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Guaranteed solution for risk-neutral decision maker: an analog of
maximin in single-criterion choice problem.

Zhukovskiy V. I., Zhukovskaya L. V., Mukhina Y. S., Samsonov S. P.

Abstract. In this article single-criterion choice problems under uncertainty (SCPUs) are
considered. The principle of minimax regret and the Savage–Niehans risk function are introduced.
A possible approach to solving an SCPU for a decision-maker who simultaneously seeks to
increase his outcome and reduce his risk (“to kill two birds with one stone”) is proposed. The
explicit form of such a solution for the linear-quadratic setup of the SCPU is obtained.

Keywords: guaranteed solution, single-criterion choice, Savage–Niehans risk, minimax regret,
uncertainties.
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1. Introduction

In the middle of the twentieth century, American mathematician and statistician,
professor Leonard Savage (the University of Michigan) and Swiss economist, professor Jurg
Niehans (the University of Zurich) independently proposed an approach to solving a single-
criterion problem under uncertainty (SCPU), later called the principle of minimax regret
or the Savage–Niehans principle. Along with Wald’s principle of guaranteed outcome
(maximin), the principle of minimax regret is crucial for guaranteed decision-making in
SCPUs. The main role in this principle is played by the regret function, which determines
the Savage–Niehans risk in SCPUs. In recent years, such a risk has been widely used in
microeconomic analysis and applications. This article proposes a possible approach to
solving SCPUs for a risk-neutral decision-maker, who simultaneously seeks to increase
his outcome and reduce his risk (“to kill two birds with one stone”). The explicit form of
such a solution for the linear-quadratic statement of the SCPU of a fairly general form is
obtained.

2. Interval uncertainties

The mathematical model of decision-making under conflict considered below is
described by the single-criterion choice problem under uncertainty (SCPU). Note that
the case of interval uncertainty will be studied: the decision-maker knows only the
ranges of admissible values of uncertain factors, and their probabilistic characteristics
are absent, for one reason or another. The uncertainties occur due to the incomplete
(inaccurate) information about the practical use of any strategies chosen by the decision
maker. For example, an economic system is often subject to unexpected, difficult-to-
predict disturbances, both of exogenous origin (the disruption and variation of the
quantity (range) of supply, demand fluctuations for the products supplied by a given
enterprise, etc.) and endogenous origin (the emergence of new technologies, breakdowns
and replacement of equipment, etc.). The question naturally arises: how to take into
account the presence of uncertainties when choosing strategies.

The following aspects are described in the economic literature.
Firstly, modern economic systems are characterized by a large number of elements

and functional relations between them, a high degree of dynamism, the presence of
nonfunctional relations between the elements, and the action of subjective factors due
to the participation of individuals or their groups in the operation of such systems; in
other words, an economic system usually operates under the uncertainty of its external
and internal environment.

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



Guaranteed solution for risk-neutral decision maker 9

Second, as it has been already mentioned, the sources of uncertainties in economic
systems are the incomplete or insufficient information about economic processes and their
conditions; random or deliberate opposition from other economic agents; random factors
that cannot be predicted due to the unexpectedness of their occurrence.

Third, the uncertainties are estimated using deterministic and probabilistic-statistical
approaches as well as the approaches based on fuzzy logic.

Interval uncertainties were surveyed in the books [1–6] and other publications.
Each type of uncertainty requires its own approach for proper consideration. In this

article, the analysis will be restricted to the class of interval uncertainties: only the
ranges of admissible values of uncertain factors are known, without any probabilistic
characteristics. The uncertainties will be taken into account using the method proposed
by V. Zhukovskiy in [7–11]. This method allows passing from the original single-criterion
choice problem under uncertainty (SCPU) to an equivalent single-criterion choice problem
without uncertainty.

3. Principle of minimax regret

Traditionally, one of the most important challenges in the mathematical theory of
SCPUs is the development of optimality principles, i. e., the answer to the following
questions: What behavior of the decision-maker should be considered optimal (reasonable,
appropriate)? Does an optimal solution exist and how can it be constructed? This work
gives a possible answer to both questions for SCPUs.

The mathematical theory of games recommends making the concept of stability the
cornerstone of optimality: a player’s deviation from the optimal strategy introduced below
cannot improve but at the same time can worsen his payoff (as well as the associated risk).

Let us proceed to the formal statement. Consider a single-criterion choice problem
under uncertainty Γ(1) = 〈X, Y, f(x, y)〉. In Γ(1), the decision-maker chooses his alternative
x ∈ X ⊆ Rn, seeking to maximize the value of a scalar criterion f(x, y) for all possible
realizations of the uncertainty y ∈ Y ⊆ Rm. Recall that only the range of admissible
values of the uncertainty is known.

The presence of uncertainties leads to the set of outcomes

f(x, Y ) = {f(x, y) | ∀y ∈ Y },

that is induced by x ∈ X. The set f(x, Y ) can be reduced using risks.
Risk management is a topical problem of economics: in 1990, H. Markowitz [12]

was awarded the Nobel Prize in Economic Sciences “for having developed the theory of
portfolio choice”. What is a proper comprehension of risk? A well-known Russian expert

Таврический вестник информатики и математики, 2 (59)’ 2023
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in optimization, T. Sirazetdinov, claims that today there is no rigorous mathematical
definition of risk [13, p. 31]. The monograph [14, p. 15] even suggested sixteen possible
concepts of risk. Most of them require statistical data on uncertainty. However, in many
cases the decision-maker does not possess such information for objective reasons.

Thus, here risks will be understood as possible deviations of realized values from the
desired ones. Note that this definition (in particular, Savage–Niehans risk) is in good with
the conventional notion of microeconomic; for example, see [15, pp. 40–50].

In 1939 A. Wald, a Romanian mathematician who emigrated to the USA
in 1938, introduced the maximin principle, also known as the principle of
guaranteed outcome [16, 17]. This principle allows finding a guaranteed outcome in
a single-criterion choice problem under uncertainty (SCPU). Almost a decade later,
Swiss economist J. Niehans (1948) and American mathematician, economist, and
statistician L. Savage (1951) suggested the principle of minimax regret (PMR) for building
guaranteed risks in the SCPUs [18, 19]. In the modern literature, this principle is also
referred to as the Savage risk or the Savage–Niehans criterion. Interestingly, during
World War II Savage worked as an assistant of J. von Neumann, which surely contributed
to the appearance of the PMR. Note that the authors of two most remarkable dissertations
in economics and statistics are annually awarded the Savage Prize, which was established
in the USA as early as 1971.

For the single-criterion choice problem Γ(1) = 〈X, Y, f(x, y)〉, the principle of minimax
regret is to construct a pair


xr, Rr

f


∈ X ×R that satisfies the chain of equalities

Rr
f = max

y∈Y
Rf (x

r, y) = min
x∈X

max
y∈Y

Rf (x, y) (1)

where the Savage–Niehans risk function has the form

Rf (x, y) = max
z∈X

f(z, y)− f(x, y) (2)

The value Rr
f given by (1) is called the Savage–Niehans risk in the problem Γ(1). The risk

function Rf (x, y) assesses the difference between the realized value of the criterion f(x, y)

and its best-case value maxz∈X f(z, y) from the DM’s view. Obviously, the DM strives for
reducing Rf (x, y) as much as possible with an appropriately chosen alternative x ∈ X,
naturally expecting the strongest opposition from the uncertainty in accordance with the
principle of guaranteed outcome; see formula (1). Therefore, following (1) and (2), the
DM is an optimist who seeks for the best-case value maxx∈X f(x, y). In contrast, the
pessimistic DM is oriented towards the worst-case outcome  the Wald maximin solution
(x0, f 0 = maxx∈X miny∈Y f(x, y) = miny∈Y f (x0, y)).

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



Guaranteed solution for risk-neutral decision maker 11

In the sequel, assume that the DM in the problem Γ(1) is optimistic: he constructs the
Savage–Niehans risk function (2) for f(x, y). Note two important aspects as follows. First,
the criterion f(x, y) from Γ(1) has its own risk Rf (x, y); see (2). Second, the DM tries to
choose alternatives x ∈ X in order to reduce the risk Rf (x, y), expecting any realization
of the strategic uncertainty y(·) ∈ Y X , y(x) : X → Y .

Remark 1. The models Γ(1) naturally arise, e. g., in economics: a seller in a market is
interested to maximize his profits under import uncertainty.

In many publications on macroeconomics [15]-[6], all decision-makers are divided into
three categories: risk-averse, risk-neutral, and risk-seeking. In this appendix, the DM is
assumed to be a risk-neutral person and, as it has been mentioned above, an optimist.

4. Hierarchical interpretation

4.1. Hierarchical interpretation of principle of minimax regret. Consider two
hierarchical interpretations as follows. The first arises when the Savage–Niehans risk
function Rf (x, y) = maxz∈X f(z, y) − f(x, y) is constructed, whereas the second when
the solution


xr, Rr

f


∈ X ×R of the problem Γ(1) for the risk-seeking DM is obtained.

4.2. Hierarchical interpretation of Savage–Niehans risk function design.
Hierarchical games represent a mathematical model of a conflict with a fixed sequence of
moves and information exchange between its parties [20, p. 477]. In Russia, the intensive
research of hierarchical games was initiated in the second half of the 20th century by
Yu. Germeier [21, 22] (the founder of the Department of Operations Research at the
Faculty of Computational Mathematics and Cybernetics, Moscow State University) and
then continued by his scholars. Hierarchical two-player games describe the interaction
between the upper (Leader) and lower (Follower) levels of the hierarchy. Such games have
a given sequence of moves, i. e., an order in which each player chooses his strategies and
(possibly) reports them to the partner.

An important element of hierarchical games is to choose the class of admissible
strategies depending on the information available to the players. In the theory of
hierarchical games, the informational extension of the game was rigorously formulated
in [23]. In a particular case, this extension leads the so-called strategic uncertainties, i. e.,
m-dimensional vector functions y(x) : X → Y , y(·) ∈ Y X , which are used along with
pure uncertainties y ∈ Y in the game Γ(1).

Now, let us discuss the hierarchical interpretation of risk function design for the
SCPU Γ(1). Assume that the lower-level player (Follower) can apply only his pure
strategy y ∈ Y , whereas the upper-level player (Leader) can adopt “any conceivable
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information” [23, p. 353]. Thus, further analysis will be confined to the Follower’s pure
strategies y ∈ Y and the Leader’s counterstrategies x(y) : Y → X, x(·) ∈ XY , i. e., the
set of functions x(y) with Y as the domain of definition and X as the codomain. For risk
function design, consider the two-level two-stage hierarchical game

ΓR =

XY , Y, f(x, y)



In this game, the first move is made by Follower (the lower-level player), who reports his
admissible pure strategies to the upper level.

The second move belongs to Leader (the upper-level player), who performs the
following actions. First, he analytically constructs the counterstrategy

x(y) ∈ Y (x) = Argmax
x∈X

f(x, y) ∀y ∈ Y,

i. e., finds the scalar function f [y] = f(x(y), y) = maxx∈X f(x, y); second, he designs the
Savage–Niehans risk function

Rf (x, y) = f [y]− f(x, y).

Solution of choice problem Γ(I) for risk-seeking DM. Assume that the Savage–
Niehans risk function has the explicit form Rf (x, y) = maxz∈X f(z, y) − f(x, y), and the
problem is to construct a pair


xr, Rr

f


∈ X ×R defined as the solution of the SCPU Γ(1)

for the risk-seeking DM:

Rr
f = min

x∈X
max
y∈Y

Rf (x, y) = max
y∈Y

Rf (x
r, y)

In the problem Γ(1), suppose that Leader applies only a pure alternative (strategy)
x ∈ X, whereas the other player (Follower) can adopt any conceivable information [24, 25],
including his knowledge of the strategy x ∈ X, to form his strategy (uncertainty) as a
function y(x) : X → Y, y(·) ∈ Y X . (This hypothesis is well known as the informational
discrimination of Leader.) As a result, the criterion in the choice problem Γ(1) is defined
as the scalar function f(x, y(x)).

Recall that in the theory of differential games, the functions y(·) ∈ Y X (the set of
m-dimensional vector functions with the domain of definition X and the codomain Y )
are called counterstrategies. The problem Γ(1) in which counterstrategies describe the
behavior of uncertain factors is called the minimax game [24, 25].

Thus, consider the hierarchical two-level three-stage game of two players (Leader and
Follower) in which, in contrast to ΓR, Leader and Follower use a pure strategy x ∈ X and
a counterstrategy y(x) : X → Y, y(·) ∈ Y X , respectively.

The first move is made by Leader, who reports his admissible strategies x ∈ X to the
lower level.
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The second move is made by Follower, who analytically constructs y(x) in accordance
with

max
y(·)∈Y X

Rf (x, y) = Rf (x, y(x)) = Rf [x] ∀x ∈ X

assuming that the vector function y(x) is unique (e. g., for a scalar function Rf (x, y) that
is strictly concave in y for each x ∈ X ), and then reports Rf [x] to the upper level.

The third move is made by Leader, who constructs a strategy xr ∈ X such that
minx∈X Rf [x] = Rf [x

r] = Rr
f

This three-move game-theoretic framework completely matches the concept of the
Leader’s guaranteed outcome in the problem Γ(1) (in the Germeier sense) if the Follower’s
payoff function considered in [10, 11, 27] is replaced by −Rf (x, y). Moreover, in the
game ΓR, Leader can calculate the Follower’s response and immediately implement the
third move if he knows the behavioral rule of the opponent. Once again, note that
the analog and modification of this three-move framework is convenient to design the
guaranteed solution in outcomes and risks for the risk-seeking DM, both in noncooperative
and cooperative conflicts.

Remark 2. The minimax solution for the risk-seeking DM is determined by the pair
xr, Rr

f = minx∈X maxy(·)∈Y X Rf (x, y) = maxy∈Y Rf (x
r, y)


for two solutions as follows:

(1) For each alternative x ∈ X, the inner maximum maxy∈Y Rf (x, y) = Rf (x, y(x)) =

Rf [x] (see move 2) gives the greatest Savage–Niehans risk of the form

Rf [x] = max
y∈Y

Rf (x, y) ≥ Rf (x, y)∀y ∈ Y.

In other words, Rf (x, y) cannot exceed Rf [x] for all y ∈ Y , and hence Rf [x] can
be considered the DM’s guarantee obtained by choosing the alternative x. Note that
due to (2), Rf (x, y) ≥ 0; therefore, the Savage–Niehans risk function takes the values
Rf (x, y) ∈ [0, Rf [x]] for all (x, y) ∈ X × Y .
(2) Like any DM, the risk-seeking one would like to implement his decisions (the choice
of x ∈ X) with the smallest risk (ideally, zero!). This aspect explains his third move.

Therefore, in the problem Γ(1) the risk-seeking DM is suggested
to use the alternative xr to obtain the smallest (minimum) guarantee
Rf [x

r] = Rf (x
r, y (xr)) ≥ R (xr, y) ∀y ∈ Y . The same technique can be applied

to formalize the strongly-guaranteed solution in outcomes and risks of the problem Γ(1).
Here is an important result from operations research that concerns informed

uncertainties and strategies.
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Lemma 1. If in the choice problem Γ(1) = 〈X, Y, f(x, y)〉 the sets X and Y are compact
and the criterion f(x, y) is continuous on X×Y , then the maximum (minimum) function
maxx∈X f(x, y) (miny∈Y f(x, y)) is continuous on Y (X).

Lemma (1) is a well-known fact that can be found in almost any textbook on
operations research; for example, see [27].

Remark 3. Lemma (1) implies the continuity of the risk function (2) on X × Y (of
course, only if in the problem Γ(1) the sets X and Y are compact and the criterion f(x, y)

is continuous on X × Y .)

Remark 4. Assume that in the problem Γ(1), X ∈ compRn, Y ∈ comp Rm, and
f(·) ∈ C(X × Y ). Then there exists the guaranteed solution in risks


xr, Rr

f


of this

problem.

Really, the Savage–Niehans risk function Rf (x, y) (2) is continuous on X × Y (see
Remark (2)). In this case, by Lemma (1) the function maxy∈Y Rf (x, y) = Rf [x] is also
continuous on X. (There exists a Borel measurable counterstrategy (selector) y(x) :
X → Y such that

max
y∈Y

Rf (x, y) = Rf (x, y(x)) = Rf [x]∀x ∈ X

and Rf [x] is continuous on X). According to the Weierstrass extreme-value theorem, on a
compact set X a continuous function Rf [x] achieves minimum at the point xr ∈ X. If both
sets X and Y are compact and the function f(x, y) is continuous, then the guaranteed
solution in risks


xr, Rr

f


defined by (1) exists.

Thus, using xr, the risk-seeking DM obtains a guarantee in risks
Rr

f ≥ Rf (x
r, y) ∀y ∈ Y , and for all x ∈ X this guarantee will be smallest among

all other guarantees Rf [x] ≥ Rf (x, y) for all alternatives x ∈ X. Such a procedure is
characteristic of the risk-seeking DM. In this article, we will consider a similar procedure
for the risk-neutral DM.

New approach to SCPU for risk-neutral DM: Preliminaries. Let us utilize the
approach proposed for noncooperative games in [29]. For this purpose, from the SCPU Γ(1)

we will pass to the problem of guarantees without any uncertainties.
At conceptual level, the DM’s goal so far has been to choose an appropriate alternative

maximizing his outcome. But this is not enough for the risk-neutral DM! He seeks for an
alternative that would not only increase his outcome but also reduce his risk, as much
as possible. Recall that the DM forms the Savage–Niehans risk function Rf (x, y) (2), the
value of which is called the DM’s risk, and the Savage–Niehans risk Rr

f itself is determined
by the chain of equalities (1). The pair


xr, Rr

f


is the solution of the choice problem Γ(1)
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for the risk-seeking DM: the value Rf (x, y) characterizes his risk when choosing and
implementing the alternative x ∈ X, which he strives to minimize simultaneously with
outcome improvement. In this context, two questions arise naturally:
(1) How can we combine the two objectives of the decision-maker (outcome increase with
simultaneous risk reduction) using only one criterion?
(2) How can we implement these objectives in a single alternative, in such a way that
uncertainty is also accounted for?

How to combine DM’s desire to increase outcome and reduce risks? Recall
that, according to the principle of minimax regret, the DM’s risk is defined by the value
of the Savage–Niehans risk function Rf (x, y) = maxz∈X f(z, y) − f(x, y), where f(x, y)

denotes the DM’s criterion in the choice problem Γ(1). Thus, to construct the risk function
Rf (x, y) for the DM, first the dependent maximum f [y] = maxx∈X f(x, y)∀y ∈ Y needs to
be found. To calculate f [y], following the theory of two-level hierarchical games, assume
the discrimination of the lower-level player, who forms the uncertainty y ∈ Y and sends
this information to the upper level for constructing a counterstrategy x(y) : Y → X such
that

max
x∈X

f(x, y) = f(x(y), y) = f [y] ∀y ∈ Y.

The set of such strategies is denoted by XY . (Actually, this set consists of n-dimensional
vector functions x(y) : Y → X with the domain of definition Y and the codomain X).
Thus, to construct the first term in (2) at the upper level of the hierarchy, we have to solve
the single-criterion choice problem


XY , Y, f(x, y)


for each uncertainty y ∈ Y ; here XY

is the set of counterstrategies x(y) : Y → X. The problem itself consists in determining
the scalar function f [y] defined by

f [y] = max
x(·)∈XY

f(x, y)∀y ∈ Y. (3)

Then, the Savage–Niehans risk functions are constructed by formula (2).
Hereinafter, the collection of all compact sets of Euclidean space Rk is denoted by

comp Rk, and if a scalar function ψ(x) on the set X is continuous, we write ψ(·) ∈ C(X).
The main role in this paragraph will be played by the following result.

Proposition 1. If X ∈ compRn, Y ∈ compRm, and f(·) ∈ C(X × Y ), then
(1) the maximum function maxx∈X f(x, y) is continuous on Y ;
(2) the minimum function miny∈Y f(x, y) is continuous on X.

Corollary 1. If in the choice problem Γ(1) the sets X ∈ compRn and Y ∈ compRm

and the function f(·) ∈ C(X × Y ), then the Savage–Niehans risk function Rf (x, y) is
continuous on X × Y (also, see Remark (3)).
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Let us proceed with the strongly-guaranteed outcome and risk in the SCPU Γ(1). In a
series of papers [10, 11], three different ways to account for uncertain factors of decision-
making in conflicts under uncertainty were proposed. Our analysis below will be confined
to one of them presented in [11], based on the following method. We associate with the
criterion f(x, y) in the problem Γ(1) its strong guarantee f [x] = miny∈Y f(x, y). As a
consequence, choosing his alternatives x ∈ X, the DM ensures an outcome f [x] ≤ f(x, y)

∀y ∈ Y under any realized uncertainty y ∈ Y . Such a strongly-guaranteed outcome f [x]

seems natural for the interval uncertainties y ∈ Y addressed in this appendix, because
no additional probabilistic characteristics of y (except for information on the admissible
set Y ⊆ Rm ) are available. Proposition (1), in combination with Corollary (1) as well as
the continuity of f(x, y) and Rf (x, y) on X × Y , leads to the following result.

Proposition 2. If in the SCPU Γ(1) the sets X and Y are compact and the criterion
f(x, y) is continuous on X × Y , then the strongly-guaranteed outcome

f [x] = min
y∈Y

f(x, y) (4)

and the strongly-guaranteed risk

Rf [x] = max
y∈Y

Rf (x, y) (5)

are scalar functions that are continuous on X.

Remark 5. First, the meaning of the guaranteed outcome f [x] from (4) is that, for any
y ∈ Y , the realized outcome f(x, y) is not smaller than f [x]. In other words, using his
alternative x ∈ X in the choice problem Γ(1), the DM ensures an outcome f(x, y) of at
least f [x] under any uncertainty y ∈ Y . Therefore, the strongly-guaranteed outcome f [x]

gives a lower bound for all possible outcomes f(x, y) occurring when the uncertainty y

runs through all admissible values from Y . Second, the strongly-guaranteed risk Rf [x] also
gives an upper bound for ail Savage–Niehans risks Rf (x, y) that can be realized under
any uncertainties y ∈ Y . Really, from (5) it immediately follows that

Rf [x] ≥ Rf (x, y)∀y ∈ Y.

Thus, adhering to his alternative x ∈ X, the DM obtains the strong guarantee in
outcomes f [x], and simultaneously the strong guarantee in risks Rf [x].

Transition from single-criterion choice problem under uncertainty Γ(1) to
bi-criteria vector optimization problem. The DM’s desire to increase his outcome
and simultaneously reduce his risk is described well by the new mathematical model of
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a bi-criteria choice problem under uncertainty with the two-component vector criterion

Γ2 = 〈X, Y, {f(x, y),−Rf (x, y)}〉 .

In this model, the sets X and Y are the same as in Γ(1). The novelty consists in
the transition from the one-component criterion f(x, y) to the two-component criterion
{f(x, y),−Rf (x, y)}, in which Rf (x, y) is the Savage–Niehans risk function for the DM.
In the problem Γ2, the DM chooses an alternative x ∈ X in order to increase as much
as possible the values of both criteria simultaneously, which explains the minus sign
of Rf (x, y). Moreover, the DM must expect any realization of the uncertainty y ∈ Y . Note
that due to Rf (x, y) ≥ 0, for all (x, y) ∈ X × Y an increase of −Rf (x, y) is equivalent to
a decrease of Rf (x, y).

The uncertainty y ∈ Y in the choice problem Γ2 is of the interval type. This feature
compels the DM to use the available information about the uncertainty, i. e., the limits of
its range, being guided by the strongly-guaranteed outcome f [x] (4) and the strongly-
guaranteed risk Rf [x] (5). Therefore, it seems natural to pass from Γ(1) to the two-
component vector optimization problem without uncertainty

Γg
2 = 〈X, {f [x],−Rf [x]}〉

in which the DM chooses an appropriate alternative x ∈ X for maximizing both criteria
f [x] and −Rf [x] simultaneously.

For the practical design of the strongly-guaranteed outcome and risk in Γg
2, we will

employ the mathematical theory of vector optimization, e. g., from [28], with its different
approaches and results. Consider an optimal solution of multicriteria problems introduced
in 1909 by Italian economist and sociologist V. Pareto [30]. For the problem Γg

2, the Pareto
maximality (efficiency) of an alternative xP is reduced to the inconsistency of the system
of two inequalities f [x] ≥ f


xP


,−Rf [x] ≥ −Rf


xP


∀x ∈ X, in which at least one

inequality is strict. This leads to the following notion.

Definition 1. A triplet

xP , f


xP


, Rf


xP


is called a Pareto-maximal strongly-

guaranteed solution in outcomes and risks (PSGOR) of the problem Γg
2 if

(1) the alternative xP is Pareto-maximal in the problem Γg
2;

(2) f

xP


is the value of the strongly-guaranteed outcome f [x] = miny∈Y f(x, y) in the

problem Γg
2 for x = xP ;

(3) Rf


xP


is the value of the strongly-guaranteed risk Rf [x] = maxy∈Y Rf (x, y) in the

problem Γg
2 for x = xP .
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Remark 6. Definition (1) may also involve other optimality principles (Pareto, Geoffrion,
Borwein, cone, A-optimality). All these principles as well as connections between different
vector optimal solutions were considered in [31].

According to the definition of Pareto maximality,
(1) if xP is a Pareto-maximal alternative, then for x̄ ∕= xP , x̄ ∈ X an increase of value of
one criterion will inevitably reduce the value of the other;
(2) there exists no alternative x ∈ X for which the values of both criteria will increase in
comparison with their values for x = xP .

Perhaps the term “Slater maximality” appeared in the Russian literature after the
translation [32] of a paper by Hurwitz.

If Pareto optimality is replaced by Slater maximality (weak efficiency), then
Definition (1) takes the following form.

Definition 2. A triplet

xS, f


xS


, Rf


xS


is called a Slater-strongly-guaranteed

solution in outcomes and risks of the problem Γg
2 if

(1) the alternative xS ∈ X is Slater-maximal in the problem Γg
2, i. e., for any x ∈ X the

system of two strict inequalities

f [x] > f

xS


,−Rf [x] > −Rf


xS



is inconsistent;
(2) f


xS


is the value of the strongly-guaranteed outcome in the problem Γg

2 for x = xS;
(3) Rf


xS


is the value of the strongly-guaranteed risk in the problem Γg

2 for x = xS.

Any efficient (Pareto-maximal) alternative is also weakly efficient, which follows
directly from Definitions (1) and (2). Generally speaking, the converse is false. Also,
property (2) of Remark (6) remains valid for the Slater-strongly-guaranteed solution in
outcomes and risks of the problem Γ(1). The next result seems quite obvious.

Proposition 3. If in the problem Γg
2 there exists an alternative xP ∈ X and values

α, β ∈ (0, 1) such that xP maximizes the scalar function Φ[x] = αf [x]− βRf [x], i. e.,

Φ

xP


= max

x∈X
(αf [x]− βRf [x]) (6)

then xP is the Pareto-maximal alternative in the problem Γg
2; in other words, for any

x ∈ X the system of two inequalities

f [x] ≥ f

xP


, Rf [x] ≤ Rf


xP


(7)

with at least one strict inequality, is inconsistent. (Here α = β = 1.)
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Remark 7. The combination of the criteria (4) and (5) in the form Φ[x] = αf [x]−βRf [x]

is of interest for two reasons. First, even if for x̄ ∕= xP we have an increase of the guaranteed
outcome f [x̄] > f


xP


, then due to the Pareto maximality of xP and the fact that

Rf [x̄] ≥ 0 such an improvement of the guaranteed outcome f [x̄] > f

xP


will inevitably

lead to an increase of the guaranteed risk Rf [x̄] > Rf


xP


; conversely, for the same

reasons, a reduction of the guaranteed risk Rf [x̄] < Rf


xP


will lead to a reduction

of the guaranteed outcome f [x̄] < f

xP


(both cases are undesirable for the DM).

Therefore, the replacement of the bi-criteria choice problem Γg
2 with the single-criterion

choice problem (X,Φ[x] = αf [x]− βRf [x]) matches well the DM’s desire to increase f [x]

and simultaneously reduce Rf [x]. Second, since Rf [x] ≥ 0 and α, β ∈ (0, 1), an increase
of the difference αf [x]− βRf [x] also matches the DM’s desire to increase the guaranteed
outcome f [x] and simultaneously reduce the guaranteed risk Rf [x].

Now, let us answer the second question: how can we combine both objectives of the
DM in a single alternative taking into account the existing interval uncertainty? To do
this, from the problem Γ(1) we will pass sequentially to choice problems Γ1,Γ2, and Γ3 :

Γ1 = 〈X, Y, {f(x, y),−Rf (x, y)}〉

Γ2 = 〈X, {f [x],−Rf [x]}〉

Γ3 = 〈X, {Φ[x] = f [x]−Rf [x]}〉
(8)

In all the three choice problems, x ∈ X ⊆ Rn denotes the alternative chosen by the
DM; y ∈ Y ⊆ Rm are uncertainties; the DM’s criterion f(x, y) is defined on the
pairs (x, y) ∈ X × Y ; in (2), Rf (x, y) means the Savage–Niehans risk function. In the
choice problem Γ1, the criterion has two components  the original criterion f(x, y) of
the problem Γ(1) and the risk function Rf (x, y) of (2). In the choice problem Γ2, the
original criterion f(x, y) and the risk function Rf (x, y) are replaced by their guarantees
f [x] = miny∈Y f(x, y) and Rf [x] = maxy∈Y Rf (x, y), respectively. Finally, in the choice
problem Γ3, the linear convolution of the guarantees f [x] and −Rf [x] (see Proposition (3))
is used instead of the two-component criterion.

Remark 8. Let us discuss the advantages of the solution formalized by Definitions (1)
and (2). First, recall that economists divide all decision-makers into three categories: risk-
averse, risk-neutral, and risk-seeking. In Definitions (1) and (2), the DM is assumed to
be a risk-neutral person, who simultaneously considers the outcome and associated risk.
Second, this solution imposes a lower bound on the outcomes and also an upper bound on
the risks, f [x] ≤ f


xP , y


∀y ∈ Y and Rf [x] ≥ Rf


xP , y


∀y ∈ Y , respectively. Note that

the existence and continuity of the guarantees f [x] and Rf [x] are based on the hypotheses
X ∈ comp Rn, Y ∈ comp Rm, and f(·) ∈ C(X × Y ); see Proposition (1). Third, an
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improvement of the Pareto-maximal guaranteed outcome (in comparison with f

xP


)

will inevitably increase the guaranteed risk (in comparison with Rf


xP


); conversely, a

reduction of the risk will inevitably decrease the guaranteed payoff.

