOB IIPH
CTPYKTYPHBIX MOJAMMDUKAIINAAX JTAHHBIX.

4. Pa3zButue mnapajuieabHbix acneKToB CIS: ycranoBjieHbl Kpurepuu MpuHAI-
nexknoctu K kiaaccy NC, pazpadoranbl 3¢ddeKTUBHbIE TapasebHble CXeMbl IS
CTPYKTYPHO-JIEKOMITO3UPYEMBIX 3aJlad W JI0Ka3aHa WOrk-onTHMaIbHOCTh TapaJi-
JIEJIbHBIX aJITOPUTMOB.

5. IlocTpoenune teopuu siziep i CIS: jokazano cyiecTBOBaHUE OJTUHOMUAIb-
HBIX s7Iep, pa3paboTaHbl KOHCTPYKTUBHBIE METOJIbI CTPYKTYPHO! PEeyKITUU U I10-
Ka3aHa yCTOMIMBOCTH s/Iep K OrPAHNIEHHBIM BO3MYIIEHUSIM TTapaMEeTPOB.

6. ObOobIIeHe HA KJIACC MATPOUIOB: YCTAHOBJIEHA SKBUBAJIEHTHOCTH PaHTa MAT-
poujia u cTpykTypaoro napamerpa CIS, mokazaHbl TeOpeMbl O CYIIECTBOBAHII KOM-

INaKTHBIX dJ1ep U pa3pa60TaHbI IIapaJijieJIbHbI€ aJrOPpUTMbI JIJId MaTPOUIHbIX 3aJda4.

IIpakTnyeckass 3HAYUMOCTDb PAOOTHI MOJATBEPKIACTCSA MPUIOKECHUSIME K 3a/a49aM
onTuMu3aNMK Ha rpadax, Kiracrepudannu, 0opaboTKe Pa3peKEHHBIX MAaTPUIl U KPUIITO-
rpacdun. [Ipeioxkennble aaropuTMudecKe TEXHUKH TTO3BOJISIOT CYIECTBEHHO CHUYKATH
BBIYUCIUTETBHYIO CJIOYKHOCTD JIJIS TTUPOKOTO KJjacca MPUKJIAIHBIX 33/1a9 ¢ BhIPayKEHHOMN

CTPYKTYPHOI opranusanmeil 1aHHbIX.
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HepCHeKTI/IBHbIe HaIlpaBJI€eHUdA I[aJ'II::HeﬁIHHX I/ICC.TIeI[OBaHI/II./,I BKJ/IIOYaIOT:

1) pacimpenue Teopun Ha KJIACC CHHTY/ISPHBIX TAPAMETPOB € OCIIUJLINPYOIIEH aCUMII-
TOTUKOM;

2) WHTErpaIyo MeTo[0B MAITHHHOTIO OOy YeHus [T aBTOMATHIecKoro Bolaeaenus CIS;

3) uccsrenoBanue haz0BBIX IEPEXOIOB CJAOKHOCTH IPU HAPYIICHUH CTPYKTYPHBIX OrPa-
HUYECHUIA;

4) pa3paboTKy aJIAlITHBHBIX AJTOPUTMOB, JUHAMUIECKHU OMPEIEIAIONIINX CTPYKTYPHBIE
mapaMeTpBhl;

5) obobreHne moaxo/a Ha 3aa9i ¢ CYNepIKCIOHEHIIUATBHBIMU KOMIIEHCUPY OIIUME

GYHKIISIMU.

Takum obpazom, Teopusi yCJIOBHO-UJICATBHBIX CTPYKTYP HE TOJBKO JIOMOJIHAET KJIac-
CAYECKHE I10JIXOJbl K aHaJIU3y CJIOKHOCTU, HO M CO3/A€T IPEJIIOChIIKU JIjisi TPOEKTUPO-
BaHus 3D@PEKTUBHBIX aJTOPUTMOB B YCJIOBUAX CTPYKTYPHON HEOTHOPOIHOCTU JAHHBIX.
YcraHOB/IEHHBIE B PA0OTE CBA3M MEYKJy T€OMETPHYECKIMI CBOMCTBAMY JIAHHBIX U BBIYHUC-
JINTEJIbHOI CJIOKHOCTBHIO OTKPBIBAIOT HOBbIE BO3MOXKHOCTH JIJIsI CO3JIaHUS aJallTUBHBIX
AJITOPUTMOB, YCTOMYUBBIX K KOMOWMHATOPHOMY B3PBIBY B YCJIOBHAX POCTA Pa3MEPHOCTH

