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LINEAR ISOMETRIES OF BANACH-KANTOROVICH L,-SPACES.
Chilin V. 1., Zakirova G. B.

Abstract. Let B be a complete Boolean algebra, Q(B) be the Stone compact
of B, and Cx(Q(B)) be the commutative unital algebra of all continuous functions
x : Q(B) — [—o0,+0], assuming possibly the values £oo on nowhere-dense subsets of Q(DB).
We consider the Banach-Kantorovich spaces Ly,(B,m) C Coo(Q(B)), associated with a measure
m defined on B with the values in the algebra of measurable real functions. It is shown
that in the case when the measure m has the Maharam property, for any linear isometry
U:Ly,(B,m)— Ly(B,m), 1 <p<oo, p#2, there exist an injective normal homomorphisms
T:Cx(Q(B)) & Cx(Q(B)) and an element y € L,(B,m) such that U(z) =y-T(z) for all
x € Ly(B,m).

Keywords: Banach-Kantorovich space, Maharam measure, vector integration, linear isometry.

INTRODUCTION

One of the important results in the theory of isometries of Banach function spaces
is the theorem of J. Lamperti [5] , which describes the linear isometries of the spaces
L,(2,%, 1), 1 <p<oo,p#2, for any measurable spaces (2,3, u) with o-finite measure
. In the proof of this theorem, the property of preserving disjointness for such isometries
was essentially used (see [2, Chapter 3|).

The development of the theory of integration for vector measures with values in vector
lattices made it possible to construct L,-spaces L,(B,m), 1 <p < oo, [3], [4], associated
with the complete Boolean algebra B and a measure m defined on B with the values in
the algebra L°(Q, ¥, i) of real measurable functions on the measure space (€, %, u).

It is natural to expect that a similar description of linear isometries is valid for the
linear isometries of the spaces L,(B,m). In this paper, we establish the explicit form of
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the linear isometries acting in the space L,(B,m), 1 < p < 0o, p # 2, in the case when
the measure m possesses the Maharam property.
We use the terminology and notation of the theory of Boolean algebras from [6], the

theory of vector lattices from [7] and the theory of vector integration from [3].

1. PRELIMINARIES

Let X be a real vector space, F' be a complete vector lattice and let
F. ={feF: f>0} Amapping || -| : X — F, is called an F-valued norm if
for any z,y € X, and real number A € R, the following holds: ||z|| = 0 & = = 0;
[Azl] = ALzl 2+ yll < )l + [yl

An F-valued norm || - || is said to be decomposable if for any fi, fo € F, and z € X
with ||z|| = f1+ fa, there exist x1, 29 € X such that x = 21+ 29 and ||z = f;, i =1,2.

A pair (X, | - ||) with F-valued norm is called a lattice normed space. If, in addition,
the norm || -|| is decomposable, then (X, | -||) is called decomposable.

We say that a net {x,}aca from a lattice normed space (X, || -||) (bo)-converges to
an element x € X if the net (||z — x4||)aca (0)-converges to zero in the lattice F, that is,
there exists a net {fo}aca C Fy such that f, | 0, and ||z —z,|| < f, forall o € A. A
net (za)aca C X is called (bo)-fundamental if the net (o — 2g)(a,gcaxa (bo)-converges
to zero.

A lattice normed space is called (bo)-complete if every (bo)-fundamental net in it (bo)-
converges to an element of this space. A decomposable (bo)-complete lattice normed space
is called a Banach-Kantorovich space.

The F-valued norm || - || on a vector lattice X is said to be monotonic if condition
lz| < |y|, x, y € X, implies that ||z|| < |ly||. If a Banach-Kantorovich space (X, || - ||x) is
a vector lattice and the norm ||-||x is monotonic, then it is called a Banach-Kantorovich
lattice.

Let B be a complete Boolean algebra with zero 0 and unit 1. The supremum and
infimum of a set {e,q} C B are denoted by eV ¢ and e A g, and by Ce is denoted the
complement to an element e. A non-empty set FE of nonzero elements from B is said
to be disjoint if e A\q =0 for any e,q € E, e #q.

A Boolean subalgebra A in B is called regular if sup £ € A and inf F € A for any
subset F2 C A. Every regular Boolean subalgebra in B is a complete Boolean algebra.

