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THE EXISTENCE OF BERGE-VAISMAN EQUILIBRIUM IN A DIFFERENTIAL
PosiTioNAL GAME OF TWO PERSONS IN WHICH THE NASH-EQUILIBRIUM IS ABSENT.

Zhukovskiy V. I., Belskikh Yu. A., Zhukovskaya L. V.

Abstract. Every person who encountered with the research of conflict situations knows that
it is very difficult (and as a rule impossible) to obtain solution in explicit analytical form. Linear-
quadratic differential games appear as an exception. The present article is devoted to such games.
The idea of Lyapunov A. M. about possibility of investigation of behavior of solution of differential
equations without solving them but using properties of Lyapunov function and its derivative
here is associated with possibility of opinion about optimal properties of players strategies
according to optimal properties of Bellman functions and their derivative. This approach is
based on combination of dynamic programming with method of Lyapunov functions suggested
by academician Krasovskii N. N. so that it allows to obtain the coefficient criteria of existence
of solutions and construction their explicit form. Using such approach in the article the set of
differential games is extracted in which there exists the Berge-Vaisman equilibrium.

The notion of “Berge equilibrium” appeared in Russia in 1994 during the critical discussion
of the published book “Theorie Generale des Jeux a n Personnes Games” by Claude Berge.
Berge equilibrium removes “selfish” nature promoted in Nash equilibrium due to the altruistic
approach, dictated by the concept of Berge equilibrium. In 1995 Constantin S. Vaisman (then a
graduate student of Zhukovskiy) defended his Ph.D. thesis on Berge equilibrium, at the Leningrad



University in 1995. Unfortunately, Vaisman died three years after the Ph.D. defense of the thesis,
before the age of 36 years. During these three years he published 19 works. We observe also that
Vaisman together with the first author of this article wrote individual chapters in two books.

Vaisman merit lies in the fact that he presented the example that the property of individual
rationality for Berge equilibrium, generally speaking, does not take place. Therefore Vaisman
added this requirement in the definition of Berge equilibrium, after which Berge equilibrium was
naturally called as the equilibrium by Berge—Vaisman.

Berge equilibrium has not got the bright destiny. Because of Vaisman’s death, who was
the greatest enthusiast of Berge equilibrium, they suspended the investigation of it in Russia.
Furthermore, the publication of the book by Claude Berge aroused the acute review of Martin
Shubic. However, the Algerian trainees of Zhukovskiy Radjef Mohamed Said and Larbani Moussa
managed to publish the works, which caused widespread interest in the West to Berge equilibrium.
Right now the research of Berge equilibrium stuck at an early stage. Namely, there are the initial
accumulation of facts, the formalization of modification Berge equilibrium, a comparison with
Nash equilibrium. Futhermore, basically, all the studies are limited to only finite non-cooperative
games. We believe it is time to proceed to the second heuristic stage, that is to answer the
following two questions:

1) Is there Berge equilibrium and how to build it?

2) How should one take into account the dynamics of the conflict?

Zhukovskiy V.I. and his co-authors devoted their recently published book “Mathematical
foundations of the Golden rule: altruistic way of resolving conflicts as opposed egoistic to Nash
equilibrium” to answering the first question, it is true only within static version of non-cooperative
games. We expect to dedicate a separate book to dynamic version of the problem (within the
mathematical formalization of the positional differential game proposed by Russian academician
Krasovsky). Though this article is devoted to a partial answer to the second question.

Keywords: Non-cooperative positional linear-quadratic differential game, dynamic programming,
Berge-Vaisman equilibrium, Nash equilibrium, continuous dependence and analyticity of the

solution by parameter.

BBEJIEHUE

Kondmmkrabie cuTyalmn Hen30eKHO COIIPOBOXKIAIOT pa3BuTue obmecTBa. Kondmk-
ThI BO3HUKAIOT B 9KOHOMUKE, SKOJIOIUU U MHOTHX JIPYTUX cdepax deIOBEUeCKOil J1esaTe/ b
Hoctu. [Ipm 5TOM KOHMIUKTYIOIME ITOJBEPraioTcsi BO3MYIIEHUSIM, ITOMeXaM M IIPOTHM
HEOIPEJICJIEHHOCTIM. 3a9aCTyI0 O HEOIIPEIEJIEHHOCTAX U3BECTHRI JINIIb IPAHUIIBI U3MEHe-
HUIA, & peajn30BaTbhCsd MOXKET Jiiobas n3 Hux. Kak mpuHuMaTh perrenne, YIuThiBas TaK:Ke
n3MeHeHne KOH(JINKTA ¢ TedeHneM Bpemenn?! Kakoe onTuMabHOE TOBEIEHNE HYKHO BbI-

Oparh B Takux ycaoBusx! OTBEThI HA TU BOIPOCHI U COCTABJIAIOT COJIEPKAHUE TEOPUU

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3



9

b depeHInaIbHbIX UID TIPU HEOHPEIEIeHHOCTH (HOBOIO HAIPABJIEHUs KHOEPHETHKH ),
HEKOTOPBIM TEOPETUIECKIM OCHOBAM KOTOPOIl MOCBSIIIEHa HACTOSIIAA CTAThSI.

Koneuno, oxBaTuTh B paMKaxX OJIHOI CTaThbU BECh CIEKTP BOIPOCOB JinddepeHInab-
HBIX UT'D IIPU HEOIPEJIEIEHHOCTH ITPOCTO HepeaibHO. [foaToMy 3/1eCh OrpaHUYMINCh JIUIITH
OECKOAJIMITMOHHBIM BapUaHTOM HMIPHI, & B HEM — 3aJadeil, BHIOOp KOTOPO#l IPOIMKTOBAH
KaK HOBEHIIMMU TeHJIEHIUSIMIA B PA3BUTHH Teopuu AudbepeHnnaabHbIX NP, TaK 1 cob-
CTBEHHBIMH CHUMIIATUSIMEI aBTOPOB.

Kaxkiplit, KTO CTaJKUBAJICSA € UCCTCIOBAHUEM KOH(MJIMKTHBIX CHUTYyallWil, 3HAET, Kak
TPyAHO (¥, KaK MPaBIJIO, HEBO3MOYKHO!) MOJIyYNTh PEIIeHNe B IBHOM aHAJIUTHICCKOM BHU-
jie. CaacT/INBBIM HUCKJIIOYEHUEM sIBJISIIOTCsI JIMHEHHO-KBaApaTudHblie auddepeHimaabHbie
UI'PBI, KOTOPBIM U IOCBsIIieHa HacTosImas craTbs. Maes A. M. JlgamyHnoBa o BO3MOKHOCTH
MCCIeJ0BaHUs KAYeCTBEHHOTO TIOBE/IEHNsT peleHns T depeHnnabHor0 YpaBHEeHUsI, He
pelast ero, a JMIIb UCIOJIb3ysd CBOcTBa GyHKIUU JISmyHOBa U ee IMPOM3BOIHOM, 3/1€Ch
ACCOIUUPYETCsI ¢ BOSMOYKHOCTBIO CY>KJIEHHsT 00 9KCTPEMAJIbHBIX CBOMCTBaX CTpaTeruii ur-
POKOB 110 3KCTpeMaJibHbIM cBoficTBaM (yukmnuit Besimana u ux npousBogubix. JlanHbIi
ITOJIXOJT OCHOBBIBaETCsI Ha IpejyioxkeHHOM akajgemMukoMm H. H. KpacoBckum obObeannerHun
JIMTHAMHIYIECKOTO IIPOIPAMMUPOBaHUsI ¢ MeTOI0M (DYHKIN JIAyHOBa 1 1TO3BOJISIET B Psijie
CIIy9YaeB <«BBINTH» Ha KOI(MPUIMEHTHBIE OrpaHUYCHUS CYIIECTBOBaHUs PEIIeHU U I0-
CTPOEHHNE UX SIBHOIO BHJIA.

B crarbe Boiziesien kiaace auddepeHnuaabHbIX UTP, B KOTOPBIX CYIIECTBYET HEJIABHO
HOsIBUBIIEECST B JINTEpaType paBHOBecHe 1o Bepxky—Baiicmany (mmoapobHO 06 9TOM B caMoit

crarhe).

1. IIOCTAHOBKA 3AIAYU

PaccmarpuBaercss OeckoasunuoHHas MO3UIMOHHAA U depeHiuajibias JTUHEHHO-
KBaJpaTu4dHad UI'Ppa JABYX JIUI[ C MaJibIM BJIMAHMEM OIJHOI'O U3 UI'POKOB Ha CKOPOCTbL H3-

MCHEHUA (baSOBOI‘O BEKTODPa

(1,2}, 3, {Uitizi2, {Ji(U o, 20) fiz1,2)- (1)

B (1) {1,2} — MHOXKeCTBO MOPSIJIKOBBIX HOMEPOB UI'DOKOB, M3MeHeHne (BO BpemeHu t)

VIPABJISIEMOI CHCTEMBI Y. OLUCHIBAETCsI JIMHEHHBIM JuddepeHnnalbHbIM ypaBHeHneM
&= A(t)r + uy + eug, x(to) = o,

rje n X n-marpuiia A(-) € Cpxn[to, V], MoMenThl Havana ty > 0 u GUKCUPOBAHHBINA MO-
MEHT OKOHYaHUst Urpbl ¥ > tg; dasosslil n-BekTop-cronbern r = (x1,...,x,) € R"; mapa

(t,x) € [to, V] x R™ obpasyer mo3unuto urpsel, pu 3toM (tg, ro) — HadagbHasd, a (t, z(t)) —

«Taspuuecruli secmHur unpopmamuru u mamemamurus, €M 3 (64)’ 202/
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TeKyIasg B MOMEHT ¢ € [to, )] mosurmn; u; € R™ — yupasisioniee Bo3ieiicTBIE i-10 UTPO-
Ka (1 = 1,2), mocrostatast € > () — MaJiblil CKaJISIPHBIN MTapaMeTp; MHOKECTBO CTPATErnit
i-ro urpoka U; = {U; + w;(t,z) = Q;(t)z | VQi(-) € Chxnl0,9)}, T. €. crpaverus U; s
i-TO UrPOKa OTOXKJICCTBIIAETCS ¢ n-BeKTOp-pyHKIweil u;(t, ) (obosnadaem U; + u;(t, x))
JmHeitHoi 1o x € R™ u HenpepbiBHOIT 110 t. Takum obpasom, BbIOOP cTparerun U; s
UTPOKA i CBOJUTCA K BBIOODY 7T X N-MATPHUIBI ¢ HempepblBHBIME Ha [0, 1) s1emeHTaMn
Qi(+) € Crxn[0,9). Habop U = (Uy,Us) € U = Uy x U, naseisaior curyanueii urpor (1).

[Taprus urpst (1) npoucxoaut ciemyromum obpazoM. Kaxk/Iplilt 13 HrpOKOB BHIGHpPAET
csoto crpareruio U; + u;(t,x) = Q;(t)x, U; € U; (i = 1,2). oncrasas u; = u;(t, v)

B (1), mosrydaeM ofHOPOHYIO JMHElHYI0 cucteMy juddepenmaabubX ypaBHeHnit
T =[A(t) + Q1(t) + Qa(t)]z, x(ty) = o

¢ HeIpepbIBHBIMU 110 t KO3hduimenTaMmu. JTa CUCTeMa UMeeT IpU JII0ObIX (PUKCUPOBaH-
HBIX € = const > (0 eqUHCTBEHHOE HelpepbiBHOE pemienne T (t), KOTOPOe MOMKET ObITh
IPOJIOJIZKEHO Ha BeCh MHTEpBasa urpbl [to, 9. Ilo x(-) € C,te, Y] crpoum peanusanuu
w;i[t] = Q;(t)x(t) BeGpannbix urpokamu crpareruit U; € U;. Ha HempepbIBHBIX TpOii-
Kax (z(t),u[t], uslt] | t € [to,V]) oupenenensl GYHKINE BBHIMTPHINIA UTPOKOB, 33/ [AHHDBIC
KBaJIPATUIHBIMEI (DYHKIIMOHATIAMHE
9
J1(U, to, xo) = ' (9)Crz(9) + / (u}[t] Drrua [t] — ug[t] Digus[t] + o' () Gra(t)) dt,
to
o
Jo(U, tg, o) = 2’ (9)Cox () + / (=) [t] Doguy [t] + uh[t] Dagus[t] + 2’ (£)Gaz(t)) dt,
to
rje IITPUX CBEPXy O3HAYACT OICPAlUi0  TPAHCIOHUPOBAHUSA, 7 X N-MATPHIBI
Ci, Gy, Di; (i,j = 1,2) cummerpuunsl u nocrosuusl. damee M < 0 (>, >, <)
O3HAYAeT, YTO KBajparudnas Gopma u'Mu oupeseseHHo-oTpuaTebia (oJI0KUTEbHA,

He oTpuliaTesJabHa, HE HOJ'IO}KI/ITGJH)Ha).

Ounpepnenenne 1. Cumyayuro UP = (UP,UP) € U nasosem pasnosecroti no Beporcy-
Baticmany 6 uepe (1), ecau npu arobom swvibope nauarvhot nosuyuu (to, xg) € [0,17) x R™

BOINONAHAECINCA
JW(UE, Uy, tg, 20) < JL(UP g, 10) YU, € Uy,
Jo(Uy, UL o, 20) < Jo(UP, tg, 1) YU, € Uy,
max min J; (Uy, Uy, to, 20) < JI(UP, to, z0), (2)

Ui U

Hlljaxrrlljin JQ(Ul, UQ, to, xo) S JQ(UB, to, .7?’0).
2 1
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OrmeTnM cyeyromnme Tpu 00CTOSITETbCTBA.

Bo-niepBrix, mousTue «pasaosecue 1o Bepxy» (PB) mosiuiocs B Poccun B8 1994 roy
IpU KPUTUIECKOM 0b6cy K iennn omybsmkosanuoii Kiogom Bepxem B [apuxke kuuru [1].
PB cuumaer «sromcruyueckuit> xapakrep nponaranaupyemoro B [1] pasaosecus mo Harmy
3a CUeT aJIbTPYUCTUIECKOIO IOJX0/a, JUKTYeMOro KOHIIEIIeil paBHOBecusd 110 Bepiky.
[Io PB B 1995 romy B Jlenunrpa/ickoM yHUBEPCUTETE 3aIlUTH KaHIUJIATCKYIO JIUCCED-
ranuio Koncranrun Cemenosnu Baiicman (B To Bpemst actniupant 2Kykosckoro B.I.). K
coxkasiennio, K.C. BajicMan CKppOIOCTHKHO CKOHYAJICS Yepe3 TPHU Tojia MOC/e 3alluThl,
He JIOXKUB 70 36 JieT. 3a 3TH TPHU roja UM ObLIO omyoaukoBaHo 19 pabor. 3amernMm Tak-
ke, aro K. C. Baiicman coBMECTHO ¢ TIEepBBIM aBTOPOM 3TOi CTATbU HAIKMCAJ OTJEIbHBIE
paszenbl B AByX Kuurax [9,19].

Bo-Bropsix, 3aciyra K.C. Baiicmana cocTouT Takke B TOM, 9TO OH Ha IPUMeEpE IO~
Ka3aJs, YTO CBOMCTBO MHAMBHIYATbHON parmonaabrocT (2) masa PB, Boobie rosopst, He
nmeer mecta. [losromy K.C. Bailicman jgobaBun mannoe TpeboBanue B ompejeienne PB,
rocjie gero PB ecrecrBenno ObL10 HasBaTh paBHOBecueMm beprka-Baiicmana. Brapodem, B
Tex urpax, Koropble paccmarpuai cam K.C. Baiicman, MakcuMuHbl u3 ycaoBuit (2), Kak
nokazaso B [30], He cymectByior. [losromy tpu nccienosaruu PB B 10106HbIX cuTyarmsx
ycstoBust (2) MOXKHO OIYCKATh.

B-tperbux, y PB e ouens cuactiuBas cyanba. Cmeprs K.C. Baiicmana, camoro 60.1b-
moro suTy3nacta PB, nmpuocranosuio uccienosanue PB B Poccun. Kpome Toro, my6.in-
Kanus camoif kauru [1] BesBasa ocrpyio penensuo Mapruna [Ily6uka. OpHako amkup-
ckue craxkepbl B.U. ?Kykosckoro Pajizkedp Myxamen Caung u Jlapbanu Mycca ycnenn
onybmkoBaTh paboTel 21, 22|, KoTopble BhI3BaIM Ha 3anaje mupokuii maTepec k PB.
Kax mokazas 0630p [24], ceiiqac ncenenoBanust PB «3actpsuiny na Hadanbnoii craanm, a
UMEHHO, WJIeT IIepBOHAYAIbHOE HAaKOILIeHuEe (haKkTOB, (hopMmam3yorcs moaudukaiun PB,
[IPOBOJINTCs cpaBHeHue ¢ paBHoBecueM 1o Hamry. [Ipu sToMm, B ocHOBHOM, Bce ucciienoBa-
HUsI OrPAHUYEeHbl JIUIb KOHEYHBIMHI OeCKOAJMITMOHHbIMI urpaMu. [lo Hamemy mMueHUIO,
1opa MePexXoUTh KO BTOPOMY IBPUCTHYECKOMY ITAITY, TO €CTh OTBETUTH Ha JIBa BOIIPOCA:

1) cymecrsyer siu PB u kak ero mocrponts?

2) Kak y4ecTb JUHAMUKY KOHMJIMKTA?

OTBeTy Ha TEpBBIH BOIPOC, PaB/a B PAMKAX TOJBKO CTATUYECKOTO BapHaHTa Oec-
KOAJIUIIMOHHON UT'PBI, OCBSIIEHA HEJIABHO OIyOInKoBaHHas KHuTa [24]. InHamudeckomy
BapUAHTy 33J1a49K (B paMKaX MaTeMaTUIecKoi hopMan3anun no3uinoHHoi auddepen-
[UAJILHOM UIPBI, peJioKeHHoi pycckum akajgemukom H.H. Kpacosckum) Mbl mpesio-
JlaraeM TIOCBATUTH OTJIE/IbHYIO KHUTY. BIipoueM, 4acTUYHOMY OTBETY Ha BTOPOil BOIIPOC

IIOCBAIIIa€TCA HaCTOAIIlad CTaTbhd.
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2. CYIIIECTBOBAHUE PABHOBECHUSI BEP>KA-BANCMAHA

Nrak, Oymem paccmaTpuBaTh uddepeHmaibuyio  [MO3UIMUOHHYIO — JIMHEIHO-
KBaJpaTudHylo wurpy aByx Jmr (1). Hamomumm, 9ro guHamMuka WIpbl OIHCAHA

OOBIKHOBEHHBIM JIMHEHHDBIM JnDdepeHITuaIbHBIM YPaBHEHIEM
&= A(t)x + ur + eug, z(ty) = o,

e z,u; € R" A() € Cuxnlto, V], € = const > 0 - Maublii mapaMerp, MOCTOSHHAN

¥ > tg > 0; MHOXKECTBO CTpaTeruii i-ro NrpoKa
U, ={U; - ui(t,z) = Q;(t)x | YVt € [0,9), x € R", Q;(:) € Cprxn]0, M)} (i = 1,2),

(YHKIUN BBIUTPHINIA UTPOKOB

9
Jl(Ul, UQ, to, 1’0) = .’13‘ C’la: + / D11u1 ] — U/2 [t]DlQUQ [t] + Q3/<t)G1$(t)) dt

U
JQ(Ul, Ug, to, l’o) = $/(19)02$(19) + / (—Ull [t]DmUl[t] + UIQ [t]DQQUQ [t] + $,(t)G2$(t)) dt,

IJe CHMMeTpUdYHBble IOCTOsHHBIE 7 X mn-Marpunsl C;, G;, D;; TakoBbl, dTO
Cy <0, Gy <0, Djj >0 (i,7 = 1,2). Bnecp u gamee D > 0 (<) osHadaer, 4T0
kBajiparnaHas dhopMma u'Du onpesiesieHHO ToJIoKUTeIbHa (oTpuIiaTeabHa). PaBHoBecne
o Bep:xky-Baiicmany dopmanuniyercs onpesenenuneM 1.

B cooTBercTBUM ¢ METOZOM JMHAMUYECKOrO IIPOIPAMMUPOBAHMS IIOCTPOUM JIBE CKa-

JisipHble (DYHKINN

ovi  [ovi]

Wl(t, T, Uy, U, ‘/1, ‘/2) == 8_751 + |:8_1L'1:| [A(t)l‘ + (75} + 5U2] + u'lDHul — ul2D12U2 + JI’GL’E,
oy [oVa]

Wy(t, z, ur, ug, V1, Vo) = 8152 + [8_952] [A(t)x 4 uy + eus] — u) Daguy + uyDagug + 2'Go.

O6branbIM preMoM (Kak HampuMmep B [25, ¢. 62—-67|) ycranabimBaercsi cripaBe/ijin-
BOCTH CJIeJlylolero yTeep:Kaenus (rje obosuaveno V. = (V1,V,) € R? 0, — n-Hyib-
BEKTOD, 05y, — N X N-HYJb-MaTPUIIA):

[Tycrb st urpst (1) yaanocs HafiTu jiBe HenpepbIBHO JuddepeHupyemMble CKaIsipHbIe
dbyuxm Vi(t, ) (1 = 1,2) takue, 910

1.

Vi(9,x) = 2'Cix Vo € R™; (3)
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2. cymecrBytor JBe n-Bekrop-byakmmu u;(t,x, V) (i = 1,2), aus KOTOPBIX TIpH
Vt € [0,9), x € R, V € R? Gyaer BbIIOJHEHO
HQILE:X{Wl(t,.CE, uy(t, x, V), ug, V) } = Witz ug (t, 2, V), us(t, z, V), V),
Hq{gX{WQ(t,LL‘, uy, ug(t,x, V), V) } = Walt, z,uq (t, 2, V), us(t, z, V), V);
3. cyIecTBYOT HepepbiBHO jud depernupyembie perernst V;(t, z) (i = 1,2) cucremsr

u3 aByX anddpepeHnuaabHbIX YPABHEHUH B YACTHBIX IIPOU3BOIHBIX
Wilt,x, V] = Wit z,uqy (¢, 2, V), us(t, 2, V), V(t,z)) =0, (i =1,2)

C TPAHUYIHBIMU yCJIOBUIMU (3);

4. BBIIIOJIHEHBI BKJIIOUEHUS

UP —ul(t,x) = ui(t, z, Vi(t,x), Va(t, x)) € U,.

)

Torna

a) cuTyalus paBHoBecHst 110 Bepzky-Baiicmany npumer sug UP = (UP, UP);

B) mpu Joboit HavdasbHOH mosummu  (to,xo) € [0,9) x R™ Bemrpeimm
Ji(UB tg, z0) = Vi(to, z0) (i = 1,2).

Ucnonp3yst anHOe yTBEpIK/IeHIe, a Tak ke Teopuio [lyankape o masom mapamerpe
[27], B wacTHOCTH, TeOpeMy O HENpepBIBHOI 3aBUCHMOCTH PEIIeHHs OT HapaMerpa u 00
AHAJIMTHIHOCTH PeIleHns 1o mapamMerpy |27, c. 8], mokasaHo ciejyroree yTBep K/ IeHHe:

YrBepxkaenne 1. Eciu marpunst Cy < 0, Gy <0, D;; >0 (4,5 = 1,2), T0 B urpe
(1) mpu jgocratouno Masbix € > 0 He CymIecTByeT cuTyalus pasHOBecus 1o Hamry, Ho
CcyIecTByeT cuTyalnus paBHosecus 1o Bepwxy-Baitemany (UZ, UP) = (uP(t, ), uB (¢, x)),
UB € U; (i = 1,2) npu mobom BbIGOpe HauaibHOM nosunun (t, 7o) € [0,9) x R™. Tlpu
stom uP (¢, ) moryT GeITh npencrasienst B Buge ul(t,z) = QP (t,e)x (i = 1,2), rae s

yKazaHHoill nocrosHuoil € > 0 marpunpt QP (t,e) € Cpy,n[0, ).

3AKJIFOUEHUE

B crarbe mosiyuenbl KO3 DUIMEHTHbIE KPUTEPUU CYIIECTBOBAHUSA PABHOBECHUS II0
Bep:xky-Baiicmany B Oeckoa/MnnoHHON MO3UIHOHHON guddepennuaabuoil  TuHeitHo-
KBa/IPATHYHOI UTrpe JIBYX JIUIL C MAJIbIM BIUSHUEM OJIHOI'O U3 UTPOKOB Ha CKOPOCTb U3Me-

HeHHusT (a30BOr0 BEKTOPA.
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Abstract. We consider a differential linear-quadratic noncooperative positional game, in
which one of the players has a small influence on the rate of change of the state vector. For
this game, the coefficient criteria for the existence of Berge and Nash equilibria are established
and a design procedure for such equilibria is suggested, on the basis of dynamic programming

combined with the small parameter method.

Keywords: small parameter method, differential linear-quadratic noncooperative game, Nash
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INTRODUCTION

Those readers who studied Lyapunov’s stability theory surely remember algebraic
coefficient criteria. The whole idea of such criteria is to establish the stability of an
unperturbed motion without solving a system of differential equations using the signs
of coefficients and/or relations among them. In this paper we will suggest a similar
approach to equilibrium design in noncooperative linear-quadratic two-player games. More
specifically, based on the sign definiteness of the quadratic forms appearing in the payoff
functions of players, we will answer two questions as follows.

1. Do Berge and/or Nash equilibria exist?

2. How can they be calculated?

In fact, the answers to both questions are concealed in the possibility of judging the
existence of a solution for a system of two matrix ordinary differential equations of the

Riccati type that is extendable on the time interval of a game. For solving this problem,
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we will employ dynamic programming, the small parameter method and also Poincaré’s
theorem on analyticity (conditions under which a solution of a differential equation is

analytic with respect to a parameter).

1. PRELIMINARIES

Consider a noncooperative differential positional linear-quadratic two-player game
described by

[y = <{17 2} )2, {Ui}z‘:m J {Ji (U, to, x0>}i:1,2>'

Here {1,2} is the set of players; the n-dimensional state vector x € R" of a controlled
dynamic system . evolves over time ¢ in accordance with the vector ordinary differential

equation
() =A{t)r+w +eug, x(to) = o, (1)

where ¢ € [ty, 9] and a terminal time instant 9 > ¢y > 0 is fixed; the position of the game
[y at a time instant ¢ is represented by a pair (¢,x) € [ty, ] x R", where (to, z) denotes
an initial position; the elements of a system matrix A(¢) of dimensions n x n are assumed
to be continuous on [0, 9], and this fact will be indicated by A(-) € C™™[0,9]; u; € R"
gives the control of player i; € > 0 is a small parameter, and hence I'y belongs to the class
of differential positional games with a small influence of player 2 on the rate of change
#(t) of the state vector z(t).

A strategy U; of player i is identified with an n-dimensional vector function w;(t, x)
of the form @Q;(t)x, where Q;(-) € C™*"[0,9], and this fact will be indicated by
U; +ui(t,z) = Q;(t)x. The set of all such strategies is

The strategy profile of the game I'y is a pair U = (U, U,) € U = U; x U,. Therefore, as
his strategy player i has to choose a matrix Q;(¢) that is continuous on [0,9] (i = 1, 2).

A play of the game T'y is organized as follows. Based on his individual considerations
(see the payoff function J; (U,ty,zo) defined below), each player chooses and uses his
strategy U =+ uf = Qf(t)x (i = 1,2). As a result, the system (1) takes the form

#(t) = [A(t) + Q1(1) +eQ5(D)] =, x(to) = 0.

Such a homogeneous and linear (in variable ) system with continuous (in the variable t)
coefficients has a unique continuous solution z*(t) that is extendable to [ty, 9] Vto € [0,9).
Using z*(t) we constructed the realizations uf[t] = ul(t,z*(t)) = Q3(t)z*(t) of the
strategies U’ + QI (t)x (¢ = 1,2) chosen by the players. On such a continuous triplet

{z*(t), ui[t], us[t] | to < t < U}, the payoff function of the player i is a priori defined as a
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quadratic functional (i = 1,2):
9
(U3, U o) = " (@) " (9) + [ {(316) Dusuile + (a3l Dl dt. (2

the value of (2) is called the payoff of player i. In (2), the prime means transposition, and
the matrices C; and D;; of dimensions n x n are assumed to be symmetric without loss
of generality. Other notations involved include the following: 0,, as a null n-dimensional
column vector; u; = (ugl), o ,uE’”) eR"(i=1,2);V = (W, V3); E, and O,,«, as identity
and null matrices, respectively, of dimensions n X n; det B as the determinant of a matrix
B of dimensions n x n. In addition, the gradient of a scalar function W (t, z,uq, us, V')

with respect to u; is given by

oW
ow [
gradui W(t, X, Ui, Us, V) = B = (3)
Ui ow
8u,<b-n)

The Hessian of W (t, x, uy, ug, V') with respect to the components u; € R™ under fixed
values of all other variables is a matrix of dimensions n x n of the form

_oew__ . _0PW
—2 pr— .« . . LR DY
du; _ew L _PW

auﬁ”)auf) 6u§">au§")

For a constant and symmetric matrix D of dimensions n X n, the inequality
D > 0 (< 0, < 0) means that the quadratic form «;Du; is positive definite (negative
definite, nonnegative definite, respectively). A direct componentwise verification shows

that, for a constant vector a € R",

2 (u,Du;) = (D + D')u,

,(u/Du;) = D+ D' = {ift D= D'} = 2D.