Remark 9. Definitions (1) and (2) suggest a constructive method of SGPOR design. It
consists of four steps as follows.

Step I. Using f(x, y), find f [y] = maxx∈X f(x, y) and construct the Savage–Niehans
risk function Rf (x, y) = f [y]− f(x, y) for the criterion f(x, y).

Step II. Evaluate the strong guarantee in outcomes f [x] = miny∈Y f(x, y) and also
the strong guarantee in risks Rf [x] = maxy∈Y Rf (x, y).

Step III. For the auxiliary choice problem Γ2, calculate the Pareto-maximal
alternative xP . At this step, Proposition (3) is of assistance.

Then the Pareto-maximal alternative in the auxiliary choice problem Γ3 is xP for
which

max
x∈X

(f [x]−Rf [x]) = f

xP


−Rf


xP


. (9)

Step IV. Using xP , evaluate the strong guarantees f

xP


and Rf


xP


.

The resulting triplet

xP , f


xP


, Rf


xP


is the requisite SGPOR, which complies

with Definition (1), i. e., for the original criterion f(x, y) the alternative xP leads to a
guaranteed outcome f


xP


with a guaranteed Savage–Niehans risk Rf


xP


.

Explicit form of Savage–Niehans risk for linear-quadratic SCPU. Consider
the linear-quadratic single-criterion choice problem under uncertainty

Γlq = 〈Rn,Rm, f(x, y)〉 ,

in which the set of alternatives x coincides with the n-dimensional Euclidean space Rn,
the set of uncertainties y is Rm, and the linear-quadratic criterion is given by

f(x, y) = x′Ax+ 2x′By + y′Cy + 2a′x+ 2c′y + d.

Here A and C are constant and symmetric matrices of dimensions n × n and m × m,
respectively; B is rectangular constant matrix of dimensions n×m; a and c are constant
vectors of dimensions n and m, respectively; finally, d is a constant. As before, the prime
denotes transposition. In the problem Γlq, the DM chooses an appropriate alternative
x ∈ Rn in order to maximize the linear-quadratic criterion f(x, y) and simultaneously
minimize a risk function under any possible realizations of the uncertainty y ∈ Rm.

The problem is to design an explicit form of the Savage–Niehans risk function
for the linear-quadratic choice problem Γlq (see Remark (9)) and then to obtain the
SGPOR. Hereinafter, for a square constant matrix A of dimensions n× n, the inequality
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A > 0 (A < 0) means that the quadratic form with the matrix A is positive definite
(negative definite, respectively).

Also, the following notations will be used below:
– 0n as a zero vector of dimension n;

– ∂f
∂x

=





∂f
∂x1...
∂f
∂xn



 as the gradient of a scalar function f(x, y) with respect to x under a

fixed vector y;

– ∂2f
∂x2 =





∂2f
∂x1∂x1

· · · ∂2f
∂x1∂xn... . . . ...

∂2f
∂xn∂x1

· · · ∂2f
∂xn∂xn



 as a Hessian of a scalar function f(x, y) with respect

to x under a fixed vector y;
– detA as the determinant of a matrix A;
– En as an identity matrix of dimensions n× n.
Direct calculations show that

∂

∂x
(x′Ax) = 2Ax,

∂

∂x
(2x′By) = 2By,

∂

∂x
(2a′x) = 2a,

∂2

∂x2
(x′Ax) = 2A.

Well, let us construct an explicit form of the Savage–Niehans risk function Rf (x, y)

for the linear-quadratic choice problem Γlq; see Stage I from Remark (9).
Step I. Explicit-form design of the the Savage–Niehans risk function Rf (x, y) for the

problem Γlq.

Proposition 4. In the linear-quadratic choice problem Γlq with a matrix A < 0, the
Savage–Niehans risk function has the form

Rf (x, y) = − (x′A+ y′B′ + a′)A−1(Ax+By + a).

Proof. An n-dimensional vector function x(y) with the domain of definition Rm and the
codomain Rn such that maxz∈Rn f(z, y) = f(x(y), y), ∀y ∈ Rm, exists under the sufficient
conditions

∂f(x, y)

∂x


x=x(y)

= 2Ax(y) + 2By + 2a = 0n; ∀y ∈ Rm

∂2f(x, y)

∂x2


x=x(y)

= 2A < 0.

The second condition (inequality) holds due to A < 0; from the first condition (identity)
it follows that

x(y) = −A−1(By + a).
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Substituting x = x(y) into f(x, y) gives

max
z∈Rn

f(z, y) = f(x(y), y) = (y′B′ + a′)A−1(By + a)− 2 (y′B′ + a′)A−1By + y′Cy

− 2a′A−1(By + a) + 2c′y + d = − (y′B′ + a′)A−1(By + a) + y′Cy + 2c′y + d

= y′

C − B′A−1B


y + 2


c′ − a′A−1B


y +


d− a′A−1a



As a result, the Savage–Niehans risk function can be written as

Rf (x, y) =f(x(y), y)− f(x, y) = −x′Ax− 2x′By − 2a′x− y′B′A−1By

− 2a′A−1By − a′A−1a = − (x′A+ y′B′ + a′)A−1(Ax+By + a)

The proof of this proposition is complete. □

Step II. Construct the function Rf [x] = maxy∈Rm Rf (x, y).

Proposition 5. In the linear-quadratic choice problem Γlq with matrices

A < 0, detB ∕= 0,

the strong guarantee in risks is

Rf [x] = max
y∈Rm

Rf (x, y) ≡ 0, ∀x ∈ Rn

Proof. First of all, the condition detB ∕= 0 implies that B is a square matrix, i. e., n = m.
For finding Rf [x], define an n-dimensional vector function y(x) : Rn → Rn such that

max
y∈Rm

Rf (x, y) = Rf (x, y(x)) = Rf [x], ∀x ∈ Rn.

Recall the sufficient conditions of maximum for y = y(x) : Rn → Rn :

∂Rf (x, y)

∂y


y=y(x)

= −2B′x− 2B′A−1By(x)− 2B′A−1a = 0m, ∀x ∈ Rn,

∂2Rf (x, y)

∂y2


y=y(x)

= −2B′A−1B > 0.

(10)

Since A < 0 and det B ∕= 0, the following chain of implications is the case:

A−1 < 0 =⇒ B′A−1B < 0 =⇒ −B′A−1B > 0 =⇒ −2B′A−1B > 0.

(In other words, the second condition of (10) is satisfied.)
In view of 

B′A−1B
−1

= B−1A (B′)
−1

,

the first condition of (10) gives

y(x) = −

B′A−1B

−1 
B′x+B′A−1a


= −B−1A


x+ A−1a


= −B−1(Ax+ a).
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Then, substituting y = y(x) into Rf [x] yields

Rf [x] = Rf (x, y(x)) = − (x′A− x′A− a′ + a′)A−1(Ax− Ax− a+ a) ≡ 0, ∀x ∈ Rn,

which finally establishes the identity Rf [x] ≡ 0, ∀x ∈ Rn. □

Continuing Step II (from Remark (9)), we find the strong guarantee in outcomes
miny∈Y f(x, y) for

f(x, y) = x′Ax+ 2x′By + y′Cy + 2a′x+ 2c′y + d,

that is, f [x] = miny∈Rm f(x, y), in the case A < 0, C > 0.

Lemma 2. [33] For any positive definite matrix C of dimensions n× n, there exists a
unique positive definite matrix S of dimensions n× n such that S2 = C. The matrix S is
called the square root of the matrix C and denoted by C

1
2 . Moreover, the eigenvalues of

the matrix C are the squares of the eigenvalues of the matrix C
1
2 .

Lemma 3. For a symmetric matrix C > 0 of dimensions n× n, C−1 = [S2]
−1

= [S−1]
2.

Proof. Indeed, for S = C
1
2 it follows that

C = S · S = S2 =⇒ C−1 = [S · S]−1 = S−1 · S−1 =

S−1

2
.

□
Lemma 4. A < 0 ∧ C > 0 ⇒ (A− BCB′) < 0 ∀B ∈ Rn×m, where Rn×m is the set of
constant matrices of dimensions n×m.

Proof. Really,

C > 0 ⇒ C−1 > 0 ⇒ BC−1B′ ≥ 0 ∀B ∈ Rn×m ⇒ −BC−1B′ ≤ 0 ∀B ∈ Rn×m

⇒ A− BC−1B′ < 0, ∀B ∈ Rn×m.

□
Proposition 6. If A < 0 and C > 0, then

f [x] = min
y∈Rm

f(x, y) = x′ A− BC−1B′ x+ 2x′ a− BC−1c

+ d− c′C−1C. (11)

Proof. According to Lemma (2), there exists a matrix S such that C = S2; moreover,
C > 0 =⇒ S > 0∧S = S ′. Due to S−1S−1 = C−1 (Lemma (3)), SS = C, and S−1S = En,
it follows that

f(x, y) = x′Ax+ 2x′By + y′Cy + 2a′x+ 2c′y + d =
S−1B′x+ Sy + S−1c

2

− x′BC−1B′x− 2x′BC−1c− c′C−1c− y′Cy − 2x′By − 2c′y + x′Ax+ 2x′By

+ 2a′x+ d ≥ x′ A− BC−1B′ x+ 2x′ a− BC−1c

+ d− c′C−1c = f [x]
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for all x ∈ Rn and y ∈ Rm, because  ·  ≥ 0 by the properties of the Euclidean norm.
Using the definition of the strong guarantee in outcomes,

f(x, y) ≥ f [x]∀x ∈ Rn, y ∈ Rm,

we finally arrive in (11). □

Steps III-IV (construction of the Pareto-maximal alternative xP in the problem Γ2 (5)
and calculation of f


xP


.

As it has been established (see Proposition (5)), in the linear-quadratic problem Γlq

with
A < 0,m = n, detB ∕= 0, (12)

the strong guarantee in risks is Rf [x] = 0 for all x ∈ Rn. Hence, this is also the case for
the Pareto-maximal alternative xP in the problem Γ3 (8). Therefore, the Pareto-maximal
alternative in the linear-quadratic problem Γlq with the matrices (12) and C < 0 can be
reduced to the maximization of f [x], i. e.

max
x∈Rn

f [x] = f

xP


. (13)

Proposition 7. In the linear-quadratic problem Γlq with

A < 0, C > 0,m = n, detB ∕= 0

the Pareto-maximal strongly-guaranteed solution is given by

xP = −

A− BC−1B′−1 

a− BC−1c


(14)

f

xP


= −


a′ − c′C−1B′ A− BC−1B′−1 

a− BC−1c

+ d− c′C−1c. (15)

Proof. The alternative xP defined by (13) exists under the sufficient conditions

∂f [x]

∂x


x=xP

= 2

A− BC−1B′ xP + 2


a− BC−1c


= 0n, (16)

∂2f [x]

∂x2


x=xP

= 2

A− BC−1B′−1

< 0. (17)

Note that (17) is satisfied due to Lemma (4) and A < 0, C > 0. In view of A 
BC−1B′ < 0, equality (16) implies

xP = −

A− BC−1B′−1 

a− BC−1c

.
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Substituting this alternative xP into (11) gives

f

xP


=


a′ − c′C−1B′ A− BC−1B′−1 

A− BC−1B′ ·

A− BC−1B′−1

×

a− BC−1c


− 2


a′ − c′C−1B′ A− BC−1B′−1 

a− BC−1c

+ d− c′C−1c

= −

a′ − c′C−1B′ A− BC−1B′−1 

a− BC−1c

+ d− c′C−1c.

□

Remark 10. Thus, the following result has been obtained for the class of linear-quadratic
SCPUs Γlq: if the criterion in the linear-quadratic problem

Γlq = 〈Rn,Rm, f(x, y) = x′Ax+ 2x′By + y′Cy + 2a′x+ 2c′y + d〉

satisfies the conditions A < 0, C > 0, and detB ∕= 0, then the triplet
xP , f


xP


, Rf


xP


, where

xP = −

A− BC−1B′−1 

a− BC−1c


f

xP


= −


a′ − c′C−1B′ A− BC−1B′−1 

a− BC−1c

+ d− c′C−1c

(18)

and
Rf


xP


= 0

is the Pareto-maximal strongly-guaranteed solution of Γlq.

This result has the following interpretation in terms of game theory: choosing the
alternative xP (18) in the linear-quadratic SCPU Γlq, the DM obtains the strongly-
guaranteed outcome f


xP


(18) with the (minimum possible) zero risk Rf


xP


= 0

(i. e., surely!). Note that by Lemma (4) a considerable part of this outcome is

−

a′ − c′C−1B′ A− BC−1B′−1 

a− BC−1c

> 0.

Conclusions

The simplest conflict under uncertainty is “the game with nature”, where a person
(player) has to choose an optimal action (strategy) for a given criterion (e. g.,
profit). Moreover, each action is accompanied by incomplete or inaccurate information
(uncertainty) about the results (outcome) of such an action.

This raises the question of risk associated with the resultants. Here an area of intensive
research is focused on a special type of uncertainties (interval), for which the only
available information is the ranges of their admissible values, without any probabilistic
characteristics. An example of such uncertainties is the diversification problem of a deposit
into sub-deposits in different currencies [29].
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In Russia, interval uncertainties were called “bad uncertainties” due to the
unpredictability of their realizations [34–36]. The effect of such uncertainties can be
assessed using the Savage–Niehans function for a particular alternative or strategy is
a measure of risk.

In this article a solution of the single-criterion choice problem under uncertainty
(SCPU) that takes into account, first, the effect of such uncertainties and, second, the
DM’s desire to increase the outcome and simultaneously reduce the associated risk has
been presented. More specifically, the concept of a strong guarantee from [10, 11] has
been adopted for introducing a new approach that considers all the three factors of
decision-making (uncertainty, outcome, and risk). This approach has been reduced to
the construction of the game of guarantees, which contains no uncertainties. For the
game of guarantees, a corresponding bi-criteria optimization problem has been designed
and solved. In the future, a different approach based on vector guarantees [10, 11] can
be used. For a fairly general class of linear-quadratic SCPUs, the new approach proposed
above has anyway yielded an explicit form of the strongly-guaranteed solution in outcomes
and risks in which the guaranteed risk (and hence any Savage–Niehans risk) is 0.
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Abstract. For a noncooperative N -player normal-form game, we introduce the concept of
hybrid equilibrium (HE) by combining the concepts of Nash and Berge equilibria and Pareto
maximum. Some properties of hybrid equilibria are explored and their existence in mixed
strategies is established under standard assumptions of mathematical game theory (convex
and compact strategy sets and continuous payoff functions). Similar results are obtained for
noncooperative N -player normal-form games under uncertainty.
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Introduction

In 1949 twenty-one years old Princeton University postgraduate J. F. Nash suggested
and proved the existence of a solution [1, 2], which subsequently became known as Nash
equilibrium (NE). Nash equilibrium has been widely used in economics, military science,
policy and sociology. After 45 years, J. Nash together with R. Selten and J. Harsanyi were
awarded the Nobel Prize in Economic Sciences “for their pioneering analysis of equilibria in
the theory of non-cooperative games”. The point is that NE has stability against arbitrary
unilateral deviations of a single player, which explains its success in economic and political
applications [3, 4].
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Almost every issue of modern journals on operations research, systems analysis, or
game theory contains papers involving the concept of Nash equilibrium. However, there
are spots on the sun: an obvious drawback of NE is its pronounced selfishness, as each
player seeks to increase his own payoff only.

The antipode of NE is the concept of Berge equilibrium (BE): each player makes every
effort to maximize the payoffs of the other players, neglecting his individual interests.
BE was formalized in 1985 by Zhukovskiy [5] as a possible solution of noncooperative
N -player games, after a critical analysis of C. Berge’s book Théorie générale des jeux
a n personnes [6] published in 1957 (which explains the term “Berge equilibrium”). In
1995, Russian mathematician K. Vaisman defended his Candidate of Sciences Dissertation
entitled “Berge equilibrium” [7] at Department of Applied Mathematics and Control
Processes (St. Petersburg State University) under the scientific supervision of Zhukovskiy.
This dissertation and Vaisman’s early papers [8, 9] attracted the attention of researchers,
first in Russia and then abroad. As of today, the number of publications related to this
equilibrium has exceeded three hundreds. BE is a good mathematical model for the Golden
Rule of ethics (“Behave to others as you would like them to behave to you”). BE is famed
for its altruism.

Obviously, these features-selfishness and altruism  are intrinsic (in some proportion)
to any individual, including a conflicting party. However, it seems delusive to expect
that such a combined solution exists in pure strategies. Therefore, again employing the
approach of Borel [10], von Neumann [11], Nash [1] and their followers, we will establish
the existence of a combined Nash-Berge equilibrium in mixed strategies. This solution is
called a hybrid equilibrium (HE). The main goal of this paper is to prove the existence
of HE in mixed strategies. Also note a negative property of NE [12] and BE [13]: the
sets of both types of equilibria are internally unstable, i. e., there may exist two (NE
or BE) profiles such that the payoff of each player in one of them is strictly greater
than in the other. We will remove this undesirable negative feature by adding the Pareto
maximality of HE with respect to all other equilibria. Thus, our formalization combines
three properties, namely, a HE is

first, a Nash equilibrium;
second, a Berge equilibrium;
third, Pareto-maximal with respect to the other equilibria.
This paper proves the following result: if a noncooperative N -player normal-form game

has bounded convex and closed strategy sets of players and continuous payoff functions,
then there exists a HE in mixed strategies in this game.
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In addition, we obtain sufficient conditions for the existence of HE that are reduced
to calculation of a saddle point for a special Germeier convolution of payoff functions.

Finally, the derived results are extended to the case of noncooperative N -player
normal-form games under strategic uncertainty. A proper consideration of uncertain
factors yields more adequate models of real conflicts, which is testified by numerous
publications in this field (recall the over 1 million research works with keywords
“mathematical modeling under uncertainty” in Google Scholar).

1. Formalization of Hybrid Equilibrium

Consider the mathematical model of a conflict as a noncooperative N -player normal-
form game described by an ordered triplet

Γ = 〈N, {Xi}i∈N, {fi(x)}i∈N〉.

Here N = {1, 2, . . . , N} denotes the set of players (N > 1); each of N players chooses his
strategy xi ∈ Xi ⊆ Rni , thereby forming a strategy profile

x = (x1, . . . , xN) ∈ X =


i∈N

Xi ⊆ Rn (n =


i∈N

ni)

in this game; a payoff function fi(x) is defined on the set X, which gives the payoff of
player i (i ∈ N). At a conceptual level, each player i in the game Γ is looking for a strategy
xi that would maximize his payoff.

A natural approach is to define a solution of the game Γ using a pair

(x∗, f(x∗) = f1(x
∗), . . . , fN(x

∗)) ∈ X × RN ,

where the strategies of a profile x∗ = (x∗
1, . . . , x

∗
N) ∈ X1× · · ·×XN = X are determined by

an optimality principle while the components of the vector f(x∗) specify the corresponding
payoffs of players under these strategies.

As noted by N. Vorobiev, the founder of the largest national scientific school on game
theory, “. . . the practice of games shows that all the optimality principles developed so
far directly or indirectly reflect the idea of a stable strategy profile that satisfies these
principles. . . ” “ [14, pp. 94]. To introduce the concept of hybrid equilibrium, we will
adopt three optimality principles, namely, Nash equilibrium, Berge equilibrium (from
the theory of noncooperative games) and Pareto maximum (PM, from the theory of
multicriteria choice problems). Interestingly, each of these principles has its own type
of stability : NE is stable against the unilateral deviations of any player i (i. e., the
deviations of xi from x∗

i ); BE is stable against the deviations of all players except for one
player i with the payoff function fi(x) (i. e., the deviations of (x1, . . . , xi−1, xi+1, . . . , xN)
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from (x∗
1, . . . , x

∗
i−1, x

∗
i+1, . . . , x

∗
N)); finally PM is stable against the deviations of all players

(i. e., the deviation of the whole current profile x from the optimal solution x∗). Using
the standard notation (x||zi) = (x1, . . . , xi−1, zi, xi+1, . . . , xN) of noncooperative games,
we introduce the following notions.

Definition 1. A strategy profile xe = (xe
1, . . . , x

e
i , . . . , x

e
N) ∈ X is called a Nash

equilibrium in the game Γ if

max
xi∈Xi

fi(x
e||xi) = fi(x

e) (i ∈ N). (1)

Definition 2. A strategy profile xB = (xB
1 , . . . , x

B
i , . . . , x

B
N) ∈ X is called a Berge

equilibrium in the game Γ if

max
x∈X

fi(x||xB
i ) = fi(x

B) (i ∈ N). (2)

Let us associate with the game Γ the N -criteria choice problem

Γc = 〈X, f(x)〉,

where the set of alternatives X coincides with the set of strategy profiles X in the game Γ

and the vector criterion has the form f(x) = (f1(x), . . . , fN(x)), consisting of the payoff
functions fi(x) of all players i ∈ N in the game Γ.

Definition 3. An alternative (here a strategy profile x ∈ X) is Slater (Pareto)-maximal
in the problem Γc if, for all x ∈ X, the system of inequalities fi(x) > fi(x

∗) (i ∈ N)
(fi(x) ≥ fi(x

P ) (i ∈ N), respectively), with at least one strict inequality, is inconsistent.

Corollary 1. The following sufficient condition of Pareto maximality is obvious: if

max
x∈X



i∈N

fi(x) =


i∈N

fi(x
∗) ∀x ∈ X, (3)

then the strategy profile x∗ is Pareto-maximal in the problem Γc.

Now, we introduce the central concept.

Definition 4. A pair (x∗, f(x∗)) ∈ X × RN is called a Pareto hybrid equilibrium (PHE)
in the game Γ if the strategy profile x∗ is simultaneously a Nash equilibrium and a Berge
equilibrium in this game, and also a Pareto-maximal alternative in the multicriteria choice
problem Γc, i. e., the PHE x∗ satisfies the following three conditions:

max
xi∈Xi

fi(x
∗||xi) = fi(x

∗) (i ∈ N),

max
x∈X

fi(x||x∗
i ) = fi(x

∗) (i ∈ N), (4)

x∗ is Pareto-maximal in Γc.
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Remark 1. By Corollary 1, a strategy profile x∗ is a PHE in the game Γ if it
simultaneously satisfies the three optimality conditions (1)-(3).

Remark 2. By analogy with Definition 4, we may easily introduce the concept of Slater
hybrid equilibrium (SHE), by simply replacing the Pareto maximality of x∗ with its Slater
maximality in the problem Γc.

2. Properties of Hybrid Equilibria

Hereinafter, cocomp Rn stands for the set of convex and compact subsets of Rn and
we write φ(·) ∈ C(X) if φ(·) is a continuous scalar function defined on X.

In this section, the game Γ is assumed to satisfy the conditions

Xi ∈ cocomp Rni , fi(·) ∈ C(X) (i ∈ N). (5)

Property 1. Under conditions (5), any PHE in the game Γ is simultaneously a SHE; the
set of all SHE is compact in X × RN (possibly, empty).

Property 1 directly follows from the fact that a Pareto-maximal alternative in the
choice problem Γc is also Slater-maximal (in general, the converse is not true), while the
set of Slater-maximal alternatives XS in Γc is nonempty and compact in X [15, pp. 142].

The sets of Nash and Berge equilibria, Xe and XB, in the game Γ are also compact
in X (perhaps, empty) if assumptions (5) hold. In this case, the intersection of the
three compact sets XS


Xe


XB = X∗ is also a compact set in X (again, it may

be empty). The compactness of f(X∗) = {f(x)|x ∈ X∗} is an immediate consequence of
the continuity of the payoff functions fi(x) on X (i ∈ N).

Note that, generally speaking, the set of PHE can be noncompact due to the
noncompactness of the set of all Pareto-maximal alternatives XP in the choice problem
Γc. Also keep in mind the inclusion f(XP ) ⊆ f(XS).

Property 2. Under assumptions (5), the PHE x∗ satisfies the individual rationality
condition, i. e.,

fi(x
∗) ≥ max

xi∈Xi

min
xN\{i}∈XN\{i}

fi(xi, xN\{i}) =

= min
xN\{i}∈XN\{i}

fi(x
0
i , xN\{i}) = f 0

i (i ∈ N), (6)

where x = (x1, . . . , xi, . . . , xN) = (xi, xN\{i}), xN\{i} = (x1, . . . , xi−1, xi+1, . . . , xN) and
XN\{i} =


j∈N\{i}

Xj (N \ {i} = 1, . . . , i− 1, i+ 1, . . . , N).
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Indeed, each Nash equilibrium x∗ in the game Γ has property (6) (individual
rationality), i. e., fi(x∗) ≥ f 0

i (i ∈ N), where x0
i and f 0

i are the maximin strategy and
the payoff of player i, respectively.

Remark 3. As illustrated by Vaisman’s counter-example [56, pp. 68–69], individual
rationality generally fails for a Berge equilibrium xB in the game Γ.

Property 3. A PHE x∗ is collectively rational in a cooperative N-player game without
side payments. This is a consequence of the Pareto maximality of the alternative x∗ in the
choice problem Γc.

Remark 4. Individual rationality imposes certain requirements to alliances (coalitions)
with other players: player i joins a coalition only if his payoff guaranteed by the coalition
is not smaller than the maximin value f 0

i , which can be achieved by this player
independently using the maximin strategy x0

i .
Collective rationality drives all players to the largest payoffs (in the vector sense!) 

the Pareto maxima.

As x∗ is a Nash equilibrium, each player seeks to maximize his payoff.
Berge equilibrium matches an altruistic aspiration of each player to maximize the

payoffs of all other players.
Let us note that, the first two requirements (individual and collective rationality) are

among the standard criteria of “good” solutions for cooperative N -player games without
side payments. At the same time, the properties brought by the Nash and Berge equilibria
are new for such games, which (we believe) makes the novel concept of PHE an efficient,
“good” solution for the game Γ.

To formulate sufficient conditions for the existence of PHE in the game Γ, we will
ensure Pareto maximality in terms of Definition 3 by satisfying equality (3). The sufficient
conditions will be based on the original approach from [16]. Let us introduce an N -
dimensional vector z = (z1, . . . , zN) ∈ X and the Germeier convolution [17, 18] of the
form

φi(x, z) = fi(z||xi)− fi(z) (i ∈ N),

φi+N(x, z) = fi(x||zi)− fi(z) (i ∈ N),

φ2N+1(x, z) =


j∈N

fj(x)−


j∈N

fj(z), (7)

ψ(x, z) = max
r=1,...,2N+1

φr(x, z).
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A saddle point (x0, z∗) ∈ X×X of the scalar function ψ(x, z) (7) is given by the chain
of inequalities

ψ(x, z∗) ≤ ψ(x0, z∗) ≤ ψ(x0, z) ∀x ∈ X, z ∈ X. (8)

Theorem 1. If (x0, z∗) is a saddle point of the function φ(x, y) (8) in the zero-sum
two-player game

Γa = 〈X,Z = X,ψ(x, z)〉,

then the maximin strategy z∗ ∈ X is a PHE of the game Γ.

Proof. Indeed, formula (7) with z = x0 gives ψ(x0, x0) = 0. Then, by transitivity,

ψ(x, z∗) ≤ 0 ∀x ∈ X.

Using the fact that max
r=1,...,2N+1

φr(x, z
∗) ≤ 0 ∀x ∈ X and (7), we arrive at a set of

2N + 1 inequalities of the form

fi(z
∗||xi) ≤ fi(z

∗) ∀xi ∈ Xi (i ∈ N),

fi(x||z∗i ) ≤ fi(z
∗) ∀x ∈ X (i ∈ N),



j∈N

fj(x) ≤


j∈N

fj(z
∗) ∀x ∈ X.

Here the first N inequalities make z∗ ∈ X a Nash equilibrium in the game Γ (see (1));
the second group of inequalities ensures that z∗ is a Berge equilibrium as dictated by (2);
finally, the last, (2N + 1)th inequality means that z∗ is a Pareto-maximal alternative in
the choice problem Γc. □

Remark 5. By Theorem 1, the construction of a PHE reduces to the calculation of a
saddle point (x0, z∗) for the Germeier convolution ψ(x, z) (7). Thus, we have developed a
constructive method of PHE design in the game Γ, which consists of the following steps:

first, define the scalar function ψ(x, z) using formulas (7);
second, find a saddle point (x0, z∗) of the function ψ(x, z) (see the chain of
inequalities (8));
third, calculate the values fi(z

∗) (i ∈ N).

Then the pair (z∗, f(z∗) = (f1(z
∗), . . . , fN(z

∗))) is a PHE in the game Γ: each
player i ∈ N should apply his strategy from the profile z∗, thereby obtaining the
payoff fi(z

∗).

Remark 6. The whole complexity of constructing a PHE in the game Γ lies
in calculation of the saddle point (x0, z∗) (8) for the Germeier convolution
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ψ(x, z) = max
r=1,...,2N+1

φr(x, z) (7). The reason is that the maximization of a finite number

of functions φr(x, z) (r = 1, . . . , 2N + 1) spoils the differentiability and concavity (or
convexity) of the functions φr(x, z), despite the fact that it preserves the continuity
of this function on the product X × Z of the compact sets X and Z. Here we face a
situation well described by C. Hermite: “I turn with terror and horror from this lamentable
scourge of continuous functions with no derivatives”. Thus, it is necessary to develop
numerical calculation methods for the saddle point (x0, z∗) of the Germeier convolution

max
r=1,...,2N+1

φr(x, z). Unfortunately, to this date we were not able to find any literature

devoted to this field of research. In particular, the saddle point calculation problem was
not solved at the International Conference on Constructive Nonsmooth Analysis and
Related Topics (CNSA-2017, St. Petersburg, May 22–27, 2017) dedicated to the Memory
of Professor V. Demyanov.

One must be a rather optimistic person to look for a game Γ (especially with an
explicit form of the payoff function) in which a PHE in pure strategies x∗

i ∈ Xi (i ∈ N)
exists (by Definition 4, the desired strategy profile x∗ must be simultaneously a Nash
equilibrium and a Berge equilibrium in the game Γ and also a Pareto-maximal alternative
in the corresponding choice problem). Thus, employing the approach of Borel [10], von
Neumann [11], Nash [1] and their followers, we will extend the set Xi of pure strategies
xi to a set of mixed strategies. Then we will establish the existence of appropriately
formalized mixed strategy profiles in the game Γ that satisfy the three requirements of
hybrid equilibrium.

As before, cocomp Rni stands for the set of all convex and compact (closed and
bounded) subsets of the Euclidean ni-dimensional space Rni while fi(·) ∈ C(X) means
that the scalar function fi(x) is continuous on X.

Consider again the noncooperative N -player game Γ without side payments. Without
special mention, assume that the elements of the ordered triplet Γ satisfy requirements (5),
i. e.,

Xi ∈ cocomp Rni , fi(·) ∈ C(X) (i ∈ N).

