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GUARANTEED SOLUTION FOR RISK-NEUTRAL DECISION MAKER: AN ANALOG OF
MAXIMIN IN SINGLE-CRITERION CHOICE PROBLEM.

Zhukovskiy V. 1., Zhukovskaya L. V., Mukhina Y. S., Samsonov S. P.

Abstract. In this article single-criterion choice problems under uncertainty (SCPUs) are
considered. The principle of minimax regret and the Savage—Niehans risk function are introduced.
A possible approach to solving an SCPU for a decision-maker who simultaneously seeks to
increase his outcome and reduce his risk (“to kill two birds with one stone”) is proposed. The
explicit form of such a solution for the linear-quadratic setup of the SCPU is obtained.

Keywords: guaranteed solution, single-criterion choice, Savage—Niehans risk, minimaz regret,

uncertainties.
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1. INTRODUCTION

In the middle of the twentieth century, American mathematician and statistician,
professor Leonard Savage (the University of Michigan) and Swiss economist, professor Jurg
Niehans (the University of Zurich) independently proposed an approach to solving a single-
criterion problem under uncertainty (SCPU), later called the principle of minimax regret
or the Savage-Niehans principle. Along with Wald’s principle of guaranteed outcome
(maximin), the principle of minimax regret is crucial for guaranteed decision-making in
SCPUs. The main role in this principle is played by the regret function, which determines
the Savage—Niehans risk in SCPUs. In recent years, such a risk has been widely used in
microeconomic analysis and applications. This article proposes a possible approach to
solving SCPUs for a risk-neutral decision-maker, who simultaneously seeks to increase
his outcome and reduce his risk (“to kill two birds with one stone”). The explicit form of
such a solution for the linear-quadratic statement of the SCPU of a fairly general form is
obtained.

2. INTERVAL UNCERTAINTIES

The mathematical model of decision-making under conflict considered below is
described by the single-criterion choice problem under uncertainty (SCPU). Note that
the case of interval uncertainty will be studied: the decision-maker knows only the
ranges of admissible values of uncertain factors, and their probabilistic characteristics
are absent, for one reason or another. The uncertainties occur due to the incomplete
(inaccurate) information about the practical use of any strategies chosen by the decision
maker. For example, an economic system is often subject to unexpected, difficult-to-
predict disturbances, both of exogenous origin (the disruption and variation of the
quantity (range) of supply, demand fluctuations for the products supplied by a given
enterprise, etc.) and endogenous origin (the emergence of new technologies, breakdowns
and replacement of equipment, etc.). The question naturally arises: how to take into
account the presence of uncertainties when choosing strategies.

The following aspects are described in the economic literature.

Firstly, modern economic systems are characterized by a large number of elements
and functional relations between them, a high degree of dynamism, the presence of
nonfunctional relations between the elements, and the action of subjective factors due
to the participation of individuals or their groups in the operation of such systems; in
other words, an economic system usually operates under the uncertainty of its external

and internal environment.

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



Guaranteed solution for risk-neutral decision maker 9

Second, as it has been already mentioned, the sources of uncertainties in economic
systems are the incomplete or insufficient information about economic processes and their
conditions; random or deliberate opposition from other economic agents; random factors
that cannot be predicted due to the unexpectedness of their occurrence.

Third, the uncertainties are estimated using deterministic and probabilistic-statistical
approaches as well as the approaches based on fuzzy logic.

Interval uncertainties were surveyed in the books [1-6] and other publications.

Each type of uncertainty requires its own approach for proper consideration. In this
article, the analysis will be restricted to the class of interval uncertainties: only the
ranges of admissible values of uncertain factors are known, without any probabilistic
characteristics. The uncertainties will be taken into account using the method proposed
by V. Zhukovskiy in [7-11]. This method allows passing from the original single-criterion
choice problem under uncertainty (SCPU) to an equivalent single-criterion choice problem

without uncertainty.

3. PRINCIPLE OF MINIMAX REGRET

Traditionally, one of the most important challenges in the mathematical theory of
SCPUs is the development of optimality principles, i. e., the answer to the following
questions: What behavior of the decision-maker should be considered optimal (reasonable,
appropriate)? Does an optimal solution exist and how can it be constructed? This work
gives a possible answer to both questions for SCPUs.

The mathematical theory of games recommends making the concept of stability the
cornerstone of optimality: a player’s deviation from the optimal strategy introduced below
cannot improve but at the same time can worsen his payoff (as well as the associated risk).

Let us proceed to the formal statement. Consider a single-criterion choice problem
under uncertainty IV = (XY, f(z,y)). In T), the decision-maker chooses his alternative
x € X C R"™, seeking to maximize the value of a scalar criterion f(z,y) for all possible
realizations of the uncertainty y € ¥ C R™. Recall that only the range of admissible
values of the uncertainty is known.

The presence of uncertainties leads to the set of outcomes

f@,Y)={f(z,y) |Vy e Y},

that is induced by x € X. The set f(z,Y) can be reduced using risks.

Risk management is a topical problem of economics: in 1990, H. Markowitz [12]
was awarded the Nobel Prize in Economic Sciences “for having developed the theory of
portfolio choice”. What is a proper comprehension of risk? A well-known Russian expert

«Taspuuecruli secmnur unPopmamuru u mamemamurus, M 2 (59)’ 2023
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in optimization, T. Sirazetdinov, claims that today there is no rigorous mathematical
definition of risk [13, p. 31|. The monograph [14, p. 15| even suggested sixteen possible
concepts of risk. Most of them require statistical data on uncertainty. However, in many
cases the decision-maker does not possess such information for objective reasons.

Thus, here risks will be understood as possible deviations of realized values from the
desired ones. Note that this definition (in particular, Savage—Niehans risk) is in good with
the conventional notion of microeconomic; for example, see [15, pp. 40-50].

In 1939 A. Wald, a Romanian mathematician who emigrated to the USA
in 1938, introduced the maximin principle, also known as the principle of
guaranteed outcome [16, 17|. This principle allows finding a guaranteed outcome in
a single-criterion choice problem under uncertainty (SCPU). Almost a decade later,
Swiss economist J. Niehans (1948) and American mathematician, economist, and
statistician L. Savage (1951) suggested the principle of minimax regret (PMR) for building
guaranteed risks in the SCPUs [18, 19|. In the modern literature, this principle is also
referred to as the Savage risk or the Savage-Niehans criterion. Interestingly, during
World War II Savage worked as an assistant of J. von Neumann, which surely contributed
to the appearance of the PMR. Note that the authors of two most remarkable dissertations
in economics and statistics are annually awarded the Savage Prize, which was established
in the USA as early as 1971.

For the single-criterion choice problem I'™ = (XY, f(x,y)), the principle of minimax
regret is to construct a pair (xr, R}) € X x R that satisfies the chain of equalities

R = R r — mi R 1
;= max Ry (27, y) = minmax Ry (2, y) (1)

where the Savage—Niehans risk function has the form
Ry(z,y) = max f(z,y) — f(z,y) (2)

The value R} given by (1) is called the Savage Niehans risk in the problem I'™). The risk
function Ry(x,y) assesses the difference between the realized value of the criterion f(z,y)
and its best-case value max,cx f(z,y) from the DM’s view. Obviously, the DM strives for
reducing R(z,y) as much as possible with an appropriately chosen alternative z € X,
naturally expecting the strongest opposition from the uncertainty in accordance with the
principle of guaranteed outcome; see formula (1). Therefore, following (1) and (2), the
DM is an optimist who seeks for the best-case value max,cx f(z,y). In contrast, the
pessimistic DM is oriented towards the worst-case outcome — the Wald maximin solution

(:L.O’ fO = MaXgecx minyGY f(l‘a y) = minyEY f (‘Tou y))

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



Guaranteed solution for risk-neutral decision maker 11

In the sequel, assume that the DM in the problem I'™ is optimistic: he constructs the
Savage-Niehans risk function (2) for f(z,y). Note two important aspects as follows. First,
the criterion f(z,y) from T has its own risk R;(x,y); see (2). Second, the DM tries to
choose alternatives x € X in order to reduce the risk R;(z,y), expecting any realization
of the strategic uncertainty y(-) € YX y(z): X - Y.

Remark 1. The models I'V) naturally arise, e. g., in economics: a seller in a market is
interested to maximize his profits under import uncertainty.

In many publications on macroeconomics [15]-[6], all decision-makers are divided into
three categories: risk-averse, risk-neutral, and risk-seeking. In this appendix, the DM is
assumed to be a risk-neutral person and, as it has been mentioned above, an optimist.

4. HIERARCHICAL INTERPRETATION

4.1. Hierarchical interpretation of principle of minimax regret. Consider two
hierarchical interpretations as follows. The first arises when the Savage-Niehans risk
function Rs(z,y) = max.ex f(z,y) — f(z,y) is constructed, whereas the second when
the solution (x’", R}) € X x R of the problem I'™ for the risk-seeking DM is obtained.

4.2. Hierarchical interpretation of Savage—Niehans risk function design.
Hierarchical games represent a mathematical model of a conflict with a fixed sequence of
moves and information exchange between its parties [20, p. 477]. In Russia, the intensive
research of hierarchical games was initiated in the second half of the 20th century by
Yu. Germeier |21, 22| (the founder of the Department of Operations Research at the
Faculty of Computational Mathematics and Cybernetics, Moscow State University) and
then continued by his scholars. Hierarchical two-player games describe the interaction
between the upper (Leader) and lower (Follower) levels of the hierarchy. Such games have
a given sequence of moves, i. e., an order in which each player chooses his strategies and
(possibly) reports them to the partner.

An important element of hierarchical games is to choose the class of admissible
strategies depending on the information available to the players. In the theory of
hierarchical games, the informational extension of the game was rigorously formulated
in [23|. In a particular case, this extension leads the so-called strategic uncertainties, i. e.,
m-dimensional vector functions y(z) : X — Y, y(-) € Y, which are used along with
pure uncertainties y € Y in the game I'V),

Now, let us discuss the hierarchical interpretation of risk function design for the
SCPU TI'W. Assume that the lower-level player (Follower) can apply only his pure
strategy y € Y, whereas the upper-level player (Leader) can adopt “any conceivable

«Taspuuecruli secmnur unPopmamuru u mamemamurus, M 2 (59)’ 2023
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information” [23, p. 353|. Thus, further analysis will be confined to the Follower’s pure
strategies y € Y and the Leader’s counterstrategies z(y) : Y — X, z(-) € XY, i.e., the
set of functions z(y) with Y as the domain of definition and X as the codomain. For risk

function design, consider the two-level two-stage hierarchical game

I'r= <XY7Y,f<JI,y)>

In this game, the first move is made by Follower (the lower-level player), who reports his
admissible pure strategies to the upper level.
The second move belongs to Leader (the upper-level player), who performs the

following actions. First, he analytically constructs the counterstrategy
z(y) € Y(z) = Argmax f(z,y) ¥y € Y,

i. e., finds the scalar function fly] = f(z(y),y) = max,cx f(z,y); second, he designs the
Savage-Niehans risk function

Solution of choice problem I''!) for risk-seeking DM. Assume that the Savage-
Niehans risk function has the explicit form Ry(x,y) = max.cx f(2,y) — f(x,y), and the
problem is to construct a pair (:ﬂ, R;) € X x R defined as the solution of the SCPU I'")
for the risk-seeking DM:

R} = mi R = max Ry («"
= ns el y) = w07 0)

In the problem I'™)| suppose that Leader applies only a pure alternative (strategy)
x € X, whereas the other player (Follower) can adopt any conceivable information [24, 25],
including his knowledge of the strategy x € X, to form his strategy (uncertainty) as a
function y(z) : X — Y,y(-) € YX. (This hypothesis is well known as the informational
discrimination of Leader.) As a result, the criterion in the choice problem ') is defined
as the scalar function f(z,y(x)).

Recall that in the theory of differential games, the functions y(-) € Y (the set of
m-dimensional vector functions with the domain of definition X and the codomain Y)
are called counterstrategies. The problem I'™ in which counterstrategies describe the
behavior of uncertain factors is called the minimax game |24, 25].

Thus, consider the hierarchical two-level three-stage game of two players (Leader and
Follower) in which, in contrast to I'g, Leader and Follower use a pure strategy * € X and
a counterstrategy y(z) : X — Y, y(-) € Y, respectively.

The first move is made by Leader, who reports his admissible strategies x € X to the

lower level.
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The second move is made by Follower, who analytically constructs y(z) in accordance
with

max_Ry(x,y) = Rs(z,y(z)) = Ry[z] Ve € X
y()eyX

assuming that the vector function y(x) is unique (e. g., for a scalar function R(z,y) that
is strictly concave in y for each x € X ), and then reports R¢[x] to the upper level.

The third move is made by Leader, who constructs a strategy x” € X such that
mingex Rylr] = Ry [27] = R}

This three-move game-theoretic framework completely matches the concept of the
Leader’s guaranteed outcome in the problem '™ (in the Germeier sense) if the Follower’s
payoff function considered in [10, 11, 27| is replaced by —Ry(z,y). Moreover, in the
game ['p, Leader can calculate the Follower’s response and immediately implement the
third move if he knows the behavioral rule of the opponent. Once again, note that
the analog and modification of this three-move framework is convenient to design the
guaranteed solution in outcomes and risks for the risk-seeking DM, both in noncooperative
and cooperative conflicts.

Remark 2. The minimax solution for the risk-seeking DM is determined by the pair
(x’", = mingex max,(yeyx Ry(7,y) = maxyey Ry (27, y)) for two solutions as follows:
(1) For each alternative x € X, the inner maximum max,ey Rs(z,y) = Ry(z,y(x)) =
Ry[z] (see move 2) gives the greatest Savage-Niehans risk of the form

Rylz] = max Ry(w,y) > Ry(z,y)vy € Y.
Y

In other words, Ry(z,y) cannot exceed Ry[z] for all y € Y, and hence Ry[z] can
be considered the DM’s guarantee obtained by choosing the alternative x. Note that
due to (2), Rf(z,y) > 0; therefore, the Savage-Niehans risk function takes the values
R¢(x,y) € [0, Rf[z]] for all (z,y) € X x Y.

(2) Like any DM, the risk-seeking one would like to implement his decisions (the choice
of z € X) with the smallest risk (ideally, zero!). This aspect explains his third move.

Therefore, in the problem TI'® the risk-seeking DM is suggested

to use the alternative z"

to obtain the smallest (minimum) guarantee
Ry [z"] = Ry(a",y(2")) > R(2",y)Vy € Y. The same technique can be applied
to formalize the strongly-guaranteed solution in outcomes and risks of the problem I'V).

Here is an important result from operations research that concerns informed

uncertainties and strategies.
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Lemma 1. If in the choice problem T = (XY, f(x,y)) the sets X and Y are compact
and the criterion f(x,y) is continuous on X XY, then the mazximum (minimum) function

max,ex f(z,y) (mingey f(x,y)) is continuous on Y (X).

Lemma (1) is a well-known fact that can be found in almost any textbook on

operations research; for example, see [27].

Remark 3. Lemma (1) implies the continuity of the risk function (2) on X x Y (of
course, only if in the problem I'™ the sets X and Y are compact and the criterion f(z,y)

is continuous on X x Y.)

Remark 4. Assume that in the problem ', X € compR™Y € comp R™, and
f(:) € C(X xY). Then there exists the guaranteed solution in risks (xT,R;) of this
problem.

Really, the Savage-Niehans risk function Ry(z,y) (2) is continuous on X x Y (see
Remark (2)). In this case, by Lemma (1) the function max,ecy Rf(z,y) = Ry[z] is also
continuous on X. (There exists a Borel measurable counterstrategy (selector) y(x) :
X — Y such that

max Ry(z,y) = Rf(z,y(x)) = Rf[z]Vr € X

yey
and Ry[z] is continuous on X'). According to the Weierstrass extreme-value theorem, on a
compact set X a continuous function Ry[x] achieves minimum at the point 2" € X. If both
sets X and Y are compact and the function f(z,y) is continuous, then the guaranteed
solution in risks (2", R}) defined by (1) exists.

Thus, wusing 2", the risk-seeking DM obtains a guarantee in risks
R} > Ry (2",y)Vy € Y, and for all z € X this guarantee will be smallest among
all other guarantees Ry(x] > Ry(z,y) for all alternatives x € X. Such a procedure is
characteristic of the risk-seeking DM. In this article, we will consider a similar procedure
for the risk-neutral DM.

New approach to SCPU for risk-neutral DM: Preliminaries. Let us utilize the
approach proposed for noncooperative games in [29]. For this purpose, from the SCPU '
we will pass to the problem of guarantees without any uncertainties.

At conceptual level, the DM’s goal so far has been to choose an appropriate alternative
maximizing his outcome. But this is not enough for the risk-neutral DM! He seeks for an
alternative that would not only increase his outcome but also reduce his risk, as much
as possible. Recall that the DM forms the Savage-Niehans risk function R¢(z,y) (2), the
value of which is called the DM’s risk, and the Savage-Niehans risk R’ itself is determined
by the chain of equalities (1). The pair (a:’", R;) is the solution of the choice problem I'")
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for the risk-seeking DM: the value Ry(z,y) characterizes his risk when choosing and
implementing the alternative x € X, which he strives to minimize simultaneously with
outcome improvement. In this context, two questions arise naturally:

(1) How can we combine the two objectives of the decision-maker (outcome increase with
simultaneous risk reduction) using only one criterion?

(2) How can we implement these objectives in a single alternative, in such a way that
uncertainty is also accounted for?

How to combine DM’s desire to increase outcome and reduce risks? Recall
that, according to the principle of minimax regret, the DM’s risk is defined by the value
of the Savage-Niehans risk function Rs(z,y) = max.cx f(z,y) — f(z,y), where f(x,y)
denotes the DM’s criterion in the choice problem I'™. Thus, to construct the risk function
Ry(z,y) for the DM, first the dependent maximum f[y] = max,ex f(z,y)Vy € Y needs to
be found. To calculate f[y], following the theory of two-level hierarchical games, assume
the discrimination of the lower-level player, who forms the uncertainty y € Y and sends
this information to the upper level for constructing a counterstrategy z(y) : Y — X such
that

max f(z,y) = f(z(y).y) = fly] Yy € Y.

The set of such strategies is denoted by XY . (Actually, this set consists of n-dimensional
vector functions z(y) : Y — X with the domain of definition Y and the codomain X).
Thus, to construct the first term in (2) at the upper level of the hierarchy, we have to solve
the single-criterion choice problem (X Y'Y, f(x, y)) for each uncertainty y € Y; here XV
is the set of counterstrategies x(y) : Y — X. The problem itself consists in determining
the scalar function f[y] defined by
Il = max flzy)ty Y. (3)
Then, the Savage-Nichans risk functions are constructed by formula (2).
Hereinafter, the collection of all compact sets of Euclidean space R* is denoted by
comp R, and if a scalar function (z) on the set X is continuous, we write 1 (-) € C(X).

The main role in this paragraph will be played by the following result.

Proposition 1. If X € compR", Y € compR™, and f(-) € C(X x Y), then
(1) the maximum function max,ex f(z,y) is continuous on Y’

2) the minimum function min,cy f(x,y) is continuous on X.
ye Y

Corollary 1. If in the choice problem T'V) the sets X € compR"™ and Y € compR™
and the function f(-) € C(X xY), then the Savage-Niehans risk function Ry(x,y) is
continuous on X x Y (also, see Remark (3)).
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Let us proceed with the strongly-guaranteed outcome and risk in the SCPU I'™. In a
series of papers [10, 11], three different ways to account for uncertain factors of decision-
making in conflicts under uncertainty were proposed. Our analysis below will be confined
to one of them presented in [11], based on the following method. We associate with the
criterion f(z,y) in the problem I'M its strong guarantee f[r] = min,y f(z,9). As a
consequence, choosing his alternatives x € X, the DM ensures an outcome f[z] < f(x,y)
Vy € Y under any realized uncertainty y € Y. Such a strongly-guaranteed outcome f[z]
seems natural for the interval uncertainties y € Y addressed in this appendix, because
no additional probabilistic characteristics of y (except for information on the admissible
set Y C R™) are available. Proposition (1), in combination with Corollary (1) as well as
the continuity of f(x,y) and Rs(z,y) on X x Y, leads to the following result.

Proposition 2. If in the SCPU I'™ the sets X and Y are compact and the criterion
f(z,y) is continuous on X X Y, then the strongly-guaranteed outcome

flo] = min f(z,y) (4)
and the strongly-guaranteed risk
Ryle] = max Ry(z, y) (5)

are scalar functions that are continuous on X.

Remark 5. First, the meaning of the guaranteed outcome f[z]| from (4) is that, for any
y € Y, the realized outcome f(x,y) is not smaller than f[z]|. In other words, using his
alternative € X in the choice problem I'V, the DM ensures an outcome f (x,y) of at
least f[z] under any uncertainty y € Y. Therefore, the strongly-guaranteed outcome f|x]
gives a lower bound for all possible outcomes f(z,y) occurring when the uncertainty y
runs through all admissible values from Y. Second, the strongly-guaranteed risk R[] also
gives an upper bound for ail Savage-Niehans risks Ry(x,y) that can be realized under
any uncertainties y € Y. Really, from (5) it immediately follows that

Rylz] > Ry(z,y)Vy € Y.
Thus, adhering to his alternative x € X, the DM obtains the strong guarantee in
outcomes f[z], and simultaneously the strong guarantee in risks R[z].

Transition from single-criterion choice problem under uncertainty I'™ to
bi-criteria vector optimization problem. The DM’s desire to increase his outcome
and simultaneously reduce his risk is described well by the new mathematical model of
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a bi-criteria choice problem under uncertainty with the two-component vector criterion

I'y = <X7 Y7 {f(SU,Z/), _Rf(xvy)}> .

In this model, the sets X and Y are the same as in I'™. The novelty consists in
the transition from the one-component criterion f(z,y) to the two-component criterion
{f(z,y),—Rs(z,y)}, in which Rs(z,y) is the Savage-Niehans risk function for the DM.
In the problem I's, the DM chooses an alternative x € X in order to increase as much
as possible the values of both criteria simultaneously, which explains the minus sign
of R¢(z,y). Moreover, the DM must expect any realization of the uncertainty y € Y. Note
that due to R¢(z,y) > 0, for all (z,y) € X x Y an increase of —R(z,y) is equivalent to
a decrease of R¢(x,vy).

The uncertainty y € Y in the choice problem Iy is of the interval type. This feature
compels the DM to use the available information about the uncertainty, i. e., the limits of
its range, being guided by the strongly-guaranteed outcome f[z] (4) and the strongly-
guaranteed risk R;[x] (5). Therefore, it seems natural to pass from ') to the two-

component vector optimization problem without uncertainty

15 = (X, {flz], = Rylz]})

in which the DM chooses an appropriate alternative x € X for maximizing both criteria
flz] and —Ry[x] simultaneously.

For the practical design of the strongly-guaranteed outcome and risk in I'§, we will
employ the mathematical theory of vector optimization, e. g., from [28|, with its different
approaches and results. Consider an optimal solution of multicriteria problems introduced
in 1909 by Italian economist and sociologist V. Pareto [30]. For the problem I'}, the Pareto
maximality (efficiency) of an alternative z” is reduced to the inconsistency of the system
of two inequalities f[z] > f [2¥],—Ry[z] > —R;[2F]Vz € X, in which at least one
inequality is strict. This leads to the following notion.

Definition 1. A triplet (2%, f [¢7], Ry [2”]) is called a Pareto-maximal strongly-
guaranteed solution in outcomes and risks (PSGOR) of the problem I'j if

(1) the alternative ¥ is Pareto-maximal in the problem I'};

(2) f [2F] is the value of the strongly-guaranteed outcome f[z] = minyey f(z,y) in the
problem T'§ for z = 2%

(3) Ry [:L'P] is the value of the strongly-guaranteed risk Ry[r| = maxyey Rf(z,y) in the

problem T§ for x = 27,
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Remark 6. Definition (1) may also involve other optimality principles (Pareto, Geoffrion,
Borwein, cone, A-optimality). All these principles as well as connections between different

vector optimal solutions were considered in [31].

According to the definition of Pareto maximality,
(1) if ¥ is a Pareto-maximal alternative, then for Z # z¥,z € X an increase of value of
one criterion will inevitably reduce the value of the other;
(2) there exists no alternative # € X for which the values of both criteria will increase in
comparison with their values for z = x”.

Perhaps the term “Slater maximality” appeared in the Russian literature after the
translation [32] of a paper by Hurwitz.

If Pareto optimality is replaced by Slater maximality (weak efficiency), then
Definition (1) takes the following form.

Definition 2. A triplet (:175 f [:ES] Ry [xs]) is called a Slater-strongly-guaranteed
solution in outcomes and risks of the problem I'j if
(1) the alternative 2° € X is Slater-maximal in the problem I'}, i. e., for any x € X the

system of two strict inequalities
fle] > f [#°], —Rgla] > —R; [2°]

is inconsistent;

(2) f [xs } is the value of the strongly-guaranteed outcome in the problem I'§ for z = °;

(3) Ry [2] is the value of the strongly-guaranteed risk in the problem I'§ for z = 2.

Any efficient (Pareto-maximal) alternative is also weakly efficient, which follows
directly from Definitions (1) and (2). Generally speaking, the converse is false. Also,
property (2) of Remark (6) remains valid for the Slater-strongly-guaranteed solution in
outcomes and risks of the problem I'™). The next result seems quite obvious.

P

Proposition 3. If in the problem I'j there exists an alternative 2z € X and values

a, 8 € (0,1) such that 2" maximizes the scalar function ®[z] = af[z] — BR;[x], i. e.,

® [2"] = max (af[z] — BRy[x]) (6)
then x¥ is the Pareto-maximal alternative in the problem I'j; in other words, for any

x € X the system of two inequalities
flel = f[2"], Rela] < Ry [2"] (7)

with at least one strict inequality, is inconsistent. (Here o = 5 = 1.)
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Remark 7. The combination of the criteria (4) and (5) in the form ®[z] = af[z] — fR/[z]
is of interest for two reasons. First, even if for  # x¥’ we have an increase of the guaranteed
outcome f[z] > f [mp }, then due to the Pareto maximality of ¥ and the fact that
R¢[Z] > 0 such an improvement of the guaranteed outcome f[z] > f [¢F] will inevitably
lead to an increase of the guaranteed risk R[Z] > Ry [:L‘P }; conversely, for the same
reasons, a reduction of the guaranteed risk Ry[z] < Ry [z”] will lead to a reduction
of the guaranteed outcome f[z] < f[zF] (both cases are undesirable for the DM).
Therefore, the replacement of the bi-criteria choice problem I'j with the single-criterion
choice problem (X, ®[z] = af[z] — BRs[x]) matches well the DM’s desire to increase f[z]
and simultaneously reduce Ry[z]. Second, since R¢[x] > 0 and «, 5 € (0, 1), an increase
of the difference af [x] — BR[z] also matches the DM’s desire to increase the guaranteed
outcome f[z]| and simultaneously reduce the guaranteed risk Ry[z].

Now, let us answer the second question: how can we combine both objectives of the
DM in a single alternative taking into account the existing interval uncertainty? To do
this, from the problem I'D we will pass sequentially to choice problems I'y, 'y, and I'y :

Iy = (XY Af (2, y), —Rs(z,9)})
Py = (X, {flz], = Rylz]}) (8)

Py = (X {®[z] = fla] — Ryla]})
In all the three choice problems, x € X C R" denotes the alternative chosen by the
DM; y € Y C R™ are uncertainties; the DM’s criterion f(z,y) is defined on the
pairs (z,y) € X xY; in (2), Ry(z,y) means the Savage Niehans risk function. In the
choice problem Ty, the criterion has two components — the original criterion f(x,y) of
the problem '™ and the risk function R;(x,y) of (2). In the choice problem Ty, the
original criterion f(z,y) and the risk function Rf(x,y) are replaced by their guarantees
flz] = mingey f(x,y) and Rylx] = maxyey Ry(x,y), respectively. Finally, in the choice
problem I';, the linear convolution of the guarantees f[z] and —R[x] (see Proposition (3))

is used instead of the two-component criterion.

Remark 8. Let us discuss the advantages of the solution formalized by Definitions (1)
and (2). First, recall that economists divide all decision-makers into three categories: risk-
averse, risk-neutral, and risk-seeking. In Definitions (1) and (2), the DM is assumed to
be a risk-neutral person, who simultaneously considers the outcome and associated risk.
Second, this solution imposes a lower bound on the outcomes and also an upper bound on
the risks, f[z] < f (2F,y) Vy € Y and Ry[z] > Ry (2, y) Vy € Y, respectively. Note that
the existence and continuity of the guarantees f[z] and R[] are based on the hypotheses
X € comp R"Y € comp R™, and f(-) € C(X X Y); see Proposition (1). Third, an
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improvement of the Pareto-maximal guaranteed outcome (in comparison with f [xp })
will inevitably increase the guaranteed risk (in comparison with R [xp ]), conversely, a

reduction of the risk will inevitably decrease the guaranteed payoft.

Remark 9. Definitions (1) and (2) suggest a constructive method of SGPOR design. It
consists of four steps as follows.

Step 1. Using f(z,y), find fly] = max,ex f(z,y) and construct the Savage-Niechans
risk function Rs(z,y) = fly] — f(x,y) for the criterion f(z,y).

Step II. Evaluate the strong guarantee in outcomes f[x] = minyey f(z,y) and also
the strong guarantee in risks Ry[z] = max,ey Rf(z,y).

Step III. For the auxiliary choice problem I's, calculate the Pareto-maximal
alternative x¥’. At this step, Proposition (3) is of assistance.

Then the Pareto-maximal alternative in the auxiliary choice problem I's is z¥ for
which

max (f[z] — Ry[z]) = f [¢7] = Ry [27]. (9)

zeX
Step IV. Using z”, evaluate the strong guarantees f [2¥] and Ry [2].
The resulting triplet (xP f [azp } Ry [xp ]) is the requisite SGPOR, which complies
with Definition (1), i. e., for the original criterion f(z,y) the alternative z” leads to a

guaranteed outcome f [¢F] with a guaranteed Savage-Niehans risk R [27].

Explicit form of Savage—Niehans risk for linear-quadratic SCPU. Consider
the linear-quadratic single-criterion choice problem under uncertainty

qu = <Rn7Rm7f<x7y)> )

in which the set of alternatives x coincides with the n-dimensional Euclidean space R",
the set of uncertainties y is R™, and the linear-quadratic criterion is given by

fx,y) =2’ Az + 22/ By + y'Cy + 2d'z + 2dy + d.

Here A and C' are constant and symmetric matrices of dimensions n x n and m x m,
respectively; B is rectangular constant matrix of dimensions n X m;a and ¢ are constant
vectors of dimensions n and m, respectively; finally, d is a constant. As before, the prime
denotes transposition. In the problem I',, the DM chooses an appropriate alternative
x € R" in order to maximize the linear-quadratic criterion f(z,y) and simultaneously
minimize a risk function under any possible realizations of the uncertainty y € R™.

The problem is to design an explicit form of the Savage-Niehans risk function
for the linear-quadratic choice problem I'y, (see Remark (9)) and then to obtain the
SGPOR. Hereinafter, for a square constant matrix A of dimensions n x n, the inequality
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A > 0 (A < 0) means that the quadratic form with the matrix A is positive definite
(negative definite, respectively).

Also, the following notations will be used below:

— 0, as a zero vector of dimension n;

of
Ox1
— % = : as the gradient of a scalar function f(x,y) with respect to x under a
of
OTn
fixed vector y;
o%f ... _f
) Ox10x1 0x10xn
- % = : - : as a Hessian of a scalar function f(z,y) with respect
o’f ... _&f
0xn0x1 OTnOxn

to x under a fixed vector y;
— det A as the determinant of a matrix A;
— F,, as an identity matrix of dimensions n x n.

Direct calculations show that
0 0 0 0?
E (' Az) = 2 Az, o (22'By) = 2By, o (2d'x) = 2a, 2 (' Azx) = 2A.
Well, let us construct an explicit form of the Savage-Niehans risk function Ry(x,y)
for the linear-quadratic choice problem I'j;; see Stage I from Remark (9).
Step 1. Explicit-form design of the the Savage-Niehans risk function Ry(z,y) for the

problem I',.

Proposition 4. In the linear-quadratic choice problem I', with a matrix A < 0, the
Savage—Niehans risk function has the form

Ri(x,y) = — (2’A+y'B' +d) A7 (Az + By + a).

Proof. An n-dimensional vector function x(y) with the domain of definition R™ and the
codomain R" such that max,crn f(2,y) = f(z(y),y), Vy € R™, exists under the sufficient

conditions 9
w = 2Az(y) + 2By +2a = 0,; Yy € R™
T le=a(y)
ox? o=a(y) .

The second condition (inequality) holds due to A < 0; from the first condition (identity)
it follows that
2(y) = —A~(By + a).