Let Q(B) be the Stone compact of B, and let L°(B) := C.(Q(B)) be the commutative
unital algebra over the field R of all continuous functions x:Q(B) — [—o0, +0o0],
assuming possibly the values oo on nowhere-dense subsets of Q(B) (see, for example,

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



Linear Isometries of Banach-Kantorovich L,-spaces 9

[3, Chapter 1, Section 1.4.2], [7, Chapter V]|). With respect to the partial order
f<gegt)y—f(t)=0 foral teQ(B)\ (f ' (+o0)Ug ' (£c0)),

the algebra LY(B) is a complete order vector lattice, and the set V of all idempotents
in LY(B) is a complete Boolean algebra with respect to the partial order induced from
L°(B). In addition, V is isomorphic to the Boolean algebra B (see, for example, |7,
Chapter V|). It is known that the set C(Q(B)) of all continuous real functions on Q(B)
is a subalgebra in L°(B) and C(Q(B)) is a Banach space with respect to the uniform

norm ||zlje = sup |z(t)].
teQ(B)
We denote by s(x) :=sup{|z| > n~'} the support of an element z € L°(B), where
n>1

{]x| > A} is the characteristic function xp, of the set £ which is the closure of the set
{t e Q(B) : |z(t)] > A}, A eR.
For any nonzero z € L°(B) define i(z) to be the inverse element to x on its support,

i £,
M)(t)_{ o ifz(t) = 0.

It is clear that i(z) € L°(B) and i(z) -z = s(z).
Let (9, %, 1) be a measurable space with o-finite measure p, and let L°(Q) be the

i.e.

algebra of all classes of almost everywhere equal real-valued measurable functions on
(Q,%, ). With respect to the partial order f < g < g— f > 0 almost everywhere,
the algebra L°(€2) is a complete order vector lattice, and the set B() of all idempotents
from L°(Q) is a complete Boolean algebra with respect to the partial order induced from
L(92).

Since p is a o-finite measure, it follows that B(£2) is a Boolean algebra of countable
type, that is, any subset £ C B(Q2) of nonzero pairwise disjoint elements is at most
countable. Thus for any increasing net z, T = € L%Q), {zo}aca C L°%(Q) there
exists a sequence a; < ag < -+ < , < ... such that z,, T x (see, for example,
[7, Chapter VI, §2]).

A mapping m : B — L°%(Q) is called a L°(Q2)-valued measure if it satisfies the following
conditions:

1) m(e) >0 for all e € B;
2) m(eV g) =ml(e) +m(g), for any e,g € B, e Ng=0;
3) m(eq) 4 0 for any net e, } 0, {e,} C B.
A measure m is said to be strictly positive if m(e) =0 implies e = 0. In this case,

B is a Boolean algebra of countable type.

«Taspuuecruli secmnur unPopmamuru u mamemamuru», M1 (58)’ 2023
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A strictly positive L°(Q)-valued measure m is said to be decomposable if for any
e € B and a decomposition m(e) = f1 + fa,  f1, fa € L%(Q),, there exist e1, ey € B,
such that e =e; Veg, and m(e;)) = f;, ©=1,2. A measure m is decomposable if and
only if it is a Maharam measure, that is, for any e € B, 0 < f < m(e), f € L%(Q), there
exists ¢ € B, ¢ < e, such that m(q) = f (see [8]).

We use the following important property of the Maharam measure.

Proposition 1. [8, Proposition 3.2]. For each L°(Q)-valued Maharam measure
m : B — L% ) there exists a unique injective completely additive homomorphism
¢ : B(Q2) — B such that ¢(B(£2)) is a regular Boolean subalgebra of B, and

m(p(q)e) = gm(e) for all g € B(Q), e € B.

Let m : B — L°(Q) be a Maharam measure. We identify B with the Boolean algebra
of idempotents in L°(B), i.e. we assume that B C L°(B). By Proposition 1, there exists a
regular Boolean subalgebra V(m) in B and an isomorphism ¢ from B(£2) onto V(m)
such that m(p(q)e) = gm(e) for all ¢ € B(Q), e € B. In this case, the algebra L°(Q) is
identified with the algebra L°(V(m)) = C.o(Q(V(m))) (the corresponding isomorphism
will also be denoted by ¢). Thus, the algebra Cy(Q(V(m))) can be considered as a
subalgebra and as a regular vector sublattice in L%(B) = C(Q(B)) (this means that the
exact upper and lower bounds for bounded subsets of L°(V(m)) are the same in L°(B)
and in LY(V(m))). In particular, L°(B) is an L°(V(m)) -module.