For each compact set Xi ⊂ Rni (i ∈ N), consider the Borel σ-algebra B(Xi).
Further, consider the Borel σ-algebra B(X) for the set X =


i∈N

Xi of all strategy profiles,

such that B(X) contains all Cartesian products of elements from the Borel σ-algebras
B(Xi) (i ∈ N).

Within the framework of mathematical game theory, a mixed strategy νi(·) of player i
is identified with a probability measure on the compact set Xi. By definition [19, p. 271],
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in the notations of [20, p. 284] a probability measure is a nonnegative scalar function νi(·)
defined on the Borel σ-algebra B(Xi) that satisfies the following two conditions:

1. νi


k

Q
(i)
k


=


k

νi


Q

(i)
k


for any sequence {Q(i)

k }∞k=1 of pairwise disjoint elements

from B(Xi) (countable additivity);
2 νi(Xi) = 1 (normalization), which implies νi


Q(i)


≤ 1 for all Q(i) ∈ B(Xi).

Denote by {νi} the set of all mixed strategies of player i (i ∈ N).
The product measures ν(dx) = ν1(dx1) · · · νN(dxN), treated in the sense of the well-

known definitions from [19, p. 370] (and in the notations of [20, p. 123]), are probability
measures on the strategy profile set X. Let {ν} be the set of such probability measures
(strategy profiles). Once again, we emphasize that in the construction of the product
measure ν(dx), the role of the σ-algebra of all subsets of the set X1×· · ·×XN = X is played
by the smallest σ-algebra B(X) that contains all Cartesian products Q(1) × · · · × Q(N),
where Q(i) ∈ B(Xi) (i ∈ N). The wellknown properties of probability measures [19, p.
254] imply that the sets of all possible measures νi(dxi) (i ∈ N) and ν(dx) are weakly
closed and weakly compact (see [19, pp. 212, 254]). As applied, e. g., to {ν}, this means
that from any infinite sequence {ν(k)} (k = 1, 2, . . .) one can extract a subsequence {ν(kj)}
(j = 1, 2, . . .) which weakly converges to a measure ν(0)(·) ∈ {ν}. In other words, for any
continuous scalar function ψ(x) on X,

lim
j→∞



X

ψ(x)ν(kj)(dx) =



X

ψ(x)ν(0)(dx)

and ν(0)(·) ∈ {ν}. Due to the continuity of ψ(x), the


X

ψ(x)ν(dx) (the expectations) are

well defined; by Fubini’s theorem,


X

φ(x)ν(dx) =



X1

· · ·


XN

φ(x)νN(dxN) · · · ν1(dx1),

and the order of integration can be interchanged.
Let us associate with the game Γ in pure strategies its mixed extension

Γ = 〈N, {νi}i∈N, {fi[ν] =


X

f [x]ν(dx)}i∈N〉, (9)

where, like in Γ, N is the set of players while {νi} is the set of mixed strategies νi(·) of
player i; in game (9), each conflicting party i ∈ N chooses its mixed strategy νi(·) ∈ {νi},
thereby forming a mixed strategy profile ν(·) ∈ {ν}; the payoff function of each player i,
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i. e., the expectation

fi[ν] =



X

fi[x]ν(dx),

is defined on the set {ν}.
For game (9), the notion of a PHE x∗ (see Definition 4) has the following analog.

Definition 5. A mixed strategy profile ν∗(·) ∈ {ν} is called a hybrid equilibrium (HE)
in the mixed extension (9) (equivalently, a hybrid equilibrium in mixed strategies in the
game Γ) if

1. ν∗(·) is a Nash equilibrium in the game Γ, i. e.,

max
νi(·)∈{νi}

fi(ν
∗||νi) = fi(ν

∗) (i ∈ N); (10)

2. ν∗(·) is a Berge equilibrium in game (9), i. e.,

max
νN\{i}(·)∈{νN\{i}}

fi(ν||ν∗
i ) = fi(ν

∗) (i ∈ N); (11)

3. ν∗(·) is a Pareto-maximal alternative in the N -criteria choice problem

Γc = 〈{ν}, {fi(ν)}i∈N〉,

i. e., for all ν(·) ∈ {ν}, the system of inequalities

fi(ν) ≥ fi(ν
∗) (i ∈ N),

with at least one strict inequality, is inconsistent.

Here and in the sequel,

νN\{i}(dxN\{i}) = ν1(dx1) · · · νi−1(dxi−1)νi+1(dxi+1) · · · νN(dxN),

(ν||ν∗
i ) = ν1(dx1) · · · νi−1(dxi−1)ν

∗
i (dxi)νi+1(dxi+1) · · · νN(dxN),

ν∗(dx) = ν∗
1(dx1) · · · ν∗

N(dxN);

in addition, denote by {ν∗} the set of hybrid equilibria ν∗(·), i. e., the set of strategy
profiles that satisfy the three requirements of Definition 5.

Let us state several results used below for proving the existence of HE in mixed
strategies. The following sufficient condition of Pareto maximality is obvious.

Proposition 1. A mixed strategy profile ν∗(·) ∈ {ν} is a Pareto-maximal alternative in
the choice problem Γc = 〈{ν}, {fi(ν)}i∈N〉 if

max
ν(·)∈{ν}



i∈N

fi(ν) =


i∈N

fi(ν
∗). (12)
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Proposition 2. Consider the game Γ under conditions (5), i. e., the sets Xi are convex
and compact and the payoff functions fi(x) are continuous on X = X1 × · · ·×XN . Let

{νe} be the set of Nash equilibria νe(·) that satisfy (10) with ν∗(·) replaced by νe(·);
{νB} be the set of Berge equilibria νB(·) that satisfy (11) with ν∗(·) replaced by νB(·);
{νP} be the set of alternatives νP (·) that satisfy (12) with ν∗(·) replaced by νP (·) (i. e.,

νP is a Pareto-maximal alternative in mixed strategies in the N -criteria choice problem
〈{ν}, {fi(ν)}i∈N〉).

Then the set {ν∗} of hybrid equilibria ν∗(·) in the mixed extension Γ of the game Γ

is a weakly compact subset of the set of mixed strategy profiles {ν} in the game Γ{ν∗}
(may be empty).

Proof. Under conditions (5), we have {νe} ∕= ∅ as shown by Gliksberg’s theorem [30]. Next,
the fact {νB} ∕= ∅ has been established in [13]. The non-emptiness of the set of Pareto-
maximal alternatives, {νP} ∕= ∅, can be proved in analogous manner. The intersection
of a finite number of weakly compact sets (in our case, three) is also weakly compact,
possibly empty. □

Corollary 2. Under conditions (5), the set

f({ν∗}) =


ν(·)∈{ν∗}

f(ν), f = (f1, . . . , fN),

is compact (bounded and closed) in the N-dimensional Euclidean criterion space RN .

Theorem 2 below establishes the implication (5) ⇒ {ν∗} ∕= ∅, which is the central
result of Sect. 2.

Proposition 3. Consider game (9) under conditions (5). Then the function φr(x, z) in
the formula

ψ(x, z) = max
r=1,...,2N,2N+1

φr(x, z) (13)

satisfies the inequality

max
r=1,...,2N,2N+1



X×X

φr(x, z)µ(dx)ν(dz) ≤


X×X

max
r=1,...,2N,2N+1

φr(x, z)µ(dx)ν(dz) (14)

for any µ(·) ∈ {ν} and ν(·) ∈ {ν}, where

φi(x, z) = fi(x||zi)− fi(z) (i ∈ N),

φj(x, z) = fj(z||xi)− fj(z) (j ∈ {N + 1, . . . , 2N}), (15)

φ2N+1(x, z) =


i∈N

[fi(x)− fi(z)].

This proposition was proved in [12].
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Remark 7. In fact, formula (14) generalizes the well-known property of maximization:
the maximum of a sum does not exceed the sum of the maxima.

Let us state an interesting fact from operations research, which plays a crucial role in
the proof of Theorem 2. Consider 2N+1 scalar functions φr(x, z) (r = 1, . . . , 2N, 2N+1),
where z = (z1, . . . , zN) ∈ Z = X and φj(x, z) (j = 1, . . . , 2N + 1) are defined by (15).

Proposition 4. If 2N +1 scalar functions φj(x, z) (j = 1, . . . , 2N +1) are continuous on
the product X × (Z = X) of compact sets, then the function

ψ(x, z) = max
j=1,...,2N+1

φj(x, z)

is also continuous on X × Z.

The proof of a more general result can be found in many textbooks on operations
research, e. g., [21].

Finally, let us establish the central result of Sect. 2  the existence of a hybrid
equilibrium (HE) in mixed strategies under conditions (5).

Theorem 2. If in the game Γ the sets Xi ∈ cocomp Rni and fi(·) ∈ C(X) (i ∈ N), then
there exists a hybrid equilibrium in mixed strategies in this game.

Proof. Consider an auxiliary zero-sum two-player game

Γa = 〈{1, 2}, {X,Z = X},ψ(x, z)〉.

In the game Γa, the set X of strategies x chosen by player 1 (seeking to maximize
ψ(x, z)) coincides with the set of strategy profiles of the game Γ; the set Z of strategies
z chosen by player 2 (seeking to minimize ψ(x, z)) coincides with X. A solution of the
game Γa is a saddle point (x0, zB) ∈ X × X ; for all x ∈ X and each z ∈ X, it satisfies
the chain of inequalities

ψ(x, zB) ≤ ψ(x0, zB) ≤ ψ(x0, z).

□

Now, associate with the game Γa its mixed extension

Γa = 〈{1, 2}, {µ}, {ν},ψ(µ, ν)〉,

where {ν} and {µ} = {ν} denote the sets of mixed strategies ν(·) and µ(·) of players 1
and 2, respectively. The payoff function of player 1 is the expectation

ψ(µ, ν) =



X×X

ψ(x, z)µ(dx)ν(dz).
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The solution of the game Γa is also a saddle point (µ0, ν∗) defined by the two
inequalities

ψ(µ, ν∗) ≤ ψ(µ0, ν∗) ≤ ψ(µ0, ν), (16)

for any ν(·) ∈ {ν} and µ(·) ∈ {ν}.
Sometimes, the pair (µ0, ν∗) is also called the solution of the game Γa in mixed

strategies.
Applying Gliksberg’s [22] existence theorem of a mixed strategy Nash equilibrium for

a noncooperative game of N ≥ 2 players to the zero-sum two-player game Γa, we obtain
the following result. In the game Γa, suppose the set X ⊂ Rn is nonempty, convex and
compact and the payoff function ψ(x, z) of player 1 is continuous on X × X (note that
the continuity of ψ(x, z) is assumed in Proposition 4). Then the game Γa has a solution
(µ0, ν∗) defined by (16), i. e., there exists a saddle point in mixed strategies in this game.

Using (13), inequalities (16) can be written as


X×X

max
j=1,...,2N+1

φj(x, z)µ(dx)ν
∗(dz) ≤

≤


X×X

max
j=1,...,2N+1

φj(x, z)µ
0(dx)ν∗(dz) ≤ (17)

≤


X×X

max
j=1,...,2N+1

φj(x, z)µ
0(dx)ν(dz)

for all ν(·) ∈ {ν} and µ(·) ∈ {ν}. Using the measure νi(dzi) = µ0
i (dxi) (i ∈ N) (and hence

ν(dz) = µ0(dx)) in the expression

ψ(µ0, ν) =



X×X

max
j=1,...,2N+1

φj(x, z)µ
0(dx)ν(dz),

we obtain ψ(µ0, µ0) = 0 due to (13). Similarly, ψ(ν∗, ν∗) = 0, and then it follows from (16)

that

ψ(µ0, ν∗) = 0.

The condition ψ(µ0, µ0) = 0 and the chain of inequalities (16) by transitivity give

ψ(µ, ν∗) =



X×X

max
j=1,...,2N+1

φj(x, z)µ(dx)ν
∗(dz) ≤ 0 ∀µ(·) ∈ {ν}.
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By Proposition 3, we then have

0 ≥


X×X

max
j=1,...,2N+1

φj(x, z)µ(dx)ν
∗(dz) ≥ max

j=1,...,2N+1



X×X

φj(x, z)µ(dx)ν
∗(dz).

Therefore, for all j = 1, . . . , 2N + 1,


X×X

φj(x, z)µ(dx)ν
∗(dz) ≤ 0 ∀µ(·) ∈ {ν}. (18)

Consider three cases as follows.

Case I (j = N, ..., 2N) Here, by (18), (15) and the normalization of µ(·), we obtain

0 ≥


X×X

φN+i(x, z)µ
0(dx)ν(dz) =



X×X

[fi(z||xi)− fi(z)]µ
0(dx)ν(dz) =

=



X×X

fi(z||xi)µ
0(dx)ν(dz)−



X

fi(z)µ
0(dx)



X

ν(dz) =

= fi(µ
0||νi)− fi(µ

0) ∀ν(·) ∈ {ν} (i ∈ N).

By (10), µ0(·) is a Nash equilibrium in the game Γ (equivalently, a Nash equilibrium
in mixed strategies in the game Γ).

Case II (j = 1, . . . , N) Again, using (18), (15) and the normalization of ν(·),

0 ≥


X×X

φi(x, z)µ(dx)ν
∗(dz) =



X×X

[fi(x||zi)− fi(z)]µ(dx)ν
∗(dz) =

=



X×Xi

fi(x||zi)µ(dx)ν∗
i (dz)−



X

fi(z)µ(dz)



X

ν∗(dz) =

= fi(µ||ν∗
i )− fi(ν

∗) ∀µ(·) ∈ {ν} (i ∈ N).

In view of (11), the mixed strategy profile ν∗(·) is a Berge equilibrium in the game Γ,
by Definition 5.

Case III (j = 2N +1) Again, using (18), (15) and the normalization of ν(·) and µ(·), we
have

0 ≥


X×X




r∈N

fr(x)−


r∈NN

fr(z)


µ(dx)ν∗(dz) =

=



X



r∈N

fr(x)µ(dx)



X

ν∗(dz)−


X

µ(dx)



X



r∈N

fr(z)ν
∗(dz) =
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=


r∈N

fr(µ)−


r∈N

fr(ν
∗) ∀µ(·) ∈ {ν}.

By Proposition 1 and (12), the mixed strategy profile ν∗(·) ∈ {ν} of the game Γ is a
Pareto-maximal alternative in the multicriteria choice problem

Γc = 〈{ν}, {fi(ν)}i∈N〉.

Thus, we have proved that the mixed strategy profile ν∗(·) in the game Γ is
simultaneously a Nash equilibrium and a Berge equilibrium that satisfies Pareto
maximality. Hence, by Definition 5, the mixed strategy profile ν∗(·) is a hybrid equilibrium
in the game Γ.

3. Hybrid Equilibrium in Games Under Uncertainty

Let us augment the mathematical model of a conflict

Γ = 〈N, {Xi}i∈N, {fi(x)}i∈N〉

by including the influence of uncertain factors y ∈ Y . Assume that these factors
take arbitrary values from given ranges without any probability characteristics (e. g.,
the distribution of y on Y is absent for some reasons). Once again, we emphasize
that a proper consideration of uncertainties gives a more adequate description of the
decision-making process in economics, ecology, sociology, management, trade, policy,
security, and so on. Uncertain factors occur due to incomplete (inaccurate) knowledge
about the realizations of strategies chosen by conflicting parties. “There is no such
uncertainty as a sure thing” (R. Burns)1. For example, an economic system is subject
to almost unpredictable exogenous disturbances (forces of nature, disruption of supplies,
low qualification or incompetence of economic partners, counteractions of rivals) as well
as endogenous disturbances (breakdown and failure of industrial equipment, unplanned
additional cost and losses of materials, innovations suggested by employees, etc.). New
technologies and also anthropogenic and weather changes may cause uncertainty in
ecological systems; in mechanical systems, among the sources of uncertainty are weather
conditions. “The only thing that makes life possible is permanent, intolerable uncertainty;
not knowing what comes next (Ursula K. Le Guin)2. Possible approaches to take the
effect of uncertain factors into account were the subject of investigations [23, 24] initiated

1Robert Burns, (1759–1796), was a national poet of Scotland, who wrote lyrics and songs in Scots
and in English.

2Ursula K. Le Guin, original name Ursula Kroeber, (1929–2018), was an American writer best known
for tales of science fiction and fantasy
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in 2013, which resulted in the book [25]. In this paper, we will use elementary methods
to deal with uncertainty.

Consider a noncooperative N -player normal form game under uncertainty

〈N, {Xi}i∈N, Y, {fi(x, y)}i∈N〉. (19)

Compared with the game Γ (which shares the first two components of its ordered
triplet with game (19), namely, N = {1, 2, . . . , N} and the set Xi of pure strategies xi of
player i, i ∈ N), in this game we have an additional set Y ⊂ Rm of uncertain factors y
and payoff functions fi(x, y) that depend on y.

Game (19) runs as follows. Each player i ∈ N chooses his individual strategy
xi ∈ Xi ⊂ Rni (i ∈ N), which gives a strategy profile x = (x1, . . . , xN) ∈ X =


j∈N

Xj ⊂ Rn

(n =

j∈N

nj) in this game. Regardless of their choice, an arbitrary uncertainty y ∈ Y figures

in (19). For each player i (i ∈ N), a payoff function fi(x, y) is defined on all such pairs
(x, y) ∈ X × Y . At a conceptual level, each player i seeks to maximize his payoff fi(x, y)

under any unpredictable realization of the uncertainty y ∈ Y . This last requirement calls
for estimating the set

fi(x, Y ) =


y∈Y

fi(x, y)

for each player i (i ∈ N). In turn, for such a multivalued function fi(x, Y ) (i ∈ N), it is
necessary to choose another function fi[x] that would act as a guarantee for any element
fi(x, y) from the set fi(x, Y ). As defined by the Merriam-Webster dictionary, guarantee
is an assurance for the fulfillment of a condition. A most obvious guarantee for
player i in game (19) is the so-called strong guarantee [23], provided by the scalar function

fi[x] = min
y∈Y

fi(x, y). (20)

Indeed, it follows from (20) that, for each strategy profile x ∈ X,

fi[x] ≤ fi(x, y) ∀y ∈ Y,

i. e., in each strategy profile x ∈ X the value fi(x, y) is not smaller than the guarantee
fi[x] under any realization of the uncertainty y ∈ Y .

Proposition 5. If a scalar function F (x, y) is continuous on the product X×Y of convex
and compact sets X and Y , then the function f [x] = min

y∈Y
F (x, y) is continuous on X.

Therefore, all the N strong guarantees fi[x] (20) are continuous on X under the
assumptions Xi ∈ comp Rni (i ∈ N), Y ∈ comp Rm and fi(·) ∈ C(X × Y ).
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This approach allows us to associate with game (19) under uncertainty the game of
guarantees (without uncertainty)

Γg = 〈N, {Xi}i∈N, {fi[x]}i∈N〉, (21)

which coincides with the game from Sect. 1 provided that fi(x) is replaced by the strong
guarantee fi[x] = min

y∈Y
fi(x, y).

In contrast to (19), here the performance of each player i is assessed using the strong
guarantee fi[x] instead of the payoff function fi(x, y) itself (this seems quite natural for
considering arbitrary realizations y ∈ Y ).

Then the following analog of Definition 4 can be suggested for the game under
uncertainty (19) with the strong guarantees (20).

Definition 6. A pair (xP , f [xP ] = (f1[x
P ], . . . , fN [x

P ])) ∈ X × RN is called a strongly-
guaranteed Pareto hybrid equilibrium in game (19) if

1. the strong guarantees fi[x] (20) are continuous on X;
2. the strategy profile xP is simultaneously a Nash equilibrium and a Berge equilibrium

in the game of guarantees (21), i. e.,

max
xi∈Xi

fi[x
P ||xi] = fi[x

P ] (i ∈ N),

and

max
x∈X

fi[x||xP
i ] = fi[x

P ] (i ∈ N),

respectively;
3. the strategy profile xP is a Pareto-maximal alternative in the N -criteria choice

problem 〈X, {fi[x]}i∈N〉.

Similarly to Definition 5, we introduce an analog of Definition 6 with a feature that
the players use mixed strategies νi(·) (i ∈ N) in game (19).

Definition 7. A mixed strategy profile νP (·) ∈ {ν} is called a strongly-guaranteed Pareto
hybrid equilibrium in mixed strategies in game (19) if

1. for each player i (i ∈ N), there exists the strong guarantee

fi[x] = min
y∈Y

fi(x, y)

that is continuous on X;
2. νP is simultaneously a Nash equilibrium and a Berge equilibrium in game (9), i. e.,

equalities (10) and (11) hold with ν∗(·) replaced by νP (·);
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3. νP in game (9) is a Pareto-maximal alternative in the N -criteria choice Problem
Γc = 〈{ν}, {fi[ν]}i∈N〉.

Finally, the combination of Proposition 5 and Theorem 1 directly leads to the following
result on the existence of a strongly-guaranteed Pareto hybrid equilibrium in mixed
strategies.

Theorem 3. Consider game (19) with convex and compact sets Xi (i ∈ N), compact
set Y , and payoff functions fi(x, y) (i ∈ N) continuous on X × Y . Then there exists a
strongly-guaranteed Pareto hybrid equilibrium in mixed strategies in this game.

Remark 8. Our analysis in Sect. 3 has been confined to the strong guarantees
fi[x] = min

y∈Y
fi(x, y) (i ∈ N) as the smallest ones. It is possible to adopt the so-called

vector guarantees: the components of an N -dimensional vector f [x] = (f1[x], . . . , fN [x])
form a vector guarantee for an N -dimensional vector f(x, y) = (f1(x, y), . . . , fN(x, y)) if,
for all y ∈ Y and each x ∈ X, the N strict inequalities

fi(x, y) < fi[x] (i ∈ N)

are inconsistent. In other words, the vector guarantee f [x] cannot be reduced
simultaneously in all the components by choosing y ∈ Y . In terms of vector optimization,
for each alternative x ∈ X the vector f [x] is a Slater minimum (weakly efficient) solution
in the N -criteria choice problem Γ(x) = 〈Y, f(x, y)〉.

In the same fashion, using other concepts of vector optima (minima in the sense
of Pareto, Geoffrion, Borwein, cone optimality), we may introduce a whole collection
of vector guarantees. These guarantees have the remarkable property that their values,
first, are not smaller than the corresponding components of the strong guarantee vector
f [x] (20) but, second, can be large. Recall that the goal is to increase the payoffs of
players (in particular, by increasing their guarantees!). In this respect, the listed vector
guarantees are preferable to their strong counterparts. However, one should keep in mind
an important aspect: transition from the game under uncertainty (19) to the game of
guarantees Γg (with subsequent application of Theorem 1) is possible only if the new
payoff functions fi[x] (i ∈ N) in the game Γg are continuous. This continuity can be
ensured in the following way.

Let Xi ∈ comp Rni , Y ∈ comp Rm and fi(·) ∈ C(X × Y ) (i ∈ N) in game (19). In
addition, require that for each x ∈ X at least one fj(x, y) (j ∈ N) is strictly convex in y

on the set Y . Then the minimum in

min
y∈Y

fj(x, y) = fj[x] (22)
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is achieved at a unique point y∗(x) for each x ∈ X, and the m-dimensional vector function
y∗(x) itself is continuous on X. In this case, the superposition of the continuous functions
fi(x, y) and y∗(x) implies the continuity of all scalar functions fi[x] = fi(x, y

∗(x)) (i ∈ N).
We finalize the design of Γg with the following fact. Assume for each x ∈ X the same
function fj[x] is implemented by the minimum in (22). Then for all x ∈ X the N -
dimensional vector f [x] = (f1[x], . . . , fN [x]) is a Slater-minimal alternative in the current
N -criteria choice problem Γ(x) = 〈Y, {fi(x, y)}i∈N〉. In other words, it is impossible to find
ȳ ∈ Y such that fi(x, ȳ) < fi[x] (i ∈ N). A detailed treatment of these issues for Slater,
Pareto, Geoffrion, Borwein, and cone optimality will be given in our future publications.
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A software model for the formation of network nodes virtual
clusters in mobile transport networks.

Bryukhovetskiy A. A., Moiseev D. V.

Abstract. Ensuring the security of nodes in mobile networks, creating a universal model for
detecting vulnerabilities in vehicle interfaces operating in an external stochastic, highly dynamic
environment and in conditions of a lack of a priori information about the behavior of devices is
associated with insoluble problems for constructing formal models and methods for determining
reliable characteristics of devices.

The advent of intelligent transport systems such as intelligent driving, collaborative travel
and mobile payments will contribute to the rapid development of the intelligent transport
industry. The Automotive Peer To Peer Network (VANET) is considered the main system for
deploying applications based on it that contribute to improving the quality of driving, inform
drivers about road hazards, etc.

In practice, solving problems related to processing the characteristics of highly dynamic
objects in a stochastic environment requires large computational costs. As a rule, with the
practical interest of obtaining reliable estimates, researchers are faced with the dimensions of
problems that belong to the class of NP-hard ones. Solving them is difficult in real time, as it
requires a complete search of options. For most practical problems this is unacceptable due to
the large dimension, limited time and insufficient resources.

The proposed approach is aimed at increasing the reliability of decisions made in a stochastic
highly dynamic environment characterized by a rapidly changing network topology, its mobility,
spatial density, and node localization. The method is focused on the formation of clusters with
high stability, stable communication, and low message transmission latency. Cluster coordinators
are selected based on the trust level of the vehicle.

The article presents a software model for the formation of virtual clusters of network nodes,
which allows you to switch from processing a rapidly changing network topology structure to a
quasi-permanent one. One of the variants of the network architecture, a graph model of virtual
clusters, is presented, an algorithm for the formation of minimal coverages is given.

The results of modeling of the program system are presented. The model is implemented by
means of the language JAVA 17, OS Windows 10, occupied volume 176 KB.

Keywords: decentralized processing, virtual clusters, graph model, adjacency matrix, set
coverage.
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Введение

Равитие беспроводной сви побудает исследователей рарабатыват и внед-
рт иде автомобилных сетей, таке ивестных как автомобилные специалные
сети (VANETs). Беопасност в такой сети влетс обателной и-а ваной ин-
формации, котору исполует транспортное средство при двиении. Специалные
сети дл транспортных средств привлекат болшое внимание как со стороны на-
учных кругов, так и промышленности. Они рассматриватс в качестве основной
системы дл равертывани прилоений на основе интеллектуалных транспорт-
ных систем. Эти сети обрабатыват раличные типы данных, собираемых и (или)
передаваемых от (к) транспортным средствам, дл предоставлени мноества услуг,
которые моно раделит на три класса:

– прилоени дл управлени дороным двиением, такие как помощ водите-
л, управление светофорами, предоставление информации о дороных наках,
дороных услових и планирование маршрута;

– прилоени дл обеспечени беопасности дороного двиени, такие как ав-
тономное водение (или автономный автомобил), предотвращение и преду-
предение аварий и управление в чревычайных ситуацих (электронный вы-
ов дл экстренного выова). ащита этих сетей влетс ваной адачей, осо-
бенно при равертывании прилоений дл обеспечени беопасности дороно-
го двиени. Фактически, с помощ этих прилоений транспортные средства
управлт ваной и конфиденциалной информацией, привлекателной дл
лоумышленников. Механим беопасности влетс обателным дл ащи-
ты;

– прилоени мобилности и комфорта такие как слубы поиска транспортных
средств, услуги по экологичному водени, услуги по управлени автопарка-
ми и другие.

Повление интеллектуалных транспортных систем, таких как интеллектуал-
ное водение, совместное путешествие и мобилные платеи, будет способствоват
быстрому равити индустрии интеллектуалных перевоок. Автомобилна одно-
рангова сет (VANET) считаетс основной системой дл равертывани прилое-
ний на ее основе, которые способствут повышени качества водени, информи-
рут водителей об опасностх на дороге и т. д. [1].

Как частный случай мобилной одноранговой сети VANET обладает рдом спе-
цифических особенностей:

− высокодинамична топологи и-а высокой скорости двиени транспортных
средств;
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− ника доступност канала и ограниченный диапаон передачи приводт к ча-
стому отклчени каналов сви;

− неоднородност раличных прилоений и системна архитектура.

Тем не менее, VANETs собират болшое количество ценных полователских
данных, которые, в сво очеред, приводт к ненадености и несвоевременности
сви с транспортным средством, а атем содат сереные проблемы дл информа-
ционной беопасности и беопасности сви с транспортным средством. Так, напри-
мер, атака Sybil влетс распространенным методом обманной атаки, при котором
лоумышленник подрывает систему репутации путем подделки лоных идентифи-
кационных данных и исполует их дл проникновени в конфиденциалну инфор-
маци полователей и нарушени доступности сети [2]. В подделной информаци-
онной атаке [3] вредоносные транспортные средства могут распространт лону
информаци в сети VANET, чтобы ввести в аблудение другие транспортные сред-
ства или привести к пробке. Атака черной дыры  это еще один вид атаки, который
имеет место в VANET. При атаке с исполованием черной дыры вредоносное сред-
ство подменет свой протокол маршрутиации, посколку у него ест кратчайший
пут дл пересылки пакета, чтобы перенаправит сетевые транспортные средства и
отбросит сетевые пакеты [4].

Транспортные средства в сети VANET обмениватс контекстуалной инфор-
мацией посредством поддерани сетевого ваимодействи. Эффективные, стабил-
ные и наденые каналы сви необходимы дл обеспечени беопасности дороно-
го двиени. В реултате проведенных исследований были представлены решени
на основе системы обнаруени вторений (IDS) дл предотвращени вредоносных
атак на св с транспортными средствами VANETs. Например, в [5] дл улучшени
ваимодействи меду транспортными средствами-участниками была предлоена
структура IDS, основанна на теории игр дл VANETs.

В стате [6] N. Kumar и др. предлагат доверителные автоматы совместного
обучени, которые принимат входные данные в виде плотности, мобилности и на-
правлени двиени транспортного средства дл выполнени алгоритма обучени
автоматов. Кроме того, в других публикацих представлен полный обор прилое-
ний, архитектур, протоколов и проблем, сванных с коммуникацией VANET [7]-[9].
Однако быстро менщиес модели поведени при атаках в мобилных сетх в-
лтс многоструктурными и многодоменными, так что традиционные технологии
обнаруени вторений не могут эффективно идентифицироват эти вредоносные
действи при вторении.
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Как покаыват реултаты исследований по обеспечени беопасности улов в
мобилных сетх, содание универсалной модели обнаруени увимостей интер-
фейсов транспортных средств, функционирущих во внешней стохастической вы-
сокодинамичной среде и в услових дефицита априорной информации о поведении
устройств, сопрено с нерарешимыми проблемами дл построени формалных
моделей и методов определени достоверных характеристик устройств [10]-[11]. Дл
этого требуетс проведение длителных и систематических экспериментов по обра-
ботке и накоплени апостериорной информации о функционалности устройств и
их совместного ваимодействи. К соалени, на практике такой мониторинг моет
быт осуществлен при раумных ограничених на ресурсы и продолителност, а
начит он не будет отвечат требованим полноты, адекватности и точности фор-
малных моделей и методов.