«Taspuuecruli secmnur unPopmamuru u mamemamurus, M 2 (59)’ 2023



22 V. I. Zhukovskiy, L. V. Zhukovskaya, Y. S. Mukhina, S. P. Samsonov

Substituting = z(y) into f(z,y) gives
max f(z,y) = f(2(y),y) = (B’ +a) A (By +a) =2 (y'B' + d') A" By + y/'Cy
—2d' A" (By+a)+2dy+d=—(yYB' +d)A"(By+a) +yCy+2/y +d
=y [C—BA'Bly+2(d—dA'B)y+ (d—dA"a)
As a result, the Savage—Niehans risk function can be written as
Ry(z,y) =f(z(y),y) — f(z,y) = =2’ Az — 22'By — 2d'z — y' B A™' By
—20'A'By —dA'a =~ (d’A+y'B +d) A (Az + By +a)
The proof of this proposition is complete. O

Step II. Construct the function R;[z] = max,erm Ry(x,y).

Proposition 5. In the linear-quadratic choice problem I';, with matrices
A < 0,det B # 0,
the strong guarantee in risks is

Ryz] = max R¢(z,y) =0, Vo € R"

Proof. First of all, the condition det B # 0 implies that B is a square matrix, i. e., n = m.
For finding R¢[z], define an n-dimensional vector function y(z) : R* — R™ such that

max R¢(z,y) = Re(x,y(x)) = Rf[z], Vo € R".
y m

Recall the sufficient conditions of maximum for y = y(z) : R* — R™ :

W — 9Bz — 2B'A"'By(x) — 2B'A" a = 0,,, ¥z € R",
Yo ly=y@ (10)
2
a};fi(f’y) — _9B'A"'B>0.
Y y=y(z)

Since A < 0 and det B # 0, the following chain of implications is the case:
Al'<0=BA'B<0= -BA'B>0= —2B'A"'B>0.

(In other words, the second condition of (10) is satisfied.)

In view of
(BA™'B)' =B 'A(B) ",
the first condition of (10) gives
y(r) = — (B'fle)_1 (Bz+B'A7'a) =-B'A(z+ A'a) = —B ' (Az + a).
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Then, substituting y = y(z) into Ry[z] yields
Rilz] = Ry(z,y(z)) = — (2’A—2’A—d +d) A (Ar — Ar —a+a) =0, Vz € R",
which finally establishes the identity Ry[z] =0, Vo € R™ O

Continuing Step II (from Remark (9)), we find the strong guarantee in outcomes
mingey f(z,y) for
f(z,y) =2 Az + 22/ By + y'Cy + 2d'x + 2c'y + d,
that is, f[z] = mingerm f(2z,y), in the case A < 0,C > 0.
Lemma 2. [33]/ For any positive definite matriz C' of dimensions n X n, there ezists a
unique positive definite matriz S of dimensions n x n such that S*> = C. The matriz S is

called the square root of the matriz C and denoted by Cx. Moreover, the eigenvalues of

the matriz C are the squares of the eigenvalues of the matrix C:.
Lemma 3. For a symmetric matriz C > 0 of dimensions n x n, C~' = [$%] " = [§1].

Proof. Indeed, for S = C 2 it follows that

2

C=5-8=8—=C'=[5.5"=5".5"=[5].
0

Lemma 4. A< 0AC >0= (A—BCB') <0VB € R"™", where R™™ is the set of
constant matrices of dimensions n X m.

Proof. Really,
C>0=C'>0=BC'B>0VBe R = —BC'B"<0VB e RY™™
= A—BC'B < 0, VB € R™™.

Proposition 6. If A <0 and C' > 0, then
flz] = min f(z,y) =2’ [A— BC'B|z+22'[a— BC™'c| +d—C'C. (11)

yeRnL

Proof. According to Lemma (2), there exists a matrix S such that C = S?; moreover,
C>0=S>0AS=5".Dueto S!St =C"" (Lemma (3)), SS = C, and S7'S = E,,,
it follows that

flz,y) =3'Az 4+ 22'By + y/Cy + 2d'v + 2dy + d = ||S'B'z + Sy + S~ 'c
— @’BC7'B'x — 24/BC ¢ — /C7 e — o/ Cy — 22’/ By — 2c'y + o’ Az + 22/ By
+2dz+d>a'[A—BC'B'lz+ 212 [a— BC 'c] +d— dC"c = fla]
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for all x € R™ and y € R™, because || - || > 0 by the properties of the Euclidean norm.
Using the definition of the strong guarantee in outcomes,

f(x,y) = flz]Vz € R",y € R™,

we finally arrive in (11). O

Steps III-IV (construction of the Pareto-maximal alternative 2% in the problem I'; (5)
and calculation of f [J}P D
As it has been established (see Proposition (5)), in the linear-quadratic problem I,
with
A <0,m=n,det B # 0, (12)
the strong guarantee in risks is Ry[z] = 0 for all € R™. Hence, this is also the case for
the Pareto-maximal alternative z¥ in the problem I's (8). Therefore, the Pareto-maximal
alternative in the linear-quadratic problem I';, with the matrices (12) and C' < 0 can be

reduced to the maximization of f[z], i. e.

max f[z] = f [27] . (13)

reR”™

Proposition 7. In the linear-quadratic problem I';, with
A<0,C>0m=n,det B#0
the Pareto-maximal strongly-guaranteed solution is given by
2P = —[A-BC'B]" (a - BC %) (14)
[l ==(d=dC'B) [A- JBC”lB’]_1 (a—BC™'¢)+d—dC e (15)

Proof. The alternative x¥ defined by (13) exists under the sufficient conditions

Of[]
ox

=2[A-BC'B] 2" +2(a— BC 'c) =0, (16)

P

0% fx]
Ox? r=zF
Note that (17) is satisfied due to Lemma (4) and A < 0, C' > 0. In view of A —
BC™'B’ < 0, equality (16) implies

2P = —[A—BC'B] " (a - BC'¢).

=2[A-BC'B]" <0 (17)
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Substituting this alternative x” into (11) gives
flz"] = (¢ = ¢C'BY [A-BC'B] ' [A- BC'B] - [A- BC'B]”
x (a—BC™¢) =2 (a' = dC'B) [A— BCT'B] ™' (a — BC™'¢) +d - dC e
— —(d = ¢C'B)[A-BC'B] " (a— BC™'¢) +d - dC e

1

O

Remark 10. Thus, the following result has been obtained for the class of linear-quadratic
SCPUs I'j;: if the criterion in the linear-quadratic problem

Iy =R R™, f(z,y) =2'Ax + 22'By + y'Cy + 2d'z + 2c'y + d)

satisfies the conditions A < 0,C > 0, and detB # 0, then the triplet
(zF, f [2F], Ry [2]), where

2P = —[A—BC'B] " (a — BC™)

18
fla"]==(d=dC'B) [A- BC’lB’}_1 (a—BC™'¢)+d—dC "¢ (18)

and
Ry [z"] =0

is the Pareto-maximal strongly-guaranteed solution of I',.

This result has the following interpretation in terms of game theory: choosing the
alternative " (18) in the linear-quadratic SCPU T, the DM obtains the strongly-
guaranteed outcome f [2”] (18) with the (minimum possible) zero risk Ry [zF] = 0
(i. e., surely!). Note that by Lemma (4) a considerable part of this outcome is

— (a’ — c'C”lB') [A — BC’lB’}_1 (a — BC’lc) > 0.

CONCLUSIONS

The simplest conflict under uncertainty is “the game with nature”, where a person
(player) has to choose an optimal action (strategy) for a given criterion (e. g.,
profit). Moreover, each action is accompanied by incomplete or inaccurate information
(uncertainty) about the results (outcome) of such an action.

This raises the question of risk associated with the resultants. Here an area of intensive
research is focused on a special type of uncertainties (interval), for which the only
available information is the ranges of their admissible values, without any probabilistic
characteristics. An example of such uncertainties is the diversification problem of a deposit
into sub-deposits in different currencies [29].
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In Russia, interval uncertainties were called “bad uncertainties” due to the
unpredictability of their realizations [34-36]. The effect of such uncertainties can be
assessed using the Savage-Niehans function for a particular alternative or strategy is
a measure of risk.

In this article a solution of the single-criterion choice problem under uncertainty
(SCPU) that takes into account, first, the effect of such uncertainties and, second, the
DM’s desire to increase the outcome and simultaneously reduce the associated risk has
been presented. More specifically, the concept of a strong guarantee from [10, 11| has
been adopted for introducing a new approach that considers all the three factors of
decision-making (uncertainty, outcome, and risk). This approach has been reduced to
the construction of the game of guarantees, which contains no uncertainties. For the
game of guarantees, a corresponding bi-criteria optimization problem has been designed
and solved. In the future, a different approach based on vector guarantees [10, 11] can
be used. For a fairly general class of linear-quadratic SCPUs, the new approach proposed
above has anyway yielded an explicit form of the strongly-guaranteed solution in outcomes
and risks in which the guaranteed risk (and hence any Savage—Niehans risk) is 0.
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SYNTHESIS OF EQUILIBRIUM.
Zhukovskiy V. I.,Zhukovskaya L. V.,Smirnova L. V.

Abstract. For a noncooperative N-player normal-form game, we introduce the concept of
hybrid equilibrium (HE) by combining the concepts of Nash and Berge equilibria and Pareto
maximum. Some properties of hybrid equilibria are explored and their existence in mixed
strategies is established under standard assumptions of mathematical game theory (convex
and compact strategy sets and continuous payoff functions). Similar results are obtained for

noncooperative N-player normal-form games under uncertainty.

Keywords: uncertainty, mized strategies, equilibrium, saddle point, Pareto optimality

INTRODUCTION

In 1949 twenty-one years old Princeton University postgraduate J. F. Nash suggested
and proved the existence of a solution [1, 2|, which subsequently became known as Nash
equilibrium (NE). Nash equilibrium has been widely used in economics, military science,
policy and sociology. After 45 years, J. Nash together with R. Selten and J. Harsanyi were
awarded the Nobel Prize in Economic Sciences “for their pioneering analysis of equilibria in
the theory of non-cooperative games”. The point is that NE has stability against arbitrary
unilateral deviations of a single player, which explains its success in economic and political
applications |3, 4].
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Almost every issue of modern journals on operations research, systems analysis, or
game theory contains papers involving the concept of Nash equilibrium. However, there
are spots on the sun: an obvious drawback of NE is its pronounced selfishness, as each
player seeks to increase his own payoff only.

The antipode of NE is the concept of Berge equilibrium (BE): each player makes every
effort to maximize the payoffs of the other players, neglecting his individual interests.
BE was formalized in 1985 by Zhukovskiy [5] as a possible solution of noncooperative
N-player games, after a critical analysis of C. Berge’s book Théorie générale des jeux
a n personnes [6] published in 1957 (which explains the term “Berge equilibrium”). In
1995, Russian mathematician K. Vaisman defended his Candidate of Sciences Dissertation
entitled “Berge equilibrium” [7] at Department of Applied Mathematics and Control
Processes (St. Petersburg State University) under the scientific supervision of Zhukovskiy.
This dissertation and Vaisman’s early papers |8, 9] attracted the attention of researchers,
first in Russia and then abroad. As of today, the number of publications related to this
equilibrium has exceeded three hundreds. BE is a good mathematical model for the Golden
Rule of ethics (“Behave to others as you would like them to behave to you”). BE is famed
for its altruism.

Obviously, these features-selfishness and altruism — are intrinsic (in some proportion)
to any individual, including a conflicting party. However, it seems delusive to expect
that such a combined solution exists in pure strategies. Therefore, again employing the
approach of Borel [10], von Neumann [11], Nash [1] and their followers, we will establish
the existence of a combined Nash-Berge equilibrium in mixed strategies. This solution is
called a hybrid equilibrium (HE). The main goal of this paper is to prove the existence
of HE in mixed strategies. Also note a negative property of NE [12] and BE [13]: the
sets of both types of equilibria are internally unstable, i. e., there may exist two (NE
or BE) profiles such that the payoff of each player in one of them is strictly greater
than in the other. We will remove this undesirable negative feature by adding the Pareto
maximality of HE with respect to all other equilibria. Thus, our formalization combines
three properties, namely, a HE is

first, a Nash equilibrium;

second, a Berge equilibrium;

third, Pareto-maximal with respect to the other equilibria.

This paper proves the following result: if a noncooperative N-player normal-form game
has bounded convex and closed strategy sets of players and continuous payoff functions,
then there exists a HE in mixed strategies in this game.
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In addition, we obtain sufficient conditions for the existence of HE that are reduced
to calculation of a saddle point for a special Germeier convolution of payoff functions.

Finally, the derived results are extended to the case of noncooperative N-player
normal-form games under strategic uncertainty. A proper consideration of uncertain
factors yields more adequate models of real conflicts, which is testified by numerous
publications in this field (recall the over 1 million research works with keywords

“mathematical modeling under uncertainty” in Google Scholar).

1. FORMALIZATION OF HYBRID EQUILIBRIUM

Consider the mathematical model of a conflict as a noncooperative N-player normal-

form game described by an ordered triplet

[ = (N, {Xi}iew, {£i(2) }ien)-

Here N = {1,2,..., N} denotes the set of players (N > 1); each of N players chooses his
strateqy x; € X; C R™ thereby forming a strategy profile

x:(ml,...,xN)EX:HXiQR” (n:an)
ieN ieN
in this game; a payoff function f;(x) is defined on the set X, which gives the payoff of
player i (i € N). At a conceptual level, each player i in the game I is looking for a strategy
x; that would mazimize his payoff.
A natural approach is to define a solution of the game I" using a pair

(%, f(a") = fu(z®),.... fn(2")) € X x RY,

where the strategies of a profile * = (27, ..., 2%) € X3 x---x Xy = X are determined by
an optimality principle while the components of the vector f(z*) specify the corresponding
payoffs of players under these strategies.

As noted by N. Vorobiev, the founder of the largest national scientific school on game

[4

theory, “...the practice of games shows that all the optimality principles developed so

far directly or indirectly reflect the idea of a stable strategy profile that satisfies these

” W

principles. . . [14, pp. 94]. To introduce the concept of hybrid equilibrium, we will
adopt three optimality principles, namely, Nash equilibrium, Berge equilibrium (from
the theory of noncooperative games) and Pareto maximum (PM, from the theory of
multicriteria choice problems). Interestingly, each of these principles has its own type
of stability: NE is stable against the unilateral deviations of any player i (i. e., the
deviations of z; from z} ); BE is stable against the deviations of all players except for one

player ¢ with the payoff function f;(z) (i. e., the deviations of (z1,...,2;—1,Zit1,...,ZN)
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from (z7, ..., 27,2}, ..., 2y)); finally PM is stable against the deviations of all players
(i. e., the deviation of the whole current profile x from the optimal solution z*). Using
the standard notation (x||z;) = (x1,...,%-1, 2, Tit1,- .., Ty) of noncooperative games,

we introduce the following notions.

Definition 1. A strategy profile z¢ = (2f,...,2§,...,2%) € X is called a Nash

79
equilibrium in the game I" if

max f;(z||z;) = fi(z°) (i €N). (1)

Zq k3

Definition 2. A strategy profile 28 = (z8,... 28 ... 28) € X is called a Berge
equilibrium in the game I' if

max fi(zl[z7) = fi(z") (i €N). (2)
Let us associate with the game I" the N-criteria choice problem
.= <X7 f(l’)>,

where the set of alternatives X coincides with the set of strategy profiles X in the game I'
and the vector criterion has the form f(z) = (fi(x),..., fa(x)), consisting of the payoff
functions f;(x) of all players ¢ € N in the game T.

Definition 3. An alternative (here a strategy profile x € X)) is Slater (Pareto)-maximal
in the problem T, if, for all z € X, the system of inequalities f;(x) > fi(z*) (i € N)
(fi(x) > f;(z¥) (i € N), respectively), with at least one strict inequality, is inconsistent.

Corollary 1. The following sufficient condition of Pareto mazimality is obvious: if

max 37 fi(0) = 3 fie) VreX, 3)
€N €N

then the strategy profile x* is Pareto-maximal in the problem T'..

Now, we introduce the central concept.

Definition 4. A pair (2*, f(2*)) € X x RY is called a Pareto hybrid equilibrium (PHE)
in the game I' if the strategy profile x* is simultaneously a Nash equilibrium and a Berge
equilibrium in this game, and also a Pareto-maximal alternative in the multicriteria choice
problem T, i. e., the PHE x* satisfies the following three conditions:

max fi(z*[|z;) = fi(z") (i €N),

max fi(z|lz7) = fi(z") (i€ N), (4)

2 is Pareto-maximal in I'..
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Remark 1. By Corollary 1, a strategy profile z* is a PHE in the game I' if it
simultaneously satisfies the three optimality conditions (1)-(3).

Remark 2. By analogy with Definition 4, we may easily introduce the concept of Slater
hybrid equilibrium (SHE), by simply replacing the Pareto maximality of z* with its Slater
maximality in the problem I'..

2. PROPERTIES OF HYBRID EQUILIBRIA

Hereinafter, cocomp R" stands for the set of convex and compact subsets of R"” and
we write ¢(-) € C(X) if ¢(-) is a continuous scalar function defined on X.

In this section, the game I" is assumed to satisfy the conditions

X; € cocomp R™, f;(-) € C(X) (1 € N). (5)

Property 1. Under conditions (5), any PHE in the game T" is simultaneously a SHE; the
set of all SHE is compact in X x RN (possibly, empty).

Property 1 directly follows from the fact that a Pareto-maximal alternative in the
choice problem T'. is also Slater-maximal (in general, the converse is not true), while the
set of Slater-maximal alternatives X in I', is nonempty and compact in X [15, pp. 142].

The sets of Nash and Berge equilibria, X¢ and X?, in the game I' are also compact
in X (perhaps, empty) if assumptions (5) hold. In this case, the intersection of the
three compact sets X° (N X¢(NX? = X* is also a compact set in X (again, it may
be empty). The compactness of f(X*) = {f(z)|r € X*} is an immediate consequence of
the continuity of the payoff functions f;(z) on X (i € N).

Note that, generally speaking, the set of PHE can be noncompact due to the
noncompactness of the set of all Pareto-maximal alternatives X* in the choice problem
I'.. Also keep in mind the inclusion f(X7T) C f(X¥).

Property 2. Under assumptions (5), the PHE x* satisfies the individual rationality
condition, i. e.,

(2*) > max min (2, T ) =
fil )_xieXimN\{i}EXN\{i} fi(xs, 2w gay)

= min fi(fE?,xN\{i}) = [ (1 € N), (6)
T {5} EXW\ (i}

where © = (T1,...,%,...,2n5) = (T, 2ngy), T = (T1,-- 0, Tic1, Tig1, .-, Tn) and
XN\{i}: H Xj (N\{’i}:1,...,i—1,i—f—1,...,N).
JEN\{s}
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Indeed, each Nash equilibrium z* in the game I' has property (6) (individual
rationality), i. e., f;(z*) > f? (i € N), where 2? and f? are the maximin strategy and
the payoff of player 7, respectively.

Remark 3. As illustrated by Vaisman’s counter-example [56, pp. 68-69|, individual
rationality generally fails for a Berge equilibrium z” in the game T.

Property 3. A PHE x* is collectively rational in a cooperative N -player game without
side payments. This is a consequence of the Pareto maximality of the alternative x* in the
choice problem T',.

Remark 4. Individual rationality imposes certain requirements to alliances (coalitions)
with other players: player ¢ joins a coalition only if his payoff guaranteed by the coalition
is not smaller than the maximin value f{ , which can be achieved by this player
independently using the maximin strategy z? .

Collective rationality drives all players to the largest payoffs (in the vector sense!) —

the Pareto maxima.

As x* is a Nash equilibrium, each player seeks to maximize his payoff.

Berge equilibrium matches an altruistic aspiration of each player to maximize the
payoffs of all other players.

Let us note that, the first two requirements (individual and collective rationality) are
among the standard criteria of “good” solutions for cooperative N-player games without
side payments. At the same time, the properties brought by the Nash and Berge equilibria
are new for such games, which (we believe) makes the novel concept of PHE an efficient,
“good” solution for the game T'.

To formulate sufficient conditions for the existence of PHE in the game I', we will
ensure Pareto maximality in terms of Definition 3 by satisfying equality (3). The sufficient
conditions will be based on the original approach from [16|. Let us introduce an N-
dimensional vector z = (z1,...,2x) € X and the Germeier convolution |17, 18| of the

form

¢i(z,2) = fi(2||lzi) — fi(2) (i € N),
birn (2, 2) = filw|[z:) — fi(2) (i € N),
Goni1(T,2) = Z fi(z) — Z fi(2), (7)

jEN jEN
Y(z,2) = max  ¢.(z,2).

r=1,..2N+1
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A saddle point (2, 2*) € X x X of the scalar function ¥ (z, z) (7) is given by the chain
of inequalities

Plo,2") S0, 2) S d@a’z)  VreX, ze X, (8)

Theorem 1. If (2%, 2*) is a saddle point of the function ¢(x,y) (8) in the zero-sum
two-player game

Io=(X,Z =X 4(z,2)),

then the maximin strateqy z* € X is a PHE of the game T'.

Proof. Indeed, formula (7) with z = 20 gives ¢(2°,2°) = 0. Then, by transitivity,
P(z,2") <0 VeelX.

Using the fact that mayjc\f“(br(x, 2*) < 0 Vzx € X and (7), we arrive at a set of

2N + 1 inequalities of th;:fl(;fﬁl
fi(z%|z:) < fi(2%) Vr; € X; (i €N),
filz]|) < filz") Vo e X (i eN),
d @)<Y fi(zY) VreX.
jEN jeN

Here the first N inequalities make z* € X a Nash equilibrium in the game I' (see (1));
the second group of inequalities ensures that z* is a Berge equilibrium as dictated by (2);
finally, the last, (2N 4 1)th inequality means that z* is a Pareto-maximal alternative in
the choice problem I'.. O

Remark 5. By Theorem 1, the construction of a PHE reduces to the calculation of a
saddle point (z°,2*) for the Germeier convolution ¢ (z, z) (7). Thus, we have developed a
constructive method of PHE design in the game I', which consists of the following steps:

first, define the scalar function v (z, z) using formulas (7);
second, find a saddle point (2° z*) of the function (z,z) (see the chain of
inequalities (8));
third, calculate the values f;(z*) (i € N).
Then the pair (2%, f(z*) = (fi(z%),..., fn(2*))) is a PHE in the game I': each
player © € N should apply his strategy from the profile z*, thereby obtaining the

payoff f;(z*).

Remark 6. The whole complexity of constructing a PHE in the game I' lies
in calculation of the saddle point (20 2*) (8) for the Germeier convolution
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U(x,z) = max or(x,2) (7). The reason is that the maximization of a finite number
r=1,.., —+

of functions ¢,(x,z) (r = 1,...,2N + 1) spoils the differentiability and concavity (or
convexity) of the functions ¢,(z,z), despite the fact that it preserves the continuity
of this function on the product X x Z of the compact sets X and Z. Here we face a
situation well described by C'. Hermite: “I turn with terror and horror from this lamentable
scourge of continuous functions with no derivatives”. Thus, it is necessary to develop
numerical calculation methods for the saddle point (x°, 2*) of the Germeier convolution

max. 1¢T(x,z). Unfortunately, to this date we were not able to find any literature
r=1,..., +

devoted to this field of research. In particular, the saddle point calculation problem was
not solved at the International Conference on Constructive Nonsmooth Analysis and
Related Topics (CNSA-2017, St. Petersburg, May 22-27, 2017) dedicated to the Memory

of Professor V. Demyanov.

One must be a rather optimistic person to look for a game I' (especially with an
explicit form of the payoff function) in which a PHE in pure strategies 27 € X; (i € N)
exists (by Definition 4, the desired strategy profile z* must be simultaneously a Nash
equilibrium and a Berge equilibrium in the game I' and also a Pareto-maximal alternative
in the corresponding choice problem). Thus, employing the approach of Borel [10], von
Neumann [11], Nash [1| and their followers, we will extend the set X; of pure strategies
x; to a set of mixed strategies. Then we will establish the existence of appropriately
formalized mixed strategy profiles in the game I' that satisfy the three requirements of
hybrid equilibrium.

As before, cocomp R™ stands for the set of all convex and compact (closed and
bounded) subsets of the Euclidean n;-dimensional space R™ while f;(-) € C(X) means
that the scalar function f;(x) is continuous on X.

Consider again the noncooperative N-player game [ without side payments. Without
special mention, assume that the elements of the ordered triplet I" satisfy requirements (5),

i.e.,
X; € cocomp R", fi(-) € C(X) (1 € N).

For each compact set X; C R™ (i € N), consider the Borel o-algebra B(X;).
Further, consider the Borel o-algebra B(X) for the set X = [] X; of all strategy profiles,
such that B(X) contains all Cartesian products of elemen’czs6 R;‘rom the Borel o-algebras
B(X;) (i €N).

Within the framework of mathematical game theory, a mixed strategy v;(-) of player i
is identified with a probability measure on the compact set X;. By definition [19, p. 271],
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in the notations of [20, p. 284] a probability measure is a nonnegative scalar function v;(+)
defined on the Borel o-algebra B(X;) that satisfies the following two conditions:

v; (U Ql(j)) =Uuw (Q,(j)) for any sequence {Q,(j)},f;o:l of pairwise disjoint elements
k k
from B(X;) (countable additivity);
2 1(X;) = 1 (normalization), which implies v; (Q) <1 for all Q¥ € B(X;).

Denote by {v;} the set of all mixed strategies of player i (i € N).

The product measures v(dz) = v(dzy) - - vy(dxy), treated in the sense of the well-
known definitions from [19, p. 370 (and in the notations of |20, p. 123]), are probability
measures on the strategy profile set X. Let {v} be the set of such probability measures
(strategy profiles). Once again, we emphasize that in the construction of the product
measure v(dx), the role of the o-algebra of all subsets of the set X x---x Xy = X is played
by the smallest o-algebra B(X) that contains all Cartesian products Q™" x --- x QW)
where Q) € B(X;) (i € N). The wellknown properties of probability measures [19, p.
254] imply that the sets of all possible measures v;(dx;) (i € N) and v(dz) are weakly
closed and weakly compact (see [19, pp. 212, 254|). As applied, e. g., to {v}, this means
that from any infinite sequence {v®} (k = 1,2,...) one can extract a subsequence {v*s)}
(j =1,2,...) which weakly converges to a measure v(°)(-) € {v}. In other words, for any
continuous scalar function ¢ (z) on X,

lim [ p(x)p®(dr) = / () (dz)

j—o0
X X

and v (-) € {v}. Due to the continuity of 1 (z), the f Y(x)v(dz) (the expectations) are

well defined; by Fubini’s theorem,

[ otz / / o(e)un(dey) - 1n(dey),

and the order of integration can be interchanged.
Let us associate with the game I' in pure strategies its mized extension

= (N, {vi }iew, { filV] /f v(dz)}ien), 9)

where, like in T', N is the set of players while {;} is the set of mixed strategies v;(+) of
player ¢; in game (9), each conflicting party ¢ € N chooses its mixed strategy v;(-) € {v;},
thereby forming a mixed strategy profile v(-) € {v}; the payoff function of each player i,
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i. e., the expectation
filvl = | filz]v(d),
/

is defined on the set {v}.
For game (9), the notion of a PHE z* (see Definition 4) has the following analog.

Definition 5. A mixed strategy profile v*(-) € {v} is called a hybrid equilibrium (HE)
in the mixed extension (9) (equivalently, a hybrid equilibrium in mixed strategies in the
game I') if

1. v*(+) is a Nash equilibrium in the game I, i e.,

max fi("||vi) = fi(v*) (i €N); (10)
vi(-)e{vi}
2. v*(+) is a Berge equilibrium in game (9), i. e.,
max  fi(v|[y]) = fi(v") (i €N); (11)

v\ (i} (D€ (i}
3. v*(+) is a Pareto-maximal alternative in the N-criteria choice problem
Ie = {v} {/fi(v) tien),
i.e., for all v(-) € {v}, the system of inequalities
fiv) = fi(v") (i €eN),
with at least one strict inequality, is inconsistent.
Here and in the sequel,
VN\{i}(de\{i}) = vi(dxy) -+ vici(dri1)viga (dria) - - - vn (doy),
Wllv) = vi(da) - - via (daia )] (dg)viga (dwisr) - - - v (daw),
v (dz) = vi(dzy) - - vy(day);
in addition, denote by {v*} the set of hybrid equilibria v*(+), i. e., the set of strategy
profiles that satisfy the three requirements of Definition 5.

Let us state several results used below for proving the existence of HE in mixed

strategies. The following sufficient condition of Pareto maximality is obvious.

Proposition 1. A mixed strategy profile v*(-) € {v} is a Pareto-maximal alternative in
the choice problem I'. = ({v}, {fi(v) }ien) if

Iax Zfi(’/) = Zfi(l/*)' (12)

vk TN iEN
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Proposition 2. Consider the game I' under conditions (5), i. e., the sets X; are convex
and compact and the payoff functions f;(z) are continuous on X = X; x -+ x Xy. Let

{v°} be the set of Nash equilibria v¢(-) that satisfy (10) with v*(-) replaced by v¢(-);
{vP} be the set of Berge equilibria v () that satisfy (11) with v*(-) replaced by v2(-);
{v'} be the set of alternatives v7 () that satisfy (12) with v*(-) replaced by v (-) (i. e.,
is a Pareto-maximal alternative in mixed strategies in the N-criteria choice problem

{v} Afi(v) Fien)-

Then the set {v*} of hybrid equilibria v*(-) in the mixed extension I' of the game I’

I/P

is a weakly compact subset of the set of mixed strategy profiles {v} in the game I'{v*}
(may be empty).

Proof. Under conditions (5), we have {v°} # () as shown by Gliksberg’s theorem [30]. Next,
the fact {vP} # 0 has been established in [13]. The non-emptiness of the set of Pareto-
maximal alternatives, {v"'} # 0, can be proved in analogous manner. The intersection
of a finite number of weakly compact sets (in our case, three) is also weakly compact,

possibly empty. ([l
Corollary 2. Under conditions (5), the set

fqvh = U fw), f= ot
v()e{v*}
is compact (bounded and closed) in the N -dimensional Buclidean criterion space RY .

Theorem 2 below establishes the implication (5) = {v*} # 0, which is the central
result of Sect. 2.

Proposition 3. Consider game (9) under conditions (5). Then the function ¢,(z,z) in

Ul z) = max (7, 2) (13)

r=1,...,2N,2N+1

the formula

satisfies the inequality

max /(br(x,z)u(d:c)u(dz)g/ _, max Or(z, 2)p(dx)v(dz) (14)

XxX XxX

for any p(-) € {v} and v(-) € {v}, where
¢i(x,2) = filzllz:) = filz) (P €N),

¢j(m7z):fj(z||xi)_fj<z) (jE{N+17"'72N})7 (15>
Pon+1 (7, 2) = Z[fz(x) — fi(z)].
€N

This proposition was proved in [12].
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Remark 7. In fact, formula (14) generalizes the well-known property of maximization:

the maximum of a sum does not exceed the sum of the maxima.

Let us state an interesting fact from operations research, which plays a crucial role in
the proof of Theorem 2. Consider 2N + 1 scalar functions ¢, (z,2) (r=1,...,2N,2N +1),
where z = (21,...,2y) € Z =X and ¢;(x,2) (j =1,...,2N + 1) are defined by (15).

Proposition 4. If 2N + 1 scalar functions ¢;(z,2) (j =1,...,2N +1) are continuous on
the product X x (Z = X) of compact sets, then the function

Y(r,2) = max ¢;(z,2)

j=1,...,2N+1
is also continuous on X x Z.
The proof of a more general result can be found in many textbooks on operations
research, e. g., [21].

Finally, let us establish the central result of Sect. 2 — the existence of a hybrid
equilibrium (HE) in mixed strategies under conditions (5).

Theorem 2. If in the game I' the sets X; € cocomp R™ and fi(-) € C(X) (i € N), then

there exists a hybrid equilibrium in mized strategies in this game.

Proof. Consider an auxiliary zero-sum two-player game

I = ({1,2},{X, Z = X}, ¢(z, 2)).

In the game I'*, the set X of strategies x chosen by player 1 (seeking to maximize
¥(x, z)) coincides with the set of strategy profiles of the game I'; the set Z of strategies
z chosen by player 2 (seeking to minimize ¢ (x, z)) coincides with X. A solution of the
game I is a saddle point (2°,2P) € X x X ; for all x € X and each z € X, it satisfies
the chain of inequalities

U(@,2%) <’ 27) < 9(a 2).

Now, associate with the game I'* its mixed extension

fa = <{17 2}7 {M}7 {V}v ¢(Mv V)))

where {v} and {u} = {v} denote the sets of mixed strategies v(-) and u(-) of players 1
and 2, respectively. The payoff function of player 1 is the expectation

B, v) = / W(z, 2)p(de)v(dz).