7

For a scalar function W (t, z, u;),

max W (t, z,u;) = Idem{u; — u;(t,z)}

Us

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3
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means that

max W (t, z,u;) = W(t,x,u;(t,z)) Vt € [0,9], v € R", (5)

Us

and the identity (5) holds if

OW (t, x, u;)
3ui

2. EXPLICIT SOLUTION OF RICCATI MATRIX DIFFERENTIAL EQUATION
Proposition 1. Let a matrix A of dimensions n x n and also constant and symmetric
matrices C' and D of dimensions n x n be such that A(-) € C™*"[0, 4] and

C<0, D<O.
Then the solution ©(t) of the Riccati matrix differential equation
O+ OA(t)+ A1) —OD'O = O,yp, O(Y) =C, (7)

has the form
-1

0
O(t) = X (1)] C_l+/X_1(T)D_1[X_1(T)]'d7 X7, (8)

where X (t), 0 <t < 9, satisfies the matrix system
X =At)X, X(¥) = E,. (9)

Proof. The matrix linear homogeneous system (9) with continuous in ¢ coefficients has a
solution X (-) € C™*™[0, V] that is extendable to [0, J]; moreover, det X (¢) # 0 Vt € [0, 9],
because this matrix of dimensions n x n represents the fundamental system of solutions
for the ordinary differential vector equation & = A(t)z. Then two implications are true,

[det X (t) # 0Vt € [0,9]] = [3X ' (t) Vt € [0,9]]

and
[X(9) = Ea] = [X7'(V) = E,].
From (8) it follows that, at t = 9,

O(W) = E,{C™" + Opyn) "B, = C.
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Once again, due to det X (t) # 0 V¢ € [0,9] we may write

XTOX() = B = [ X OX () + X (OX () = Onsa| =

= [0 = —X T (OAOXOX (1) = —X ' (0AW)] >
N [d dt(t)] = —AMXO), [XTW) =X (0) = E]
As a result,
d[X(:(t)] = —X"11A(t), X '(¥) = E,, (10)
LG = A @), (X)) =

Denote by {---} the parenthesized expression in (8). In view of (10), (8) and
(X71)]) = [X'(t)]7" (see [1, p. 33]), differentiating both sides of (8) with respect to
t gives

[t s ooy | Gt o

ao(t) _ [d[x—%t)]'
dt dt

o7 P - v gy X 0D X W)X ) -
—O()A(t) = —A'(1)O(t) + O(t)D~'O(t) — O (1) A(t).
The proof of Proposition 2.1 is concluded by the two chains of implications

[D<0]=[D"<0]= [X"'(r)D'X (1)) <0Vr€[0,9] =

9
/ XHn)DHX T (r))dr <0 Vi e [0’19]] ,

Cl<OA /Xl(T)Dl[Xl(T)]/dT <0 Vte [0,19]] =

9
C'+ /X_l(T)D_l[X_l(T)]/dT < O] :

0
Remark 1. Equation (7) appears if a saddle point U° = (U, UY) € U is designed using

dynamic programming:
J(U17U207t07x0) J(U?JUgat(]?a:O) J<U17U27t07'r0)

V(to, o) € [0,9) x R™, U; € U; (i = 1,2), in the zero-sum two-player modification of the
game FQ (i.e., the gale FQ with C = Cl = —Cg, D = D11 = —DQQ, D12 = D21 = Oan
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and J = J; = —J,). There exist several different types of the solution O(t), t € [0, 9], of
equation (7), that are reducible to each other. (Recall that the solution ©(t) is nonunique.)

We have selected (8) due to its convenience for the small parameter method.

Proposition 2. Let A(-), B(-) € C"*"[0,4)]. Then the solution of the matrix differential
equation

O + OA(t) + A1) + B(t) = Opun, O0) = C, (11)
has the form
o) =[x ¢+ / X'(F)B()X (r)dr b X-1(0), (12)

where X (t) is the fundamental matrix of solutions for the system

X =At)X, X(¥) = E,.
Proof. The matrix system (11) is linear in x, inhomogeneous and also consists of
continuous in ¢t € [0,9] coefficients. For any ¢, € [0,7), such a system has a unique

continuous differentiable solution ©(t), that is extendable to the interval [0, ].
Finally, we will demonstrate that O(t) is given by (12). Really,

X (0) = B,] = [det X(£) £0Vt € [0,9)] = [AX(t) ¥ € [0,9]] .

In view of (10), differentiating both sides of (12) yields

O | o e | 6 a0
s ore 2 - _amen - B - oA,
From (12) it follows that, at t =9, ©(V) = E,CE,, = C. O

3. NO MAXIMA IN [

The next result can be used to eliminate the linear-quadratic differential games I’y
without any Berge and/or Nash equilibrium, depending on the sign definiteness of the
quadratic forms appearing in the integrand of the payoff functions (2) of the players.

Lemma 1. Let the quadratic form u}Dyiuy in (2) be positive definite. For any strategy
profile U* = (Uf,Uy) € U, where U +~ Qf(t)x (i = 1,2) and Qi (-) € C™"[0,V], any

)

initial position (tg,zo) € [0,9) x R™, xg # 0,,, and any constant and symmetric matrices
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C1 and D15 there exists a strateqy 171 e Uy, [71 = él(t)a:, of player 1 such that
J(U, U3) > J(UF, U3). (13)
Proof. Consider some frozen strategy profile from U,
U™ = (U5, Us) = (Qi(t)z, Q5(t)x) , Q7 () € ™[0, 9] (i = 1,2),

and also some frozen initial position (tg,zg) € [0,%¢) x [R™\{0,}].
The proof of Lemma 3.1 includes two stages as follows. In the first stage, we will
establish the existence of a quadratic form V (¢, z) = 2’O(t)z for which

J1(UY, Us o, 20) = V (to, o).
In the second stage, we will find a strategy (71 € U; of player 1 that satisfies (13).
First stage. We construct the scalar function
oV n oV
ot ox
For w; = Qf(t)x (i = 1,2),

)

/
W(t, T, Uy, U, V) :| (A(t)x + ui + 8U2) + u’lDHul + U/2D12U2. (14)

Wit,z, V] = W(t,z,u; = Qi (t)z,us = Q5(t)x, V) =

ox
Next, we solve the partial differential equation

-G+ {a—v} (A1) + Qi(t)w +£Q3(H)2) + Q5 (1)) DuQi(H)z + [Q3(1)a) DiQ3(t)a.

Wt,z,V] =0, V(9,z) = 2'Cyx. (15)
The solution V= V/(t,z) is constructed in the class of the quadratic forms
V(t,z) = 2’O(t)z with a matrix O(-) € C™*"[0, 4] of dimensions n x n.
Substituting V (¢, x) = 2'©(t)z into (15) and collecting like terms at the n-dimensional
vector x € R" give

W(t,z,V(t,z) = 2'O(t)x] = x’{%}@ + [O®)]'TA(t) + Q1 (1) + Q5 (1)]+

HA' () + (Q1(1) +e(Qx(1))10(t) + [Q1(1)] DnQi(t) + [Qé(t)]'DleZ(t)}x =0,
r'O(W)x = 2'Cx.

Both of these identities will hold if, for all (¢,z) € [0,9] x [R"\{0,}] the matrix ©(t) of
dimensions n x n is the solution of the linear inhomogeneous matrix differential equation

O + O[A(t) + Q1(1) +eQ5(t)] + [A'(t) + (1 (1) +£(Q5(1))10 + B(t) = O (16)
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with continuous in ¢ elements and the boundary-value condition
o) =, (17)
where the matrix

B(t) = [Qi()]' DnQi(t) + [Q3(1)] D12@5(1) (18)

is continuous and symmetric.

By Proposition 2.2, the system (16), (17) has a unique continuously differentiable
solution © = ©*(¢) that is extendable to any interval [to, 9] C [0, ¥]. Due to the symmetric
property of the matrices C' and B(t) from (18) and the explicit form (12) of ©*(¢) the
matrix ©*(t) will be symmetric for all ¢ € [t, V).

Now, we will construct the realizations of the frozen strategies U + u}(t,x) = QI (t)x
along the solution z*(¢) to the vector equation (1), i.e., we will construct u}[t] = QF(t)x*(¢),
t € [to, V] (i =1,2), where

dz*(t
dt( ) = A(t)x"(t) + Qi (t)x™(t) + eQ3(t)x™(t), x*(to) = xo.
In view of (15), it follows that
W1t z*(t), V(¢ 2" (t)) = [z"()]'©7 ()" (t)] = W*[t] = 0 (19)

for all ¢ € [ty,Y] along the solution of (16), (17) and (1). Due to (17), we have
V (9, x*(¥)) = [x*(9)] C12*(¥); then integrating both sides of (19) from ¢y to ¥ gives

0— /w* 1 dt — / {Wg x>+[ng"’”]/vl(wx+@;<t>x+ecz;<t>x]+

LI DI + [@;a)m@;(ﬂ}

dt =

r=x*(t)

_ / W) gy / {3 ) Duvus 1) + (us[8)) Daguzlt]} dt =

to to

= V(0,2"(0)) = V(to, x0) + /{(UT [t]) Duvui[t] + (us[t]) Dagus[t]} di =

= [z ()] Cra™ (V) + / {(Wi ) Dyuift] + (w3[t]) Dagus[t]} dt — V(to, o) =

to

= Jl(Uf, U;,to,fbo) — V(to,[L‘()).
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This directly leads to the equality
V(to, SL’O) = l’i)@*<t0)x0 = Jl(U*, to, Q?()).

Second stage. Consider the strategy Uy + (t,x) = Bel,x of player 1, where e, is
the column vector from R"™ consisting of 1’s and a numerical parameter § > 0 will be

determined below. Due to the symmetry of the matrix D;; and the condition Dy; > 0,
u'lDHul 2 )\1”’&1”2 = )\1U,1U1 ‘v’ul e R™. (20)

Here || - || denotes the Euclidean norm and A; > 0 is the smallest root of the characteristic
equation det[Dy; — AE,] =0 [1, pp. 88, 109].

We will adopt the matrix ©*(¢), ¢ € [0,9], of dimensions n X n obtained in the first
stage of solving the problem (16), (17). (Note that the elements ©*(t) are continuously
differentiable with respect to t). Taking inequality (20) into account, also we will use the
strategy Us + Q3(t)z of player 2 chosen in the first stage.

In view of (20), following (14) we construct the function

—~

Wt,z] = W(t,z,ui(t, z) = Bx,us(t,x) = Qs(t)x, V(t,x) = 2'O*(t)x) =
_ IV (t,x) N {GV(t,x

ot ox
[y (t, 2)] Dt (t, ) 4 [us(t, ©)] Drgus(t, x) >

x + 20'0* (1) [A(t) + BE, +cQs(t)]x + 2’ A1 5%, Epenz + 2'[Q5(1)) D12Q5 () =

)] [A(t)x + uy(t, x) + eus(t, )]+

,dO° (1)
dt

- x{ di(t) + O (O[A(t) + BE, + £Q5(1)] + [A'() + BE, +€[Q5(1)]] 07 (1) +

=

+\1 5% en By + [Q;(t)]'Dngz(t)}x =x'M(t,5)x.
The parenthesized matrix M (¢, 5) of dimensions n X n is symmetric and has the form
M(t, B) = M B*nE, +2B0*(t) + K(t),
with the matrix
K(t) = 07(t) + 207 (1)[A(t) + Q3 ()] + [Q5(1)] D12Q3(t)

of dimensions n x n. (Recall that e,e/, = n.)

The elements of the matrix M (¢, 3) are continuous in ¢ € [0,9)] and hence uniformly
bounded on the compact set [0,9]. The factor 5% appears in the diagonal elements of the
matrix M (t, 3) only. As before, \; > 0 is the smallest root of the characteristic equation
det[Dy; — AE,] = 0 and E,, denotes an identity matrix of dimensions n x n.
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Therefore, the constant § = F(Uf) > 0 can be chosen sufficiently large so that
all leading minors of the matrix M (t, ) become positive for all ¢t € [0,4] and for all
B > B(UT). By Silvester’s criterion [1, p. 88|, the quadratic form a'M(t, 5)z is positive
definite for all ¢ € [0,49] and constants 5 > B(Uf) because the sign of 2’M(t,3)x is
determined by the sign of the quadratic form S2\;na'z.

We fix some constant 5* > G(UT); then

Wit,x] = 2’ M(t, 8*)x > 0Vt € [0,9] Vo € R"\ {0, }. (21)
Denote by z(t), t € [0,9], the solution of the vector equation
= A(t)x + 8z + Q5 (t)x, x(to) = wo.
Since [xg # 0,] = [2(t) # 0,, Vt € [to, Y]], according to (21) we have

WILE)] >0Vt € [t, ).

Integrating both sides of this inequality from t; to ¥ and using the boundary-value
condition ©*(¥) = C from (17) and also uj[t] = SZ(t) we obtain
0

0< /ﬁfi[t,&’(t)] dt = /{(W(t’x) + [8‘/“’&7)]/[/1@)1: + 8Bz + ecg;(t)x]} dt+

ot Ox o=3 (1)

9
—i—/{x’ﬁ*Dnﬂ*x + [Q;(t)]’DuQ;(t)x}z:i(t) dt =

to
9

- / {w}d“r / {(@; ) D[] + (us[t]) Digust]} dt =

— T W) CFWD) + / (@ [0) Dyt 1] + (wa[t]) Disudff]} dt — V(to, x0) =

== Jl(ﬁla U2*7 th :BO) - V(t07 Jf()).
In combination with Jy (Us, Uy, to, zo) = V (Lo, zo) this result finally proves Lemma 3.1. O

Remark 2. Consider the inner optimization problem in the game I'5: find

nax J1(Uy, U3, tg, xo) subject to the constraint (1) with a fixed strategy Us € Us of player
1€U1

2 and any (t, o) € [0,9] x [R™\{0,}]. In fact, Lemma 3.1 states that this maximization
problem has no solution for Dy; > 0 and zy # 0,,. Indeed, whatever the strategy U; € U,
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of player 1 is, there always exists a strategy U, € U, such that
N(U1,U3) > LU, U03)

for all (tg,zo) € [0,9) x [R™\{0,}]. This result can be used for eliminating the solution
concepts of the games I'y that maximize the payoff function of player 1 (e.g., avoiding
Nash equilibrium in the game I'y with D;; > 0). By analogy with Lemma 3.1, we may
demonstrate that the game I'; with D5 > 0 has no Berge equilibrium and hence the
players should not choose this solution principle for the game I'y with D15 > 0.

4. FORMALIZATION OF EQUILIBRIA AND SUFFICIENT CONDITIONS

Definition 1. A strategy profile U¢ = (Uf,Us5) € U is a Nash equilibrium in the game I'y
if, for any initial position (to,xo) € [0,9) x [R"\{0,}],
[Hlea[}Jiljl(Ul,UQ,to,.To) = J1(U ,to,ibo), (22)
max JQ(Ule, Ug, to, Io) = JQ(U67 to, Io).

U2€Us

Definition 2. A strategy profile U? = (UP,UP) € U is a Berge equilibrium in the
game I'y if, for any initial position (to, zo) € [0,7) x [R™\{0,}],

B _ B
[}?eaé(f]l(Ul ,Ug,to,.ff()) - Jl(U 7t0ax0)7 (23>
max JQ(U17U2B,t0,$0) = JQ(UB,to,Io).

U,€U;

Remark 3. Despite the seeming similarity of these two types of equilibria, they have a
deep distinction as follows. Unlike Definition 4.1 expressing the selfish character of each
player (maximization of his own payoff), Definition 4.2 postulates altruism, guiding each
player towards the Golden Rule of ethics — “behave unto the opponent as you would like
him to behave unto you.”

The sufficient conditions that guarantee the existence of a Nash equilibrium and a
Berge equilibrium in the linear-quadratic game under study (see below) are the result of
applying dynamic programming to Definitions 4.1 and 4.2 respectively. They were derived
in the book [2, pp. 112, 124].

First, we introduce the two scalar functions

aV; oV;
Wi(t,x,ul,UQ,V) == 8t + [ax

!
:| [A(t)l' + (51 + €U2] + u'lDﬁul + u'zDigug (2 = 1, 2),
(24)
where V = (V},15) € R%
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Nash equilibrium

Proposition 3. Let V(t,z) (i = 1,2) be unique continuously differentiable scalar
functions such that

19)
Ve, x) =2'Cix Ve e R” (25)

20) Let uf(t,z, V) (i = 1,2) be vector functions such that
H}L?X{Wl(t, zyuy, us(t, x, V), V) = Idem {uy — ui(t,z,V°)},

26
max{Was(t, z,ui(t,z,V°),us, V) } = Idem {ug — us(t,z,V°)} (26)

for all (t,z) € [0,9] x [R"\{0,}] and V¢ = (V£ Vy) € R?.
3%) Let the functions Vi(t,z) (i = 1,2) be the solution for the system of two partial
differential equations

Wit z,uS(t, z, V), us(t,x, V), V) =0 (i=1,2) (27)

with the boundary value conditions (25) for all (¢,z) € [0,9] x [R"\{0,}].
49) Let strategies Uf = u$(t,x, VE(t,x)) = uglt, x| be such that Uf € U; (i = 1,2).

Then

a) the strategy profile U¢ = (Uf, US) is a Nash equilibrium in the game I'y (in terms
of Definition 4.1)
b) the Nash equilibrium payoffs are

Ji(U® to, z0) = Vi (to, o) (i =1,2). (28)

Remark 4. In practice, a Nash equilibrium should be designed by constructing the scalar
functions W;(t, x, u1,uz, V¢) (24) and proceeding with items 1°)-4%) of Proposition 4.1.
More specifically, letting Vi(t,z) = 2'Of(t)x, [O(t)] = ©%(t) (i = 1,2), we have to
perform the following steps.

Step 1. Using (25), find O5(J) = C; (i = 1,2).

Step 2. Based on (26) and (4)—(6), construct uf(¢,z,V®) (i = 1,2).

Step 3. Find the solution Vi (¢, z) (i = 1,2) for the system of two partial differential
equations (27) with the boundary-value conditions (25).

Step 4. Check that u§[t,z] = u;(t,z,Ve(t,z)) = Q5(t)x and QS(-) € C™™[0,]
(i=1,2).

The resulting pair U¢ = (Uf,Us) is a Nash equilibrium in the game I'; and the
corresponding payoffs of the players are J;(U¢, to, z9) = V(to, x0) (1 = 1,2).
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Berge equilibrium

Proposition 4. Let V;2(t,z) (i = 1,2) be unique continuously differentiable scalar
functions such that

1)
VB, x) = 2'Cix VY € R™. (29)

20) Let uP(t,z,VP) (i = 1,2) be vector functions such that
qugx{Wl(t,w, ul(t, 2, VE), uy, VE)} = Idem {uy — u (t,z,V?)},

30
max{Ws(t, z,ur,ud (t, 2, V?), VE)} = Idem {u; — uP (t, 2, VF)} (30)
ui

for all (t,x) € [0,9] x [R"\{0,}] and VB = (VP V,B) € R2.
3%) Let the functions V;2(¢,z) (i = 1,2) be the solution for the system of two partial
differential equations

Wit up (2, VP),uy (8,2, VE), VF) =0 (i=1,2) (31)

with the boundary-value conditions (29) for all (¢,z) € [0,9] x [R"\{0,}].
49) Let the strategies UP +uP(t,z, VE(t,x)) = uP[t, x] be such that UP € U; (i = 1, 2).

Then

a) the strategy profile UP = (UB, UP) is a Berge equilibrium in the game T'; (in terms
of Definition 4.2);
b) the Berge equilibrium payoffs are

Ji(UB,t(),ﬁo) = ‘/;B(to,ﬂfo) (l = 1, 2) (32)
Remark 5. Like in the case of Nash equilibrium, a Berge equilibrium should be
designed in four steps corresponding to the items 1°) — 4°) of Proposition 4.2. As the

functions V;2(¢,z) we should choose the quadratic form V2(t,z) = 2/©Z(t)z, where
[©B(t)) = 6B(t) for all t € [0,9] (i = 1,2).

5. EXPLICIT FORM OF EQUILIBRIA

Nash equilibrium

Proposition 5. Consider the game I'; with the matrices

D1 <0, Dy < 0, Ci <0. (33)
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If the system of Riccati matrix equations

Of + O5A(t) + A'(1)05 — ©5Dy,05 — £2[05 Dy 05 + 05 D5, 65—
—£205D5,) D15 D5,/ 05 = Opp, O5(0,¢) = C4,

&5+ O5[A(1) — D6 + [A(1) - 05 D;/ 165 + e
+0$D1;' D13 D1'05 — 205D5,' 05 = Oy, O5(0, ) = Cs,
has a solution (©f(t),05(t)) that is extendable to [0,9], then in the game I'y
a) the Nash equilibrium is given by
U = (U, US) + (=D O54(t, e)x, —e Dy O5(t, €)); (35)
b) the Nash equilibrium payoffs of the players are
Ji(U® to, mg) = 2505 (tg, €)xg (i =1,2). (36)

Proof. Following Remark 4.2 we construct the functions

WEt, o, ur,ug, V) = aa‘f [2‘;]/[14(15)33 + uy + eug| + vy Dijjug + ubDigus (i = 1,2).
(37)
Step 1. In view of (25) and V4(t,z) = 2'O¢(t)x,
Ve, x) = 2'05(0, e)x = 2'Cix Vo € R™\ {0,}, (38)
which gives
O{(W,e) =C; (i =1,2). (39)

Step 2. Due to (26),
max{Wi(t, z,uy,us(t,x,V°),V)} = Idem {u; — ui(t,x,V°)}.
ul

This equality holds if, according to (4)—(6),

OW4(t, x, uy, us(t, z, V), Ve) _ oV oDt V) = 0,
Oy wtayve 0T o ’

OPWi(t, z, uy, us(t, x, Ve),Ve) 9D, <0
duj ui (t,2,V¢) 7

for any (t,z) € [0,9] x [R"\{0,}] and V¢ = (V{, V¥) € R2. By analogy,

OWs(t, x,u§(t, z, V), ug, V) _ 88‘/; 2Dt V) = 0,
Ous (V) ox T ’

PWa(t, z, us(t, z,Ve), uy, V°) 9D, < 0
Ous us(t,2,Ve) 7
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for all (t,z) € [0,9] x [R"\{0,}] and V¢ = (V£ V) € R?.
The second and fourth relations are true by (33). Using the first and third relations,
we find
aal;, us(t,x, V) = —%DQ_QI af)‘f :
Step 3. We write the two partial differential equations (27), with the boundary-value
conditions (39) to find the two scalar functions V<(t,z) (i = 1,2):

€ € 1 —
ui(t,z,Ve) = _§D111 (40)

0 =Wt x, Ve] Wi (t, z,u§(t, z, V), us(t, x, Ve) Ve) =

=%+ [8‘; [A(W)r — 500 FE] - [a{;;} Dy GE+

/ €
+1 [BBV] D%t 2 [68%] Dy Dyy Dy 25 =

i

v, Y 2 [ov, Ve
= a§+[ 1] A(t)x—g[ 1} Dy 55—

€ , €
1 [‘%} Dy 5+ 5 [5E] Dyl DDy GE,
Welt, x, Ve] = Wg(t,x u§(t, x Ve) uQ(t x Ve) Ve) =

(=2 E/
B NS S

(41)

oz ox

!/
1| 9Vy¢ 1 —1 9V ﬁ vy —1%_
+4 [dw} DH D21D x4 ox D22 ox

In view of (4) and VE(t,x) = 2'O%(t)x, we obtain the gradlents x = 20¢(t)x and
ave ,dO¢

- = 2'=ztz. Substituting aie and Btf into (41) and collecting like terms with the

pairwise products of the components of the n-dimensional vector x, we arrive at the

equations

de®
y tl + O%A(t) + A' ()0 — O DO+

Wilt,z, V] = :U’{

[~ ©1D565 — O5D561 + 65D DaDR 03] o 0,

05
dt

Wilt,e, V] = { SA(E) + A'(1)0% — €5 Dyt Doy Dy 05—

—05D; 'S — 62@§D2_21@§}x =0
with the boundary-value conditions

Vi, x) = 2'05(0,e)x = 2'Cix (i =1,2).

Y
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The identities WE[t, z, Ve(t, x)] = 0 for all (¢, x) € [0,9] x [R"\{0,}] (i = 1,2) hold if the
system of Riccati matrix equations
Of + O A(t) + A' ()05 — 6 D1105 + £2[—65 Doy 05 — 5Dy 05+
+05D5,' D15D3,' 03] = Oy, O5(V, ) = C1,
O3 + O5A(t) + A'(1)05 — ©5D1' 05 — 5D 05+
+0$D1' Doy D1'05 — £205D5, 05 = Oy, O5(0, ) = Cs
has a solution (Of(¢,¢),©5(t,)) that is extendable to the interval [0, 9].
Step 4. Using the obtained solutions (©5(¢,¢), ©5(t,¢)) and (40) we find the two
n-dimensional vector functions
uslt, x] = uy(t,z,Ve(t,x)) = —D'O5(t, e)x,

43
WSft, 2] — ualts, Ve(t,2)) — —e D3l OS (1, ). (43)

Since D;'O5(-,¢), €Dy O5(-,€) € C™™[0,9], the Nash equilibrium in the game I'y will
have the form (35), and the Nash equilibrium payoffs of the players will be given by
(36). O

Remark 6. In the case Dy; > 0 and/or Dyy > 0, by Lemma 3.1 at least one of the
two maxima from Definition 4.1 is not achieved for any xq # 0,. Really, assume on the
contrary that, e.g., in the case Dy > 0 there exists a strategy U, € Uy of player 1 such
that, for xg # 0,,

max J, (U, US, to, zo) = J1(Uy, US, to, o).

U.:€U,
Then, according to Lemma 3.1, for the initial position (to,z¢) € [0,7) x [R"\{0,}] there
also exists a strategy U; € U; for which

J(Uy,U3) > J(UF, Us),

which contradicts the whole essence of the operator nax. Thus, we have established the
1€Uy

following result: if Dy; > 0 and/or Dy > 0, then there exists no Nash equilibrium in the
game 'y for any initial position (¢y,zo) € [0,7) x [R™\{0,}]).
Berge equilibrium

We will utilize Remark 4.3, repeating Steps 1 — 4 from Remark 4.2, with appropriate
modifications dictated by Proposition 4.2.