JaHHDbIX.
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Pynuunkuii O. I. Hekoropble cBoiicTBa 0a3UMCHBbIX MHBAPUAHTOB yHHUTAPHOI
rpynust W (J5(4)) // TaBpudeckuii BeCTHUK MHMOPMATUKA U MATEMATUKUA. —
2025. — N3 (68). — C. 7—17.

VIK: 514.7

Paccmorpensl JiBa crnocoba MOCTPOCHHSI B sIBHOM BHJE Oa3UCHBIX HHBAPUAHTOB IDYII-
st W (J3(4)), HOpOXKIEHHOI OTpaskKeHNSME BTOPOTO HOPsI/IKa OTHOCHTEIBHO MJIOCKOCTE
TPEXMEPHOIO YHUTAPHOIO HPOCTPAHCTBA, [OJIyYeHO UX HPEJICTABJICHNE B BUJIE MHOIOUJIE-

HOB OT CTCIICHHbIX CYMM.

Karouesnle caosa: yhumapHoe npocmpancmen, 0mpadicerue, 2pynna ompastcerutl, uHeapuarm,

an2ebpa UHBAPUAHMOG.

Shamoyan R. F. On Bergman projections and sharp decomposition theorems
in tubular and related domains in C" // TaBpuyeckuii BeCTHUK MH(POPMATUKA
u marematuku. — 2025. — Ne 3 (68). — C. 18 —34.

VIK: 517.55

Teopust aHAIUTUIECKUX MMPOCTPAHCTB B OOIMUX TPYOUYATHIX OOJACTAX HaJ, CHMMETpUYe-
CKUMH KOHYCaMHU - HOBasl 00JIaCTh UCCACIOBAHUI B Teopun (PYHKIUH HECKOJbKUX KOM-
IJIEKCHBIX ITEPEMEHHBIX, U TOTOMY TE€OPEMbl M Pe3y/IbTaThl JAHHOW HEOOJIBINON 3aMeTKN
AKTyaJIbHBI ¥ MOTYT OBITb MHTEPECHBI JIJI SKCIEPTOB MO Teopun (PYHKIUH HECKOTbKUX
IepeMeHHbIX. B 1mocseiHne rojbl B 3apy0OexKHOi uTepaType MOgBUIOCh HECKOJIBKO MHTEe-
PECHBIX HAyYHBIX CTaTheil 110 9TOil TeMaThKe. YKarKeM, B 9aCTHOCTH, Ha CcTaTbyu AJiiHe
Bonamu, Benya Carsa n ux coaropos. B yacTHOCTH, B 9THX paboTax paccMaTpUBAIOTCS
WHTEPEeCHbIE 3a/Ia9M, CBA3aHHbIE ¢ IIPOEKTOopaMu Tula beprmana. Takoro poja 3ajadn,
KakK M B Ccjydae MeHee OOIuX 00JacTeil, MOI'yT UMeTh MHOT'OYHMCJIEHHbBIE IPUJIOXKEHUS B

yKa3aHHOI 00J1aCTU MCCJIeTOBAHNUIN.