XxX
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The solution of the game I is also a saddle point (u°,v*) defined by the two
inequalities

() <P’ v*) <o, v), (16)

for any v(-) € {v} and u(-) € {v}.

Sometimes, the pair (u°, v*) is also called the solution of the game T'* in mized
strategies.

Applying Gliksberg’s [22| existence theorem of a mixed strategy Nash equilibrium for
a noncooperative game of N > 2 players to the zero-sum two-player game I'*, we obtain
the following result. In the game I'*, suppose the set X C R” is nonempty, convex and
compact and the payoff function ¥ (z, z) of player 1 is continuous on X x X (note that
the continuity of ¢(x, z) is assumed in Proposition 4). Then the game I'® has a solution
(u°, v*) defined by (16), i. e., there exists a saddle point in mixed strategies in this game.

Using (13), inequalities (16) can be written as

/jzlmax ¢;(z, z)uldr)r(dz) <
= / max &5(@, 2)ul(de)r(dz) < (17)

< / joimax ¢i(z, 2)p’ (dx)v(dz)

for all v(+) € {v} and u(-) € {v}. Using the measure v;(dz;) = pud(dz;) (i € N) (and hence
v(dz) = u°(dz)) in the expression

P(pl,v) = /jlmax+1¢j(x,z)u0(d:c)y(dz),

-----

XxX

we obtain ¥ (1%, u°) = 0 due to (13). Similarly, 1)(v*,v*) = 0, and then it follows from (16)

that

P(u’,v) =0.
The condition 1(u°, u°) = 0 and the chain of inequalities (16) by transitivity give

v = [ max 6 auldar @) <0 W) € (o)

XxX
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By Proposition 3, we then have

0> / _ max 1¢j(x,z)u(d1’)l/*(dz) >  max / ¢;(z, z)p(dx)v*(dz).
XxX ” XxX
Therefore, for all j =1,...,2N + 1,

[ omoutdnn @ <o vt e (o), (18)

Consider three cases as follows.

Case I (j = N,...,2N) Here, by (18), (15) and the normalization of yu(-), we obtain

0> /¢N+i(x>z>ﬂo(d$)y(dz): /[fi(ZHfﬂi)—fi(Z)]uo(diU)V(dZ)=

XxX XxX

/fz ) (da)(d2) /fl /(dz)

XxX
= fi(W’llvi) = fi”)  Wv()ef{r}  (i€N).
By (10), p°(+) is a Nash equilibrium in the game r (equivalently, a Nash equilibrium

in mixed strategies in the game T).

Case Il (j =1,...,N) Again, using (18), (15) and the normalization of v(-),

0> /@(%Z)u(dﬂf)v*(d@: /[fi(ﬂfHZi)—fi(Z)}u(dw)V*(dZ)=

XxX XxX

/fzx||zz (dz)v (dz) /f, /*(dz):

XxX;
= filpllv?) = fi(v)  Vu() € {v} (i €N).
In view of (11), the mixed strategy profile v*(+) is a Berge equilibrium in the game I,

by Definition 5.

Case III (j = 2N + 1) Again, using (18), (15) and the normalization of v(-) and u(-), we
have

oin [Zfr - Y A ] v(dz) =

— / > fi(@)pu(dz) / v (dz) — / p(dz) / > F(zwr(dz) =
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=Y LW =D fv) Vu() e{v}
reN reN
By Proposition 1 and (12), the mixed strategy profile v*(-) € {v} of the game T is a

Pareto-maximal alternative in the multicriteria choice problem

Fe = ({v} {fi(v) bien)-
Thus, we have proved that the mixed strategy profile v*(-) in the game I' is
simultaneously a Nash equilibrium and a Berge equilibrium that satisfies Pareto

maximality. Hence, by Definition 5, the mixed strategy profile v*(-) is a hybrid equilibrium
in the game I.

3. HYBRID EQUILIBRIUM IN GAMES UNDER UNCERTAINTY

Let us augment the mathematical model of a conflict

I' = (N, { X }iew, {fi(2) Fiew)

by including the influence of uncertain factors y € Y. Assume that these factors
take arbitrary values from given ranges without any probability characteristics (e. g.,
the distribution of y on Y is absent for some reasons). Once again, we emphasize
that a proper consideration of uncertainties gives a more adequate description of the
decision-making process in economics, ecology, sociology, management, trade, policy,
security, and so on. Uncertain factors occur due to incomplete (inaccurate) knowledge
about the realizations of strategies chosen by conflicting parties. “There is no such
uncertainty as a sure thing” (R. Burns)'. For example, an economic system is subject
to almost unpredictable ezogenous disturbances (forces of nature, disruption of supplies,
low qualification or incompetence of economic partners, counteractions of rivals) as well
as endogenous disturbances (breakdown and failure of industrial equipment, unplanned
additional cost and losses of materials, innovations suggested by employees, etc.). New
technologies and also anthropogenic and weather changes may cause uncertainty in
ecological systems; in mechanical systems, among the sources of uncertainty are weather
conditions. “The only thing that makes life possible is permanent, intolerable uncertainty;
not knowing what comes next (Ursula K. Le Guin)?. Possible approaches to take the

effect of uncertain factors into account were the subject of investigations [23, 24| initiated

Robert Burns, (1759-1796), was a national poet of Scotland, who wrote lyrics and songs in Scots
and in English.

2Ursula K. Le Guin, original name Ursula Kroeber, (1929-2018), was an American writer best known
for tales of science fiction and fantasy
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in 2013, which resulted in the book [25]. In this paper, we will use elementary methods
to deal with uncertainty.

Consider a noncooperative N-player normal form game under uncertainty

(N, {Xi}ien, Yo { fi(z,y) Fien).- (19)

Compared with the game I' (which shares the first two components of its ordered
triplet with game (19), namely, N = {1,2,..., N} and the set X; of pure strategies x; of
player i, ¢ € N), in this game we have an additional set Y C R™ of uncertain factors y
and payoff functions f;(z,y) that depend on y.

Game (19) runs as follows. Fach player i € N chooses his individual strategy
r; € X; C R™ (i € N), which gives a strategy profile z = (z1,...,2y) € X = [[ X; CR”

jeN
(n = > n;) in this game. Regardless of their choice, an arbitrary uncertainty yjee Y figures
jeN
in (15)e For each player i (i € N), a payoff function f;(z,y) is defined on all such pairs
(x,y) € X x Y. At a conceptual level, each player i seeks to maximize his payoff fi(z,y)
under any unpredictable realization of the uncertainty y € Y. This last requirement calls

for estimating the set
file,Y) = filz,y)
yey

for each player i (i € N). In turn, for such a multivalued function f;(z,Y) (i € N), it is
necessary to choose another function f;[x] that would act as a guarantee for any element
fi(z,y) from the set fi(z,Y). As defined by the Merriam-Webster dictionary, guarantee
is an assurance for the fulfillment of a condition. A most obvious guarantee for
player i in game (19) is the so-called strong guarantee [23|, provided by the scalar function

file] = min fi(z, y). (20)
Indeed, it follows from (20) that, for each strategy profile x € X

filz] < fi(z,y) Vy ey,

i. e., in each strategy profile x € X the value f;(x,y) is not smaller than the guarantee

filx] under any realization of the uncertainty y € Y.

Proposition 5. If a scalar function F'(z,y) is continuous on the product X x Y of convex

and compact sets X and Y, then the function f[z] = mi}r/l F(z,y) is continuous on X.
ye

Therefore, all the N strong guarantees f;[z] (20) are continuous on X under the
assumptions X; € comp R™ (i € N), Y € comp R™ and f;(-) € C(X xY).
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This approach allows us to associate with game (19) under uncertainty the game of
guarantees (without uncertainty)

[ = (N, {Xi }ien, { fil7] }ien), (21)
which coincides with the game from Sect. 1 provided that f;(z) is replaced by the strong
guarantee f;[x] = min f;(z,y).

yey
In contrast to (19), here the performance of each player i is assessed using the strong
guarantee f;[x]| instead of the payoff function f;(x,y) itself (this seems quite natural for
considering arbitrary realizations y € Y).
Then the following analog of Definition 4 can be suggested for the game under
uncertainty (19) with the strong guarantees (20).

Definition 6. A pair (z7, f[2F] = (fi[z7],..., fx[zF])) € X x RY is called a strongly-
guaranteed Pareto hybrid equilibrium in game (19) if

1. the strong guarantees f;[z] (20) are continuous on X;
2. the strategy profile 2" is simultaneously a Nash equilibrium and a Berge equilibrium
in the game of guarantees (21), i. e.,

max filz"||z;] = filz"] (i €N),
and
. Pl — f£[F ;
max filz||z;] = filz"]  (€N),
respectively;

3. the strategy profile 2¥ is a Pareto-maximal alternative in the N-criteria choice
problem (X, { fi[x]}ien)-

Similarly to Definition 5, we introduce an analog of Definition 6 with a feature that
the players use mixed strategies v;(+) (¢ € N) in game (19).

Definition 7. A mixed strategy profile v*'(-) € {v} is called a strongly-guaranteed Pareto
hybrid equilibrium in mixed strategies in game (19) if
1. for each player i (i € N), there exists the strong guarantee
file] = min fi(z, y)

that is continuous on X;
2. vP is simultaneously a Nash equilibrium and a Berge equilibrium in game (9), i. e.,
equalities (10) and (11) hold with v*() replaced by v (-);
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3. v" in game (9) is a Pareto-maximal alternative in the N-criteria choice Problem
Fe = {v il }ien)-

Finally, the combination of Proposition 5 and Theorem 1 directly leads to the following
result on the existence of a strongly-guaranteed Pareto hybrid equilibrium in mixed

strategies.

Theorem 3. Consider game (19) with convexr and compact sets X; (i € N), compact
set Y, and payoff functions fi(x,y) (i € N) continuous on X x Y. Then there exists a

strongly-guaranteed Pareto hybrid equilibrium in mixed strategies in this game.

Remark 8. Our analysis in Sect. 3 has been confined to the strong guarantees
filx] = mi}I/l fi(z,y) (i € N) as the smallest ones. It is possible to adopt the so-called
ye

vector guarantees: the components of an N-dimensional vector flx] = (fi[z],..., fv[z])
form a vector guarantee for an N-dimensional vector f(z,y) = (fi(z,y),..., [n(z,y)) if,
for all y € Y and each x € X, the N strict inequalities

filz,y) < filx] (i € N)

are inconsistent. In other words, the vector guarantee f[z] cannot be reduced
simultaneously in all the components by choosing y € Y. In terms of vector optimization,
for each alternative x € X the vector f[z] is a Slater minimum (weakly efficient) solution
in the N-criteria choice problem I'(z) = (Y, f(x,y)).

In the same fashion, using other concepts of vector optima (minima in the sense
of Pareto, Geoffrion, Borwein, cone optimality), we may introduce a whole collection
of vector guarantees. These guarantees have the remarkable property that their values,
first, are not smaller than the corresponding components of the strong guarantee vector
flz] (20) but, second, can be large. Recall that the goal is to increase the payoffs of
players (in particular, by increasing their guarantees!). In this respect, the listed vector
guarantees are preferable to their strong counterparts. However, one should keep in mind
an important aspect: transition from the game under uncertainty (19) to the game of
guarantees 'Y (with subsequent application of Theorem 1) is possible only if the new
payoff functions f;[z] (i € N) in the game I'Y are continuous. This continuity can be

ensured in the following way.

Let X; € comp R™, Y € comp R™ and f;(-) € C(X xY) (i € N) in game (19). In
addition, require that for each x € X at least one f;(x,y) (j € N) is strictly convex in y
on the set Y. Then the minimum in

min f;(z,y) = f;[z] (22)

yeyY
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is achieved at a unique point y*(x) for each € X, and the m-dimensional vector function
y*(x) itself is continuous on X. In this case, the superposition of the continuous functions
fi(z,y) and y*(x) implies the continuity of all scalar functions f;[z] = fi(z,y*(x)) (i € N).
We finalize the design of I'Y with the following fact. Assume for each x € X the same
function f;[z] is implemented by the minimum in (22). Then for all # € X the N-
dimensional vector f[z| = (fi[z],..., fn[z]) is a Slater-minimal alternative in the current
N-criteria choice problem T'(z) = (Y, {fi(z,y) }sen)- In other words, it is impossible to find
y € Y such that fi(z,y) < filx] (i € N). A detailed treatment of these issues for Slater,
Pareto, Geoffrion, Borwein, and cone optimality will be given in our future publications.
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A SOFTWARE MODEL FOR THE FORMATION OF NETWORK NODES VIRTUAL
CLUSTERS IN MOBILE TRANSPORT NETWORKS.

Bryukhovetskiy A. A., Moiseev D. V.

Abstract. Ensuring the security of nodes in mobile networks, creating a universal model for
detecting vulnerabilities in vehicle interfaces operating in an external stochastic, highly dynamic
environment and in conditions of a lack of a priori information about the behavior of devices is
associated with insoluble problems for constructing formal models and methods for determining
reliable characteristics of devices.

The advent of intelligent transport systems such as intelligent driving, collaborative travel
and mobile payments will contribute to the rapid development of the intelligent transport
industry. The Automotive Peer To Peer Network (VANET) is considered the main system for
deploying applications based on it that contribute to improving the quality of driving, inform
drivers about road hazards, etc.

In practice, solving problems related to processing the characteristics of highly dynamic
objects in a stochastic environment requires large computational costs. As a rule, with the
practical interest of obtaining reliable estimates, researchers are faced with the dimensions of
problems that belong to the class of NP-hard ones. Solving them is difficult in real time, as it
requires a complete search of options. For most practical problems this is unacceptable due to
the large dimension, limited time and insufficient resources.

The proposed approach is aimed at increasing the reliability of decisions made in a stochastic
highly dynamic environment characterized by a rapidly changing network topology, its mobility,
spatial density, and node localization. The method is focused on the formation of clusters with
high stability, stable communication, and low message transmission latency. Cluster coordinators
are selected based on the trust level of the vehicle.

The article presents a software model for the formation of virtual clusters of network nodes,
which allows you to switch from processing a rapidly changing network topology structure to a
quasi-permanent one. One of the variants of the network architecture, a graph model of virtual
clusters, is presented, an algorithm for the formation of minimal coverages is given.

The results of modeling of the program system are presented. The model is implemented by
means of the language JAVA 17, OS Windows 10, occupied volume 176 KB.

Keywords: decentralized processing, virtual clusters, graph model, adjacency matriz, set

coverage.



ITpoezpammmnasn modeav HOPMUPOSAHUA GUPMYAALHHIT KAACTEPOS CEMESHLT Y3A06... Ol

BBEIEHUE

PazBurtne 6ecripoBoiHO#l CBsI3U 1MOOYK1aeT UCCieoBaTe el pa3pabarbiBaTh U BHE/I-
pPATh UJIEI0 AaBTOMOOMIBHBIX CeTel, TaK:Ke M3BECTHBIX KaK aBTOMOOUJIbHBIE CIIEIHAIbHbIE
cetn (VANETS). Besonacnocts B Takoil ceTu siBasgercs obs3aTebHON U3-3a BAyKHOI MH-
dopmarnum, KOTOPYIO UCIIOIb3yeT TPAHCIIOPTHOE CPEJICTBO IpH JBmKeHnn. CrenuaabHbe
ceTn JJid TPaHCIIOPTHBIX CPEACTB IIPUBJIEKAIOT 60.}'[13]]_[06 BHHMaHHNE€ KaK CO CTOPOHBI Ha-
YUHBIX KPYT'OB, TaK W MPOMBINLIEHHOCTH. OHI paccMaTpPUBAIOTCS B KadeCcTBE OCHOBHOI
CUCTEMBI JIJIsi pa3BepThIBAHUs MPUIOKEHUNH HA OCHOBE MHTEJIJIEKTYaJbHBIX TPAHCIOPT-
HBIX CHCTEM. DTU CeTH 00padaThIBAIOT PA3JINIHBIE THUIIBI JAHHBIX, COOMpaeMbIX 1 (WJn)
nepejiaBaeMbIX OT (K) TPAHCIIOPTHBIM CPEJICTBAM, JIJIsI [IPEIOCTABIIEHIS] MHOYKECTBA YCIIYT,

KOTOpbI€ MO2KHO Pa3Je/IMTh Ha TPU KJlaccCa:

— IPUJIOYKEHNUS JIJIsl yIIPaBJIeHU JIOPOXKHBIM JIBUKEHUEM, TaKe KaK ITOMOIIb BOJIUTE-
JIIO, yIIpaBJIeHre ¢BeTOo(hOpaMHu, IpeIocTaB/IeHre NHMOPMAIIIH O JIOPOKHBIX 3HAKAX,
JOPOXKHBIX YCJIOBUAX U MIJIAHUPOBAHUE MapIIPyTa;

— IPUJIOYKEHUS JIJIst obecrievdennst 6e3011acHOCTH JOPOKHOTO JIBUXKEHUSI, TAaK1e KaK aB-
TOHOMHOE BOXKJIeHHE (I ABTOHOMHBINH aBTOMOOWJIb), MPEJIOTBPAIICHUE U [IPEJLy-
[pexK/IeHre aBapyuil U yIPaBJIEHUe B UPE3BbIYAHBIX CUTYAIUAX (JEKTPOHHBIN BbI-
30B JIJId 9KCTPEHHOI'O BBISOBa). Barura 3TUX ceTeil ABIAeTCs BayKHOI 3a1adeil, 0co-
OEeHHO IIpK Pa3BepPTHIBAHUN ITPUJIOXKEHUI /1711 obeciiedeHnsi 0e30IaCHOCTHU JIOPOXKHO-
ro jiBrKeHus. PakTUIeCKH, C TOMOIIBIO 3TUX MPUJIOXKEHU TPAHCIIOPTHBIE CPEJICTBA
VIPABJIAIOT BaXKHOW U KOHMUICHITNATLHON nHMOpMAIUeil, IpUBIeKATETbHON st
3JIOYMBITIICHHUKOB. Mexanusm 0e301acHOCTU SABJIAeTCA 0043aTeIbHBIM JIJIs 3allli-
ThI;

— IPUJIOZKEHN MOOMIBHOCTU U KOMQOpTa TaKue KaK CJIyKObI IIONCKa TPAHCIIOPTHBIX
CPEJICTB, YCJIIYTHU II0 SKOJIOTUIHOMY BOXKJIEHUIO, YCJIYTH 110 YIIPABJAECHUIO aBTOIIapKa-

MU 1 JIpyTrue.

[TostB/tleHMe MHTEJIIEKTYAJIbHBIX TPAHCIIOPTHBIX CUCTEM, TAKUX KaK HHTEJJIEKTYaIb-
HOE BOXKJICHHE, COBMECTHOE ITYTEIIeCTBUE ¥ MOOUJIbHBIE IIATEXKU, OY/IeT ClocOOCTBOBATH
OBICTPOMY Pa3BUTHUIO WHIYCTPUN HMHTEJIEKTYAJIbHBIX II€PEBO30K. ABTOMOOMIBLHAS OJHO-
panroBas cetb (VANET) cumraercst OCHOBHOI cucTeMoilt jijisi pa3BepThIBAHUS TPUIOXKE-
HUIT HA ee OCHOBE, KOTOPBIE CIIOCOOCTBYIOT IOBBIIMEHUIO KAaUeCTBA BOXKICHUS, NWH(DOPMU-
pyIOT BojmTeseli 06 OmacHOCTSIX Ha Jopore u T. 1. [1].

Kaxk wactubiit ciryuait mobuibHol ognopanrosoit cetu VANET obsiagaer psijiom crie-

nnUIeCKnX 0COOEHHOCTEI:

— BBICOKOJMHaMMNYIHaA TOIIOJIOTA N3-3a BBICOKOIL CKOPOCTH JABU2KCHHNA TPaHCIIOPTHBIX

CpEICTB;
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— HU3Kad JOCTYITHOCTb KaHaJla U OFpaHI/ILIeHHbHU/I JAralla30H Iepegadn IIpUuBOJIAT K Ya-
CTOMY OTKJIIOYECHHIO KaHaJIOB CBA3U]

— HEOAHOPOJIHOCTHb PAa3JIMYIHBIX HpI/IJIO)KeHI/Iﬂ N CUCTEMHasA apXUTEKTYypa.

Tem we menee, VANETS cobuparor 60/IbII0€ KOJIMIECTBO IEHHBIX T0JIb30BATEIHCKIAX
JIAHHBIX, KOTOPBIE, B CBOIO OY€PE/lb, MPUBOJAT K HEHAJEKHOCTU U HECBOEBPEMEHHOCTU
CBSI3U C TPAHCIOPTHBIM CPEJICTBOM, & 3aTeM CO3/IAI0T Cephe3HbIe ITPOOIeMbI JIJ1sd HHMOpMa-
IIMOHHOM 0e30IacHOCTH 1 0E30IAaCHOCTH CBSI3U ¢ TPAHCIOPTHBIM cpejicTBOM. Tak, Hampu-
Mep, ataka Sybil gBjsieTcst pacrpocTpaHeHHBIM METOIOM OOMAHHOI aTaKu, IPH KOTOPOM
3JIOYMBIIIJICHHUK TOJIPBIBACT CUCTEMY PEIyTAIMHU IIyTeM IOJJICIKN JIOKHBIX UJICHTU(DU-
KAIIMOHHBIX JIAHHBIX U UCIOJIL3YET UX JIJIs IPOHUKHOBEHUS B KOH(MDUIEHITUATLHY IO HHMOP-
MAIMIO [OJIb30BaTe el 1 HapyIIeHus! ToCTyHOCTH ceTh |2|. B mojenbhoit nadopmarm-
OHHOI aTake 3| BpeIOHOCHBIE TPAHCIOPTHBIE CPEJCTBA MOTYT PACIPOCTPAHSITE JIOKHYIO
uudopmarmio B cetn VANET, uro6b1 BBecTH B 3201y 2K I€HIE JIPYyTHE TPAHCIIOPTHBIE CPE/I-
CTBa WJIM IIPUBECTH K TPOOKe. ATaka UepHO JbIPhI — 9TO eIe OJINH BUJ aTaK!, KOTOPBIi
nmeeT mecto B VANET. Ilpu arake ¢ ucnob3o0BaHneM YepHOI IBIPHI BPEIOHOCHOE CPE/I-
CTBO IIOJAMEHAET CBOI IIPOTOKOJI MapIIPyTU3aIUMN, [IOCKOJIbLKY Yy HEro €CTb KparTdaiimi
IIyTh JIJIs IEPECBLIKU MAKEeTa, ITOObI IIepeHaIlPABUTh CETEBble TPAHCIIOPTHBIE CPEJICTBA U
0TOPOCUTH ceTeBbie nakeThl [4].

Tpancroprabie cpejncrBa B cetn VANET obMeHMBatoTCsT KOHTEKCTyaJIbHON HHGOP-
Malueil mocpeICTBOM MOAePrKa sl CeTeBOT0 B3anMoaeiicTBrsA. DDPEeKTUBHbIE, CTabUIh-
Hble ¥ HaJeXKHbIe KAHAJIbI CBA3U HEOOXOIUMBI JIjist obecrievdeHns 0e30IacHOCTH JIOPOKHO-
ro JIBM2KeHus. B pe3ysibrare MpOBeIEHHBIX MCCJIEIOBAHII OBLIN IIPEICTaBIEHbI PelleHns
Ha OCHOBe cucTeMbl OOHapyzkeHust Brop:kernit (IDS) mis npeaoTBparienust BpeJOHOCHBIX
aTak Ha CBs3b ¢ TpaHcnopTHbIME cpesicTBamu VANETs. Hanpumep, B [5] mis yuy«menus
B3aUMO/IEHCTBUS MEXKJIy TPAHCIOPTHBIMEU CPEJICTBAMU-YIACTHUKAMU ObLIa MPEeJJIOZKEHA
crpykrypa IDS, ocnoBannas va Teopun urp it VANETS.

B craree [6] N. Kumar u gp. npejyraraor jgoBepuTeIbHBIE ABTOMATHI COBMECTHOIO
o0y dUeHusi, KOTOPbIe IIPUHIMAIOT BXO/IHbIE JAHHBIE B BUJIE TJIOTHOCTU, MOOMILHOCTH U Ha-
[paBJIEHUS JIBU2KEHUsI TPAHCIOPTHOIO CPEJICTBA JIJIs BBIIIOJHEHUS aJrOPUTMa O0yUeHust
aBToMaToB. Kpome Toro, B Apyrux myOauKalnsax ITpeJcTaBJIeH MOJTHBIN 0030p MPHIOXKe-
HUI, ApXUTEKTYD, IPOTOKOJIOB U TpobieM, cBs3aHHbIX ¢ KomMmyHukarmeii VANET [7]-[9].
OiHaKo OBICTPO MEHSIONINECs MOJIE/N TOBEJICHUS MPU aTakaxX B MOOUJIbHBIX CETHAX SIB-
JISTIOTCSI MHOTOCTPYKTYPHBIMU U MHOTOJIOMEHHBIMH, TaK YTO TPAIUINOHHBIE TEXHOJIOTUN
obHapyKeHUs BTOPXKEHU He MOTYT 3(PDEKTUBHO UJIACHTUPUITTPOBATH 3TU BPEIOHOCHDBIE

JeficTBUS IPU BTOPKEHUMU.
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Kak 1okasbIBaroT pe3ysibTaThl UCCIIe0BAHNIT 110 0becrieveH o He30IacHOCTH Y3JI0B B
MOOMJIBHBIX CETSIX, CO3JIaHUe YHUBEPCAJIBHON MOJEIn 00HAPYKEHUS YSI3BUMOCTEN MHTEpP-
belicoB TPaHCIOPTHLIX CPeacTB, MYHKIMOHUPYIOMNX BO BHEIIHEH CTOXaCTHYECKO BbI-
COKOJIMHAMUYHON Ccpejie ¥ B YCJIOBUAX JleuiuTa anpuopHoil nH(OpMaIuu o T0BeIeHun
YCTPOMCTB, CONPSZKEHO ¢ HePa3peIIUMbIMU IIPOOIeMaMU JJIst TOCTPOeHUs (POPMAJIbHBIX
MOJIeJIelt 1 METOJIOB OIIPE/IeIeHIsI JJOCTOBEPHBIX Xapakrepuctuk ycrpoiicrs [10]-[11]. Hys
9TOro TpebyeTcsi IPOBeJIEHNe JIJIUTEIbHBIX U CHCTEMATHIECKUX IKCIEPUMEHTOB 110 00pa-
6OTKe M HAKOILJIEHUIO AllOCTEPUOPHON mHMOpMAIuu 0 (DYHKIIMOHAIBLHOCTH YCTPOHCTB U
UX COBMECTHOIO B3ammMoeiicTeus. K coxkasiennio, Ha IIpakTHKe TaKOH MOHUTOPUHL MOXKET
OBITH OCYNIECTBJIEH IIPU PA3yMHBIX OIPAHUYEHUSIX Ha PECYPChI U MPOJIOJKHUTEILHOCTD, &
3HAYUT OH He OyJeT oTBedaTh TPeOOBAHMAM IOJHOTHI, aJeKBATHOCTU U TOYHOCTH (HOp-
MaJIbHBIX MOJIE/IeH 1 METOIOB.

B Toke Bpems pazpaboTKa YHUBEPCAIBHBIX MOX00B HOBLIIIEHU JOCTOBEPHOCTH NH-
dopmaluu o0 1MoBeJIeHNN MOOUIBLHBIX CPEJICTB JIOJIZKHA ObITh HAIpaBJI€HA Ha CHUZKEHUE

Heolpeae/IeHHOCTH BHEIITHEN cpeabl, YIUTbIBad:

— IPOTUBOPEUNBYIO (DYHKIIMOHAJIHLHOCTh YCTPOMCTB B YCJOBUSX IMOCTOSTHHO MEHSIO-
meficda TONOJIOTUH CETH;
— paclpeaeeHHbId XapaKTep TPAHCIOPTHBIX CPEICTB;

— IOCTOSIHHOE B3aUMOJIeICTBUE YyCTPONUCTB JAPYT C JAPYT'OM U JPYyTroe.

B cBsa3u ¢ stum pazpaborka Mojeseil Ha ocHOBe TexHoJsoruit HG, obecrevunBaronmx
HAJIE2KHOCTDb U OBICTPOJIEHICTBIE MEXaHU3Ma COBMECTHON pabOThl YCTPOWCTB B YCJIOBHAX
CTOXACTUYECKO! BHEITHEN CPe/Ibl, B 3HAUUTEILHON Mepe OMpeesIaioT JIOCTOBEPHOCTD Olle-
HOK 1 3P HEKTUBHOCTD MPUHATHS PEIeHN ITPU 00HAPYKEHUN ya3BUMOCTel mHTepdeiicoB
YCTPOUCTB B MHTEJIJIEKTYaIbHBIX MOOMIBHBIX CETSIX.

Ha npakTuke perienne 3ajiad, CBI3aHHBIX ¢ 00PAOOTKON XapaKTEPUCTUK BBICOKO -
HAMUYHBIX OOBEKTOB B YCJOBUSX CTOXACTUYECKON CpeJbl, TpPeOyeT OOJIBINX BBIYUCIIH-
TeJIbHBIX 3arpar. Kak mpaBmio, npu MpakTUIECKOM WHTEPece MOJIyYeHUs JTOCTOBEPHBIX
OIIEHOK, UCCJIEJIOBATEN CTAJIKMBAIOTCS C OOJIBIIMME PA3MEPHOCTAME 33J1a4, T. €. C 3a/a-
“qaMu, KOTopble oTHOCATCH K Kiaccy N P-cioxubix [12]-[13]. Ux pemenune 3arpyjiHeHo B
peaJbHOM BpEMeHH, TaK KakK TpebyeT moJiHoro nepebopa BapuaHToB. [[jig G0bImMHCTBA
MPAKTUYECKUX 3329 9TO HEIPUEMJIEMO U3-3a OO0JIBINONI pazMepHOCTH 2", OrpaHnIeHHOIO
BPEMEHU U HEJOCTATOUYHOCTU PECYPCOB.

Ieapio craThu sBIgeTCA pa3zpabOTKa TPOrPAMMHON MO (POPMUPOBAHUS BUPTY-
AJIBHBIX KJIACTEPOB CETEBBIX y3JI0B B MOOM/IBHBIX TPAHCIOPTHBIX CETSIX, 00ECTIETNBAIOIINX

BBICOKYIO CTaOMJIbHOCTD, YCTONYINBYIO CBA3b, HU3KYIO 3aJIEPKKY ITepe/ladu COOOIEHUIA.
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1. PABPABOTKA IIPOTPAMMHOM MOJEJIN ®OPMUNPOBAHNA BUPTVYAJIBHBIX
KJIACTEPOB

Tunosasi apxurekrypa VANETS cocrouT m3 Tpex OCHOBHBIX SJIEMEHTOB, HAIPH-
mep, goeepentoro oprana (TA), nmopoxkuoro ycrpoiicrea (RSU) u 6oproBoro ycrpoiicTsa
(OBU). TA aBasiercs Tperbeii croponoit u uctiosbsyercss RSU n OBU, a rakke orBedaer
3a KOHTPOJIb U yiipasjeHnue Bceil cerbio. RSU — 510 6azoBas cranius, KOTOpas ycTa-
HABJIMBAETCS BJIOJIb MarucTpaJjeil U CJIyKUT MeHTpaJbHbIM y3j10M Mexay TA n OBU n
BBITIOJIHSIET Pa3IndHble JeiicTBus 1o nposepke. OBU BHepsieTcs Ha TPAHCIIOPTHOM CPE/I-
CTBE JIJId TIoJIydYeHus, 00pabOTKN 1 0OMEHA JIAHHBIME O TpaduKe, JIeHTUDUITUPOBAHHBIMH
C pa3/InYHBIMU TPAHCIOPTHBIME cpesicTBamMu u RSU, yepes BbIjieIeHHbIE TTPOTOKOJIBI CBSi-
su (DSRC). Takum o6pa3oM, KaxKJoe TPAHCIOPTHOE CPEJCTBO Yepe3 HEKOTOPOe BPeMs
(100-300 MuTHCEKYH/T) TOJIydaeT COOOIIEHsI, CBsI3aHHbIE C JOPOKHBIM JIBUXKEHUEM, W

epeiaeTcs JIPYyruM TPpaHCIOPTHBIM cpejcTtBaM uan RSU.
PaszpabarbiBaemasi MOJIC/Ib COCTOUT U3 CJICYIOMIUX OCHOBHBIX KOMIIOHEHT:

— obprumble y37bl (1'Cnj): y37Ibl, OCYIIECTBIIAIONINE B3aNMOIEHCTBIE MeXKIy Co0oil B
npejieiax yCTONIMBOTO JINAIa30Ha CBA3H. DTH y3JIbl BXOJAT B COCTAB BUPTYAJbHBIX
KJIACTEPOB;

— y3en koopauHatop (K Ch;): y3es ¢ BBICOKUM MIPHOPUTETOM HA3HAIAETCS B KAUECTBE
y3J1a KOOpJMHATOpa BUPTyaJbHOro Kiacrepa. OH orciexknBaer (hyHKIIHOHIPOBA-
uure T'Cn; u mepenaer KOHTPOJUPYeMble 3HadeHns Xapakrepuctuk 1'Cn; 6a30Boil
craain (RSU). KCh; TakKe BBIYHC/ISIET arperipoBaHHbIe 3HAYCHUS TOKa3aTeeil
PUOPUTETA;

— 6Gasopas cranmust (RSU): mpuanmaer ganubie or KCh;, obpabarbiBaer ux I0
CIIeIUaIbHOMY Pa3spabOTaHHOMY aJrOPUTMY, CTPYKTypa KOTOPOrO IIPEeJICTaBJIeHa

Ha puc. 1.