Proposition 6. Consider the game I's with the matrices

Do < 0, Dy < O, CQ < 0. (44)
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If the system of Riccati matriz equations
OF + OF[A(t) — Dy'0F] + [A'(t) — 07 D107 +
+08 D' Dy D' 08 — 208D 08 = 0,4, 08(9,¢) = (4,

OF + OFA(t) + A'(1)0F — 05Dy 0F + e[-05 Dy of — 0P Dol + ()
+O0FP D1 Dy D, OF] = Opr, ©F(0,6) = Cs,
has a solution (©2(t, €),08(t, )) that is extendable to [0,9], then in the game Ty
a) the Berge equilibrium is given by
UP = (UF,U7) + (—D3' 0% (t,e)z, —e D1 ©F (£, €)x); (46)
b) the Berge equilibrium payoffs of the players are
Ji(UP to,m0) = 2,07 (to,€)z0 (i =1,2). (47)
Proof. Following Remark 4.3, we construct the two scalar functions (37).
Step 1. In view of (29) and V;2(t,z) = 2/08(t)z,
OFW,e)=C; (i=1,2). (48)

Step 2. Due to (30), using (4)—(6) we write
OWa(t, 2, uf (82, VE), up, V) Vi

:€_+2D UB taa’;?VB = 0”’
Ous ug(t,z,VB) Oz el !
Wi (t, z, ul (t, 2, VE), u, VB
1t @, up ( ,32:, )2, V) = 2D <0 and
8u2 uz(t,z,VB)
OW, (¢ y(tz, VE) VP V.
o(t, x, up, uy (t,x, V7)), V7) :_2+2D21u13(t,x,VB):Om
ouy uy (ta,V B) Ox
82 Wi (t B(t,z, VP) VP
2(,x,u1,u22(,x, ), V?) = 2Dy < 0,
ous wy (t,z,VB)

for any(t,z) € [0,9] x [R"\{0,}] and V& = (VB V,B) € R%

The second and fourth relations are true by (44). Using the first and third relations,
we find
ovP ovP
Ox Ox
Step 3. Substituting (49) into (31), we obtain the system of two partial differential

1 € _
ulB(tvxu VB) = _51)211 ) Ug(t,l‘, VB) = _519121 (49)

equations with boundary conditions (29):

0= WlB[t,x, VB] = Wl(t,x,u?(t,a:, VB),ugB(t,x, VB), VB) =
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aV OVE &2 ovP
=5 l } [ 2D211 o~ 7P a;;]+
IV, OVE e [ovP] . oV
[ﬂJ%WE*ﬂﬁﬂﬁﬁ:
avl VP L1 ovEY L OV
} 4 { ox D3y DDy ox
% 8V2 _ e [P o
Ox or 4 | ox 1297

0=WwF [t,x,VB] = Wa(t, z,u? (t z, VE) uf (t, 2, VE), VB =
_ vy N [aVQB ' IVE 2 | avﬂ+

1 —_—— —— —
ot Ox ] {A( )z 2D21 Ox 2 Dro Ox

L[avPY o ovP e faviPY o o avP
+é_l{8x} A 0r 4| oz Dio DDy, or

1
o | 0w ] Al = 7 [ 9 o ©
e2 fovB] LovB 2 TavBl . ovB
o5 58] a5 2] o 9

__Mf+{m?’ an} OV
- 21

ox

Letting VB(t,2) = #/©B(t)x and 2 = 205(¢)x, we demonstrate that due to (48) the
previous equalities hold if ©Z(¢, ¢) (z = 1,2) are the solutions of the system (45). Using the
resulting solution (©F(t, ), ©F(t,)) of the system (45), the explicit form of the functions

VEB(t,z) = 2/©Pz and gradients 8; = 2082 as well as the inclusions D,'O5(- ¢),
eD; OB(.,e) € C™"[0,9] we finally prove (49). Note that the relations (47) are true
according to (32). O

Remark 7. By analogy with Remark 5.1, we can establish the following result: if D15 > 0
and/or Dy > 0, then there are no Berge equilibria in the game I's for any initial position

(to, z0) € [0,9) x [R™\{0,}].

6. APPLICATION OF SMALL PARAMETER METHOD

Poincare’s theorem

Thus, Propositions 5.1 and 5.2 have showed that the presence of Berge and/or Nash
equilibria is connected with the existence of a solution for the corresponding systems of
two matrix ordinary differential equations of the Riccati type that can be extended to the
entire interval [0, 9] of the game. As a matter of fact, the existence of solutions in a small
left neighborhood (¢ — 0, ¥] of the point ¢ = 1 is guaranteed by general existence theorems
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from the theory of ordinary differential equations. The question of the extendability of
such solutions to the entire interval [0,9] of the game remains open. In this section, we
will try to answer it using the small parameter method. This method arose in connection
with the three-body problem in celestial mechanics; it dates back to J. D’Alembert and
was intensively developed starting from the end of the 19 th century. Further, from the
numerous theoretical results on the small parameter method [3, 4], we will use Poincaré’s
theorem on the analyticity of solutions with respect to the parameter. It will be formulated

for the matrix system of ordinary differential equations
0 =Z(t,0,¢), O(0,¢e)=C. (50)

The notations are the following: © as a matrix of dimensions n x n; =Z(¢, 9, €) as a matrix
of dimensions n X n whose elements are functions of the variables ¢, ©, and ¢; € as a small
parameter such that 0 < € < gy, where £; is a small number; C' as a constant matrix of
dimensions n x n, t € [0,9] as continuous time. The elements of the matrix =Z(¢, 0, ¢) are
assumed to be defined and continuous on domain G, € € [0, go]. Denote by © = O(t,¢)
a solution of (50) that satisfies the boundary value conditions O(v,¢) = C, (d,¢) € G.
Together with the system (50), consider the system

0 =Z=(t,0,0), 00,0 =C, (51)

which is obtained from (50) for ¢ = 0. Let © = ©(¥)(#) be a solution of (51) defined on
t € [0, Y] with the same boundary-value condition ©(d) = C'. For a small value ¢, the right-
hand sides of these systems are close to each other. Then a natural question is: how do the
solution of the systems (50) and (51) differ on the entire interval [0, 9]? By the theorem on
the continuous dependence of solutions of combined ordinary differential equations on the
parameter, generally these solutions are close to each other too. Moreover, if there exists
a unique solution ©()(¢) of the system (51) and the elements of Z(¢, ©, £) are holomorphic
(analytic) for 0 < & < g9, © = OO(#), t € [0,9)], then for a sufficiently small value ¢ the
solution of (50) can be written as the series

O(t,e) =00 (1) + ism@(m) (t), (52)

which has uniform convergence on the entire interval [0,7]. This fact is the core of
Poincaré’s theorem.

Among general theorems from the theory of differential equations, also we will employ
the theorem on the continuous dependence of solutions on the parameter; see below.

Theorem 1. Let the right-hand side of system (50) be continuously differentiable with
respect to the elements of the matrix © and also continuous in & on the domain G. Then
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for a sufficiently small value € > 0, the solution O(t,e) of system (50) is well-defined on
the same interval [0,7] as the solution of system (51).

Nash equlubrium

We will demonstrate that the existence of a solution (©5(t, ), ©5(¢,¢)) of the system
(34) that is extendable to [0, 9] is a superfluous requirement of Proposition 5.1 in the case
of a small value ¢ > 0. In other words, it can be neglected for sufficiently small values
e > 0. More specifically, we will establish the following result.

Proposition 7. Consider the game I'; with the matrices
D < 0, Dy < O, Cl < 0.

Then for sufficiently small values € > 0 the game I'; has the Nash equilibrium (35) and
the corresponding payoffs of the players are given by (36).

Proof. Proposition 6.1 can be proved by demonstrating that the system (34) with
sufficiently small values ¢ > 0 has a solution (©%(t,e),05(t,¢)), t € [0,9], that is
extendable to [0, ).

To this end, we will utilize Theorem 6.1. For (34), we construct the null approximation
by letting ¢ = 0. In this case, the system (34) is decomposed into two subsystems of matrix
ordinary differential equations. One of them belongs to the Riccati class whereas the other

is linear in @S”:
o + 0" A1) + A6y’ — el D' = 0., W) =0y,
of +6f [A(t) - Dilel”] + [4(t) - el Di} | 60+ (53)
+01"' D' D1 DO = Opn, 047(9) = C

For Di; < 0, C; < 0 and A(-) € C™™[0, 9] the solution ©'”(¢) of the first part the system
(53) exists, is continuous and extendable to [0,?)], symmetric ([@ﬁo) ()] = @50) (t)) and
negative (0" (t) < 0) for all ¢ € [0,9] and has the form

-1

9
o’ (t) = (X' Crt + /X‘l(ﬂDﬁl[X‘l(T)]’dT X7'), (54)

where X (t) denotes the fundamental system of solutions for & = A(t)z, X[¥] = E,;
see Proposition 2.1. Incorporating this matrix @ﬁ") = @§°) (t) into the second part of the
system, we obtain the following matrix linear inhomogeneous differential equation in @éo):

of + e [ - piel )] + |4 - e’ (1)Dit] of +

(55)
+00 ) D D1 DOV (1) = Opn, O (0) = Cs.
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Since ©”(.), A() € C™"[0,9], for any constant matrix Cy of dimensions n x n

equation (55) has a continuous and extendable to [0, ¥] solution of the form
9
OV (1) = (X)) { Cs + / X'(7)By(r)X (7) dr § X71(1), (56)
¢

with the continuous and symmetric matrix
Bu(1) = 01" (1) Dy Di2 D101 (1).

of dimensions n x n; see Proposition 2.2. From (56) and the symmetry of Cy and B(t),
it follows that (56) holds for any ¢ € [0,9] (like in (54), X (¢) denotes the fundamental
matrix). Consequently, the system (34) with ¢ = 0 has a continuous and extendable to
[0, 9] solution (01" (¢), ©(¢)). Therefore, by Theorem 6.1 the system (34) with sufficiently
small values ¢ > 0 also has an extendable to [0,9] solution (O5(¢,¢),05(t,¢)). And
Proposition 6.1 directly follows from Proposition 5.1. U

Berge equilibrium

Like for Nash equilibrium, we will demonstrate that the existence of a solution
(©B(t,),08(t,)) of the system (45) that is extendable to [0,9] is a superfluous

requirement of Proposition 5.2, which can be replaced by the smallness of € > 0.

Proposition 8. Consider the game I'y with the matrices
Dis < 0, Dsyy < O, 02 < 0.

Then for sufficient small values € > 0, the game I'y has the Berge equilibrium (46) and
the corresponding payoffs of the players are given by (47).

Proof. As before, using Theorem 6.1 we will prove that the solution of the system (45) is
extendable to [0, J]. By analogy with Proposition 6.1 we construct the null approximation
(@ﬁo) (1), @éo) (t)) by letting € = 0 in (45). As a result, the system (45) is decomposed into
the two subsystems of matrix nonlinear differential equations

= (0) - - - -

6, +6" A1) - D8] + |4 - 8Dy | 8+

+6y" Dy D D5'05” = O 617 (9) = 1, (57)

~(0) ~ ~ ~ -

0, +OYA®t)+ A0y — 0V Dy = Opun, 03(9) = Cs.
For Dy; < 0 and Cy < 0 the solution ég’) (t) for the matrix system of Riccati differential

equations (the second equation in (57)) exists, is continuous and extendable to [0, ],
symmetric ([0 ()] = O (t)) and negative (O (¢) < 0) for all t € [0,9] and has the
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form
—1

0 (t) = (X)) Gt + / XD X () drp XT(). (58)

Incorporating the solution (:jéo) = (:jgo) (t) into the first part of (57) we obtain the following

matrix linear inhomogeneous ordinary differential equation in éﬁo) :
- (0) - - - -
6, +6" [A(t) - D8 ()] + [4() - 8 (1) D3] &+
+03) (1) D3 D11 D303 (t) = Opns 0 (9) = Ci.
In view of the inclusion ég‘”(-), A(-) € C™™[0,9] and Proposition 2.2, the explicit solution

is given by

Y
o) =[x {c + /X'(T)BQ(T)X(T)dT Xt), (59)

with the continuous and symmetric matrix
By(t) = 03" (1) D3 D D305 (1)

of dimensions n x n.

Clearly, the continuous matrix ©!” (t) of dimensions n x n well-defined for all ¢ € [0, V]
and symmetric. Hence, for £ = 0 the null approximation (6" (t),(:)éo)(t)}t € [0,9]) of
the solution (©F(t,¢), ©F(t,e)|t € [0,9]) of the system (45) is extendable to [0,9]. By
Theorem 6.1 the system (45) with sufficiently small values ¢ > 0 has an extendable to [0, 9]
solution (©F(t, ), 05 (¢, €)). And Proposition 6.2 directly follows from Proposition 5.2. [

7. COEFFICIENT CRITERIA OF EXISTENCE

This section is devoted to the coefficient criteria of the existence (and nonexistence!)
of Nash and/or Berge equilibria (in terms of Definitions 4.1 and 4.2 respectively) in the
differential positional linear-quadratic game I'y with a small influence of one player on
the rate of change #(t) of the state vector x(¢). In the game I'y the state vector evolves in
accordance with the vector linear differential equation

T =A(t)r +u + eu, x(ty) = o,

and the payoff function of player i is described by the quadratic functional
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where x, u; € R". As before, the prime indicates transposition. The strategy set of player
1 has the form

U, = {U; +ui(t, 2) | ui(t,2) = Qi(t)x VQ(-) € C™"[0, 9]} ;

the game ends at a fixed time instant ¥ > tq > 0; the symmetric constant matrices C;
and D;; of dimensions n x n are given; the notation D > 0 (< 0) means that a quadratic
form z’Dz is positive definite (negative definite, respectively); e > 0 is a small scalar
parameter. The players choose their strategies U; + Q;(t)z, find the solution x(t) of the
system equation
T=At)xr + Q1(t)r + eQ2(t)x, x(ty) = zo,

construct the realizations w;[t] = Q;(t)x(t) of the chosen strategies U; and then calculate
their payoffs J;(Uy, Ua, to, o) using x(t) and u;[t]. In the noncooperative statement of the
game [’y the players have to answer two questions as follows.

1. Which of the solution concepts (Nash or Berge equilibrium) should they adhere to?

2. How can these equilibria be constructed?

Table 1. Coefficient criteria of equilibrium

D1y Dqs Dy, Do Ch Cy NE | BE
1| D1 <0 W W Dy <0 Cl<0 A 3
2 W Dy <0]| Dy <0 W A 02<0 3
31 D11 <0 Dia<0| Dy <0]Dyy<O Cl<0 CQ<0 3 =
1Dy >0 v v v v | A
5 W Dy >0 \ W A i /H
6 v Y D21 >0 v Y v /H
A v vV [ Dp>0| ¥ V| A

The answer to the first question is provided by Table 7.1. Here NE and BE denote
Nash and Berge equilibrium, respectively; 3, A and V are the existential, non-existential
and universal quantifiers, respectively. Proposition 6.1 and 6.2 as well as Remarks 5.1
and 5.2 are combined in Table 7.1, which presents the coefficient criteria of choosing (or
rejecting) Nash and/or Berge equilibrium in the game I's.

For example, if D15 < 0, Dy < 0, Cy < 0 then there exists a Berge equilibrium;
if simultaneously Dy > 0, then there does not exist a Nash equilibrium (see columns 2
and 7 of the table below).

The answer to the second question is based on Poincaré’s theorem; see the beginning
of Section 6. More specifically, we have to consider not only the null term (¢ = 0) of the

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3



41

matrix expansion

O(t,e) =00 (t) + Y emo (1),
m=1

but also the subsequent ones O (t), @) (¢),.... This approach will be illustrated by an
example of Berge equilibrium design for the game I'y: we will find the solution of (45)

and then construct the strategies (46) and the corresponding payoffs (47). In view of
OB(t,e) =00 1) + 101 (1) + 20 (#) + ... and (45) we have

O L 10l 4 20 + )+ (0 410l 4 2200 + ) A®)-
~D3 (0P + 0y + 208 + . )+
+[A@t) - (0P + 10l + 2208 + .. )0y (0 + ol 4 20 4 )+
+(0" 1 etoll) + 220 + .. Dy Dy D3 (O + 10l + 209 1 )—
209 +cto 4 2200 1+ D MO + oM + 220 + ) = Onun,
O W) + 101 (W) + 202 (W) +...) = ¢y,
O 410V + 220 + )+ (0 + 10l 4 20 + . )AL+
+A' (O 410 + 20Q) + .. )—
—(0 1+ e1olV + 2200 + .. Dy (0 + etV + 20 + .. )+
+e2[—(03) + 0l + 207 + .. )DL (O + el + 20 1 )—
—0" 1 eto® 4220 4+ DO + ol +20P) + .. )+
+(09 42101 4220 4 ) DDy DR (O + 220 + 200 4+ . )] = Onyn,
OV W) + oM (@) + 202 (9) +...) = Cb.

(60)

According to the proof of Proposition 6.2, the null approximations @(0)(15) (1 = 1,2)

)

satisfy the system (57) and have the explicit forms (58) and (59) respectively, where
0(t) = (1) vt € [0,9], (i = 1,2). Equalizing the terms with the factor ¢ in (60), we
obtain the following system of two matrix linear homogeneous differential equations with
time-continuous coefficients to calculate the first approximations:
(o + 6" [a@) - D' ()] + [aw) - o (1D o+
+65" Dy (D D31 03" (1) = 01" (1)] + (65" (1) Dy Duy — 01 (1) D303 = O,
01"(9) = O
6%+l [a(t) - Do ()] + [4(t) - 6 (1)D3!] 08 = Opn,
O (9) = Opxn.

Obviously, it has the trivial solution

0 (t) = OL(t) = Opxn Yt € [0,). (61)

\
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Now, equalizing the terms with the factor €2 in (60) and using (61), we derive the following
system of two matrix linear inhomogeneous differential equations with time-continuous

coefficients to calculate the second approximations @52’(t) and @f) (t):
O + o |Ar) — Do (n)] + A1) — e (D;!| o+
+0% Dy Dy D50y (1) — 0P ()] + [0 (t) Dy Dy — 6 ()| Dy'ey —  (62)
~67 () DO (1) = Onn, O (9) = O,

O + 0 |A() — Dy'ey <t>l + |40 - 6y (D' O+
+01" Dy D Dy O (t) = 017 (1) D 01" (1) = 61 () D3 0 (1) = O, (63)
(2) 9} —
O3 (V) = Onxn.

We find the explicit-form solution of (62)—(63). First, using Proposition 2.2 we construct
the solution @f) (t) of the second matrix equation from (62)—(63). For this purpose,
we write the fundamental system of solutions Y'(¢) for the vector differential equation
(y € R™):
§=[A(t) = DO D]y, Y (V) = En.

According to Proposition 2.2 the solution of (63) takes the form

)

o (1) = [y (0] { [Y/r)LY(r)dr Vi)
t

where
L(t) = 0 D} Dy D0 (1) — 09 (1) Do (1) — 7 (1) Do ().

Substituting @g) = 6)22) (t) into (62) we obtain a matrix linear inhomogeneous differential
equation with the null boundary-value condition. Its explicit solution @52) (t), like the
solution of the second equation from (62) is found using Proposition 2.2. Finally, with the
resulting approximations @Ej)(t) (7=0,1,2; i =1,2), (15) and (16) the Berge equilibrium
in the game I'; can be written as

UP = (UE,UP) + (—Dy [0 (t) + 205 (1)]x, —eD1n[0 (1) + 207 (1)]).

(The accuracy is up to the second approximation.) The corresponding payoffs of the
players are given by

25[01” (to) + 201 (ty)] o,

75[05) (to) + €205 (to)]xo.

JI(U37 th i[)o)

Jo(UP o, o)
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Concluding this paper, we suggest that the solution of any game (in particular, I'y) should
be described by a pair

(US = (U7, U3), J° = (Ji(U®, to, z0), J2(U®  tg, 0))) -

In this case, a strategy profile U® determines the behavioral rules of the players, and J°

their payoffs gained.
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STUDY OF A GENERALIZED BOUNDARY VALUE PROBLEM FOR AN INFINITE ORDER
DIFFERENTIAL EQUATION.

Dzhabrailov A. L.

Abstract.

The article studies various aspects of the existence of solutions to a linear differential equation
of infinite order with constant coefficients. It is noted that earlier researchers did not obtain any
significant results even for a linear differential equation of infinite order with constant coefficients
devoted to the study of boundary value problems. This is primarily due to the fact that there
is no more or less universal method for reducing a differential equation of infinite order to an
infinite system of differential equations, the theory of which was well developed in [3, 5]. The

work is devoted to the consideration of a general differential equation of infinite order
oo
Za](x)y(‘]) = f ("'B? y7 y,7""y(l/_1)7"'>
7=0

boundary value problem with multipoint functional conditions

y(kiil) (xz,kl) = (I)l}ki <ya ylv s 73/(1171)7 e ) ’

where x;r, € [a,b], ki = 1,n;, i = 1I,m, m € {1,2,...,n}, n — finite natural number,
ni €{0,1,...,n}, and ny + no + ...+ nym =n;

y(ifl) (x;) = D; <y7y/,..-,y(%1)a--->a i=n+1l,n+2...

That is, the problem of reducing one generalized multipoint-functional boundary value
problem for a nonlinear differential equation of infinite order to a boundary value problem
for an infinite system of differential equations is considered by using theories of infinite
definitions and solvability of infinite systems of algebraic equations, substantiated in the works
of Koch and Poincaré [4|. The author uses the method of linear mappings, which establishes
a connection between the space of infinitely differentiable functions C(°) (a,b) and the space

of infinite-dimensional continuous vector functions C, (a,b) with continuous derivatives on the
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segment [a,b] with using some given non-singular matrix A(z) with continuously differentiable
elements. The solution to the problem posed and its derivatives up to infinite order are sought
in the form of some functional series compiled from the matrix A(z) and elements of the space
C (a,b). Theorems on the existence and uniqueness of solutions are proved using the results of A.
Poincaré related to the convergence of certain series to ensure the solvability of the corresponding
infinite algebraic systems in the space I [8].

When using Koch conditions for this purpose [3, 9], which provide solutions to such
systems in [y order to construct a system of integral-functional equations, after substitution,
the proof of the corresponding theorem is given in space Cu (a,b) with the norm

_ _ 1/2 :
gl = max, 9|, = max, (32 lyi()?) /2 and the necessary metric.

Keywords: differential equation of infinite order, infinite determinants, systems of differential
and algebraic equations, multipoint functional conditions, linear mappings, theorems on the

existence and uniqueness of a solution.

1. BBEAEHUE

B ny6smkarmsix |1, 2] npuBomurces 6ubimorpadust n3BeCTHBIX paboT 10 UCCIIEI0BAHNIO
PA3JIMYHBIX ACIIEKTOB CYIIECTBOBAHUS PEIIEHUIT JTMHEIHOro JnuddepeHInaibHOro ypaBHe-
HUsE OECKOHEYHOTO MTOPSIJIKA, ¢ TIOCTOTHHBIMU Kodd dunmentamu. OIHAKO aBTOPBI HE OJIY-
YHJIH CKOJIb-HUOY b 3HAYUMBIX DE3YJIbTATOB JIazKe JJis 9TOr0 ypaBHeHus [1], HoCBsIIeHHbIX
UCCJIeOBAHUIO KPAeBbIX 3a/1a49. CBA3AHHO 9TO MPEXK/IE BCero ¢ (haKTOM OTCYTCTBUs DOJIee-
MeHee YHUBEPCAJILHOIO0 METOoJa CBejieHus uddepeHuajibLHoro ypaBHenus 6eCKOHeTHO-
ro mopsjika K OecKoHedHO#l cucteMe muddbepeHnnaabHbIX YpaBHEHU, TeOpusi KOTOPBIX
HEIIOX0 paspaborana (3, 5.

annas pabora MOCBSIEHA PACCMOTPEHUIO Jjid 00Iero auddepeHnuaabHOro ypas-

HeHUd OECKOHEYHOIO IHOpAJIKa

a’j(‘r>y(j) = f (xayvylv”'ay(yil)v“') (1)

J=0

KpaeBOfI 3aJJa491 C MHOI‘OTOqe‘{HO-beHKHHOHaHbelMI/I YCJIOBUAMN

y(kiil) (xl,k‘z) = (I)i,ki (y7 y/7 cee 73/(1/71)7 s ) ) (2>

rae Ty, € [a,b], ki = 1L,n;, @ = 1,m, m € {1,2,...,n}, n—KoHEYHOE HATypaJIbHOE
aucso, n; € {0,1,...,n}, mpuaem ny +ng + ... + Ny =N

Yy () =@ (v V) i=nt 1 n+ 2, (3)

KpaeBaH 3a/1a4a B TAKOW MOCTAHOBKE €Il HUKEM HE paccMaTpuBaJIaCh.
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Oyukuun aj(z), 7 =1,2,..., f(x,y,v,..,y¥"Y,...) cauTarorcs HeNPEPHIBHBIMI 10
cBonM aprymenTtam B obmactu D:{|y®| < d;, i =0,1,..., = € [a,b]} (em. [3]) n momyc-

KaeTCsd BBIIIOJIHEHUE HEPaBECHCTBaA

‘f(:Cay7y/7"'ay(yil)>"')‘ SMa (4)

M — mekotopoe uucjo, u ycaosud Jlummura
|f (x,ur, ug,y .oy, ) — fx, 01,09, 00,0, )| < L(z Z|ul vl (5)

Hotst mo6eix uw = (u;);ey , v = (v;);o; € D, L(x) — menpepsisuas Ha [a,b] dyHKIHs.

2. METOABI

Pemenme samaun (1)-(3) Gymem mckath B mpoctpanctse C() (a, b) OECKOHETHO

HenpepbiBHO-Iud depentmpyembrx byt y(z) ¢ mHopmoii ||y|| = rgai(bz ‘y(l 1 )| u

cooTBeTcTBYyomeil MeTpuKoil. Ecrectsenno, smauenus y(x),y (z),...,y"" )( ),... TpH
x € |a,b] HE TOIKHBI BBIXOJUTH U3 06/1aCTH ‘y(ifl)(asﬂ <di_1,1=1,2,...
Honyckaercss, uro dyukmuonanst ;5 ®; mo y,y, ... .y~ .. HempepbIBHBI

(em. [3, 5]) m s moboit bymxum y(x) € C°) (a,b) orpammaens:, T. e.

’@i,ki (y,y’,...,y(”_l),...)’ <My, 1=12,....,m
(6)
‘<I>j(y,y’,...,y( |< , j=n+1,n+2,...,

a TaKsKe P MPOU3BOILHOM no6ope AByxX dynkmuii u(z), v(z) € C*) (a, b) mMeroT MecTO

ycI0BHA T Jlnmmuia
‘(I)i,ki (u, Y ) — Dy, (v, o, oY )} < Lig||lu =], i=1,m,

‘(I)i (u, s ... cuvTh D) =@ (v, .. oY )| < Lillu=vl|, i = n+1,n+2,... (7)
My, Mj, Ly i, ZN}z — HEKOTOpbIE YHCJIA.
Temntepn BO3bMEM IPOCTPAHCTBO 6ECKOHETHOMEPHBIX HEIPepPbIBHO-
muddepenmupyembx  Bektop-byukimit - CL(a,b) u  MexJy €ro  sjJeMeHTaMu
y(x) = (yi(z))2, u smementamu y(z) npocrpanctsa O (a,b) ycramasmuBaem B3a-

MMHOOJIHO3HAYHOE COOTBETCTBHE IIyTeM JIMHEHHbIX oTobpazkenuii 6, 7|

y(i_l)(a:) = Zaiyj(x)yj(x), 1=1,2,..., (8)
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C TIOMOIIBIO OECKOHEYHON HEBLIPOXKACHHOI MaTpuisl A(r) = (aw( )); i1 € HETPEPBIBHO-
nuddepennupyeMeiMu Ha [a, b] smementamu a;;(x), 4,5 = 1,2... dasa obecriedernns Hepa-
serctsa det A(x) # 0 monowum a; () = a; ;(x)+0; 5, aii(r) = aj,(x)+1, a;j(r) = a] ;(v),
0;;j = 0, @ # j, n cunTaem, 4TO cbyHKm/H/I aj(x), 1,7 = 1,2,..., yJIOBIETBOPAIOT BCEM
orpannuennsM Koxa u Ilyankape [3, 4] (o HuX OyJgeM roBOpUTH MO3Ke), MO3BOJISIO-
UM Pa3peluTb OECKOHEUHYIO CUCTeMY ajrebpandecKkux ypaBHeHUil (8) OTHOCHUTENHLHO
yi(x), j = 1,2,..., B ciydae HeoOxoAuMOCTH. PasyMmeercs, Mbl BBIHYK/JEHBI HAJIEJATh
bynkimn a;;(x),y;(x) B (8) BceMu HEOOXOIUMBIMI CBONCTBAMH, 00ECIEINBAIONIMY DaB-
HOMEPHYIO CXOJMMOCTb Ha CerMeHTe [a,b] Bcex (byHKIMOHAIBHBIX PsIoB U3 (8) U BHOBb
HOJIyYEeHHBIX IIyTeM pas3indabix oneparuii. [lo embicay dopmyn (8) mociemoBaTebHBIM
nuddeperiupoBanueM 1Mpu ¢ = 1,2,... U NpUpaBHUBaHUEM pe3y/brara auddepeniim-
POBaHUs € PaBOil YaCThIO TOCJIE/YIONIEr0 PABEHCTBA, HMOJIYIUM OECKOHEUHYIO CHCTEMY

nudepeHImaIbHbIX ypaBHEHU

Za,j =3 a(z) — dj(2)] yilx), i=1,2,... (9)

Jj=1 Jj=1

Mg mosydenust (9) ucrnosib30BaHbl PABEHCTBA

Zam Z A1 (2)y5(2) + appry(@)y)(@)], k=1,2,...
Jj=1 7j=1
(10)

DT BbIpayKeHUs MOJICTABUM B ypaBHeHue (1) u crpymmupyem COOTBETCTBYIOIIME Cjiarae-

MbI€, IIOABUTCHA €Ille O/JHO YPpaBHEHUE

Z ao;(z =f <x, Z ar;(z)y;(x), Z as;(z)y;(x),. .. ,Z ay;(z)y;(x), .. > —

- Z ai(w)a; ;(x) + ao(w)ar ()] y;(w). (11)

i,j=1

O6beaunsst (9) u (11) cocTaBuM HOBYIO CHCTEMY

> ai(x) = fi (z,y1 (), ya (), .. (), ..), i=0,1,2,... (12)
7j=1
re
ao,;(z Zaz x)a;j(x), 7=1,2,...
=1
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5y (@91 (2), 9o@)s sy (), ) =
' (mé al,j<x>yj(x),§1 a1 (2)y; (), .. ,g;l i (2)ys (), .. ) +

= + i_ojl b;(x)y; (x), i =0, (13)
5 [t - o) =12,

Ecmu obosnaunts af ;(x) = a;1j(v) — 04, 4,5 = 1,2,..., 0y =1 anai = jud; =0

npu ¢ # j, To 1o (12) 3anmiiem GeCKOHETHYIO CHCTEMY aJreOpanvdecKux ypaBHEHHIT OTHO-
/ s

curenbro Yj(7), j=1,2,...