В тое врем раработка универсалных подходов повышени достоверности ин-
формации о поведении мобилных средств долна быт направлена на сниение
неопределенности внешней среды, учитыва:

− противоречиву функционалност устройств в услових постонно мен-
щейс топологии сети;

− распределенный характер транспортных средств;
− постонное ваимодействие устройств друг с другом и другое.

В сви с этим раработка моделей на основе технологий 5G, обеспечиващих
наденост и быстродействие механима совместной работы устройств в услових
стохастической внешней среды, в начителной мере определт достоверност оце-
нок и эффективност принти решений при обнаруении увимостей интерфейсов
устройств в интеллектуалных мобилных сетх.

На практике решение адач, сванных с обработкой характеристик высокоди-
намичных обектов в услових стохастической среды, требует болших вычисли-
телных атрат. Как правило, при практическом интересе получени достоверных
оценок, исследователи сталкиватс с болшими рамерностми адач, т. е. с ада-
чами, которые отностс к классу NP -слоных [12]-[13]. Их решение атруднено в
реалном времени, так как требует полного перебора вариантов. Дл болшинства
практических адач это неприемлемо и-а болшой рамерности 2n, ограниченного
времени и недостаточности ресурсов.

Цел стати влетс раработка программной модели формировани вирту-
алных кластеров сетевых улов в мобилных транспортных сетх, обеспечиващих
высоку стабилност, устойчиву св, нику адерку передачи сообщений.
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1. Раработка программной модели формировани виртуалных
кластеров

Типова архитектура VANETs состоит и трех основных элементов, напри-
мер, доверенного органа (TA), дороного устройства (RSU) и бортового устройства
(OBU). TA влетс третей стороной и исполуетс RSU и OBU, а таке отвечает
а контрол и управление всей сет. RSU  это баова станци, котора уста-
навливаетс вдол магистралей и слуит централным улом меду TA и OBU и
выполнет раличные действи по проверке. OBU внедретс на транспортном сред-
стве дл получени, обработки и обмена данными о трафике, идентифицированными
с раличными транспортными средствами и RSU, чере выделенные протоколы св-
и (DSRC). Таким обраом, кадое транспортное средство чере некоторое врем
(100–300 миллисекунд) получает сообщени, сванные с дороным двиением, и
передаетс другим транспортным средствам или RSU.

Рарабатываема модел состоит и следущих основных компонент:

− обычные улы (TCnj): улы, осуществлщие ваимодействие меду собой в
пределах устойчивого диапаона сви. Эти улы входт в состав виртуалных
кластеров;

− уел координатор (KChi): уел с высоким приоритетом наначаетс в качестве
ула координатора виртуалного кластера. Он отслеивает функционирова-
ние TCnj и передает контролируемые начени характеристик TCnj баовой
станции (RSU). KChi таке вычислет агрегированные начени покаателей
приоритета;

− баова станци (RSU): принимает данные от KChi, обрабатывает их по
специалному раработанному алгоритму, структура которого представлена
на рис. 1.

После генерации исходного графа G(TC,E,R,W ) на основе аданного мноества
вершин TC, R ∈ [1; |e|]  ранг вершины, вклчащего генераци дл кадой T i

начени Ri и свей e(i, j), выполнетс проверка корректности входных данных.
атем управление передаетс вычислителному блоку, который выполнет следу-
щу последователност действий:

− формирование матрицы смености, построение беыбыточного покрыти;
− формирование минималных покрытий на основе количественной оценки (чис-

ло свей);
− формирование виртуалных кластеров (ввешенный случай)  учитываетс

вес W кадого свойства ула  репутаци ула, котора оцениваетс каче-
ственными наченими характеристик улов.
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Рис. 1. Структура программной системы формировани виртуалных кластеров

Далее вычислтс агрегированные начени покаателей приоритета дл ка-
дого виртуалного кластера и принимаетс решение по выбору кластера с макси-
малным начением уровн довери.

2. Пример реалиации алгоритма

Первоначално адаетс исходный граф G(TC,E,R,W )  рис. 2, который пре-
обрауетс в ориентированный двудолный граф G = (TC(KCh, TCn), E,R,W, t), с
единичной длиной пути достиимости, где TCh  мноество улов координаторов,
TCn  мноество обычных улов, t  момент времени формировани виртуалного
кластера. Кадый координатор сван с несколкими улами.
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На рис. 3 построена матрица смености M(KCh, TCn,R) дл аданного графа,
где TCh  мноество строк; TCn  мноество столбцов, в которой крайний левый
столбец содерит ранг вершины по строке.

Рис. 2. Пример графа свей улов в тестовой группе

Рис. 3. Матрица смености M(i, j) ∈ {0; 1}. 1 оначает, что меду ула-
ми KChi и TCnj установлена св

Реултат работы программы в виде подмноеств покрытий с минималным чис-
лом элементов покаан на рис. 4.
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Рис. 4. Реултат работы программы: подмноество покрытий с минимал-
ным количеством элементов

На аклчителном этапе (ввешенный случай) с исполованием полученных
начений характеристик Vj кадому ребру графа наначатс оценки Rw по ка-
дому контролируемому свойству (например, адерка при передаче сообщений, ско-
рост приема данных, отношение сигнал/шум, коэффициент отбрасывани пакетов
и другие).

Выполнетс агрегирование начений обработки характеристик TCnj на уровне
улов. Интегрална оценка уровн довери DCi вычислетс по формуле:

DCi =
Rw

ijl
j=1 R

w
ij

.

В таблице 1 представлена структура дл оценки уровн довери DCi к мное-
ству CKi. В реултате осуществлетс выбор виртуалных кластеров CKi с макси-
малной оценкой уровн довери DCi.

Таблица 1. Агрегирование начений обработки характеристик TCnj на
уровне улов дл виртуалных кластеров

C1 C1 · · · Cr

V1 Rw
11 Rw

12 · · · Rw
1r

V2 Rw
21 Rw

22 · · · Rw
2r

· · · · · · · · · · · · · · ·
Vl Rw

l1 Rw
l2 · · · Rw

lr

Dci Dc1 Dc2 · · · Dcr

аклчение

Раработана программна модел формировани виртуалных кластеров улов
сети в мобилных транспортных сетх. Представлен один и вариантов архитекту-
ры сети, графова модел виртуалных кластеров, приведен алгоритм формирова-
ни минималных покрытий. Приведены реултаты моделировани программной
системы.

Модел реалиована средствами ыка JAVA 17, OS Windows 10, анимаемый
обем 176 КБ.
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On some estimates of solutions to the problem of heat conduction in
a multilayer medium by the matrix method.

Kalmanovich V. V. and Seregina E. V.

Abstract. In the study of real thermal processes by mathematical modeling it is important
to have analytical or approximate analytical methods of solution, which can simplify the analysis
of processes, give an opportunity to predict the behavior of individual materials of the design,
to identify possible undesirable phenomena, etc. One such analytical method can be the joint
application of the matrix method, the Fourier method and the Bers generalized degree method.

The paper considers a one-dimensional heat conduction process in a multilayer plate with
continuous matching conditions at the contact points of the layers. The system consists of n flat
layers that make up the plate. In each layer, the basic system of equations, which determines
the process in a multilayer plate, consists of equations of thermal conductivity, with specified
heat conductity coefficient: tensity, specific heat, as well as conditions of agreement of type and
contact, Consisting of continuous temperature and flow at the contact limits of the layers.

At the initial moment, the temperature is set and zero temperature is always maintained in
each layer and on the boundaries of the first and last layers. An algorithm for solving the problem
is briefly described. The algorithm is based on a combination of the method of separation of
variables (Fourier method) and the matrix method. This algorithm makes it relatively easy to
find exact analytical solutions in the form of an infinite series for any finite number of layers of
the medium. Calculations were carried out using this algorithm.
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Symmetric multilayer media were chosen for calculations, i.e. layers with the same
thermophysical parameters were located in the plate symmetrically with respect to the middle
of its thickness. The layers were chosen to be of equal thickness. The materials of the layers were
chosen with a significant difference in the thermal conductivity, since it is this parameter that
most affects the shape of the solution graph, and its sharp difference in neighboring layers makes
it possible to qualitatively evaluate the result for compliance with the real physical process. The
initial temperature distribution was also chosen to be symmetrical with respect to the middle
of the plate thickness. In such media, the solution of the problem must also have a symmetrical
form.

Estimates were obtained for the convergence of the found solutions with respect to the space
norm L2

∆k,r =
Tk(x, t)− Tr(x, t)L2

Tk(x, t)L2

· 100%,

and also estimates of the convergence of the initial temperature distribution T (x, 0)

∆t=0; k,r =
Tk(x, 0)− Tr(x, 0)L2

Tk(x, 0)L2

· 100%,

where the indices k and r indicate how many terms of the Fourier series are taken in the solution.

Keywords: heat conduction equation, matrix method, multilayer medium, estimates of solutions.

Введение

При иучении реалных тепловых процессов методами математического моде-
лировани вано имет аналитические или приблиенные аналитические методы
решени, которые могут упростит анали процессов, дат вомоност прогнои-
роват поведение отделных материалов конструкции, вывит вомоные неела-
телные влени и др. Один и таких аналитических методов состоит в совместном
применении матричного метода, метода Фуре и метода обобщенных степеней Бер-
са [1, 2].

Иде матричного метода применително к адачам теплопроводности в состав-
ных пластинах была описана в [3]. Однако дл решени адач тепломассопереноса в
многослойных средах такой подход не получил распространени, вомоно, и-а то-
го, что формулы аналитического решени получалис очен громодкими, а системы
комптерной алгебры в то врем (середина XX в.) толко начинали ародатс,
так что численные методы были предпочтителными. В настощее врем самые ра-
ные программные продукты успешно справлтс с этой проблемой, что поволило
нам применит матричный метод дл моделировани стационарных [4, 5] и неста-
ционарных процессов тепломассопереноса в многослойных средах с проиволным
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конечным числом слоев, как в случае идеалного [6, 7], так и неидеалного [8] теп-
лового контакта. В укаанных работах матричный метод применетс в сочетании с
методом раделени перменных (при решении нестационарных адач) и аппаратом
обобщенных степеней Берса. Исполование последнего поволило в единой анали-
тической форме получит алгоритм решени адачи тепломассопереноса в средах
с раличной геометрией, а именно обладащей сдвиговой, осевой или централной
симметрией.

В настощей работе дл данного похода получены некоторые оценки сходимости
решений адачи теплопроводности в многослойной планарной среде с идеалным
тепловым контактом дл раличных теплофиических параметров слоев.

1. Постановка адачи

Пуст система плоских слоев общим числом n составлет пластину. Направим ос
x нормално к плоскости пластины. Координаты слоев обоначим x1, x2, ..., xn, xn+1,
причем x1, xn+1  координаты внешних границ пластины.

Всем слом и относщимс к ним величинам дадим номер левой координаты
отрека [xk, xk+1], определщего слой. Номер сло будем ставит в верхнем индексе
в скобках. Например, T (k)(x, t) обоначает поле температур в k-ом слое.

Будем рассматриват одномерну адачу, когда плотност потока тепла J (k)(x, t)

в слое направлена нормално к плоскости сло и равна

J (k) = −λ(k)dT
(i)

dx
,

где λ(k)  коэффициент теплопроводности k-ого сло.
Основна система уравнений, определща процесс в многослойной пластине,

состоит и уравнений вида

∂

∂x


λ(k)∂T

(k)

∂x


− ρ(k)c(k)

∂T (k)

∂t
= 0, k = 1, n, (1)

где ρ(k)  плотност, c(k)  уделна теплоемкост на k-м слое, а таке условий
согласовани типа идеалного контакта, состощих в непрерывности температуры и
потока на границах контакта слоев

T (k)(x, t)

x=xk+1

= T (k+1)(x, t)

x=xk+1

, (2)

−λ(k)∂T
(k)(x, t)

∂x


x=xk+1

= −λ(k+1)∂T
(k+1)(x, t)

∂x


x=xk+1

(3)
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при лбом моменте времени t, k = 1, n . В (2), (3) все величины пониматс как
пределы слева и справа.

Пуст адано началное распределение температуры

T (k)(x, 0) = g(x), x ∈ [xk, xk+1], k = 1, n.

Поставим перву краеву адачу

T (1)(x1, t) = 0, T (n)(xn+1, t) = 0.

адача состоит в находении температуры системы во все моменты времени и
во всех точках пластины.

2. Алгоритм решени адачи матричным методом в сочетании с
методом Фуре

Частное решение уравнений (1) ищем в виде

T (k)(x, t) = u(k)(x)e−µ2t, k = 1, n.

Тогда амплитудна функци u(k)(x) удовлетворет уравнени

∂

∂x


λ(k)∂u

(k)

∂x


+ µ2ρ(k)c(k)u(k)(x) = 0, k = 1, n,

а таке условим непрерывного согласовани на контакте слоев

u(k+1)(xk+1) = u(k)(xk+1), k = 1, n− 1,

j(k)(xk+1) = j(k+1)(xk+1), k = 1, n− 1,

и граничным условим
u(1)(x1) = 0, u(n)(xn+1) = 0,

где j(k)(x) = −λ(k) dT (k)

dx
, k = 1, n  плотност потока координатной части.

Поставим на кадом слое адачу Коши, то ест ададим начени u(k)(xk) и
j(k)(xk) в началной точке xk сло. Тогда дл случа плоских слоев среды получим

u(k)(x) = u(k)(xk) cos
µ (x− xk)

α(k)
+ j(k)(xk)


− 1

µ
β(k) sin

µ (x− xk)

α(k)


, (4)

j(k)(x) = u(k)(xk)µ β(k) sin
µ (x− xk)

α(k)
+ j(k)(xk) cos

µ (x− xk)

α(k)
, (5)

где α(k) =


λ(k)(c(k)ρ(k))

−1
, β(k) =


λ(k)c(k)ρ(k).

апишем систему (4) – (5) в матричном виде

V (i)(x) = K(i)(x, xi)V
(i)(xi),
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где

V (k)(x) =


u(k)(x)

j(k)(x)


, V (k)(xk) =


u(k)(xk)

j(k)(xk)


,

K(k)(x, xk) =


cos µ(x−xk)

α(k) − 1
µ
β(k) sin µ(x−xk)

α(k)

µ β(k) sin µ(x−xk)

α(k) cos µ(x−xk)

α(k)


.

Далее решение адачи сводитс к последователному умноени введенных мат-
риц по слом, что вомоно а счет выполнени условий непрерывного согласовани
на границе слоев

V (k+1)(xk+1) = V (k)(xk+1).

Выполн последователно по слом таку подстановку, получаем

V (k+1)(x) = K(k)(x, xk)K
(k−1)(x, xk−1)...K

(1)(x, x1)V
(1)(x1) =

= K(k,1)(x, x1)V
(1)(x1), xk  x  xk+1.

В реултате такого умноени придем к системе и двух уравнений с двум
неивестными при лбом конечном числе слоев, котора будет свыват граничные
точки многослойной среды

V (n)(xn+1) = K(n,1)(xn+1, x1)V
(1)(x1).

Полученна система поволет находит решение раличных краевых адач, так
как на каку-либо пару и u(1)(x1), u

(n)(xn+1), j
(1)(x1), j

(n)(xn+1) моно найти дру-
гу пару. Так, дл решени поставленной первой краевой адачи при выполнении
u(1)(x1) = 0, u(n)(xn+1) = 0 получим условие дл определени собственных начений
k
(n,1)
12 = 0.

Обоначим u
(i)
j (x) баисну функци, соответствущу собственному наче-

ни µj. Условие нормировки имеет вид

N2
j =

n

k=1

xk+1

xk

ρ(k)c(k)

u
(k)
j (x)

2

dx.

Тогда решение поставленной адачи

T (k)(x, t) =
∞

i=1

cj
u
(i)
j (x)

Nj

e−µ2
j t, k = 1, n,

где

cj =
1

Nj

n

k=1

xk+1

xk

g(x)u
(k)
j (x)ρ(k)c(k)dx.

Более подробно этот метод решени адачи теплопроводности илоен в [8].

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



О некоторых оценках решений адачи теплопроводности в многослойной среде... 65

3. Реултаты расчетов и их обсудение

По предлагаемому методу в математическом пакете Maple 2017.1 была составлена
программа и проведены вычислени на устройстве с процессором Intel(R) Core(TM)
i5-8250U CPU @ 1.60GHz 1.80 GHz, оперативной памт 6,00 ГБ, тип системы 
64-рардна операционна система, процессор x64, Windows 10 домашн.

Дл расчетов выбиралис симметричные многослойные среды, т. е. слои с оди-
наковыми теплофиическими параметрами располагалис в пластине симметрично
относително середины ее толщины. Слои выбиралис равной толщины. Материа-
лы слоев выбиралис с существенным отличием коэффициента теплопроводности,
так как именно этот параметр болше всего влиет на форму графика решени, и
рекое отличие его на соседних слох поволет качественно оценит реултат на
соответствие реалному фиическому процессу. Началное распределение темпера-
туры таке выбиралос симметричным относително середины толщины пластины.
В таких средах и решение адачи долно имет симметричну форму.

Получены оценки сходимости найденных решений по норме пространства L2

∆k,r =
Tk(x, t)− Tr(x, t)L2

Tk(x, t)L2

· 100%,

а таке оценки сходимости началного распределени температуры T (x, 0)

∆t=0; k,r =
Tk(x, 0)− Tr(x, 0)L2

Tk(x, 0)L2

· 100%,

где индексы k и r покаыват, сколко членов рда Фуре вто в решении. Ние
представлены некоторые полученные реултаты. При этом, как это характерно дл
метода Фуре, наиболша ошибка получаетс в момент времени t = 0, то ест дл
приблиени началного распределени температуры.

Проведены расчеты дл симметричной трехслойной среды с параметрами, ха-
рактерными дл кирпича (внешние слои) и стали (внутренний слой): x1 = 0 м,
x2 = 0, 1 м, x3 = 0, 2 м, x4 = 0, 3 м, т. е. толщина кадого сло 0,1 м, коэффи-
циенты теплопроводности λ(1) = λ(3) = 0, 7 Вт/(м·K), λ(2) = 58 Вт/(м·K), удел-
на теплоемкост c(1) = c(3) = 800 Д/(кг·K), c(2) = 462 Д/(кг·K), плотност
ρ(1) = ρ(3) = 1800 кг/м3, ρ(2) = 7860 кг/м3, с началной функцией температуры
T (x, 0) = −1000x(x−0, 3). атраты машинного времени расчета матричным методом
составили 1,970 с дл 5 слагаемых, 2.611 с дл 15 слагаемых, 4,376 с дл 25 слага-
емых, 4,958 с дл 35 слагаемых. Дл этой моделной адачи получены следущие
оценки решени матричным методом:
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1) ∆5,4 = 0, 18% и ∆t=0; 5,4 = 1, 48%;
2) ∆15,14 = 0, 018% и ∆t=0; 15,14 = 0, 513%;
3) ∆25,24 = 0, 047% и ∆t=0; 25,24 = 2, 14%;
4) ∆25,15 = 0, 064% и ∆t=0; 25,15 = 2.757%;
5) ∆35,15 = 0, 067% и ∆t=0; 35,15 = 2.923%;
6) ∆35,25 = 0, 020% и ∆t=0; 35,25 = 0, 971%.
Полученные реултаты говорт о том, что добавление не толко одного слагае-

мого в ралоение Фуре, но и дае дести слагаемых уе не дает аметного уточне-
ни решени, если иначално вто хот бы 15 членов рда, однако эти добавленные
слагаемые могут аметно уточнит аппроксимаци началного распределени тем-
пературы.

Таке проведены расчеты с такой е началной функцией распределени тем-
пературы T (x, 0) = −1000x(x − 0, 3) и такой е толщиной слоев дл трехслой-
ной симметричной среды, когда, наоборот, внутренний слой имеет малый коэф-
фициент теплопроводности (кирпич), а внешние слои  болшой (стал). Пара-
метры слоев: x1 = 0 м, x2 = 0, 1 м, x3 = 0, 2 м, x4 = 0, 3 м, коэффициенты
теплопроводности λ(1) = λ(3) = 58 Вт/(м·K), λ(2) = 0.7 Вт/(м·K), теплоемкост
c(1) = c(3) = 462 Д/(кг·K), c(2) = 800 Д/(кг·K), плотност ρ(1) = ρ(3) = 7860 кг/м3,
ρ(2) = 1800 кг/м3. атраты машинного времени расчета матричным методом соста-
вили 2,150 с дл 5 слагаемых, 2,817 с дл 15 слагаемых, 4,703 с дл 25 слагаемых,
5,588 с дл 35 слагаемых. На рис. 1 иобраены реултаты моделировани дл этого
случа.

Слева  распределени температуры в ависимости от координаты и времени,
справа  в началный момент времени, построенные по 5 собственным наченим
(а), по 15 собственным наченим (б) и по 25 собственным наченим (в). Дл этой
моделной адачи получены следущие оценки решени матричным методом:

1) ∆5,4 = 17, 8% и ∆t=0; 5,4 = 39, 5% ;
2) ∆15,14 = 0, 011% и ∆t=0; 15,14 = 0, 084% ;
3) ∆25,24 = 0, 008% и ∆t=0; 25,24 = 0, 106% ;
4) ∆25,15 = 0, 174% и ∆t=0; 25,15 = 1, 709% ;
5) ∆35,15 = 0, 180% и ∆t=0; 35,15 = 1, 855% ;
6) ∆35,25 = 0, 048% и ∆t=0; 35,25 = 0, 721% .
В этом случае, когда слои с болшой теплопроводност влтс внешними и

иначално более холодными, при малом числе слагаемых рда Фуре получаетс
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а) 

  
б) 

  
в) 

 

Рис. 1. Распределени температуры в трехслойной среде в ависимости
от координаты и времени (слева) и в началный момент времени (спра-
ва), построенные по 5 собственным наченим (а), по 15 собственным
наченим (б) и по 25 собственным наченим (в).

очен болша погрешност, однако уе при 15 слагаемых в ралоении Фуре до-
бавление одного или несколких слагаемых не дает сколко-нибуд аметного улуч-
шени решени адачи.

Таке проведены расчеты матричным методом дл птислойной симметричной
среды с параметрами: x1 = 0 м, x2 = 0, 1 м, x3 = 0, 2 м, x4 = 0, 3 м, x5 = 0, 4 м,
x6 = 0, 5 м, т. е. толщина кадого сло 0,1 м. Крайние и централный слои с ни-
ким коэффициентом теплопроводности, два оставшихс сло  с высоким, слои
чередутс. Коэффициенты теплопроводности λ(1) = λ(3) = λ(5) = 0, 7 Вт/(м·K),
λ(2) = λ(4) = 58 Вт/(м·K), начени тепломкости c(1) = c(3) = c(5) = 800 Д/(кг·K),
c(2) = c(4) = 462 Д/(кг·K), плотност материалов ρ(1) = ρ(3) = ρ(5) = 1800 кг/м3,
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ρ(2) = ρ(4) = 7860 кг/м3. Начална функци распределени температуры
T (x, 0) = −1000x(x−0, 5) . атраты машинного времени расчета матричным методом
составили 2,344 с дл 5 слагаемых, 3,719 с дл 15 слагаемых, 5,031 с дл 25 слага-
емых, 6,625 с дл 35 слагаемых. Дл этой моделной адачи получены следущие
оценки решени матричным методом:

1) ∆5,4 = 0, 345% и ∆t=0; 5,4 = 2, 178%;
2) ∆15,14 = 0, 160% и ∆t=0; 15,14 = 4, 450%;
3) ∆25,24 = 0, 037% и ∆t=0; 25,24 = 1, 496%;
4) ∆25,15 = 0, 240% и ∆t=0; 25,15 = 7, 928%;
5) ∆35,15 = 0, 240% и ∆t=0; 35,15 = 7, 970%;
6) ∆35,25 = 0, 016% и ∆t=0; 35,25 = 0, 820%.
Полученные оценки решений адачи теплопроводности в данной птислойной

среде покаыват, что аметного улучшени реултата при увеличении членов рда
в ралоении Фуре не происходит, если вто примерно 20-25 слагаемых.

Таке решена моделна адача, когда пт слоев симметричной среды череду-
тс в другом пордке, т. е. крайние и централный слои с высоким коэффициентом
теплопроводности, а два оставшихс сло  с никим. Параметры слоев x1 = 0 м,
x2 = 0, 1 м, x3 = 0, 2 м, x4 = 0, 3 м, x5 = 0, 4 м, x6 = 0, 5 м, т. е. толщина кадого сло
0,1 м. Крайние и централный слои с никим коэффициентом теплопроводности, два
оставшихс сло  с высоким, слои чередутс. Коэффициенты теплопроводности
λ(1) = λ(3) = λ(5) = 58 Вт/(м·K), λ(2) = λ(4) = 0, 7 Вт/(м·K), начени теплоемкости
c(1) = c(3) = c(5) = 462 Д/(кг·K), c(2) = c(4) = 800 Д/(кг·K), плотност матери-
алов ρ(1) = ρ(3) = ρ(5) = 7860 кг/м3, ρ(2) = ρ(4) = 1800 кг/м3. Начална функци
распределени температуры T (x, 0) = −1000x(x− 0, 5). атраты машинного времени
расчета матричным методом составили 1,437 с дл 5 слагаемых, 1,969 с дл 15 сла-
гаемых, 2,906 с дл 25 слагаемых, 3,891 с дл 35 слагаемых. На рис. 2 иобраены
реултаты моделировани дл этого случа.

Слева  распределени температуры в ависимости от координаты и времени,
справа  в началный момент времени, построенные по 5 собственным наченим
(а), по 15 собственным наченим (б) и по 25 собственным наченим (в). Дл этой
моделной адачи получены следущие оценки решени матричным методом:

1) ∆5,4 = 2, 356% и ∆t=0; 5,4 = 18, 146%;
2) ∆15,14 = 0, 001% и ∆t=0; 15,14 = 0, 027%;
3) ∆25,24 = 0, 0009% и ∆t=0; 25,24 = 0, 031%;
4) ∆25,15 = 0, 086% и ∆t=0; 25,15 = 2, 620%;
5) ∆35,15 = 0, 089% и ∆t=0; 35,15 = 2, 798%;
6) ∆35,25 = 0, 023% и ∆t=0; 35,25 = 0, 981%.
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а) 

  
б) 

  
в) 

 

Рис. 2. Распределени температуры в птислойной среде в ависимо-
сти от координаты и времени (слева) и в началный момент времени
(справа), построенные по 5 собственным наченим (а), по 15 собствен-
ным наченим (б) и по 25 собственным наченим (в).

Полученные оценки в этой адаче, так е как и дл трехслойной среды, когда
внешние слои имет существенно более высоку теплопроводност, покаыват, что
при малом количестве слагаемых рда решени имеем аметну погрешност, одна-
ко, как и при чередовании слоев в другом пордке, аметного улучшени реултата
при увеличении числа членов рда не происходит, если вто уе 20–25 слагаемых.
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аклчение

В работе рассмотрено решение первой краевой адачи теплопроводности в много-
слойной пластине матричным методом совместно с методом Фуре. Получены оценки
некоторых решений моделных адач дл трех- и птислойной пластины в ависи-
мости от числа членов рда Фуре. Проведенные расчеты покаыват, что такой
подход моет быт перспективен дл моделировани теплопереноса и интересен дл
далнейшего исследовани.

Исследование выполнено а счет гранта Российского научного фонда и Пра-
вителства Калуской области  23–21–10069, https://rscf.ru/project/23–21–10069/,
https://rscf.ru/en/project/23-21-10069/.
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Generalized solution of the simplest initial boundary value problem
for a homogeneous hyperbolic equation with a mixed derivative.

Rykhlov V. S.

Abstract. An initial boundary value problem for a homogeneous second-order hyperbolic
equation with constant coefficients and a mixed derivative is investigated in a half-strip of the
plane.

The equation in question is the equation of transverse vibrations of a moving finite string.
The case of zero initial velocity and fixed ends (Dirichlet conditions) is considered. It is assumed
that the roots of the characteristic equation are simple and lie on the real axis on different sides
of the origin.

The main result of the article is formulated, namely, the theorem on the finite formula
for the generalized solution and the method of obtaining this formula is briefly described.
The main advantage of this formula is that it does not require any preliminary continuation
of the initial function beyond the segment of its definition. The method is based on the idea
of A. P. Khromov to use for this the theory of divergent series in the understanding of L. Euler
(axiomatic approach). In the special case of the simplest string oscillation equation this formula
for generalized solution has a different kind if compared with the formula, obtained earlier
by A. P. Khromov.

Next, it is determined the classical solution of the initial boundary value problem under
consideration.

The uniqueness theorem of the classical solution is formulated in the case of its existence
and a formula is given for solving it in the form of a series whose members are contour integrals
containing the initial data of the problem. Based on this formula, the concepts of a generalized
initial boundary value problem and a generalized solution are introduced. Next, a detailed proof
of the previously formulated main theorem of the article is given. The resulting formula for the
generalized solution compared with the corresponding result for the classical solution.

At the end, a brief history of the problem is given.
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equation, half-bands, initial boundary value problem, zero initial velocity, fixed ends, classical
solution, generalized initial boundary value problem, generalized solution, uniqueness classical
solution, finite formulas for the generalized solution, divergent series

1. Постановка адачи и основной реултат

Рассмотрим простейшу обобщенну начално-граничну адачу

uxx + p1uxt + p2utt = 0, (1)

u(0, t) = 0, u(1, t) = 0, (2)

u(x, 0) = ϕ(x), ut(x, 0) = 0, (3)

в началных услових которой присутствует толко один параметр  началный
профил ϕ(x) и рассматриватс самые простые граничные услови  акреплен-
ные концы. дес (x, t) ∈ Q = [0, 1] × [0,+∞); p1, p2 ∈ R, ϕ ∈ L1[0, 1] и влетс
комплексноначной функцией. Дл краткости исполутс обоначени

ux :=
∂u

∂x
, ut :=

∂u

∂t
, uxx :=

∂2u

∂x2
, uxt :=

∂2u

∂x∂t
, . . . .

Рассматриваетс случай гиперболического уравнени (1), то ест выполнетс
условие

p21 − 4p2 > 0.

В этом случае корни ω1,ω2 характеристического уравнени

ω2 + p1ω + p2 = 0
вещественны и раличны.