[Tocste renepanuu ucxoguoro rpada G(T'C, E, R, W) Ha ocHOBe 3aJIaHHOI'O MHOYKECTBA
sepia TC, R € [1;|e|] — panr BepiiuHbl, BKIIOYAIONIErO TeHEPAIUIO JJId Kaxk10# T
sHaveHusi R; u cs3eil e(1, j), BBIIOJHSAETCS TTPOBEPKA KOPPEKTHOCTU BXOJHBIX JIAHHBIX.
3areM yrpaBjieHUE TePeIaeTCsd BbITUCIUTETLHOMY OJIOKY, KOTOPBIN BBIIOTHSIET CJIC/IYIO-

MIYIO TIOCJIETOBATE/IHHOCTD JeWCTBUIM:

— dopMupoBaHE MaTPHUIIbI CMEXKHOCTH, TIOCTPOEHUE OE3bI30BLITOYHOIO TTOKPBITHSI;

— opMupoBaHe MUHUMATLHBIX MTOKPBITHIT HA OCHOBE KOJMYECTBEHHO OIEHKH (duC-
JIO CBsA3€it);

— bopMHUpOBaHIe BUPTYATbHBIX KJIACTEPOB (B3BEIIEHHBINH CIydail) — yIUThIBAETCS
Bec W KaxK0ro cBoiicTBa y3ja — pelyTarus y3Jja, KOTOpasd OIEHUBAeTCs Kade-

CTBEHHbBIMH 3HAYECHUAMU XapPaKTEPUCTUK Y3JIOB.
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Puc. 1. Crpykrypa nporpaMMuoii cuctembl (hbOPMUPOBAHUS BUPTYAJIbLHBIX KJIACTEPOB

Jlasiee BBIMUCIISAIOTCS arperupoBaHHbIe 3HAUEHUS [TOKa3aTe el MPUOPUTETa JIId KazK-
JIOTO BUPTYAJbHOI'O KJIacTepa U NPUHUMAETCS PeIleHre 110 BBIOOPY KJacTepa ¢ MaKCH-

MaJIbHbIM 3HaY€HUEM YPOBHIA JOBEPU.

2. ITPUMEP PEAJIN3AIIUU AJITOPUTMA

[Tepronavasnbro 3amaercs ucxonubiii rpad G(T'C, E, R,W) — puc. 2, KoTopbIil mpe-
obpasyercst B OpueHTHPOBaHHbIN By 0 bHbIH rpad G = (TC(KCh,TCn), E, R,W,t), ¢
eMHUIHOMN JIMHON MyTH JOCTUKUMOCTH, ryie T'C'h — MHOMKECTBO y3JI0B KOOPIMHATOPOB,
TCn — MHOXKeCTBO OOBITHBIX Y3JI0B, t — MOMEHT BpeMeHH (hOpPMUPOBAHNsT BUPTYaIbHOTO

KJtacTepa. KaxIblit KOOpMHATOP CBA3aH ¢ HECKOJIbKUMU y3JIaMHU.
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Ha puc. 3 nocrpoena marpuna cmexxkuoctu M (K Ch, T'Cn, R) nius 3amarsoro rpada,
rie T'Ch — muHOXKecTBO cTpoK; T'C'n — MHOXKECTBO CTOJIOIOB, B KOTOPOIT KpPaiiHMii JIeBbIi

CTOJI6€H COIEP2KUT PaHI' BEPIINWHBI II0 CTPOKE.

)

Puc. 2. Tlpumep rpadra cBsaseii y310B B TECTOBOI IpyIIIIe
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Puc. 3. Marpuma cmexknoctu M (i, j) € {0;1}. «1» o3nagaer, 9T0 MekKILy y3ia-
v KCh; n TCnj ycranosiena CBA3b

Pe3yﬂbTaT pa6OTbI IIporpaMMbl B BUJI€ ITIOAMHOXKECTB HOKprTI/Iﬁ C MUHUMaJIBHBIM Y1C-

JIOM 9JIEMCHTOB IIOKa3aH Ha PHUC. 4.
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Puc. 4. Pesynbrar paboThbl IPOrpaMMbl: HOAMHOKECTBO MOKPLITHI ¢ MEHUMAJIb-
HBIM KOJIMYECTBOM 3JIEMEHTOB

Ha sakjrounre/ibHOM STare (B3BEIIEHHBIN CJIydail) ¢ MCIOJIb30BAHUEM I10JIyY€HHbBIX
o w
3HAUEHUI XapaKTePHCTHK V) KaxkJoMy peOpy rpada HazHadaloTcs OleHKH RY 10 Kax-
JIOMY KOHTPOJINPYEMOMY CBOHCTBY (HampuMep, 3aJiepKKa IIpH repejiade COOOIIeHui, CKO-
POCThb TIpHeMa JIAHHBIX, OTHOIIEHNE CUTHAJ/TIYM, KO3(MQUINEHT 0TOPAChIBAHIS [TAKETOB
u JIpyrue).
Bernosinsiercst arperuposanue 3uadennii oopadborku xapakrepuctuk 17'Cn; Ha ypoBHe
y3soB. VHTerpaibaas orenka ypoBHst goBepus DC; Buaucasgercs 1mo GopMmyJie:
w
_ Ry
= — -
> -1 B

B Tabmume 1 npejcraBiera cTpyKTypa sl OleHKN ypoBHsS jgoBepus DC; K MHOXKe-

DC;

ctBy C'K;. B pesyabrare ocyIecTs/isieTcss BBIOOP BUPTYyaJIbHBIX KiaacTepoB C'K; ¢ Mmakcu-

MaJILHOI O1leHKoi yposHs joBepust DC;.

Tabauya 1. ArpermpoBanne 3HadeHH 06paboTKN XapakTepucTuk 1'C'n; Ha
YPOBHE y3JI0B JIJIsi BUPTYAJIbHBIX KJIACTEPOB

C Cy .. C.

Vl 71”1 11”2 te 111}7"

Va 91 92 e o

w w w

Vl 11 12 e er

Dg; Dcy Dcy e Dec,
3AKJIIOUEHUE

Paspaborana nporpaMmuas Mojiesib (OPMUPOBAHUST BUPTYAJIbHBIX KJIACTEPOB y3JI0B
CceTH B MOOWJILHBIX TPaHCIOPTHBIX ceTdaX. lIpescraBieH ojinH U3 BapUaHTOB apXUTEKTY-
pbl ceTH, rpadoBag MOJETb BUPTYAJIbHBIX KJIACTEPOB, NMPUBEJIEH aJrOpuT™M (POPMUPOBa-
HUS MUHUMAJILHBIX MOKpbITUil. [IpuBesennr pe3yabraTbl MOJIEINPOBaHUs MTPOrPAMMHOL
CHACTEMBI.

Mogenb peanmsoBana cpeiactBamu s3bika JAVA 17, OS Windows 10, 3aHnMaeMblit
oobem 176 KB.
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ON SOME ESTIMATES OF SOLUTIONS TO THE PROBLEM OF HEAT CONDUCTION IN
A MULTILAYER MEDIUM BY THE MATRIX METHOD.

Kalmanovich V. V. and Seregina E. V.

Abstract. In the study of real thermal processes by mathematical modeling it is important
to have analytical or approximate analytical methods of solution, which can simplify the analysis
of processes, give an opportunity to predict the behavior of individual materials of the design,
to identify possible undesirable phenomena, etc. One such analytical method can be the joint
application of the matrix method, the Fourier method and the Bers generalized degree method.

The paper considers a one-dimensional heat conduction process in a multilayer plate with
continuous matching conditions at the contact points of the layers. The system consists of n flat
layers that make up the plate. In each layer, the basic system of equations, which determines
the process in a multilayer plate, consists of equations of thermal conductivity, with specified
heat conductity coefficient: tensity, specific heat, as well as conditions of agreement of type and
contact, Consisting of continuous temperature and flow at the contact limits of the layers.

At the initial moment, the temperature is set and zero temperature is always maintained in
each layer and on the boundaries of the first and last layers. An algorithm for solving the problem
is briefly described. The algorithm is based on a combination of the method of separation of
variables (Fourier method) and the matrix method. This algorithm makes it relatively easy to
find exact analytical solutions in the form of an infinite series for any finite number of layers of
the medium. Calculations were carried out using this algorithm.
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Symmetric multilayer media were chosen for calculations, i.e. layers with the same
thermophysical parameters were located in the plate symmetrically with respect to the middle
of its thickness. The layers were chosen to be of equal thickness. The materials of the layers were
chosen with a significant difference in the thermal conductivity, since it is this parameter that
most affects the shape of the solution graph, and its sharp difference in neighboring layers makes
it possible to qualitatively evaluate the result for compliance with the real physical process. The
initial temperature distribution was also chosen to be symmetrical with respect to the middle
of the plate thickness. In such media, the solution of the problem must also have a symmetrical
form.

Estimates were obtained for the convergence of the found solutions with respect to the space

norm Lo

HTk($7 t) - Tr($a t)HLz
Ak,r =
1T ()],
and also estimates of the convergence of the initial temperature distribution 7'(z, 0)
[T (2,0) = To(, 0)|
1T (2, 0)ll 1,

where the indices k and r indicate how many terms of the Fourier series are taken in the solution.

-100%,

Av—o; jr = -100%,

Keywords: heat conduction equation, matriz method, multilayer medium, estimates of solutions.

BBEIEHUE

[Ipn m3ydenunm peasbHBIX TEIJIOBLIX IMPOIECCOB METOJAMHU MaTEMAaTHYECKOrO MO/Ie-
JINPDOBAHUA BayKHO UMETh AHAJUTUYECKUE WM MMPUOJINYKEHHbIE aHAJTUTUIECKUE METO/IbI
pelenns, KOTOpble MOTYT YIIPOCTUTH aHAJIN3 IPOIECCOB, JAaTh BO3MOXKHOCTH MPOTHO3M-
poBaTh MOBEJICHUE OTJICJIbHBIX MATEPUAJIOB KOHCTPYKIIMH, BISBUTH BO3MOYKHbBIE HEYKeIa-
TeJIbHBIE siBjieHus U jip. OQUH U3 TAKUX aHAJTUTUIECKUX METOJO0B COCTOUT B COBMECTHOM
[IPUMEHEHNN MaTPUYHOTO MeTona, MeTona Pypbe u MeToia 00600IeHHbIX crereneil Bep-
ca |1, 2.

Nnes maTpuvHOro MeTO/Ia MPUMEHUTE/IFHO K 3a/a9aM TEeIJIOITPOBOJIHOCTA B COCTAB-
HBIX ITaCTHHAX ObliIa ommcana B [3]. OHAKO i PeleHns 3a/1ad TelIoMacCoepeHoca B
MHOTOCJIOMHBIX CPeJIaX TAKO#l ITOIX0/1 He TIOJIY YU/ PACIIPOCTPAHEHNS , BOSMOXKHO, U3-3a TO-
ro, 9TO (POPMYJIBI AHAJTUTUIECKOTO PENTeHNs Oy YaIICh OUeHb TPOMO3IKIMU, & CUCTEMbI
KOMITBIOTEPHOI ajireO6pel B TO BpeMs (cepeuta XX B.) TOJBKO HAUYMHAJN 3aPOXKIAThCA,
TaK 9TO YUCJICHHBIE METObI ObLIN MIPEOUYTUTE/ILHBIMEI. B HacTOsAIIIee BpEMsI CaMble pas3-
HbIe MPOI'PaAMMHbBIE TIPOJIYKTHI YCIEIHO CIPABJISIOTCH C 3TOM MPOOIEMOIi, ITO TO3BOJIIIO
HAM TIPHIMEHNTh MATPUIHBIH METOM JIJIsi MOJIEJMPOBAHUs CTAlMOHAPHBIX |4, 5| u Hecra-

TMOHAPHBIX IIPOIECCOB TEIIJIOMaCCOIIEpeHOCa B MHOTOCJIOMHBIX cpeJax € IIPOU3BOJIbHBIM
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KOHEYHBIM YHCJIOM CJIOEB, KaK B CJlydae ujeaiabHoro [6, 7|, rak u HemmeasbHoro 8| rer-
JIOBOT'O KOHTaKTa. B yKa3aHHBIX paboTax MATPUIHBIN METOJ| IPUMEHSIETCS B COUETAHUN C
METOJIOM Pa3/IeJIeHNsl TIEPMEHHBIX ([IPU PEIeHnr HECTAIOHAPHBIX 33/1a9) U alllapaToM
00001IeHHbIX cTereHeil Bepca. Vcmosb30BaHne moc/eIHero mo3BOJINIO B €IUHON aHasIn-
THUYECKON (hOopMe TOJIYUUTh aJTOPUTM PEIIeHus 3a/la9i TeIlJIOMACCOIIEPEHOCa B CPeIax
¢ pa3JIMYHOIl reomeTpueil, a UMEHHO O0JIaJaroIIeil ¢ABUIOBOM, OCEBO MM IEHTPAJIBHOIM
CUMMETPHUENA.

B nacrosimeit pabote Jijis JAHHOTO TIOXO/Ia TOJIYIeHBI HEKOTOPBIE OIEHKH CXOJIMMOCTHU
pelenuii 3a/1a4M TEIJIONPOBOJHOCTU B MHOIOCJIOMHON IJTaHapHOW cpelie ¢ UjieaIbHBIM

TEIJIOBBIM KOHTAKTOM JIJISA Pa3/IMIHBIX TeHJ’IO(bI/ISI/I‘{eCKI/IX ITapaMeTpOB CJIOEB.

1. IIOCTAHOBKA 3AJIAYU

[IycTh crcTeMa MIOCKHAX CJI0EB OOIIMM IHCIOM 1 COCTaB/IAeT IiacTuHy. HampaBum och
2 HOPMAJIBHO K IIJIOCKOCTHU TLIACTUHBL. KOODAMHATHI CJI0EB 0003HAYUM T'1, T2, «..; T, Tpid,
MPUYIEM X1, Ty — KOOPIUHATHI BHENTHUX TPAHUIL IJIACTUHBHI.

BCQM CJIOAM 1 OTHOCAIIUMC:A K HUM Be€JIXYMHaAM JdaJUM HOMED JIeBOi1 KOOpJnHaTbhL
OTpe3Ka [T, Tg11], onpeesionero cyaoif. Homep ciost 6yiem cTaBUTh B BEPXHEM HHJIEKCE
B ckobkax. Hampumep, T (2, t) obosnadaer mose Temmeparyp B k-OM clIoe.

ByieM paccMaTpiBaTh OJHOMEPHYIO 3a,/1ady, KOTJla IIIOTHOCTE moToka Terta J*) (2, t)
B CJIO€ HAIIPAB/IEHA HOPMAJIHHO K ILIOCKOCTHU CJIOS U PaBHA
oy 4T

dxr ’

rae A% — kosddburmenT TemIonpoBoIHOCTH k-0ro CJIos.

JHE = )\

OcHoBHas1 cucTeMa ypaBHEHUI, OMpee/Idrolast IPOIecc B MHOTOCIOWHON TIJIacTHHE,

COCTOUT U3 ypaBHEHUN BUJA

) oT®) oT®) —

—Z (A=) M g k=1 1

a ( R v 1)
riae p(k) — IIJIOTHOCTD, C(k) — YJeJibHad TeIlJIOEMKOCTb Ha k‘-M CJIoe, a TaK2Ke yCJIOBI/Ifl

COIJIaCOBaHH4 TUIla MACAJIbHOTO KOHTaKTa, COCTOAIIMX B HEIIPEPBIBHOCTU TEMIIEPATYPbLI 1

IIOTOKa Ha I'PaHUIlaX KOHTaKTa CJIOEB

(k) — k+1)
T (x’t)|x:xk+1 =T (x’t)‘x:karl’ (2)
NG _ e 9T (@) 3)
ox S ox R
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upu JoboM Momente Bpemenu t, k = 1,n . B (2), (3) Bce BequUnHBI HOHUMAIOTCH KaK
[PEJIeJIBI CJIeBa U CIPABA.
I[IycTh 3a/1aH0 HAYAJIBHOE PACIPE/ICICHIE TEMIIEPATY DB

T(k)<'r7 0) = g(.fl:), T e ['Ikakarl]a k= 17”'
[TocTaBuM IEpBYIO KPAEeBYIO 3a/1ady
TW(zy,t) =0, T™(2,01,t) = 0.

3&,[[&‘{& COCTOHUT B HaXO02KJCHUU TEMIIEPpaTypPbl CUCTEMBI BO BCE€ MOMEHTBLI BPEMEHU U

BO BCEX TOYKaX IIJIaCTHUHBI.

2. AJITOPUTM PEIIEHUSA 3AJAYU MATPUYHBIM METOJOM B COYETAHUU C
METOJAO0M DVYPLE

Yacrroe perenne ypasrenuii (1) uiem B Buje

WP ()t k=T,n.

T® (z,t) =

Tora ammiurytaas dyHkmms ul (x) YJIOBJIETBOPSIET yPABHEHUIO

9 ()ﬂﬂ%) + 12y ®) () = 0, k =T, n,

ox ox

a TaKzKe€ YCJIOBUAM HEIIPEPLIBHOI'O COIVIaCOBaHUA Ha KOHTAKTE CJIOEB
k+1 _ ., (k — 1 5 _1
U,( )(xkz—i—l) - U( )(xk-i-l)v k= 1,” - 17

j(k) (Tht1) = j(k+1)($k+1), k=Tn—1,

1 'PaHUYIHbBIM YCJIOBUAM
uM (1) =0, u™(z,,1) =0,

*) ,
rae j®(z) = =AWk = T'n — WIOTHOCTD OTOKA KOOPJAMHATHOM aCTH.

[TocraBum Ha Ka}K,ZLOM cioe 3ajady Kormm, To ecTh 3aja/ UM 3HAUYEHUS u®) () m

7 (k) (k) B HAYAJIBHOI TOUKE Xy cJios. Torya Jyist caydast IIOCKUX CJI0EB CPEJIbI TOJTY THM

(k _ . (k p(x — ) (k Loy o p(r— )
u )(x)—u()(xk)COST+]()($k) —;/@()SIHT ) (4)

(k) _ (k) R o (= ay) (k) p(x — 1)
J (l‘) - U( (mk):u B( ) S a®) +J (xk) cos N0 ) (5)

e o) = \/ AR (0 p®0) ™1 g — /XTI B,

Bamumem cucremy (4) — (5) B MaTpudHOM BH/IE

VO(z) = KO (2, 2) VO (xy),
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riae
‘ k
VR (z) = u® (z) V) () — u® ()
J¥(x) ) ()
o B*) sin o) cos He=21)

ﬂaﬂee pemenne 3a1a91 CBOAUTCA K IIOCJIeI0BATCILHOMY YMHOZKEHHNIO BBEI€HHBIX MaT-
PHUIx 1o CJI0AM, 9TO BO3MO2KHO 3a CHYET BbIITIOJIHCHU A YC.HOBI/Iﬁ HEIIPEPBIBHOI'O COIVIaCOBaHM A
Ha I'paHHUIIE CJIOEB
V(k+1) ($k+1) = V(k) (l’k+1).

BhIoIHAS 0CI610BATEIBHO IO CJIOAM TAaKyIO HOJACTAHOBKY, [OJIydacM
V(k“)(aj) = K® ($,:L‘k)K(k_l)(I,$k_1)...K(1)($,:L‘l)v(l)(ZE1) =

= K(k’l)(:v,xl)V(l)(xl), Tp << Ty
B pGSyJIbTaTe TaKOI'O yMHO}KeHI/IH HpI/I;LeM K CHUcremMe m3 I[‘ByX ypaBHeHI/Iﬁ C I[‘ByMﬂ

HENU3BECTHLIMU IIPpU JIIOOOM KOHEYHOM YHCJIE CJIOEB, KOTOpad 6y;1eT CBA3bIBaTh I'PAHUYIHBIC

TOYKHN MHOT'OCJIOMHON Cpelibl
VO (@,11) = K™Y (@10, 20) VO (2y).

[Tosryuennas cucrema MO3BOJISET HAXOJAUTH PEIIEHNe Pa3/IMIHBIX KPAeBbIX 3a/1a4, Tak
Kak 3Has Kakyio-m6o mapy u3 uM (z1), u™ (z,41), jV(21), 1™ (2p41) MOZKHO HaiiTH IDY-
ryio napy. Tak, Juid perieHus MoCTaB/JIEHHON EPBOil KpaeBoil 3a/iadu IIPU BBITIOJTHEHUT
uM(z,) = 0, u™(2,,1) = 0 HOTYUUM ycIOBHE JUIA ONpe/e/IeH s COOCTBEHHBIX 3HAMCHITIT
Kot =o.

O603HaUYNM ne

J
HUIO [4j. YCJIOBUE HOPMUPOBKH MMeeT BUJ

(x) GasucHyO (QYHKIUIO, COOTBETCTBYIOILYI0 COOCTBEHHOMY 3HAYe-

x
n k41

2
=Y / ) ((®) (ugk)(x)> dz.
k=1
T

Torta perrenne mocTaB/JIeHHON 33191

rie

k
¢ =— g(:zc)ug )(x)p(k)c(k)d:p.
L

Bosiee oipo6HO 9TOT METOJI pellieHust 3a/1a49u TeIJIONPOBOJHOCTU U3JIOXKeH B [§].
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3. PE3VJIBTATBI PACUYETOB U UX OBCYXK/IEHUE

[To mpegmaraemomy Meto 1y B MaTeMaTndeckoM nakere Maple 2017.1 6bu1a cocrasiiena
mporpaMma U IPOBEJICHBI BBIYUC/IeHUsT Ha yeTpoiicTse ¢ mporieccopoum Intel(R) Core(TM)
i5-8250U CPU @ 1.60GHz 1.80 GHz, oneparupnoit mamsitbio 6,00 I'B, tum cucrembr —
64-pa3psijiHasi omnepalmoHHasi cucrema, npoieccop x64, Windows 10 gomarirssisi.

st pacueToB BBIOUPAIUCH CUMMETPUYHBIE MHOTOCJIONHBIE CPEJIbl, T. €. CJIOU C OJIU-
HAKOBBIMU TEILIOMU3NIECKIME TTapAMeTPAMU PACIIOJIATAINCH B ILIACTHHE CUMMETPUYIHO
OTHOCHUTEIbHO ceperHbl ee To muHbl. Cjion BhIOMpaJnch paBHOW ToJIuHBL. Martepua-
JIBI CJIOEB BBIOMPAJINCH C CYIIECTBEHHBIM OTIHYIHEM KO3 UIMeHTa TeIIonpOBOIHOCTH,
TaK KaK UMEHHO 9TOT Iapamerp 0oJibiie Bcero BjusieT Ha (hopMmy rpaduka perieHus, u
pPE3KOoe OTJIMIHe €ro Ha COCETHHUX CJIOSX MO3BOJISIET KAIECTBEHHO OIEHUTH PEe3yJIbTaT Ha
COOTBETCTBUE peajibHOMYy usudeckomy mporeccy. HagaibHoe pacupejesierue Temiepa-
TYPBI TaKKe BBIOMPATIOCH CHMMETPUIHBIM OTHOCUTETHLHO CePEIMHBI TOJIMIUHDI ILTACTUHBDI.

B rakux cpeJax U peleHue 3aa49u J0JI2KHO UMETh CUMMETPUYIHYIO q)OpMy

[Tosry1uenbl ONEHKHN CXOAMMOCTH HAiJIEHHBIX PEIIeHUil 110 HOpMe TPOCTPAHCTBA Lo

A, — ||Tk(x>t> - Tr(xat)HLg
ko —
[ T5(z, )|l 1,

- 100%,

a TakzKe OIEHKHU CXOJMMOCTH HAYAJBLHOTO pacipeesenns remueparypsl 1'(z, 0)

HTk<x> 0) - Tr(l', O)”L2
1T (, 0)l,
IJIe MHJEKCHI k U T II0Ka3bIBAIOT, CKOJLKO 41eHoB pana Pypoe B3aTo B pemenun. Huzke

A15:0; kor — ’ 100%a

[IPEJICTABJIEHBI HEKOTOPBIE TIOJIyYeHHbBIE PE3YJIbTaThl. [Ipr 3TOM, Kak 3T0 XapaKTepHO JIsi
merosia Pyphe, HanboJIbIas OMmubKa MOJIyIaeTCst B MOMEHT BpeMenu ¢t = 0, To ecTb Jijist
IpUOJIMZKEHNsT HAYaIbHOIO PACIIPE/IEIeHUsT TEMIIEPATY PBI.

[TpoBeieHbI pacdeThbl I CUMMETPUYHONR TPEXCJIONHON Cpejibl ¢ napaMeTpaMu, Xa-
PAKTEPHBIMU sl KUPIu4da (BHENTHHE CJIOM) W CTAaJu (BHYTpeHHWid cjoit): x3 = 0 M,
o = 0,1 M, 23 = 0,2 M, 4, = 0,3 M, T. e. ToUMHA Kazkporo ciuos 0,1 M, Koapdu-
nuentsr Tertonposogaoctn A = A\®) = 0,7 Br/(mK), A? = 58 Br/(m-K), yaems-

nas Temyoemkocth ) = @ = 800 [Tx/(xr-K), ¢? = 462 JIx/(xr-K), mrorHocTs
pM = pB = 1800 xr/nm?, p® = 7860 xr/m?, ¢ HauambHON (dyHKIMEH TeMmIepaTypbl
T(z,0) = —1000z(z — 0, 3). 3aTpaThl MAIIUHHOTO BPEMEHH PACIETa MATPHIHBIM METOIOM

coctaBua 1,970 ¢ gna 5 cmaraembix, 2.611 ¢ ama 15 cmaraembix, 4,376 ¢ ama 25 cirara-
eMbIx, 4,958 ¢ gaa 35 ciaaraembiX. [ljis 9Toit MoJIe/IbHO 384841 TIOJIYYeHbI CJICTYIOITNe

OIICHKU pelIeHUud MaTPUIHBIM METOJI0M:
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1) Ass = 0,18% 1t Ao 54 = 1, 48%;

9) Arsa = 0,018% 1t Ao 1514 = 0, 513%:

3) Aoz 01 =0,047% 1 Ao, 2524 = 2, 14%;

4) Das15 = 0,064% 1t Ao 5,15 = 2.757%;

5) Agsas = 0,067% 1 Ar_o 515 = 2.923%;

6) Agsas = 0,020% 1 Ay, 3505 = 0, 971%.

I[TosrygeHnbIe Pe3ysIbTaThl TOBOPAT O TOM, UTO JOOABJICHIE He TOJBKO OJHOTO Clarae-
Moro B pazsoxkenne Pypbe, HO 1 JazKe JeCATH CaraeMbIX yrKe He J1aeT 3aMeTHOTO yTOUHe-
HUSI PENICHNUs], €CJIM N3HAYAJILHO B3ATO XOTH ObI 15 9ICHOB psajia, OJHAKO 3TH J100ABICHHLIC

CJlaracMbI€ MOT'YT 3aMETHO YTOYHHTDL alllIPOKCUMaIllI0O HavaJ/IbHOI'O PacCIIpEAc/ICHUA TeM-

IIepaTyphbl.

Tak>ke TpoBeJIEHbI pacyeThl ¢ TAKO# yKe HadaJbHON (DYHKIIMEH Paclpe/Ie/IeHIsT TeM-
nepatypsl T'(z,0) = —1000z(x — 0,3) u Takoii ke TOJIUHON CJIOEB JJIs TPEXCJION-
HOI CHUMMETPUYHON CpeJibl, KOrja, HAoOOPOT, BHYTPEHHUN CJIOW MMeeT MAaJiblii KO-
buIMeHT TeIONPOBOHOCTH (KUPHIUY), a BHeIHue cjiou — Gosbioil (crans). [Napa-
MeTphl cjaoeB: 1 = 0 M, 2o = 0,1 M, z3 = 0,2 M, 24 = 0,3 M, KO3DDUITUEHTEI
reronposoanoctn ALY = AG) = 58 Br/(m:K), A& = 0.7 Br/(mK), Temmoemxocts
M) = B3 =462 JTx/(kr-K), ¢ =800 Ix/(kr-K), mrornocts pt) = p®) = 7860 kr/m?,
p(2) = 1800 kr/ M3, 3aTpaThl MAITMHHOTO BpeMeHH pacdeTa MaTPHYHBIM METOIOM COCTa-

B 2,150 ¢ gna 5 cimaraembrx, 2,817 ¢ ana 15 cmaraembix, 4,703 ¢ mra 25 ciaraemMbix,
5,588 ¢ g 35 ciraraembix. Ha puc. 1 n3o0pakeHnl pe3ysibTaThbl MOJIEJIMPOBAHUS JIJIS ITOTO
cIIydas.

CiteBa — pacmpejie/ieHusT TeMIIEPpaTyPhl B 3aBUCUMOCTH OT KOODJMHATHI U BPEMEHH,
crpaBa — B HA4YaJbHBI MOMEHT BPEMEHH, ITOCTPOEHHBIE TI0 5 COOCTBEHHBIM 3HAYEHUSIM
(a), mo 15 coberBennbIM 3HAUeHUSM (6) U 110 25 cobcTBeHHBIM 3HadeHUAM (B). [lyist 9T0i
MOJIEJTBHOM 3a/1a9M ITOJTyY€eHbl CJIeJIyIONINe OIEHKN PelleHns MaTPUIHBIM MeTOJIOM:

1) A5’4 = 17, 8% n At:0;574 = 39, 5% N
2) A15,14 =0,011% n A1t=0; 15,14 = 0, 084% ;

3) A25724 = 0, 008% n At:(); 25,24 = 0, 106% 5
4) A25715 = 0, 174% u At:(); 25,15 — 17 709% 5
5) A35’15 = 0, 180% n At:(); 35,15 — 1, 855% 3
6) A35725 = O, 048% n At:(); 3525 — 0, 721% .
B srom ciydae, Korya cjion ¢ OOJIBINOH TEIIONPOBOJIHOCTHIO SABIAIOTCA BHEITHUMU U

M3HaYaJIbLHO 6oJiee XOJIOJHBIMM, IIPU MaJIiIOM 4YHCJIE CJaraeMbIX psdlla (I)ypbe IIoJIydaeTCd
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01 02 03

B)

Puc. 1. Pacupejesienust TeMiepaTypbl B TDEXCJIORHOM cpe/ie B 3aBUCHMOCTH
OT KOOD/IMHATHI U BPEMEHH (CJIeBa) U B HaYaJIbHBII MOMEHT BpeMeHH (CIpa-
Ba), MOCTPOCHHBIE 110 5 COOCTBEHHBIM 3HadeHHsIM (a), mo 15 cobCTBEeHHBIM
sHaveHusaM (6) u 1o 25 coGCTBEHHBIM 3HAYCHUAM (B).

O4eHb DOJIbINAsT TTOTPEITHOCTD, OJIHAKO yiKe Tpu 15 ciiaraeMbix B pasyiokennn Oypbe 10-
GaBjeHue OJHOIO WM HECKOJLKHUX CJIAraeMbIX He JAaeT CKOJIbKO-HUOY/ b 3aMETHOIO YIIyd-
[IEHUS PeIeHnst 3a/ad M.