Z +5,] y]( ) fifl (xayl(x)agh(x)?'"7yl/(x)7"')7 7’:1727 (14)
7=1
¢ GECKOHETHBIM OIpeJIeTITeIeM u3 meMentos Marpunst A*(x) = (a7 ;(z) + (5”);'3 .
ai(z) +1  ajy(x)  ajglz) ... af,(x)
as (x) aga(x)+1 ass(x) ... ag,(x)
det A*(z) = N (15)
a1 () ayo(r)  ajs(x) ay,(z) + 1
[Tycth coemyronmii ABOHHON ByHKIMOHAIBHBII DT
> lai(@)] (16)
k,s=1

T Beex & € |a, b] cxomures. B aTom ciryuae Geckonednslii onpeesmressb u3 (15) cxomurest

un oIIpedenuTesb N-ro IopdiaKa

aj(r) +1 ajy(2) ai ,(7)
as 1 (x aso(x)+1 ... aj, (x
| ) e ne -
apa () ana(r) g () 1

CTPEMUTBCS TIPU N — 00 K onpeennrenio det A*(x), T.e.

lim det A} (z) = det A*(z), (18)

n—oo
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9TO CJIejtyeT u3 abCOIOTHON CXOMMOCTH OeCKOHeTHOTO onpejesuTess (15) mo npusHaky
A. Tlyankape [3, 5, 8|. I3 cxommmoctn jaBoiiHoro dbyHKImoHaabHOro psina (16) ciemyer

CXOZMMOCTD OeCKOHeUIHBIX ornpe/enurereil det Ay (z)n crpaBeIMBOCTb PABEHCTB
det Aj(z) = lim det A} .(z), k=1,2,..., (19)
n—00 ’

e onpegenuress det AY , mosydaercs us onpesenurens det A () 3amenoit k-ro crosbra
crosibrom n3 npaseix dacteit (14). K Tomy ke onpenenurenn det Aj(z) s kaxmoro 3ua-

JeHns x € |a, b] OymyT orpanudennpiMu. JlomycTus, 1To B 061aCTH ONpe/iesieHus (DY HKITHT

fic1 (z,y1(2), y2(x), ...,y (x),...) BBIIOJIHSETCS yCIOBUE
sup{|fi-1 (z, y1(2), v2(x), .. .,y (2), .. ) [} S M*(2), i=1,2,... (20)

rjae M*(z) — orpannuenHas Ha |a, b] dbyukius, u3 (14) maxomum
_ det Aj(x)

y,’g(x)—m, k=1,2,..., (21)
IPE/IIIOJIOKUB
det A*(z) #0, = € [a,b]. (22)
[Ipu sTOM JU1sT KasKI010 3HaYeHus & € |a, b]
sup{|y,(2)|} < 00, k=1,2,... (23)
) k
det A} (x ZA z)fic1 (x, (), y2(2), .. u(2),...), k=1,2,..., (24)

e A7y (z) — aﬂre6pamquKoe JIOIIOJTHEHUE 3JIEMEHTA (af’ L () + 5i,k) marpuibl A*(x). Cie-

JIOBATEJIbHO, OKOHYATEIHHO cucremy (21) mpejcraBum B Bujie

yp(x) = Fy (x,y1(2), 92(2), ...,y (x),...), k=1,2,..., (25)
F; (I yl( ) yg(x),...,yy(x),...) =
(det A*(x ZA ) fioa (g (@), v (), . (@), ..) i = 1,2, ... (26)

3. PE3VJ/IbTATHI

B maibpHEHRINX paccyzKICHUSIX U IIPU UCCJICJOBAHNU PA3IMYHLIX KPACBLIX 3aJad IJId
b depeHnuanibHOro ypapHenusi beckoneqHoro mnopsizika (1) cucrema (25) 6ymer urparnb
FH&BHYIO POJIb, HOSTOMY IIOKa2KeM, KaK €€ MO2KHO HOquI/ITB 141 HO—I[pyFOMy, I/ICHOﬂb3yﬂ

BBIBOJIBI 13 paboT Koxa [3, 9]. ITo ompenenennto Koxa Geckonewnsiii onpemesmrens (15)
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upu GUKCUPOBAHHOM & € [a, b] abCOTIOTHO CXOMUTCs, ecyin GECKOHETHOe MTPOM3BE/ICHIe

o0

P=1]0+a(r)) (27)
=1

abCOJIIOTHO CXOIMTHCS, a TaK:Ke abCOTIOTHO CXOJUTCA CyMMa BCeX HMPOU3BEIEHUH, KOTO-

pre HOJIyanOTCH nu3 P C IIOMOIIBIO BCEBO3SMOZKHBIX HepeCTaHOBOK BTOprX MHIEKCOB. ,HJIH

abCOJIIOTHOM CXOJIMMOCTH onpeiesinTeist 10 Koxy J10cTaToIHO, 9TOOBI CXOAUINCH PsiJibl

Z jafi(@), Y aii(a). (28)

ik=1
Dt ycaoBust OymyT cOOMIONEHBI, ecin Bce MUHODBI onpezernress det A*(z)abcomoTHo

CXOOATCA, TaK 2Ke, KaK U CyMMbI
o oo
Z Aik<x)’ Z Aik(x)? (29>
i=1 k=1

rae A, ;(z) — mumnop onpenenurens (15), coorsercTByIomuii i-0if cTpoke U k-My CTOJIOLY.
Torna u3BecTHBIE CBOWCTBA KOHEYHBIX ONPEIE/IUTe/ el CPaBeJIuBbI U JIJisi OECKOHEIHBIX
omnpejiesuTeseli U ocTaeTCsd B Cujle mpeiebHbli mepexon B (18).

B urore npu dukcupoBanHoMm z € [a, b] cucrema (12) obiaaer e IMHCTBEHHBIM pellie-
aueM yi(x), i =1,2,...8ly, ecim {f;} € [y u BemosHsIeTcst HepasencTBo (23). Ocrarorces
B cuite u dbopmynst (21), (24), (25). Iocaemane yTBEpKIEHUS CBS3aHBI CO CBOWCTBAMI
BIOJIHE HenpepbiBHON dopmbl ['manbepra [3, 4, 9.

Urak, ypasuenne (1) cemeno K 6eckonedHoil cucreme uddepeHImaibHbIX ypaBHe-
HUi (25) IpuMeHeHreM JIMHEeRHbIX TpeobpaszoBanuii (8). O6paTuMest K KDAEBbIM YCJIOBUSM

(2), (3). PaBenctBa (2) orobpazkenns (8) mepeBoJdaT B (hyHKIMOHAIBHBIE PABEHCTBA

>k, (@in) U (Tin) = g (W1,y2, ), ki=Tng, i=Lm,  (30)
7j=1

re 7, nonyuaiorcs us @y, 3amenoll BrIpazkeHuit y*=1(z) mo dopmytam (8).

Anagormano, u3 (3) moaydaem
Zai’j (:B,)y] (QTZ) = q);k (yl,yg,...,yy,...), Z: n -+ 1,7’L—|—2, (31)
j=1

[To camomy wmetoxy nosydenus (25), (30) u (31) sicHo, 9TO Kaykioe pelleHue 3aja-
qn (1)—(3) Gyzer pemennem u 3amaan (25), (30), (31) u naobopor. Ilosromy mas tmmo-
JydeHus ycJIoBHUil paspemtumocTr 3ajgadn (1)—(3) Gyzem mccieoBaTh KpaeByro 3ajia-

qy (25), (30), (31). Ho mOJIKHBI COIIACOBATH CJICYIONIAE MOMEHTBI: MBI HAMEPEHBI
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JI0Ka3aTh cymecrBosamnue pemterns y(x) 3agadn (1)—(3) Tak, IT0ObI THCIOBLIE 3HAtE-
mus y(x),y' (x),...,y"(x),... npu x € [a,b] we BLIXOMMIM M3 obmactu D, T.e., UTO-
6b1 BBIMOAnaAmHch Hepasencrsa |y (z)| < di, i = 0,1,... mia x € [a,b]. Coorer-
CTBEHHO, YHCJIOBBIE 3HavdeHus pemenns y;(z), i = 1,2,... 3amaun (25), (30), (31) To-
JKe JIOJZKHBI OCTaBaTbCsd B HEKOTOPOM HpsiMOyToJbHUKE |y;| < df, T.e.mpaBbie dacTtu
Ey (:1: Y1, Y2y -3 Yus---), k= 1,2,..., JOJKHBI OBITH ONPEJIEJIEHBI B HEKOTOPOii 00J1aCTH

Ay < df,i=1,2,..., x € [a,b]} u mexay uncaamu d; u df, ¢ = 1,2, ..., J0IK-
HBI CyIIECTBOBATDH CBA3MU, coracosamuble dopmynamu (8). Hampumep, MoKHO BBIOpATH

obJtactb D* Tak, YTOOBI BBITIOJIHAIUCH PABEHCTBA

Z (g + Bij)d; =d;, i=1,2,...
7j=1

(32)
Bij = IE x |a;j(v)| = 0ij, dij=1,i=7; 6i; =0, i#]
U HEPABEHCTBA
Z ﬁi’j < 400, detf = det ((51'7]' + ﬁi,j)zj':l #0, (33)
ij=1
no3postsomue u3 (32) naiirn
ZZO—l Br. ;%
di=="""20 — 5=1,2,... 34
¥l det/B ) .] ) ) Y ( )

ES
Br. i aJiredparmdecKue JIONOJHEHNs d1eMeHToB MaTpulibl . IIpu sToM dnciioBbie psijibl

S diy, Y o d; (35)
i=1 j=1

CXOJIATCS.
Taxkum obpaszom, cucremy (25) ¢ yemosusmu (30), (31) Gymem u3ydaTh OTHOCHTEIHHO

Touek obytactu D*. Ee npocTroe MHTErpupoBaHre B CMBIC/IE HEOIPEJIETEHHOIO NHTErPaIa

JlaeT
T
yk(I) = Ck+/Fk (tvyl (t)792 (t)vayu(t)7)dta Ck = const, k= L2,... (36>
0
[IpousBosibubie mnoctosiuabie C), kK = 1,2,..., mogdwpaeM TaK, YTOOBI BBIITOJIHSI-

miack pasercrBa (30), (31), uro nmpuBoAMT K OGECKOHEYHOW CcHCTEMe aarebpanmdecKn-

PYHKITMOHAJILHBIX YPaBHEHUIT

vaﬂ = (Y1, Y2, Y. ), G=1,2,.. ., (37)
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rie
bnl—&—ng—&—...—&-np,l—&-kp,j = Ak, (xp,k:p) s kp = 1, Np, P= 1,m, ny+no+...+n, =n, (38)
bij=a;;(z;), i=n+1ln+2...,j=12,...
én1+n2+--~+np71+kp (yh Y2, - Yy - - ) = (I)*,k:p (y17 Y2, - -5 Yy - - ) o
0o Tpokp
=St (o) [ 0 0.
j=1 M
kp=1,n, p=1,m, ni+ng+...+n, =n, (39)
é7/(:y17:y277:y1/7) = ®;k (y1’y27"‘7y1/7“‘)_
_Zaz,] (xz)/}?j(t?yl (t)va(t)77yV(t)’)dt7 Z:n+17n+277
j=1 :
( L1,k 5 kl :17n1a i:]-anh
L2 ko k? = 1,77,2, i:n1+17n27
ri=94 ... (40)
Tondoms Km =1, My, t=n1+no+...+np_1+1,n,
| i, t=n+1n+2,...
Bamumem (37) B yaobHOM Bujie jjist tpuMenenust orpanndenuii Koxa u Ilyankape
> (i +b,) Cr =i (2 Yo ), i=1,2, (41)
j=1
Bueen by = (6;;+05,;), 4,j = 1,2,..., 0 = Lupn i = ju §; = 0 npu i # j.

Homyckaercst, aro jiBoitHoit unciaosoii psas [1] (em. (14))

> ol (42)

ij=1
CXOJIUTCS 1
det B" = det (0;; +07;),_, #0, (43)
WJIN TIPY BBITIOJIHEHUN HepaBeHcTBa (43) auciosbie psiyibl (eM. (25))
Dolbil v (44)
i ij=1
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cxongres. Bee sro mossosster u3 (41) nmaiitu C; mo dopmyram
C; = (det B*) Z D (Y1, Y2 Yoy ), G =1,2,. .. (45)

DTH BBIKIAIKN CBOJIAT 331y (25), (30), (31) x cucreme uHTErpaTHHO-(MYHKIMOHATIBHBIX
ypaBHeHuit, rnocie mojcranoBku (45) B (36):

T

yi(x):&Df(yl,yg,...,yy,...)qL/E-(t,y1(t),yg(t),...,yy(t),...)dt, i=1,2,..., (46)

a

e
O (1, Y2, -+ Yo - --) = (det B*)~ Z JZ~J (Y1, Y2y ooy Yuyon)y 1=1,2,...  (47)

B} ; — anrebpanveckue JIONOJIHEHNsI 91€MEHTOB MaTpuipl B*.

Ha dbynkuuio f u dyukiuonanst @, x,, ¢; namoxens! B obaactu D orpammdenust (4)-
(7), koTopseie B obsractu D* OJIKHBI OTpazKaTbcs depe3 oTobpazkenus (8) u Ha QyHKIMN
F; u dbynxmuonanst ®F u3 (46) B BuIe KOHKPETHBIX ONEHOK, BHIBOIMMBIX Hike. 13 (4),
(13) u (26) mveem

’FZ<$,y1,y2,,yU,)’§Ml, 22172, (48)

M; > aga?%{b }(det A*(x)) A“(x)| >
]:

M + Z (max b, ()| + max |az+1 o(x) — a;7y(x)|) d’;] ,i=1,2,... (49)

Ananoruano, u3 (6), (39) u (47):

|<i)i(y17y27"'7y1/7")‘< 17 2.21727"'7 (50)
riae
M;lk1+n2+ Anp_1+kp T Mp:kp + Z ‘akp,]' (xlhkp) ‘ (xPpr - a) ij kp = 17 My,
j=1
p=1lm, ni+ny+...+n, =n, (51>

MZ*:Mi+2|ai7j(xi)|(mf—a)]\2fj, i=n+1ln+2,...
D7 (1 92, Y- -) | <) [(det BY) 7By, |My = My, i=1,2,... (52)
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Jist 00X BeKTOpOB § = (Y;)iey, Z = (2i)sr, w3 obmactu D* mo yenosuio (5), (7) ¢

yaerom (8) u (13), (26), (39) u (46) mosyanmM HEpABEHCTBA

|y (2,90, Y2, - Yoo ) — Fy (2,21, 20, ..oy 20, 0) | < Lyl Z|yZ zil, i=1,2,...
@Z‘(yl,yQ,...,yy,...) —<i>f (21,22, -y 2y )| < iHy—zH, i=1,2,...
(53)
rie
= |(det A*(2)) ™" A5 ,(2)] [L(x) + sup [b; ()| +
— j
+sup ‘aiﬂ,j(x) — a;’j(x)H, 1=1,2,... (54)
j
Ly =) [(det B)'By|P,, i=1.2,...
v,j=1
00 Tkp
Py tnot . tnp_1+ky = -Ep,kp + Z ‘akp,j $p,kp)| / L;j(t)dt, k,=Tn, p=Tm,
~ (55)

an—n P, = L+Z|aw xz|/ ,i=n+1n+2,...

YucioBoit psag Y ooy L;* cxouurest, (PyHKIMOHAIBHBL Pt Y oo lzz(x) CXOJIUTCST PABHOMED-
HO Ha [a, b].

[IpocrpanctBo Cy, (@, b) GECKOHETHOMEPHBIX HEMPEPLIBHBIX BEKTOP-DYHKIHNIT comep-

xkures B C (a, b). B mem HOpMy ompeiesiiM 1o oot u3 dbopmy ||y|| = max S yi(2)]

win ||y|| = sup { max lyi(z)| ¢, ©=1,2,..., c coorBercTByOMMMEI MeTprKamu. Bosbmem

muOKecTBO CF (ajb)_ C C (a,b), smementsr KoToporo (y;(x));-, 061a7aI0T CIIeLyIONIM
CBOMiCTBaMMU:

()| < P PP = 007+ N A= max{a — a,b— 1), (56)

Pr<d, i=1,2,... (57)

lyi () — wi (2") | < Lifa" — 2", l; = const, 2’2" € [a,b], (58)

D i< oo (59)
=1

Mmuozxkectso C%, (a, b)3amkiyTo u Bbinykio B Cy (a,b). U3-3a (61)-(64) BexTop-dyHuKInm
yi(z), i = 1,2,..., u3 C% (a,b)obpasyer paBHOMEPHO OrPAHUYICHHOE U PABHOCTEIIEHHO

HEIPEPBIBHOE ceMelcTBO BeKTop-pyHKnuii. Suaaut, C* (a,b) kommakTHO [4].
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PacemorpuMm Tenephb HeTMHENWHBIH UHTErPO-(DYHKITMOHAJIBHBIN OIlepaTop

Ay = (Azg)fil Y= (yl(x))?il ) (60)

T

Aig:@f(yl,y%...,yy,...)—|—/E(t,y1(t),yg(t),...,y,,(t),...)dt, i=1,2,... (61)

;
Ty

u3 npasbix vacreit (46). B cuy (56), (57) on omnpegernen ua C% (a,b). Ilokaxem, 4ro

AC% (a,b)CC% (a,b). Beimonnenue HepaBeHCTB
[Ag(x)| < F], i=1,2,... (62)
HerocpecTBeHHo caenyer u3 (61), ecom yuecrs (48) u (52).

Iycte o', 2" € [a,b]. U3 (62) mosy+auM pasHocTH U uX oneHKH (cM. (45)):

Ay () — Ay (2)| =

= /Fi(t,yl(t),yg(t),--.,yu(t)v-.-)dt—/Fi(t,yl(t),yz(t),...,yy(t),---)dt =
| Rt @0 @) < N - i=120 ()
1. e.ppimosasiores u ycnosus (58), (59) mpu [; = M, i = 1,2,... Tak Kak GHCIOBOIR

S M; cxommres nio mepasercrsam (57).

Taxum obpazom oneparop A npeobpasyer C (a, b) B cebs. Ero nenpepsIBHOCTS ciiejty-
et u3 HerpepbiBHOCTH byHKIWI F; (£, 91 (t) ,y2 (), ..., v, (1)), Kak cyMM paBHOMEPHO CXO-
JIAIUXCs (PYHKIMOHAIBHBIX PAJIOB 110 IPUYMHE COOTBETCTBYIONIMX OrpaHndenuii Ha pyHK-
wnn f(z,y,y, ..., y*V,...), a;(2),a;;(z) n venpeprsrocTH bynximonanos ®; ., ®; u
X OrPaHMYEeHHOCTH.

CrrefioBaTe/IbHO, HEMTPEPBIBHBIN OriepaTop A mpeobpa3yer KOMIIAKTHOE BBITYKJI0€ MHO-
xkectBo C% (a,b) B cebs u 1o reopeme llaynepa [4] umeer B C% (a,b) HEmoABIAKHYIO TOU-
KY, YTO PABHOCUJILHO CYIIECTBOBAHUIO perenust cucreMbl (46). Meroj moctpoenust 91oit
CHUCTEMBI MTO3BOJIAET YTBEPKIaTh, YTO BhIpayKeHUs u3 (8) Oy/IyT peIleHneM u ero mMpons-

BOJIHBIMI GECKOHETHOTO TopsijiKa Kpaesoit 3amaan (1)—(3).

Teopema 1. ITycmo 6vnosnenv, CACOYIOULUE YCAOCUM:

1) dynryuu aj_q(x), j7=1,2,..., f (x, v,y .y ) U PYHKUUOHANDL
Dip (2,9, 0y, ), @ (my,y, .y Y, L) Henpepuistbl no  cosoxynmocmu
apeymernmos 6 obaacmu D u cnpasedausv. nepasencmsa (4), (6);
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2) dama nesviposicdennan beckoneunan mampuya A(x) = (a;;(x));_, ¢ nenpepwieno
dupepenyupyemuvimu aremenmanu 1a ceemenme [a, b);

3) pynxuuu aj_1(z), a;;(x), i,j = 1,2,..., u wucaa M, M;y,, M; u d; coomeem-
cmeenno us (4), (6) u (34), (49) makxosw, wmo padw us (16), (33), (35), (42) cxodamca
u evnoanenv (22), (33), (43) u (57).

Tozda 3adaua (1)—(3) umeem no xpatineti mepe odno pewenuve y(z) € C (a,b).

,B;OKaSaTeJIbCTBO TEOPEMBI COAEP2KUTCA B IIPUBEJIECHHBIX BbIIIE PACCYXKJ/ICHUAX.

4. OBCY2K/IEHUE

EcrecrBenno, einHCTBEHHOCTH perienns 3aa4du (1)—(3) BeITeKaeT n3 eIMHCTBEHHOCTH
permenus 3agaan (25), (30), (31) mo dopmynam (8) mwin Toxke camoe, U3 €MHCTBEHHOCTH
peIenust THTErpaIbHO-QYHKIMOHAIbHOM cucreMbl (46). IlycTs mocstetuss nveer aBa pe-
menust § = (y;(2))e,, Z = (zi(x));2, . Orpannuenns (53) u3 (46) HO3BOJISIOT MOJLYYUTE

OILICHKU

lyi(z) — zi(x)| < (IB;k (Y1, Y2+ Yoy - - 2) — PF (21,20, -+, 20y - )|+

] 1B @00 0, = Bl (0. 2(0) 20 (0] ] <

.
T

*
o T
: 0o 00

<Lllg-ll+ [ LD @) - =@+ (LY o=@ o

p j=1 p j=1

*
T’
o) 3 0o

A . < T * T. A .
EEEEECIESZEDY [ Liteya e, D lute) o)l

[ B3 o)~ =0l 5)

a

[y — 2| < Plly —Z||. (66)

Orcrona, ecan

b

p:i Ej+2/ii(t)dt+/Li(t)dt <1, (67)

=1
a zy

To ||y — Z|| = 0 m y(z) = z(x), yi(x) = zi(x), i =1,2,... lIpocymmmposas (64) u cpasy

IpUMEHHB JieMMy ['poHyosuia B MecTo HepaBeHCTBa (67) MOXKHO HCIIOIB30BATD CJIEIYIONIEe
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HEPABEHCTBO

*
00 i

> E:+/Zi (t)dt| exp i/i (t)dt | <1. (68)

i=1 w

Teopema 2. [lycmbv svinoarenvs caedyroujue Ycaosus:

1) dymxyua f (a:, v,y .y ) u Pynryuonarve D, (y, Y,y .),
P, (y, Y,y ) 6 obaacmu D ydosaemeopsrom yeaosuam JTunwuya (5) u (7);

2) pynryuu aj(x), 7=0,1,..., us ypasuernusa (1), sanemenmuo a; ;(z), 1,7 =1,2,...,
mampuor A(z), dymwyuu L(z) uz (5) u wucaa Lig,, Ly us (7) makoewl, wmo wucrocvie

o 0 T - oo b
padw Y LX) S [ Ly (t)dt, > [ L; (t)dt cxodsmes;
Ly S0 o)

1= =1 =1 x;‘

3) evinoanaemes nepasercmeo (67) uau (68).

Tozda 6 yeaosusar meopemos 3adaqa (1)—(3) umeem moavko eduncmeennoe pewenue.

5. SAKJIIOUEHUE

DyHKIMOHAIBHO-UHTErPaIbHast cucTeMa Buaa (46) yaobHa it HCCIe0BaHUST METO-
JaMi (PYHKIMOHATLHOTO aHaau3a. K Heil MOXKHO IPUMEHUTH HPUHIUIILI CZKATOTO 0TOO-
paxenus: Kpacuocesnbckoro M. A. Ona moapobuo uccsiegoBana B MoHorpadun [5] st
Pa3IMYIHBIX BbIpayKeHUl (PyHKITMOHAIOB <i>;‘ (y1,92, -+, Yy, ..) C ODOCHOBaHUEM ITPUOJIH-
JKEHHBIX METOJIOB HAXOXKJICHUS PEIIeHN OTIETbHBIX KPAEeBbIX 33J1a4 C YKA3aHUeM IIyTeil
[POJIOJIZKEHUsI PellleHns Ha OeCKOHEIHbIH UHTepBa [a, +00) 1 B 0600IIEHHOM GaHAXOBOM
npocTpaHcTse [4].

Teopema 1 mokazana mpumeHerueMm pe3ysibraToB A. [lyankape, ¢BsIBaHHBIX CO CXOJIU-
MocTbio psizioB (16), (33), (42) st obecriedeHnsi pa3penmMOCTH COOTBETCTBYIONUX Gec-
KOHEUYHBIX ajrebpandeckux cucreM B npocrpanctse [y [8]. [Ipu ucnosb3oBanun ycaoBuit
Koxa (28) ¢ sroit 1neabio [3, 9|, JaOMIX pEIICHUsT TAKAX CHCTEM B [y JIJIs HOCTPOCHMUST
cucrembl (46), M0Ka3aTEIBCTBA COOTBETCTBYIOIIEIT TEOPEMBI IPUBOJNUTCS B IIPOCTPAHCTBE
Cw (a,b) ¢ nopmoit ||y]| = max ||y(z)||;, = max (D2, |yi(:p)|2)% 1 HeoOXOUMOli MeTpu-

a<lz<b a<z<b
koii. Torma yemoust paspernmmoctu 3agaqu (1)—(3) ¢ ee mapamerpamu COrIacOBBIBAIOTCS
C 9TUM 3aMEUAHUEM.

Kaxplii pa3 npuxoauTces oOpamarbes K PaspermMOCTH OeCKOHEYHON CHCTEeMBI

anrebpandecko-pyHKIMOHAJBHBIX YPABHEHUN, YTO 3HAYUTEIBHO OCJIOXKHSET IIPOIECC.

MozkHo npuBecTr HekoTOpOe yrporierne. Paserncrsa (30), (31) 6e3 ocoboro Tpy/a MOKHO
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ceectn K pasencrsam (cM. (38)-(40))

sz}jyj (l’:) = (iz (yl,yg, e Yy - ) s Z = 1, 2, Ce (69)
j=1
nJjim o
yl(x) = Z ai,jyj (3%) + (i)l,i (yl; Y2, Yy, - - ) s ), = 1, 2, e (70)
7j=1

—bi b, A£G, 4,5=12,...
Oém‘:{ 0 o (71)

1=19, t,5=1,2,...
Torma Bmecto cucrembl (46) mostydaercst GeCKOHEUHAsT CHCTEMa ¢ HATDYKeHHBIMU Ja-

CTdAMUA ~
vi(@) =Y i gy; (@) + @y (1, vz, Y )
=1

T

+/Fi(t,y1 ), y2(t),. ..,y (),...)dt, i=1,2,..., (72)
KOTOpasi UCCIIe/lyeTcs Takzke Kak 1 cucreMa (46). B gacTHOCTH, TaKoil 1MOJIX0 IIPHMEHSI-
ercs u ipu det B* = 0 B (43). Hanpumep, korza (cm. (48), (50), (56))

> supflail} < 1, (73)

i=1 7

D laglds + b M7 + Mid; < df, i=1,2,.., (74)
j=1
olreparTop
Al,’ig = Z Oéz,]y] (.1'2) y Z = 1, 2, . (75)
j=1

B C%_ (a,b) Gymer omepaTopoM cxkaTwusi, a oreparop (1o reopeme 1)

T

AQ,Zg:&)l,l(ylay%7yV7>+/E(t7y1(t>7y2<t)77yl/<t>7)dt7 221727 (76)

a

BIIOJTHE HEIIPEPBIBHBIM, II09TOMY UX CYMMa, paBHas IpaBoii dactu (72) u otobpazkaroras
muoxectBo C% (a, b) B MuHoxkecTBO C% (a, b), mo npunnuny Kpacuocensckoro M.A. nmeer

HEIO/[BIKHYIO TOUKY, T.e.33a49a (1)—(3) mmeer permenue [5].