Denote by S(B) the vector sublattice in L°(B) of all step elements = = > ase;,
i=1
where a; € R, ¢; € B, ¢;-¢; =0, 1,5 =1,...,n. The equality

L, (z) = /:cdm = Zaim(ei) (x € S(B))

uniquely defines a linear operator I,,, : S(B) — L°(Q).
A positive element z € L°(B), is called m-integrable if there exists a sequence

{z,}22, € S(B), 0 <z, T x, such that there is a supremum sup I,,,(z,,) in the lattice
n>1

L°(Q). In this case, the integral of the element x with respect to the measure m is

defined by
Ip(x) = /xdm :=sup L, (z,).

n>1
It is known that the definition of the integral I,,(x) does not depend on the choice of

a sequence {x,}2, C S(B), 0 < x, T z, for which there exists sup I,,(x,) (see, for
n>1

example, [3, 6.1.3]).

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1
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An element x € LY(B) is called m-integrable if its positive x, and negative x_
parts are m-integrable. The set of all m-integrable elements is denoted by L*(B,m), and

for every x € L'(B, m) we have

/xdm = /x+dm—/x_dm.

If ||z|lim = [ |xldm,x € L'(B,m), then the pair (L'(B,m), ||.|[1,m) is a lattice normed
space over L°(Q2) [3, 6.1.3]. Moreover, in the case when m : B — L°(Q) is a Maharam
measure, the pair (L'(B,m), ||z||1.m) is a Banach-Kantorovich space. In addition,

L%V (m)) - LY(B,m) c L'(B,m), /(gp(a)x)dm = a/xdm, |/xdm‘ < /|x|dm,
for all z € L*(B,m), « € L°(Q) |3, Theorem 6.1.10].
Let p € [1,00), and let

LP(B,m) = {x € L*(B) : |2’ € L'(B,m)},

el = | / afPdm]?, @ € P(B,m).

It is known that for a Maharam measure m the pair (LP(B,m),||z|,n) is a Banach-
Kantorovich space [4, 4.2.2|. In addition,

o(a)r € LP(B,m) for all x € LP(B,m), a € L°(Q), 1 < p < oo,

and [[p(@)zlpm = |al[|2]lpm-

We use the following important property of order continuity of the norm || - ||,n.
Proposition 2. If {z,} C L?(B,m) and =z, ] 0, then |[|z,|pm 0.

Proof. Since 2P | 0, it follows that I,(22) | O (see the Dominated Convergence
Theorem 6.1.5 [3]). Thus ||z, ||pm {4 O. O

Using Proposition 2 for any sequence
{z,} C LP(B,m), z, Tz € L’(B,m),

we get the convergence ||z — 2y ||pm 4 0.

Recall that writing y, ﬂ y for elements y,, y, n = 1,2,..., from a vector lattice
F means that the sequence {y,} (0)-converges to the element y, i.e. there exist sequences
Gy, b, € I such that a, Ty, b, ly and a, <y, <b, forall n=1,2,... It is known
that if y, L, y then Ay, ), Ay for any A € R and |y, — v HOAN (see, for example, |7,
Chapter III, §7]).

Proposition 3. If z,z, € L B), n=1,2,..., and z, | 0, then |z|-z, | 0.
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Proof. Tt is clear that |z] -z, | y € L°(B), y > 0. If y # 0 then there exists ¢ > 0
such that e = {y > e} # 0. Since

ez -z, >e-y>ece,

it follows that e - |z| # 0. Thus there exists § > 0 such that p={e-|z| >} #0 and
p < e. Therefore, i(p|z|) # 0 and

s(i(p|x|)) - zn = i(plz]) - plx| - 2 > i(plz]) - ep #0 forall n=1,2,...,
which is impossible, because
0 < s(i(plz])) - 2n < 2, ) 0.

Thus y = 0, that is, |z| -z, | O. O

To describe the isometries of Banach-Kantorovich L,-spaces, we need the notion of
convergence in measure generated by a Maharam measure m.

Definition 1. We say that the sequence {z,,}>°, C L°(B) converges in measure m to an
element € L°(B) (notation m, — z) if

m({|zn — 2| > e}) % 0 forall > 0.

We need the following properties of measure convergence.

Proposition 4. (i). If 2,2,y € L°(B), n=1,2..., and =z, — z, 7, — y, then
T =71.

(ii). If z,,x € L°(B), n=1,2..., and z, L, z, then z, — .