Tak>ke MPOBEJIEHBI PACYEThI MATPUYIHBIM METOOM JIJIsl SITUCJIONHON CUMMETPUIHO
cpennl ¢ mapamerpamu: r1 = 0 M, 20 = 0,1 M, 23 = 0,2 M, 24 = 0,3 M, z5 = 0,4 M,
r¢ = 0,5 M, T. e. TommuHa Kazkioro ciaogd 0,1 M. Kpaiinue u neHTpaibHbIN CJI0U C HU3-
KUM KO3(DDUIIMEHTOM TEIJIONPOBOJIHOCTH, JBA OCTABIIMXCS CJIOA — C BBICOKHUM, CJIOU
gepeytorca. Kosdbdumuentsr Temonposomnoctn AV = A6 = A0 = 0,7 Br/(m-K),
A2 = A4 = 58 Br/(m-K), snauenns rermomkoctn ¢ = ¢ = ¢® = 800 x/(kr-K),
) = c® = 462 JIx/(xr-K), mmornocrs marepuanos pl) = p® = p® = 1800 r/m?,
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p? = p® = 7860 kr/m>. Hawanbmas (yHKIUS pacHpeieeHns TeMIepaTyphl
T(z,0) = —1000x(x—0,5) . 3aTpaThl MAIIKTHHOIO BPEMEHHU PACYeTa MaTPUIHBIM METOJIOM
cocrapmia 2,344 ¢ anasa 5 cinaraeMbrxX, 3,719 ¢ gnua 15 caaraembix, 9,031 ¢ jura 25 cirara-
eMbIX, 6,625 ¢ jura 35 ciaraembiX. i 910l MOJIe/IBHOI 33141 TIOJTy€HbI CJIEIYIOIINe
OIEHKM PEIeHnd MaTPUIHBIM METOJIOM:

1) Asq =0,345% u Ayg,54 = 2,178%;

2) Ays14 = 0,160% 1 Ay—p. 1514 = 4,450%;

3) Ags04 = 0,037% 1 A¢—g. 2524 = 1,496%;

4) Aogs 15 = 0,240% 1 Ao, 2515 = 7,928%;

5) Ass15 = 0,240% n Av—o. 3515 = 7,970%;

6) Assos = 0,016% 1 Ay, 3525 = 0, 820%.

[TostydgeHHble OIEHKM peINIeHUil 3aJ1atdid TEIJIONPOBOJIHOCTH B JAHHON MATHCIONHOM
cpe/ie TOKa3bIBAIOT, YTO 3aMETHOTO YJIyUIIeHUs pe3yIbTara IIPU YBEJIUIYeHUN 1IEHOB PsJia
B pazyoxkenun Oypbe He MPOUCXOJNT, €CJU B34TO puMepHo 20-25 ciraraeMbix.

Takke perena mMojie/ibHas 3a/a4a, KOrja MATh CJI0EB CUMMETPUYHON CPeJIbl Yepery-
IOTCS B JIPYTOM IOPSIIKE, T. €. KPailHue U MEeHTPAJIbHBIN CJION ¢ BBICOKUM KO MUITMEHTOM
TETLJIONPOBOIHOCTH, & JIBa OCTABINUXCH CJIod — ¢ HuU3KUM. l[lapameTpsr cimoeB x7 = 0 M,
To=0,1Mm23=0,2™m, 24 =0,3M, 25 =0,4 M, 26 =0,5 M, T. €. TOIIMHA KaXKJIOTO CJIOs
0,1 m. Kpaiinne u nmeHTpabHbIi CJI0U ¢ HU3KUM KO3(MMUITUEHTOM TEILIOITPOBOIHOCTH, JBa,
OCTABIIUXCSI CJIOsT — C BBICOKHUM, CJIOU Uepeyiorcd. KoaduimenTsl TeronpoBOIHOCTH
A = \G) = \O) = 58 Br/(mK), \& = \& = 0,7 Br/(m-K), 3Hauenus TemnioeMKocTn
M =B = O = 462 Ix/(xkr-K), @ = c® = 800 Hdx/(kr-K), miornocts Marepu-
anos pM = p® = p0) = 7860 xr/m>, p@? = p® = 1800 xr/m®. Hauanbuas byukims
pactpegnesenus: remmeparypet 1'(z,0) = —1000z(z — 0, 5). 3aTpaThl MANTHHHOIO BPEMEHN
pacdeTa MaTpUIHBIM MeTOoJIoM cocTaBuian 1,437 ¢ ans 5 cinaraembrx, 1,969 ¢ mra 15 cia-
raembix, 2,906 ¢ s 25 ciaraembix, 3,891 ¢ gasa 35 ciaraembix. Ha puc. 2 m3o0parkeHbl
PE3YJIBTATHI MOJIEJIMPOBAHUSA JIJIA 9TOTO CJIydas.

CreBa — pacrpejeseHuss TeMIIepaTypbl B 3aBUCUMOCTH OT KOOPJAMHATHI U BPEMEHH,
crpaBa — B HA4YaJbHBI MOMEHT BPEMEHH, ITOCTPOEHHBIE TI0 5 COOCTBEHHBIM 3HAYUCHUSIM
(a), o 15 cobersenmbiM 3nadenusam (6) u o 25 cobcrBenubM 3HadenuaM (B). s sroit
MOJIEJIBHOM 38141 MOJIYYeHbI CJIEJIYIONINE OIEHKN PeleHus] MaTPUIHBIM METOJIOM:

1) A5y =2,356% n Ai—o.54 = 18, 146%;

2) Ayp14 = 0,001% 1 Ai—p.1514 = 0,027%;

3) Ags0q = 0,0009% 1 A¢—gp. 2524 = 0,031%;

) Ags15 =0,086% 1 Ay—p. 2515 = 2,620%;
)
)

W

5 A35’15 = 0, 089% n At:(); 35,15 — 2, 798%,
6 A35’25 = 0, 023% n At:(); 3525 — O, 981%
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B)

Puc. 2. Pacrupenesierns TeMrnepaTypbl B ISTUCIONHON cpejle B 3aBUCUMO-
CTU OT KOOD/JMHATHI ¥ BPEMEHH (CjieBa) U B HAYAJIbHBII MOMEHT BPEMEHU
(crpaBa), IOCTPOEHHBIE 10 5 COOCTBEHHBIM 3HadYeHUAM (&), 1o 15 cobcTBen-
HBIM 3HadeHusIM (6) U 110 25 COOCTBEHHBIM 3HAYCHUAM (B).

[Tosry4uennble oneHKH B 3TOH 3ajade, TaK Ke KaK U JIJId TPEXCJOWHOW Cpejbl, KOT/ia
BHEITHIE CJION UMEIOT CYIIECTBEHHO 00Jiee BBICOKYIO TEIIONPOBO/IHOCTD, IIOKA3BIBAIOT, YTO
IIPU MaJIOM KOJIMYECTBE CJIaraeMbIX PsJla PelleHusd UMeeM 3aMEeTHYIO IIOrPEIIHOCTD, OJiHa-
KO, KaK U IIPU YepeIOBAHNM CJIOEB B JPYI'OM IIOPAJIKE, 3aMETHOI'O YJIYUIICHUd Pe3yJIbTara

IIPU YBEJIMYEHNN YUCJIa YJIEHOB Psjia He MPOUCXOJINT, €CJIN B34ATO yKe 20-25 ciaraeMbiX.
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S3AKJIFOYEHUE

B pabore paccmoTpeHo peliieHne epBoit KpaeBoii 3a/1a91 TEILJIOIPOBOIHOCTH B MHOT'O-
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GENERALIZED SOLUTION OF THE SIMPLEST INITIAL BOUNDARY VALUE PROBLEM
FOR A HOMOGENEOUS HYPERBOLIC EQUATION WITH A MIXED DERIVATIVE.

Rykhlov V. S.

Abstract. An initial boundary value problem for a homogeneous second-order hyperbolic
equation with constant coefficients and a mixed derivative is investigated in a half-strip of the
plane.

The equation in question is the equation of transverse vibrations of a moving finite string.
The case of zero initial velocity and fixed ends (Dirichlet conditions) is considered. It is assumed
that the roots of the characteristic equation are simple and lie on the real axis on different sides
of the origin.

The main result of the article is formulated, namely, the theorem on the finite formula
for the generalized solution and the method of obtaining this formula is briefly described.
The main advantage of this formula is that it does not require any preliminary continuation
of the initial function beyond the segment of its definition. The method is based on the idea
of A. P. Khromov to use for this the theory of divergent series in the understanding of L. Euler
(axiomatic approach). In the special case of the simplest string oscillation equation this formula
for generalized solution has a different kind if compared with the formula, obtained earlier
by A. P. Khromov.

Next, it is determined the classical solution of the initial boundary value problem under
consideration.

The uniqueness theorem of the classical solution is formulated in the case of its existence
and a formula is given for solving it in the form of a series whose members are contour integrals
containing the initial data of the problem. Based on this formula, the concepts of a generalized
initial boundary value problem and a generalized solution are introduced. Next, a detailed proof
of the previously formulated main theorem of the article is given. The resulting formula for the
generalized solution compared with the corresponding result for the classical solution.

At the end, a brief history of the problem is given.
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Keywords: hyperbolic equation, second order, constant coefficients, mized derivative in the
equation, half-bands, initial boundary value problem, zero initial velocity, fized ends, classical
solution, generalized initial boundary value problem, generalized solution, uniqueness classical

solution, finite formulas for the generalized solution, divergent series

1. TIOCTAHOBKA 3AJIAYM M OCHOBHOW PE3VJIBTAT

Paccemorpum nipocreiinyio 0000IEHHYIO0 HAYAILHO-IPAHUIHYIO 38189y

Ugy + PrUgt + Pouse = 0, (1)

uw(0,t) =0, wu(l,t) =0, (2)

u(z,0) = ¢(z), w(z,0)=0, (3)

B HAYaJbHLIX YCIOBHAX KOTOPOH IIPHCYTCTBYeT TOJBKO OJWH HapaMeTp — HadabHbBIH

npoduib () U paccMaTPUBAIOTCS CAMbIE TIPOCTBIE TPAHUYHbBIE YCJIOBHs — 3aKPeIlJIeH-
Hble KOHIBI. 3jiech (x,t) € @ = [0,1] x [0,400); p1,p2 € R, ¢ € L1]0,1] u asisierca
KOMILJIEKCHO3HAUHON yHKIueii. [Ijisi KpaTKoCTH UCHOJIB3YIOTCs 0603HATEHNU S
ou ou 0*u 0*u
Up 7= = Up = ——, Ugy = =, Uyt = =y ...
ox’ ot’ 0x?’ dxot’
Pacemarpusaercs ciydaii runep6osmaeckoro ypasaenusi (1), To ecTh BbIIOJIHsIETCS
yCJI0BUE ,
p] — 4p2 > 0.
B 5TOM cilyuae KOPHU wy, Wy XapaKTEPUCTUIECKOTO yPABHEHUS
2 _
W'+ pw+p =0
BEIECTBEHHBI U PA3JIMIHDL.

Bo3MmozKHDI TOIBKO JAB€ IIPUHIOUIINAJILHO pa3Hble CUTYalluu
w1 <0 < wsy, (4)

0 < w; < ws. (5)

B ciyaae (4) coorBeTcTByIoIas crieKTpasbHas 3a1ada (eM. Jgasee 3agaqdy (10)) spisercs
peryssiproii 1o Bupkrody |1, ¢. 66-67|, a B caygae (5) — ueperymnspuoii. Ciyuvaii (5)
6b11 pacemorpe B [2]. Merton gokasaresberBa TaM GBI OTIMIHBIM OT METO/[a HACTOSIIEH
crarbu. lasee Oymer paccMaTpuUBATHCS TOJIBKO caydail (4).

O6o6mennas HadaabHO-TpaHndHas 3adada (1)—(3) sBisgercsa omumMm m3 Hambosee
CHUJTbHBIX 0000IIEHNIT KJIACCHIEeCKO HAYaJIbHO-TPAHNYHON 3a/1a41 (OIIpeie/ieHne KIaccu-
9eCKOl 3a/1a1M U ee DelIeHns JAeTcsi HEMHOTO HuzKe). BHeIHuil BUI ee Takoi ke, Kak u

y KJIaCCHYeCKOil 3a/1auM, HO CMBICJI COBCEM JIPYTOIi.
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IIpu ¢ € L]0, 1] 3amaga (1)—(3) mommmaercs 4nucto GOpMaIbHO, TAK KaK HE O KAKOM

YJIOBJIETBOpEHUHU pelliennst ypaBuenuto (1) u ycyioBusim (2) pedb yzke HE MOYKET HUJITH.
OCHOBHBIM PE3Y/ILTATOM HACTOSINEH CTAThU ABJIAETCS CJIELYIOIast TEOPEeMa.

Teopema 1. IIycmv ¢ € L1[0, 1] u ewnoanaemes yeaosue (4). Toeda dymwyusn u(z,t),
onpedeaennan das noumu ecex (n. 6.) (x,t) € Q dopmyaot

ot ((5)) e

AsaAemcA pewenuem 06obwennot zadavu (1)—~(3). 3decw

w2g0<§), ecau & € [0, a);
§) = .

o ) 7
wl@(m>a ecau € € [a,1);
a=—22_y {z} o0bosnawaem dpobryro wacmov wucaa x € R.
Wy — W1

B ocraBieiica gactu crarbn HO,ILpO6HO n3JjiaraeTcd, KakK IIOHUMaeTCAd O606I.[L€HHO€ pe-

HeHne 1 Kak nosrydaercst popmysia (6) st STOro pereHus.

Jns  mosydeHusl  9TOTO  pe3ysbrara  UCHOJIb3YeTCd  MOJAXOJ,  HPEJJIOXKEH-
ubtit A. IT. Xpomossim B [3]| (moapobHoe JokazaresberBo omybankoBano B [4]). A nmenHo,
Kak ¥ B [3, 4], ucrosb3yercst Teopust pacxosiuxcs psijioB B onnmanuu J1. Diinepa [5],

KOTOprfI ABJIAETCA OCHOBOIIOJIO2KHUKOM TCOPHUU CYMMHUPOBaHUA PACXOJANINXCA PATOB.

Bormpocnl, kacaroruecs: pacxoJIsImxcs Pga0B, a UMEHHO, KaKOW CMBICJ OHU WUMEIOT,
KaK IIOHHUMAaTb U TPaKTOBaTb CYMMY PaCXOIANICIOCA Pijia, KaKUMHU CBoHicTBaMu JOJIZKHDBI
00J1aJ1aTh CyMMbBI TAKUX PSIOB U JIPYTHE CBA3aHHbBIE C STUMU BOIIPOCAMHE ITIOHATHUS aKTUBHO
00Cy K TaInch BeIyIMUMI MaTeMaTHKaMI elle Bo BpeMeHa Jiiiepa, To ecth B X VIII Beke.

Ucropuaeckuit 0630p MOKHO HaiiT B MoHOTrpaduu [6].

B wacrHocru, B (3, 4] npu nonyuennn hbopMysibl jijist 000OIIEHHOTO PeIlleHnsT BaXKHY O

POJIb UT'PAIOT €CTECTBEHHBIE aKCHOMBI JIJIA TPe0OPa30BAHUS PACXOIAIINXC PsiJIOB

(A) Ya,=s = > ka, = ks;
(B) ZCLRIS, an:th(an‘i‘bn):S‘i‘t,
(B) Zzo:o@n =s= Zzozl anp = S — Qo
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u3 MoHorpadmi 6, c. 19]. A TakKe CyIECTBEHHO UCIIOIB3YeTCsT IPABUIIO HHTETPUPOBAHIS

pacxosIuxcst psaioB, koropoe mnpesoxuia A. I1. Xpomos B |3, 4],

/-] ®

re [ — oupe/esIeH B HHTEerpast. TO MPABHUIIO OIUPACTCS Ha COOTBETCTBYIOLLYIO TEOPe-
My JleGera o MOYJIEHHOM MHTErPUPOBAHUU TPUIOHOMETPUIECKOIO Psijia B SKCIIOHEHIHAIb-
Hoit popme (popmymupoBKy Teopembl Jlebera Jijisi TPUTOHOMETPHUYECKOTO PsJIa 110 CUHY-
caM ¥ KOCHHycaM MOXKHO Haiitu B |7, ¢. 277, Teopema 3|).

[Tepeiijiem k Gojiee TTOAPOOHOMY M3JI0YKEHUIO PE3YJIHTATOB.

2. OHPE,ZLE.TIEHI/IE KJIACCHUYECKOTI'O PEINIEHUAA, EI'O EJJMHCTBEHHOCTD "
OOPMWIA JI4d PEIIIEHUA B BUAE PAIA

HO,JI KAaCCUYECKUM PEWEHUEM NMJIN, KaK MHOI'Ja T'OBOPAT, PEWEHUEM NOHUYMU GCTan

sajgaan (1)-(3) mommmaercs dyukuns u(x,t) mepemenusix (x,t) € ), KoTopasi:

a) HempepbIBHA BMecTe C U, (z,t) u wy(x,t), mpu s1oMm u,(x,t) u u(x,t)) abcomoTHO

HEIIPEPLIBHLI 1 110 I, 1 110 t, nIl.B. B Q BBITIOJIHAETCA PaBECHCTBO
Uzt(xy t) = utx(xa t); (9>

6) yuossieTBopsieT ycsiousiMm (2)—(3) Ha rpanure MHOX)KecTBa () u ypasHenuto (1) 1. B.
B Q.
OrmernM, 4T0 HEOOXOAUMOCTE B yejaosun (9) obycsioBiieHa TeM, 9TO B CIydae, KOrja
Uz (2, 1) 1 U (2, 1) He SBISIOTCA HENPePbIBHBIMU (DYHKIUSIMU, 9TO PABEHCTBO MOXKET He
BBINOJIHATHCST HA MHOYKECTBE TI0JI0ZKUTeIbHON Mephbl [8].
st kiaccuaeckoro perennst 3aja4u (1)—(3) 110 HeoBGXOAUMOCTH JOJIZKHbBI BBITOJTHSITh-
Csl YCJIOBUSI:

1) rnagkocru: ¢(x), ¢'(x) abCOTIOTHO HENTPEPHIBHBI;

2) cormacosamust: ¢(0) = p(1) = 0.

Bamata (1)-(3), B koropoit dyukunn ¢(x), ¢'(xr) abCOMOTHO HENPEPBIBHLI,
©(0) = ¢(1) = 0 u nmeTCs KIACCHIECKOE PEIIeHNe, HA3BIBACTCS KAGACCUECKOT HATaIbHO-
rpaHUYHON 3aJ1a4eii.

B cayuae w; = —1, wo = 1 umeem p; = 0, pp = —1 u ypasuenue (1) sBisercs
[POCTEHIINM yPaBHEHUEM KOJIeOaHHsT CTPYHBI

Ugpre — Ut = 0.

B [3, 4] paccmaTpuBasicst IMEHHO TAKOW CJTyJaii.
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Pesynbrarsl, n3jiaraeMble B HACTOSINIEH cTaThe, OTHOCATCS K 00IeMy ciaydaio p; € R.
Nutepecto oTMeTUTDb, 9TO U3 PE3yJIbTATOB CTATHU TOJIyYIAeTCs HOBasi (popMyJ/Ia it y7Ke
noJty4eHHoro B |3, 4] 060611eHHOr0 pereHust.

C zazaueit (1)—(3) TecHo cBsA3aHa CIeyOMAast CIEKTPAIbHAS 3a/ada

L(N)y =0, (10)
nopoxkJieHnas oneparop-dyukmumeit L(\), onpeessiemoit quddepeHImaibHbIM BbIpazKe-
HIEeM C IapaMeTpoM A

Uy, ) = y" + Ay’ + Npay (11)
U KPaeBbIMH YCJIOBUSAMU
Ui(y) :=y(0) =0, Us(y) :=y(1) =0. (12)
[Iycts Ry ecTb pesosbBenTa onepatop-dyukimm L(A), a G(x, &, A) ee dynknus ['puna.
O6oznatum wepe3 Ry mHTErpaibHbIil omepaTop ¢ sapoM Ge(z, &, N).
B kauectBe dyHIaMeHTATBHON crucTeMbl periernii ypasHenusi {(y, \) = 0 BosbMeM
CUCTEMY pelleHui

yr(z,\) = e gp(x, N) = e 2T

Tora xapaxkrepucTudeckuii onpeaemnrenas L(A) [1, c. 26] mmeer Bu

A(}\) _ Ul(yl) Ul(yz) _ 1 1 _ e)m)g _ 6/\u.;l
Ua(y1) Ua(y2) e et
U ero KOpHH, OYeBHUJIHO, €CTh YUCJIa
2kt
Ap = — 0,41, 42, (13)
Wy — W1
Oru umcaa, KpoMe TOUKH A\g = 0, FBJSIOTCS HPOCTHIME COOCTBEHHBIMU 3HAUCHUS-

vu L(N). Huesmo \g = 0, Kak JIErKo IIPOBEPUTH, He sIBJISIETCS COOCTBEHHBIM 3HAUEHUEM.
O6osHaunM 1epes v, oKpyzxKHOCTH {A : |A — A\¢| = 0}, nge § > 0 u HACTOIBKO MAJIO,
YTO BHYTPU 7Y HAXOIUTCH II0 OJHOMY COOCTBEHHOMY 3HAYEHUIO.
Pesynprar nannoit crarpu OyJeT BBITEKATh U3 Pe3yiIbTaTa, JaBAEMOIO CJIEyIOIeit
TeOpEeMOil eIMHCTBEHHOCTH IS KJIACCUYECKOTO DEIeHnsl W IPEJICTaBICHNs €ro PsiJioM

(mostHAst Bepeust TeopeMbl omybnkoBana B [9]).

Teopema 2. Ecau u(z,t) ecmov kaaccuueckoe pewenue 3adavu (1)—~(3) ¢ yeaosuem (4)
u donoanumenvro sunoasnaemca yeaosue uy € Li(Qr) (3deco Qr = [0,1] x [0,7T]) npu
mobom purcuposarmnom T’ > 0, mo smo pewerue eOUHCMBERHO U HATOOUMCA MO HOPMYAE

1
u(z,t) = 3] ;/ ( — p1eM Ry +p2€/\t)\R/\><,0d)\, (14)
Tk

6 Komopot pad cxodumcs pasnomepro no x € [0, 1] npu wmobom durcuposannom t > 0.
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3. OHPE,ZLEJ'IEHI/IE OBOBIIIEHHOT'O PEINIEHUA

Teopema 2 roBoput 0 TOM, 4T0 hopMasbHbIl psiyt (14) U HavATBHO-TPAHUIHAS 3a1a-
ga (1)—(3) TecHO cBA3AHDI, & UMEHHO, €CJIU 9Ta 3aJada UMeeT KJIACCHIECKOe PeIleHre, TO
Jutst Hero cripaseyBa dbopmyia (14). Tlpu srom dyHKums ¢(x) H0KHA YI0BIETBOPATD
yesoBusiM 1)-2). Anasormano (3, 4| pacummpum moHATHE 9TON CBS3M.

MoxkHO 3aMeTnThb, UTO Psijt B (14) nmeer cmbicst Jytst o6oit dyukiwm o(z) € Lq[0, 1],
XOTsl Telepb OH, BOOOIIE TOBOPSI, MOKET OBITH U PACXOIAIINMCS. By/IeM CIMTaTh, 4TO 3TOT
psizt, siByisiercst hopMasbHbIM perierneM 3agadn (1)—(3), korma ¢(z) € L]0, 1]. Kak yxe
OTMEYasoch, B 9TOM ciaydae 3aja4a (1)—(3) monumaercs aucto HhopMaibHO.

Oty samaay (1)-(3) B cayuae ¢(x) € L1[0,1] mbr HasBamm panee 0606wénnot
HauaavHo-2paruirotl 3adavet. Hazosem psj cripasa B (14) 0606wentvm pewenuem 1o
3a/1a41.

MOZKHO HONIBITATHCA HANTH CyMMY 9TOTO PSIJIa, UCTIOJB3Yst OOLIMHbBIE TPABIIIA AHAJIH-
3a M HAKJIAJbIBasl JIONOJHATEIHHO T€ UJIM WHBIE OIPAHMYEHUs Ha HAYAIbHYIO (DYHKIIIO
(), obecrieunBaIONIIe CXOJAUMOCTD ITOIO PsAJIa K HEKOTOPOI CyMMe, TIOHUMAeMOii B KJ1ac-
CUYECKOM CMBICJIE 110 Komm Kak mpejiest Moc/Ie0BaTeIbHOCTH YaCTUIHBIX CyMM. A 3areMm,
HaliJIsl 9Ty CyMMY, MOIBITATHCsI OCJIA0UTh HAJIOKEHHbIe OrpaHuvyeHust Ha ¢ ().

Ho moxHO, Kak u B |3, 4], ucrop3oBarh Apyroif mojxo/l, yIpOCTUB TEM CAMbIM Bbi-
KJIQJIKU U [PU 9TOM HE HAKJIAJbIBAs HUKAKUX JIOMOJHUTEbHBIX OrpaHudeHuil Ha o(T),
kpome Toro, 9to ¢(x) € Lq1[0,1]. A mMeHHO, MOKHO TPAKTOBATH Dsiji CIpaBa B (GoOpMy-
ne (14) u3HavgaIbHO KaK pacxofsiuiics (Jgazke eC/ii OH U CXOJUTCsS) U COOTBETCTBYIOIIIM
o6pa3oM onpeesiuThb (M1, APYTUMU CJIOBAME, HA3HAYUTH) «CyMMYy» 3TOrO psaja («CyM-
Ma» B KaBblUKaX O3HAYAET, YTO 3TO CyMMa UMEHHO PACXOJSIIErocs Psjia).

Taxum o6pazoM, HaiiTu perenne 0606IEHHOI HadaIbHO-TpaHnIHOMN 3a1a4u (1)—(3) —

SHAYUT ONPE/ICJUTh (MM HA3HAUNTE) «CyMMYy» psifia cripaBa B (14).

4. ONPEAEJEHUE «CYMMBbI» PACXOJSIIETOCS
TPUTOHOMETPUYECKOTO PSJIA

asee OymeT mokazamo, 9To ¢ HCIOAb30BAHIEM TOILKO akcroM (A)-(B) 6e3 ncmomnnbzo-
BaHUsA OOBITHOTIO OIPE/IeJIEHIS CYMMBI Psja 1o Kormm, Kak rmpejiesia ero 9acTuIHbIX CYMM,

psn cipasa B (14) cBoauTes K CyMMe KOHETHOTO YHC/Ia PsiJIOB BUJIA

1
Zake%mx, e ay = /f(g)e—Zlmrif df, (15)
k 0

a dyuknuu f(x) € L1]0, 1] BeipazaroTcs mo mpocTbiM dopmyiaMm depe3 DyHKIHO ¢(z) u

CYMMHUPYEMBI B TOM ¥ TOJIBKO B TOM CJIydae, Korja cymmupyema dyHKims o(x).
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Takum obpazom, 4T0ObI HalTH (HOPMYJTY JIJId ODOOIEHHOTO peIleHus, HEeOOXOIMMO
ompeJIesiuTh «cyMmy» psifa (15). Baxkuyto posib B 3roMm urpaer teopema Jlebera o6 unTe-
IPUPOBAHUE TPUTOHOMETPUUECKOTO psijia |7, ¢. 277, reopema 3|. Ham sra reopema norpe-

Oyercs B cyejiytomnieit popMyIupoOBKe.

Teopema 3 (JIebera 06 MHTErpUpPOBAHUN TPUTOHOMETPHUIECKOTO psja). [lycmv wa npo-
meorcymee [0, 1] sadana cymmupyemasn dynxyua f(x), umerowasn pad (15) ceoum padom
Qypve. Ecau [A, B] C [0,1], mo

B B
/f(x) dr = Z/ake%”‘” dx.
A koA

JlokazaTebCTBO 9TOi TeopeMbl 6€3 0COOBIX 3aTPY/IHEHU IOy IaeTCs U3 JOKA3ATE b
CTBa COOTBETCTBYIOMIEH TeOpeMbI, IPUBEJIeHHOl B |7, ¢. 277).

[Tocne dopmynupoBku 31oit Teopemsl B |7, ¢. 277| ormedeno: «Unade rosopsi, psi
Oypbe cymMMupyeMoil (DYHKIIUA MOXKHO NOYAEHHO UHME2PUPOBAMb. DTOT (HAKT BEChMa
3aMevaTe/IeH, MOCKOJIbKY CaM 3TOT PsiJl MOYKET M HE CXOIUTHCS».

[To cyTu aTa Teopema paspernaer Jijig TPUTOHOMETPUIECKOTO PsIa IEPECTABIATE CyM-
MUPOBaHUE U UHTETPUPOBAHUE, JIaXKe €CJIU PsiJl PACXOIUTCA. BBULY 9TOr0o, Kak yKe BBIIIIe
OTMEYasoch, B |3, 4| 6bLIO MPEJTIOKEHO JIOMOTHATE C(OOPMYINPOBAHHBIE BBIIIE TP AKCH-
ombl (A)—(B) ms pacxoggamuxcs psiioB npasmioM (8).

Ncnosb3ys TeopeMy 3, MOXKHO OIPEJIETUTh «CYMMY» pacxojsiierocs psjaa (15).

Jlemma 1. Ecau (15) ecmo pad @ypve pynxyuu f(x) € L1]0,1], mo «cymmas pada (15)
ecmo pynruua f(x).

Jloxazamenvcmeo. JlokasaresbCTBO STOM JIEMMBI II0YTH JJOCIIOBHO OBTOPSIET JI0Ka3aTe b
CTBO aHAJIOIHYIHOrO pesysbrara u3 [3]-[4].

B camom gerne, mycrs «cymmas paga (15) mpu x € [0, 1] ecrb Kakasg-To dyHKIms
g(x) € L1[0,1] (mbI orpanmamBaenM cebst mMeHHO cymMMupyeMbiMu dyHakimsamu). Torga B
COOTBETCTBHH C IIPABHJIOM (8) mMeeM

x 1 x
[aman="5 ([ reesmcac) [y (16)
0 oo 0

ITo Teopeme 3 psan B (16) cxomurces npu obom x € [0, 1] u ero cymma ecthb

) (/lf(f)e_%“g df) /me%’”'" dn = ]f(n) dn. (17)
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Taxwum obpaszom, u3 (16) u (17) mosmy«unm, aTo

jg(n) dn = jf(n) dn.

A orcrona caenyer, uro g(z) = f(z) s . B. x € [0,1], To ectb byukIMa f(T) sABAETCSH

«cymmoit» paga (15). Jlemma mokasamna. O

YTBep:KaeHne JJeMMbI 1 BIOJIHE coryacyeTcst ¢ ujeeii Ditaepa [5], aro «cymma HEKOTO-
poro 6eCKOHEYHOr0 PAJIa €CTh KOHEUHOE BLIPAYKEHNE, U3 PA3/I0zKeHUs KOTOPOIo BOSHUKAET
STOT PAI>.

OHHC&HHI}Iﬁ METO/ HOﬂyquI/IH «CyMMbI)) PacCXoJANIIEeTrOCd TPUTOHOMETPUYIECKOT'O PA-
na (15) sBisteTcst «peryasapHbIM» [6], Tak Kak JIJI CXOJSIIIXCS PSJIOB 9Ta, «CyMMay COB-

najiaer ¢ OObIYHON CyMMOIt psijia, TO ecTb ¢ dyHKiueii f(x).

5. KOHEUHAA ®OPMVYJIA /IJId OBOBIIIEHHOT'O PEIIIEHUS

B stom pazzene mokasbiBaeTcs chOpMyINpOBaHHAS BBIIIE OCHOBHAS TeopeMma 1 0 Ko-
HeuHoit dopmyite (6) mis 0bobmentoro pemenns. Vexomum u3 dopmyssl (14), koTopyio

3allullIeM B BHEC
1 1
) = 52 5 [ ([ (= mGelo 600l + amGlo s Npl) d ) r, - (15)
koo 0

Hnga dyskmun [puna G(z, £, \) nMeer MecTo mpejicTaBeHne

Mows — il)Au) (e

_ ex(mwz(wo)) _

Awrztwz(1-¢)) _ pwi(@+1-8) 4 oA(wi(1-€)+waz) _

Gz, 8, A) =

oo (e — 9 + e ),

rie x(z) — bynkmua Xesucaiina (x(z) =1 npu 2 > 0, u x(z) =0 upu = < 0).

s mokazarebeTBa MOTPEeOyIOTCs JIBE JIEMMBI.

Tak kak unciaa A\, k = +1,£2, ... onpenensiembie dopmynoii (13), aBagorcs mpo-
creivu niostiocamu byukiun 'puna G(z,€, \), To 1y Beraeros ot dbysakmmit G(x, &, \) n

Ge(x, €, \) cupaseuBel GOPMYIIbI, JaBaeMble CJIeLYIOMIeil JTeMMOil.

Jlemma 2. Chpasedausvl popmyav

1

— , ’)\ _ < Apwax )\kwla:)( w1l f)\ko.a{)’ 19

rk(x7€> )\r:eka(x 5 ) 2]{;7”-(&]2_&)1) € e e € ( )
1

rg(z,§) == Tes Ge(x,&, ) = — (or =) (e’\’““” — e’\k“1x> <wle’)"“““5 - wge”\“”é). (20)
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JloKazaTesbCTBO JIEMMBI ITOJTyYaeTCs HEeIIOCPEICTBEHHBIM TI0/ICY€TOM 110 (hOpMyJIe JIJTs
BBIUETA OTHOIIEHH JBYX TeJIbIX YHKIHMI B caydae mpocroro nosmoca |10, c. 417].