BJIATOOAPHOCTHU
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EQUATION OF A BEARING LINE WITH ELLIPTICAL EDGES.
Petrov V. E.

Abstract. We consider the Prandtl carrier line equation,

~

™ — X

1
D) — p(x)/ U®) gt = p(o)Ho(x), T(1) = 0.
21

describing the circulation of I'(xz) on a thin wing with chord p(z) in a uniform incident flow
Hy(xz) = 1. At present, only one case of an exact solution is known — an elliptical wing,
when p(z) = pov'1 — 22 . We consider a generalization of this case, when the wing edges remain
elliptical, but the geometry can be quite general, namely
pa)= L TP 0, 1<l
vyr +d

The equation in this case is reduced to an infinite recurrent system with linear coefficients. It is

solved by some modification of the Laplace method. As a result, an integral representation for
the solution of the system is obtained and, using it, a representation of the solution of equation
itself. The solution is also presented as the Appell hypergeometric function F;. The limiting cases

b= a # 0 and a = 0 are considered separately.

Keywords: Prandtl equation for an asymmetric wing with a chord

BBEJIEHUE

[IpoomkuMm n3ydenne ypasaenus [Ipanarisa
1

r(e) - 22 [T a1 = oyt (0.1
[IpU YCJIOBUU :

I(+1) =0, (0.2)

Hadaroe B |1| ¢ TOUKM 3peHus OCTPOEHNUS ABHBIX (B KBaJpaTypax) PEerieHuil.
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Ypasuenue (0.1) oTHOCHTCST K YHUBEPCATBHBIM YDABHEHHUSIM MATEMATHIECKOi (hu3u-
k1. OHO BO3HHMKAET BCEr/Ia IPU PACCMOTPEHUH TOHKHUX 0007104eK ¢ KpaeM (ruractuH). Ou-
3UYECKUIT CMBICJI COCTOUT B TOM, 9TO 000JI0YKA HJIH IIACTHHA — 9TO 00BHEKT, KOTJIa OJTHH
13 rabapuTHBIX IIapaMeTPOB “BBIPOXKIAETCA U CTAHOBUTCA MHOI'O MEHBIIE XapaKTePHbBIX
pasMepoB Testa. B aToM ciydae KpaeBble ycJioBuUsl, 3aJaHHBIE Ha KayKJON U3 MMOBEPXHO-
creit 000JI0UKI MOXKHO CBECTH Ha CPEJIMHHYIO TIOBEPXHOCTH, a KpaeBble ycaoBus Jlupuxiie
3aMEHHUTD Ha IIEPBBIA 1ieH passoxenus Teitsopa mo masomy napamerpy (rosmmue). Tak
BOBHUKAIOT IPIJIOXKEHHS K TCOPHU KPBLIA, JICKTPOMHAMUKE, JBYMepHOil Mexanuke. [lo-
JIpoOHO 5T0 onmcano B [2]. Tam ke ykasaHbl KpaeBble 3a/1a41 Ha IIOCKOCTH, COOTBETCTBY-
fore ypasrernio (0.1). Takxke B [2| ormedeno, uTo mHTEerpasbHbiii oneparop B (0.1) —
9TO JIPOOHBIN JIanIacHaH, TOIHee,

1

—l/wdt: L 1),

) t—=x da2
el

Texnuka, npuMeHsieMast B [2|, 103BOJIIIIA TOJIyYUTh TEOPEMY CYIIECTBOBAHUS 1 € IMHCTBEH-
Hoctu pemenns 3agaan (0.1), (0.2). Dra TexHUKa OCHOBaHA HA NMPUMEHEHUN UHTEIPAJIb-
HOTO TIpeobpaszoBaHust Ha oTpeske & (3|, BBejleHNN CriennabHOMN MKaJbl TPOCTPAHCTB U

TeopeMe O IIOBBIIICHUU T'VIaJIKOCTH. B JaCTHOCTHU, JOKa3aHO, YTO €CJIn

1
1 — 22
o) >0, 2 <, / (1 — 2%)| Ho(a) dz < oo,
p(x)

1
TO peIHeHI/IG CynleCTByeT, e,ZLI/IHCTBeHHO )48 HpI/IHa,ZLHe}KI/IT BeCOBOI\Ty HpOCTpaHCTBy

1

/ (% +( —fﬁg)lf’(az)f) dr < o0,

a KpaeBbI€ YyCJIOBUAA (02) BbBIIIOJIHEHBI aBTOMaTHUY€CKH.

PaccmarpuBaeMblit B HACTOAINEH cTaThe CIydail SJIUITHICCKAX KPOMOK:

b
pr)= L T2 >0, —1<a<l (0.3)
yr +d

SHAYUTEJILHO [IPOIIE ¢ TEOPETHYECKON TOUKM 3PEHHUsl U TIOIPOOHO UCCIe10BaH B [4], ojHako,
ITIOCTPOEHNE ABHBIX PENIEHNT /I TaKUX KPOMOK, ITO-BUINMOMY, JTaHO BIIEPBBIE.

JL1s1 BBITIOJTHEHUS YCJIOBUS HEOTPUIATETbHOCTH XOP/Ibl p 2> () J0CTATOYHO MOJIOKUTH
b>lal, d=vl (0.4)

9TO MBI U mpe/nosoknM. Haberatomuii moTok, Kak u B 1], TOJOKAM OJTHOPOTHBIM:
Hy(x)=1. (0.5)

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3



63

CJUIVUAM SJIJIMIITUYECKNX KPOMOK OJidd YPABHEHUA [IPAHOATIA

1. Cuienyst 4], caemaeM TPUTOHOMETPHUIECKYTO 3aMEHY IT€PEMEHHBIX:
r=cosf, 0<60<m, [(x) = o(0). (1.1)

Orcrosia oty anm:

™

J(‘9)(760894_61)_’_sm@(ozcos@—i—b)/ o' (¥) edng:
7r COS p — COS (1.2)

0
=sinf (ycosf + d).

Uwmest B Buty yesosue (0.2), perierne OyjeM UCKaTh B BIJIE
o(0) =Y op sinkd, (1.3)
k=1

YTO MPUBOJUT K CJIEIYIONIEil CHCTeMe PeKYPPEHTHBIX YPaBHeHMI :

2
(d+b)01+7+ &ngd,
v + 3« v+« vy (1.4)
(d+2b)0’2+ 9 o3 + 9 0'125,
v+ (k+ 1) v+ (k—1a
d—+ kb - R —_—, -
(d+ kb)oy, + 5 Opg1 + 5 op—1 =0, (15)
k=3,4...

2. O6mee pemrenne cucrembl (1.4) u (1.5) HeeAMHCTBEHHO M NAPAMETPU30BAHO
(cm. (1.4)) npoussosibabiM 3HaueHueM op. OJHAKO JIKIL 1IpU OJHOM u3 HuxX psij (1.3)
CXOJIUTCS.

Ob6rmee pererne ypapuenusi (1.5) 6yiaeM uckarb B BuJIe

14

o) = /a:k_lf(x) dx , (2.1)

I

IMer mommsyenmcst m3BecTHBIM pasencrsom [4, 6]:

us

1 cos ky do — sin k6

;/COS(,D—COSG 7T sing
0

k=0,1,2...
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rie f(x) — HekoTopas Hem3BecTHast byHKIWs. [Ipenenbl p 1 v Takzxke OY/IyT OIpeieIeHbl
umke. [logcrasum unrerpas (2.1) B Bo3BparHoe ypasaenue (1.5) u, mpousBejisi UHTErPH-

POBaHHUE 110 JaCTAM, IIOJIYIUM:

14

/a:k_z{(va +2dz + ) f(2) — 2(az® + 2bz + ) f/(z) } do =
= VF Y (ar? + 2bv + Q) f(v) — T (ap® + 20+ @) f () -

(2.2)

[Torpebyem Terepsb obpalieHnst B HyJIb IIPaBOil YacTi paBeHCTBA (2.2). DT0 BOZMOXKHO,

€CJIX BBIIIOJIHEHO OJHO U3 TPEX y&HOBHfIZ

{MZO, {MZO, {uzxg, (2.3)
V= 1; v=1a; v =1,
IJe T U Ty — CyTh KOPHH KBaJIpaTHOTrO ypapHenua ax’ + 2bx + o = 0. Vimenno,
ry = —bja++/(b/a)? -1,
{xz = ~b/a—/(b/a)? ~ 1.

Pacecmorpum crnavasa ciydait b > |af, a # 0. JIBa npemesnbubix ciaydas o = 0 u

(2.4)

b = |a| 6ynyT pacemorpennt Huxke. [lockonbky 1 = 1/x9, TO Npu paccMaTpUBaEMbIX
)
YCJIOBUSIX OJIMH M3 KOPHel 60JIbIIe, a JIPYToii MEeHbIIIe IT0 MOJLYJIIO €[MHUIIbL (B 3aBUCUMOCTI

or 3HaKa «). IlycTh 1151 onpe/Ie/IeHHOCTH
a <0. (2.5)

B sToMm cityuaae
0 <2 <1< < 00. (2.6)
Ecan o > 0, To K yciaoButo (2.5) Jierko IpuiiT, ceaB 3aMeHbl
k
U = (—1) oL ,
o = —«o
n==7-

B cuiy (r060ro) yesmosus (2.3) npaBast 9acTh B (2.2) paBHA HYJIIO, & IIOTHOCTH f ()

YJIOBJIETBOPsieT OOBIKHOBEHHOMY (b pEepEeHITHATIHLHOMY YPaBHEHHIO:

fllx) ya?42de4+y A B B

flz)  w(az+2br+a) = T—79 T—T1

peleHneM KOTOPOro sABJIIeTCs (PYyHKITHS

flx) = Clalt |z — | Jo — |77,
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riae
y B by — da

a’ T eV’

fcno, manee, ato B cuity (2.6) b nepBast napa B (2.3) 06eCIedInT CXOIUMOCTD Psi-

na (1.3). Takum obpaszom, perernem Bo3BpaTHO cucreMsl (1.5) AB/seTcs nocae0BaTe b

HOCTb:
z2

o) = C/xk+A_1(x2 — )8 (2 — ) Pdx, (2.9)
0
riae C' — Ipon3BOJIbHAS ITOCTOSTHHAS.
CrtetyrommmmM cojiepzKaTeIbHBIM BOIIPOCOM SIBJISIETCSI TPOOJIeMa CXOIMMOCTH HHTErpaJsa

B npejicrapiaennn (2.9).

3. IlycTp

)

A=—-=-N+A< -1, (3.1)

Q
e <A<,

B stom ciayuae ¢ yaerom mepasercts (0.4) u (2.5) umeem B > 0. CieroBaresibHo, Ha
BepXHeM TIpejiesie HHTerpas cxoaurcsa. OJIHaKO Ha HUXKHEM Tipejieie nepsble N HHTerpa-
708 (2.9) pacxoggarca. Ecom N = 2, 1o 04 B Buge (2.9) ynosmersopsier cucreme (1.5),
Haunnas ¢ k = 3, aro u Tpebdyercs. [losromy ucciemyem Bompoc npu N > 2. 3amerum
JyUIst 9TOr0, 4To HaumHas ¢ k = N + 1, unrerpasn (2.9) cyuiecTByer u yJI0BJIETBODSET
cucreme (1.5) ToxxaecrBenno. Takum ob6pasoM ocTasoch mocTpouThb nepsbie N Koadhdu-
[UEHTOB 071 , 03 . ..oy . OUPeeIeHnIo TO/JIEKUT TaKKe IPOU3BOoJIbHast mocrostaHas C', ¢
TOYHOCTBIO JI0 KOTOPOii 3anucano perenune (2.9). Samucas (2.9) B Buge o = C&, k > N,

MIOJIY UM JIJIsE UCKOMBIX KO3(MMUITMEHTOB CUCTEMY JINHENHBIX ajredpaniecKux ypaBHEHUI:

((d+b)oy + (7 +2a)oy =d,,
(d+2b)ag+(7+3a)ag+7;“al_%,
+(k+ 1) + (k-1

(d—i-kb)O'k—l-,y <2 ) Uk+l+%ak—1:0; (32>

+ (N +1)a + (N — 1«
(d+Nb)O’N+C(%§N+1)+%O’N_1:0,

+ (N +2)« + N«

\C((d + (N +1)b)En + %gw) + 7TUN =0.
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Jlerko BuzeTh, 910 cucTeMa (3.2) paspernmMa, MOCKOIbKY JJIsi MATPHUIILL (B CHILY yCJIO-

Buit (0.4)) BBIIOIHEHO CBOHCTBO

Al = |+ bl = d+ jb > 11| + jla] > |y + jal = |3 Au|
k]
j=1,2,...,N—1.

Breipasus u3 mnociesgaero ypasaenus uemssectnyio C depe3 oy, ¢ yI€TOM OYEBUJIHOTO

HepaBeHCTBa {1 > N, JIETKO MPUJIEM U Jjist N-0if CTPOYKN K HEPABEHCTBY
d+ Nb>~+ No.

Takum ob6pasoM, mMarpuila cucreMbl (3.2) siBJIsIETCSl HE TOJBKO TPEXJMArOHAJIBHOM, HO
U JIMarOHAJIBHO JOMUHUDYIOIIEH, 4To U JoKasbiBaer (cM., Hampumep, |7, mi. XIV, §1,
Teopema 1|) paspemmocts cucreMmsr (3.2).

Ecmm B (3.1) A # 0, To cucrema (3.2) — sro cucrema N + 1 ypasnenus ¢ N + 1
HensBecTHbIMU. B nporusaoM ciydae C' = 0 (4T0 paBHOCHILHO TOMY, 9T0 0 = 0 1pu
k> N, . e. psan (1.3) obpsiBaercst) u ocrapiuecs N ypaBHeHUii onpeessior nepsbie N
koaddurmento. Hampumep, npu N = 2 nmeem:

b da — by
“brd T 2(d+b)(d+2b)

CoorsercrBenHo, perterne ypasaenust [Ipanaris (0.1) mveer Bu:
[(z) = V1 —22(01 + 2091)

a mosrarast o = 7y = 0, MOJTy9UM U3BECTHYIO [2] hOpMYyITy /U1 IUPKYIISINA HA SJUIHITHICC-
KOM Kpble (p(z) = pov'1 — a2, 3mech pg = b/d):
b

I'(z) = b+—dv1 —a?.

o1 0,=0, k>2.

Bamerum™, uro B cuity (0.4) b+ d # 0.

4. Bompoc o pacxogumoctu uaTerpaia (2.9) ua Bepxuem mpejene (B < —1) tpebyer
6oJiee JIETAIBLHOTO PACCMOTPEHHS.

[Ipexkie Bcero, mokazkem, 9To
A+B>0. (4.1)
Heitcrurensro, nonarag B (0.3) © = —1 u moab3yscs (2.5) mMeeM mocsie/[0BaTeIbHO:

— d by —d by —d
0 < ’Y+_1+’Y o v g o

- s = _A+B.
—a+b a Jaf(-~a+b) o  |a|VbE—a?
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Bamerum, gasee, uro uarerpas (2.9) apiagercd, dpakTUUECKH, NpPeJCTABICHAEM Jif-
Jepa Jyist runepreomerputdeckoii dyskimn [5]. menno, neras B (2.9) sameny x = wt,
TOJTY M

1

tk-ﬂ,—A—l(l _ t)B
= Cy 2} dt =
O 11’2/ (1—$%t)B

T(k+ AT(B+1)
T(A+B+k+1)
(A)r(1)k
(A+ B+ 1)ik!

B cuy Hepasencts (4.1) u (2.6) mocse/aee mpecrasiienue (4.2) crpaBe/inBoO MU JTHOOBIX

(4.2)

=Cyx F(B,A+kiA+B+k+1;13) =

= Cyah F(A+k, B;A+B+k+1;13).

3HadYeHusiX napamerpoB A u B. B Tom 4uciie 1 B pacCMOTPEHHBIX B 1.3 cirydaax A < —1

n A = —N. Kosddurmenrtsr oy, 0o u C3 ONpeaedoTcd U3 CUCTEMbI TPEX JIMHEHHBIX
anrebpandeckux ypasrennii: (1.4) u (1.5) npu k = 3. Ilycrs, nanpumep, B = —1. Torga
or = Ca5 npu k =3, 4.... Pemenuem ypasuenus (0.1) 6yser Torna byHKius:

Tosin g

I'(z) = o(p) = (01 — Caz)sing + (09 — Ca3) sin2¢p + C

1 —2zycosp+ a3’

rje 01, 0y, C' yIOBJIETBOPSIOT YIOMSIHYTON CHCTEME:

d+b  3(v+20) 0 o d
Ty+a)  d+2b 1y + 3)a3 o | = |2
0 s(v+2a) [d+3b+ L(y+ 4a)zs] 2} C 0

Ormerum Takzke, uro u ciaydait (3.1), u cayuait B < —1 pusndeckn JOCTUKUMBL.

Hanpumep, npu B = —1 xopaa p(x) Gyaer moJIoKuTebHA, eCii
dao  «
7=T+€vb2—a2<0, d > |y

B ob1miem ciryuae psiy cymmmpyercs |6, 1.3, dbopmyiia (6.7.1.6)| K runepreomerpudeckoit

dbyukmm Anresrs AByX IepeMEHHbBIX:

o(p) =ClmFi(A, B, 1; A+ B+1; a3, z3¢"%)+

. . (4.3)
+ (01 — Cpy) sinp + (o9 — Clg) sin 2¢p,
rue p
=— 2 F(A+1,B; A+ B+2; 73
M1 A+B+1$2 ( +1, 56;A+5+ 7372)’
A(A+1)

= F(A+2,.B: A+ B - 12).
= AT BrDAr By A2 B A+ B43;im)
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B cinydae cxoammocTu mHTErpaJa (2.9) MOXKHO JIaTh MHTErPaJbHOE IPEACTABICHUE
pellleHusi, ITo, KOHEYHO, DoJiee YI00HO JIjis Tiesieil BBITUCIeHMi:

o(p) =01 sin ¢ + o9 sin 2+

Lo 72:1:A+3(x2 — )8 (sin 3p — x sin 2¢) p (4.4)
T.
(1 —2zcosp+ 22) (ry — x)B

HpI/I PacxXOoJUMOCTH Ha HHU2KHEM IIpeJesjie MOXKHO BOCIIOJIb30BaTbCAd PEIIECHUEM CHCTE-

Mol (3.2). Torma npejicraBiienne perenus OyIeT UMETh BUJT;:

N
o(p) = Z o sin ko+
k=1
Z2

B . .
—i—C/xN*HA To— T sm(N—i—l)cp—xsmngdx.
T — 1 — 2z cos p + x?

NurerpaibHoe MpejCTaBIeHne TUIIepreoMeTpudeckoil pyuknuu |5

o NG h $h=L(1 — ¢)eb-1
F(Cb,b, G, Z) - F(b)F(C—b) / (1—tz)a dt (45)

0
CIIpaBEJINBO JIMIIb IIPpU YCJIOBUAX

Rec > Reb > 0. (4.6)

B uHBIX cirydastx HeoOXOMMO TIEPEXOIUTh K KOHTYPHOMY UHTEIPUPOBAHUIO Ha PUMAHOBOIL
HOBEPXHOCTHU MOJbIHTerpasbHoil B (2.9) dyHKIwN mo 3aMkHyTOMYy KOHTYDY [5]. Tlosromy
npsiMo tpejicraBuTh (4.3) B Buje unrerpasa Jitiepa (4.5) npu B < —1 nesb3s. [loka-

JKEeM, OJIHAaKO, 9TO ycjoBue (4.1) jaerT HaM BO3MOXKHOCTH "MepeKUHY Th" PACXOIUMOCTh Ha

mekHuil npegen. [loab3ysich paBeHcTBOM Ty = 1/x, 3amumem npejcrasienue (2.9) B
BUJIE:
o B
1 k+A\/ To9g — &
op=—— [ (z —— | dz. 4.7
g k+A/( )(1—mx2> (47)
0
ObozHaIIM
x, x>0,
Ty =
0, x<0.
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Tora nnrerpaibHoe npe/crasienne (4.7) MOXKHO 3alHCATD:

c | b
_ 1 k+Ay (YT d
Tk k+ A (x+ )(1—xy)+ v
=1

3aMeTnM TEIIEPb, 9TO HHTErpaJl ABJIACTCA CBepTKOﬂ JJId NHTETrPpaJIbHOI'O HpeO6paBOBaHI/I$I

Yy=r2

Ha KOHEeYHOM oTpeske & (cMm. [3]) dyukrmit

d
(1-— :L‘Q)d—m’fA, z?.
Eciu tipu stom B = —m — A\, 0 < A < 1, o 10 obrmemy npasuiay (cm. [3], reopema 1.3)

PacxoJuMOCTDb Ha/J0 IIOHMMaThb, KaK

C d\m / y—x -
_ 2 A k+A\/ —
ok = k:—I—A<(1 Y )dy> /(:chr ) (1—xy)+ de

-1

Yy=x2
3/1ech HEJIb3sT BHOCUTD ITPOM3BOIHY IO 1101 3HAK nHTerpaJja. OHaKO cBepTKa CHMMETPUTHA,

OTHOCUTEJILHO CBEPThIBaeMbIX (byHKIHI. [[09TOMY MOXKHO ITPOIO/IKUATE:

_ & ((1_ 2)i>mj 7/\(1— Q)i y— k+Ad _
Uk—k+A 4 dy Tt T 1— 2y v N

K +
Y=x2
C, y d\m [y — o\
— (=1 )™ —A 1 — AN d —
(=1) k+A/x+ (( x>dx> (1—$y)+ g
-1 Yy=x2
o2 g g\ FHAmm—1
=—Cy(-k—-A+ 1)m/x)‘ (2—) dx.
1—zz9
0

Taxk kak A+ B = A—m — A > 0, nocjiegauit ”HTErpaJi CXOIUTCS Ha 000UX Ipeje/iax Ipu

Beex k > 0. [Ipu npoBe/ieHnE BBIKJIQIKHA MbI TI0JIb30BAJIUCH PaBeHCTBAME [3]:
d\m y—x d\m y—x
(=) (L2 ) = com(a-a )" (52

— ) (T2
1—ay)’

u opmyJtoit auddepeHmpoBanmst (z“)(m) = (=1)"™(=p)pmztm.
PacecMoTpuM Tenephb IpeeabHble CIIydam.
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5. IlycTb

1 —a?
— VYT 50, d> 5.1
o) = L B 6.1)
B stom ciyuae A = B = oo u dhopmymamu (2.9) u (4.2) m071b30BaTHCA HEJIB35. SAIUIIEM

pekyppentnyio cucremy (1.4) u (1.5) aysa pacemarpusaemoii curyarun (o =0, b= 1):

(d+1)01+%02:1, (5.2)
(d+k)ak+%<ak,1+ak+l):o, k=23,... (5.3)

s pemenns cucremsr (5.3) 3amernm, 9aro "moxoxkemy" peKyppeHTHOMY COOTHOIIEHHIO

yaosersopstiior dhyuknun Beccens J,(z) n Y, (z) [5]:
Jy+1 + Jy—l = 2V$_1JV7
YV—‘r]. +Y,,= 27/33_1YI/7

B TEPMHUHAX KOTOPBIX 0bImee perrerue (5.3) MOXKHO MPEJICTABUTH CJIEIYIOMUM 00pa3oM:

= Cy (=1)*Jipa(y) + Co (=1)" Yiya(7) -

Ouesnyiao, MoxkHO cuntarh 7 > 0. Ecsmm 910 He Tak, B ucxognom ypasaenun (0.1) Haso
cJlesiaTh 3aMeHy r — —x. [loKaxkeM, 4TO ¢ POCTOM HOPsiJKa IIPU (PUKCUPOBAHHOM II0-
JOKUTETbHOM aprymente dyukius J,(x) yobiBaet, a Y, (r) HeOrpaHUYEHHO BO3PACTAET.

[lepBoe ciemyer w3 nHTErpaibHoro npecrasienus [lyaccona [5, 1.2, 7.3.(3)]:

jus

Jy(x) = % (g)y F(V;—i—%) O/COS(x sin ¢)(cos p)* dy,

OTKYyJda nuMeeM O4YEeBUJIHYIO OIICHKY:

’Ju(l“)|<%< /cosgp Ydp < (g)yﬁ

0
s onenkn dyukupn Heitvana Y, (z) Bocrosib3dyeMces HHTEIDAIbHBIM [IPE/ICTABICHIEM
I'y6aepa [5, 1.2, 7.3.(12)]:

o0

1
/ )Y~z sin(xt) dt — /e“(l F 2T dt
0

0

I/

wla

V() = (

wh—l
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[Ipu GOJIBIIINX BEIECTBEHHBIX IV MMEEM:
Y, (2)T(v+1)
2 z\V
= (3)

=

[e.e]

> / e (14122 dt + O(v1?) / e ™ hdt = 27T (2v),
0 0
- U IIO3TOMY IIpA V — OO

L)
Y. () 2 —=%.
l/( ) = (.’13/2)1/
B nociennux dopmyinax I'(z) — sro I-dynkius Ditepa (a He MUPKYIANUS, KaK B ypaB-
mernu (0.1)) VI3 9TUX OIEHOK BBITEKAET, UTO PelieHneM cucreMbl (5.3) sBisieTcst mocie-

JIOBATEILHOCTD
O — C(—l)kjk+d(’7) k 2 2, (54)
Kosddunmentsr oy u C naiigem u3 (5.2) u ypasuenus (5.3) npu k = 2:

(A4 oy + 3 aea7) € = 1,

%01 + [(d + 2) Jas2(7) — %Jd+3(7>] ¢=0.

Pan (1.3) ¢ kosbdurmenramu (5.4) cymmmpyerces [4, 1.2, dopmyna 5.7.10.1]:
o(p) = o1 sin+C' Jgp1(7) sin 2+

g ] <_ ~ cos ¢) sin (v — 1) sin ] Ju(t) dt

U MHTErpaJi CXoauTcs jjisi joboro d > 0.

6. Paccmorpum Tenephb cirydaii, korga b = —a. OrmMeTnM, 9TO 3/16Ch KPOMKH yiKe He
SJTUIITHYECKIE, a Ha OIHOM 3 HuxX (x = +1) mMeercst Touka Bo3BpaTa. TeMm He MeHee,
paspaboTrannas cxema IPOXoAnT. [Ipu ee mpuMeHeHUHU CjieyeT YYUTLIBATL IPeIe/IbHbII
LEPEXOJ;:

ryrN\1, x3 1, B—x.

B nmojpiaTerpaibHoM BbipazkeHuu B (2.9) BOZHUKaET HEOIPEICJIEHHOCT THIa 1°°:

T z\? T 2\ ?

. 2 — ) 2 — I1

lim = lim (1+ =
ol =b \ T1 — X |o] —b r1 —X

d+y

. (1 2/(b/a)’ - 1) el /@1 eXp{|—2(d+7)} |

1—x al(l — )
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Takum 06pa3oM B 9TOM MPEETHHOM CIydae nuMeeM perienune cucreMbl (1.5):

o =C O/lxk+A1 exp {w} dx . (6.1)

OrnHocuresnbro pertennsi (6.1) cipaBeymsel Bee moctpoenns 1.3 pu A = —N + .

TouHo Takzke, HHTErPAJLHOMY HpejcTaBieruio (6.1) mo anagoruu ¢ 1.4 MOKHO TIpH-
JIATh BUJ| MHIIEpreoMeTpraeckoil (byHKIMU (Ha 9TOT pas, OYeBUJIHO, BHIPOXKIeHHOi). O1-
HaKO, B 9TOM CJIy4ae 3TU ITOCTPOEHUs HE HOCAT «00sA3aTe/IbHOr0» XapaKTepa, MOCKOJIbKY

HEeT HpO6JI6MbI CXOIMMOCTHU Ha BEPXHEM IIpEJICIIC.