B ommomepHOM ciydae wWim B ciydae IOJIMJIMCKA, WJIK B CAydae Iapa, WX BEPXHEro
MTOJTyITPOCTPAHCTBA TAKOT'O POJia MPOOJIEMbBI, CBA3AHHBIE ¢ UHTETPAJILHBIMUA OIEPATOPAMUI
Tuna beprMana, MeIOT KOHKPETHBIE U JIOBOJILHO WHTEPECHBIE IMPUIOZKEHUI, XOPOIIO U3~
BECTHbIE MHOT'OYHCJIEHHBIM SKCIIEPTaM 110 Teopun (PYHKIUH KOMILJIEKCHOTO ITePEeMEHHOTO.
BameTnM BI0OABOK TaKKe, YTO B TEOPUU IMPOCTPAHCTB TAPMOHNIECKUX (DYHKITHI HECKOTh-
KUX IIePEMEHHBIX KapTUHA CXOKasl, U TYT XOPOIIIO U3BECTHbIE MHOI'OUMUCIEHHbIE TEOPEMbBI
00 mHTerpaJbHBIX olleparopax THila BeprMana MMEOT MHOIOYHCIEHHBIE MPUIOKEHUs B
[IPOCTPAHCTBAX TapMOHUYECKUX (DYHKIMI HECKOJIBKUX IEPEMEHHBIX B €JIMHUYIHOM IIIape
WIA K€ B BEpXHEM IOJIYIIPOCTpPaHCcTBe. Bce 3TO yka3biBaeT, KOHEYHO, Ha aKTYaJbHOCTh

paccMaTpuBaeMbIX B Hallleil HEOOJIbIIION 3aMeTKe 3a/1ad.



120 Pegepamut

B pabote npenpunaaTa MONBITKa 0000IUTH HEKOTOPBIE HEJIABHIE PE3Y/IbTAThl yKa3aHHbIX
BBIIIIe aBTOPOB 00 omeparopax Tuiia beprmana B 1pybuarshix obacTaX HaAJ CUMMETPH-
YECKMMU KOHYCaMHU, OIyOJIMKOBAHHBIE CPABHUTEIHLHO HEJABHO B 3aPYOEXKHBIX KYpHAJIAX.
Vaaoch, B 9aCTHOCTH, TIPEIbABUTH MPsiMble 0000IEHNST HEKOTOPBIX pe3ynbraToB B. Ce-
rBa 00 MHTErpaJIbHbIX olleparopax Tuila beprmana B TpyOYaTbhIX 00JaCTAX HaJl CUMMET-
pudecKnMu KonycaMu. Pe3ysibraTsl, 0€3yC/IOBHO, MOTYT UMETh IPUJIOYKEHUS B YKA3aHHOM
obsactu uccyenoanuii. OTMETHM B 3aKJIIOYEHUN, YTO B pabOTe BBEJIEH TaKzKe HOBBIH J10-
BOJIBHO MHTEPECHBIN KJIACC aHAJTUTUIECKUX MPOCTPAHCTB B YKA3aHHBIX JTOBOJBHO CJIOXK-
HBIX 00JTACTSX, 9TO MOXKET OE3yCJIOBHO TAKYKe UMETh CAaMOCTOATEILHBIN NHTEPEC JIJTsd SKC-

IIePTOB.

Hamm peE3yJIbTaThbl C O4Y€Hb ITOXOXKHNMHU JOKa3aTe/JIbCTBaMU MOI'yT OBITH TaKzKe npeabd-
BJIEHBI B CaMbIX Pa3HbIX MHOI'OMEPHBIX O6H&CTHX, K IIpUMEpPY, B OI'paHUYICHHBIX CTPOI'O
IICEBAOBBIITY KJIBIX O6J’IaCTHX, obsacTax 3uress BTOPOro TUlla WJIX OI'PaHUYCHHBIX CHM-

METPUIECKUX 00JIACTAX, WA MATPUIHBIX 00/IaCTAX.

B komrme cratbu MblI TPUBEIEM OJIHY TOYHYIO HOBYIO TE€OPEMY JIEKOMIIO3UIIAU JIJIS ITPO-
crpaHcTB Tuiia Beprmana. Panee Takoro pojia TouHasi TeopeMa, JIeKOMIIO3UINN ObLIa& MOJTY-
YeHa aBTOPOM B JIPYTHX O0JIACTAX B JIDYTUX aHAJUTHIECKUX IPOCTPAHCTBAX HECKOJIbKUX
nepeMmennbIX. Harma Tounas TeopeMa B pocTpaHcTBax beprmana B TpyOUaThIX 00/1aCTAX

HaJ CUMMETPUYICCKUMHN KOHYCaMM PacCHINPAET 3TOT CIIMCOK TOYHBIX PE3YJ/IbTaTOB.