Вомоны толко две принципиално раные ситуации

ω1 < 0 < ω2, (4)

0 < ω1 < ω2. (5)

В случае (4) соответствуща спектрална адача (см. далее адачу (10)) влетс
регулрной по Биркгофу [1, c. 66–67], а в случае (5)  нерегулрной. Случай (5)
был рассмотрен в [2]. Метод докаателства там был отличным от метода настощей
стати. Далее будет рассматриватс толко случай (4).

Обобщенна начално-гранична адача (1)–(3) влетс одним и наиболее
силных обобщений классической начално-граничной адачи (определение класси-
ческой адачи и ее решени даетс немного ние). Внешний вид ее такой е, как и
у классической адачи, но смысл совсем другой.
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При ϕ ∈ L1[0, 1] адача (1)–(3) понимаетс чисто формално, так как ни о каком
удовлетворении решени уравнени (1) и условим (2) реч уе не моет идти.

Основным реултатом настощей стати влетс следуща теорема.

Теорема 1. Пуст ϕ ∈ L1[0, 1] и выполнетс условие (4). Тогда функци u(x, t),
определенна дл почти всех (п. в.) (x, t) ∈ Q формулой

u(x, t) =
1

ω2 − ω1


ϕ


t+ ω2x

ω2 − ω1


− ϕ


t+ ω1x

ω2 − ω1


, (6)

влетс решением обобщенной адачи (1)–(3). дес

ϕ(ξ) =






ω2ϕ


ξ

a


, если ξ ∈ [0, a);

ω1ϕ
1− ξ

1− a


, если ξ ∈ [a, 1);

(7)

a =
ω2

ω2 − ω1

и {x} обоначает дробну част числа x ∈ R.

В оставшейс части стати подробно илагаетс, как понимаетс обобщенное ре-
шение и как получаетс формула (6) дл этого решени.

Дл получени этого реултата исполуетс подход, предлоен-
ный А. П. Хромовым в [3] (подробное докаателство опубликовано в [4]). А именно,
как и в [3, 4], исполуетс теори расходщихс рдов в понимании Л. Эйлера [5],
который влетс основополоником теории суммировани расходщихс рдов.

Вопросы, касащиес расходщихс рдов, а именно, какой смысл они имет,
как понимат и трактоват сумму расходщегос рда, какими свойствами долны
обладат суммы таких рдов и другие сванные с этими вопросами понти активно
обсудалис ведущими математиками еще во времена Эйлера, то ест в XVIII веке.
Исторический обор моно найти в монографии [6].

В частности, в [3, 4] при получении формулы дл обобщенного решени вану
рол играт естественные аксиомы дл преобраовани расходщихс рдов

(А)


an = s =⇒


kan = ks;
(Б)


an = s,


bn = t =⇒


(an + bn) = s+ t;

(В)
∞

n=0 an = s =⇒
∞

n=1 an = s− a0.
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и монографии [6, с. 19]. А таке существенно исполуетс правило интегрировани
расходщихс рдов, которое предлоил А. П. Хромов в [3, 4],

 
=


, (8)

где


 определенный интеграл. Это правило опираетс на соответствущу теоре-
му Лебега о почленном интегрировании тригонометрического рда в экспоненциал-
ной форме (формулировку теоремы Лебега дл тригонометрического рда по сину-
сам и косинусам моно найти в [7, c. 277, теорема 3]).

Перейдем к более подробному илоени реултатов.

2. Определение классического решени, его единственност и
формула дл решени в виде рда

Под классическим решением или, как иногда говорт, решением почти всду
адачи (1)–(3) понимаетс функци u(x, t) переменных (x, t) ∈ Q, котора:

а) непрерывна вместе с ux(x, t) и ut(x, t), при этом ux(x, t) и ut(x, t)) абсолтно
непрерывны и по x, и по t, и п. в. в Q выполнетс равенство

uxt(x, t) = utx(x, t); (9)

б) удовлетворет условим (2)–(3) на границе мноества Q и уравнени (1) п. в.
в Q.

Отметим, что необходимост в условии (9) обусловлена тем, что в случае, когда
uxt(x, t) и utx(x, t) не влтс непрерывными функцими, это равенство моет не
выполнтс на мноестве полоителной меры [8].

Дл классического решени адачи (1)–(3) по необходимости долны выполнт-
с услови:

1) гладкости: ϕ(x),ϕ′(x) абсолтно непрерывны;
2) согласовани: ϕ(0) = ϕ(1) = 0.

адача (1)–(3), в которой функции ϕ(x), ϕ′(x) абсолтно непрерывны,
ϕ(0) = ϕ(1) = 0 и ищетс классическое решение, наываетс классической начално-
граничной адачей.

В случае ω1 = −1, ω2 = 1 имеем p1 = 0, p2 = −1 и уравнение (1) влетс
простейшим уравнением колебани струны

uxx − utt = 0.

В [3, 4] рассматривалс именно такой случай.
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Реултаты, илагаемые в настощей стате, отностс к общему случа p1 ∈ R.
Интересно отметит, что и реултатов стати получаетс нова формула дл уе
полученного в [3, 4] обобщенного решени.

С адачей (1)–(3) тесно свана следуща спектрална адача

L(λ)y = 0, (10)
породенна оператор-функцией L(λ), определемой дифференциалным вырае-
нием с параметром λ

ℓ(y,λ) := y′′ + λp1y
′ + λ2p2y (11)

и краевыми условими
U1(y) := y(0) = 0, U2(y) := y(1) = 0. (12)

Пуст Rλ ест реолвента оператор-функции L(λ), а G(x, ξ,λ) ее функци Грина.
Обоначим чере R1λ интегралный оператор с дром Gξ(x, ξ,λ).

В качестве фундаменталной системы решений уравнени ℓ(y,λ) = 0 вомем
систему решений

y1(x,λ) := eλω1x, y2(x,λ) := eλω2x.

Тогда характеристический определител L(λ) [1, с. 26] имеет вид

∆(λ) =


U1(y1) U1(y2)

U2(y1) U2(y2)

 =


1 1

eλω1 eλω2

 = eλω2 − eλω1

и его корни, очевидно, ест числа

λk =
2kπi

ω2 − ω1

, k = 0,±1,±2, . . . . (13)

Эти числа, кроме точки λ0 = 0, влтс простыми собственными начени-
ми L(λ). Число λ0 = 0, как легко проверит, не влетс собственным начением.

Обоначим чере γk окруности {λ : |λ − λk| = δ}, где δ > 0 и настолко мало,
что внутри γk находитс по одному собственному начени.

Реултат данной стати будет вытекат и реултата, даваемого следущей
теоремой единственности дл классического решени и представлени его рдом
(полна верси теоремы опубликована в [9]).

Теорема 2. Если u(x, t) ест классическое решение адачи (1)–(3) с условием (4)
и дополнително выполнетс условие utt ∈ L1(QT ) (дес QT = [0, 1] × [0, T ]) при
лбом фиксированном T > 0, то это решение единственно и находитс по формуле

u(x, t) =
1

2πi



k



γk


− p1e

λtR1λ + p2e
λtλRλ


ϕ dλ, (14)

в которой рд сходитс равномерно по x ∈ [0, 1] при лбом фиксированном t > 0.
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3. Определение обобщенного решени

Теорема 2 говорит о том, что формалный рд (14) и начално-гранична ада-
ча (1)–(3) тесно сваны, а именно, если эта адача имеет классическое решение, то
дл него справедлива формула (14). При этом функци ϕ(x) долна удовлетворт
условим 1)–2). Аналогично [3, 4] расширим понтие этой сви.

Моно аметит, что рд в (14) имеет смысл дл лбой функции ϕ(x) ∈ L1[0, 1],
хот тепер он, вообще говор, моет быт и расходщимс. Будем считат, что этот
рд влетс формалным решением адачи (1)–(3), когда ϕ(x) ∈ L1[0, 1]. Как уе
отмечалос, в этом случае адача (1)–(3) понимаетс чисто формално.

Эту адачу (1)–(3) в случае ϕ(x) ∈ L1[0, 1] мы навали ранее обобщённой
начално-граничной адачей. Наовем рд справа в (14) обобщенным решением этой
адачи.

Моно попытатс найти сумму этого рда, исполу обычные правила анали-
а и накладыва дополнително те или иные ограничени на началну функци
ϕ(x), обеспечиващие сходимост этого рда к некоторой сумме, понимаемой в клас-
сическом смысле по Коши как предел последователности частичных сумм. А атем,
найд эту сумму, попытатс ослабит налоенные ограничени на ϕ(x).

Но моно, как и в [3, 4], исполоват другой подход, упростив тем самым вы-
кладки и при этом не накладыва никаких дополнителных ограничений на ϕ(x),
кроме того, что ϕ(x) ∈ L1[0, 1]. А именно, моно трактоват рд справа в форму-
ле (14) иначално как расходщийс (дае если он и сходитс) и соответствущим
обраом определит (или, другими словами, наначит) сумму этого рда (сум-
ма в кавычках оначает, что это сумма именно расходщегос рда).

Таким обраом, найти решение обобщенной начално-граничной адачи (1)–(3) 
начит определит (или наначит) сумму рда справа в (14).

4. Определение суммы расходщегос
тригонометрического рда

Далее будет покаано, что с исполованием толко аксиом (А)-(В) бе исполо-
вани обычного определени суммы рда по Коши, как предела его частичных сумм,
рд справа в (14) сводитс к сумме конечного числа рдов вида



k

ake
2kπix, где ak =

1

0

f(ξ)e−2kπiξ dξ, (15)

а функции f(x) ∈ L1[0, 1] выраатс по простым формулам чере функци ϕ(x) и
суммируемы в том и толко в том случае, когда суммируема функци ϕ(x).
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Таким обраом, чтобы найти формулу дл обобщенного решени, необходимо
определит сумму рда (15). Вану рол в этом играет теорема Лебега об инте-
грировании тригонометрического рда [7, c. 277, теорема 3]. Нам эта теорема потре-
буетс в следущей формулировке.

Теорема 3 (Лебега об интегрировании тригонометрического рда). Пуст на про-
меутке [0, 1] адана суммируема функци f(x), имеща рд (15) своим рдом
Фуре. Если [A,B] ⊂ [0, 1], то

B

A

f(x) dx =


k

B

A

ake
2kπix dx.

Докаателство этой теоремы бе особых атруднений получаетс и докаател-
ства соответствущей теоремы, приведенной в [7, c. 277].

После формулировки этой теоремы в [7, c. 277] отмечено: Иначе говор, рд
Фуре суммируемой функции моно почленно интегрироват. Этот факт весма
амечателен, посколку сам этот рд моет и не сходитс.

По сути эта теорема рарешает дл тригонометрического рда переставлт сум-
мирование и интегрирование, дае если рд расходитс. Ввиду этого, как уе выше
отмечалос, в [3, 4] было предлоено дополнит сформулированные выше три акси-
омы (А)–(В) дл расходщихс рдов правилом (8).

Исполу теорему 3, моно определит сумму расходщегос рда (15).

Лемма 1. Если (15) ест рд Фуре функции f(x) ∈ L1[0, 1], то сумма рда (15)
ест функци f(x).

Докаателство. Докаателство этой леммы почти дословно повторет докаател-
ство аналогичного реултата и [3]-[4].

В самом деле, пуст сумма рда (15) при x ∈ [0, 1] ест кака-то функци
g(x) ∈ L1[0, 1] (мы ограничиваем себ именно суммируемыми функцими). Тогда в
соответствии с правилом (8) имеем

x

0

g(η) dη =


k

 1

0

f(ξ)e−2kπiξ dξ

 x

0

e2kπiη dη. (16)

По теореме 3 рд в (16) сходитс при лбом x ∈ [0, 1] и его сумма ест



k

 1

0

f(ξ)e−2kπiξ dξ

 x

0

e2kπiη dη =

x

0

f(η) dη. (17)
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Таким обраом, и (16) и (17) получим, что
x

0

g(η) dη =

x

0

f(η) dη.

А отсда следует, что g(x) = f(x) дл п. в. x ∈ [0, 1], то ест функци f(x) влетс
суммой рда (15). Лемма докаана. □

Утвердение леммы 1 вполне согласуетс с идеей Эйлера [5], что сумма некото-
рого бесконечного рда ест конечное выраение, и ралоени которого воникает
этот рд.

Описанный метод получени суммы расходщегос тригонометрического р-
да (15) влетс регулрным [6], так как дл сходщихс рдов эта сумма сов-
падает с обычной суммой рда, то ест с функцией f(x).

5. Конечна формула дл обобщенного решени

В этом раделе докаываетс сформулированна выше основна теорема 1 о ко-
нечной формуле (6) дл обобщенного решени. Исходим и формулы (14), котору
апишем в виде

u(x, t) =
1

2πi



k



γk


eλt

1

0


− p1Gξ(x, ξ,λ)ϕ(ξ) + λp2G(x, ξ,λ)ϕ(ξ)


dξ


dλ, (18)

Дл функции Грина G(x, ξ,λ) имеет место представление

G(x, ξ,λ) =
1

λ(ω2 − ω1)∆(λ)


eλ(ω1x+ω2(1−ξ)) − eλω1(x+1−ξ) + eλ(ω1(1−ξ)+ω2x)−

− eλ(ω1+ω2(x−ξ))

− 1

λ(ω2 − ω1)


eλω1(x−ξ)χ(x− ξ) + eλω2(x−ξ)χ(ξ − x)


,

где χ(x)  функци Хевисайда (χ(x) = 1 при x ≥ 0, и χ(x) = 0 при x < 0).
Дл докаателства потребутс две леммы.
Так как числа λk, k = ±1,±2, . . . , определемые формулой (13), влтс про-

стыми полсами функции Грина G(x, ξ,λ), то дл вычетов от функций G(x, ξ,λ) и
Gξ(x, ξ,λ) справедливы формулы, даваемые следущей леммой.

Лемма 2. Справедливы формулы

rk(x, ξ) := res
λ=λk

G(x, ξ,λ) =
1

2kπi(ω2 − ω1)


eλkω2x − eλkω1x


e−λkω1ξ − e−λkω2ξ


, (19)

r1k(x, ξ) := res
λk

Gξ(x, ξ,λ) = − 1

(ω2 − ω1)2


eλkω2x− eλkω1x


ω1e

−λkω1ξ −ω2e
−λkω2ξ


. (20)
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Докаателство леммы получаетс непосредственным подсчетом по формуле дл
вычета отношени двух целых функций в случае простого полса [10, с. 417].

В следущей лемме датс формулы преобраовани интегралов от e−λkωjξf(ξ),
j = 1, 2, к коэффициентам Фуре по тригонометрической системе {e2kπix} некоторых
преобраований функции f(ξ), таких, что эти преобраованные функции суммируе-
мы на [0, 1], если суммируема на [0, 1] функци f(ξ).

Лемма 3. Если f(x) ∈ L1[0, 1], то справедливы формулы
1

0

e−λkω1ξf(ξ) dξ = −ω2 − ω1

ω1

1

0

e−2kπiξf ∗(ξ) dξ, (21)

1

0

e−λkω2ξf(ξ) dξ =
ω2 − ω1

ω2

1

0

e−2kπiξf∗(ξ) dξ, (22)

где обоначено

f ∗(ξ) =






0, ξ ∈ [0, a),

f


1− ξ

1− a


, ξ ∈ [a, 1];

f∗(ξ) =





f


ξ

a


, ξ ∈ [0, a),

0, ξ ∈ [a, 1].
(23)

Докаателство этой леммы получаетс в реултате соответствущих амен пе-
ременных под наками интегралов.

Перейдем тепер к непосредственному докаателству теоремы 1.
Исполу обоначени леммы 2, и (18) получим

u(x, t) =


k

1

0

res
λ=λk


eλt


− p1Gξ(x, ξ,λ)ϕ(ξ) + λp2G(x, ξ,λ)ϕ(ξ)


dξ =

=


k

1

0


eλkt


− p1r1k(x, ξ) + λkp2rk(x, ξ)


ϕ(ξ)


dξ. (24)

На основании формул (19)–(20) леммы 2, а таке аксиом (А)–(Б) и (24) будем
имет

u(x, t) =


k


eλk(t+ω2x) − eλk(t+ω1x)


×

×
 1

0

 p1ω1

(ω2 − ω1)2
+

λkp2
2kπi(ω2 − ω1)


e−λkω1ξ−
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−
 p1ω2

(ω2 − ω1)2
+

λkp2
2kπi(ω2 − ω1)


e−λkω2ξ


ϕ(ξ) dξ


.

Отсда, исполу формулы Виета: p1 = −(ω1 + ω2) и p2 = ω1ω2, найдем

u(x, t) =


k


eλk(t+ω2x) − eλk(t+ω1x)


×

×

− ω2

1

(ω2 − ω1)2

1

0

e−λkω1ξϕ(ξ) dξ +
ω2
2

(ω2 − ω1)2

1

0

e−λkω2ξϕ(ξ) dξ


=

=
ω2
1

(ω2 − ω1)2


−



k

eλk(t+ω2x)

1

0

ϕ(ξ)e−λkω1ξdξ −


k

eλk(t+ω1x)

1

0

ϕ(ξ)e−λkω1ξdξ


+

+
ω2
2

(ω2 − ω1)2



k

eλk(t+ω2x)

1

0

ϕ(ξ)e−λkω2ξ dξ −


k

eλk(t+ω1x)

1

0

ϕ(ξ)e−λkω2ξ dξ


.

Далее применем лемму 3 и аксиому (А). В реултате получим

u(x, t) =
ω1

ω2 − ω1




k

e
2kπi

t+ω2x
ω2−ω1

1

0

ϕ∗(ξ)e−2kπiξ dξ−


k

e
2kπi

t+ω1x
ω2−ω1

1

0

ϕ∗(ξ)e−2kπiξ dξ


+

+
ω2

ω2 − ω1




k

e
2kπi

t+ω2x
ω2−ω1

1

0

ϕ∗(ξ)e
−2kπiξ dξ −



k

e
2kπi

t+ω1x
ω2−ω1

1

0

ϕ∗(ξ)e
−2kπiξ dξ


.

Тепер, чтобы получит конечну формулу дл обобщенного решени, воспол-
уемс леммой 1 дл определени сумм рдов, стощих справа. Так как функци
e2kπix ест 1-периодическа функци, то в реултате получим следущее представ-
ление дл правой части последней формулы дл п. в. (x, t) ∈ Q

u(x, t) =
ω1

ω2 − ω1


ϕ∗


t+ ω2x

ω2 − ω1


− ϕ∗


t+ ω1x

ω2 − ω1


+

+
ω2

ω2 − ω1


ϕ∗


t+ ω2x

ω2 − ω1


− ϕ∗


t+ ω1x

ω2 − ω1


,

где {x} обоначает дробну част числа x ∈ R.
Эту формулу моно аписат в виде

u(x, t) =
1

ω2 − ω1


ω1ϕ

∗


t+ ω2x

ω2 − ω1


+ ω2ϕ∗


t+ ω1x

ω2 − ω1


−
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−

ω1ϕ

∗


t+ ω2x

ω2 − ω1


+ ω2ϕ∗


t+ ω1x

ω2 − ω1


. (25)

Исполу формулы (23) леммы 3, получим более простое представление дл
комбинации функций, стощих в скобках в (25)

ω1ϕ
∗(ξ) + ω2ϕ∗(ξ) =






ω2ϕ


ξ

a


, ξ ∈ [0, a);

ω1ϕ


1− ξ

1− a


, ξ ∈ [a, 1];

= ϕ(ξ),

где ϕ(ξ) именно та функци, котора была определена в формулировке теоремы 1
формулой (7).

С учетом этого формулу (25) моно аписат в виде

u(x, t) =
1

ω2 − ω1


ϕ


t+ ω2x

ω2 − ω1


− ϕ


t+ ω1x

ω2 − ω1


, (26)

а это и ест формула (6) и формулировки теоремы 1.
Таким обраом, основна теорема 1 настощей стати докаана.
Дл сравнени целесообрано привести следущий реултат о формуле дл

классического решени и [9].

Теорема 4. Пуст выполнетс условие (4). Дл того, чтобы адача (1)–(3) име-
ла единственное классическое решение, необходимо и достаточно, чтобы функции
ϕ(x) и ϕ′(x) были абсолтно непрерывны, ϕ′′(x) ∈ L1[0, 1] и ϕ(0) = ϕ(1) = 0. При
этом решение u(x, t) определетс формулой (6) (или (26)).

Следователно, и классическое и обобщенное решени выраатс одной и той
е формулой. Этот факт подтвердает правилност илоенного подхода получе-
ни формулы (6) дл обобщенного решени.

6. Кратка историческа справка

Восстановит полну истори исследований начално-граничной адачи (1)–(3)
доволно трудно, так как очен много математиков рассматривали таку адачу на
протении долгого времени под раными углами рени и исполовали раные
методы.

Тем не менее, дл полноты картины приведем некоторые исторические факты,
которые в какой-то мере блики к обсудаемым проблемам. Некоторые работы и
авторы уе цитировалис в процессе илоени.
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Уравнение (1) влетс уравнением поперечных колебаний продолно двиущей-
с конечной струны. Такие уравнени актуалны дл проиводственных процессов,
сванных с продолным двиением материалов (например, буманого полотна).

Исследование таких колебаний началос около 60 лет наад в работах [11]-[13].
Илагаемые в настощей стате реултаты получены с исполованием второго

и двух подходов к решени начално-граничных адач дл волнового уравнени в
полуполосе плоскости, предлоенных А. П. Хромовым.

Первый подход, который моно нават реолвентным, был применен впервые
к решени начално-граничных адач дл волнового уравнени в [14] и получил
равитие в статх [15]–[16]. Этот метод сван с рабиением формалного решени
на части, следу рекомендацим А. Н. Крылова [17, гл. VI] по ускорени сходимости
рдов Фуре

В далнейшем А. П. Хромов дополнил реолвентный метод подходом, сван-
ным с расходщимис рдами формалных решений. Расходщиес рды рассмат-
риватс в понимании Л. Эйлера [5]–[6], который, как уе было отмечено выше,
влетс основополоником суммировани расходщихс рдов. Такой подход был
первоначално рассмотрен в [18], а атем получил равитие в работах [19]-[21]. Ино-
гда такой подход наыват аксиоматическим.

Наиболее просто второй подход А. П. Хромова описан в краткой стате [3], кото-
ра уе цитировалас. Равернутое илоение этой стати, как уе было отмечено,
дано в [4].

Истори формировани и равити этого метода, а таке полученные с помощ
этого метода реултаты моно найти в укаанных и других работах А. П. Хромова
(например, в [22]).

Аналогичный подход к решени смешанных адач в полуполосе плоскости дл
телеграфного уравнени при других краевых услових исполовал И. С. Ломов. Од-
ними и последних его работ влтс стати [23] и [24].

Другой подход, отличный от исполуемого А. П. Хромовым и И. С. Ломовым
и при других постановках начално-граничных адач, получил равитие в рабо-
тах Ф. Е. Ломовцева. Одна и последних его работ ест стат [25].

Рассматривалис и другие адачи дл уравнени (1). Например, адача гашени
поперечных колебаний продолно двиущейс струны исследовалас в стате [26].
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аклчение

В работе исследована начално-гранична адача дл однородного гиперболи-
ческого уравнени второго пордка с постонными коэффициентами и смешанной
проиводной в полуполосе плоскости.

Рассмотрен случай нулевой началной скорости и акрепленных концов (усло-
ви Дирихле). Предполагалос, что корни характеристического уравнени простые
и леат на вещественной оси по раные стороны от начала координат.

Сформулирован и докаан основной реултат стати, а именно, теорема о конеч-
ной формуле дл обобщенного решени на основе предлоенного А. П. Хромовым
аксиоматического подхода. Главное достоинство этой формулы состоит в том, что в
ней не требуетс какое-либо предварителное продоление началной функции а
пределы отрека ее определени. Полученна формула дл обобщенного решени
совпадает с соответствущей формулой дл классического решени.

В частном случае простейшего уравнени колебани струны эта формула дл
обобщенного решени имеет другой вид, если сравниват с формулой, полученной
ранее А. П. Хромовым.
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On the problem of estimating the completeness of the UAV
aerodynamic characteristics under uncertainty.

Tran M. H., Yurkov N. K., Nguyen Q. T.

Abstract. The article presents the formulation of the problem of clarifying the aerodynamic
characteristics (ADC) of unmanned aerial vehicles (UAVs), obtained from the results of flight
technical tests (LTI) or aerodynamic blowdowns, which is the task of multi-criteria multi-
parameter multi-factor identification of indicators and characteristics of complex technical
systems and their structural-parametric optimization.

In the presence of uncontrolled factors, i. e. conditions of uncertainty, the problem of
estimating the completeness of the UAV aerodynamic characteristics under uncertainty is
supplemented by operators of uncertainty disclosure. In design tasks two types of uncertainties
are usually considered: multi-factor uncertainty (natural and (or) artificial origin) and multi-
criteria uncertainty associated with design decisions, taking into account the interests of all the
optimality criteria that have been set, which is difficult to formalize completely.

The problem of estimating the completeness of UAV characteristics under conditions of
uncertainty is outlined. A software and methodological complex for the statistical synthesis of
an aerodynamic UAV model is presented.

The following issues are addressed:

• to develop a method of statistical analysis of structural and parametric design relationships
of aerodynamic characteristics of UAVs, which allows to restore design and functional
relationships between design parameters and criteria assessments of the aerodynamic
model of UAVs;

• to develop a method for statistically assessing the aerodynamic completeness of UAVs from
experimental data, allowing to assess the completeness of the experimental (approximate)
model developed by the UAV on determination criteria and Darbin-Watson, which differs
from known topics, that this method summarizes the analytical procedures of the method
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in the inverse function space, which show the extent to which the built approximation
model explains the patterns contained in the statistical sample;

• to develop mathematical models and algorithms of synthesis of aerodynamic
characteristics of UAVs on experimental data, which reduce the financial and time cost of
aerodynamic blowing in a supersonic wind tunnel and full-scale testing in the development
of new UAV samples and their modifications.

Keywords: aerodynamic characteristics (ADC), unmanned aerial vehicles (UAVs),
identification, multicriteria optimization, structural-parametric synthesis.

Введение

Цел работы влетс раработка метода статистических оценок полно-
ты аэродинамических характеристик беспилотных летателных аппаратов (БЛА) в
услових неопределенности по эксперименталным данным дл сокращени финан-
совых и временных атрат натурных испытаний при раработке новых обрацов БЛА
и их модификации.

адача структурно-параметрического синтеа СТС представлена оптими-
ационной процедурой в виде [2]:

Jopt = max
a∈A

z(t)∈Z

max
b∈B

J (a, z (t) , b) , (1)

где J  принтый критерий оптималности, a  вектор проектных параметров, A 
област допустимых проектных параметров, z(t)  вектор реимов двиени систе-
мы, Z  област допустимых реимов двиени системы, b  вектор параметров,
описыващих структурные состоние систем, B  област допустимых структурных
состоний системы.

Дл данной адачи сначала проводитс структурный выбор (шаг структурный
оптимиации) критерием max

b∈B
J (a, z (t) , b) , и в рамках выбранной структуры прово-

дитс параметрическа оптимиаци max
a∈A

z(t)∈Z

J (a, z (t) , b∗) по варируемым парамет-

рам системы.
При наличии неконтролируемых факторов, т. е. условий неопределенности ада-

ча (1) дополнетс операторами раскрыти неопределенностей. В проектных ада-
чах обычно рассматриват два вида неопределенностей: многофакторну неопреде-
ленност (природного и/или искусственного происходени) и многокритериалну
неопределенност, сванну с принтием проектных решений, с учетом интересов
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одновременно всех аданных критериев оптималности, что трудно полност фор-
малиоват. адача (1) дл этого случа будет имет вид [2]–[5]:

Jopt = max
a∈A

z(t)∈Z

max
b∈B

inf
ω∈W

opt J (a, z (t) , b,ω) , (2)

дес J (a, z (t) , b,ω)  векторный критерий, opt J(.)  оператор, реалиущий про-
ектные оптималные параметры, inf(.)  оператор, реалиущий свертки неконтро-
лируемых факторов (обединение или комбинирование), где ω  вектор неконтро-
лируемых факторов, W  област вомоных состоний среды.

Качество восстанавливаемых аэродинамических ависимостей в программном
комплексе оцениваетс по двум статистическим критерим [2], [8]:

1. адача оптимиации по критери регулрности:

∆2(B) =

NA

i=1

(JM − JT )
2
i /

NB

i=1

(JT )
2
i ⇒ min.

2. адача оптимиации по критери несмещенности:

nCM =
N

i=1

(JA − JB)
2
i /

N

i=1

(JT )
2
i ⇒ min,

дес N  обем статистической выборки.

Характеристики и перекрестные сви аэродинамической модели БЛА, представ-
лены в вном виде [2, 6–8]:






cMx = cx0 + r1(α
2 + β2) + r2(δ

2
θ + δ2Ψ) + r3δ

2
∊ + r4(αδθ + βδΨ)

+ r5(α
2 + β2) + r6(α

2β2),

cMy = cαyα + cδyδθ + c10α
3 + c11αβ

2 + c12α
2δθ + c13β

2δθ + c14αβδΨ

+ c20αδ∊ + cωz
y wz,

cMz = −cαyβ − cδyδΨ − c10β
3 − c11βα

2 − c12β
2δΨ − c13α

2δΨ − c14αβδθ

+ c20αβ + cωy
z wy,

mM
y = mα

z β +mδ
zδΨ + b10β

3 + b11βα
2 + b12β

2δΨ + b13α
2δΨ + b14αβδθ

+ b20αβ,

mM
z = mα

z β +mδ
zδΨ + b10α

3 + b11αβ
2 + b12α

2δθ + b13β
2δθ + b14αβδΨ

+ b20βδ∊,

(3)
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дес: cMx , cMy , cMz ,mM
x ,mM

y ,mM
z  моделные начени аэродинамических коэффици-

ентов, α  угол атаки, β  угол сколени БЛА; δθ = 1
2
(δ2+ δ4)  угол отклонени

рулей в вертикалной плоскости; δΨ = 1
2
(δ1 + δ3)  угол отклонени рулей в гори-

онталной плоскости; δ∊ = 1
4
(δ3 − δ1 + δ4 − δ2)  угол отклонени рулей по крену,

δ1, δ2, δ3, δ4  углы отклонени рулей БЛА по траекторим двиени (рис. 1) [2].

Рис. 1. Углы отклонени рулей БЛА по траекторим двиени

Линейные параметры cx0 , c
α
x , c

δ
y, m

α
z , m

δ
z, r1, r2, r3, r4, r5, r6, c10, c11, c12, c14, c20,

b10, b11, b12, b14, b20 подлеат определени и услови минимума критери регулр-
ности. Дл данной аэродинамической модели минимиаци по критери регулрно-
сти соответствует процессу структурного выбора, так как выбор проиводственных
аэродинамических коэффициентов cx0 , c

α
y , c

δ
y,m

α
z ,m

δ
z покаывает, кака долна быт

аэродинамическа схема БЛА, какие долны быт реимы его двиени и т.п.