(i19). If z,x € LP(B,m), n=1,2..., 1 <p < oo, and |z, — &|pm 1N 0, then
T, — .

Proof. (i). Let us first show that for any a,b € LY(B), € > 0, the inequality
£ €
{at b > e} < {lal > S} v {bl > 5) )

is valid.
Let e = {|a| > 5}, ¢ = {|b] > 5}. Since Ce = {|a|] < 5}, Cq = {[b] < 5}, it follows
that

(CenNCq)-la+b < (CenCq)-la]+ (CenCq)-|b| <2-=-(CeNCq)=c-(CenCyq).

Do ™

Thus {|a + b] < e} > Ce A Cq, and therefore
{la+b>ep =C({la+b] <e}) <C(CenCq)=eVq.
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Let now xz,,z,y € L°(B), n=1,2..., and 2, — x, =, — . Let
1
e, ={lr—yl>-}, k=1,2,..., and e =supe;.
k k>1

If poi={lz,—2|> i}, Ing = {|xn —y| > ﬁ} then using the equality
r—y=(zr,—y)+(r—x,) and the inequality (1), we obtain that e, < p, 1V ¢, . Thus
0 <m(ex) < m(pni) +m(¢nr) 0 as n— oo
Consequently, m(e;) = 0, thatis, e, = 0 for any k = 1,2, .... Therefore, e = supe; = 0,

k>1
which implies that * = y.

(47). Since z, 1N x, it follows that |z, —z| 19 0. Thus there exists 0 <z, € L°B)
such that
|z, — x| < 2,1 0.

Let € >0 and e, = {|z, — 2| > ¢}. Using inequalities
0 <eep < eplrn — 2| < enzn < 2, 10,
we obtain that e, ﬁ) 0. Thus

¢n =supeg L 0 and m(e,) < m(g,) | 0.
k>n

Consequently, m({|z, — x| > €}) = m(e,) %0 for any ¢ > 0, that is, z, — .
(7i1). Since
/ [ — aPdm = ||z, — 27, <2 0,
it follows that there exists {a,}>>, C L%(€)) such that a, ] 0 and
/|xn —z|Pdm < o, forall n=1,2...

Let e >0 and e, = {|z, — x| > €}. Using the inequalities

ePm(e,) = 5p/endm < /en\:cn —z|Pdm < /|xn — z[Pdm < ay,

we obtain that .
0 <m(e,) < g—pan 10,

that is, m(e,) ﬂ 0. Thus z, — x. O
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2. DESCRIPTION OF ISOMETRIES OF BANACH-KANTOROVICH L,-SPACES

Let B be a complete Boolean algebra and let m : B — L°) be a Maharam
measure for which m(1p) = 1p). The algebra L°(Q) is identified with the algebra
LY%(V(m)) = Co(Q(V(m))), which is a subalgebra and a regular vector sublattice in
LY(B) = C(Q(B)).

Repeating the proof of Theorem 2.1 and Corollary 2.1 from [5| we have the following

version of these statements for the Magaram measure m.

Theorem 1. Let z,y € LP(B,m), 1 < p < oo, p # 2. Then the equality

12+ yllpm + 2 = yllp = 201150 + [1Yl5m)
1s valid if and only if x -y = 0.
Let U : LP(B,m) — LP(B,m), 1 < p < oo, p# 2, be a linear isometry, that is, U
is a linear map and ||U(2)||pm = |||lpm for all x € LP(B,m). If z,y € LP(B,m) and
x -y = 0, then by Theorem 1 we have

1U(@) + U@)l[pm + 1U) = UG n = 1U@+ 95 + 11U =), =

= llz +yllpm + llz =yl m = 202l 0 + lyll5.n) = 200U @) 150 + 1T G)50)-
Again using Theorem 1, we get U(x) - U(y) = 0. Thus, we have the following

Proposition 5. If U : LP(B,m) — LP(B,m), 1 <p < 00, p # 2, is a linear isometry
and z,y € LP(B,m), x-y =0, then U(z)-U(y)=0.

A linear operator T : L°(B) — L°%B) is called a homomorphism if
T(x-y) = T(x) - T(y) for all =z,y € L°B). If 0 < z € L°B), then
T(x) = T(y/x) - T(y/) > 0, that is, the homomorphism T : L°(B) — L°(B) is a positive
operator.