Mpbr Takzke cchopMysIIpyeM B JAHHONH HEOOJIBIINON 3aMeTKe HECKOJIBKO HHTEPECHBIX HOBBIX

Ha Halll B3IVIAJ 3aJa4 JJid 9UTaTe/Id U YKazKEM TaK2KE Ha METO/bl UX DEHICHUA.

Karouesnvte caosa: Anasumuveckas gynxuyus, npoexkmop Bepemana, mpybuamoie obaacmu Had
CUMMEMPUYHBLMU KOHYCAMU, KAACCH Bepemana, npocmparcmea co cmeuwarHoti Hopmoti, meope-

MbL JEKOMNOZUUUY, NPOCPAHCMBE, 2APMOHUECKUT PYHKUUL, NOAUOUCK.

I'ermanckas 1. B. B3anMocBs3b OII€EHOK NPOU3BO/IHBIX IEPBOTO M BTOPOTO MO-
psiaka // TaBpuyeckuii BecTHHK mHMOpMATUKA U Maremarukud. — 2025, —

Ne3 (68). — C. 36 —48.
VIK: 517, 512

B pabote ucciemayiorcst yeaoBusi KOPPEKTHOCTU IIPUOJIMKEHIS 3HATeHU (DYHKITUU OTHOM
epeMeHHol B ToUKe 110 popmyste Teityiopa. DTu yc1oBus BIpabATHIBAIOTCS B PE3y/IbTaTe
cpaBHeHUs JIByX opM morpemnnoctu npubsmkenns: [leano u Jlarpan»ka, Kak orpaHutIeH-

HbIX BCJIMYMH. HpI/I 9TOM O6Hapy}KI/IBaeTCH 3aBUCHUMOCTDL OLCHKHN HpOI/ISBO,ZLHOfI 1I IIOpAIKa
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OT OIeHKH Mpon3BoaHoi I mopsaka. ObocHOBaHIE B3aMMOCBSI3U MEK/IY STUMHU OIEHKAMUI

OCYIIECTBJISIETCS MeTo/IaMu (hOPMaAJILHOM JIOTUKH.

Karouesnvie caosa: gopmyaa Tetinopa, nozpeuwsnocms Gopmysve npubsuscerus, cpasrerue «O
b60ALWOES MANBIT, MEOPUS QOKAZAMENDCNE, GHLCKA3BIBAHUA-NPEIUKAMDL, NOZUYECKAA ONEPAUUS

CB8A3b YCAOBUEM, KOHIMPATIO3UUUA.

Bprikua B. B. Pa3zpaborka BeO-1IpuJjIOXKeHUs [Jisi aHAJIM3a COCTOSIHUS pacTe-
HUl C MCMOJIb30BaHNEM TE€XHOJOTMI UCKyCcCTBEHHOTO nHTesiekTa // TaBpude-

cKkuii BecTHUK nHpopMaTukn u maremaruku. — 2025. — Ne 3 (68). — C. 49-60.

VIIK: 004.81

B nannoit pabote mpejicTaBiieH IpoIece CO3/IaHus BeO-IIPUIOKEHUST, KOTOPOE MCIIOJIb3yeT
MOJIesIb UCKyccTBenHol HeitponHoit ceru (MHC) misa kimaccudukayum cocTosHusi pacre-
unit. Mogens HC oby4ena ¢ momombio 6ubmmorek MarmmaHOrO 00ydenus Tensorflow u
Keras u obecrnieunBaeT BBICOKYIO TOYHOCTD KJaccudpukanuu. [Ipuioxkenune paspadboTano ¢
ucnosibzoBanuemM HTML, CSS u JavaScript. Bee oneparnuu ¢ n3o0pakeHusIMU BBITOJTHSI-

10TCsT B 1[BeTOBOM TpocTpancTBe RGB.

Karouesvie caosa: 6eH-npusodicerue, UCKyCCmBEHHBIT UHMEALEKT, KAGCCUPUKAUUA U300Da-

orcenuti, MoObUNDHBLE YCMPOTCMEa, CEEPMOUHBIE HEUPOHHBIE CEM.