1. Постановка адачи оценки полноты характеристик БЛА
в услових неопределенности

Совокупност требований, ограничений и критериев, предвлемых к БЛА по
формалным принакам, обраует векторный критерий, имещий следущий состав:
J =


ρпром,


ϕ− π

2


, V,∆2(B)


, где ρпром  величина промаха БЛА, ρпром ⇒ min,

ϕ− π
2

2  требование по углу подлета к цели, (ϕ− π
2
)2 ⇒ min, V  скорост подлета

к цели, V ⇒ max, ∆2(B) статистический критерий регулрности ∆2 (B) ⇒ min.
адача идентификации характеристик БЛА состоит в выборе такого проектного

решени d, которое удовлетворет системе функционалных ограничений [10]:






ρ (d) ≤ ρ∗, ϕ (d) ≥ π

2
− ε, V (d) ≥ V ∗,

∆2 (cx) ≤ ∆2(cx)
∗, ∆2 (cy) ≤ ∆2(cy)

∗, ∆2 (cz) ≤ ∆2(cz)
∗,

∆2 (my) ≤ ∆2(my)
∗, ∆2 (mz) ≤ ∆2(mz)

∗,

(4)
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где ρ∗, V ∗, ∆2(cx)
∗, ∆2(cy)

∗, ∆2(cz)
∗, ∆2(my)

∗, ∆2(mz)
∗  аданные уровни критери-

алных ограничений, которые выбиратс и услови обеспечени беопасных реи-
мов двиени. дес ∆2 (•) ест критерии регулрности, рассчитываемые дл всех
аэродинамических коэффициентов.

Система функционалных ограничений содерит девт частных критериев оп-
тималности [11]:

Jopt = (ρ,ϕ− π

2
, V,∆2(cx),∆

2(cy),∆
2(cz),∆

2(my),∆
2(mz),∆

2(my),

что приводит к проблеме многокритериалной оптимиации.

Исполу аддитивный принцип оптималности приведенный выше векторный
критерий моно представит в виде:

J1 = min
d∈D


α1.ρ + α2.


ϕ− π

2

2

+ α3 (V ) + α4.∆
2 (B)


, (5)

где αi  весовые коэффициенты, αi ≥ 0, i = 1, 7;
4

i=1

αi = 1; d  вектор проектно-

го решени; D  област допустимых решений. По найденным аэродинамическим
проиводным восстанавливаетс экспериментална аэродинамическа модел БЛА
в следущем полиномиалном баисе






cx = cx0 +
∂cx
∂α

α +
∂cx
∂β

β +
∂cx
∂ωz

ωz +
∂cx
∂ωy

ωy +
∂cx
∂δ1

δ1 +
∂cx
∂δ2

δ2 +
∂cx
∂M

M ;

cy =
∂cy
∂α

α +
∂cy
∂β

β +
∂cy
∂ωz

ωz +
∂cy
∂ωy

ωy +
∂cy
∂δ1

δ1 +
∂cy
∂δ2

δ2 +
∂cy
∂M

M ;

cz =
∂cz
∂α

α +
∂cz
∂β

β +
∂cz
∂ωz

ωz +
∂cz
∂ωy

ωy +
∂cz
∂δ1

δ1 +
∂cz
∂δ2

δ2 +
∂cz
∂M

M ;

My =
∂My

∂α
α +

∂My

∂β
β +

∂My

∂ωz

ωz +
∂My

∂ωy

ωy +
∂My

∂δ1
δ1 +

∂My

∂δ2
δ2 +

∂My

∂M
M ;

Mz =
∂Mz

∂α
α +

∂Mz

∂β
β +

∂Mz

∂ωz

ωz +
∂Mz

∂ωy

ωy +
∂Mz

∂δ1
δ1 +

∂Mz

∂δ2
δ2 +

∂Mz

∂M
M ;

(6)

Векторный критерий оценки качества БЛА представлен в форме:

J2 = α1ρ+ α2 (ϕ− π/2) + α3


∆2(B)cx +∆2(B)cy +∆2(B)cz+

+∆2(B)my
+∆2(B)mz


+ α4µ

(7)

где ρ  промах, ϕ  угол тангаа, αi  весовые коэффициенты, сумма которых
равнетс 1, µ  мера области достиимости.
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Программно-методический комплекс статистического синтеа аэродинамической
модели БЛА представлен на рис. 2 [12].

Рис. 2. Программно-методический комплекс статистического синтеа
аэродинамической модели БЛА

аклчение

Решение поставленной адачи поволет:

• раработат методику статистического аналиа структурно-параметрических
проектных свей аэродинамических характеристик БЛА, котора поволет
восстановит проектно-функционалные сви меду проектными параметра-
ми и критериалными оценками аэродинамической модели БЛА;

• раработат метод статистической оценки полноты аэродинамических харак-
теристик БЛА по эксперименталным данным, поволщий оценит полноту
эксперименталной (аппроксимирущей) модели раработанного БЛА по кри-
терим детерминации и Дарбина-Уотсона, отличащийс от ивестных тем,
что данный метод обобщает аналитические процедуры метода в пространстве
обратных функций, которые покаыват насколко построенна аппроксими-
руща модел обснет акономерности, содеращиес в статистической
выборке;
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• раработат математические модели и алгоритмы синтеа аэродинамических
характеристик БЛА по эксперименталным данным, которые поволт со-
кратит финансовые и временные атраты на аэродинамическу продувку в
сверхвуковой аэродинамической трубе и натурные испытани при раработке
новых обрацов БЛА и их модификации.
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Structure of essential spectra and discrete spectrum of the energy
operator of six-electron systems in the Hubbard model. Second singlet
state.

Tashpulatov S. M.

Abstract. We consider the energy operator of six electron systems in the Hubbard model
and investigate the structure of essential spectra and discrete spectrum of the system in the
second singlet state of the system. It is shown that in one-dimensional and two-dimensional
cases, the essential spectrum of the operator of the six-electron second singlet state consists of
the union of seven segments, and the discrete spectrum of the six-electron second singlet state
consists of a single eigenvalue, lying below (above) the domain of the lower (upper) edge of the
essential spectrum of this operator. And, in the three-dimensional case, the following situations
occur: a) the essential spectrum of the six-electron second singlet state operator consists of
the union of seven segments, and the discrete spectrum of the six-electron second singlet state
operator consists of a single eigenvalue; b) the essential spectrum of the six-electron second
singlet state operator consists of the union of four segments, and the discrete spectrum of the
six-electron second singlet state operator consists of an empty set; c) the essential spectrum of
the six-electron second singlet state operator consists of the union of two segments, and the
discrete spectrum of the six-electron second singlet state operator consists of an empty set; d)
the essential spectrum of the six-electron second singlet state operator consists of single segment,
and the discrete spectrum of the six-electron second singlet state operator is empty set; provided
that every situation occurs. Found the conditions when every situation to take place.

Keywords: Hubbard model, six-electron system, essential spectra, discrete spectrum, octet state,
quintet state, triplet state, singlet state.

Introduction

In the early 1970s, three papers [2, 3, 8], where a simple model of a metal was
proposed that has become a fundamental model in the theory of strongly correlated
electron systems, appeared almost simultaneously and independently. In that model, a
single nondegenerate electron band with a local Coulomb interaction is considered. The
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model Hamiltonian contains only two parameters: the parameter B of electron hopping
from a lattice site to a neighboring site and the parameter U of the on-site Coulomb
repulsion of two electrons. In the secondary quantization representation, the Hamiltonian
can be written as

H = B


m,τ,γ

a+m,γam+τ,γ + U


m

a+m,↑am,↑a
+
m,↓am,↓, (1)

where B is the transfer integral between neighboring sites, τ = ±ej, j = 1, 2, ..., ν, where
ej are unit mutually orthogonal vectors, which means that summation is taken over the
nearest neighbors, U is the parameter of the on-site Coulomb interaction of two electrons,
γ is the spin index, γ =↑ or γ =↓, ↑ and ↓ denote the spin values 1

2
and −1

2
, and a+m,γ and

am,γ denote Fermi operators of creation and annihilation of an electron with spin γ on a
site m ∈ Zν , here Zν ν− dimensional integer valued lattice, ν− lattice dimensionality.

The model proposed in [2, 3, 8] was called the Hubbard model after John Hubbard,
who made a fundamental contribution to studying the statistical mechanics of that system,
although the local form of Coulomb interaction was first introduced for an impurity model
in a metal by Anderson [1]. We also recall that the Hubbard model is a particular case of
the Shubin–Wonsowsky polaron model [15], which had appeared 30 years before [2, 3, 8]. In
the Shubin–Wonsowsky model, along with the on-site Coulomb interaction, the interaction
of electrons on neighboring sites is also taken into account. The simplicity and sufficiency of
Hamiltonian (1) have made the Hubbard model very popular and effective for describing
strongly correlated electron systems. The Hubbard model is an approximation used in
solid-state physics to describe to transition between conducting and insulating state. It is
the simplest model describing particle interaction on a lattice.

The Hubbard model well describes the behavior of particles in a periodic potential at
sufficiently low temperatures such that all particles are in the lower Bloch band and long-
range interactions can be neglected. If the interaction between particles on different sites
is taken into account, then the model is often called the extended Hubbard model. It was
proposed for describing electrons in solids, and it remains especially interesting since then
for studying high-temperature superconductivity. Later, the extended Hubbard model
also found applications in describing the behavior of ultracold atoms in optical lattices.
In considering electrons in solids, the Hubbard model can be considered a sophisticated
version of the model of strongly bound electrons, involving only the electron hopping
term in the Hamiltonian. In the case of strong interactions, these two models can give
essentially different results. The Hubbard model exactly predicts the existence of so-called
Mott insulators, where conductance is absent due to strong repulsion between particles.
The Hubbard model is based on the approximation of strongly coupled electrons. In
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the strongcoupling approximation, electrons initially occupy orbital’s in atoms (lattice
sites) and then hop over to other atoms, thus conducting the current. Mathematically,
this is represented by the so-called hopping integral. This process can be considered the
physical phenomenon underlying the occurrence of electron bands in crystal materials.
But the interaction between electrons is not considered in more general band theories.
In addition to the hopping integral, which explains the conductance of the material, the
Hubbard model contains the so-called on-site repulsion, corresponding to the Coulomb
repulsion between electrons. This leads to a competition between the hopping integral,
which depends on the mutual position of lattice sites, and the on-site repulsion, which
is independent of the atom positions. As a result, the Hubbard model explains the
metal–insulator transition in oxides of some transition metals. When such a material
is heated, the distance between nearest-neighbor sites increases, the hopping integral
decreases, and on-site repulsion becomes dominant.

The Hubbard model is currently one of the most extensively studied multielectron
models of metals [4, 9–11, 16]. Therefore, obtaining exact results for the spectrum and
wave functions of the crystal described by the Hubbard model is of great interest. The
spectrum and wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [9]. In the work [9] is considered the Hamiltonian
of the form

H = A


m,γ

a+m,γam,γ +B


m,τ,γ

a+m,γam+τ,γ + U


m

a+m,↑am,↑a
+
m,↓am,↓. (2)

Here A is the electron energy at a lattice site, B is the transfer integral between
neighboring sites, τ = ±ej, j = 1, 2, ..., ν, where ej are unit mutually orthogonal vectors,
which means that summation is taken over the nearest neighbors, U is the parameter of
the on-site Coulomb interaction of two electrons, γ is the spin index, γ =↑ or γ =↓, ↑ and
↓ denote the spin values 1

2
and −1

2
, and a+m,γ and am,γ are the respective electron creation

and annihilation operators at a site m ∈ Zν . It is known that two-electron systems can
be in two states, triplet and singlet [4, 9–11, 16]. It was proved in [9] that the spectrum
of the system Hamiltonian H t in the triplet state is purely continuous and coincides
with a segment [m,M ] = [2A − 4Bν, 2A + 4Bν], where ν is the lattice dimensionality,
and the operator Hs of the system in the singlet state, in addition to the continuous
spectrum [m,M ], has a unique antibound state for some values of the quasimomentum.
For the antibound state, correlated motion of the electrons is realized under which the
contribution of binary states is large. Because the system is closed, the energy must remain
constant and large. This prevents the electrons from being separated by long distances.
Next, an essential point is that bound states (sometimes called scattering-type states)
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do not form below the continuous spectrum. This can be easily understood because the
interaction is repulsive. We note that a converse situation is realized for U < 0 : below
the continuous spectrum, there is a bound state (antibound states are absent) because
the electrons are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the on-site
Coulomb interaction of two electrons and corresponds to the energy of two noninteracting
electrons, being exactly equal to the triplet band. The second band is determined by
Coulomb interaction to a much greater degree: both the amplitudes and the energy of two
electrons depend on U, and the band itself disappears as U → 0 and increases without
bound as U → ∞. The second band largely corresponds to a one-particle state, namely,
the motion of the doublet, i. e., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal described
by the Hubbard Hamiltonian were studied in [17]. In the three-electron systems are exists
quartet state, and two type doublet states. The quartet state corresponds to the free
motion of three electrons over the lattice with the basic functions q3/2m,n,p = a+m,↑a

+
n,↑a

+
p,↑ϕ0.

In the work [17] is proved that the essential spectrum of the system in a quartet
state consists of a single segment and the three-electron bound state or the three-
electron antibound state is absent. The doublet state corresponds to the basic functions
1d

1/2
m,n,p = a+m,↑a

+
n,↓a

+
p,↑ϕ0, and 2d

1/2
m,n,p = a+m,↑a

+
n,↑a

+
p,↓ϕ0. If ν = 1 and U > 0, then the

essential spectrum of the system of first doublet state operator Hd
1 is exactly the union

of three segments and the discrete spectrum of Hd
1 consists of a single point, i. e., in the

system exists unique antibound state. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, or the essential spectrum of the system in the first
doublet state operator Hd

1 is the union of three segments and the discrete spectrum of
operator Hd

1 consists of a single point, i. e., in the system exists only one antibound state,
or the essential spectrum of the system in the first doublet state operator Hd

1 is the union
of two segments and the discrete spectrum of the operator Hd

1 is empty, or the essential
spectrum of the system in the first doublet state operator Hd

1 consists of a single segment,
and discrete spectrum is empty, i. e., in the system the antibound state is absent. In
the one-dimensional case, the essential spectrum of the operator Hd

2 of second doublet
state is the union of three segments, and the discrete spectrum of operator Hd

2 consists
of no more than one point. In the two-dimensional case, we have analogous results. In
the three-dimensional case, or the essential spectrum of the system in the second doublet
state operator Hd

2 is the union of three segments and the discrete spectrum of operator Hd
2

consists of no more than one point, i. e., in the system exists no more than one antibound
state, or the essential spectrum of the system in the second doublet state operator Hd

2
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is the union of two segments and the discrete spectrum of the operator Hd
2 is empty, or

the essential spectrum of the system in the second doublet state operator Hd
2 consists of

a single segment, and discrete spectrum is empty, i. e., in the system the antibound state
is absent.

The spectrum of the energy operator of system of four electrons in a crystal described
by the Hubbard Hamiltonian in the triplet state were studied in [18]. In the four-electron
systems are exists quintet state, and three type triplet states, and two type singlet
states. The triplet state corresponds to the basic functions 1t1m,n,p,r = a+m,↑a

+
n,↑a

+
p,↑a

+
r,↓ϕ0,

2t1m,n,p,r = a+m,↑a
+
n,↑a

+
p,↓a

+
r,↑ϕ0,

3t1m,n,p,r = a+m,↑a
+
n,↓a

+
p,↑a

+
r,↑ϕ0.

If ν = 1 and U > 0, then the essential spectrum of the system first triplet state
operator 1 H1

t is exactly the union of two segments and the discrete spectrum of operator
1 H1

t is empty. In the two-dimensional case, we have the analogous results. In the three-
dimensional case, the essential spectrum of the system first triplet-state operator 1 H1

t is
the union of two segment and the discrete spectrum of operator 1 H1

t is empty, or the
essential spectrum of the system first triplet-state operator 1 H1

t is single segment and
the discrete spectrum of operator 1 H1

t is empty. If ν = 1 and U > 0, then the essential
spectrum of the system second triplet state operator 2 H1

t is exactly the union of three
segments and the discrete spectrum of operator 2 H1

t consists no more than one point. In
the two-dimensional case, we have the analogous results. In the three-dimensional case,
the essential spectrum of the system second triplet-state operator 2 H1

t is the union of three
segments and the discrete spectrum of the operator 2 H1

t consists no more than one point,
or the essential spectrum of the system second triplet-state operator 2 H1

t is the union of
two segments and the discrete spectrum of the system second triplet state operator 2 H1

t is
empty, or the essential spectrum of the system second triplet-state operator 2 H1

t consists
of single segment and the discrete spectrum of the operator 2 H1

t is empty.
If ν = 1 and U > 0, the essential spectrum of the system third triplet-state operator

3 H1
t is exactly the union of three segments and the discrete spectrum of the operator 3 H1

t

consists no more than one point. In two-dimensional case, we have analogous results. In the
three-dimensional case, the essential spectrum of the system third triplet-state operator
3 H1

t is the union of three segments, and the discrete spectrum of the operator 3 H1
t consists

no more than one point or the essential spectrum of the system third triplet-state operator
3 H1

t is the union of two segments, and the discrete spectrum of the operator 3 H1
t is empty,

or the essential spectrum of the system third triplet-state operator 3 H1
t consists of single

segment, and the discrete spectrum of the operator 3 H1
t is empty. We see that there are

three triplet states, and they have different origins.
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The spectrum of the energy operator of four-electron systems in the Hubbard
model in the quintet, and singlet states were studied in [19]. The quintet state
corresponds to the free motion of four electrons over the lattice with the basic functions
q2m,n,p,r = a+m,↑a

+
n,↑a

+
p,↑a

+
r,↑ϕ0. In the work [19] proved, that the spectrum of the system in a

quintet state is purely continuous and coincides with the segment [4A− 8Bν, 4A+ 8Bν],

and the four-electron bound states or the four-electron antibound states is absent.
The singlet state corresponds to the basic functions 1s0p,q,r,t = a+p,↑a

+
q,↑a

+
r,↓a

+
t,↓ϕ0,

2s0p,q,r,t = a+p,↑a
+
q,↓a

+
r,↑a

+
t,↓ϕ0, and these two singlet states have different origins.

If ν = 1 and U > 0, then the essential spectrum of the system of first singlet-state
operator 1 Hs

4 is exactly the union of three segments and the discrete spectrum of the
operator 1 Hs

4 consists only one point. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, the essential spectrum of the system first singlet-
state operator 1 Hs

4 is the union of three segments and the discrete spectrum of the operator
1 Hs

4 consists only one point, or the essential spectrum of the system of first singlet-state
operator 1 Hs

4 is the union of two segment and the discrete spectrum of the operator 1 Hs
4 is

empty, or the essential spectrum of the system of first singlet-state operator 1 Hs
4 consists

of single segment and the discrete spectrum of operator 1 Hs
4 is empty. If ν = 1 and U > 0,

then the essential spectrum of the system of second singlet-state operator 2 Hs
4 is exactly

the union of three segments and the discrete spectrum of operator 2 Hs
4 consists only one

point. In two-dimensional case, we have the analogous results. In the three-dimensional
case, the essential spectrum of the system second singlet-state operator 2 Hs

4 is the union
of three segments and the discrete spectrum of the operator 2 Hs

4 is consists only one point,
or the essential spectrum of the system of second singlet-state operator 2 Hs

4 is the union
of two segment and the discrete spectrum of the operator 2 Hs

4 is empty, or the essential
spectrum of the system of second singlet-state operator 2 Hs

4 consists of single segment
and the discrete spectrum of operator 2 Hs

4 is empty.
The structure of essential spectra and discrete spectrum of the energy operator of

five-electron systems in the Hubbard model in the fifth doublet state were studied in [20].
In the five-electron systems exists the sextet state, and five type doublet states, and

four type quartet states.
The structure of essential spectrum and discrete spectra of the energy operator of

five-electron systems in the Hubbard model in the doublet state were investigated in [21]
and [22].

The structure of essential spectra and discrete spectrum of the energy operator of five
electron systems in the Hubbard model in a sextet and quartet states were studied in [23].
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1. Hamiltonian of the system

We consider the energy operator of six-electron systems in the Hubbard model and
describe the structure of the essential spectra and discrete spectrum of the system for
second singlet state in the lattice. The Hamiltonian of the chosen model has the form (2).

In the six electron systems has a octet state, and quintet states, and triplet
states, and singlet states. The energy of the system depends on its total spin S.

Along with the Hamiltonian, the Ne electron system is characterized by the total spin
S, S = Smax, Smax − 1, ..., Smin, Smax = Ne

2
, Smin = 0, 1

2
.

Hamiltonian (2) commutes with all components of the total spin operator
S = (S+, S−, Sz), and the structure of eigenfunctions and eigenvalues of the system
therefore depends on S. The Hamiltonian H acts in the antisymmetric Fock space
Has = las2 ((Zν)6), where las2 ((Zν)6) is the subspace of antisymmetric functions of l2((Zν)6).

Below we give the constructions of the Fock space F(H).
Let H be a Hilbert space and denote by Hn the n− fold tensor product

Hn = H


H


...


H. We set H0 = C and F(H) =
∞

n=0 H
n. The F(H) is called the

Fock space over H; it will be separably, if H is. For example, if H = L2(R), then an
element ψ ∈ F(H) is a sequence of functions ψ = {ψ0,ψ1(x1),ψ2(x1, x2),ψ3(x1, x2, x3), ...},
so that |ψ0|2 +

∞
n=1


Rn |ψn(x1, x2, ..., xn)|2dx1dx2...dxn < ∞. Actually, it is not F(H),

itself, but two of its subspaces which are used most frequently in quantum field
theory. These two subspaces are constructed as follows: Let Pn be the permutation
group on n elements, and let {ψn} be a basis for space H. For each σ ∈ Pn,
we define an operator (which we also denote by σ) on basis elements Hn, by
σ(ϕk1


ϕk2


...


ϕkn) = ϕkσ(1)


ϕkσ(2)


...


ϕkσ(n)
. The operator σ extends by

linearity to a bounded operator (of norm one) on space Hn, so we can define
Sn = 1

n!


σ∈Pn σ. That the operator Sn is the operator of orthogonal projection: S2

n = Sn,

and S∗
n = Sn. The range of Sn is called n− fold symmetric tensor product of H. In the

case, where H = L2(R) and Hn = L2(R)


L2(R)


...


L2(R) = L2(R
n), SnHn is just the

subspace of L2(R
n), of all functions, left invariant under any permutation of the variables.

We now define Fs(H) =
∞

n=0 SnHn. The space Fs(H) is called the symmetrical Fock space
over H, or Boson Fock space over H.

Let ε(.) is function from Pn to {1,−1}, which is one on even permutations and minus
one on odd permutations. Define An = 1

n!


σ∈Pn ε(σ)σ; then An is an orthogonal projector

on Hn. AnHn is called the n− fold antisymmetrical tensor product of H. In the case
where H = L2(R), AnHn is just the subspace of L2(R

n), consisting of those functions
odd under interchange of two coordinates. The subspace Fa(H) =

∞
n=0 AnHn is called the

antisymmetrical Fock space over H, or the Fermion Fock space over H.
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2. Six-electron second singlet state in the Hubbard model

Let ϕ0 be the vacuum vector in the space Has. The second singlet state corresponds
to the free motion of six electrons over the lattice and their interactions with the basic
functions

2s0p,q,r,t,k,n∈Zν = a+p,↑a
+
q,↓a

+
r,↑a

+
t,↓a

+
k,↑a

+
n,↓ϕ0.

The subspace 2H0s, corresponding to the second singlet state is the set of all vectors of the
form

2ψ0
s =



p,q,r,t,k,n∈Zν

f(p, q, r, t, k, n)2s0p,q,r,t,k,n∈Zν , f ∈ las2 ,

where las2 is the subspace of antisymmetric functions in the space l2((Z
ν)6). We denote by

2H0
s the restriction of operator H to the subspace 2H0s.

An invariant subspace W of Hilbert space V with respect to a linear operator
T : V → V is a subspace such that for arbitrary x ∈ W T (x) ∈ W, in other words
T (W ) ⊂ W. Invariant subspace is one of the key concepts of linear algebra and functional
analysis, which plays an important role in the study of linear maps operating in finite-
dimensional and infinite-dimensional linear spaces.

Theorem 1. The subspace 2H0s is invariant under the operator H, and the restriction
2H0

s of operator H to the subspace 2H0s is a bounded self-adjoint operator. It generates a
bounded self-adjoint operator 2H

0

s acting in the space las2 as

2 H
0

s
2ψ0

s = 6Af(p, q, t, t, k, n) +B


τ

[f(p+ τ, q, r, t, k, n)+

+f(p, q + τ, r, t, k, n) + f(p, q, r + τ, t, k, n) + f(p, q, r, t+ τ, k, n)+

f(p, q, r, t, k + τ, n) + f(p, q, r, k, n+ τ)] + U [δp,q + δq,r + δp,t + δq,k + δp,n+

+δr,n + δr,t + δk,n + δt,k]f(p, q, r, t, k, n). (3)

The operator 2H0
s acts on a vector 2ψ0

s ∈ 2H0s as

2H0
s

2ψ0
s =



p,q,r,t,k,n∈Zν

(2H
0

sf)(p, q, r, t, k, n)
2s0p,q,r,t,k,n∈Zν . (4)

Proof. We act with the Hamiltonian H on vectors 2ψ0
s ∈ 2H0s using the standard

anticommutation relations between electron creation and annihilation operators at lattice
sites, {am,γ, a

+
n,β} = δm,nδγ,β, {am,γ, an,β} = {a+m,γ, a

+
n,β} = θ, and also take into account

that am,γϕ0 = θ, where θ is the zero element of 2H0s. This yields the statement of the
theorem. □
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Lemma 1. The spectra of the operators 2H0
s and 2H

0

s coincide.

Proof. Because the operators 2H0
s and 2H

0

s are bounded self-adjoint operators, it follows
that if λ ∈ σ(2H0

s ), then the Weyl criterion ([13, Chap. VII, § 3, pp. 262-263]) implies
that there is a sequence {ψi}∞i=1 such that ||ψi|| = 1 and limi→∞ ||(2H0

s − λ)ψi|| = 0. We
set ψi =


p,q,r,t,k,n fi(p, q, r, t, k, n)a

+
p,↑a

+
q,↓a

+
r,↑a

+
t,↓a

+
k,↑a

+
n,↓ϕ0. Then

||(2H0
s − λ)ψi||2 = ((2H0

s − λ)ψi, (
2H0

s − λ)ψi) =


p,q,r,t,k,n

||(2H0

s − λ)×

×fi(p, q, r, t, k, n)||2(a+p,↑a+q,↓a+r,↑a+t,↓a+k,↑a+n,↓ϕ0, a
+
p,↑a

+
q,↓a

+
r,↑a

+
t,↓a

+
k,↑a

+
n,↓ϕ0) =

=


p,q,r,t,k,n

||(2H0

s − λ)Fi(p, q, r, t, k, n)||2(an,↓ak,↑at,↓ar,↑aq,↓ap,↑a+p,↑a+q,↓a+r,↑×

×a+t,↓a
+
k,↑a

+
n,↓ϕ0,ϕ0) =



p,q,r,t,k,n

||(2H0

s − λ)Fi(p, q, r, t, k, n)||2(ϕ0,ϕ0) =

=


p,q,r,t,k,n

||(2H0

s − λ)Fi(p, q, r, t, k, n)||2 → 0,

as i → ∞, where Fi =


p,q,r,t,k,n fi(p, q, r, t, k, n). It follows that λ ∈ σ(2H
0

s).

Consequently, σ(2H0
s ) ⊂ σ(2H

0

s).

Conversely, let λ ∈ σ(2H
0

s). Then, by the Weyl criterion, there is a
sequence {Fi}∞i=1 such that ||Fi|| = 1 and limi→∞ ||(2H0

s − λ)ψi|| = 0. Setting
Fi =


p,q,r,t,k,n fi(p, q, r, t, k, n), ||Fi|| = (


p,q,r,t,k,n |fi(p, q, r, t, k, n)|2)

1
2 , we conclude that

||ψi|| = ||Fi|| = 1 and ||(2H0

s − λ)Fi|| = ||(2H0

s − λ)ψi|| → 0 as i → ∞. This means that
λ ∈ σ(2H0

s ) and hence σ(2H0

s) ⊂ σ(2H0
s ). These two relations imply σ(2H0

s ) = σ(2H
0

s). □

We call the operator 2H0
s the six-electron second singlet state operator in the Hubbard

model.
Let F : l2((Z

ν)6) → L2((T
ν)6) ≡ 2H0s be the Fourier transform, where T ν is the ν−

dimensional torus endowed with the normalized Lebesgue measure dλ, i. e., λ(T ν) = 1.

We set 2 H0
s = F 2H

0

sF
−1. In the quasimomentum representation, the operator 2H

0

s acts
in the Hilbert space Las

2 ((T ν)6), where Las
2 is the subspace of antisymmetric functions in

L2((T
ν)6).

Theorem 2. The Fourier transform of operator 2H
0

s is an operator 2 H0
s = F 2H

0

sF
−1

acting in the space 2H0s be the formula

2 H0
s

2ψ0
s = h(λ, µ, γ, θ, η, ξ)f(λ, µ, γ, θ, η, ξ) + U



T ν

[f(t,λ+ µ− t, γ, θ, η, ξ)+

+f(t, µ, γ,λ+ θ − t, η, ξ) + f(t, µ, γ, θ, η,λ+ ξ − t) + f(λ, t, µ+ γ − t, θ, η, ξ)+
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+f(λ, t, γ, θ, µ+ η − t, ξ) + f(λ, µ, t, γ + θ − t, η, ξ) + f(λ, µ, t, θ, η, γ + ξ − t)+

+f(λ, µ, γ, t, θ + η − t, ξ) + f(λ, µ, γ, θ, t, η + ξ − t)]dt, (5)

where h(λ, µ, γ, θ, η, ξ) = 6A+ 2B
ν

i=1[cosλi + cosµi + cosγi + cosθi + cosηi + cosξi].