3AKJIIOYEHUE

Takum ob6pas3oM, B cTaThe MOAPOOHO UCCIETOBAH CIIydail SJUIMITHIECKIX KPOMOK JIJIs
ypasaenust [Ipamnrisa. B pabore [4] miist 9T0r0 Brjia KDOMOK HPEJIOZKEH METOJT YUCIeHHO-
r'0 MCCJIEJIOBAHUs, OCHOBaHHBIN Ha ajropurMme Mysbromnmna. OObIMHO, STOT METOJ, IIPUMe-
HAIOT B CJIydae CUMMETPUYHON XOPIbI (p(x) = p(—x)) U TECTUPYIOT Ha IIPUMeEpE JLJINTI-
TUYECKOTO0 Kpbliaa p(x) = pov/' 1 — x2. fIBHBIE periennst, TIOCTPOEHHbIE B HACTOSIIIEN CTaThe,
MOT'YT CTATh BaXKHBIMU T€CTaMU IIPH IIPOBEPKE YUCJICHHBIX aJTOPUTMOB U B HECHUMMETPU Y-
HOM cirydae. OTMeTHM, 9TO PA3BUTO B HACTOsAIIEH paboTe TEXHUKON MOYKHO PACCMOTPETH
U CUMMETPUYHOE KPBLIO, 3aJIaB XOP/Y B BHUJIE

B ar?+b

plz) = m
B sroMm ciiyyae B peKyppeHTHYIO cCUCTeMY OyIyT BXOIUTH Ok, Ok_2, Okto. Ko3bdurnu-
€HTHI TOo-TIpeyKHeMy OyayT nauHeftHbIMU. [lo3TOMYy, mosaras WHAEKC k YeTHBIM W HeYeT-
HBIM, CBEJIEM IIOJIy9eHHYIO CHCTeMy K JBYM cucTeMaM Ttuma (1.5) Ha mocsemoBaTesb-
HOCTU Ui = Ogk, U = Ogkr1. llOTUEepKHEM TaK:Ke, YTO AJTOPUTM $SBHOTO DPEIIEHUs
JUTSL QJUIAIITUYeCKUX KPoMOK p(z) ~ po(x)vV1 — 22, po(£1) # 0, cBoguTest K JUCKpeT-
HOIl TOYHO peIaeMoii CUCTeMe yPaBHEHUI, TOrya KaK Caydail mapadoMmYecKux KPOMOK
p(z) ~ po(z)(1 — 2?), po(£1) # 0, (cm. paborsl [1, 3]) cBOAMTCS K ypaBHEHUIO CBEPTKU 1

TUIla CBEPTKU JJId MHTETrPaJIbHOI'O HpeO6pa30BaHI/IH & Ha KOHEYHOM OTpE3KeE.
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SINGULAR PERIODIC SOLUTIONS OF POLYNOMIAL DIFFERENTIAL EQUATIONS.
Sakharov A. N.

Abstract. We consider the problem of periodic solutions of the equation
F=2"+a ()2 o amo1(t)z Fan(t), z€C,

with coefficients ag(t), K = 1,..., m periodic in ¢. It is known that equations of this type can
have, in addition to ordinary periodic solutions, also special periodic solutions that have a finite
number of discontinuities in the period. The compactification procedure for the phase space of
an equation makes it possible to determine the conditions that limit the number of ordinary
periodic solutions, as well as to describe the mechanism for changing the structure of periodic

solutions in terms of rotation numbers.

Keywords: compactification of phase space, periodic solutions, singular periodic solutions,

rotation numbers, modromy mapping

1. OCOBBIE MEPUO/JINYECKUE PEIIIEHUA

Bajaua 0 Yucse MeprogudecKnX PeIleHnil MOJINHOMHUAIBHOTO nuddhepeHImaibHOro

ypaBHEHUS BHUA
F=2"4ay(te)™ 4t am(te)z +an(te), 2 €R,C, (1)

rjie ag(t, €) — BelecTBEeHHbIE TPUTOHOMETPUIECKIE TIOJMHOMBI TIEPHOJia 27, TIPEICTABIISIET
coboit ocnabaennniii Bapuant 16-oit npobiremsr ['minbepral. [ pemenns 3Toil 3a1a4u
UCTIOJIB3YIOTC pasndibie moaxoabi: Meron B.A. [lmmcca, 3akmodaonuiics B KOMILIEK-

cucdukanuu ypasaenus (1), reomerpudaeckuii Metos |2, meron uarerpanos Jap0Oy [3].

13a;1at1a 0 B3AWMHOM PACIIOJIOYKEHUN BETBell JIefCTBUTE/IbHON airedpanieckoii KpuBoil Ha IJIOCKOCTH.
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B1ech paccMaTpuBaeTcs 3ajada 0 OMPYpKaIUsIX MePUOINIECKUX PEIIeHnil 3TOro
ypasaenwusi. Vzsectro (B.A. Ilnuce, [1]), 110 n3menenne qucsia 27 —HePHOITIECKIX Pele-
HUiT TAKOrO ypaBHEHUS [IPY U3MEHEHUH [IaPAMEeTPAa € CBA3AHO C IOABICHAEM TaK HA3LIBAE-
MBIX 0COObIET NEPUOIUMECKUT PEULEHUT], IMEIOIX KOHEUYHOe YUCJI0 Pa3PhIBOB Ha IIEPUOJIE.
B nacrosieit pabore pejjiaraercs onmucaHmne 3Toro ¢geHoMeHa, OCHOBaAHHOe Ha IIPOIeLyPe
KoMmakTuduKam ha3oBoro mpocrpaHcrsa ypasuerus (1).

[Tponenypa KoMmakTH(UKAIMEA [TO3BOJIAET CBECTH 3aJa9y O CyIIECTBOBAHUU OCOOBIX
HEPUOINIECKIX PEIICHUIT K 3a/a9e CyIIeCTBOBAHNA 3aMKHYTBIX TPACKTOPUI CHCTEMbI Ha
KOMIIAKTHOM ()a30BOM MPOCTpAHCTBe. 3amuiieM ypaBHenue (1) B BHIe aBTOHOMHOI -
CTEeMBI

m
=1, 2= zm—l—Zak(go,e)zm_k, (2)
k=1
dazosoe npocTpancTso Koropoit mbo ST x R, ecn z € R, mmbo S x C, ecm z € C.

Cnenaem 3ameny z = tg 3 —m < 0 < 7, mocae KOTopoii cucrema (2) MpecTaB/seTcs: B

BU/IE
: 0 0 & 0 0
o =1, 0 cos™ 2 5= 2 |sin™ 5 + ; ap(p, ) sin™ " 2 cos” 1R
WJTH, TIOCJIE€ 3aMEHbI BPEMEHH
d 6 dé - 0
d—f = COSmiz 5’ E = 2 |sin™ = + ; ak(go, 5) sinm*k COSk R (3)
————— — <
RP!
0 2n

Puc. 1. 3BamxuyThle TpaeKTOPHU HA TOpPE, COOTBETCTBYIONINE HEPUOITIECKIM PEIIeHI-
sim (1) ¢ ofHUM PA3PLIBOM Ha EepPHOjIe

s ynoberBa Oyiem obo3HadaTh aud depeHIimpoBaHie 110 HOBOMY BpEMEHH T TaKxKe TOY-
Koit HaJ1 pazoBoit nepemennoii. Cucrema (3) ompeiesisier aHAJIUTHIECKOE BEKTOPHOE TI0JIe
na S' x R. JIns Toro, 9To6BI IIOJYYUTh BEKTOPHOE II0JIe Ha KOMIIAKTHOM HPOCTPAHCTBE,
HEOOXOINMO OTOXKJIECTBTH OKPY2KHOCTH § = +7. Takoe 0TOXKIecTBIeHNE TPUBOUT K TO-

py T? mpu 4eTHOM M, TaK KakK I0JIe Ha ITHX OKPYKHOCTAX COIVIACOBAHO, W K OYTBLLIKE
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Keitna K? mpu HeueTHOM m, TaK Kak II0JIe Ha OKPYKHOCTSAX @ = £ mMeeT IpOTHBOIO-

JIOZ2KHDBIE 3HELKI/I2.

gcHo, uTo 0cOOBIM HIepHoIecKUM pereHnusM (1) cCOOTBETCTBYIOT 3aMKHY Thle TPAeK-
TOPHHU CUCTEMBI (3), Jearolue HeCKOJIbKO 0OpOTOB 110 KoopuHaTe f. MexaHusm mosiBie-
HUsT OCOBIX TIEPUOIUIECKUX peIliennii npuayMas akajgeMuk 9.B. SenbaoBud, mpemioKms
uJier0 KoMnakTudukarnmu $ha3oBoro mpocrpancTBa ypapuenus: Pukkaru. OH u3ydast 0co-
Oble [epUOIMYECKIe PEIeHNs YPaBHEeHNs PUKKATH J1jisi MOJIE/IMPOBAHIS B3PbIBOB (B acT-
podusuke) u dpakTHuecKn nepeoTkpbLT Teopuio A. [lyankape, HO He ycres omyGJINKOBATE

CBOU pe3ysbTaThl [4].
2. YnucJio BPAIILIEHUSA

YVTOYHUM YCJIOBHUSA CYIIETBOBAHUS YHCJIa BPAIECHUS Y MTOTOKA HA TOPE, TOPOKIAEMOe
cuCTeMOt
¥ = u(gp, 0)’ 0= ’U((p, 9) (4>
JIoIycTHM, 9TO STOT IIOTOK HE MMeeT 0COOBIX TOUEeK 1, KPOMe TOro, He IMeeT sdeek Puba’.
Torna cyrmecTByeT 9UCIO BpallleHUs
. 0(t, o, 6h)
p=lim —————=
t=00 (p(tv %05 90)

He 3aBHCHAIIEe OT HAYAJIbHBIX JIAHHBIX. DTO ciejacTBue jeMMbl 7.1.2 us [6]. Eciu cucrema

Puc. 2. Yucno spamenns cucremsr 9.

(4) HENPEPBIBHO 3aBUCHUT OT ApaMeTpPa, TO YUCJIO BPAIIEHUs ero HenpepbiBHAst (DyHKIUSI.

Ipeonaraercs;, 4T0 KOOPIMHATA, (0 COOTBETCTBYET TIapaJsiiesin Topa, f — Mepunany.

3Tak nasbiBaercs KOHCTDYKIWs, BBefleHHas dpaniry3kum maremarukom 2K. Pubom B 1952 roxy mjis
HY?KJI TEOPDUH TPEXMEPHbIX cjIoeHuil. JIByMepHbIil ciryuail nogpobHo onucan B Kuure [5], To ecTb ropasio
pambire. [Ipumepom mosst Ha Tope ¢ gdeiikamu Puba maeT cucrema

$ =siné, 6 = cos? 4.
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Ha rpaduke 3aBHCHMOCTH 9HC/Ia BpAIleHUsT OT apaMeTpa £ CHCTeMbl (3) HabJII0Iar0Tcs
CTYII€EHbKHU — MHTEPBAJIbI IIOCTOAHCTBa 9UCJIa BPpalllCHU A (I/IHTepBa.HI)I YCTOﬁqHBOCTH HuUCJIa
Bpaienus 1o repmunosioruu B.A. Tliucca). B uHTepBase MOCTOSHCTBA YUCIO BPAIEHUs
Beerja parmonasbho ([8], memma 11.1) . Kpurepuit npuna/jie;KHOCTH YUCIa BpaIleHs

UHTEPBaJy MOCTOAHCTBA — OTCYTCTBUE CONPAKCHUA JUHEHHON cucTeMe

p=p, 0=q, plecQ.
D10 caeacrsue npempokenns 2.1 u3 [7].

Teopema 1. [Tycmo (, f) — unmepeas nocmosHcmea Yucaa 8PAULEHUSA NOMOKAE, NOPOIHC-

daemozo cucmemoti (3). Tozda das awbozo € € (av, B) nomox cmpykmypro ycmolivus.

Jloxazameavcmeo. Heocobbie CTPYKTYpPHO YCTONYMBBIC ITOTOKH Ha TOpe MMET 2k 3a-
MKHYTBIX TPAE€KTOpPHil, IpUdeM k TPaAeKTOPHUHl aCUMIITOTUYECKUA YCTOWYHMBLI IPHU T — 0O
u k tpaekropuit — npu t — —oo (|9, [10]). Bce 3aMKHYyTBIE TpaeKTOPUI UMEIOT OJMHA~
KOBBIil TOIOTOrTYecKuil Tuil. EanHcTBEHHO BO3MOXKHOI OudypKarueii B 9ToM cirydae —
3TO CJAUAHUE YCTOMYUBOM U HEYCTONYMBON TpaeTopuil, He U3MEHAIONIee YUCJIO BpallleHud.
QyHKIMS I0CTIe0BaHIA B OKPECTHOCTH 00PA3YIOIIEHcs MOJIYCTONYINBON TpaeKToOpun He
menster 3HakK. Ho cormacno semmve 11.2 u3 [8] umceso BparmeHnst Takoil TpaeKTOpHH He
MIPUHAJJIEXKUT UHTEPBaJy MOCTOAHCTBa. TeopeMa Joka3aHa.

Takum obpazom, U3 TEOPEMBI CJEIYeT, UTO MPHU JOCTUXKEHUU TTapMeTpa KOHIA WH-
TepBaJja TOCTOSHCTBA YUC/Ia BPAIIEHUA MTPOUCXOJUT OUdYpKaIus, CBOJAMAACA K CJle-
JIYIOIIEMY: BO3SHUKAET OJHO IOJIYYCTONIMBOE MEPUOJNIECKOE PelieHre (IapabomIecKuit
ciydait), imbo KOHTUHYYM [MePUOIMYECKUX PeIeHnil (/IMITHIeCKuil corydai).

Heocobbie nepnopndeckue perienns ypapHenue (1) mMeer TOIBKO IPU HYJIEBOM THCIIE
BpAIIeHUsT CUCTEMBI (3), KOJMIEeCTBO Pa3phIBOB Ha MEPHOJIE 0CODOTO MEPUOJIUIECKOTO Pe-
IIIEHUsT OIIPEJIeIsieT TUCUTEb YNC/Ia BpaleHus. BOSHHKHOBEHIE 0COOBIX MTEPUOINIECKUAX
peleHuii pu M3MEHEHU! IapaMeTpOB ypaBHEHUsA, WJLTOCTpupyeT puc. 2. Ha OyTblike
Kreitna neocobblIil MOTOK BCET/Ia UMEET ITePUOINYIECKOe PEIIEHUE, TO €CTh ero YUC/I0 Bpa-
IIEeHKsI BCET/a PABHO HYJIIO U ypaBHeHue (1) He nmeeT 0COObIX MEPUOIUIECKUX PEIIeHHIA.

,Z[aﬂee 6y,ZLeM CduTaTb, 9TO 1 4Ye€THO€ YMCJIO.

3. YPABHEHUE PUKKATHU
[Ipu m = 2 ypasuenue (1) me uTo MHOE, KaK ypaBHeHne PUKkaTu
t=22+tai(t,e)z + as(t,e). (5)
Jluist BeIecTBEHHOro CiIydasi Mpole/ypa KOMIAKTU(DUKAIIMN JIaeT CUCTEMY Ha, TOpe

o=1, 0 = ay(p,€) + 1+ (az(p,e) — 1) cos 0 + a1 (i, &) sin 6. (6)
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Yucsto Bpalenns cuteMsl (8) SBJIAETCH IOMHBIM TOIOJOrnIecKnM nHBapuanToM [11]. Ec-
JIM HCJIO BPAIIEHUs IIeJI0€e, TO HOTOK Ha TOPe CTPYKTYPHO yCTONUMBEI, HEOIy K AaloIIee
MHOXKECTBO COCTOUT U3 JBYX 3aMKHYTBIX I'HIIePOOJINUECKUX TpaekTopuil. B ciydae Here-
JIOTO {HCJIa BPAIEHNs] BO3MOXKHBI J[Be C/Iydas: MO0 BCe TPAEKTOPHU 3aMKHYTBI (MHCIIO
BPAIIEHNST ) PAIMOHAIBHO, p # 0), mb0 Bce TPACKTOPUE BCIOLY IJIOTHBL (p — HPPAIHO-
HAJIBHO).

EcrecrBennoit komnakrudukanueil $hazoBoro mpocTpaHcTBa KOMIUIEKCHOIO ypDaBHE-
nus (7) aBagercas MuOroobpasme S' X S?) mosryqaeMbIM DM OHOTOYEYHOIT KOMIIAKTH-
dukamm KOMIIEKCHOM II0CKOCTH. IIoTOK Ha 3TOM MHOTOOOpasusMu JIeCTByeT JIPOOHO-
JMHEHHBIME IpeoOpa3oBaHusAME co 3nadenusmu B rpymme SL(2, C):

. a(t,e)z+ B(t,¢)
F.(z) = :
Y(t,e)z +4(t,¢)

Orobpaxkenne monogpomun . (z) = P?™(z) asngerca npeobpazoBammem Mébuyca cde-

a(t,e)d(t,e) — B(t,e)y(t,e) = 1.

pbl Pumana. Anaus qunamuku mpeodbpazoBanust Méomyca OCHOBBIBACTCS Ha, CJICYIOIINAX

U3BECTHBIX €I'0 CBOMCTBAX.

1. Do mpeobpazoBanue Beerya MeeT HEMOBIUKHBIE TOUKN (J[BE UM OJHY ), KOTOPBIM
COOTBETCTBYIOT 27T-TIEPUOIUIECKIE PEIIeHnsT KOMILJIEKCHOIO ypaBHeHnsT PUKKaTn.
2. Jlwobasi okpyxRHOCTH Ha chepe Pumana mpeobpasyercs B OKPYyKHOCTH (KPyroBoe

CBOWCTBO).

Jlemma 1. Jlaa aoboz20 omobpasicenun Mébuyca &P cywecmeyem npeden

1 1 "
7:5+z’p:2— lim —n@ (Z),

T n—oo n

nomopwi HE 3asucum om z.

JlokazaTeIbCTBO Clle/lyeT U3 M3BECTHON TeOpeMbl aHAJIM3a, KOTOpas YTBEPKIAET, UTO
Joboe mapeobpazoBanne Mébuyca chepbl Pumana JimHEHHBIM TpeoOpa30BaHUEeM MOXKET
OBITH IIPUBEJIEHO K BUJLY

1. w=e*2"y  §40, p¢g Z, (10KcoapoMmaecKuil ciry4ait);

2. w=¢e2 0#0, (runepbommHaeckuii caydaii);

3. w = 2™z (3unTudecKuil cyvaii);

4. w =z + 1, (mapabosmaeckuii cydaii).

Yucno 0 — 3T0 mokazarenab JIAmyHOBa IumepOOIMYecKoil 3aMKHYTOH TpaeKTOpHH.
Yucao p MOKHO PacCMaTPUBATh KaK UHCJIO BPAIEHHsI, OUPEIEJCHHOE ¢ TOYHOCTBIO 0
EJIOTO.

Od4eBwTHO, UTO 27-TTEPUOINIECKTE PEIleHnsT ypaHeHnsi PUKKATH OIpeIessTioTCsT Hero-

ABU2KHBIMI TOYKaMU OTO6pa)KeHI/IH MOHOJAPOMUHM, YHNCJIO KOTOPbIX HE IIPEBbIIIaECT ABYX.
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[TosToMy TeopeMa O TOIOJIOTUYeCKO CTPYKTYPe PeIeHnii KOMIIJIEKCHOIO ypaBHeHus Puk-

KaTu (GOPMYIUPYETCs TaK.

Teopema 2. /lasa nomoxa na komnaxmugurayuu S* x S? ypasnenus (7) evinoansemcs
00Ha U3 CACOYIOUUT ANOMEPHATNUG!

1. cywecmeyrom dea 2unepbosudeckur 2T -nepuodudeckur peuLenus, Opyaue peuLeHus,
CMPEMAMCA K HUM npu t — F00;

2. cywecmsyem 08a Ycmotuuusur no JIAnyHoey KOMNAEKCHOLT 2T -nepuoduteckur pe-
WEHUA, OCTNANOHBLE PEULEHUA AUOO NEPUOIUYECKUE, AUDO KBAZUNEPUOIUUECKUE;

3. cywecmeyem 00Ho NOAYCMOTUNUBOE 2T -NEPUOIUECKOE PEULEHUE, OCTNAALHBIE PeuLe-

HUA CMPEMAMCA K Hemy npu t — £00.

Zloxazameavcmeo. Ecim orobparkeHrne MOHOJIPOMUH THIIEPOOJIUYIECKOE WU JIOKCOIPO-
MUYECKOe, TO OHO MMeEeT JIBe HEIOIBUXKHBbIE TOYKH, KOTOPBIM COOTBETCTBYIOT JIBa I'U-
epOOTMIECKIX 27T-IIEPUOINIECKUX peltenns: ypasHenust Pukkarn. Korma orobparkenne
MOHOJIPOMUN TUIEPOOJMIHO, TO YNUCIO BpAIEHWd IeJI0e, a CeMeiCTBY WHBAPUAHTHBIX
OKPY?KHOCTEl COOTBETCTBYET CEMECTBO MHBAPUAHTHBIX TOPOB, IEPECEKAIOIINXC s 110 27T-
[IEPUOIUIECKUM peIIeHnusIM. B JIOKCOAPOMIYECKOM C/lyduae MHBAPUAHHBIX TOPOB HET, HO
UMeeTCsl CeMeHCTBO MHBAPUAHTHBIX IUJINHIPOB, HAKPYJIHBAIOMINXCA Ha ITH IHePHOITIe-
CKHUE PeIeHus.

Ecim orobpazkenne MOHOAPOMEIH SJIIAITHICCKOE, TO JIBYM €I'0 HEIIOABUXKHBIM TOUKAM
COOTBETCTBYET Iapa yCTOWIHUBBIX 110 JISIYHOBY KOMILIEKCHBIX 27T-IIEPHOIUYIECKAX peIle-
uusi. Kpome Toro, cyIecTByeT ceMeiicTBO BIOYKEHHBIX HEIIePECEKAIONNXCsT MHBAPUAHTHBIX
TOPOB, JIBUKEHNE Ha KOTOPBIX OIPEJIessieTcs IMHEHBIM BeKTOPHBIM TosieM (1, p).

Tperwuit ciydait coorBeTcTByeT mapabOINIHOCTH 0TOOparKeHusT MOHOAPOMUHU. E1mH-
CTBEHHAs HEIO/IBUKHAs TOUKa OIPEJIE/IsieT TOJIYYCTORINBOe 2-pellieHne, JPYTux Mepro-
JIMIECKUX PEIeHnil HeT. DTO MPOUCXOIUT, KOIJIa JIBa MEePUOINIECKIX PEIeHN CIMBAIOTCS
B oxHO. CyIecTByer ceMeiicTBO MHBAPUAHTHBIX TOPOB, KACAIOIIUXCS IPYT APYTa 0 IepH-
ojineckoMy pereHnio. Teopema joKazaHa.

B namewm ciydae ypaBuenne Pukkatu B KOMILIEKCHOI 00JlacTt ©MeeT WHBapUAHTHBIN
IAJIAHIP. DTO MO3BOISIET €r0 KOMIAKTU(MUIMPOBATh CTAHIAPTHBIM 00pa30M W OIpee-
JITH YHUCJIO BpalieHus (a Takxke mokasaresn Jlsmysosa). Takoe ypaBHeHme He MOXKeT
OIIPEJIETISITh JIOKCOJAPOMUYIECKOe 0TOOpazKeHne MoHoapoMun. B obIem cirydae, eciim cooT-
BeTCTBYIOIIee ITpeobpa3oBanne Meébnmyca nMeer ceMeiicTBO MHBAPUAHTHBIX OKPY2KHOCTEIH,
TO CYIIECTBYET MHBAPUAHTHASI TIPsiMast, KOTOPasl IIEPEBOIUTCS JIMHEHHBIM TTPeo0dpa3oBaHme

B ,Z[‘eI'?ICTBI/ITe.HbHyIO OCbhb W ITPUMEHHMBI PE3YJ/IbTAaThl JJId BEIIECTBEHHOI'O CJIy4vasd.
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BameTnM TakKe, YTO OTOOparKeHre MOHOJPOMUU JIJIs TIOTOKa Ha TOpe, He OYJIeT ero
IIOJIHBIM TOIIOJIOTUYECKUM HMHBApPUaHTOM. qI/IC.Ha BpallleHud IIOTOKa n1 OTO6pa}KeHI/IH MO-
HOJIPOMUU OJIMHAKOBBI, HO 3aMKHYTOIl TPAEKTOPHH, JieJIatolieil n 000pOTOB 110 MEPUIHAHY
TOpa COOTBETCBYET IPOCTO HEMOJBUKHAA TOYKA OTOOparKeHWs, T. €. OHO ‘3abbIBaer” To-

MOTOIIMYECKHNIT THUII IIEPpUOINYICCKOI'O PEIICHUA.

4. KOMIIAKTU®UKAIIUS B KOMIIJIEKCHON OBJIACTHU

Kak yzke oTMeuasioch, nporetypa kKommarudgukaiuu ¢gasosoro npocrpancrsa St x C
ypasuenust (1) nmpusogur kK noroxy P!(z) ma mmuoroobpasum S' x S? npuuem muminn-
npy S' x R coorBercTByer nnBapuanTHbIil Top. Pa30Boe MPOCTPAHCTEO MOTOKA MOZKHO
n306pasuTh B BHUJIE JBYX KOHIEHTPUIECKUX Cep, ¥ KOTOPBIX OTOKJIECTBIISIOTCS TOYKH,
JIeXKalle Ha Jiydax U3 o0Iero menTpa. Kosbio, coeunsoniee JuaMeTpbl cdep, COOTBET-

CTBYET BEIIECTBEHHOMY MHBAPUAHTHOMY TODY.

S~ -

—— —

Puc. 3. Tlepumonuueckas TpaeKkTopus Ha HHBADHAHTHOM TOpE, COOTBETCTBYIONIAs IIe-
PUOIMYIECKOMY PEIIEHUIO C IBMS pa3pbiBaMU Ha mepuojie. IlyHKTUpHbIe OKPYKHOCTH, IO
KOTOPBIM CKJIEUBAETCsl KOJIBIIO, COOTBETCTBYIOT Koopauuare § B (3), oproroHajbHble K
HUM OTPE3KU — KOOpJUHATE . 31eCh KOOPAMHATEL (¢, §) MOMEHSINCH POJISIME: (0 OIIpe-
JieJisieT MEPUINAHBI, § — TapaJiiesin Topa.

CnenoBatesibio, orobpazkenne Monojgpomun P.(z) = P> (z) Gymer aHaj uTudecKum
romeomopdusmMoM cdepbl S?, UMMM HHBAPUAHTHYIO OKPY?KHOCTH. ITOOLI TIOHSTD,
KaK 0TOOpaykeHre MOHOJPOMH YCTPOEHO BHE MHBAPMAHTHOIO TOpA, CleJaeM Hpeobpaso-

BaHUE .
Z—1

z4+1

Z —r
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0TOOpazkaeT BEPXHIOO MOJTYIJIOCKOCTh B auck D = {z : |z] < 1}. Cyxkenune orobpazkeHnst
MOHOJpOMHUH Z, Ha 9TOT JUCK — aHaauTudeckuii romeomopduszm D. [Tosenenune &2, na

D ommucwiBaetca Teopemoit Jamkya-Bosbda? ([12], Teopema 5.4):

Teopema. [lycmv f: D — D — nposzsosvhoe 2osomopdroe omobpastcenue, He ABAAI0-

weecs asmomopgpuamom D. Tozda subo

1. f asasemes “sepaweruem” (ommnocumenrvno mempuru [yankape) soxpye nexomopot
HENOOSUNCHOT, MmouKy zg € D, aubo, 6 npomusrom ciyuae,

2. nocaedosamenvroie umepauul [ pasHoMepHO CTOOAMCA HA KOMNAGKMHBLT NOOMHO-
otcecmsar D x nocmoannotl pyrrxuyuu 2 — 2g, 20e zg MOAHCEM NPUHGONEHCAND AUOO
omxpvimomy ducky D, aubo e2o epanuynotl 0KpYHCHOCTIU.

[IepeBeeM 3Ty TeopeMy KOMILJIEKCHOI'O aHAJIN3a Ha A3BbIK JUHAMUYIECKUX CHCTEM.
Orobpaxkenne f ocTapjseT HEM3MEHHBIMU THIIEPOOJINIECKUE JIUCKU C IIEHTPOM B Zg, €CJIH
zo € D, m mucKu, Kacanecs eIuHITIHON OKPYKHOCTH B 2g, ecau zg € 0D. Takum obpa-
30M, Zp ABJIACTCHA HeHO,Z[‘BI/I}KHOI'?‘I TOYKOI f, npu4deM HEIIOABUZKHagd TOYKa aCUMIITOTUYIECKHA
ycToW4YmMBa, Korja zg € D.