B cremytomeit semme gaiorcs GpopMyIibl IpeodpazoBatus HHTErpaaoB oT e @i f(£),
j = 1,2, x koadpburmentam Oyphe M0 TpUrOHOMeTpHHecKoil cucteme {2} nekoTopbIX
npeobpaszosanuit byHkmu f(£), TaKUX, 9TO 3TH MpeodpasoBaHHbIE (DYHKIIUH CyMMUPYe-
Mol Ha [0, 1], ecam cymmmpyema sa [0, 1] dynknus f(§).

Jlemma 3. Ecau f(x) € L41]0, 1], mo cnpasedaueve hopmy.av

1 1

/e—)\kwlgf(é‘) dé = _w2;w1 /e_%mgf*(f) dg, (21)

0 0

1 1

/6)\kw2§f(£) dé— — u /62kﬂi5f* (g) d£7 (22)

W2
0 0

ro-{ sy oo wo-{1G) oo

2de 0603HaeH0

JlokazaTebCTBO TOM JIEeMMBbI TTOJIyYaeTCsl B Pe3yJIbTaTe COOTBETCTBYIONINX 3aMeH Iie-
PEMEHHBIX TI0]] 3HAKAMHU WHTETPAJIOB.
[Iepeiiem Tenepb K HEMOCPEJICTBEHHOMY JTOKA3aTeILCTBY T€OPEeMbI 1.

Ucnonb3ys oboznadenns geMmbl 2, u3 (18) mosrydnm

uwt) = 3 [ e (20 piGelo. €10l + MG, € 2)0(6)) ) e =

- zk:/ <@Akt( —pir(z, §) + Akpgrk(x,g))¢(§)> de. (24)

Ha ocnoannu dopmyi (19)—(20) memmst 2, a Takxke akcuoM (A)—(B) uz (24) Gymem

NMETDb

u(a:, t) = Z (ekk(t—&-wzﬂc) o e)\k(t—‘—wlx)) %

k
1

D1w AkD2 —“Apwi€
% (/ (((U.)Q —w1)2 + 2]€7TZ(CU2 —U)1>>€
0
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- P kP2 —Apw2§
<(W2 — wy)? * 2kmi(we _w1)>e >‘P(f) df)

Orciona, ncnosb3ys dopmyisl Buera: py = —(wy + wy) # pa = wyws, Haiimem

u(x, t) = Z (ekk(t—&-wzﬂc) o e)\k(t+w1x)) %

k

1 1

w2 w2
x ( - [eoesprg s+ L [emtag de) -
(Wz - wl) / (wz - w1)2 0/

1

1
_ ( Z Ak (tHwaz) /(,0 7)\kw1£d€ - Z ekk(tﬁul:p) /(p(é-)e)\kwlgdé-) +
(w2 - w1 A ,

0

! 1
0 k 0

Hanee npumensiem jiemmy 3 u akcuomy (A). B pesysibrare mosrydanm

1 1

s ttwox . ttwix i
k k

0

0
1 1

LW ( zkmgwaﬂ; / oo (E)e 2T G — Z 2k ks / 0, (€)e2kmie d5>.
0 0

Wo — W1

Teneps, 9TOOBI MTOJIYIUTH KOHEUHYIO (DOPMYJTY Jjist OOODIIEHHOIO PENIeHusl, BOCIO/ b
3yeMcst JIeMMOit 1 JIJIst OTIpeJie/IeHnsi «CyMM» PsIIOB, CTOAIUX cipaBa. Tak Kak GyHKIs
k™% ecrn 1-mepmommdecKas (GYHKINS, TO B PE3yIbTaTe HOIyIHM CJIeILyIomee IIpeICTaB-

JIeHWe JIJIsl IPaBoii JacTu mocseaneii hbopmyssl s 1. B. (x,t) € @
w f [T+ wx T +Hwix
=gz (-({Ez) - ({522))-
Wy — W1 Wy — W1 Wy — W1
Wy t + wex t 4wz
+—— () —e (s —— ¢ ) |
Wy — W1 Wy — W1 Wy — W1

rie {z} obosnavaer ApobHyO yacTh uncia r € R.

9Ty GOPMYITy MOXKHO 3alMCATH B BHUJIE

r,t) = 7((({—}) +wm({%}))—
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e (52 e (EE0)))

Ucronbsyst dopmysibl (23) jemmbl 3, mostyduM 6oJiee MPOCTOE PECTABICHUE JIJIst

KoMOuHanuK (bYHKIMH, CTOSIIUX B CKOOKax B (25)

Wap 2), £€0,a);
w1 (§) + wapu(§) = 1—¢ = p(8),
wip E)v § € [a, 1];

riae (&) umenHo Ta dyHKIWMsI, KOTOpas Oblia onpejeieHa B (hOPMyJIUPOBKe TeopeMbl 1

dbopmyoit (7).
C yuerom sroro dopmyity (25) MOKHO 3amucaTh B BUE

otz i) w

a 910 u ecth dhopmyna (6) u3 GOPMYIHPOBKE TEOPEMBI 1.
Takum 06pa3oM, OCHOBHasE TeopeMa, 1 HaCTOsINel cTaTby JOKa3aHa.
Jlnsg cpaBHEHMsT 1eJIeCOOOpPA3HO NMPHUBECTH CJCAYIOMHUil pe3yabrar o (opMyse 1isa

KJIACCHIECKOro perenns u3 [9).

Teopema 4. [Iycmov svinoansemes yceaosue (4). Jas mozo, wmobwv 3adaua (1)—(3) ume-
A0 COUHCMBEHHOE KAACCUMECKOE PeweHue, HEoOT00UMO U AOCMAMOYHO, 4Mmobv, GyHKUuuL
o(x) u ¢'(x) bvau abcomromno nenpepvsho, " (x) € L1[0,1] u p(0) = (1) = 0. IIpu
amom pewenue u(x,t) onpedeasemcs gopmyrot (6) (uau (26)).

CireioBaTeibHO, U KJIACCHYECKOE U O0DODIIEHHOE PEIleHUsT BHIPAXKAIOTCS OJIHON U TOM
ke hbopmysioit. DToT PaKT MOATBEPKIAET MIPABUIBHOCTD U3JI0KEHHOTO TTOIX0/Ia TTOJTYde-

Hust popmyJbl (6) jJ1st 0GOBIIEHHOTO PeleH sl

6. KPATKAS NCTOPUYECKAS CIIPABKA

BocCCTaHOBUTD MOJTHYIO UCTOPUIO MCCJIEI0BAHIN HAYAILHO-TpaHnIHol 3a1a4au (1)—(3)
JIOBOJTBHO TPY/IHO, TaK KaK OYeHb MHOTO MAaTEMATHKOB PACCMATPUBAIN TaKyIo 3a/1a9y Ha
MPOTSIZKEHUN JIOJITOTO BPEMEHU IO/ PA3HBIMU yIJIAMH 3PEHUS U UCIOJIb30BaId pa3Hble
METO/IbI.

Tem ne menee, JJIs TOJTHOTHI KAPTHHBI TPUBEJIEM HEKOTOPbLIE MCTOPUYECKHE (DAKTHI,
KOTOpPBIE B KaKOW-TO Mepe OJIM3KU K 00CYyxKjaaeMbiM TpobsieMaM. Hekoropble paboThl u

ABTOPDbI y2KE IUTUPOBAJIUCH B IIPOIIECCE N3JIO2KECHU .
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Ypasuenue (1) siBsgieTCst ypaBHEHIEM MOIIEPETHBIX KOJTEOAHN TPOJIOIBHO JIBIZKY ITIETi-
¢ KOHEYHO# cTpyHBI. Takne ypaBHEHUsT aKTYyaJbHbBI JIJIg IIPOU3BOACTBEHHBIX IIPOIECCOB,
CBSI3aHHBIX C [IPOJIOJIBHBIM JIBUKEHUEM MATepUuasioB (HarnpumMep, 6yMaykKHOTO MOJOTHA).

UccaenoBanne takux Kosebanmii Hadaaock okoiio 60 jer Hasza B paborax [11]-[13].

Wznaraembie B HACTOAIIEH cTaThe PE3Y/IBTATHI ITOJIYIEHbBI C UCIOJIB30BAHUEM BTOPOTO
U3 JIBYX IIOJIXOJIOB K PEIIEeHUI0 HaYaIbHO-IPAHUYIHBIX 3a/1a4 JIjIs BOJTHOBOIO YpaBHEHHS B
IIOJIYIIOJIOCE ILIOCKOCTH, TpeayiozKeHHbIX A. I1. XpoMoBBIM.

[IepBbIit 110/1X0/T, KOTOPBI MOYXKHO Ha3BaTh PE30JIbBEHTHBIM, OBLI IIPUMEHEH BIIEPBbLIE
K PEIeHNI0 HAYaJIbHO-IDAHUIHBIX 3a/1ad I BOJHOBOIO ypaBHeHus B [14]| m mosry«mt
passurue B crarbax [15]-[16]. DTor meros cBsi3an ¢ pasbueHreM (hOPMATLHOTO PEIIEeHsT
Ha dacTH, cienys pekomeryaisam A. H. Kpbutosa [17, ri1. VI| o yckopenuio cxopumoctu
psioB Pypbe

B nmanbreitmem A. I1. XpoMoB TOIOJHII PEe30JbBEHTHBIA METOJ, ITOIXOJI0M, CBSI3aH-
HBIM C PaCXOIANNMUCA psiaaMu (popMaJIbHBIX perntennii. Pacxosiiimecst psabl paccMar-
puBatorcst B nonumanuu JI. Ditsepa [5|-[6], KoTopwiil, Kak yKe ObLIO OTMEYEHO BHIIIIe,
SIBJITETCST OCHOBOIIOJIO?KHUKOM CyMMUPOBAHUS PACXOSIINXCA PI0B. Takoit 1moaxo ObLt
HepBOHaYAIBHO paccMoTpeH B [18|, a 3arem mosryumn passurue B paborax [19]-[21]. NHo-
IJIa TaKOW I0JIX0/I HA3BIBAIOT AKCHOMAaTHICCKIM.

Hawu6oJiee ipocto Bropoii mojgxon A. IT. Xpomoa onucan B KpaTkoii crathe (3], KoTo-
pas y2Ke MUTUPOBa/Iach. Pa3BepHyTOe M3J/I0KeHNe 9TOH CTaThl, KaK yKe OBLIO OTMEYeHO,
nano B [4].

Wcropuio hopmMupoBaHusi 1 pa3BUTHsI TOTO METO/IA, & TAKKE MOy IeHHBIE C TIOMOIIHIO
9TOT0 MeTOJIa Pe3y/IbTaThl MOXKHO HAfTH B yKa3aHHBIX 1 Apyrux padborax A. IT. Xpomora
(mampumep, B [22]).

AHaJIOruYIHBI TOJIX0/] K PEIIeHNI0 CMENIAHHBIX 33129 B MOJIYIIOJIO0CE ILJIOCKOCTH st
TeserpadHOro ypaBHEHHS IIPH JIPYTUX KpaeBbIX ycaoBugax uctoab3osas 1. C. Jlomos. O-
HUMH U3 TIOCJIETHAX €ro paboT sABisioTcs craThn [23] u [24].

Hpyroit moaxoxn, orauunbiii or ucnob3yemoro A. I1. Xpomossim u U. C. JlomoBbIiM
U IpU JIPYTUX IIOCTAHOBKAX HAYAJBHO-TPAHUYIHBIX 3aJad9, HOJYIHI Pa3BUTHE B pado-
tax @. E. Jlomosuesa. O iHa u3 nocieHux ero pabor ecrb crarbs [25].

PaccmarpuBasucs u apyrue 3agaqu s ypashenns (1). Hanpuwmep, 3a1a4a rarmesust

HOTIEPEYHBIX KOJICOAHNUIT TIPOIOJIBHO JBIZKYIIEHiCs CTPYHBI HCCJIeI0BaIach B cTaThe [26].
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S3AKJIFOYEHUE

B pabore uccieioBana HavdabHO-IpaHUYHAs 3ajada JJIS OJIHOPOIHOIO THIIEPOOIN-
JeCKOr0 YpPaBHEHHS BTOPOTO MOPSIKA C MOCTOSTHHBIMHU KO3(MDUIIMEHTAMI U CMEMIaHHOM
IIPOU3BOHON B IOJIYIIOJIOCE TLJIOCKOCTH.

PaccMorpen cirydait HysmeBoit HadaJ bHON CKOPOCTH W 3aKPEIJIEHHBIX KOHIOB (ycJio-
Bust [upuxiie). Ilpesmonarasioch, 910 KOpHE XapaKTEPUCTHIECKOTO yPABHEHHs TIPOCTHIE
U JIe’KaT Ha BEMeCTBEHHON OCH 110 pa3Hble CTOPOHBI OT HavaJja KOOPIUHAT.

CdopmynupoBaHn n JJoKa3aH OCHOBHOW pe3yJIbTaT CTAaThU, & UMEHHO, TeOpeMa, O KOHEU-
HOIT popmyite j1j1s1 000OIEHHOTO peleHns Ha ocHoBe mpejoxkennoro A. II. XpomoBbim
AKCHOMATHUIECKOTO 101X0/1a. [JIaBHOE JOCTOMHCTBO 3TOi (DOPMYJIBI COCTOUT B TOM, UTO B
Hell He TpebyeTcs KaKoe-JIMOO Ipe/IBapUTe/IbHOE MPOJIO/IZKEeHNe HAadaIbHOW (DYHKIUN 38
IpeJiesibl OTpe3Ka ee orpejesenud. [lomydennas dpopmysa g 0OOOIIEHHOTO PeIieHus
COBIIAJIAET C COOTBETCTBYIOIIEH (hOPMYJIOi /IJIsT KJIACCUICCKOTO PENTeHUs.

B gacrHOM cirydae mpocreiiniero ypaBHEHHSI KOJeOaHUs CTPYHBI 3Ta (hopMyJia st
0000IIIEHHOTO PEIIeHusT UMeeT JIPYTroi BHUJ, €C/IU CPaBHUBATH ¢ (DOPMYJIOi, IOy IeHHOM

panee A. II. XpoMOBBIM.
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ON THE PROBLEM OF ESTIMATING THE COMPLETENESS OF THE UAV
AERODYNAMIC CHARACTERISTICS UNDER UNCERTAINTY.

Tran M. H., Yurkov N. K., Nguyen Q. T.

Abstract. The article presents the formulation of the problem of clarifying the aerodynamic
characteristics (ADC) of unmanned aerial vehicles (UAVs), obtained from the results of flight
technical tests (LTI) or aerodynamic blowdowns, which is the task of multi-criteria multi-
parameter multi-factor identification of indicators and characteristics of complex technical
systems and their structural-parametric optimization.

In the presence of uncontrolled factors, i.e. conditions of uncertainty, the problem of
estimating the completeness of the UAV aerodynamic characteristics under uncertainty is
supplemented by operators of uncertainty disclosure. In design tasks two types of uncertainties
are usually considered: multi-factor uncertainty (natural and (or) artificial origin) and multi-
criteria uncertainty associated with design decisions, taking into account the interests of all the
optimality criteria that have been set, which is difficult to formalize completely.

The problem of estimating the completeness of UAV characteristics under conditions of
uncertainty is outlined. A software and methodological complex for the statistical synthesis of
an aerodynamic UAV model is presented.

The following issues are addressed:

e to develop a method of statistical analysis of structural and parametric design relationships
of aerodynamic characteristics of UAVs, which allows to restore design and functional
relationships between design parameters and criteria assessments of the aerodynamic
model of UAVs;

e to develop a method for statistically assessing the aerodynamic completeness of UAVs from
experimental data, allowing to assess the completeness of the experimental (approximate)
model developed by the UAV on determination criteria and Darbin-Watson, which differs
from known topics, that this method summarizes the analytical procedures of the method
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in the inverse function space, which show the extent to which the built approximation
model explains the patterns contained in the statistical sample;

e to develop mathematical models and algorithms of synthesis of aerodynamic
characteristics of UAVs on experimental data, which reduce the financial and time cost of
aerodynamic blowing in a supersonic wind tunnel and full-scale testing in the development
of new UAV samples and their modifications.

Keywords: aerodynamic  characteristics (ADC), unmanned aerial vehicles (UAVs),

identification, multicriteria optimization, structural-parametric synthesis.

BBEIEHUE

Ilenpio paboOThI siBIsieTCA pa3pabOTKa MeTO/a CTATUCTUIECKHX OIEHOK ITOJIHO-
THI a9POIMHAMUIECKIX XapaKTEePUCTUK OECIUIIOTHBIX JieTaresbHbIX ammaparos (BJIA) B
YCJIOBHUSIX HEOIIPEJIEIEHHOCTH 110 9KCIEPUMEHTAJIbHBIM JTaHHBIM JIJIsi COKpaIleHusi (pruHaH-
COBBIX W BpeMEeHHBIX 3aTpaT HATYPHBIX UCIIBITAHUI IpH pa3paboTke HOBLIX 00pas3noB BJIA

1 UX MOJAUDUKAIINAN.

3amada crpykTypHOo-nnapamerpudeckoro cuare3da CTC npejcrasiena onrumu-

3alMOHHON Tporielypoit B Buje [2]:

opt __
JP = max max J(a,z(t),b), (1)
z(t)ezZ

rje J — OPUHATHII KpuTepuii OITUMAaIbLHOCTH, ¢ — BEKTOP IPOEKTHBIX IIapaMeTpos, A —
06J1aCTh JIOIyCTUMBIX [IPOEKTHBIX APaMeTPOB, z(t) — BEKTOD PEXKUMOB JIBUKEHUsI CHCTe-
MbI, Z — 00JIaCTH JIOIIYyCTUMBIX PEXKUMOB JIBUKCHUSI CUCTEMBI, b — BEKTOpP IIapaMeTpOB,
OIUCHIBAIONIUX CTPYKTYPHBIC COCTOSIHUE CHCTeM, B — 06/1aCTh JOIMYCTUMBIX CTPYKTYPHBIX
COCTOAHUNA CUCTEMBI.

st jaHHoil 33/auu cHAYAIa TPOBOUTCS CTPYKTYPHBIA BHIGOD (1Al CTPYKTYPHBIH
ONTUMU3AIMN) KPUTEPUEM max J (a,z(t),b), u B paMKax BEIODAHHON CTPYKTYPbI IPOBO-
JUTCA MAPAMETPHHIecKas OUTHMU3ANNA  Max J (a,z(t),b*) mo BapbUpyeMbIM HapaMer-

z(t)ezZ
paM CHCTEMDI.

[Ipu nammyuum HEKOHTPOJIUPYEMbBIX (haKTOPOB, T. €. YCJIOBUN HEONPEJIeIEHHOCTH 33,12~
va (1) gomosiHsieTcst omepaTopaMu PacKpbITHs HEOHpPeIe/IeHHOCTel. B mpoeKTHBIX 3a1a-
Jax 0OBIYHO PACCMATPUBAIOT JIBa BUJIA HEOIPeIeIeHHOCTE: MHOTO(DaKTOPHYIO HeoIpeie-
JIECHHOCTBH (HpHpOILHOFO I/I/I/IJ'H/I HUCKYCCTBEHHOI'O HpOI/ICXO}K,ZLeHI/IH) 1 MHOT'OKpUTEPHUAJIbHYIO

HEOIIPE/ICJICHHOCTD, CBA3AHHYIO C IIPUHATHAEM IIPOEKTHBIX PENIEHUl, ¢ y9eTOM MHTEPECOB
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OJIHOBPEMEHHO BCEX 3alaHHBIX KPpUTEPUEB OIITUMAJIbHOCTU, 9YTO TPYAHO IIOJIHOCTbHIO (1)Op—

Masm30BaTh. 3agada (1) misg sroro ciydas 6yger umers Bug [2]-]5]:

opt _ inf 2
J r%aé max inf opt J(a,z(t),b,w), (2)
z(t)e

sneck J (a, z (t), b, w) — BeKTOPHBII KpuTepwii, opt J(.) — onepaTop, peajn3yomuii mpo-
eKTHBIE OIITUMAJIbHBIE TapaMeTpbl, in f(.) — omepaTop, peajaus3yonuii CBepTKH HEKOHTPO-
mpyembIx (HhakTopoB (0ObeInHEHNe I KOMOMHUPOBAHUE), TJI€ W — BEKTOP HEKOHTPO-

JpyeMbIxX dpakTopoB, W — 06/1acTh BO3MOXKHBIX COCTOSTHUN CPEJIbI.

KavecTBo BOCCTaHABIMBAEMBIX adPOJIMHAMHYECKUX 3aBUCUMOCTEN B ITPOTPAMMHOM

KOMILJICKCE OIIEHUBAETCS 110 JIBYM CTATHCTHYCCKUM Kpurepusm [2], [8]:

1. Basada onTUMU3AIUN 10 KPUTEPUIO PETYIAPHOCTU:

2. 3aJ1a4a ONTUMU3AINN 110 KPUTEPHUIO HECMEIEHHOCTH:

N N

nem = Z (Ja— JB)3/ Z (Jp)? = min,

i=1

31ech N — 00beM CTaTUCTHIECKOH BHIOOPKU.

XapaKkTepuCTuKY U IePEeKPECTHBIE CBA3U adpoanHamMmudeckoit mogen BJIA | npeacras-
JIeHbI B siBHOM BHJIE |2, 6-8]:
(M =y +ri(a® + %) + 19(0f + 05) + 1302 + ra(ady + Boy)

+75(a® + B2) + re(a®B?),

M

Cy:

cya+ cgég + 100 + criaB? + c12020g + 13809 + cr4a B0y
+ co0¥d, + 7wy,
Ci\/‘[ = —026 - 025\11 — 108 — enfo’ — 12?0y — c130°6y — craa 36
+ CQOOC/B + cfywy,
mgj,‘/f =m3 S+ m‘i&p + b108% 4 b118a” + b12S%0w + b3Sy + b Sy
+ bZOOéﬁu
M_ . a 5 3 2 2 2
m; =m3 B+ mioy + bipa” + biiaff” + biaa”dg + bi33°0g + braaBoy

\ + b206597

(3)
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sece: ¢y ey e

€HTOB, (@ — yroJI ataku, 3 — yroj ckoibxkenust BJIA; §y = %((52 + 04) — yroJ1 OTKJIOHEHWsI

M M M
my,m,", m;" — MOJebHBbIE 3HAYEHUs adPOIMHAMUIECKUX K03 dumny-

pyJieil B BepTUKAJbHON ILJIOCKOCTH; Oy = %(51 + d3) — yroJ OTKJIOHEHUsI pyJieil B TOpHU-
B0HTAJILHON IJIOCKOCTH; 0, = i(ég — 01 4+ 04 — d3) — yroJ OTKJIOHEHUsI PyJieil TI0 KpeHy,

1, 02, 03, 04 — yrubl orkJIOHeHUs pyJeit BJIA no tpaekropusim npuxkenus (puc. 1) [2].

y
01 34

L /

AN,

Puc. 1. Yol otkjaonerus pyseir BJIA mo TpaekTopusiM JBUKEHUsT

o a 0 a é
JII/IHGI/IHI)IG mapaMeTpbl C$07 Cm7 Cy7 mz7 mz? r1, T2, T3, T4, T'5, Tg, C10, C11, C12, C14, C20,

b10, D11, D12, b14, by TOJIEZKAT OIPEJICTICHUIO U3 YCJOBUST MUHUMYMa, KPUTEPUS PEryJisip-
HocTH. It MaHHOM a’pouHAMUYECKOH MOJIe/IM MUHUMU3AIINASA 110 KPUTEPUIO PEry/IsipHO-

CTU COOTBETCTBYET IPOIECCY CTPYKTYPHOIO BHIOOPA, TAK KaK BBHIOOP MTPOU3BOICTBEHHDBIX
a0 « 4
Yy Cy? mz 9 mz

aspoamHamuydeckas cxema BJIA, Kakue TOKHBI OBITH PEXKMMBI €0 JIBUYKEHNUSA 1 T.II.

a9POMHAMIYECKNX KOI(DPUIINEHTOB ¢4y, C [TOKA3bIBAET, KaKasd JI0JIXKHA OBIThH

1. TIOCTAHOBKA 3AJIAYM OLEHKU IMOJTHOTHl XAPAKTEPUCTUK BJIA
B YCJIOBUSIX HEOIIPEJEJIEHHOCTH

CoBOKyTTHOCTH TpeOOBaHUIT, OrPAHUYIEHNN U KPUTEPUEB, peIbsiBiasgeMblx K BJIA 1o
dopMaLHBIM TPU3HAKAM, 00pPa3yeT BEKTOPHBII KPUTEPUIi, UMEIOTIHI CJIe IO COCTaB:
— s 2 .

J = (pnpomy (90 — 5) VA (B)), TI€ Prpon — Bermuuua npomaxa BJIA, phpe. = min,

™

2 2 .
(gp — 5) — TpeboBaHue 110 YTy nojieTa K nesu, (¢ — 5)° = min, V' — ckopocTh noera

K e, V = max, A%(B) craructudeckuit Kpurepuit peryagpaoctu A% (B) = min.
Baaua naeaTndukammn xapakrepuctuk bJIA cocronT B BRIOOpE TAKOTO MTPOEKTHOTO

pertiernst d, KOTOPOe YJOBJIETBOPsieT cucreMe QyHKINOHAIBHBIX orparndenuit [10]:

pA) <, pd)=T—e V)2V,
A2 (c,) < A2(cr)*, A2 (e,) < A%(e,)", A%(c.) < A%(c.)", (4)
A? (my) Az(my)*> A? (mz) < AQ(mZ>*a
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e p*, V*, A% (e,)", A%(c,)", A%(e,)", A%(my)", A%(m,)" — 3a1aHHBIe YPOBHU KpUTEpH-
aJIbHBIX OIPAHUYEHNUIl, KOTOPbIE BLIOMPAIOTCS U3 yCIOBUs 0becledeHrs 0e30IaCHbIX PerKi-
MOB JIBIzKeHUs. 3j1ech A? (@) ecTh KPUTEpUU PEryJspHOCTH, PACCUUTHIBACMbIC ISt BCEX

adPOIMHAMUIECKUX KO03(MDPUIIMEHTOB.

Cucrema QpyHKIINOHATBHBIX OIPAHUYIEHUN COMEPKUT JIEBATH YACTHBIX KPUTEPHUEB OIl-

tuMasbHocTa [11]:
Jot = (psp = 5, V. (e2), A2(c,), A%(e2), A%(m, ), A% (), A% (m),
9TO NPUBOJUT K POGJIEME MHOIOKPUTEPUATBHO ONTHMU3AIIN.
Vcnosnb3yst aji/iuTHBHBL IPUHIUIT ONTUMAJIBHOCTH IIPUBEJICHHBL BbIIlle BEKTOPHBIII
KpHUTEpUii MOKHO IPEJICTABUTE B BHJIE:

. T2
Jy = min {al.p + oq.(cp — 5) +as (V) +as. A% (B)|, (5)

4

rjae «; — BecoBble Koaddunuenter, oy; > 0, i = 1,7; > a; = 1; d — BEeKTOp IPOEKTHO-
i=1

ro perienus; D — 06JacTh JOMYCTUMBIX perieHnii. [lo HaiieHHBIM a3pOJIMHAMUYIECKIM

IIPOU3BOJHBIM BOCCTaHABJIMBACTCA SKCIICPUMEHTAJIbHAA a9pPOJNHaAMNIECKad MOIE/Ib BJIA

B ciieayromeM IMOJIMHOMUAJIbHOM basuce

8635 8cx e, oc, 0c, e, 0c,

Co = Coo T 5 aBBJr wz+a—wy+£él+a—®5g+a—MM;

¢y = acy gcgﬁ %% . + gﬁ ggydl + g§y52 + g;ZM

. = acz gcgﬁ+ 8czwz+gcz ggjélJrggZ& +§—CA2M; (6)
M, = 8£ya+ aa]\gyﬁnt %i\iywz + %ﬁj’wy + %‘Zyél + %]?2%2 + gj\]\?’M;

\MZ = aé\izwr 8§gzﬁ+ %Aizwz + a&i\fyzwy + (?91241251 + %]Zz& + ZAA?M;

Bekropnsbrit kpurepnit onenkn Kadecrsa BJIA npencrasien B dpopme:

Jo = aip+an(p—7/2) + ay [AQ(B)CI +A%(B), +AXB), +
(7)
+A%(B),, +A%(B),, | +au
e p — IpoMax, ¢ — YroJl TaHTraxKka, (; — BeCOBbIe KOI(PDUIMEHTHI, CyMMa KOTOPBIX

paBusgercd 1, 1 — Mepa 00JIACTU JTOCTUKUMOCTH.
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[IporpaMMHO-METOANYIECKNT KOMILJIEKC CTATUCTHYECKOT'O CUHTE3a adPOIMHAMUIECKO

mozesm BJIA npescrasien wa puc. 2 [12].

Havano
3aaaHWUe UCXOAHBIX
AaHHbIX hsum, a, b, nk, iz

.
Bnok nokanbHoM
onTUMM3a UMY ommvanoc:

A%(Cx), b2(Cy), & %(Cz),
a%(m,), & 3(m,),
p, R?, DW
HET

Pacuer ¢, ¢y, ¢; m,, m,
Pacuet ypaBHeHuUI
OBUXEHUA
PacueT npomax p
Pacuet R2, DW

fun

nA
Meyatsb Xop i,
i=1, nsum, fk

Puc. 2. IIporpaMMHO-METO/IMYECKHIIT KOMILIEKC CTATUCTUYECKOTO CHHTE3a
aspoaumHaMuIeckoir Mogean BJIA

3AKJIIOYEHUE

Pemenne nmocrapienHoit 3a1a9u 1103BOJISIET:

e pa3paboTarTh METOIUKY CTATHCTHIECKOIO aHAIN3a CTPYKTYPHO-IIApaMETPHICCKUX
[IPOEKTHBIX CBsI3eil aspoIuHAMUIeCKnX xapakrepuctuk BJIA, Koropast mosposisier
BOCCTAHOBUTH IMPOEKTHO-(PYHKITMOHAIBHBIE CBA3U MEK/Iy ITPOEKTHBIMU ITapaMeTpa-
MU 1 KPUTEPUATBLHBIMEI OIEHKAMHI a3poaumHaMuIeckoir Mogean BJIA;

e pa3paboTarTh METOJ CTATUCTUYIECKON OIEHKH ITOJHOTHI adPOJMHAMUIECKUX XapaK-
repuctuk BJIA 10 sKcrepuMenTaIbHbIM JTaHHBIM, TO3BOJISIIONIUI OIIEHUTD ITOJTHOTY
SKCIIEPUMEHTATBHOM (ammpokcuMupyioreii) mojesu pazpaborantnoro BJIA mo kpu-
TepusM JerepMmuHaiun u Jlapbuna-YoTcoHa, OTINYAOMMUICT OT U3BECTHBIX TEM,
YTO JAHHBIH MeTO 0000IIaeT aHAJTUTUIECKHE IIPOIEIYPhl METOIa B IIPOCTPAHCTBE
00paTHBIX (PYHKIUI, KOTOPbIE MTOKA3BIBAIOT HACKOJJIHKO ITOCTPOEHHAS aIlllPOKCHMU-
pyiomas MoJeb 00bACHAET 3aKOHOMEPHOCTH, COJIEPXKAINecss B CTATUCTHICCKON

BBIOODKE;
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e pa3paboTaTh MaTeMaTUYeCKHe MOJEIU W aJrOPUTMbI CUHTE3a adPOIMHAMIYCCKUX
xapakTepuctuk BJIA 1o 3KcHepuMeHTaJbHBIM JAHHBIM, KOTOPBIE TO3BOJISIOT CO-
KpaTuTh (PUHAHCOBBbIE U BPEMEHHbBIE 3aTPaThl Ha a’dPOJANHAMUIECKYIO IPOIYBKY B
CBEPX3BYKOBO a3pOMHAMUYECKO TpyOe U HATYPHBIE UCIBITAHUS ITPU pa3padoTKe

HOBBIX 00pasnoB BJIA u nx Momudukamnm.
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STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE SPECTRUM OF THE ENERGY
OPERATOR OF SIX-ELECTRON SYSTEMS IN THE HUBBARD MODEL. SECOND SINGLET
STATE.

Tashpulatov S. M.

Abstract. We consider the energy operator of six electron systems in the Hubbard model
and investigate the structure of essential spectra and discrete spectrum of the system in the
second singlet state of the system. It is shown that in one-dimensional and two-dimensional
cases, the essential spectrum of the operator of the six-electron second singlet state consists of
the union of seven segments, and the discrete spectrum of the six-electron second singlet state
consists of a single eigenvalue, lying below (above) the domain of the lower (upper) edge of the
essential spectrum of this operator. And, in the three-dimensional case, the following situations
occur: a) the essential spectrum of the six-electron second singlet state operator consists of
the union of seven segments, and the discrete spectrum of the six-electron second singlet state
operator consists of a single eigenvalue; b) the essential spectrum of the six-electron second
singlet state operator consists of the union of four segments, and the discrete spectrum of the
six-electron second singlet state operator consists of an empty set; ¢) the essential spectrum of
the six-electron second singlet state operator consists of the union of two segments, and the
discrete spectrum of the six-electron second singlet state operator consists of an empty set; d)
the essential spectrum of the six-electron second singlet state operator consists of single segment,
and the discrete spectrum of the six-electron second singlet state operator is empty set; provided

that every situation occurs. Found the conditions when every situation to take place.