Proof. If f ∈ L2((T
ν)6), then (2 H0

s
f)(λ, µ, γ, θ, η, ξ) =

= F 2H
0

s({


T ν

f(λ, µ, γ, θ, η, ξ)ei[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,k)+(ξ,n)]dλdµdγ×

×dθdηdξ}p,q,r,t,k,n∈Zν ) =


p,q,r,t,k,n∈Zν

g(p, q, r, t, k, n)×

×e−[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,k)+(ξ,n)],

where g(p, q, r, t, k, n) =2 H
0

s({

T ν

f(λ, µ, γ, θ, η, ξ)×

×ei[(
λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,k)+(ξ,n)]dλdµdγdθdηdξ}p,q,r,t,k,n∈Zν ).

As, since F is a linear transformation, then, the find in (3) direct image of every component,
while subsequently sum up take, we have

(a) for (T1f)(p, q, r, t, k, n) = 6Af(p, q, r, t, k, n), f ∈ l2((Z
ν)6) is true of equality

(FT1F−1)(f)(λ, µ, γ, θ, η, ξ) = F(6A{


(T ν)6

f(λ, µ, γ, θ, η, ξ)×

×ei[(
λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,η)+(ξ,ξ)]dλdµdγdθdηdξ}p,q,r,t,k,n∈Zν ) =

= 6A


p,q,r,t,k,n∈Zν



(T ν)6

f(λ, µ, γ, θ, η, ξ)ei[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,η)+(ξ,ξ)]×

×dλdµdγdθdηdξe−i[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,k)+(ξ,n)] =

= 6A


p,q,r,t,k,n∈Zν



(T ν)6

f(λ, µ, γ, θ, η, ξ)ei[(λ−λ,p)+(µ−µ,q)+(γ−γ,r)]×

×[ei[(
θ−θ,t)+(η−η,k)+(ξ−ξ,n)]dλdµdγdθdηdξ = 6A



(T ν)6

f(λ, µ, γ, θ, η, ξ)×

×


p,q,r,t,k,n∈Zν

ei[(
λ−λ,p)+(µ−µ,q)+(γ−γ,r)+(θ−θ,t)+(η−η,k)+(ξ−ξ,n)]dλdµdγdθdηdξ =

= 6A



(T ν)6

f(λ, µ, γ, θ, η, ξ)δ(λ− λ)δ(µ− µ)δ(γ − γ)δ(θ − θ)δ(η − η)δ(ξ − ξ)×

×dλdµdγdθdηdξ = 6A f(λ, µ, γ, θ, η, ξ),
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where f ∈ L2((T
ν)6), λ = (λ1,λ2, ...,λν) ∈ T ν , δ(λ) = δ0(λ1)δ0(λ2)...δ0(λν), δ0(x) = 0, if

x ∕= 0, and δ0(x) = +∞, if x = 0, and
 +∞
−∞ δ0(x)dx = 1 are the Dirak function.

(b) for (T2f)(p, q, r, t, n, k) = B


τ f(p+τ, q, r, t, k, n), p, q, r, t, k, n ∈ Zν , f ∈ l2((Z
ν)6)

is true of equality

(FT2F−1)(f)(λ, µ, γ, θ, η, ξ) = F(B{


T ν

f(λ, µ, γ, θ, η, ξ)ei[λ,p+τ)+(µ,q)]×

×ei[γ,r)+(θ,t)+(η,η)+(ξ,ξ)]dλdµdγdθdηdξ}p,q,r,t,n,k∈Zν ) =

= B


p,q,r,t,k,n∈Zν



T ν

f(λ, µ, γ, θ, η, ξ)ei[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,η)+(ξ,ξ)]×

×


τ

ei(
λ,τ)dλdµdγdθdηdξe−i[(λ,p)+(µ,q)+(γ,r)+(θ,t)+(η,k)+(ξ,n)] =

= B


p,q,r,t,k,n∈Zν



T ν

f(λ, µ, γ, θ, η, ξ)ei[(λ−λ,p)+(µ−µ,q)+(γ−γ,r)+(θ−θ,t)]×

×ei[(η−η,k)+(ξ−ξ,n)]


τ

ei(
λ,τ)dλdµdγdθdηdξ = B



T ν

f(λ, µ, γ, θ, η, ξ)×

×


p,q,r,t,k,n∈Zν

ei[(
λ−λ,p)+(µ−µ,q)+(γ−γ,r)+(θ−θ,t)+(η−η,k)+(ξ−ξ,n)]2

ν

k=1

cos λk×

×dλdµdγdθdηdξ = 2B



T ν

f(λ, µ, γ, θ, η, ξ)δ(λ− λ)δ(µ− µ)δ(γ − r)δ(θ − t)×

×δ(η − k)δ(ξ − n)
ν

k=1

cos λkdλdµdγdθdηdξ = 2B
ν

k=1

cosλk
f(λ, µ, γ, θ, η, ξ);

Similar equalities are also true for the other terms. From here we get the required
formula (5). □

The operator 2 H0
s has a partial integral operator in the space L2((T

ν)6.

3. Main results of the work

Using tensor products of Hilbert spaces and tensor products of operators in Hilbert
spaces [14] and taking into account that the function f(λ, µ, γ, θ, η,χ) is an antisymmetric
function, we can verify that the operator 2 H0

s can be represented in the form
2 H0

s
2ψ0

s = {( H1
2f)(λ, µ)}


I


I + I


{( H2
2f)(γ, θ)}


I+ (6)

+I


I


{( H3
2f)(η, ξ)},
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where

( H1
2f)(λ, µ) = {2A+ 2B

ν

i=1

[cosλi + cosµi]}f(λ, µ) + U



T ν

f(s,λ+ µ− s)ds +

+ U



T ν

f(s,λ+ θ − s)ds+ U



T ν

f(s,λ+ ξ − s)ds,

( H2
2f)(γ, θ) = {2A+ 2B

ν

i=1

[cosγi + cosθi]}f(γ, θ) + U



T ν

f(s, γ + θ − s)ds +

+ U



T ν

f(s, µ+ γ − s)ds+ U



T ν

f(s, µ+ θ − s)ds,

and

( H3
2f)(η, ξ) = {2A+ 2B

ν

i=1

[cosηi + cosξi]}f(η, ξ) + U



T ν

f(s, η + ξ − s)ds+

+ U



T ν

f(s, γ + ξ − s)ds+ U



T ν

f(s, θ + η − s)ds,

and I is the unit operator in the space of two-electron states H2.
In fact, what

2 H0
s

2ψ0
s = {6A+ 2B

ν

i=1

[cosλi + cosµi + cosγi + cosθi + cosηi + cosξi]}×

×f(λ, µ, γ, θ, η, ξ) + U



T ν

[f(t,λ+ µ− t, γ, θ, η, ξ) + f(t, µ, γ,λ+ θ − t, η, ξ)+

+f(t,λ+ ξ − t, µ, γ, θ, η) + f(λ, t, µ+ γ − t, θ, η, ξ) + f(λ, t, γ, θ, µ+ η − t, ξ)+

+f(λ, µ, t, γ + θ − t, η, ξ) + f(λ, µ, t, θ, η, γ + ξ − t) + f(λ, µ, γ, t, θ + η − t, ξ)+

+f(λ, µ, γ, θ, t, η + ξ − t)]dt = {2A+ 2B
ν

i=1

[cosλi + cosµi]}f(λ, µ, γ, θ, η, ξ)+

+U



T ν

[f(t,λ+ µ− t, γ, θ, η, ξ) + f(t,λ+ θ − t, µ, γ, η, ξ) + f(t,λ+ ξ − t, µ, γ, θ, η)]×

×dt+ {2A+ 2B
ν

i=1

[cosγi + cosθi]}f(λ, µ, γ, θ, η, ξ) + U



T ν

[f(λ, µ, t, γ + θ − t, η, ξ)+

+f(λ, θ, t, µ+ γ − t, η, ξ) + f(λ, γ, t, µ+ η − t, θ, η)]dt+ {2A+ 2B
ν

i=1

[cosηi + cosξi]}×
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×f(λ, µ, γ, θ, η, ξ) + U



T ν

[f(λ, µ, γ, θ, t, η + ξ − t) + f(λ, µ, θ, η, t, γ + ξ − t)+

+f(λ, µ, γ, ξ, t, θ + η − t)]dt = [{2A+ 2B
ν

i=1

[cosλi + cosµi]}f(λ, µ)+

+U



T ν

[f(t,λ+ µ− t)dt+ f(t,λ+ θ − t)dt+ f(t,λ+ ξ − t)dt]


I


I+

+I


[{2A+ 2B
ν

i=1

[cosγi + cosθi]}f(γ, θ) + U



T ν

[f(t, γ + θ − t)dt+

+f(t, µ+ γ − t)dt+ f(t, µ+ η − t)dt]


I + I


I


[{2A+ 2B
ν

i=1

[cosηi+

+cosξi]}f(η, ξ) + U



T ν

[f(t, η + ξ − t)dt+ f(t, γ + ξ − t)dt+ f(t, θ + η − t)dt].

Therefore, we must investigate the spectrum of operators H1
2 , H2

2 , and H3
2 . Since all

parameters λ, µ, γ, θ, η, ξ, and t a changed in the ν− dimensional torus T ν , therefore, you
can write as

2 H0
s

2ψ0
s = [{2A+ 2B

ν

i=1

[cosλi + cosµi]}f(λ, µ) + 3U



T ν

f(t,λ+ µ− t)×

×dt]


I


I + I


[{2A+ 2B
ν

i=1

[cosγi + cosθi]}f(γ, θ)+

+3U



T ν

f(t, γ + θ − t)dt]


I + I


I


[{2A+ 2B
ν

i=1

[cosηi + cosξi]}×

×f(η, ξ) + 3U



T ν

f(t, η + ξ − t)dt].

Consequently, operator’s H1
2 , H2

2 , and H3
2 , expressing in the form

( H1
2f)(λ, µ) = {2A+ 2B

ν

i=1

[cosλi + cosµi]}f(λ, µ) + 3U



T ν

f(s,λ+ µ− s)ds,

( H2
2f)(γ, θ) = {2A+ 2B

ν

i=1

[cosγi + cosθi]}f(γ, θ) + 3U



T ν

f(s, γ + θ − s)ds,
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and

( H3
2f)(η, ξ) = {2A+ 2B

ν

i=1

[cosηi + cosξi]}f(η, ξ) + 3U



T ν

f(s, η + ξ − s)ds.

The spectrum of the operator A


I + I


B, where A and B are densely defined
bounded linear operators, was studied in [5–7]. In this work explicit formulas were given
there that express the essential spectrum σess(A


I + I


B) of A


I + I


B and

the discrete spectrum σdisc(A


I + I


B) in terms of the spectrum σ(A) of A and the
discrete spectrum σdisc(A) of A and in terms of the spectrum σ(B) of B and the discrete
spectrum σdisc(B) of B:

σdisc(A


I + I


B) = {σ(A)\σess(A) + σ(B)\σess(B)}\{(σess(A)+

+σ(B)) ∪ (σ(A) + σess(B))}, (7)

σess(A


I + I


B) = (σess(A) + σ(B)) ∪ (σ(A) + σess(B)). (8)

It is clear that σ(A


I + I


B) = {λ+ µ : λ ∈ σ(A), µ ∈ σ(B)}.

Consequently, we must investigate the spectrum of the operators H1
2Λ1

, H2
2Λ2

,

and H3
2Λ3

.

Let the total quasimomentum of the two-electron system λ + µ = Λ1 be fixed. We
let L2(ΓΛ1) denote the space of functions that are square integrable on the manifold
ΓΛ1 = {(λ, µ) : λ + µ = Λ1}. It is known [12] that the operator H1

2 and the
space H12 ≡ L2((T

ν)2) can be decomposed into a direct integral H1
2 =


T ν

H1
2Λ1

dΛ1,

H12 =


T ν
H12Λ1

dΛ1 of operators H1
2Λ1

and spaces H12Λ1
= L2(ΓΛ1), such that the spaces

H12Λ1
are invariant under the operators H1

2Λ1
and each operator H1

2Λ1
acts in H12Λ1

according
to the formula ( H1

2Λ1
fΛ1)(λ) = {2A+4B

ν
i=1 cos

Λi
1

2
cos(

Λi
1

2
−λi)}fΛ1(λ)+3U


T ν fΛ1(s)ds,

where fΛ1(x) = f(x,Λ1 − x).

First, we investigate the spectrum of the operator

( H1
2Λ1

fΛ1)(λ) = {2A+ 4B
ν

i=1

cos
Λi

1

2
cos(

Λi
1

2
− λi)}fΛ1(λ) + 3U



T ν

fΛ1(s)ds.

It is known that the continuous spectrum of operator H1
2Λ1

is independent of the
parameter U and consists of the intervals

σcont( H1
2Λ1

) = Gν
Λ1

= [mν
Λ1
,M ν

Λ1
] = [2A− 4B

ν

i=1

cos
Λi

1

2
, 2A+ 4B

ν

i=1

cos
Λi

1

2
].
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Definition 1. The eigenfunction ϕΛ1 ∈ L2(T
ν × T ν) of the operator H1

2Λ1
corresponding

to an eigenvalue zΛ1 /∈ Gν
Λ1

is called a bound state (BS) (antibound state (ABS)) of H1
2

with the quasi momentum Λ1, and the quantity zΛ1 is called the energy of this state.

We consider the operator KΛ1 acting the space H12Λ1
according to the formula

(KΛ1(z)fΛ1)(x) =



T ν

3U

2A+ 4B
ν

i=1 cos
Λi
1

2
cos(

Λi
1

2
− ti)− z

fΛ1(t)dt.

It is a completely continuous operator in H12Λ1
for

z /∈ Gν
Λ1

= [2A− 4B
ν

i=1

cos
Λi

1

2
, 2A+ 4B

ν

i=1

cos
Λi

1

2
].

We set Dν
Λ1
(z) = 1 + 3U


T ν

ds1ds2...dsν

2A+4B
ν

i=1 cos
Λi
1
2

cos(
Λi
1
2
−si)−z

.

Lemma 2. A number z0 /∈ Gν
Λ1

is an eigenvalue of the operator H1
2Λ1

if and only if it is
a zero of the function Dν

Λ1
(z), i. e., Dν

Λ1
(z0) = 0.

Proof. Let the number z = z0 /∈ Gν
Λ1

be an eigenvalue of the operator H1
2Λ1

, and ϕΛ1(x)

be the corresponding eigenfunction, i. e.,

{2A+ 4B
ν

i=1

cos
Λi

1

2
cos(

Λi
1

2
− λi)}ϕΛ1(λ) + 3U



T ν

ϕΛ1(s)ds = z0ϕΛ1(λ).

Let ψΛ1(x) = [2A+ 4B
ν

i=1 cos
Λi
1

2
cos(

Λi
1

2
− λi)− z]ϕΛ1(x). Then

ψΛ1(x) + 3U



T ν

1

2A+ 4B
ν

i=1 cos
Λi
1

2
cos(

Λi
1

2
− λi)− z

ψΛ1(s)ds = 0,

i. e., the number µ = −1 is an eigenvalue of the operator KΛ1(z). It then follows that
Dν

Λ1
(z0) = 0.

Now let z = z0 be a zero of the function Dν
Λ1
(z), i. e., Dν

Λ1
(z0) = 0. It follows from the

Fredholm theorem than the homogeneous equation

ψΛ1(x) + 3U



T ν

1

2A+ 4B
ν

i=1 cos
Λi
1

2
cos(

Λi
1

2
− λi)− z

ψΛ1(s)ds = 0

has a nontrivial solution. This means that the number z = z0 is an eigenvalue of the
operator H1

2Λ1
. □

We consider the one-dimensional case.
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Theorem 3.
(a) Let ν = 1 and U < 0, then for all values of parameters of the Hamiltonian, the

operator H1
2Λ1

has a unique eigenvalue z1 = 2A−


9U2 + 16B2 cos2 Λ1

2
, that is below the

continuous spectrum of the operator H1
2Λ1

, i. e., z1 < m1
Λ1
.

(b) Let ν = 1 and U > 0, then for all values of parameters of the Hamiltonian, the

operator H1
2Λ1

has a unique eigenvalue z1 = 2A+


9U2 + 16B2 cos2 Λ1

2
, that is above the

continuous spectrum of the operator H1
2Λ1

, i. e., z1 > M1
Λ1
.

Proof. If U < 0, then in the one-dimensional case, the function D1
Λ1
(z) decreases

monotonically outside the continuous spectrum domain of the operator H1
2Λ1

, i. e., in
the intervals (−∞,m1

Λ1
) and (M1

Λ1
,+∞). For z < m1

Λ1
the function D1

Λ1
(z) decreases

from 1 to −∞, D1
Λ1
(z) → 1 as z → −∞, D1

Λ1
(z) → −∞ as z → m1

Λ1
− 0.

Therefore, below the value m1
Λ1
, the function D1

Λ1
(z) has a single zero at the point

z = z1 = 2A −


9U2 + 16B2 cos2 Λ1

2
< m1

Λ1
. For z > M1

Λ1
, and U < 0, the function

D1
Λ1
(z) decreases from +∞ to 1, D1

Λ1
(z) → +∞ as z → M1

Λ1
+0, D1

Λ1
(z) → 1 as z → +∞.

Therefore, above the value M1
Λ1
, the function D1

Λ1
(z) cannot vanish. If U > 0, and z < m1

Λ1
,

the function D1
Λ1
(z) increases from 1 to +∞, D1

Λ1
(z) → 1 as z → −∞, D1

Λ1
(z) → +∞

as z → m1
Λ1

− 0. Therefore, belove the value m1
Λ1
, the function D1

Λ1
(z) cannot vanish.

For z > M1
Λ1
, and U > 0, the function D1

Λ1
(z) increases from −∞ to 1, D1

Λ1
(z) → 1 as

z → +∞, D1
Λ1
(z) → −∞ as z → M1

Λ1
+ 0. Therefore, above the value M1

Λ1
, the function

D1
Λ1
(z) vanishes on a single point z = z1 = 2A+


9U2 + 16B2 cos2 Λ1

2
. □

In two-dimensional case, we have analogously results.

Here and hereafter, we denote M
′
Λk

=

T 3

ds1ds2ds3
3

i=1 cos
Λi
k
2
(1−cos(

Λi
k
2
−si))

and

m
′
Λk

=

T 3

ds1ds2ds3
3

i=1 cos
Λi
k
2
(1+cos(

Λi
k
2
−si))

, k = 1, 2, 3.

Now we consider three-dimensional case.

Theorem 4. Let ν = 3 and U < 0. The following statements hold:
(a) If U < − 4B

3m
′
Λ1

, then the operator H1
2Λ1

has a unique bound state ϕΛ1 with the

energy value z1, that is below the continuous spectrum of operator H1
2Λ1

, i. e., z1 < m3
Λ1
.

(b) If − 4B

3m
′
Λ1

≤ U < 0, then the operator H1
2Λ1

has no bound state with the energy

value, that is below the continuous spectrum of operator H1
2Λ1

.
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Proof. Let ν = 3 and U < 0. Then the continuous spectrum of operator H1
2Λ1

is consists
of segment [2A− 4B

3
i=1 cos

Λi
1

2
, 2A + 4B

3
i=1 cos

Λi
1

2
]. In the three-dimensional case, if

U < 0, then the function ∆3
Λ1
(z) are monotonically decreasing function of z the outside

of continuous spectrum of the operator H1
2Λ1

, i. e., in (−∞,m3
Λ1
) and in (M3

Λ1
,+∞). For

z < m3
Λ1

the function ∆3
Λ1
(z) decreasing from 1 to 1 +

3Um
′
Λ1

4B
, ∆3

Λ1
(z) → 1 as z → −∞,

∆3
Λ1
(z) → 1 +

3Um
′
Λ1

4B
as z → m3

Λ1
− 0. Therefore, the below of values m3

Λ1
the function

∆3
Λ1
(z) has a single zero at the point z1, if 1+

3Um
′
Λ1

4B
< 0, i. e., U < − 4B

3m
′
Λ1

. For z > M3
Λ1

the

function ∆3
Λ1
(z) decreasing from 1− 3UM

′
Λ1

4B
> 1 to 1, ∆3

Λ1
(z) → 1− 3UM

′
Λ1

4B
as z → M3

Λ1
+0,

∆3
Λ1
(z) → 1 as z → +∞. Therefore, the above of values M3

Λ1
function ∆3

Λ1
(z) cannot

vanish. □

Theorem 5. Let ν = 3 and U > 0. The following statements hold:
(a) If U > 4B

3M
′
Λ1

, then the operator H1
2Λ1

has a unique bound state ϕΛ1 with the energy

value z1, that is above the continuous spectrum of operator H1
2Λ1

, i. e., z1 > M3
Λ1
.

(b) If 0 < U ≤ 4B

3M
′
Λ1

, then the operator H1
2Λ1

has no bound state with the energy value,

that is above the continuous spectrum of operator H1
2Λ1

.

Proof. Let ν = 3 and U > 0. Then the continuous spectrum of operator H1
2Λ1

is consists
of segment [2A− 4B

3
i=1 cos

Λi
1

2
, 2A + 4B

3
i=1 cos

Λi
1

2
]. In the three-dimensional case, if

U > 0, then the function ∆3
Λ1
(z) are monotonically decreasing function of z the outside

of continuous spectrum of the operator H1
2Λ1

, i. e., in (−∞,m3
Λ1
) and in (M3

Λ1
,+∞). For

z > M3
Λ1

the function ∆3
Λ1
(z) decreasing from 1− 3UM

′
Λ1

4B
, to 1, ∆3

Λ1
(z) → 1 as z → +∞,

∆3
Λ1
(z) → 1 − 3UM

′
Λ1

4B
as z → M3

Λ1
+ 0. Therefore, the above of values M3

Λ1
the function

∆3
Λ1
(z) has a single zero at the point z1, if 1− 3UM

′
Λ1

4B
< 0, i. e., U > 4B

3M
′
Λ1

. For z < m3
Λ1

the

function ∆3
Λ1
(z) decreasing from 1 to 1+

3Um
′
Λ1

4B
> 1, ∆3

Λ1
(z) → 1− 3UM

′
Λ1

4B
as z → m3

Λ1
−0,

∆3
Λ1
(z) → 1 as z → −∞. Therefore, the below of values m3

Λ1
function ∆3

Λ1
(z) cannot

vanish. □

To occur the analogue of Theorems 3–5 for operator’s H2
2Λ2

, and H3
2Λ3

, only, replace Λ1,

from Λ2, and Λ3, correspondingly.
Now, using the obtained results and representation (6), we describe the structure of

essential spectrum and discrete spectrum of the energy operator of six electron systems
in the Hubbard model in the second singlet state.
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Theorem 6.
(a) Let ν = 1, and U < 0, then the essential spectrum of operator 2 H0

s is the union of seven
segment’s:

σess(
2 H0

s ) = [a+c+e, b+d+f ]∪[a+c+z3, b+d+z3]∪[a+e+z2, b+f+z2]∪[a+z2+z3, b+z2+z3]∪

∪[c+ e+ z1, d+ f + z1] ∪ [c+ z1 + z3, d+ z1 + z3] ∪ [e+ z1 + z2, f + z1 + z2],

and discrete spectrum of operator 2 H0
s is consists of a unique eigenvalue:

σdisc(
2 H0

s ) = {z1 + z2 + z3}, what lies to the below than the left edge of the essential
spectrum of operator 2 H0

s . Here

a = 2A− 4B cos
Λ1

2
, b = 2A+ 4B cos

Λ1

2
, c = 2A− 4B cos

Λ2

2
, d = 2A+ 4B cos

Λ2

2
,

e = 2A− 4B cos
Λ3

2
, f = 2A+ 4B cos

Λ3

2
, z1 = 2A−


9U2 + 16B2cos2

Λ1

2
,

z2 = 2A−


9U2 + 16B2cos2
Λ2

2
, z3 = 2A−


9U2 + 16B2cos2

Λ3

2
.

(b) Let ν = 1, and U > 0, then the essential spectrum of operator 2 H0
s is the union of

seven segment’s:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3] ∪ [a+ e+ z2, b+ f + z2]∪

∪[a+ z2 + z3, b+ z2 + z3] ∪ [c+ e+ z1, d+ f + z1] ∪ [c+ z1 + z3, d+ z1 + z3]∪
∪[e+ z1 + z2, f + z1 + z2],

and discrete spectrum of operator 2 H0
s consists of a unique eigenvalue:

σdisc(
2 H0

s ) = {z1 + z2 + z3}, what lies to the above than the right edge of

the essential spectrum of operator 2 H0
s . Here z1 = 2A +


9U2 + 16B2cos2Λ1

2
,

z2 = 2A+


9U2 + 16B2cos2Λ2

2
, z3 = 2A+


9U2 + 16B2cos2Λ3

2
.

Proof. In the one-dimensional case, the continuous spectrum of operator’s
H1
2Λ1

, H2
2Λ2

, and H3
2Λ3

consists of the segment’s [2A − 4BcosΛ1

2
, 2A + 4BcosΛ1

2
],

[2A − 4BcosΛ2

2
, 2A + 4BcosΛ2

2
], and [2A − 4BcosΛ3

2
, 2A + 4BcosΛ3

2
], and this operators

has a eigenvalues z1, z2 and z3, correspondingly. Therefore, the spectrum of operator 2 H0
s

consists of the set [22] {λ + µ + γ : λ ∈ σ( H1
2Λ1

), µ ∈ σ( H2
2Λ2

), γ ∈ σ( H3
2Λ3

)}. Hence and
from representation (6) it follows, that σess(

2 H0
s ) consists of the union of seven segments,

and discrete spectrum of the operator 2 H0
s consists only one eigenvalue z1 + z2 + z3, i. e.,

σdisc(
2 H0

s ) = {z1 + z2 + z3}. □
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In the two-dimensional case, we have the analogously results.

Theorem 7. Let ν = 3, and U < 0. The following statements hold:
(a) If U < − 4B

3m
′
Λ3

, and m
′
Λ1

> m
′
Λ2

> m
′
Λ3
, or m

′
Λ2

> m
′
Λ1

> m
′
Λ3
, or U < − 4B

3m
′
Λ2

,

and m
′
Λ3

> m
′
Λ1

> m
′
Λ2

or m
′
Λ1

> m
′
Λ3

> m
′
Λ2
, or U < − 4B

3m
′
Λ1

, and m
′
Λ2

> m
′
Λ3

> m
′
Λ1
, or

m
′
Λ3

> m
′
Λ2

> m
′
Λ1
, then the essential spectrum of the operator 2 H0

s is the union of seven
segments:

σess(
2 H0

s ) = [a+c+e, b+d+f ]∪ [a+c+z3, b+d+z3]∪ [a+e+z2, b+f+z2]∪ [a+z2+z3,

b+ z2 + z3]∪ [c+ e+ z1, d+ f + z1]∪ [c+ z1 + z3, d+ z1 + z3]∪ [e+ z1 + z2, f + z1 + z2],
and discrete spectrum of the operator 2 H0

s consists of unique eigenvalue:
σdisc(

2 H0
s ) = {z1 + z2 + z3}, what lies to the below than the left edge of the essential

spectrum of the operator 2 H0
s . Here and hereafter

a = 2A− 4B cos
Λi

1

2
, b = 2A+ 4B

3

i=1

cos
Λi

1

2
, c = 2A− 4B

3

i=1

cos
Λi

2

2
,

d = 2A+ 4B
3

i=1

cos
Λi

2

2
, e = 2A− 4B

3

i=1

cos
Λi

3

2
, f = 2A+ 4B

3

i=1

cos
Λi

3

2
,

and z1,z2 and z3, are the eigenvalues of the operator’s H1
2Λ1

, H2
2Λ2

and H3
2Λ3

,

correspondingly.
(b) If − 4B

3m
′
Λ3

≤ U < − 4B

3m
′
Λ2

, and m
′
Λ1

> m
′
Λ2

> m
′
Λ3
, or − 4B

3m
′
Λ3

≤ U < − 4B

3m
′
Λ1

,

and m
′
Λ2

> m
′
Λ1

> m
′
Λ3
, or − 4B

3m
′
Λ2

≤ U < − 4B

3m
′
Λ1

, and m
′
Λ3

> m
′
Λ1

> m
′
Λ2

or

− 4B

3m
′
Λ2

≤ U < − 4B

3m
′
Λ3

, and m
′
Λ1

> m
′
Λ3

> m
′
Λ2
, or − 4B

3m
′
Λ1

≤ U < − 4B

3m
′
Λ3

, and

m
′
Λ2

> m
′
Λ3

> m
′
Λ1
, or − 4B

3m
′
Λ1

≤ U < − 4B

3m
′
Λ2

, and m
′
Λ3

> m
′
Λ2

> m
′
Λ1
, then the essential

spectrum of the operator 2 H0
s is the union of four segments:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ e+ z2, b+ f + z2] ∪ [c+ e+ z1, d+ f + z1]∪

[e+ z1 + z2, f + z1 + z2],
or

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3]∪
[c+ e+ z1, d+ f + z1] ∪ [c+ z1 + z3, d+ z1 + z3],

or

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3] ∪ [a+ e+ z2, b+ f + z2]∪
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[a+ z2 + z3, b+ z2 + z3],
and discrete spectrum of the operator 2 H0

s is empty set: σdisc(
2 H0

s ) = ∅.
(c) If − 4B

3m
′
Λ2

≤ U < − 4B

3m
′
Λ1

, and m
′
Λ1

> m
′
Λ2

> m
′
Λ3
, or − 4B

3m
′
Λ1

≤ U < − 4B

3m
′
Λ2

,

and m
′
Λ2

> m
′
Λ1

> m
′
Λ3
, or − 4B

3m
′
Λ1

≤ U < − 4B

3m
′
Λ3

, and m
′
Λ3

> m
′
Λ1

> m
′
Λ2

or

− 4B

3m
′
Λ3

≤ U < − 4B

3m
′
Λ1

, and m
′
Λ1

> m
′
Λ3

> m
′
Λ2
, or − 4B

3m
′
Λ3

≤ U < − 4B

3m
′
Λ2

, and

m
′
Λ2

> m
′
Λ3

> m
′
Λ1
, or − 4B

3m
′
Λ2

≤ U < − 4B

3m
′
Λ3

, and m
′
Λ3

> m
′
Λ2

> m
′
Λ1
, then the essential

spectrum of the operator 2 H0
s is the union of two segments:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [c+ e+ z1, d+ f + z1],

or
σess(

2 H0
s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ e+ z2, b+ f + z2],

or
σess(

2 H0
s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3],

and discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

(d) If − 4B

3m
′
Λ1

≤ U < 0, and m
′
Λ1

> m
′
Λ2

> m
′
Λ3
, or m

′
Λ1

> m
′
Λ3

> m
′
Λ2
, or

− 4B

3m
′
Λ2

≤ U < 0, and m
′
Λ2

> m
′
Λ1

> m
′
Λ3
, or m

′
Λ2

> m
′
Λ3

> m
′
Λ1
, or − 4B

3m
′
Λ3

≤ U < 0, and

m
′
Λ3

> m
′
Λ1

> m
′
Λ2
, or m

′
Λ3

> m
′
Λ2

> m
′
Λ1
, then the essential spectrum of the operator 2 H0

s

is the segment:
σess(

2 H0
s ) = [a+ c+ e, b+ d+ f ],

and discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

The Theorem 7 is proved similarly to Theorem 6.