Bynem HasbiBaTh OoTOOpaxKenme . AAUNMUMECKUM, €CJIU OHO SIBJIIETCS BPAIlEHU-
eM B CMBICJIE IIYHKTa 1) 9TOi TeopeMsl, 2unepbosuveckum, ecmn Pr(z) — zy, 20 € D,
napabosuueckum, ecin Pr(z) — zy, 2o € 0D npu n — oo. Ilepexos oT runepboIecKo-
ro ciydas K mnapab/IM9ecKoMy IIpHM M3MEHEHUHU IapaMeTpa € OluChbiBaeTcsa OudypKalmeit
“cemyio-y3sen’. Pucynkn 4, 5 npeactaBigioT (ha3oBble MOPTPeThl 2. I TPeX YKa3aHHBIX
CTydaes®.

KauecTBenHoe MoBejieHne TPaeKTOpHit Ha Muorooopasmn S' x S? omuceiBaeTcs ciie-

JIYIOIIUM yTBepzKIenueM (cpaBuute ¢ Teopemoii 6.6 uz [13]).

Teopema 3. Komnaxmugurauus cucmemnv, (2) npusodum x cA0y0OUUM GALMEPHATU-

gam s nomoxa na S* x S? .

1. Cywecmeyrom 2k + 2 2unepbosuveckux nepuoduveckur pewernut, ud nux 2k eeuse-
CMBEHHDIE U AEAHCAM, HA UHBADUAHTIHOM MOPE, 2 PEULEHUS KOMNAEKCHDLE.
2. Cywecmsyem 00HO Noaycmotinugoe nepuoduieckoe PEweHUe, 0CMAAbHBIE DEUEHUS

cmpemamcs x nwemy npu t — +0oo.

4B macrosimee BpeMsl 9Ta TEOPEMa NEPEKUBACT PEHECCAIC, XOTs OHA ObLIA JoKasaHa B 20-e roJbl
[IPOIIIEIIIETO BEKA. DTO CBI3aHO C IOSBUBIIUMUCS IPUJIOXKEHUSIMA B KOMIIJIEKCHOM aHAJIN3€ U TEOPUU
JMHAMAYIECKUX CACTEM.

5Hp1/1 mocTpoeHnn (pa30BBIX MOPTPETOB CTPYKTYPHO YCTOWIMBLIX ArdpdHeoMopdu3MOB UCITOTB3YIOT-
cs1 OOIIENPUHSATHIE 0OO3HAYEHHSI: (v — UCTOYHUK, 0 — CEJI0, w — CTOK. Kpome Toro, m306pazkaiorcs
CerapaTpuchl ceJed.
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3. Cywecmeyem dsa ycmotivueoir no JIANYH08Y KOMNAEKCHBT Nepuoduteckur peuie-
HUA, OCMAAbHBLE PEWEeHUA AUO0 nepuoduyeckue, Aub0 K6a3UNePuOJUIECKUE.

Joxazameavemeo. HebXoauMO OTMETUTE, UTO MHBAPUATHOMY TOPY IIOTOK& COOTBETCTBYET
MHBapUaHTHasl OKPYKHOCTH OTOOpayKeHsT MOHOAPOMUN. [IycTh 9rc/io BpalleHus: IOTOKa
Ha MHBAPUATHOM TOPE PAIMOHAJIBHO ¥ [TOTOK CTPYKTYPHO YCTONIUBBIA (MMCIO BpAIeHMsT
IPUHAJJIEXKUT UHTEPBAJIy TOCTOSTHCTBA). Torma oTobpakeHue MOHOIPOMUU THITPOOTHIHO
1 ero HeBJIy XK IAIOIIee MHOKECTBO OCTOUT U3 k MCTOYHUKOB, Kk CeJlesl U JIByX CTOKOB (CM.
puc. 4), o ectb &, — romeomopdusm Mopca-Cwmeita. CoOTBETCTBEHHO TOTOK MMeeT
k 9KCIOHEHIMAJILHO HEYCTOMYMBBIX 3aMKHYTBIX TPACKTOPHil, k — CeJJIOBBIX 3aMKHYTBIX

TPACKTOPUI U JIBE SKCIIOHEHIINAJIHLHO YCTONYMBbBIC 3aMKHYThIC TPACKTOPUM.

Puc. 4. Tunepbomuueckoe oTobparkeHne MOHOIPOMUN P, C TPeMsI NCTOYHHKAMHE, TPe-
Msl CeJIJIaMU U JIBYMsI CTOKAMU.

Ecium gucio Bpalenus paloHa/JIbHO U TPUHAJIEXKAT I'PAHUIE WHTEPBaJIa MOCTOSH-
CTBa, TO OTOOPasKeHNe MOHOIPOMHIN NapaboaHo U Mook Ha S X S? mMeer eqmHCTBEH-
HOE BEIEeCTBEHHOE MEePUOIMIEeCKOe PelleHne. DTy CUTYAIUI0 UJLTIOCTPUPYET JieBasi YaCTh
puc. 5.

AJibrepHATHBOM /I CYIIECTBOBAHMSA OJHOIO ITOJIYYCOMINBOIO MEPUOJIMIECKOI0 Pelle-
HUS Ha TPAHUIE MMOCTOSHCTBA YHUCJIA BPAIEHUS SBJSETCHA CYIIECTBOBAHUS KOHTHUHYYMa
HEePHUOMIECKAX PEIeHnii Ha MHBApUAHTHBIX TOpax MOTOKa (mpaBas dacTh puc. 5). [lpn
9TOM CYIIECTBYET Iapa YCTOWYUBBIX 110 JIAIMyHOBY KOMILJIEKCHBIX HEPUOIUIECKUX peIlre-
nuii. Teopema nokaszaHa.

3meHenne ncsia IepUOMIECKUX TPACKTOPHl CHCTeMbI (3) MPOUCXOIUT JTHOO B pe-

gyabrare omdypkanuu “cenao-ysen’, Koraa Bce HePUOIUYECKIe TOUKH &, CIMBAIOTCA B
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Puc. 5. Tlapabommaeckoe (ciesa) u smmnTHdeckoe (crpaba) 0TOOPasKeHHe MOHOPO-
Mun ..

OJIHY Ha MHBAPUAHTHON OKPYZKHOCTHU, JITOO B KOHTHHYYM IIepUOInIecKkux Touek. O0ocHO-
BaHUe 9TOro clieHapusi GaKTHIECKH Coep:KUTC B [17] mociie hopMympoBKU pe3yibTraToB
Ha A3BbIKE JUHAMWYICCKUX CHACTEM.

BamMeTnM, 9TO B OT/INYNE OT CJIyvas ypaBHEHUsI PUKKaTH rurepObonIecKue mepuoi-
YECKHE PeIeHusi, O KOTOPBIX UJIET PeUb B (DOPMYIUPOBKE TEOPEMBI, MOI'YT UMETh HEPUO/T
KPAaTHBII 27. 9TO TaK Ha3bIBaeMble CyOrapMOHMYECKHE PEIeHNs, COOTBETCTYIOIIHIE JTPO0-

HBIM 3HaYCHUAM YMCJIa BpallleHWd.
5. SBAKJIIOUUTEJIbHBIE 3AMEYAHU S

Kak yxke ormeuasoch, MeToji KOMHaKTHhUKaII (Hha30BOro IMPOCTPAHCTBA ypaBHE-
Hus (1) He JlaeT yHUBEPCAJBHOTO MOJIX0JIA K OIEHKE YKC/Ia IePUOMIECKUX PEIIeHUI 9TOro
ypaBuennd. lleapio maHHON pabOTHI SIBJISIETCS OIMUCAHUE MEXaHU3Ma IMOABJIEHUsT 0COOBIX
nepuoauvdeckux perrennii. [IpenMyIecTBo mpeiozKeHHOro MeTo/a 3aKJII0YaeTCsd B TOM,
4910 ypaBHeHue .(z) — z = 0 JJIg HAXOXKJICHUs [EPHOIMYECKUX DEIeHU T Orpe/IeJIeHO
Ha Beeit cdepe. Meron kommrekcudukanun [Lmncca ([8], §9) ucmosnbzyer 3amnuch B Ko-
opauHatax z = re'? ypapuenus (1) u mcciegoBanust 0TOOGpazKeHust MOHOApoMun ¢(c, €)
HoJTydeHHOl cucrembl. B nanuoM citydae ypasrerue ¢(c,e) — ¢ = 0 He paspermMo Jijist
0COOBIX MEPUOINIECKUX perennii z(t, ¢, ). Kpome Toro, mMeTon KoMmakTuduKamm reo-
MeTpuYecKn 60J1ee HAIJISIIEH, YeM MeTO/I, IpeioXKeHHbri [lmnccom.

[IpeoKeHHbIT METO/T TTO3BOJIAET €IMHOOOPA3HO U KPATKO OIUCATH C €JIMHON TOY-
KU 3PEHUs MOJIyIeHHbIe DaHee Pe3yJbTaThl OTHOCHTEIHHO Mepuojndeckux permennii (1).

Hampuwmep, ypaBuenne Pukkaru

= (Na(t) +b(t))z* + 1 (7)
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¢ 27-TepuoINnIeCKUMI KO PUIMEHTAMU SIBJISIETCS ITPOEKTUBU3AINE JIMHEHOrO ypaBHe-
HUsI BTOPOTO TOPSIJIKA
&+ (M%a(t) +b(t))z = 0. (8)
Hucma A, IpH KOTOPBIX CYIIECTBYIOT 27-IIEPHOIIecKre (2m-aHTUIIEPUOIECKIE) Pelrie-
HUSI 3TOI0 YPaBHEHUSI HASBIBAIOTCS COOCMEEHHBMU 3HAMEHUAMU TEPUOITICCKON KpaeBoii
zagaan. O4eBUIHO, COOCTBEHHBIE 3HAYEHUS — 3TO I'PAHUIHBIE TOUKN MHTEPBAJIOB IIOCTO-
SIHCTBa, 4dHcIa BpaiieHns p(A) HOTOKa, mopoxkiaaemMoro kKommnaktudukanueir (7). Takum
obpaszoM, 3aji1a4a 00 aCUMIITOTHKE COOCTBEHHBIX 3HAYEHUN ABJIAETCS, 110 CYIIECTBY, 3a/a-
geif 06 ACHMIITOTHKE MPAHUI] HHTEPBAJIOB ycToitansocTu® ypasuenus (8). DToil TeMaTHKe
HOCBSIIEHO 3HAUNTEIbHOE 9uCI0 mybamkarmit (em. [14], [15] u npuBenenuyio tam jurepa-
TYpY), B HEKOTOPBIX U3 KOTOPBIX HCHOJIb3YETCs DeJyKIusl ypaBHeHus (8) K ypaBHEHHIO
Pukkarn.
Merox, KOMIaKTUMUKAIMKE [T03BOJISIET TAKXKE YTOYHUTL HEKOTOPLIE yKE U3BECTHLIE
yTBEP:KJIeHUsI, Kacaroluecs 3ot mpobsembl. Hanpumep, B Teopeme 5 u3 [16| yTBepxa-

eTcs, 9TO ypaBHEHNE BUA
F=2""ta(t)2? +b(t)z +c(t)

MOXKET UMETDb JII00Oe 3aJIaHHOE YUCIO 71 TUMEPOOJIMIECKUX TMEPUOJMICCKUX TPAECKTOPHIT,
9TO TPOTUBOPEYNT TeopeMe 4.1 (Imesio n JoKHO OBITh YeTHBIM).
B mekoropbix ciaydasax koMmrmakTudukaius hazoBoro NpocTPaHCTBA 00JIerdaeT MoJIy-

YUTH BEPXHHUE ONEHKH YHMC/Ia TAaKuX perrenuil. Paccmorpum ypasuenue [2]
t= (2= 1) +a(t)z+ b)), alt+27r)=a(t), b(t+27) = b(t).
[Iporeypa KOMIIAKTUDUKAIIE JJA€T CHCTEMY

o= %(1 +cos), 0 =—cos(1+b(p)+a(p)sind + (b(p) — 1) cosh).

STa CUCTeEMa MMeeT JIBa IMEPpUOJUYICCKUX PeIleHUAg 0 = ig, TOMOTOIIHBIX IIapaJijieJId TO-
pa, Tak 9TO YUCJO BPAINEHUS ITOW CUCTEMbI PABHO HYJ/II0. DTHU PEIeHus] pa3sOuBaoT TOP
Ha JIBe MHBApUaHTHBIE 00JIACTH, BO BHYTPEHHOCTH KOTPBIX COJIEPIKUTCS I€THOE UUCTIO TIe-
PUOIITIECKHUX TpaeKTopuii'. Ho cy»KeHne cHCTeMBI Ha 9TH 00JIACTH He MOMKET COJICPIKAThH
OoJiee JIBYX Takux TpaekTopuii. Takum obpaszoM, 3Ta cucTeMa UMeeT He DoJiee MecTu 27-

HEPUOINIECCKUX peH.IeHHfI.

“Tonoxkus a(t) = 1 mosyunm 3a1a4y O rpaHulie JakyH B cuekrpe oneparopa IIpeaunrepa ¢ nepuo-
JUIECKUM ITOTEHITTAJIOM.
"Ecim cucrema He COIIPS>KCHA, JIMHEHHOM.
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6. IITPNJTO>KEHUE: BLIYUCJIEHUE YNCJIA BPAIIIEHUSA

Broruncienne unciia BpalneHusi romeoMopduisMa TPaHCBEPCAJIbHON OKPYXKHOCTU HE
OYeHb IIPOCTO, MTO3TOMY IIpeJijIaraeTcs aJrOPUTM €ro BBIUNUC/ICHUS IIPU HEKOTOPBIX Orpa-
HUYeHnsAX Ha BekTophoe mojie (3). Cucrema Maple mosposisier 1ocTaToqHO 9(HHOEKTHBHO
BBIIUCJIATH YMCJIa BpallleHUsd ITOJIMHOMUAJIbHBIX BEKTOPHBIX oJieil Ha TOpe (KOHe‘{HO, Ha
POU3BOUTETHLHOM KOMITBIOTEPE). 3/1€Ch IPUBOAUTCS pabOUnil JINCT Jisl TIOJCIeTa IUCIa
BpaIlleHNs CUCTEMbI

¢ = cos?

N[

9

9::2$n4§4—2@%+shup+—$n2¢)$n3gcosg+

: : L2020
+2(e + sin ¢ + sin 2¢) sin” 5 cos” §—
—2(sin ¢ — sin 2¢) sin £ cos® & + 2(cos 5 + €) cos &,

B 3aBUCUMOCTH OT IlapaMeTpa €.

restart;
with(DEtools) ;

RotNum:=proc(p,q,step)

local DS,dsol,ftheta,point,epsilon;

global s;

s:=NULL;

for lambda from p by step to gq do

DS:={diff (phi(t),t)=.5+.5*cos(theta(t)),
diff (theta(t),t)=2*(sin(theta(t)/2) "4
+(epsilon+sin(phi(t))+sin(2*phi(t))
*sin(theta(t)/2) ~3*cos(theta(t)/2)
+(epsilon+sin(phi(t))+sin(2*phi(t)))
xsin(theta(t)/2) ~2*cos(theta(t)/2)"2
-(sin(phi(t))-sin(2*phi(t)))
*sin(theta(t)/2)*cos(theta(t)/2)"3

+(cos (b*phi(t))+epsilon)*cos(theta(t)/2)"4)};

dsol := dsolve({op(DS), (phi(0)=0,theta(0)=1)},

numeric,output=listprocedure,maxfun = 10000000) ;

ftheta:=eval([phi(t),theta(t)],dsol);
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point:=ftheta(10000)/10000;
s:=s, [epsilon,point[2]/point[1]];
end do

end proc:
RotNum(-1,2,.005):
graph:=plot([s],style=POINT,axes=FRAMED,

labels=[e,r],labelfont=[SYMBOL, 16],
symbol=POINT, color=BLUE) :

plots[display] ({graph}, color=BLUE);

AprymenTsr mporeypbl RotNum: p,q — KOHIIBI WHTEpBaJia M3MEHEHUs apamepa &,

step — mar. ToYHOCTh BBIYUCIEHU 3a/la€TCd ITapaMeTPOM maxfun, KOTOprfI paB€H 9UCJIY

BBIYUC/IIEMBIX TOYEK HA BHIOPAHHONW TPACKTOPHH.
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In this article very general bounded minimal homogeneous domains are considered. Under certain
natural additional conditions new sharp results on Bergman type analytic spaces in minimal bounded
homogeneous domains are obtained. Domains we consider here are direct generalizations of the well-
studied so-called bounded symmetric domains in C”. In the unit disk and in the unit ball all our
results were obtained by first author. Some results were obtained previously in tubular and bounded
pseudoconvex domains. Our proofs are heavily based on properties of so called r-lattices for these general
domains provided in recent papers of Yamaji. Our proofs are also based on arguments provided earlier

in less general domains.We partially extend an embedding result from Yamaji’s paper.

1. INTRODUCTION

The goal of this paper to obtain new sharp results on Bergman type analytic spaces
in minimal bounded homogeneous domains. Our results previously were known only in
very particular case of such type domains in the unit ball. Some results are known in
tube domains and pseudoconvex domains (see [2, 4-6]). Tube domains are unbounded,
pseudoconvex domains are not symmetric. Our results are heavily based on a series of
subtle new estimates obtained recently in [9-12]. We note domains we consider here
are direct generalizations of the well-studied so-called bounded symmetric domains in
C" (see [9]-[12]). Note, also, all mentioned domains and even polydisk are examples of
minimal domains. To formulate our results we need some basic notations. We say the
bounded % domain in C" is a minimal domain with a center ¢t € % if the following
condition is satisfied for every biholomorphism v : % € %' with detJ(¢,t) = 1 we have
Vol((U") = Vol(% ) where J(1,t) denotes the complex Jacobi matrix of ¢ at ¢ (see [9-12]).
We denote constants by C, C, ... We fix a minimal bounded homogeneous domain % with
center .

Let dVi(2) = Ky (2,2)7PdV (2), B € R, and dV denote the Lebesgue measure on %
(see [9]-[12]). Let LY, 5(%,dVp) = LP(% ,dVs)NH(% ), 0 < p < oo, where H (%) is a class
of all analytic functions on % . The last spaces are non-trivial if and only if 5 > [, for
some fixed B, (see [9]-[12]). Note we will always assume this bellow. These are Banach
spaces for p > 1. We bellow denote by K the reproducing kernel of L2(% ,dVjs). L?
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is the Bergman spaces on % (unweighted) and L2(%,dV) = L*(%,dV) N H(%). Tt is
known that Kz = Kéf)(z, w) = CsKy (z,w) 7 for some positive constant Cj (see |9]-[12]).

Yamaji (see [9]) give criteria for the boundedness of positive Toeplitz operators on
weighted Bergman spaces of a minimal bounded homogeneous domain in terms of the
Berezin symbol or the averaging function of the symbol. Moreover, Yamaji estimate the
essential norm of positive Toeplitz operators assuming that they are bounded. As an
application of these estimates, also give necessary and sufficient conditions for the positive
Toeplitz operators to be compact.

Using an integral formula on a homogeneous Siegel domain, Yamayji (see [10]) give
a necessary and sufficient condition for composition operators on the weighted Bergman
space of a minimal bounded homogeneous domain to be compact in terms of a boundary
behavior of the Bergman kernel.

In his paper [10] Yamaji introduced the so called Berezin symbol and the averaging
function for a positive Borel measure ;1 on a minimal bounded homogeneous domain % .
These concepts were used by him in [10] to get a complete description of all so called
Carleson measures for L?(% ,dVj3) analytic Bergman type spaces in minimal homogeneous
domains for all positive values of p. Namely it was shown in [10] that both Berezin symbol
and the averaging function in % must be bounded in % if and only if the positive Borel
measure p is a Carleson measure in % (see definition of Carleson measure in [10]). For
analytic Bergman type function spaces we mentioned above.

We continue in this short note his investigation using and modifying his arguments
providing various new embeddings in minimal bounded homogeneous domains for various

new mixed norm Bergman spaces.

2. MAIN RESULTS

The Bergman kernel Ky (z,w) of % is playing very important in our theorems
below. Let dy/(-,-) be the Bergman distance on % . For any z € %, r > 0, let also
B(z,r) = {w € % : dy(z,w) < r} be the Bergman metric disk with center z and
radius 7.

The following result is a sharp result of distances on such domains (see [4]-|6] for other
domains). The proof is close to the case of unit disk, based on estimates from [9]-[12] for
such domains.

We formulate below our all main results of this short note namely new embedding
theorems for minimal bounded homogeneous domains for some new mixed norm analytic
Bergman type spaces. The first result contains only sufficient condition on positive Borel
measure, the other two results are sharp embeddings. Proofs use arguments provided
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earlier in less general domains and properties of so called sampling sequences(see lemmas
below). In all theorems we assume that Forelly-Rudin estimates are valid (see lemma 4
and the remark after it.)

The existence of so-called Bergman sampling sequence can be seen in [9]-[12] (see also
Lemma 3 below). This sequence and estimates of Bergman kernel on {B(zy, p)} balls are
very vital for this paper. We denote below the Lebesques measure of B(z, p) ball by Vol.
We denote by Vol(E) the volume of E set.

Theorem 1. Let 1 < q,s,7 <00, q > 8, > —1. Let {z} be a sampling sequence in % ,

w be a positive Borel measure in % . Then

q/s

Jiserae <c [| [ reraue | ave)
% %  \B(w,r)
if w(B(zg,1)) < C(Vol(B(zk,7))7, for all {z}, k = 1,..., and for some positive T,

T="7(s,a,q).

The following theorem is a new sharp result on embeddings in LZ(%,dVs) type
analytic function spaces.

Theorem 2. Let 1 <p,qg<o00,1<s<p<o0, > Pmin, p>0. Let {2z} be a sampling

sequence in U, let u be positive Borel measure on % . Then

r

q
oo

S| [ verde| <ciflyua, 1)
F=1 \B (k)
if and only if
W(B (21, p)) < C(Vol) (B2, )™, 2)

forall{z,} € %, p>0,k=1,2,3,... for some fixed By, Bo = Po(p,q, s, ).

Note that the sufficiency part in this theorem follows immediately from lemmas 2-3
which we formulated below as in case ofmuch simpler domain the unit ball (see [2], [8]).
Note it was shown in [9]-[12] that the similar to (2) condition holds if and only if

/ )P dpz / ) dVs(2) 3)

for all p > 0 and for all f € LE(%,dV}).

Note the proofs of theorems of this paper can be obtained after careful study of
estimates of the proof of the unit ball case and parallel estimates obtained recently in the
case of bounded minimal homogeneous domains in C" (see [2], [4]-[6], [9]-[12]).
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The following theorem is another new sharp result on embeddings in L2(%,dVj)
analytic function spaces in minimal bounded homogeneous domain in C”. The base of
proof is Forelly - Rudin estimates and lower estimate for Bergman kernel (which we

assume are valid for our general domains).

Theorem 3. Let p be a positive Borel measure on %, and {z} be a Bergman sampling

sequence. Let o > i, [ € HW), 1 < pi,qi < 00, i =1,...,m, so that > 5 = 1. Then
i=1""

1
%7 o

" dVa(2) (4)

m o0

(=) < T > | 15

=1 B(zx,2r)

/Hm

if and only if pu(B(zx, 7)) < C(Vol(B(zk,1)))* for every k,k = 1,2,..., v > 0, for some

ﬁ.??@d Q, aO(pl--apma q1;---9m, &, m)

Note that the sufficiency part in this theorem follows immediately from lemmas 2-3
which we formulated below as in case ofmuch simpler domain the unit ball (see [2], [8]).

Very similar results with similar proofs were obtained by the first author in tubular
domains over symmetric cones (unbounded domains) and bounded strictly pseudoconvex
(nonsymmetric) domains (see [1], [2], [8], and references there).

Some words on proofs:

We supply three lemmas from [9]-[12] which are crucial for proofs. Analogues in tube
and pseudoconvex domains can bee seen in [1], [2], [8].

Below in lemma 1 we provide an important for our proofs of theorem 2, and 3 estimate
from below of Bergman kernel on Bergman balls (see [8]-[12]). Note also that they are

also valid for many other general domains in C".

Lemma 1. (see [12]) Take p > 0. Then there exists C, > 0 such that

Ky(z,a)
S Kyl(a,a)

where By means the Bergman distance on % .

< < Cp, 2,06 €U, By(2,0) < p, ()

Note that these estimates are valid also for weighted Bergman kernel (see [9]-[2]).

Lemma 2. (see [9]) There ezists a positive constant C' such that

re ¢ 2)|PdV(z
1@ < gy | VPV (0

B(a,p)

feH),p>0,ac.
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This lemma is valid also in more general form when we replace dV by dVj (see [8]-[12]).

Lemma 3. (see [12]) There exists a sequence {w;} € % satisfying the following conditions

% =) Bwy, p). B(wi, p/4) N Bw;, p/4) = 0,i # j.

j=1
There exists a positive integer n such that for each point z € % belongs to at most n of
sets B(wj, 2p).

Lemma 4. (Forelly-Rudin estimates in % (see [8]-[12])) We have

/ K (2, 2)[1FdVi(2") < ela, B)| K (2, )",
(74

a=14+28, 6> By, 2 €U, By is large enough.

We assume that this lemma is valid in more general situation when indexes o and
are independent.

All results of this note with very similar proofs in context of bounded strongly
pseudoconvex domains with smooth boundary were proved earlier by the first author.

We obtained similar results concerning so-called distance function dist¢(g, X) in these
bounded minimal domains and they will be presented by us in another paper. Similar
extremal (distance) problems and results for other domains were proved by the first author
in [1, 3-6].
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EvVoLUTION INEQUALITIES OF HIGH ORDER WITH COMPLEX-VALUED.
Hanan Ali

Abstract. This article studies the absence of solutions to n-th order evolutionary
inequalities with complex values. The relevance of the study lies in the extension of the obtained
results from the n-dimensional real space to the n-dimensional complex space.

In the first section of this paper studies the form of n-th order evolutionary inequalities in
n-dimensional complex space, and the second section is devoted to finding the condition for the
absence of a solution to n-th order Semilinear inequalities with complex-valued and with bounded
coefficients.

As a result, we obtained conditions for the absence of weak non-trivial solutions to the
problem under consideration. It turns out that there are two conditions for the absence of a
solution, one of which is associated with the criterion index ¢, and the other with the argument
of the complex function, which depends on q.

The proofs of the results on the absence of solutions in this work are based on the technique
proposed by S. I. Pokhozhaev [10] and developed by E. L. Mitidieri and S. I. Pokhozhaev [8],
which is based on the method of test functions. Their approach relies heavily primarily on a
priori integral estimates for possible solutions to the problem under consideration and on deriving
asymptotics for these estimates with respect to some parameter that tends to co or to 0 depending
on the nature of the problem. Finally, the absence of a solution is proven by contradiction.
Namely, reaching the zero limit value in the corresponding a priori estimate guarantees that
there is no nontrivial solution to this problem.

Keywords: Absence of solutions, complex-valued inequalities
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BBEIEHUE

OrcyrcTBre €1a00I0 U HETPUBUAJIBHOIO DPENICHUS SBOJIONUUA N-TIOPsJKa C OI'DAHU-
YeHHbIMU Kodddunmentamu B R yxe nzydanocs @. A. lajgakruonossim, FO. B. Eropos,
®. Kounpatrses (|2, 5, 12|) 1 mosydens! caeyomme pe3yabTarThl.

PaccMoTpuM MHOKECTBO TOJIOKUTENbHBIX GyHKIUi f(x, 1), yI0BIETBOPSIONNX HEpa-
BEHCTBY:

F > 3amm D (0alz, )f7) + f% (2,1) € R™ x (0,00),

f(x,0) = fo(x) > 0; v R (1)

Oyukimn a,(x,t) orpaHnYeHHBIE W3MepUMbIe, ompejenenube npu t > 0,z € R™.

N nycts p > 1, > 1.

Onpepenienne 1. [2| Ha ocroe onpe/iesieHns cjabbix MPOU3BOIHBIX HEOTPHUIIATEIBHOI

dbyuknun f(x,t), yI0BI€TBOPAIONINX HEPABEHCTBY

/ / fa“”dxdt— / foplx,0)d / / FPL*(@)dadt + / / flodedt,  (2)

riue

st roboit bynkuun ¢ € CFH (R p(x, t) = 0.

Teopema 1. FEcau HEOMPUUATNEALHAA dbyrryua f(z,t) u3 KAac-
ca LL.(RT™) N Lioc!(RTTY) makas, wmo fo(z) € LL.(RY™), ydosaiemsopaem
nepasencmey (1) u eeprv, nepasencmea 1 <p < q < p+ =7, mo f(x,t) = 0.