A positive linear operator T : L°(B) — L°(B) is called normal(resp., completely
additive), if T(supz,) = sup T(z,) for any increasing net

0<z,txeLlB), {z.} C L°(B)

(resp., T(> e;) =sup > T(e;), for every family of idempotents
iel a€Aica

{ei}iel C B, €i€; = Oa 7'7&]7 Z?] S ]a
where A = {a} is the net of all finite subsets of I, ordered by inclusion).
It is clear that the normality property for a positive linear operator implies that

this operator is a completely additive one. In the case when T : L°(B) — L°(B) is a

homomorphism, the converse implication is also valid.
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Theorem 2. (/1, Theorem 4]). The homomorphism T : L°(B) — L°(B) is a normal
operator if and only if T is completely additive operator.

Since m(1p) = 1p() and y is a o-finite measure, it follows that there exists a sequence
{en} € B(Q) such that

ple,) < oo, eper, =0, n#k, n,k=1,2,..., supe, =1,
n>1

and {e, -m(q) : ¢ € B} C L}(Q, %, u). Consequently, the function

v(q) = i enm(q)dp
n=1 Q/

is a o-finite numerical measure on the Boolean algebra B, in particular, B is a Boolean
algebra of countable type. In this case, in the definition of normality (resp., completely
additivity) of a positive linear operator T': L°(B) — L°(B), instead of an increasing net
{xo} C L°(B) (resp., family of idempotents {e;};ic; C B,eie; = 0, @ # j, i,j € I),
one should take a sequences {z,} C L°(B) (resp., countable family of idempotents
{ei}i>1 C B,eie; =0, i #j, i,j=1,2....)

The following Theorem is a vector-valued version of Lamperti’s theorem (Theorem
3.1 [5]) for the Banach-Kantorovich space (LP(B,m), || - ||pm)-

Theorem 3. Let U: LP(B,m)— LP(B,m), 1 <p<oo, p#2, bea linear isometry.
Then there exist a normal homomorphism T : L°(B) — L°(B) and y € LP(B,m) such
that U(x) =y -T(x) for all v € LP(B,m).

Proof. Define the mapping ¢ : B — B, by setting ¢(e) = s(U(e)), e € B, where s(U(e))
is the support of the element U(e) € LP(B,m). It is clear that ¢(e) = 0 if and only if
e=0.If e,g€ B and e-g =0, then U(e)-U(g) = 0 (see Proposition 5). Consequently,

p(e) - p(g) =0 and
pleVg)=sU(e+g)) =sU(e) +U(g) = s(Ule)) +s(U(g)) =
= w(e) +¢(g9) = ¢le) V ¢(g).

Using mathematical induction, we obtain that

@( sup e;) = sup ¢(e;)

1<i<n 1<i<n

for any finite set of pairwise disjoint idempotents {e;} , C B.
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Let {e;}?, C B be a countable set of pairwise disjoint idempotents and let

gn = sup ¢;, n=1,2,... Then g, T supg, =supe; := e, and by Proposition 2 we get
1<i<n n>1 i>1

1> U(es) = Ul@llpm = 1U(gn) = U(e)lpm = 1U(gn = lpm = lgn = €llpm 4 0,
i=1

o0
that is, Y  U(e;) = Ul(e) (the series converges with respect to the || - ||, m-norm). Since
i=1

Ule;)-Ue;) =0, i #j, 1,5 =1,2..., it follows that

sup p(e:)) = sup s(Ues)) = s(U(e)) = ple).

i>1 i>1
Moreover,
o(1) =p(e+ Ce) =s(U(e+ Ce)) = s(U(e) + U(Ce)) =
= s(U(e)) +s(U(Ce)) = p(e) + ¢(Ce),
that is, p(Ce) = p(1) — ¢(e).

Thus, the mapping ¢ : B — B satisfies all the properties of a regular isomorphism
from Definition 3.2.3 |2, Chapter I1I, §3.2], so ¢ is an injective completely additive Boolean
homomorphism |2, Chapter III, §3.2, Remarks 3.2.4].

Using now Theorems 3 and 4 from [1|, we get that there exists a unique injective
normal homomorphism 7 : L°(B) — L°(B) such that T(e) = p(e) for all e € B. In
addition, the restriction A = T|c) I8 | - [|s-continuous injective homomorphism
from C(Q(B)) into C(Q(B)).