Kapsikuu A. T., Conkos B. A. IIpumeHeHnue meroga MCKYCCTBEHHOTO WHTEJI-
JIeKTa [Jisi peaju3alii MPOEKTa CO CJIO0XKHBIM HEeJIMHEWHbIM ynpaBjieHuem //
TaBpudeckuii BecTHUK nHdopmaTuku u maremMatruku. — 2025. — Ne 3 (68). —

C.61-70.

YAK: 621.316.7; 004.4

B crarbe pacCcMaTpUuBaeTCd IIOAXO K USYICHUIO CTyAeHTaM ME€TOA0B NCKYCCTBEHHOI'O MH-
TeJIJICKTa Ha IIpuMepe HOJUHOMUAJILHON perpeccun u HEYETKON JIOTUKHI JJIA yIIpaBJICHU A
MHUKPOKJINMAaTOM B IIOMEIIIEHUAX. Heuerkas jgornka JOITYCKaeT HEOIIPpEIJEJIEHHOCTb U U3-
MEHYUBOCTDL AJaHHLIX, 9YTO JeJiaeT 93TOT METO/] Sd)d)eKTHBHbIM B peaJlbHbIX YCJIOBUAX, T'JE
ITapaMe€TpPbl MOI'YT OBbITH HETOYHBIMU UJIN HEYETKHNMU, B TO BpEMA KaK PErpeCCuOHHasAd MO-
JeJIb IIO3BOJIAEeT OIIMCBIBATH CJIOXKHBIE HeJINHEHbIE 3aBUCUMOCTH ME2KIY TeMHepaTypOﬁ

U BJIAXKHOCTBIO U YPOBHEM BoclpuHUMaeMoro komdopra. [Ipu pazpaborke rubpuiHoit
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MOJEJIN 1 MCIIOJIB30BaHUN 0oJjiee CJI0XKHBIX AJITOPUTMOB CTYACHTBI y4daTCsd HCIIOJIb30BaTbh

KOM6I/IH3J_[I/II/I METOAOB JJIg ITOBBINICHWA TOYHOCTH YIIpaBJICHU:A BbI6paHHbIM IIPOIECCOM.

Karouesnvie cao8a: nosuHoOMUAAOHAA pezpeccus, Hevemrasa Ao2uka, YnpasaAeHUEe MUKPOKAUMA-

mom, KoaPPHuyUeHm KOMPOPMMHOCTIU, CUCTNEMbL YNPABAEHUA, ONMUMUIAULL YCA0EUT.

Ko3zmoBa M. I'., I'ymeniok H. 1. Pazpaborka npujioXkeHusi AJis paclo3HaBa-
HWs JINIL CTY€HTOB akajgeMudeckoii rpynimsl // TaBpudeckuii BectTHUK nHdoOp-
Mmatukn u maremaruku. — 2025. — Ne 3 (68). — C. 71 —85.

YAK: 004.93

Ormwmcan mporiece pa3paboTKu MOOMJIBHOTO HMPUIOXKEHUS ¢ MCIIOJIB30BAHIHEM METOJOB pac-
[TO3HABAaHUS JINIl Ha OCHOBE CBEPTOYHBIX HEHPOHHBIX ceTeil. OCHOBHAS I1eJIb — PacIo3Ha-
BaHUE U WACHTU(MUKAIS JIUI, CTYAHTOB OIpeieéHHoi rpymmsl. cenonb3yores Google

ML Kit mrsa odnapyxenus jini; u FaceNet i1 pacriosHaBaHus JIAII.

Karouesnvle ca08a: pacnodnasarue, kiaccupurauyus, ceépmounvie netportvie cemu, Google ML
Kit, FaceNet.

Kpucranuuckuii B. P. O nporpamme i1 IpnOJIN>KEHHOIO pPelIeHns KpaeBoii
damaun I'mibbGepra mis anamutudeckux dpyukimii // TaBpuyeckuii BeCTHUK
nadopmaruku u maremaruku. — 2025. — Ne3 (68). — C. 86 —95.