Y10o0b! CPaBHUTD JIBa KOMILJIEKCHBIX YUCJIA, HAM HY?KHO C(OPMYJIMPOBATH CJIEJIyIOIIee

OolIpeaeJeHue:

Onpepenenue 2. Ecin 21 = 11 + 1y U 29 = Xy + 1Ys — HEKOTOPbIE KOMILIEKCHBIE THCJIA,
TO PABEHCTBO W HEPABEHCTBO 21 2> Zo BEPHBI, TOIVIA M TOJHKO TOT/Ia, KOTJIA:
T = To;

T1,%2,Y1,Y2 € R (3)
Y1 = Yo.
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Onpenenenune 3. OnpeaeuM CiIeIyONUIe THTETPAJIbL:

+o0 +oo 27 2

/ 9(p, / / / / g(p,0) dp:...dp,db;...db,,

T 400 +4oo 27 21

/g(p,@)dV://..//../g(p,@) dp;..dp,db;..d6,dt.
v 00 0 0 J

0

rae p € R, 0 € [0,7]" and ¢t € (0, 7).

1. DBOJIIOIIMOHHBIE HEPABEHCTBA N-ITOPAJKA B C".

KomMmitekcnosnaunnre HOJ’Iy.HHHGfIHbIQ HEpaBEHCTBa N-IIOPpAdKa C OI'PaHUYCHHBIMU KO-

s durnmeHTaMn UMEIT BUI,

2D > [(fP(2,1) + f1(2,1); (2,1) € C* x (0,00)
f(z,0) = fo(z) > 0; z e Cn.

(5)

rie
L(f"(z,t) = > D*(aa(z,t)f"(2,1)), (6)
loe|=m.
Oyukiun a,(z,t)— orpaHwvdeHHbIE U3MepHMbIe, onpejenennbie mpu t > 0,z € C".

U nycrs p > 1,¢ > 1. Cornacuo onpejieieHuto (2) umeeM:

Re(PPED) > Re(n(p7 (e 0) + Re(7 (2.,

0f (2, t)) >
ot

m(L(f*(2,1)) + Im(f*(2,1)), (7)
Re(fo(2)) = 0; Im(fo(2)) = 0.

Yro06s! ynpoctuth Berauciaenue fP. f9 Oymem UCIOIb30BATDH MOJISIPHBIE KOOPIUHATEI.

Im(

[ycts  z=pe? €C", peR:,  Oe([0,27])", f(z,t) = R(p,0,t)e”%) g
aa(2,t) = Au(p, 0,1)eiP98)  Torna (7) 6ymer,
J(Rcos?)
ot
J(Rsin?)
ot
Rycos(Vy) = R(p,0,0)cos(V(p,d,0))

2
Rysin(vy) = R(p, 0,0)sin(d(p,6,0)) >

> Lre(f) + Ricos(q9),

2 Lin(f) + Rsin(q9), (8)

Y

0
0
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rae

Lre(f) =Y D (AaRPcos(da +pV))

laf=m

Lim(f) = Y D" (AuR’sin(¢n + p¥)).

|ae]=m

(9)

Ucxonst w3 omnpenenenus (1), wHeorpunaresnbhas dyukius  R(p, 0, t)cos(d(p,0,t)),
R(p,0,t)sin(V(p,0,t)) yaoBiaeTBopsieT HepaBeHCTBAM:

9]
—/RcosﬁidV—/Rocos(ﬁo)cpods > /Rch(go)dV+/chos(qﬁ)gpdv,

ot
14 a S 14 14 (10)
- / Rsmﬁa—fdv - / Rosin(do)odS > / RPLy(p)dV + / Rsin(q0)edV.
14 S 14 14
e ¢ > 0, ¢ € CF'(R*™1), g = ¢(p,0,0), u
Le(p) = Y (Aacos(¢a)(—D)*(9)) .
o (11)
L(p) = Z (Aasin(¢a)(=D)*(#)) -
|a)l=m
Oupepnenenne 4. Oynxmusa f(z,t) € L, (C") N LL (C"*Y u fo(z) € L,.(C"), nasbl-

BaeTcsl cnalbbiv pemennen satadn (5), ec arg(f) € [0, 7] n nepasencrsa (10) Bbmos-
HAtOTCs ST o6BIX bymEKTHi @ > 0, ¢ € Ci(RA™H).

2. YCJIIOBUE OTCYTCTBUS PEIIEHUA

Tereph paccMOTpUM OTCYyTCTBHE pellieHust 3a7a49u (5), SKBUBAJEHTHOIO HEPABEH-

crBy (8). Ecom p > 1 u p+ 1 < ¢, T0 nmeem cefyroree:

Teopema 2. Ecau ¢ynxyus f(z,t) npunadaescum waaccy L (C*HH)y N LI (C*H),

fo(z) € L, (C™™), arg(f) € [0, %] ydosaemeopaem ¢ < 7 +p u arg(f) ¢ %,3—2), mo
f(z,t) =0.

Aoxasamenvcmeo. ar 1. Ecrs arg(f) € [0, 3.1 € [0, 5] € [0, 3] sro snauu,

0 < €1 = cos(q) < ea = cos(pl) < €3 = cos(V) < 1

0 < e; = sin(V) < e = sin(pd) < g3 = sin(qv) < 1} (12)
U ectp fo = Ro(costy + isintdy) = 0 + 0, T0

—/Rocos(ﬁo)cp(p,e,O)dS < 0,—/R05m(190)<p(p,0,0)d5 <0
S S
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rie ¢ = 0 6ymer ykasano Hizke. V3 onpenenennst (4) mveem

o< [arpav < [arSEav - / RPLo(@)dV.,

\%4 \%4

0< /€3Rq<pdV < —/€1Raafdv /RpLs(‘P)dV-

\%4 Vv Vv

(13)

re ¢ = 0, p € CF(R*"!). PaccMoTpuM nepBoe HEpaBeHCTBO CUCTeMbl HepaBeHeTs (13),

u3 HepasercTBa HOura u €; # 0 umeeM:
Oy 1
/63R BT dV < 1 /equgodV +— /63
v

/RL /EquQOdV—i— /|L0|q 61(,0)1 T dV (15)

q*

(1) =" dV (14)

e ¢* = q_Ll =L, r= Tor;;a IIyCTh,
t2r 4 p m(q —1)
0.1) =g — P ) >0 p="20"2) 16
w(p,0,t) <P0< Ve ) e (16)
Samenus nepemennbie t = M*1, u p = M nosyanm:
1 *
0< 3 / e RipdV < cM™ "™ ¢ = constants (17)

1%
Ilpu M wooun<rm—p= " p, 10 [, RV =0, f =0 u (3,2) He uMeeT HeTPUBH-
AJILHOTO CJIa00r0 pelleHns, Koraa n < mq — p.
Paccmorpum BTOpoe HepaBeHCTBO cucTeMbl HepaseHCTB (13). 113 nepasencrsa FOnra

u €3 # 0 caemyer

D 1 1 Jop|” o
/€1R8t dV < 4/53ng0dV+E/5‘1’ 3 (e3¢) " dV (18)
v 1% v
1 ]_ q* 1—p*
r
v v v
Samenus nepemennnie t = M, 7 u p = M(, nonyanm:
1 .
0< 5 /63Rq90dV < MMM el = constants (20)
v
[lpu M - comwn < r"m—pu = %, TO fv R1dV = 0, u f = 0, ciemoBarebHO,

Hepasencrsa (13) e mmeror pemenus upu n < m/(q — p) u arg(f) € [0,7/2q].
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lar 2. Iycrs arg(f) € (7/2¢q,7/q) C (0,7) 310 3HAUNT:

—1 < —e=cos(qv) <0
) e, €10,1] (21)
0 < e = sin(V), sin(pd), sin(qd) < 1

TOI/Ia HEPABEHCTBO (8) Oyer

ERq > LRe(f) - w:
cR > _le(f)_wj (22)

Ry costly > 0, Ry sinfy = 0.

[TepBoe HepaBeHCTBO B (22) MMeeT HETPUBUAILHOE CJIab0e PEIleHne, HE3ABUCAIIEe OT (, P
mockosibKy €R? > 0 mpu R # 0. Criestyst Takske, KakK 1 Ha Imare 1, HaXOIuM, 9TO BTOPOE
HEPaBEeHCTBO B (22) He nMeeT HETPUBHAJILHOTO CJAGOr0 PEIeHnst Ipu N < -5, mOITOMY

HepaBeHCTBa (22) He myeroT pemenusd Korfa n < 2 u arg(f) € (7/2q,7/q).

Ilar 3. Ecm arg(f) € (%,3%) C (0,%), 1o

q’ 2q

RS Lu(f) E)(.RactaSQ)7
eRY > L (f) — W, (24)

Ry costy > 0, Ry sinty = 0.
[epBoOe 1 BTOPOe HepaBeHCTBA B (24) MMET HeTpUBHAJIbHOE ciaboe pelleHne, He3aBuCs-

mee oT ¢, p.

Hlar 4. Ecom arg(f) € (?5—7;, 27“], 9TO 3HAYUT:

0<e=cos(qv) <1
‘ e,e € (0,1) (25)
-1 < —e=sin(¢d) <0
Tor/la HEpaBeHcTBo (8) Oy/ier,
€RY < —Lp(f) + %’
cRT> le(f)_W’ (26)

Ry costly > 0, Ry sinfy = 0.
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Crenyst TeM ke JeficTBUsIM, 9TO W Ha Imare 1, Mbl HAXOIWM, 9YTO IIEPBOE HEPABEHCTBO

B (26) He mMeeT HETPHBHAJIBHOrO cjaaboro perrerus upu n < m/(q¢ — p), a Bropoe —

uMeeT HeTpUBHMAJILHOE cjaaboe pelleHue, KOTopoe He 3aBucur or ¢, p. CiemoBaresbHo,

HepaBeHCTBa (26) HE UMEIOT HETPUBHAJILHOTO cJaboro perienus, Korjga n < m/(q —p) u
3T 2w

arg(f) € (2—q, ?] Teopema moKa3aHa. O

S3AKJIFOYEHUE

B pabore mosryden cieayiomuii pe3ysibTaT: OTCYTCTBUE PENIeHNsT KOMILIEKCHO3HATHO-
ro TOJIYJINHETHOrO HEPABEHCTBA N-TO MOPsijiKa ¢ orpaHudeHHbIME Koddbdunnentamu (5)

3aBHUCHT HE TOJBKO OT KPUTHYECKOTO MOKazaTesis ¢, Ho u oT arg(f).
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PE®EPATbI NMHOOPMATUKA N MATEMATUKA

Kykosckuii B. I. u ap. CymiecrBoBanue paBHoBecusi 1o Bepxky—Baiicmany
B oaHoli auddepeHnuaiibHO MO3UIMOHHON WUrpe AByX JIWIl, B KOTOPOMl OT-
cyrcrByer paBHOoBecue mo Hsmry // TaBpudeckuii BeCTHUK MHQPOPMATUKU U
Marematuku. — 2024. — Ne3 (64). — C. 7-17.

VIK: 519.834

B crarbe Boijiesen kiace auddepeHnuaibHbIX UTD B KOTOPBIX IPU OTCYTCTBUU CUTYAITAH

paBHOBecus 110 Hammy cymectByer paBHOBecue 110 bepxky—DBaticmany.

Katouesnvle cao6a: 6ECKOUNULUOHHDLE NOSUUUOHHDIE AUHETTHO-KEAIDAMUYHDIE U2PYL, JUHAMUYE-
cKOe NPOZPAMMUPOBaHUE, pasHosecue no Bepotcy-Baticmany, pasnosecue no Howy, memod ma-

a020 napamempa lyanxape.

Zhukovskiy V. I. et al. Poincaré method of small parameter for construction of

equilibria // TaBpuuyeckuii BecTHUK nHOpPMATUKA U MaremMaTuku. — 2024. —
Ne 3 (64). — C. 18—43.
VIIK: 519.62

g nuddepeHuaabHON JIMHEHHO-KBAIPATUIHON O€CKOATUITMOHHON TO3UIITMOHHON UT'PbI
C MaJIbIM BJINSTHUEM OJTHOTO M3 UT'POKOB Ha CKOPOCTH M3MeHeHUs (pa30BOT0 BEKTOPa Hali-
JIEHBbI KO3 PUITNEHTHBIE KPUTEPUN CYIIECTBOBAHUA U CIIOCOD MMOCTPOEHUST PABHOBECUS TI0
Bep:xxy u o Hamy, 6a3upyromuecst Ha 00beIMHEHUN METOJOB JTMHAMUYECKOTO IIPOTIPaM-

MHPOBaHHUA U MaJIOI'O IIapaMeTpa.

Karouesvie caosa: memod manozo napamempa, 0ud@epertuastrias AUHETHO-KE8a0pamuHaL

beckoaAuyuoOrHas u2pa, pasrosecue no Haowy, pasnosecue no Beporcy.

J>xkabpansioB A. JI. VcciemoBaHue 0000IIIeHHOI KpaeBoii 3aaauu aJjist audde-
pPEeHIMAIbHOIO ypaBHeHUs GeckoHedHOro mopsinka // TaBpudeckuii BeCTHUK
nandopmaruku u maremaruku. — 2024. — Ne3 (64). — C. 44 -60.

VIK: 517.968

B crarbe usyuarorcs pa3iaudHbie aceKThI CYIIECTBOBAHUS pelieHuit guneiinoro maudde-
PEHIUAIHLHOTO YpaBHEHUS OECKOHETHOIO MOPs/IKa ¢ TOCTOAHHBIME KOdddunmentamu. Ot-
MeYeHO, UTO paHee HCCIe0BATed He MOIYYHIN CKOJb-HUOYIb 3HAUNMBIX DPe3yIbTaTOB
Jlazke JUtd JTuHeidHoro muddepeHnmaabHOro ypaBHeHus OECKOHEYHOTO TOPSJIKA C TTOCTO-
SIHHBIMU KO3 (DUIIEeHTaAMU, TOCBSIIEHHBIX UCC/IEIOBAHUIO KPaeBbIX 3a/a4. CBA3aHHO 9TO
IIpezKJie BCero ¢ pakToM OTCYTCTBUS OoJiee-MeHee YHIUBEPCAJILHOIO METO/Ia CBeIeHUS -
depeHIaILHOTO YpaBHEHNsT OECKOHETHOT0 TOPsA/IKa K OeCKOHeUHO cucteMe quddepen-

[MAJBHBIX YPABHEHHUIH, TeOpUsT KOTOPBIX HEILIOX0 paspaborana B |3, 5|. Pabora nocssimena



104

paccMOTpeHnio Jjist 0b1iero auddepeHnuaIbHOr0 ypaBHeHsT O6CKOHETHOIO TTOPI KA
o
j ~1
Zaj($)y0) - f (I‘a yay,7 s 7y(V )7 . )
§=0

KpaeBoﬁ 3aJa49u C MHOI‘OTO‘{G‘{HO-(byHKHI/IOHaJIbHI)IMI/I YCJ10BUAMU

y(ki_l) (l‘z,kz) = cI)i,ki (y7 yla B ay(V_l)’ e ) )

rae Ty, € [a,b), ki =1,n;,i=1,m, m e {1,2,...,n}, n - KOHeIHOE HATYPAJILHOE YUCJIO,

n; € {0,1,...,n}, npuuem ny +no + ...+ ny =n;
y(i—l)(xi):q)i (y’y/’”',y(u—l)"“)7 i=n+1 n+2, ...

KpaeBas 3a71a1a B TaKkoii IOCTAHOBKE €ITle HUKEM He pacCMaTpuBaJach. 10 ecTh paccMar-
puBaeTcs mpobJieMa CBeJIeHnsT OJTHOM 0DOOIEHHON MHOTOTOYeIHO-(DYHKITHOHAIBHOM Kpa-
€BOIl 3ajlaun JjId HeJIMHEHOro JuddepeHnuajibHOoro ypaBHeHusT O€CKOHEYHOTO TOPs/I-
Ka K KpaeBoil 3a/iade Jijisi OECKOHEUHOM cucTeMbl JnddepeHInalbHbIX YPaBHEHU Ty TeM
UCIIOJIb30BaHUs TeOPHil OECKOHEYHBIX OIpPeJIeJIEHNIl U Pa3PemuMOCTH OECKOHEUHBIX CH-
creM ajrebpanvecKux ypaBHeHuil, obocHoBaHHBIX B paborax Koxa u Ilyankape [4|. Ap-
TOPOM TPUMEHSIETCST METOJ, JIMHEHHBIX OTOOPAaYKEHUl, YCTAHABIUBAIONINN CBA3b MEXKLY
npocTpancTBoM 6eckoneuno mudddepenmupyembrx dyukmmii C() (a, b) u npocTpancTBoM
6ECKOHEUHOMEPHBIX HelpPepbIBHbIX BeKTOP-DYHKIWHA Cy (a,b) ¢ HEMPEPHIBHBIMU TPOK3-
BOJIHBIMHU Ha CerMeHTe [a,b] ¢ MOMOIIBI0 HEKOTOPOIl 3a/JaHHON HEBBIPOXKICHHO MaTpu-
el A(x) ¢ HenpepbIBHO-Aud depeHImpyeMbIME SyteMeHTaMu. Perenne moctaBieHHON 3a-
JIa9M U ero IPOU3BOHBIE 10 OECKOHEYHOIO TIOPSIKA UILYTCS B BUJIE HEKOTOPBIX (DYHKITH-
OHAJIBHBIX PSIJIOB, COCTaBIEHHbIX 10 Marpuiie A(x) u smementam npocrpancra Cy, (a, b).
Teopembl 0 CyIIECTBOBAHUU W €IWHCTBEHHOCTHU PEIEHUI JTOKA3bIBAETCS MPUMEHsIsT pe-
gyabTarhl A. [lyaHkape, CBSI3aHHBIX CO CXOJUMOCTBIO OIPEEJIEHHBIX PSIIOB Jiist obectie-
YeHUs Pa3PEIIMMOCTA COOTBETCTBYIONINX OECKOHEYHBLIX ajredpandecKux CUCTEM B IIPO-
crpanctse [y [8]. IIpu ucnonbzosanuu yciosuit Koxa ¢ aroit niensio |3, 9], marommx perie-
HUsT TAKUX CUCTEM B [y JIJIsT IOCTPOEHUsI CUCTEMbI HHTEIPATHHO-(PYHKIINOHATBHBIX yDaB-

HeHI/IfI, IIocJjie IIoACTaHOBKH, JOKa3aTe/IbCTBa COOTBGTCTBYIOHLCIZ TEeOpPpEMbI ITPUBOJIUTCA B

npocrpancTee Cy (a,b) ¢ nopmoit ||g|| = maxb||gj||12 = maicb(zzil |yi(x)|2)1/2 1 HEeoOXo-
<z< a<z<

JAUMOI METPUKOW.

Karouesvie caosa: duddeperuuarvtoe ypasreHue OeCKOHENH020 NOPAJKA, OECKOHEUHDIE
onpedesuments, cucmems, OuPPePeRuUAILHOIT U aN2e0PAUYECKUT YPABHEHUT, MHO20MOYEYHO-
PYHKUUOHANDHBLE YCAOBUS, NUHETHBLE OTNOOPAHCEHUA, TNEOPEMDL O CYUWECTNEOBAHUL U eQUHCTNEEH-

HoOCMU PEUWEHUA.
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IlerpoB B. . ¥YpaBHeHnme Hecyleil JUHAN C JUIMNTAIECKUMU KpoMKamu //
TaBpuueckuii BecTHUK umHpopMmaTtuku u maremMatuku. — 2024. — Ne 3 (64). —
C.61-73.

YAK: 517.968.23

B crarpe paccmarpuBaeTcd ypaBHeHUe Hecymeil qunun [Ipanaris,

1
!/
p(z) [I'(Q)
[(x) — dt = p(x)Ho(z), T(£1)=0, (1)
s t—ux
-1
OIKCBIBAIOIIEE TUPKYIAIHIO () Ha TOHKOM KpbLiie ¢ Xop/1oil p(z) B oAHOPOIHOM Habera-
fommem notoke Hy(z) = 1. K HacTosimeMy BpeMeHr U3BeCTEH TOJIBKO OJMH CJIyYail TOTHOTO
PeIeHnsT — 9TO JTUITHIECKOe KPbLIo, Korja p(z) = v/1 — 22 . Msl paccmarprBaem 0606~
IIEHNEe STOTO CIydasi, KOrIa KPOMKH KPbLIa OCTAIOTCS SJIIANTHICCKAME, HO T€OMeTPHs
MOKET OBITh JIOCTATOYHO 00IIeil, a UMEHHO
ar +b
plr)=—V1—-22>20, —-1<z<L (3)
yr +d
[Ipeamonaraercs, aro p(z) > 0. YpaBHeHHE B 9TOM CJIydae CBOJUTCA K OECKOHETHOMN
PEKyppEeHToOit cucreme ¢ JmHeHHbIMI KodddunpuernTamu. OHa pernaeTcsad HEeKOTOPOi MoIu-
dukanueii metosa Jlamraca. B pesynbrare mosydeHo MHTErpabHOE PEJICTABICHUAE JIJIs
PeIlIeHNsT CHCTEMBI U C €€ TIOMOIIBIO TIPeJICTaBIeHe caMoro pereHust ypasaerns (1). Tak-
’Ke TIPUBEJIEH BUJI PEIleHusI B BUIe TuiiepreoMmerpudeckoit hyuknmm Armmens Fi. OTmaeabpHo

pPacCMOTPEHBI Tpejiesibable ciydan b = a # 0 u a = 0.

Karouesovie caosa: ypasnerue IIpanoman, Hecyusas AUuHUA.

CaxapoB A. H. Ocobble nepuondecKrne pemieHus IIoJMHOMUAJIbHBIX audde-
peHIuaIbHbIX ypaBHeHuit // TaBpudeckuii BeCTHUK MH(OPMATUKA U MaTema-
Tuku. — 2024. — Ne3(64). — C. 74—-88.

VIIK: 517.45

Paccmarpusaercs 3ajada 0 MEPUOIMIECKUX DEIICHUsIX YDaBHEHUsT
i=2"4a ()" 4 a1 (t)z 4+ an(t), z€C,

¢ koaddurmentamu ay(t), k = 1,. .., m nepuognaeckumu 1o t. I3BecTHo, 9T0 ypaBHEHUSI
TAKOI'O THUIIA MOTYT UMETH, IIOMUMO OOBIYHBIX MEPHOIMYECKUX DPEIeHnil, TaKKe CIIeIr-
aJIbHbIE TIEPUOJIMYECKIE PEeIeHNs], UMEIOIe KOHETHOe YUCI0 Pa3phiBOB B niepuoje. [Ipo-

nejaypa KoMiakTudukanmmu (a3oBOro IMPOCTPAHCTBA YPAaBHEHUS ITO3BOJISIET OIIPEJIEIUTh
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YCJI10BHA, OI'PaHUIYIUBAIONIE YUCJIO OOBIYHBIX IIEPUOJNICCKUX peHIeHHfI, a TaK>Ke OIlncCaTb

MeXaHU3M U3MEHEeHUd CTPYKTYPhI IEPUOJNYCCKAX PEIICHU B TepMUHAX YNCEJI BDAIICHU.

Karouesvle cao8a: xkomnaxmudurauus $a3o6020 npocmpaHcmen, nepuodudeckue pewerus,

0Cobble NEPUOIUHECKUE PEWEHUA, 0TOOPANHCEHUE MOHOOPOMUU.

Shamoyan R. F., Makhina N. M. On some new embeddings in minimal
bounded homogeneous domains in C" // TaBpuyeckuii BeCTHUK MH(POPMATAKA
u marematuku. — 2024. — Ne3 (64). — C. 89—-94.

YAK: 517.55

B craTthe paccMmarpuBaioTcsa o4eHb 00IIue OrpaHrYeHHble MIHUMAJIbHBIE OJTHOPO/IHBIE 00-
stactu. [Ipr HEKOTOPBIX eCTeCTBEHHBIX JIOMOJHUTEIbHBIX YCIOBUAX IOy I€HbI HOBBIE TOU-
Hble pe3y/JabTaThl 00 AHAJIUTUYIECKHX IIPOCTPAHCTBAX THIla BeprMana B MUHMMAJIbHBIX
OI'paHUYEeHHBIX OJHOPOIHLIX objiacTsax. PaccMmarpuBaemble HaMu 00JIACTH SBJISIOTCH IIPS-
MBIMU ODOOIIECHUSIMU XOPOITIO U3YUEHHBIX TaK HA3BIBAEMbBIX OIPAHMYCHHBIX CHMMETpPUYe-
ckux obsacreit B C". B eqnHMIHOM Kpyre ¥ B €IMHUTIHOM IIape BCEe HAIKM PEe3Y/IbTaThI
OBLIN ITOJIyYeHbI IIePBbIM aBTOpoM. HeKoTopble pe3yabTaThl ObLIN IOJIYUeHbI PaHee st
TPyOUYaTHIX U OIPAHMYEHHBIX IICEBIOBBINYKJILIX obsacTeit. Haru gokazaTebcTBa B 3HA-
YUTEJILHON CTeleHn OCHOBAHBI Ha CBOMCTBAX TaK HA3bIBAEMBIX I-PEIIeTOK JJIsi STHX 00-
mux obJjracTeil, MpeacTaBJIeHHbIX B IocjeHuX paborax fAmapku. Hamm mokazarenbcTBa
TaK:Ke OCHOBaHbI Ha apryMeHTaX, IIPUBEIEHHBIX paHee i MeHee oOmmx obsacreit. Mbl

YaCTUIHO PACIIUPSEM PE3YJIbTAT O BJIOKEHUAX U3 paboThl AMa Ku.

Karouesnvle ca08a: meopemvs BAOHCEHUA, MUHUMAALHBIE 00AACTIU, GHAAUMUYECKUE OYHKUUL,

npocmparcmea muna bBepemana.

Xanan Asm. Evolution inequalities of high order with complex-valued // Ta-
BpUYECKUI BeCTHUK uH(MoOpmaTtuku um Marematuku. — 2024. — Ne3(64). —
C. 95-102.

VIK: 517.956.5

N3y4aercda oTcyTcTBUE pENIeHUil IBOIIOIUOHHBIX HEPABEHCTB 7-I'0 TIOPSIJIKA ¢ KOMILIEKC-
HBIMU 3HAYeHUSAMU. AKTYaJbHOCTb MCCIEJOBAHUS 3aK/II0YAETCA B PACIPOCTPAHEHUH T10-
JIyYEHHBIX PE3YJIbTATOB C N-MEPHOTO ACHCTBUTEJILHOTO IIPOCTPAHCTBA Ha N-MEPHOE KOM-
IJIEKCHOE TTPOCTPaHCTBO. [loyrydens! yc/ioBusa OTCYTCTBUSA CJIA0BIX HETPUBUAJILHBIX perlle-

HUA paCCManI/IBaeMOﬁ 3a/Ja41. CyIHeCTByeT JiBa YCJIOBUA OTCYTCTBHA PEIICHNA, OJHO U3
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KOTOPBIX CBA3aHO C MHJIEKCOM KPUTEPHS ¢, & JIPYroe — C apryMeHTOM KOMILIEKCHO# (DyHK-
UM, 3aBUCAIINM OT q. /loKazaTe/jbcTBa pe3yabTaToB 00 OTCYTCTBUU PENIEHU B JTAHHOMN
paboTe ocHOBaHbI Ha MeTo/MKe, IpeoxkenHoit C. U. IToxoxkaesbim u pasputoit 9. JI. Mu-
tiuguepn u C. U. TloxoxkaeBbiM, KoTOpasi ba3upyercs Ha MeToje MpoOHBIX (yHKImit. x
MIOJXO/T B 3HAYNTEJILHON CTEIIEHN OIIMPAETCH, IPEKAE BCEro, Ha allpUOPHBIE NHTETPAJIbHBIE
OI€CHKM BO3MOXKHDBIX peH_IeHI/IIU/I paCCManI/IBaeMOﬁ 3a/Ja911 1 Ha BbIBOJ aCHUMIITOTHK 3THX
OIIEHOK 10 HEKOTOPOMY IapaMeTpy, CTpeMseMycsd K o0 uin K 0 B 3aBUCUMOCTH OT Xa-
pakTepa 3ajaqn. HakoHer, oTCyTCTBHE pellenns: JOKa3bIBaeTCsd OT MPOTUBHOIO. A MMeH-
HO, JOCTHU2KEHHME HYJIEBOI'O IIpEAE/JIbHOI'O 3HAYCHNA B COOTBGTCTBYIOHlefI aHpI/IOpHOIU/I OIICHKE

rapaHTUpyeT OTCYTCTBUEC HETPUBUAJIbHOI'O PCIICHUA 3TOM 3aJa91.

Karouessie caosa: I60NM0UYUOHHDIE HEPABEHCTMEBA N -20 TLOp.ﬂ@%CI,, caabvle HEMPUBUANDHDIE PEULE-

HUA, KOMNAEKCHOSHAYHDIE HEPABGEHCINEA.
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