Keywords: Hubbard model, siz-electron system, essential spectra, discrete spectrum, octet state,

quintet state, triplet state, singlet state.

INTRODUCTION

In the early 1970s, three papers [2, 3, 8], where a simple model of a metal was
proposed that has become a fundamental model in the theory of strongly correlated
electron systems, appeared almost simultaneously and independently. In that model, a

single nondegenerate electron band with a local Coulomb interaction is considered. The
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model Hamiltonian contains only two parameters: the parameter B of electron hopping
from a lattice site to a neighboring site and the parameter U of the on-site Coulomb
repulsion of two electrons. In the secondary quantization representation, the Hamiltonian

can be written as

H=B Z CL:;’,YCLerT,7 +U Z a:l’Tam,Ta;#am’i, (1)

m7T7PY m
where B is the transfer integral between neighboring sites, 7 = +e;, 7 = 1,2, ..., v, where
e; are unit mutually orthogonal vectors, which means that summation is taken over the

nearest neighbors, U is the parameter of the on-site Coulomb interaction of two electrons,

1
2

@~ denote Fermi operators of creation and annihilation of an electron with spin v on a

v is the spin index, v =1 or v =/, 1T and | denote the spin values % and —=, and a:;w and
site m € Z¥, here Z" v— dimensional integer valued lattice, v— lattice dimensionality.

The model proposed in |2, 3, 8] was called the Hubbard model after John Hubbard,
who made a fundamental contribution to studying the statistical mechanics of that system,
although the local form of Coulomb interaction was first introduced for an impurity model
in a metal by Anderson [1]. We also recall that the Hubbard model is a particular case of
the Shubin—Wonsowsky polaron model [15], which had appeared 30 years before |2, 3, 8]. In
the Shubin—-Wonsowsky model, along with the on-site Coulomb interaction, the interaction
of electrons on neighboring sites is also taken into account. The simplicity and sufficiency of
Hamiltonian (1) have made the Hubbard model very popular and effective for describing
strongly correlated electron systems. The Hubbard model is an approximation used in
solid-state physics to describe to transition between conducting and insulating state. It is
the simplest model describing particle interaction on a lattice.

The Hubbard model well describes the behavior of particles in a periodic potential at
sufficiently low temperatures such that all particles are in the lower Bloch band and long-
range interactions can be neglected. If the interaction between particles on different sites
is taken into account, then the model is often called the extended Hubbard model. It was
proposed for describing electrons in solids, and it remains especially interesting since then
for studying high-temperature superconductivity. Later, the extended Hubbard model
also found applications in describing the behavior of ultracold atoms in optical lattices.
In considering electrons in solids, the Hubbard model can be considered a sophisticated
version of the model of strongly bound electrons, involving only the electron hopping
term in the Hamiltonian. In the case of strong interactions, these two models can give
essentially different results. The Hubbard model exactly predicts the existence of so-called
Mott insulators, where conductance is absent due to strong repulsion between particles.
The Hubbard model is based on the approximation of strongly coupled electrons. In
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the strongcoupling approximation, electrons initially occupy orbital’s in atoms (lattice
sites) and then hop over to other atoms, thus conducting the current. Mathematically,
this is represented by the so-called hopping integral. This process can be considered the
physical phenomenon underlying the occurrence of electron bands in crystal materials.
But the interaction between electrons is not considered in more general band theories.
In addition to the hopping integral, which explains the conductance of the material, the
Hubbard model contains the so-called on-site repulsion, corresponding to the Coulomb
repulsion between electrons. This leads to a competition between the hopping integral,
which depends on the mutual position of lattice sites, and the on-site repulsion, which
is independent of the atom positions. As a result, the Hubbard model explains the
metal-insulator transition in oxides of some transition metals. When such a material
is heated, the distance between nearest-neighbor sites increases, the hopping integral
decreases, and on-site repulsion becomes dominant.

The Hubbard model is currently one of the most extensively studied multielectron
models of metals [4, 9-11, 16|. Therefore, obtaining exact results for the spectrum and
wave functions of the crystal described by the Hubbard model is of great interest. The
spectrum and wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [9]. In the work [9] is considered the Hamiltonian
of the form

H=A Z a;ﬁamﬁ + B Z aﬁﬁ/amﬂﬁ +U Z a;ﬁam7¢a;7¢am7¢. (2)

m,y m,Ty m

Here A is the electron energy at a lattice site, B is the transfer integral between
neighboring sites, 7 = +e;, 7 = 1,2, ..., v, where ¢; are unit mutually orthogonal vectors,
which means that summation is taken over the nearest neighbors, U is the parameter of
the on-site Coulomb interaction of two electrons, v is the spin index, v =1 or v =/, 1 and
J denote the spin values % and —%, and a;rm and a,, . are the respective electron creation
and annihilation operators at a site m € Z”. It is known that two-electron systems can
be in two states, triplet and singlet [4, 9-11, 16|. It was proved in [9] that the spectrum
of the system Hamiltonian H' in the triplet state is purely continuous and coincides
with a segment [m, M| = [2A — 4Bv,2A + 4Bv|, where v is the lattice dimensionality,
and the operator H® of the system in the singlet state, in addition to the continuous
spectrum [m, M|, has a unique antibound state for some values of the quasimomentum.
For the antibound state, correlated motion of the electrons is realized under which the
contribution of binary states is large. Because the system is closed, the energy must remain
constant and large. This prevents the electrons from being separated by long distances.
Next, an essential point is that bound states (sometimes called scattering-type states)
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do not form below the continuous spectrum. This can be easily understood because the
interaction is repulsive. We note that a converse situation is realized for U < 0 : below
the continuous spectrum, there is a bound state (antibound states are absent) because
the electrons are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the on-site
Coulomb interaction of two electrons and corresponds to the energy of two noninteracting
electrons, being exactly equal to the triplet band. The second band is determined by
Coulomb interaction to a much greater degree: both the amplitudes and the energy of two
electrons depend on U, and the band itself disappears as U — 0 and increases without
bound as U — oo. The second band largely corresponds to a one-particle state, namely,
the motion of the doublet, i. e., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal described
by the Hubbard Hamiltonian were studied in [17]. In the three-electron systems are exists
quartet state, and two type doublet states. The quartet state corresponds to the free
motion of three electrons over the lattice with the basic functions g2, = CARRTANA RN
In the work [17] is proved that the essential spectrum of the system in a quartet
state consists of a single segment and the three-electron bound state or the three-
electron antibound state is absent. The doublet state corresponds to the basic functions
1d717{72n,p = a:marfyiagﬁpo, and qulﬁl,p = a;ﬁa:ﬁazigoo. If v =1and U > 0, then the
essential spectrum of the system of first doublet state operator H¢ is exactly the union
of three segments and the discrete spectrum of f[f consists of a single point, i. e., in the
system exists unique antibound state. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, or the essential spectrum of the system in the first
doublet state operator I:Tf is the union of three segments and the discrete spectrum of
operator H ¢ consists of a single point, i. e., in the system exists only one antibound state,
or the essential spectrum of the system in the first doublet state operator H ¢ is the union
of two segments and the discrete spectrum of the operator H 4'is empty, or the essential
spectrum of the system in the first doublet state operator H ¢ consists of a single segment,
and discrete spectrum is empty, i. e., in the system the antibound state is absent. In
the one-dimensional case, the essential spectrum of the operator ﬁg of second doublet
state is the union of three segments, and the discrete spectrum of operator ﬁQd consists
of no more than one point. In the two-dimensional case, we have analogous results. In
the three-dimensional case, or the essential spectrum of the system in the second doublet
state operator H ¢ is the union of three segments and the discrete spectrum of operator Flg
consists of no more than one point, i. e., in the system exists no more than one antibound

state, or the essential spectrum of the system in the second doublet state operator f[g
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is the union of two segments and the discrete spectrum of the operator f[g is empty, or
the essential spectrum of the system in the second doublet state operator f[g consists of
a single segment, and discrete spectrum is empty, i. e., in the system the antibound state
is absent.

The spectrum of the energy operator of system of four electrons in a crystal described
by the Hubbard Hamiltonian in the triplet state were studied in [18]. In the four-electron
systems are exists quintet state, and three type triplet states, and two type singlet

states. The triplet state corresponds to the basic functions 't}, = = a; a;.a’.a’ @,

tmnpr = G g1 Gp 0GP0 tmnpr = G gy Gpp0rP0-

If v =1 and U > 0, then the essential spectrum of the system first triplet state
operator 1?[3 is exactly the union of two segments and the discrete spectrum of operator
1?[} is empty. In the two-dimensional case, we have the analogous results. In the three-
dimensional case, the essential spectrum of the system first triplet-state operator 1?[} is
the union of two segment and the discrete spectrum of operator lfltl is empty, or the
essential spectrum of the system first triplet-state operator 'H} is single segment and
the discrete spectrum of operator 1[?} is empty. If v = 1 and U > 0, then the essential
spectrum of the system second triplet state operator 2[}3 is exactly the union of three
segments and the discrete spectrum of operator 21'?[751 consists no more than one point. In
the two-dimensional case, we have the analogous results. In the three-dimensional case,
the essential spectrum of the system second triplet-state operator QITItl is the union of three
segments and the discrete spectrum of the operator Qf[tl consists no more than one point,
or the essential spectrum of the system second triplet-state operator Qﬁltl is the union of
two segments and the discrete spectrum of the system second triplet state operator QFNItl is
empty, or the essential spectrum of the system second triplet-state operator Qﬁ[tl consists
of single segment and the discrete spectrum of the operator 2?[} is empty.

If v=1and U > 0, the essential spectrum of the system third triplet-state operator
3];@1 is exactly the union of three segments and the discrete spectrum of the operator 3I:Tt1
consists no more than one point. In two-dimensional case, we have analogous results. In the
three-dimensional case, the essential spectrum of the system third triplet-state operator
3]?3 is the union of three segments, and the discrete spectrum of the operator 3]11 consists
no more than one point or the essential spectrum of the system third triplet-state operator
3H is the union of two segments, and the discrete spectrum of the operator 3H} is empty,
or the essential spectrum of the system third triplet-state operator 3[?} consists of single
segment, and the discrete spectrum of the operator 3ITIt1 is empty. We see that there are

three triplet states, and they have different origins.
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The spectrum of the energy operator of four-electron systems in the Hubbard
model in the quintet, and singlet states were studied in [19]. The quintet state
corresponds to the free motion of four electrons over the lattice with the basic functions
Gorpir = Gy 10y 1020 In the work [19] proved, that the spectrum of the system in a
quintet state is purely continuous and coincides with the segment [4A — 8Br,4A + 8By,

and the four-electron bound states or the four-electron antibound states is absent.

- - : 1.0 _ gt oot gt oot
The singlet state corresponds to the basic functions “s, ., = a,a a7 a; po,
28D gt = 0o sar aial oo, and these two singlet states have different origins.

If v =1 and U > 0, then the essential spectrum of the system of first singlet-state
operator 'H 4 is exactly the union of three segments and the discrete spectrum of the
operator 7] 4 consists only one point. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, the essential spectrum of the system first singlet-
state operator 'H 4 is the union of three segments and the discrete spectrum of the operator
LH 4 consists only one point, or the essential spectrum of the system of first singlet-state
operator 7] 1 1s the union of two segment and the discrete spectrum of the operator 7] 118
empty, or the essential spectrum of the system of first singlet-state operator 'H 4 consists
of single segment and the discrete spectrum of operator 7] fisempty. If v =1and U > 0,
then the essential spectrum of the system of second singlet-state operator 2f 1 is exactly
the union of three segments and the discrete spectrum of operator 2[ 4 consists only one
point. In two-dimensional case, we have the analogous results. In the three-dimensional
case, the essential spectrum of the system second singlet-state operator 2 4 1s the union
of three segments and the discrete spectrum of the operator 2[ 4 1s consists only one point,
or the essential spectrum of the system of second singlet-state operator 2[ 4 1s the union
of two segment and the discrete spectrum of the operator 2f 1 1s empty, or the essential
spectrum of the system of second singlet-state operator 2f 4 consists of single segment
and the discrete spectrum of operator 37 4 1s empty.

The structure of essential spectra and discrete spectrum of the energy operator of
five-electron systems in the Hubbard model in the fifth doublet state were studied in [20].

In the five-electron systems exists the sextet state, and five type doublet states, and
four type quartet states.

The structure of essential spectrum and discrete spectra of the energy operator of
five-electron systems in the Hubbard model in the doublet state were investigated in [21]
and [22].

The structure of essential spectra and discrete spectrum of the energy operator of five
electron systems in the Hubbard model in a sextet and quartet states were studied in [23].
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1. HAMILTONIAN OF THE SYSTEM

We consider the energy operator of six-electron systems in the Hubbard model and
describe the structure of the essential spectra and discrete spectrum of the system for
second singlet state in the lattice. The Hamiltonian of the chosen model has the form (2).

In the six electron systems has a octet state, and quintet states, and triplet
states, and singlet states. The energy of the system depends on its total spin S.
Along with the Hamiltonian, the N, electron system is characterized by the total spin
S, S = Smazs Smaz — 1, -y Smins Smaz = %, Smin = 0, %

Hamiltonian (2) commutes with all components of the total spin operator
S = (87,57,5%), and the structure of eigenfunctions and eigenvalues of the system
therefore depends on S. The Hamiltonian H acts in the antisymmetric Fock space

Hos = 13°((27)5), where 15°((Z")®) is the subspace of antisymmetric functions of Io((Z")").
Below we give the constructions of the Fock space F(H).

Let H be a Hilbert space and denote by H"™ the n— fold tensor product
H" = HQHQ) ... ®H. We set H' = C and F(H) = @,°,H". The F(H) is called the
Fock space over H; it will be separably, if H is. For example, if H = Ly(R), then an
element ¢ € F(H) is a sequence of functions ¢ = {tg, 11 (21), Yo (21, x2), ¥3(21, T2, T3), ...},
so that [¢ho* + Y07 [ [Un(@1, 22, ..., 2n) Pdxyds...dx,, < co. Actually, it is not F(H),
itself, but two of its subspaces which are used most frequently in quantum field
theory. These two subspaces are constructed as follows: Let P, be the permutation
group on n elements, and let {v,,} be a basis for space H. For each o € P,,
we define an operator (which we also denote by o) on basis elements H", by
o(or Q@ P Q - Q ) = Phyy @ Phipiry @ - Q 1, (., The operator o extends by
linearity to a bounded operator (of norm one) on space H", so we can define
Sp = % > sep, - That the operator S, is the operator of orthogonal projection: S2=9,,
and S;; = S,,. The range of 5, is called n— fold symmetric tensor product of H. In the
case, where H = Lo(R) and H" = Lo(R) Q) L2(R) Q) ... Q) La(R) = Lo(R™), S,H" is just the
subspace of Ly(R"), of all functions, left invariant under any permutation of the variables.
We now define Fy(H) = @~ , S,H". The space Fs(H) is called the symmetrical Fock space
over H, or Boson Fock space over H.

Let ¢(.) is function from P,, to {1, —1}, which is one on even permutations and minus
one on odd permutations. Define A,, = # ZUEPn g(o)o; then A, is an orthogonal projector
on H". A,H" is called the n— fold antisymmetrical tensor product of H. In the case
where H = Lo(R), A,H" is just the subspace of Ly(R™), consisting of those functions
odd under interchange of two coordinates. The subspace F,(H) = @, A,H" is called the
antisymmetrical Fock space over H, or the Fermion Fock space over H.
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2. SIX-ELECTRON SECOND SINGLET STATE IN THE HUBBARD MODEL

Let ¢y be the vacuum vector in the space H,;. The second singlet state corresponds
to the free motion of six electrons over the lattice and their interactions with the basic

functions
20

— ot ot ot
Spartknezy = Applq Ar gy, Qg 1 PO-
The subspace 2H?, corresponding to the second singlet state is the set of all vectors of the

form

2,/,0 2.0
?/Js = Z f(p7 q,T, ta ka 77,) Sp7q,r7t7k:,neZV> f € l(2187

p,q,myt,k,neZY

where [$° is the subspace of antisymmetric functions in the space lo((Z¥)®). We denote by
2H? the restriction of operator H to the subspace *H.

An invariant subspace W of Hilbert space V with respect to a linear operator
T : V — V is a subspace such that for arbitrary x € W T(x) € W, in other words
T(W) C W. Invariant subspace is one of the key concepts of linear algebra and functional
analysis, which plays an important role in the study of linear maps operating in finite-

dimensional and infinite-dimensional linear spaces.

Theorem 1. The subspace 2H is invariant under the operator H, and the restriction
2H? of operator H to the subspace *H is a bounded self-adjoint operator. It generates a

bounded self-adjoint operator 2H2 acting in the space l5° as

2HY0 = 6Af(pq,t,t.kn) + B> [f(p+7.q,r,t kn)+

+fpq+T7,mt kon)+ f(p,q,r + 7.t k,n) + f(p,q,r t + 7,k n)+
f(pa qa 7°, ta k + T, n) _'_ f(pa qa 7°, ka n + T)} + U[ép,q + 5(177“ + 6p7t + 5(1716 + §p7n+

+0rn + Ot + Ok + Ok f (P, g, 7t e ). (3)
The operator *H? acts on a vector % € 2K as
—0
2Hg Qw(s) - Z (2Hsf)(p> q,T, tv k? n)ng,q,r,t,k,neZV‘ (4)
p,q,r,t,k,nezZv

Proof. We act with the Hamiltonian H on vectors ?¢? € 2H? using the standard
anticommutation relations between electron creation and annihilation operators at lattice
sites, {am, @y 5} = Omn0y.8, {amas anp} = {af, ,, a3} = 6, and also take into account
that a,,,p0 = 0, where 6 is the zero element of ?H). This yields the statement of the
theorem. OJ
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Lemma 1. The spectra of the operators *H? and 2?2 coincide.

Proof. Because the operators 2H? and Qﬁg are bounded self-adjoint operators, it follows
that if A\ € o(*H?), then the Weyl criterion (|13, Chap. VII, § 3, pp. 262-263]) implies
that there is a sequence {1;}5°; such that [|¢;]| = 1 and lim;_,o |[|CH? — X\);]| = 0. We
set ;=D ipn filDs @7t K, n)a;TagiazTaaa;Taiigoo. Then
—0
ICH = NwillP = (CH? = Nw, CH? = Noo) = ) [ICH, = V) x
p,q,r,t,k,n

204 o+ o+ o ot a7t + ot ot 4t gt ot _
X Jilps @yt ks n)| [P (appag 07 ag a0, G400 00105 a0, po) =

—0
= > ICH, = NFilp, q,r.t.k,n)|P(an axgan arrag apratab af, x

p,q,7,tkn
+ o+ o+ _ 2FO—/\ F tk 2 _
Xat7¢ak,'ran7¢9007§00) - Z ||< s ) Z(pa(LT? ’ 7”)“ (QOO:SOO) -
p,q,rtkn
= Y NCH. - NEp.q.r.t k)| =0,
p,q,7,t,k,n

as i — oo, where F; = > .. fip,q,rtkmn). It follows that A € J(2ﬁg).
Consequently, o(2H) C o(2H.).

Conversely, let \ € a(ﬁg). Then, by the Weyl criterion, there is a
sequence {F;}2, such that [|[F|] = 1 and lim; ||(2H2 — AN)¢il] = 0. Setting
Fi= 3 arinn Jis st k), |[Fill = (32, o viem | fi(0s 0570, k,n)[?)z, we conclude that
1vil| = [|E}|| = 1 and [|(CH. — NFy|| = ||((H- — Ni|| — 0 as i — co. This means that
X € 0(2H?) and hence 0(2ﬁ2) C o(*H?). These two relations imply o(*H?) = U(ZHS). O

We call the operator ?H? the six-electron second singlet state operator in the Hubbard
model.

Let F : [5((Z2¥)%) — Lo((TV)%) = 2ﬁ2 be the Fourier transform, where 7" is the v—
dimensional torus endowed with the normalized Lebesgue measure d, i. e., A(T") = 1.

We set 2ﬁg =F QFSFA. In the quasimomentum representation, the operator QHS acts

in the Hilbert space L3*((T%)%), where L$® is the subspace of antisymmetric functions in
Lo((T7)°).

. —0 . ~ —0
Theorem 2. The Fourier transform of operator *H_ is an operator 2H? = F?>H _F!

acting in the space 2}}2 be the formula

2179200 — b 1,7 0,1 ) F (N 17, 0,17, €) + U / A+ p1— 17,0, )+
Tl/

+f(t7,u777)‘+9_t7777€)+f(tvu>7797775)‘+£_t)+f()‘7t7,u+’y_t7077776)+
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Aty p+n =6+ fApt,y+0—tn, )+ fApt,0,m,7+—1)+
+f(/\,ﬂ,’7,t,9+7]—t,§> +f(AaM77a0at77]+§_t)]dta (5>
where h(\, p,7,0,n,§) = 6A+ 2B Y7 [cos\; + cosp; + cosy; + cosb; + cosn; + cos&;).

Proof. 1t | € Ly((T*)°), then (2HYf) (X, j1,7,6,7,€) =
=F2H({ / FON L7, 0,7, €)eilOn+Ema)+ G)+ @0 +ER+Em] g dirdA x
TV

X d@dﬁdé-}pg’r,t’k’nezu) - Z 5(]77 q,7, ta k? n) X
p,q,rt,k,nez?
x e~ [OP)+ () +(m)+0.)+ (k) +(En)]

~ —0 N~~~ X
where g(p, q,r,t, k,n) =* H ({ [ f(\ 17,07, €)%
s e LD+ () +Fr) +0,0)+ (k) +(En)] dXdﬁd;?dgdﬁdg}p,q,r,t,k,nezv ).

As, since F is a linear transformation, then, the find in (3) direct image of every component,

while subsequently sum up take, we have
(a) for (T1f)(p,q,7,t,k,n) = 6Af(p,q,r.t, k,n), f € la((Z")8) is true of equality

(FTE)(F) (A 17, 0,1,€) = F(6A{ / 7007787, 6)x
(Tv)®

><€i[(X’p)+(ﬁ’q)+ﬂ’r)+(§’t)+(ﬁ’n)+(gf)]dXd/jd”?dgdﬁdg}p,q,r,t,k,nEZV) -

—6A Z FON L7, 0,7, €)@+ Fa)+ @) + @)+ E0) 5

p,q,r,t,k,neZV(TV)6
><dXdﬁdidgdﬁdge—i[(A7p)+(u,q)+(%r)+(0,t)+(n,k)+(§,n)} _
=64 > FOMNTL A, 0,7, €)ellOAp +E—pa+ G-

p7quvt7k7neZV(Tu)6

x [0 00+ T+ ECml X dfidy dfdijde = 6A / FOLTLF,0,7,6) %

(Tv)8
% Z ei[(X*/\,p)Jr(ﬁﬂuq)+(%W)+(5*9¢)+(ﬁ*n7k)+(§*£m)]d}\vd/jd’v“dgdﬁdg:
p,q,r,tkneZY
64 [ FOLRA0.7. 508 N3G - 137 ~ )50 - 067 - n)5(E — €)x
(Tv)8

x dAdfidAdOdRdE = 6AF(N, i, 7, 0,1, €),
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where f € Ly((T")%), A = (A1, Mgy o M) € T, 8(A) = 86(M)do(A2)-..00(N), do(z) = 0, if
x # 0, and dy(z) = 400, if z =0, and fj;o do(x)dz = 1 are the Dirak function.

(b) fOI‘ (TZf)<p7Q7r7t7n7k) = BZT f(p‘FT,C],T,t, kan)ap7Q>r7t7 k?” € Zya f € ZQ((ZV)6)

is true of equality

(FTFE)()(\ 17, 0,1, €) = F(B / FO7.7,8,7, B+l
Tl/

x BT ONTEHEN GXATATAIATAL } gt e zv) =

=B Y FOL L7, 8,7, £+ Ema+Fr) + B0+ G+ E)] 5
p,q,r,t,k,nGZ”T,,

% Z ei(X,T)d}\vdﬁdﬁdgdﬁdge—i[(/\,p)+(u7q)+(w)+(9,t)+(777k)+(§7n)] —

- B Z FOMNTLA, 0,7, &) O A -+ G- +O-0.0)]

p,q,r,t,k,nEZ”TV
x0T +HE ] N IO gXdfidF dfdijdE = B / FOLTLA.0,7,€)%
T Tv

X Z ei[(X_)‘vp)'i'(ﬁ_/"q)+(;YV_'%T)'F(5_97t)+(ﬁ_n’k)+(g_£’n)]2 Z CcOS Xk X

D,q,m5t,k,neZY k=1

w ddfidA ddidé = 28 / FOuT3, 0.5, 8)5( — NG — m)5G — 180 — )%
)

x0(7f — k)3(§ —n) Y cos NpdAdfidydfdde = 2B " cos A f (A, 1,7, 0,7, €):
k=1 k=1

Similar equalities are also true for the other terms. From here we get the required
formula (5). O

The operator 2?]2 has a partial integral operator in the space Lo ((T")°.

3. MAIN RESULTS OF THE WORK

Using tensor products of Hilbert spaces and tensor products of operators in Hilbert
spaces [14] and taking into account that the function f(\, i, v, 6,7, x) is an antisymmetric

function, we can verify that the operator ?H? can be represented in the form
Y0200 = (LN} QTR+ TRUHN (.00} @ I+ (6)
+1 QT Q{H 1) (n. )},
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where

(H}f)(\, ) = {24 + 2B Z[cos)\i + cosp] b f (A, i) + U/f(s,)\ +p—s)ds +
—l—U/f(s,)\—ir@—s)ds—l—U/f(s,)\—i—f—s)ds,
(H2f)(7,0) = {2A + 2B 2[003% + cos;]} f(~,0) + U/f(s,7 + 60— s)ds +
i=1 v

—I—U/f(s,u+'y—s)ds—l—U/f(s,quH—s)ds,
T v

and

()0, €) = {24+ 2B S [cosni + cos& ]} f(n, €) + U / Fls,m+ € — s)dst
TV

=1
+U | f(s,y+E&—3s)ds+U [ f(s,0+n—s)ds,
/ /

and I is the unit operator in the space of two-electron states Hy.

In fact, what

2HO 2% = {6A + 2B Z[cos)\i + cosp; + cosy; + cos; + cosn; + cosé;|}x

i=1

Xf()‘7“7779777a€)+U/[f(t>)‘+,u_t7’7797777§)+f(t7M777A+9_t7n75)+
TV
+f(taA+€_t>M77767n>+f()‘7t>u+7_t797775€)+f()‘7t77767:u+77_t7§)+

+f ety +0 =0, + fN wt,0,n,y+E—t)+ f(AN 7. t,0+n—t,8)+

+f()‘7 s 7Y, 07 t? n + 5 - t)]dt = {2A + 2B Z[COS}\@' + COS/JJi]}f(>H w7, 67 7, £)+

=1
+U/[f(t7>\+u—t,%9,n,§)+f(t,>\+9—t,u,%n7§)+f(t,>\+§—t,u,%9,n)]><
Tl/

xdt + {2A+ 2B “[cosy; + costi] }f (N, 11,7,0,m,€) + U/[f(&un%v +0—t,m,6)+

=1 Tv

HFO Oty — 60, 8) + FN 7 o+ n = £,0,n)|dE+ {24 + 2B ) "[cosn; + cos&i] } x

=1
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Xf(>‘7ﬂ7fy’07777§)+U/[f()‘7/1“7770’t7n+5_t)+f(/\7lu’707n7t77+§_t)+

Tl/

HF 7, 6t 0+ — )]t = [{2A+ 2B [cos; + cospi] } (N, 1)+

i=1
+U/[f(t,>\+u—t)dt+f(t,)\+9—t)dt+f(t,)\+§—t)dt]®l®f+

TV

+1 ®[{2A +2B i[cas% + cosO;]} f(v,0) + U /[f(t, v+ 60 —t)dt+

=1 TV

+Hftp+y—tdt+ f(tp+n—t)dt] Q)T+ 1R T Q{24 +2B> [cosn+
i=1
+eos&il}f(1,€) + U/[f(t,n +&—t)dt + f(t, 7+ & —t)dt + f(t,0 +n — t)di].
Tl/
Therefore, we must investigate the spectrum of operators Efgl, f]g, and f]g’ Since all

parameters A, u,v,60,n,&, and t a changed in the v— dimensional torus 7%, therefore, you

can write as

i=1

fof 290 = [{2A + 2B Z[cos)\i + cospu] b f (A, ) + 3U/f(t, A+ —t)X
TV

X dt] ® [® I+1 ®[{2A + 2B zy:[cos% + cos0;] } f(y,0)+

+3U/f(t,7+9 — t)dt] ®I+I®[®[{2A+ QBi[cosni + cos&;] }x

Tl)

<1(1.€) +30 [ e+ €~ vy
TV
Consequently, operator’s H}, H2, and H3, expressing in the form

(HLP)(\ p) = {24+ 2B Z[cos/\i + cosp] b f (A, ) + 3U / f(s, A+ p— s)ds,
Tl/

=1

(F21)(7,0) = {24+ 2B Y [cosv + cost]} £ (7,0) + 3U / F(s,7 40— s)ds,

i=1
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and

(H3f)(n,€) = {24+ 2B Z[cosm + cos&l} f(n,§) + 3U/f(s,n +& —s)ds

The spectrum of the operator AQ) [ + I Q) B, where A and B are densely defined
bounded linear operators, was studied in [5-7]. In this work explicit formulas were given
there that express the essential spectrum o.s(AQ I+ IQ B) of AQI + I Q B and
the discrete spectrum og;.(AQ) I + I Q) B) in terms of the spectrum o(A) of A and the
discrete spectrum og;5.(A) of A and in terms of the spectrum o(B) of B and the discrete
spectrum og;s.(B) of B:

szsc A ® I + ] ® B \UESS<A> + U(B)\JESS(B)}\{(JESS(A)+
+o(B))U (U(A) + 0ess(B))}, (7)
Oess(AQQY I + 1 Q) B) = (0css(A) + 0(B)) U (0(A) + 0ess(B)). (8)

It is clear that c(AQRQ I+ I Q B) ={ \+u: A€ o(A),u € o(B)}.

Consequently, we must investigate the spectrum of the operators }NI%Al, ]':722/\27
and H3, .

Let the total quasimomentum of the two-electron system A + u = A; be fixed. We
let Ly(I"y,) denote the space of functions that are square integrable on the manifold
Ty, = {(A\p) : A+pu = A} It is known [12] that the operator H! and the
space H = LQ((T") ) can be decomposed into a direct integral Hy = @ [, Hiy, dA4,

=@ /. HQAldAl of operators H21A and spaces HQA LQ(FAl) such that the spaces
H2 A, are invariant under the operators H2 A, and each operator H2 A, acts in H2 A accordlng
to the formula (1, fa,)(A) = {2A+4B 37 cos & cos(A = X\)} fa, () +3U [, fas (s
where fa,(z) = f(z, Ay — ).

First, we investigate the spectrum of the operator

i

(ﬁzlAlfAl)()\) ={2A+ 4B Z Ccos % COS(%i — i) (A) +30 / fa, (s)ds
i=1 T

It is known that the continuous spectrum of operator ﬁ%Al is independent of the
parameter U and consists of the intervals

i

~ - Al - A
Oeont(Hap,) = G, = [m},, M} ] = [2A — 4B Z cos 71, 2A+ 4B Z oS 71]
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Definition 1. The eigenfunction pa, € Ly(T" x T") of the operator I:T;Al corresponding
to an eigenvalue zy, ¢ GY, is called a bound state (BS) (antibound state (ABS)) of Hj
with the quasi momentum A;, and the quantity z,, is called the energy of this state.

We consider the operator K, acting the space ﬁ; A, according to the formula

3U
(En @) = [ . Fas ()it
4 2A+4B Y g COs 5 cos(F —t;) — 2
It is a completely continuous operator in ﬁ; A, for
2 ¢ Gy = [2‘%1—éley:cosA—ﬁi 2A+4B2V:COSA—il]
. i=1 2’ i=1 27

We set D (2) =1+3U [.., dsids...ds, '
A1< ) fT 2A+4B Y7 cos%COS(AQ—l—si)—z
Lemma 2. A number zy ¢ G}, is an eigenvalue of the operator }NI21A1 iof and only if it is
a zero of the function DY (z), i. e., DY (20) = 0.