YK: 519.688

B craTbe paccMoTpeHa KOMIIbIOTEpHAS PEATU3AIINAA aITOPUTMA, IPUOJIMKEHHOTO PeIeHHsT
KpaeBoii 3ataqu ['uabbepra ji1a anaauTndeckux pynknmii B cucreme Mathematica u mmpo-

rpaMma Ha s3bIKe mporpammupoBanns C#£, MHTerpupoBaHHAasI ¢ YKa3aHHOW pean3alineii.

Karouessie caosa: komnaexcHuill anaius, kpaesas 3adava Iuavbepma, npubiustcerHovie memo-

ov, pewerus, cucmema Wolfram Mathematica, asvix C#.

JlemTtioo)kHuKoBa . B. YcioBHO-maeabHbIE CTPYKTYPbI B pellleHUU 33a/ad4
auckperHoi onrtumu3anuu. Jacrs 2 // TaBpudeckuii BeCTHUK MHGMOPMATUKHI
u marematuku. — 2025. — Ne 3 (68). — C. 96 —-119.

YIK: 519.854.2

B pa6ore mpe/IcTaBIeHO TeOPETHIeCKOe Pa3BUTHE YCJIOBHO nieabHbix crpykTyp (KUC),
yCTaHaB/IMBaloIIee IIyboKue CBA3U ¢ (PyHIaMEHTAIbHBIMU O0/IACTAMEI BBIYUCIUTETHHOMN

CJIOZKHOCTH. HOK3&HO, KaK MHBapUaHTbl CTPYKTYPHBIX JaHHBIX MOT'YT CHUCTEMaTHYIE€CKU
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IIPeo/I0JIeBaTh BBIYUCIATE/IbHBbIE Oapbepbl B NP-c/I0XKHBIX 3aj/ladaX C IIOMOIIBIO €JIMHO-
ro MaTeMaTudeckoro amnmnapara. lcciegoBanue 1MoKa3biBaeT, YTO CTPYKTYPHBIE apaMeT-
PBI CIIy2KaT BayKHBIM WHCTPYMEHTOM, COEJIMHSAIONIMM T'€OMETPUYIECKNe CBOMCTBA JIAHHBIX
¢ KJIacCaMU CJIO’KHOCTHU Bbrunciennit. [Iposejiena dpopmanzaiius B3anMOCBI3eil MEXK Ty
CIS u yupaBiisieMOCThIO ¢ (DUKCHPOBAHHBIMI ITapaMeTpaMU, YCTAHABJIEHBI YCJIOBUS JIJIs
CHUKEHUSI CJIO?KHOCTH OT SKCIIOHEHITMAIBLHOI'O K TTOJIMHOMHUAJIBHOMY PexKuMy. Teopus pac-
[IPOCTPAHSIETCST HA CXEMbI AIIIPOKCUMAIIAN, JIEMOHCTPUPYS, UYTO CTPYKTYPHbIE OrpaHuve-
HUSA TO3BOJISIOT UCIIOJIb30BATh 3(PHEKTUBHBIE CXEMbI AIITPOKCUMAIIAN 33 ITOJINHOMUAIBHOE
Bpemst (PTA) mig 3azatd, Koropeie B 00IeM ciiydae OCTAIOTCS HepaspenmMbiMu. B pa-
boTe ommcaHa HOBasg HapaaurMa s pa3paboTKu 3PpOEKTUBHBIX aJTOPUTMOB, KOTOPbHIE
HCITOJIb3YIOT CTPYKTYPHBIE CBOMCTBA, JIAHHBIX /1T OOPHOBI ¢ KOMOMHATOPHBIM B3PBIBOM BO

Bce DoJiee CIIOXKHBIX BBLIYUCIUTEIbHBIX 3aJlavdax.

Karouesnvle ca08a: ycao6Ho udeasvrovie Cmpyxmypot, napamempudo8aHtas CAOHCHOCTVG, CTEMDL
ANNPOKCUMAUUU, HADEHCHOCTND AN2OPUMMOSE, NAPAAAENGHBLE AA2OPUTNMDL, KEPHEAUSAUUL, MATT-

pou(?be, BbLYUCAUMENOHAA CAOHCHOCTND.
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