Theorem 8. Let ν = 3, and U > 0. The following statements hold:
(a) If U > 4B

3M
′
Λ3

, and M
′
Λ1

> M
′
Λ2

> M
′
Λ3
, or M

′
Λ2

> M
′
Λ1

> M
′
Λ3
, or U > 4B

3M
′
Λ2

, and

M
′
Λ3

> M
′
Λ1

> M
′
Λ2

or M
′
Λ1

> M
′
Λ3

> M
′
Λ2
, or U > 4B

3M
′
Λ1

, and M
′
Λ2

> M
′
Λ3

> M
′
Λ1
, or

M
′
Λ3

> M
′
Λ2

> M
′
Λ1
, then the essential spectrum of the operator 2 H0

s is the union of seven
segments:

σess(
2 H0

s ) = [a+c+e, b+d+f ]∪ [a+c+z3, b+d+z3]∪ [a+e+z2, b+f+z2]∪ [a+z2+z3,

b+ z2 + z3]∪ [c+ e+ z1, d+ f + z1]∪ [c+ z1 + z3, d+ z1 + z3]∪ [e+ z1 + z2, f + z1 + z2],
and discrete spectrum of the operator 2 H0

s consists of unique eigenvalue:
σdisc(

2 H0
s ) = {z1 + z2 + z3}, what lies to the above than the right edge of the

Таврический вестник информатики и математики, 2 (59)’ 2023



118 S. M. Tashpulatov

essential spectrum of the operator 2 H0
s . Here and hereafter

a = 2A− 4B cos
Λi

1

2
, b = 2A+ 4B

3

i=1

cos
Λi

1

2
, c = 2A− 4B

3

i=1

cos
Λi

2

2
,

d = 2A+ 4B
3

i=1

cos
Λi

2

2
, e = 2A− 4B

3

i=1

cos
Λi

3

2
, f = 2A+ 4B

3

i=1

cos
Λi

3

2
,

and z1,z2 and z3, are the eigenvalues of the operator’s H1
2Λ1

, H2
2Λ2

and H3
2Λ3

,

correspondingly.
(b) If 4B

3M
′
Λ2

< U ≤ 4B

3M
′
Λ3

, and M
′
Λ3

< M
′
Λ2

< M
′
Λ1
, or 4B

3M
′
Λ3

< U ≤ 4B

3M
′
Λ2

, and

M
′
Λ2

< M
′
Λ3

< M
′
Λ1
, or 4B

3M
′
Λ3

< U ≤ 4B

3M
′
Λ2

, and M
′
Λ3

< M
′
Λ1

< M
′
Λ2
, or 4B

3M
′
Λ3

< U ≤ 4B

3M
′
Λ1

,

and M
′
Λ2

> M
′
Λ3

> M
′
Λ1
, or 4B

3M
′
Λ1

< U ≤ 4B

3M
′
Λ2

, and M
′
Λ3

> M
′
Λ1

> M
′
Λ2
, or

4B

3M
′
Λ2

< U ≤ 4B

3M
′
Λ1

, and M
′
Λ3

> M
′
Λ2

> M
′
Λ1
, then the essential spectrum of the operator

2 H0
s is the union of four segments:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ e+ z2, b+ f + z2] ∪ [c+ e+ z1, d+ f + z1]∪

[e+ z1 + z2, f + z1 + z2],
or

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3]∪
[c+ e+ z1, d+ f + z1] ∪ [c+ z1 + z3, d+ z1 + z3],

or

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3] ∪ [a+ e+ z2, b+ f + z2]∪

[a+ z2 + z3, b+ z2 + z3],
and discrete spectrum of the operator 2 H0

s is empty set: σdisc(
2 H0

s ) = ∅.
(c) If 4B

3M
′
Λ1

< U ≤ 4B

3M
′
Λ2

, and M
′
Λ1

> M
′
Λ2

> M
′
Λ3
, or 4B

3M
′
Λ1

< U ≤ 4B

3M
′
Λ3

, and

M
′
Λ1

> M
′
Λ3

> M
′
Λ2
, or 4B

3M
′
Λ2

< U ≤ 4B

3M
′
Λ1

, and M
′
Λ2

> M
′
Λ1

> M
′
Λ3
, or 4B

3M
′
Λ2

< U ≤ 4B

3M
′
Λ3

,

and M
′
Λ2

> M
′
Λ3

> M
′
Λ1
, or 4B

3M
′
Λ3

< U ≤ 4B

3M
′
Λ1

, and M
′
Λ3

> M
′
Λ1

> M
′
Λ2
, or

4B

3M
′
Λ3

< U ≤ 4B

3M
′
Λ2

, and M
′
Λ3

> M
′
Λ2

> M
′
Λ1
, then the essential spectrum of the operator

2 H0
s is the union of two segments:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ] ∪ [c+ e+ z1, d+ f + z1],

or
σess(

2 H0
s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ e+ z2, b+ f + z2],

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 2



Structure of essential spectra and discrete spectrum of six-electron systems in the... 119

or
σess(

2 H0
s ) = [a+ c+ e, b+ d+ f ] ∪ [a+ c+ z3, b+ d+ z3],

and discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

(d) If 0 < U ≤ 4B

3M
′
Λ1

, and M
′
Λ1

> M
′
Λ2

> M
′
Λ3
, or M

′
Λ1

> M
′
Λ3

> M
′
Λ2
, or

0 < U ≤ 4B

3M
′
Λ2

, and M
′
Λ2

> M
′
Λ1

> M
′
Λ3
, or M

′
Λ2

> M
′
Λ3

> M
′
Λ1
, or 0 < U ≤ 4B

3M
′
Λ3

,

and M
′
Λ3

> M
′
Λ1

> M
′
Λ2
, or M

′
Λ3

> M
′
Λ2

> M
′
Λ1
, then the essential spectrum of the

operator 2 H0
s is the segment:

σess(
2 H0

s ) = [a+ c+ e, b+ d+ f ],

and discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

If ν = 3 and Λ1 = (Λ0
1,Λ

0
1,Λ

0
1), then σcont( H1

2Λ1
) = [2A− 12B cos

Λ0
1

2
, 2A− 12B cos

Λ0
1

2
].

We denote by W the Watson integral [24]: W = 1
π3

 π

0

 π

0

 π

0
3dxdydz

3−cosx−cosy−cosz
≈ 1, 516.

Because the measure λ is normalized,

J =

π

−π

π

−π

π

−π

dxdydz

3− cosx− cosy − cosz
=

π

−π

π

−π

π

−π

dxdydz

3 + cosx+ cosy + cosz
=

W

3
.

Theorem 9. Let ν = 3 and Λ1 = (Λ0
1,Λ

0
1,Λ

0
1). Then

(A) If U < 0, and U < −4Bcos
Λ0
1
2

W
, then the operator H1

2Λ1
has a unique eigenvalue z the

below of the continuous spectrum of the operator H1
2Λ1. If U < 0, and −4Bcos

Λ0
1
2

W
≤ U < 0,

then the operator H1
2Λ1

has no eigenvalue of the below the continuous spectrum of the
operator H1

2Λ1
.

(B) If U > 0, and U >
4Bcos

Λ0
1
2

W
, then the operator H1

2Λ1
has a unique eigenvalue z1 the

above of the continuous spectrum of the operator H1
2Λ1

. If U > 0, and 0 < U ≤ 4Bcos
Λ0
1
2

W
,

then the operator H1
2Λ1

has no eigenvalue of the above the continuous spectrum of the
operator H1

2Λ1
.

To occur the analogue of Theorems 9 for operator’s H2
2Λ2

, and H3
2Λ3

, only, replace Λ1,

from Λ2, and Λ3, correspondingly.

Theorem 10. Let ν = 3 and Λ1 = (Λ0
1,Λ

0
1,Λ

0
1), Λ2 = (Λ0

2,Λ
0
2,Λ

0
2), and Λ3 = (Λ0

3,Λ
0
3,Λ

0
3).

Then

(A) If U < 0, and U < −4Bcos
Λ0
1
2

W
, and cos

Λ0
1

2
> cos

Λ0
2

2
> cos

Λ0
3

2
, or

cos
Λ0
1

2
> cos

Λ0
3

2
> cos

Λ0
2

2
, or U < 0, U < −4Bcos

Λ0
2
2

W
, and cos

Λ0
2

2
> cos

Λ0
1

2
> cos

Λ0
3

2
, or

cos
Λ0
2

2
> cos

Λ0
3

2
> cos

Λ0
1

2
, or U < 0, U < −4Bcos

Λ0
3
2

W
, and cos

Λ0
3

2
> cos

Λ0
2

2
> cos

Λ0
3

2
, and
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cos
Λ0
3

2
> cos

Λ0
1

2
> cos

Λ0
3

2
, then the essential spectrum of the operator 2 H0

s consists of the
union of seven intervals:

σess(
2 H0

s ) = [a1+c1+e1, b1+d1+f1]∪ [a1+c1+z3, b1+d1+z3]∪ [a1+e1+z2, b1+f1+z2]∪

∪[a1 + z2 + z3, b1 + z2 + z3] ∪ [c1 + e1 + z1, d1 + f1 + z1] ∪ [c1 + z1 + z3, d1 + z1 + z3]∪
∪[e1 + z1 + z2, f1 + z1 + z2], and discrete spectrum of the operator 2 H0

s consists of one
eigenvalue: σdisc(

2 H0
s ) = {z1 + z2 + z3}. Here and hereafter a1 = 2A − 12B cos

Λ0
1

2
,

b1 = 2A+12B cos
Λ0
1

2
, c1 = 2A− 12B cos

Λ0
2

2
, d1 = 2A+12B cos

Λ0
2

2
, e1 = 2A− 12B cos

Λ0
3

2
,

f1 = 2A + 12B cos
Λ0
3

2
, and z1, z2, and z3 are the eigenvalues of the operators

H1
2Λ1

, H2
2Λ2

, H3
2Λ3

, correspondingly.

(B) If U < 0, −4B cos
Λ0
1
2

W
≤ U < −4B cos

Λ0
2
2

W
, and cos

Λ0
2

2
> cos

Λ0
3

2
, or

U < 0, −4B cos
Λ0
1
2

W
≤ U < −4B cos

Λ0
3
2

W
, and cos

Λ0
3

2
> cos

Λ0
2

2
, or U < 0,

−4B cos
Λ0
2
2

W
≤ U < −4B cos

Λ0
1
2

W
, and cos

Λ0
1

2
> cos

Λ0
3

2
, or U < 0, −4B cos

Λ0
2
2

W
≤ U < −4B cos

Λ0
3
2

W
,

and cos
Λ0
3

2
> cos

Λ0
1

2
, or U < 0, −4B cos

Λ0
3
2

W
≤ U < −4B cos

Λ0
2
2

W
, and cos

Λ0
2

2
> cos

Λ0
1

2
,

or U < 0, −4B cos
Λ0
3
2

W
≤ U < −4B cos

Λ0
1
2

W
, and cos

Λ0
1

2
> cos

Λ0
2

2
, then the

essential spectrum of the operator 2 H0
s consists of the union of four intervals:

σess(
2 H0

s ) = [a1+c1+e1, b1+d1+f1]∪ [a1+c1+z3, b1+d1+z3]∪ [a1+e1+z2, b1+f1+z2]∪
∪[a1+z2+z3, b1+z2+z3], or σess(

2 H0
s ) = [a1+c1+e1, b1+d1+f1]∪[a1+c1+z3, b1+d1+z3]∪

∪[c1 + e1 + z1, d1 + f1 + z1] ∪ [c1 + z1 + z3, d1 + z1 + z3], or σess(
2 H0

s ) = [a1 + c1 + e1,

b1+d1+f1]∪ [a1+e1+z2, b1+f1+z2]∪ [c1+e1+z1, d1+f1+z1]∪ [e1+z1+z2, f1+z1+z2],

and discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

(C) If U < 0, −4B cos
Λ0
2
2

W
≤ U < −4B cos

Λ0
3
2

W
, and cos

Λ0
1

2
> cos

Λ0
3

2
, or U < 0,

−4B cos
Λ0
3
2

W
≤ U < −4B cos

Λ0
2
2

W
, and cos

Λ0
1

2
> cos

Λ0
2

2
, or U < 0, −4B cos

Λ0
1
2

W
≤ U < −4B cos

Λ0
3
2

W
,

and cos
Λ0
2

2
> cos

Λ0
3

2
, or U < 0, −4B cos

Λ0
3
2

W
≤ U < −4B cos

Λ0
1
2

W
, and cos

Λ0
2

2
> cos

Λ0
1

2
, or U < 0,

−4B cos
Λ0
2
2

W
≤ U < −4B cos

Λ0
1
2

W
, and cos

Λ0
3

2
> cos

Λ0
1

2
, or U < 0, −4B cos

Λ0
1
2

W
≤ U < −4B cos

Λ0
2
2

W
,

and cos
Λ0
3

2
> cos

Λ0
2

2
, then the essential spectrum of the operator 2 H0

s consists of the union
of two intervals: σess(

2 H0
s ) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [a1 + c1 + z3, b1 + d1 + z3],

or σess(
2 H0

s ) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [a1 + e1 + z2, b1 + f1 + z2], or
σess(

2 H0
s ) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [c1 + e1 + z1, d1 + f1 + z1], and discrete spectrum

of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

(D) If U < 0, −4B cos
Λ0
3
2

W
≤ U < 0, and cos

Λ0
1

2
> cos

Λ0
2

2
> cos

Λ0
3

2
, or U < 0,

−4B cos
Λ0
2
2

W
≤ U < 0, and cos

Λ0
1

2
> cos

Λ0
3

2
> cos

Λ0
2

2
, or U < 0, −4B cos

Λ0
3
2

W
≤ U < 0,
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and cos
Λ0
2

2
> cos

Λ0
1

2
> cos

Λ0
3

2
, or U < 0, −4B cos

Λ0
1
2

W
≤ U < 0, and cos

Λ0
2

2
> cos

Λ0
3

2
> cos

Λ0
1

2
,

or U < 0, −4B cos
Λ0
1
2

W
≤ U < 0, and cos

Λ0
3

2
> cos

Λ0
2

2
> cos

Λ0
1

2
, or U < 0, −4B cos

Λ0
2
2

W
≤ U < 0,

and cos
Λ0
3

2
> cos

Λ0
1

2
> cos

Λ0
2

2
, then the essential spectrum of the operator 2 H0

s consists of
unique interval: σess(

2 H0
s ) = [a1+c1+e1, b1+d1+f1], and discrete spectrum of the operator

2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

Theorem 11. Let ν = 3 and Λ1 = (Λ0
1,Λ

0
1,Λ

0
1), Λ2 = (Λ0

2,Λ
0
2,Λ

0
2), and Λ3 = (Λ0

3,Λ
0
3,Λ

0
3).

Then

(A) If U > 0, U >
4Bcos

Λ0
3
2

W
, and cos

Λ0
1

2
< cos

Λ0
2

2
< cos

Λ0
3

2
, or cos

Λ0
2

2
< cos

Λ0
1

2
< cos

Λ0
3

2
,

or U > 0, U >
4Bcos

Λ0
2
2

W
, and cos

Λ0
1

2
< cos

Λ0
3

2
< cos

Λ0
2

2
, or cosΛ0

3

2
< cos

Λ0
1

2
< cos

Λ0
2

2
, or U > 0,

U >
4Bcos

Λ0
1
2

W
, and cos

Λ0
3

2
< cos

Λ0
2

2
< cos

Λ0
1

2
, or cos

Λ0
2

2
< cos

Λ0
3

2
< cos

Λ0
1

2
, then the essential

spectrum of the operator 2 H0
s consists of the union of seven intervals:

σess(
2 H0

s ) = [a1+c1+e1, b1+d1+f1]∪ [a1+c1+z3, b1+d1+z3]∪ [a1+e1+z2, b1+f1+z2]∪

∪[a1 + z2 + z3, b1 + z2 + z3] ∪ [c1 + e1 + z1, d1 + f1 + z1] ∪ [c1 + z1 + z3, d1 + z1 + z3]∪
∪[e1 + z1 + z2, f1 + z1 + z2], and discrete spectrum of the operator 2 H0

s consists of one
eigenvalue: σdisc(

2 H0
s ) = {z1 + z2 + z3}. Here and hereafter a1 = 2A − 12B cos

Λ0
1

2
,

b1 = 2A+12B cos
Λ0
1

2
, c1 = 2A− 12B cos

Λ0
2

2
, d1 = 2A+12B cos

Λ0
2

2
, e1 = 2A− 12B cos

Λ0
3

2
,

f1 = 2A + 12B cos
Λ0
3

2
, and z1, z2, and z3 are the eigenvalues of the operators

H1
2Λ1

, H2
2Λ2

, H3
2Λ3

, correspondingly.

(B) If U > 0, and 4B cos
Λ0
2
2

W
< U ≤ 4B cos

Λ0
3
2

W
, and cos

Λ0
1

2
< cos

Λ0
2

2
< cos

Λ0
3

2
or

U > 0, and 4B cos
Λ0
3
2

W
< U ≤ 4B cos

Λ0
2
2

W
, and cos

Λ0
1

2
< cos

Λ0
3

2
< cos

Λ0
2

2
, or U > 0,

4B cos
Λ0
1
2

W
< U ≤ 4B cos

Λ0
3
2

W
, and cos

Λ0
2

2
< cos

Λ0
1

2
< cos

Λ0
3

2
or U > 0,

4B cos
Λ0
3
2

W
< U ≤ 4B cos

Λ0
1
2

W
,

and cos
Λ0
2

2
< cos

Λ0
3

2
< cos

Λ0
1

2
, or U > 0,

4B cos
Λ0
1
2

W
< U ≤ 4B cos

Λ0
2
2

W
, and

cos
Λ0
3

2
< cos

Λ0
1

2
< cos

Λ0
2

2
or U > 0,

4B cos
Λ0
2
2

W
< U ≤ 4B cos

Λ0
1
2

W
, and cos

Λ0
3

2
< cos

Λ0
2

2
< cos

Λ0
1

2
,

then the essential spectrum of the operator 2 H0
s consists of the union of four intervals:

σess(
2 H0

s ) = [a1+c1+e1, b1+d1+f1]∪ [a1+e1+z2, b1+f1+z2]∪ [c1+e1+z1, d1+f1+z1]∪
∪[e1+z1+z2, f1+z1+z2], or σess(

2 H0
s ) = [a1+c1+e1, b1+d1+f1]∪[a1+c1+z3, b1+d1+z3]∪

∪[c1 + e1 + z1, d1 + f1 + z1] ∪[c1 + z1 + z3, d1 + z1 + z3], or σess(
2 H0

s ) = [a1 + c1 + e1,

b1+d1+f1]∪ [a1+c1+z3, b1+d1+z3]∪ [a1+e1+z2, b1+d1+z2] ∪[a1+z2+z3, b1+z2+z3],
and discrete spectrum of the operator 2 H0

s is empty set: σdisc(
2 H0

s ) = ∅.
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(C) If U > 0, and 4B cos
Λ0
1
2

W
< U ≤ 4B cos

Λ0
2
2

W
, and cos

Λ0
1

2
< cos

Λ0
2

2
< cos

Λ0
2

2
,

or U > 0,
4B cos

Λ0
1
2

W
< U ≤ 4B cos

Λ0
3
2

W
, and cos

Λ0
1

2
< cos

Λ0
3

2
< cos

Λ0
2

2
or

U > 0,
4B cos

Λ0
2
2

W
< U ≤ 4B cos

Λ0
1
2

W
, and cos

Λ0
2

2
< cos

Λ0
1

2
< cos

Λ0
3

2
, or U > 0,

4B cos
Λ0
2
2

W
< U ≤ 4B cos

Λ0
3
2

W
, and cos

Λ0
2

2
< cos

Λ0
3

2
< cos

Λ0
1

2
, or U > 0,

4B cos
Λ0
3
2

W
< U ≤ 4B cos

Λ0
1
2

W
,

and cos
Λ0
3

2
< cos

Λ0
1

2
< cos

Λ0
2

2
, or U > 0,

4B cos
Λ0
3
2

W
< U ≤ 4B cos

Λ0
2
2

W
, and

cos
Λ0
3

2
< cos

Λ0
2

2
< cos

Λ0
1

2
, then the essential spectrum of the operator 2 H0

s consists of the
union of two intervals: σess(

2 H0
s ) = [a1 + c1 + e1, b1 + d1 + f1]∪ [c1 + e1 + z1, d1 + f1 + z1],

or σess(
2 H0

s ) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [a1 + e1 + z2, b1 + f1 + z2], or
σess(

2 H0
s ) = [a1 + c1 + e1, b1 + d1 + f1] ∪ [a1 + c1 + z3, b1 + d1 + z3], and discrete spectrum

of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.

(D) If U > 0, and 0 < U ≤ 4B cos
Λ0
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2
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, and cos
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2
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< cos
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, and cos
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2
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2

2
and

cos
Λ0
2

2
< cos
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1

2
< cos

Λ0
3

2
, or cos
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2
< cos
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3

2
< cos
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1

2
, or U > 0, 0 < U ≤ 4B cos

Λ0
3
2

W
, and

cos
Λ0
3

2
< cos

Λ0
1

2
< cos

Λ0
2

2
, or cos

Λ0
3

2
< cos

Λ0
2

2
< cos

Λ0
1

2
, then the essential spectrum of the

operator 2 H0
s consists of the unique interval: σess(

2 H0
s ) = [a1 + c1 + e1, b1 + d1 + f1], and

discrete spectrum of the operator 2 H0
s is empty set: σdisc(

2 H0
s ) = ∅.
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Zhukovskiy V. I., Zhukovskaya L. V., Mukhina Y. S., Samsonov S. P.
Guaranteed solution for risk-neutral decision maker: an analog of maximin
in single-criterion choice problem / V. I. Zhukovskiy, L. V. Zhukovskaya,
Y. S. Mukhina, S. P. Samsonov // Таврический вестник информатики и
математики.  2023.  2 (59).  C. 7 – 29.

УДК: 517.577.1

В настощей стате рассматриватс адачи однокритериалного выбора в услови-
х неопределенности. Предлагаетс подход к решени адачи однокритериалного
выбора в услових неопределенности дл лица, принимащего решени, которое од-
новременно стремитс повысит свой реултат и сниит свой риск.

Клчевые слова: гарантированное решение, однокритериалный выбор, риск по Нихансу-
Сэвиду, минимаксное соаление, неопределенност.

Zhukovskiy V. I., Zhukovskaya L. V., Smirnova L. V. Synthesis of
Equilibrium / V. I. Zhukovskiy, L. V. Zhukovskaya, L. V. Smirnova //
Таврический вестник информатики и математики.  2023.  2 (59). 
C. 30 – 49.

УДК: 519.833.2

Дл бескоалиционной игры N лиц в нормалной форме вводитс понтие гибридно-
го равновеси на основе обединени концепций равновеси по Нэшу, равновеси по
Берду и максимума по Парето. Исследутс некоторые свойства гибридных рав-
новесий и устанавливаетс их существование в смешанных стратегих при стандарт-
ных ограничених в математической теории игр (выпуклые и компактные мноества
стратегий и непрерывные функции выигрыша). Аналогичные реултаты получены
дл бескоалиционных игр N лиц в нормалной форме при неопределенности.

Клчевые слова: неопределенност, смешанные стратегии, равновесие, седлова точка,
оптималност по Парето.

Брховецкий А. А., Моисеев Д. В. Программна модел формировани
виртуалных кластеров сетевых улов в мобилных транспортных сетх /
А. А. Брховецкий, Д. В. Моисеев // Таврический вестник информатики
и математики.  2023.  2 (59).  C. 50 – 59.

УДК: 004.89

Предлагаемый подход ориентирован на повышение достоверности принимаемых ре-
шений в услових стохастической высокодинамичной среды, характериущейс
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быстро именщейс топологией сети, ее мобилност, пространственной плот-
ност, локалиацией улов. Метод ориентирован на формирование кластеров с
высокой стабилност, устойчивой св, никой адеркой передачи сообще-
ний. Координаторы кластеров выбиратс на основе уровн довери транспортного
средства. В стате представлена программна модел формировани виртуалных
кластеров улов сети, котора поволет перейти от обработки быстро менщейс
структуры топологии сети к кваипостонной. Представлен один и вариантов архи-
тектуры сети, графова модел виртуалных кластеров, приведен алгоритм форми-
ровани минималных покрытий. Приведены реултаты моделировани программ-
ной системы.

Клчевые слова: децентралиованна обработка, виртуалные кластеры, графова мо-
дел, матрица смености, покрытие мноеств.

Калманович В. В., Серегина Е. В. О некоторых оценках решений а-
дачи теплопроводности в многослойной среде матричным методом /
В. В. Калманович, Е. В. Серегина // Таврический вестник информатики
и математики.  2023.  2 (59).  C. 60 – 71.

УДК: 517.958, 51-73

Рассматриватс адача теплопроводности в многослойной среде с непрерывными
условими согласовани в точках контакта слоев и метод ее решени, представл-
щий собой сочетание метода Фуре и матричного метода. Дл первой краевой адачи
теплопроводности получены некоторые оценки сходимости решений укаанным ме-
тодом дл раличных теплофиических параметров слоев но норме пространства L2.

Клчевые слова: адача теплопроводности, матричный метод, многослойна среда,
оценки решений.

Рыхлов В. С. Обобщенное решение простейшей начално-граничной а-
дачи дл однородного гиперболического уравнени со смешанной прои-
водной / В. С. Рыхлов // Таврический вестник информатики и математи-
ки.  2023.  2 (59).  C. 72 – 88.

УДК: 517.958, 517.956.32

Исследуетс начално-гранична адача дл однородного гиперболического уравне-
ни второго пордка с постонными коэффициентами и смешанной проиводной в
полуполосе плоскости. Рассматриваемое уравнение влетс уравнением поперечных
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колебаний двиущейс конечной струны. Рассматриваетс случай нулевой начал-
ной скорости и акрепленных концов (услови Дирихле). Предполагаетс, что корни
характеристического уравнени простые и леат на вещественной оси по раные
стороны от начала координат. Формулируетс основной реултат стати, а именно,
теорема о конечной формуле дл обобщенного решени и кратко описываетс метод
получени этой формулы. Главное достоинство этой формулы состоит в том, что в
ней не требуетс какое-либо предварителного продолени началной функции а
пределы отрека ее определени. Метод опираетс на иде А. П. Хромова испол-
оват дл этого теори расходщихс рдов в понимании Л. Эйлера (аксиоматиче-
ский подход). Далее определетс классическое решение рассматриваемой начално-
граничной адачи. Формулируетс теорема единственности классического решени
в случае его существовани и даетс формула дл решени в виде рда, членами
которого влтс контурные интегралы, содеращие исходные данные адачи. На
основе этой формулы вводтс понти обобщенной начално-граничной адачи и
обобщенного решени. Далее даетс подробное докаателство ранее сформулиро-
ванной основной теоремы стати. Полученна формула дл обобщенного решени
сравниваетс с соответсвущим реултатом дл классического решени. В конце
даетс кратка истори вопроса.

Клчевые слова: гиперболическое уравнение, второй пордок, постонные коэффициен-
ты, смешанна проиводна в уравнении, полуполоса, начално-гранична адача, нуле-
ва начална скорост, акрепленные концы, классическое решение, обощенна начално-
гранична адача, обобщенное решение, единственност классического решени, конечна
формула дл обобщенного решени, расходщиес рды.

Чан М. Х., рков Н. К., Нгуен К. Т. О адаче оценки полноты аэродина-
мических характеристик БЛА в услових неопределенности / М. Х. Чан,
Н. К. рков, К. Т. Нгуен // Таврический вестник информатики и мате-
матики.  2023.  2 (59).  C. 89 – 97.

УДК: 621.396

В стате представлена постановка адачи уточнени аэродинамических характери-
стик (АДХ) беспилотных летателных аппаратов (БЛА), полученные по реул-
татам летно-технических испытаний (ЛТИ) или аэродинамических продувок, ко-
тора влетс адачей многокритериалной многопараметрической многофактор-
ной идентификации покаателей и характеристик слоных технических систем и их
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структурно-параметрической оптимиации. Илоена адачи оценки полноты харак-
теристик БЛА в услових неопределенности. Представлен программно-методический
комплекс статистического синтеа аэродинамической модели БЛА.

Клчевые слова: аэродинамические характеристики (АДХ ), беспилотные летател-
ные аппараты (БЛА), идентификаци, многокритериална оптимиаци, структурно-
параметрический синте.

Tashpulatov S. M. Structure of essential spectra and discrete spectrum of the
energy operator of six-electron systemsin the Hubbard model. Second singlet
state / S. M. Tashpulatov // Таврический вестник информатики и матема-
тики.  2023.  2 (59).  C. 98 – 124.

УДК: 517.984

Рассматриваетс оператор энергии шестиэлектронной системы в модели Хаббарда,
исследуетс структура существенных спектров и дискретного спектра системы во
втором синглетном состонии. Покаано, что в одномерном и двумерном случах су-
щественный спектр оператора шестиэлектронного второго синглетного состони со-
стоит и обединени семи сегментов, а дискретный спектр шестиэлектронного вто-
рого синглетного состони состоит и одного собственного начени, находщегос
ние (выше) области нинего (верхнего) кра существенного спектра этого операто-
ра. В трехмерном случае происходт следущие ситуации: а) существенный спектр
оператора шестиэлектронного второго синглетного состони состоит и обедине-
ни семи сегментов, а дискретный спектр оператора шестиэлектронного второго син-
глетного состони состоит и одного собственного начени; б) существенный спектр
оператора шестиэлектронного второго синглетного состони состоит и обедине-
ни четырех сегментов, а дискретный спектр оператора шестиэлектронного второго
синглетного состони пуст; в) существенный спектр оператора шестиэлектронного
второго синглетного состони состоит и обединени двух сегментов, а дискрет-
ный спектр оператора шестиэлектронного второго синглетного состони пуст; г)
существенный спектр оператора шестиэлектронного второго синглетного состони
состоит и одного сегмента, а дискретный спектр оператора шестиэлектронного вто-
рого синглетного состони пуст; при условии, что када и ситуаций имеет место
быт. Найдены услови, при которых када и ситуаций происходит.

Клчевые слова: модел Хаббарда, шестиэлектронна система, существенный спектр,
дискретный спектр, октетное состоние, квинтетное состоние, триплетное состо-
ние, синглетное состоние.
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