Proof. Let the number z = 2y ¢ G, be an eigenvalue of the operator ITI21A1, and @y, ()
be the corresponding eigenfunction, i. e.,

- Al Al
{2A+4B Z Cos ?1 COS(?l — i) Foa, (A) + BU/QDAl(S)dS = 20n, (A).
=1 TV

Let Y, () = [2A+ 4B, cos % COS(ATZi — Ai) — z]oa, (z). Then

1
¥Ya, (:E) + 3U/ . Al Al 77Z)A1(S)d8 =0,
2, 2A+4B > g COs Hhcos(F — A) — 2
i. e., the number ;1 = —1 is an eigenvalue of the operator Kj,(z). It then follows that
DX1 (Zo) = O

Now let z = 2, be a zero of the function D} (z), i. e., D} (z9) = 0. It follows from the
Fredholm theorem than the homogeneous equation

U, (x) + 3U/ !

v At At
k4 2A+4B % cos 5t cos(F — \i) —

Pa,(s)ds =0
z

has a nontrivial solution. This means that the number z = z; is an eigenvalue of the
operator Hyy . U

We consider the one-dimensional case.
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Theorem 3.
(a) Let v =1 and U < 0, then for all values of parameters of the Hamiltonian, the

operator I:EAl has a unique eigenvalue z, = 2A — \/QU2 + 16 B2 cos? %, that is below the

continuous spectrum of the operator fIQIAI, 1. e, 71 < m}h.
(b) Let v =1 and U > 0, then for all values of parameters of the Hamiltonian, the

operator ﬁzl/\l has a unique eigenvalue z; = 2A + \/9U2 + 16 B2 cos? %, that is above the

continuous spectrum of the operator H21A1, i. e, 21 > M}h.

Proof. If U < 0, then in the one-dimensional case, the function Dj (z) decreases
monotonically outside the continuous spectrum domain of the operator ﬁ%Al, i.e., in
the intervals (—oco,mj) ) and (M} ,+00). For z < mj, the function D} (z) decreases
from 1 to —oo, D} (2) — 1 as z — —oo, Dy (2) — —oo as z — my, — 0.
Therefore, below the value mj , the function D} (z) has a single zero at the point
z =2z = 2A—- \/9U2+16B2c082% < my,. For z > M} , and U < 0, the function
D} (z) decreases from 400 to 1, Dy (z) = 400 as z — M +0, D} (z) = 1 as z — +00.
Therefore, above the value M} , the function D} (z) cannot vanish. If U > 0, and z < mj_,

the function D} (z) increases from 1 to +oo0, D} (z) — 1 as z = —oo, D} (z) — 400
as z — my, — 0. Therefore, belove the value m} , the function D} (z) cannot vanish.
For z > My , and U > 0, the function D} (z) increases from —oo to 1, D} (z) — 1 as
z = 400, D} (2) = —00 as z = My} + 0. Therefore, above the value M} , the function

D} (z) vanishes on a single point z = Z; = 24 + \/9U2 + 1682 cos? AL. O

In two-dimensional case, we have analogously results.

d$1 dsodss

; v v and
>oi_q cos = (1—cos(—£ —s;))

Here and  hereafter, we  denote Mz/\k = fTS

o dsi1dsadss _
my, = [ps - A T L k=1,2,3.
> i—1 cos - (14cos( = —s;))

Now we consider three-dimensional case.

Theorem 4. Let v =3 and U < 0. The following statements hold:
(a) If U < —34’? , then the operator Hyy has a unique bound state @y, with the
A

1
enerqy value z1, that is below the continuous spectrum of operator HQIAI, i.e,z1 < mf’h.

(b) If =28 < U < 0, then the operator ﬁzlAl has no bound state with the energy

3mA1

value, that is below the continuous spectrum of operator I;QlAl.

«Taspuuecruli secmnur unopmamuru u mamemamuru», M 2 (59)’ 2023



114 S. M. Tashpulatov

Proof. Let v =3 and U < 0. Then the continuous spectrum of operator IT ! , 1s consists
of segment [2A —4B Y7 | cosX 24 + 4B S cos ] In the three- dlmensmnal case, if
U < 0, then the function A3 (z) are monotomcally decreasmg function of z the outside
of continuous spectrum of the operator H2A1, ie., (—oo mi ) and in (M3 ,400). For

z < mj, the function A3 (z) decreasing from 1 to 1 4 , A} (2) = 1 as 2 — —o0,

AR () = 1 42 Al as z — mj, — 0. Therefore the below of values m3} the function

<0,i.e. U<—34B For z > M3 the

mAl

A1

A3} () hasa smgle zero at the point zy, if 1+

UM, 3UM,
function A} (2) decreasing from 1 ——z% > 1to 1, A} (2) = 1——5= as z = M} +0,

A3} (z) = 1 as z — +oo. Therefore, the above of values M} function A} (z) cannot

vanish. O

Theorem 5. Let v =3 and U > 0. The following statements hold:
(a) [FU >

, then the operator H} an, has a unique bound state @y, with the energy
1

value z- Zl, that is above the continuous spectrum of operator H2A , 1. €. 51 > MA1
(b) If0 < U < 4B , then the operator H2A has no bound state with the energy value,
A

1

that is above the continuous spectrum of operator H21A1.

Proof. Let v =3 and U > 0. Then the continuous spectrum of operator ﬁ%A is consists
of segment [24 — 4B cosX 24 + 4B S cos —] In the three-dimensional case, if
U > 0, then the function A3 1(,z) are monotonically decreasing function of z the outside
of continuous spectrum of the operator flglAl, i e, in (—oo,m},) and in (M} ,+o00). For

3UM,
z > M3 the function AR (z) decreasing from 1 — —Z**, to 1, A} (2) — 1 as z — +o0,
3UM,
AR (2) = 1——5+as z — M} +0. Therefore/7 the above of values M} the function
~ . 3UM
A3 (2) has a single zero at the point Zy, if 1 — —z s For 2 <mj, the

A
!

3UM
function A} (z) decreasing from 1 to 1+ A1 >1, A% (2) = 1——75+ as z = m}, —0,
A} (z) = 1 as z — —oo. Therefore, the below of values m} function A} (z) cannot

vanish. O

To occur the analogue of Theorems 3-5 for operator’s H?2 5A,> and H SAS, only, replace Ay,
from Ay, and Az, correspondingly.

Now, using the obtained results and representation (6), we describe the structure of
essential spectrum and discrete spectrum of the energy operator of six electron systems
in the Hubbard model in the second singlet state.
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Theorem 6.
(a) Letv =1, and U < 0, then the essential spectrum of operator >H? is the union of seven

segment’s:
ess(PH?) = [atc+e, b+d+ flU[atc+23, b+d+2z3]UJa+ed22, b+ f+20)U[a+ 22423, b2+ 23]V

Uec+e+z,d+ f+z|Ulc+ 21 + 23, d+ 21+ 23] U e+ 21 + 20, f + 21 + 22),

and discrete spectrum of operator 2?[2 18 consists of a unique eigenvalue:
oaisc CHY) = {21 + 22 + 23}, what lies to the below than the left edge of the essential

S
spectrum of operator 2H?. Here

A A A A
a:2A—4B(30871, b:2A+4Bcos71, c:2A—4B(10572, d:2A—|—4B(30572,

A A A
e =2A— 4B cos 73, f= 2A+4Bcos73, 21 =2A — \/9U2—1— 1632003271,

zy = 2A — \/9U2 + 16320052%, 23 =2A — \/9U2 + 16B2c052%.

(b) Let v =1, and U > 0, then the essential spectrum of operator 2ﬁg is the union of
seven segment’s:

OessCHY) = a4 c+eb+d+ flU[a+c+ Zg,b+d+ 23] Ula+ e+ 52, b+ f + 5)U
Ula+2s+ 23,0+ 22+ 23| Ujc+e+Z1,d+ f+ 2| U[c+ 21 + 23,d + 21 + z3]U
Ule+Z1 + 2o, f + 21 + 22),

and discrete  spectrum  of operator 2]:72 consists of a unique eigenvalue:
oaise CHY) = {Z + Z» + Z3}, what lies to the above than the right edge of

S

the essential spectrum of operator 2?]2. Here z7 = 2A + \/QU2 + 16320052%,
% =24+ ,/902 + 16820524, Z =24+, /90 + 16 B2cos? .

Proof. In  the one-dimensional case, the continuous spectrum of operator’s

sn H3y,, and Hjy  consists of the segment’s [24 — 4Bcosil,24 + 4Bcosil],
[2A — 4Bcos%, 2A + 48005%], and [2A — 43005%, 2A + 43005%], and this operators
has a eigenvalues 21, 2, and z3, correspondingly. Therefore, the spectrum of operator 2 H?
consists of the set [22] {\+pu+v: X € J(HglNAl),u € 0(H3y,),v € 0(Hjy,)}. Hence and
from representation (6) it follows, that o..(*H?) consists of the union of seven segments,
and discrete spectrum of the operator 2H? consists only one eigenvalue z; + 2 + 23, i. e.,
Udisc(2Hg) = {/Zvl + 52 =+ /ng} |:|
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In the two-dimensional case, we have the analogously results.

Theorem 7. Let v =3, and U < 0. The following statements hold:

4B / ’ / / ’ / 4B
() If U < T and my, > my, > my,, or my, > my, > my,,, or U < T
/ ! /3 / / ! 4B / ’ / 2
and my, > my > my, ormy > my, >my,, or U< el and my, > my. > my,, or
1

m;xg > m/A2 > m;h, then the essential spectrum of the operator 2H? is the union of seven
segments:

Ooss(PHO) = [a+c+e,btd+ flU[a+c+ 23, b+d+ 23] Ula+e+2a, b+ f+ 22 U[a+ 2o + 23,
b+Zs+23]Uc+e+z,d+ f+ 21| Ulc+ 21 + 23, d+ 21 + 23] U [e + 21 + 2o, f + 21 + 23],
and discrete spectrum of the operator 2ﬁg consists of unique eigenvalue:

O'disc(Qﬁg) = {?1 + %2 + 53}, what lies to the below than the left edge of the essential
spectrum of the operator 2H?. Here and hereafter

a:2A—4BcosA—Zi, b:2A+4BZB:COSA—Zi, c:2A—4B§:COSA—g,

2 =1 2 i=1 2
d:2A+4B§:COSA—é e:2A—4B§:COSA—é f:2A+4BiCOSA—é
i=1 2 i1 2’ — 27

T = = ; o FTL 72 73
and z1,zy and z3, are the eigenvalues of the operator’s H,, , Hjy, and Hjy,,

correspondingly.
/ ! /

(b) If =28~ < U < =22~ and my, > my, > m,,, or ——2- < U < —2-,
3mA3 i’)mA2 3mA3 SmA1

/ / ’ ’ !/ !
and my, > my, > my,, or —;f < U < —3;}? , and my, > my, > m,, or

Az Ay
’ / /

4B < U < =B and my, > my. > m,, or —2B < U < —2B and

3mA2 3mA3 ! 1 3 2” SmA1 LW ’

’ ’ 4B 4B ’ / ’ .
My, > My, > My, OT P <U«< T and my, > my, > m, , then the essential
1 2

spectrum of the operator Qﬁg s the union of four segments:
Ooss CHY) = a+c4e,b+d+ flU[a+ e+ 20,0+ [+ 2] U[c+ e+ 21, d+ f + 21)U
e +2 +§2,f+§1 +§2]7
or
Oess CHY) = [a+c+e,b+d+ flU[a+ c+ 23,0+ d + 23U
[C"‘@‘f‘?l,d‘f’ f—"?l] U [C—f—?l +§37d—|—§1 —|—§3]7

or

OessCHY) = [a+c+eb+d+ flUla+c+2a,b+d+ 23] Ula+ e+ 22, b+ f + Z)U
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[a+ 22+ 23,0+ 22 + 23],
and discrete spectrum of the operator 2ﬁ§ 1s empty set: adisc(QfIg) = 0.
(c) If =28 < U < —3:2,3 . and my, > my > my,, or —345 <U < -2

3mA2 A My, T SmA27
/ / / ’ / ’
and my, > my, > My, or —3:53 < U < —3:53 ,and my. > my > my, or
Ay Ag
I ! !
—;f < U < —331],3 ,and my, > my, > my,, or —Sff < U < —;f , and
A3 Ay As Ao
’ / ’ ’ / / .
My, > My, > My, OF — 1B < U < —2B  and m), > m), >m,,, then the essential
3m)y, 3m)y 3 2 1

spectrum of the operator 2?[2 is the union of two segments:

0eosCHY) = [a+c+e,b+d+ flU[c+e+21,d+ f + 2],
or

Oess CHY) = [a+c+eb+d+ flU[a+e+ 22, b+ f + 2],
or

OessCHY) =Ja+c+e,b+d+ flU[a+c+ Z3,b+d + 23],

and discrete spectrum of the operator 2ﬁ§ 18 empty set: O‘disc(Zﬁg) = 0.

(d) If —3;?\ < U < 0, and my, > my, > my, or my, > my, > my, Or
1

4B I ’ ! ’ ’ / 4B
~ 3 < U <0, and my, > my, > my,, ormy, >my >m, , or 3 <U <0, and
2 3

m;xg > m;h > m;b, or mLXB > m;b > m;\l, then the essential spectrum of the operator 2ﬁ2
15 the segment:
Guss (20 = [a+ e+ e,b+ d + f],

and discrete spectrum of the operator 21’_29 18 empty set: Jdisc(zﬁg) = (.
The Theorem 7 is proved similarly to Theorem 6.

Theorem 8. Let v =3, and U > 0. The following statements hold:

4B ! / !’ ! !’ / 4B
(a) If U > SV and My, > My, > My, or My, > My, > M, , or U > SV and
My, > My, > My, or My, > My, > My, or U > 28— and My, > My > My, or

Aq .
M//\s > M/’\z > Mll\l, then the essential spectrum of the operator ?H? is the union of seven
segments:

Oess(PHY) = [a+cte,b+d+ f]UJa+c+ 25, b+d+ 2] Ulate+Za, b+ f+ 2] Ula+ 22+ 2a,
b+§2+§3] Y [C+e+§l>d+f+§l] U [C+§l +§3,d+§1 +§3] Ule +% +§2,f+§1 +§2],

and discrete  spectrum of the operator 2}72 consists of unique eigenvalue:
oaise CHY) = {Z1 + Zo + z3}, what lies to the above than the right edge of the
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essential spectrum of the operator QFNIS. Here and hereafter

i 3 i

Al LA A
a:2A—4Bcos?1, b:2A—|—4B§COS?1, c:2A—4Bz:cos?2,

3 - 3 - 3 -
B A} B A} B A}
d—2A+4B§ cos =, 6—2A—4B;1008?, f—2A+4B§ cos =

and Z,Zy and Z3, are the eigenvalues of the operator’s Hyy , Hj,, and Hj,,,
correspondingly.

4B 4B ! ! 4 4B 4B
l 7 < —_— r —— l ] < _—
(b) ] 37,[/ ) < EM/ , 3 Lmd M4 < M« 9 < MA 17 0 3M/ s < 3M/ ) 9 a’nd

My, <My, <M, or A3<U< M;\27andMA3<MA1<MA27O 3<U 3M;17
! ! ’ 4B 4B /
and My, > My, > M, , or oV < U < OV and My, > MAl > MAQ, or

3;‘? < U< 3;‘1/? , and Mll\s > M/’\Z > Mll\l, then the essential spectrum of the operator
Ao Aq

2ﬁ2 15 the union of four segments:
OessCHY) = [a+c+e,b+d+ flU[a+ e+ 20,0+ f+ 2o) Ulc+ e + 21, d + f + 21]U

e+ 21 + 22, f + 21 + 22),
or
OessCHY) = [a+c+e,b+d+ flU[a+ c+ 23, b+ d + 23)U
lc+e+z,d+ f+z]Ujc+ 2 + 23, d+ 21 + 23,

or
Ooss(CH) =[a+ c+e,b+d+ flUla+c+ 23, b+ d+ 23] Ufa+ e+ 22, b+ f + 25)U

[0+ Zo + 23, b+ 22 + 23],

0

and discrete spectrum of the operator 2P~[ is empty set: adisc(Qﬁ[g) = 0.

(c) [ 34B,Al < U < 3;}?\2, and My, > M, > M//\3, or 34M—B, < U < 3M/,\3, and
My, > My, > M, or 3;4;;;2 <U< BMAI’ and My, > My > M, o 3;*;12 <U< ;M—B
and ]\4//\2 > M//\ > M;\l, or 3;;7;3 < U < 3:;11, and ]\4A3 > ]\4A > M//b, or
3M foz’ and MA > MA > MA , then the essential spectrum of the operator

QHS is the union of two segments:
OessCHY) =[a+c+eb+d+ flUfc+e+2,d+ f + 21,

or
Oess(CH) =[a+ cHe,b+d+ flUa+ e+ 2a,b+ f + 2],
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or
OessCHY) = [a+c+e,b+d+ flUa+c+ 23, b+d + 33,

and discrete spectrum of the operator 2[:1:0 is empty set: adlsc(QI:jO) = 0.
(d) If0 < U < 3;1/? ,and My, > M, > M, or My > M, > MAQ, or
A
0<U<3§Z,andMA >J\/[A >MA,07“MA >MA3>MA,07’O<U
2

and M/I\3 > ]\4A1 > MAQ, or MA3 > ]\4A2 > MAl, then the essential spectrum of the

3M’

operator Qﬁg s the segment:
GessCHY) = [a+ e+ e,b+d + f],
and discrete spectrum of the operator 2ﬁ§ 1s empty set: adiSC(ZﬁQ) = ().
If v =3 and A; = (A, AY, AY), then Ucom<1£j21Al) 24 — 123 cos 1 ,2A —12B cos %(1)]
We denote by W the Watson integral [24]: W = & [ [ Sandy: ~ 1,516.

0 3—cosx—cosy—cosz

Because the measure A is normalized,

J_]]j dadydz _j]] dudydz W
N 3 — cosx — cosy — cosz 3 + cosx + cosy + cosz 3

Theorem 9. Let v =3 and A = (A?,A?,AO). Then
A
(A) IfU <0, and U < — 2522

then the operator HQA has a unique ezgenvalue z the

4Bcos

<U<0

then the operator f[%Al has no eigenvalue of the below the continuous spectrum of the

below of the continuous spectrum of the operator H21A1. IfU <0, and —

operator Hj, .
AO
4Bcos

B) IfU >0, and U > , then the operator HY, hasa unique eigenvalue z; the
20,

AO
above of the continuous spectrum of the operator H21A1' IfU >0, and 0 < U < 4BCOWST,

then the operator j_“[21A1 has no eigenvalue of the above the continuous spectrum of the

operator Hi,

To occur the analogue of Theorems 9 for operator’s I;@AQ, and f[g’AB, only, replace Aq,
from A,, and A3, correspondingly.

Theorem 10. Let v =3 and Ay = (A, A, A9), Ay = (AY, A, A9), and Az = (A9, AI, AY).

Then
4Bcos£ A9 A9 A
(A) If U < 0, and U < ——%, and cos5 > cosw > cCos%, OF
AO
AO A9 A9 4Bcos—2 A9 A9 A9
cos—5- > cos5t > cos, or U < 0, U < ———=52, and cos= > cos5- > cos=, or
AO
A9 A9 A9 4Bcos =3 A9 A9 A
cos= > cos5t > cos5, or U < 0, U < — 2 and cos= > cos=2 > cos=2, and
2 2 d g W 2 2 2
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AY

cos%g > cos5 > cos— then the essential spectrum of the operator 2H0 consists of the

union of seven intervals:
Oess(PHY) = ay+cr+e1, by +dy + fi] Ulay + 1 + 23, by +di + 23] Ulay +e1 + 20, by + fi + 22)U

Ular + 2o + 23,01 + 20 + 23] U [er +e1 + 21, dy + f1 + 21 U [e1 + 21 + 23, d1 + 21 + 23]U
Uler + 21 + 29, f1 + 21 + 22], and discrete spectrum of the operator 2[?2 consists of one
eigenvalue: adisc(Qﬁg) = {z1 + 2 + 23} Here and hereafter 0 = 2A — 12Bcos A??,
by =2A+128B cos & 01 — 24— 12Bcos X2 2 dy =2A+12B cos 22 ,e1=2A—12Bcos %g,
f1 = 2A + 123 cos 25 3 and 2z, 2, and z3 are the ezgenvalues of the operators

H2A1 H2A2, HzA , correspondmglgé. i

B) If U < 0, —4BCVT/SA7 < U < —4BCV(€,SA72, and cos%g > cosAO or
0 0
U < 0, —4B(;,S% < U < —%, and Cos%g > cos%o, or U < 0,
0 0 0 0
—4BCI;/SA <U<—4BCV?,S%,andcosA >cosA20,07"U<0, 4B(},O;A <U<—4BCV?/S%,
0 0
and (:osA2g > COSAQ, or U < 0, —43(;,5% < U < —43612,8%2, and cosA22 > COSA;,
0 0
or U < 0, —4BCVOVSA73 < U < —4BCI:,S%, and cos%? > cosAO then the

essential spectrum of the operator Qﬁg consists of the wunion of four intervals:
ess(2HO) = [ay +c14 €1, by +di+ f1] Uay +c1+ 23, by +d1 + 23] U ag 4 €1+ 22, by + f1 + 25]U
Ulay+ 20+ 23, by + 20+ 23], 0F Oess(PHY) = [ar4c1+e1, by+dy+ f1]Uar+c14 23, b +di + 23]V
Uler +e1 + 21,di + fi + 21) U [en + 21 + 23,dy + 21 + 23], or 0685(2@) = a1 + 1 + ey,
by +d1+f1] [CL1+61 + 29,01+ f1 +22] [C1+61 —|—Z1,d1+f1+21] [61+21 + 29, f1+ 21 +22]7

and discrete spectrum of the operator 2H0 18 empty set: 0 gise( 5) = (.
0

A A
4B cos =2 4B cos =2 A9 A9

()]fU<O— W < U < —— ,cmdcos?>(3087, 07"U<(9,

A As

4B cos 23 4B cos =2 A9 A 4B cos AL 4B cos =2
_ 2 _ 3
7 <U< > and cos 0>(:052,0'/“Uf0, 7 <U< A

A7
A9 A 4B cos 23 4B cos AY

and cos 5+ > cos 5, or U < 0, ——— <U<—T andcos >cos 5, or U <0,

0 A9 AO A9

4B cos -2 4B cos —- AY A9 4B cos —- 4B cos =2
. — 2 " 2 " 2
W <U< > and cos 5t > cos 3, or U <0, —— 2 < U < A

and cos 2 > cos A2 , then the essential spectrum of the operator 2H 0 consists of the union
of two mtervals. aess( HS) =lag +c +e,bp +di+ filUlar + 1 + 23,00 + dy + 23],
or 0655(21?13) = [a1 + a1 +e,bp +di + fi] Ular + e + 20,01 + fi + 23], or
UGSS(QﬁS) =lay+cite,bi+di+ filUler +e1 + 21,dy + f1 + z1], and discrete spectrum
of the operator 2HO is emptyoset: aise(2HO) = 0.

A
4B cos =2 A9 A9 A9
(D)OIfU<O,— T §U<O,and00571>c0822>c052(,)07“U<0,
A A
4B 2 0 0 0 4B -3
— CV(I),SQ < U <0, cmdcos% >(:osA23 >cosA,07’U<07 —% < U <0,
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AO

AO
A9 A9 A 4B cos —- A9 A
and cos —* > cos 5+ > cos 5%, or U <0, —TQ < U <0, and cos 5* > cos 5* > cos 3,

2
AO
4B cos 5t AO A 4B
07“U<0—&<U<0 cmdcos 3> cos 22 > cos A ,orU <0, L<U<0
0
and cos 22 > cos A? > cos =2 A , then the essentml spectrum of the operator 2HO consists of

unique mterval. 0685(2]:72) = [a1+01 +e1,bi+di+ f1], and discrete spectrum of the operator

2HO is empty set: 0gisc(2HY) = 0.

Theorem 11. Let v =3 and Ay = (A, A, AY), Ay = (AY, A, A9), and Az = (A, AJ, AY).

Then A9

(A) IfU >0,U > 4BCOS , and cosA— < cosA— < cos%o, or cosA— < COSA— < cos%o,
orU > 0, U > 43008/\2 , and cosA— < cosA— < COSA;, or cos%g < cosA— < cosAZ"’, orU >0,
U > 43605 z , and cos— < cos— < cos%o, or cos% < cos% < cos—+ 1 , then the essential

spectrum of the operator QHS consists of the union of seven mtervals.
Uess(Qﬁg) = [al +eter,bi+dy +fl] U [al T+ +E37 by +dy +33] U [CL1 +eq +22, b+ fi +52]U

Ulas + 22 + 23,01 + 2o + 23| U [er +e1 + 21, dy + f1 + Z1] U [er + 21 + 23,dy + 21 + 23]U
Uler + 21 + 2o, f1 + Z1 + 23], and discrete spectrum of the operator 2[:1:2 consists of one
eigenvalue: szsc(zﬁg) ={Z1+%+ 53} Here and hereafter a1 = 2A — 12Bcos A?(l),
by =2A+12B cos M 01 — 24— 12Bcos 22 2 dy =2A+12B cos 22 ,e1=2A—12Bcos %37
f1 = 24 + 123008 =

H2A1 H2A2, HzA , correspondingly.

0 0

and Zi, Zo, and z3 are the ezgenvalues of the operators

A A
4B cos =2 4B cos =3 A9 AO A9
B) If U > 0, and ——=2 < U — 7=, and cos 5t < cos 5 < CosH or
AQ A9
4B cos =2 4B cos =2 AY A9 AO
U>0, and —=* < U < —5=, and cos5+ < cos3t < cos—, or U > 0,
4B AO 4B cos M4 0 0 0 4B cos A3 4B cos A
cos = cos =2 Ay A A cos =2 cos
— = < U< —5%, and cos 3 <cos— <cos3t orU >0, — = < U<7,
A9 A9
A9 A9 A9 4B cos =+ 4B cos =2
and cos=2 < cos=* < cos=t, or U > 0, ABcos 5 < U < —/—)2 and
2 2 2 w W
A
A A9 4B cos & 4B cos AO
cos =2 <cos <cos—20rU>07<U<72,andcos <cos <cos

then the essentml spectrum of the operator QHS consists of the union of four mtemals.
aess(QfIQ) = lar+erte, b +di+ filUlar+er+ 20, b+ fi + 2] U er +er + 21, di + f1 4 21]U
Uler+21+ 29, f1+21+22), or 0635(239) = [a1+c1+er, by +di+ fi]U[as e+ 23, by +dy + 23U
Uler 4+ €1 + 21, dy + f1 + 21) Uler + 21 + 25, di + 21 + 23], o 0ess(PHY) = [a1 + ¢1 + e,
by+di + fi]U[a1 +c1 + 23, by +dy + 23] U [ay +e1 + 2o, by +di + 22 Ulay + 23+ 23, by + 2 + 23],
and discrete spectrum of the operator 2H0 is empty set: o gise( S) = (.
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0 0

A A
4B cos =L 4B cos =2 AY A9
< U < A and cos =L < cos ¢ < cos

()]fU>0and ) 5 2,

4B cos A 4B cos % AY A9 A9

AO

2 1 3 2
or U > 0, W < U SO s and cos5- < cos3t < cost oor
A A
4B cos =2 4B cos —- AY AY A

U > 0, 7 < U < > and cos ¢ < cos45t < cos=, or U > 0,
4B cosﬁ 4B cosA—g A9 4B cos = AO 4B cosA—
w— <U< Wz,andcos 2 < cos M < cos 5, or U >0, <U<—5+2,

0 Ao

Ag A0 A0 4B cos A— 4B cos =2
andAOCOST A< cos 7 < cos5, or U > 0, W < U < > and
cos 23 < cos 2 < cos it , then the essential spectrum of the operator 2HO consists of the
unton of two mtervals. aess(zHS) =la1+c+e,bi+di+ filU[er +er+21,di + fL + 21,
or 0es(PHY) = [a1 + &1 + e,by +di + il U o + e1 + 22,00 + f1 + 2], or

Oess(PHO) = [ay + ¢1 + €1, by +di + f1] U [ag + ¢1 + 35, by + dy + 23], and discrete spectrum
of the operator 2H? is empty set: 04sc(*H?) = (.

0

A

4B cos -+ A AQ A9

(D) If U > 0, and 0 < U < > and cos 5t < cos5t < cos, or
A9

A? A9 A 4B cos =2 A9 A9
cos5t < cos3t < cosE orU > 0,0 < U < > and cos 5+ > lCos—2 and

AU

AO A0 A9 A0 A0 4BcosJ
cos 52 < COS— < cos 3, orcos 5t < cos5t <cos5h, orU>0,0<U< , and

AO A AO AO AO A

cos 5 < €os 5+ < €Oos 5, O €os 5+ < cos 5+ < cos 5+, then the essential spectrum of the

operator ZHS conszsts of the unique interval: oess(* Hg) = [a1 +c1 + e1,b1 + di + f1], and

0

discrete spectrum of the operator 2H is empty set: o4i50(2H?) = 0.
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KoJIeOaHuil IBUKYIIeiicd KOHEYHO# cTpyHbI. PaccMarpuBaeTcs ciydail HyJ/IeBOW HavYa b
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noJjtyuenust 31oit popmysibl. [1aBHOE JOCTOMHCTBO 3TO# (POPMYJIBI COCTOUT B TOM, UTO B
Heil He TpedyeTcss KaKoe-Jub0 IPeIBapUTEIbHOIO ITPOJIOJIKEHIS HAUaIbHON (PYHKIUN 38
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CTPYKTYPHO-ITapaMeTpUIeCcKOil onTuMu3anuu. V31oxkena 3a1a4um OIeHKN TOJTHOTHI XapaK-
tepuctuk BJIA B ycioBusix Heonpeiesennoctr. [IpecraBieH mporpaMMHO-METOIMIeCK i

KOMIIJIEKC CTaTUCTHUYIECKOI'O CMHTE3a a3pO,ILI/IHaMI/I‘{eCKOﬁ MOJEJIN BJIA.
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BTOPOM CHHIVIETHOM COCTOAHUU. HOK&S&HO, 49TO B OJHOMEPHOM U JBYMEPHOM CJIydadaX Cy-
MIECTBEHHBIN CIEKTD OlePaTOPa MECTHIIEKTPOHHOIO BTOPOIO CUHIVIETHOI'O COCTOSHUST CO-
CTOUT U3 00bEMHEHHs CEMU CEIMEHTOB, & JIUCKPETHBIIl CIEKTD IIECTHIIEKTPOHHOIO BTO-
POrO CHHIVIETHOI'O COCTOSIHUS COCTOUT U3 OJIHOIO COOCTBEHHOIO 3HAYEHM:, HAXOSIIEr0Cs
HrzKe (BBIIIE) OOJIACTH HUZKHETO (BEPXHEr0) Kpast CYIIECTBEHHOIO CIIEKTPA TOIO OIEPATO-
pa. B TpexmepHOM cirydae IPOHCXOIAT CJIEAYIONINE CHTYAIUN: a) CYIECTBEHHBII CIeKTD
OIlepaToOpa IECTUIIEKTPOHHOIO BTOPOrO CHHIVIETHOIO COCTOSAHUS COCTOUT U3 O0bEIUHe-
HUST CEMH CETMEHTOB, a IICKPETHBI CIIEKTD OIIePATOPa IECTUITIEKTPOHHOIO BTOPOTO CHH-
[JIETHOT'O COCTOSHUST COCTOUT U3 OJHOIO COOCTBEHHOTO 3HAYEHNST; 6) CYIIECTBEHHBIN CIIEKTD
oleparopa IIeCTUIIEKTPOHHOIO BTOPOIO CHHIVIETHOI'O COCTOSIHUS COCTOUT U3 O0be/IHHe-
HUST 9eTBIPEX CErMEHTOB, a JAUCKPETHDIN CIEKTD OIEPATOPa MIECTHIIEKTPOHHOIO BTOPOTO
CUHIJIETHOTO COCTOSIHUSI IIYCT; B) CYIIECTBEHHBIH CIIEKTP OlEPATOpa MeCTHIJIEKTPOHHOIO
BTOPOI'O CHHIVIETHOI'O COCTOAHHA COCTOUT U3 O6'be,ZLI/IHeHI/IH JABYX CEeIrMEeHTOB, a JIUCKPET-
HBI{l CIIEKTD OIIEPATOpa IIECTHIIEKTPOHHOIO BTOPOIO CHUHIVIETHOIO COCTOSIHUS IIyCT; T)
CYIIECTBEHHBI CIEKTP OIEPATOPa MIECTHIIEKTPOHHOIO BTOPOTO CHHIVIETHOI'O COCTOSIHUS
COCTOUT U3 OJIHOTO CETMEHTA, & JUCKPETHDIH CIIEKTP OlIePaTOpPa MIECTHIIEKTPOHHOTO BTO-
POro CHMHIVICTHOI'O COCTOAHUA IIYCT; IIDU YCJIOBUU, YTO KaK/lad U3 CI/ITyaHI/HU/I nmMeeT MeCTo
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