For any e € B we have that

Ule) =U(1 - (1 —¢))s(U(e)) = UL)p(e) = U1 — e)p(1 — e)p(e) =

=U)p(e) = U = e)p((1 = e)e) = U(L)p(e),
that is, U(e) = U(1)p(e). If

T = Zaiei €S(B)CC(Q(B)), e;,€B, ee;=0,1#j, i,7=1,...,n,
i=1
is a step element, then
Ux)=> a;U(e;) =U1) > a;T(e;) = U(L) - T(x).
i=1 i=1

Let =z € C(Q(B)), and let {z,}°°, C S(B) be a sequence of step elements such
that ||z, — z||c — 0. Then

1T (2n) = T(2)lloo = [[Alzn) = A(2)[0c = 0.
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Therefore
[U(zn) = U)T(@)|pm = [[UQ) - T(zn) = UQ)T (@)l = [[U(1) - Tz — @) [[pm <

< NU@) lpm - 1T (@0 = 2)[loc = 0.

Since

1U(xn) = U@)lpan = 1U(2n = 2)llpm = ll2n = 2llpm < [l2n — 2llool[1]lpm — 0,

it follows that U(z) = U(1)T(x).

Let us show that Uz = U(1) - T(x) holds for all z € LP(B,m). It suffices to
check this equality for all 0 < z € LP(B,m). Let 0 < z € LP(B,m), and let
0 < x, = o X{o<z<n1} € C(Q(B)). Since x, T z and the norm || - ||,» is order

continuous norm (Proposition 2), it follows that

1UQ) - T(n) = U@)lpm = [1U(zn) = U@)lpm = [1U (20 = 2)llpm = 20 = @[lpm I 0.
Thus, U(1)-T(x,) — U(x) > 0 (Proposition 4 (iii)), that is, U(1) - T'(z,) — U(x).

Using the normality of the homomorphism 7' we obtain that T'(x,) 1 T(x).
Consequently (Proposition 3),
UQ)-T(xn) =UQ)-T(x)| = [UQ)| - |T(x) = T(2)] 1 0,

that is, U(1) - T'(x,,) 1N U(1) - T(x). Using Proposition 4 (i), we obtain that
UQ1)-T(z,) = U(1)-T(x). Thus, U(z) =U(1)-T(x) (Proposition 4 (i)). Therefore,
Ur=U(1)-T(x) for all x € LP(B,m). O
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1. PRINCIPIA UNIVERSALIA

Consider the noncooperative N-player normal-form game under uncertainty

(N, {Xitiew, Y, { fi(@, y) bien), (1)

where N = {1,2/...,N > 2} denotes the set of players; each player i € N chooses
and uses a pure strategy z; € X; C R™ (i € N ), which yields a strategy profile
r=(r1,...,2n) € X =[[;cyXi CR" (n = ieN ni); regardless of the players actions,
an uncertainty y € Y C R™ is realized in game (1); the payoff function f;(z,y) of player
i is defined on the pairs (z,y) € X x Y, and its value is called the payoff of player 1.

At a conceptual level, the goal of each player in the standard setup considered before
was to choose his strategy so as to achieve as great payoff as possible.

The middle of the twentieth century was a remarkable period for the theory of
noncooperative games. In 1949, 21 years old Princeton University postgraduate J. Nash
suggested and proved the existence of a solution [1]| that subsequently became known as

the Nash equilibrium: a strategy profile ¢ € X is called Nash equilibrium in a game
<N7 {Xi}ieN ) {fz[x]}zeN> if
max f; [¢°|z,] = fi[+*] (i €N),

where [2°||2;] = [a5,. .., 25, 2,28, ..., 2% ].

This concept (and the approach driven by it) has become invaluable for resolving
global (and other) problems in economics, social and military sciences. After 45 years,
in 1994, J. Nash together with R. Selten and J. Harsanyi were awarded the Nobel
Prize in Economic Sciences "for their pioneering analysis of equilibria in the theory of
non-cooperative games."In 1951, American mathematician, economist and statistician L.
Savage, who worked as a statistics assistant for J. von Neumann during World War 11,
proposed [2] the principle of minimax regret (the Savage-Niehans risk). In particular, for
a single-criterion choice problem under uncertainty I' = (X, Y, ¢(x,y)), the principle of
minimax regret can be written as

1 pu— € p— 2
min max B(z,y) = max & (2%, y) = R (2)

where the Savage-Niehans risk function [2| has the form
R(z,y) = maxp(z,y) — o(z,y) (3)

The value R(z,y) is called the Savage—Niehans risk in a single-criterion choice problem
. Tt describes the risk of decision makers while choosing an alternative x (the difference
between the desired value of the criterion max,ex ¢(x,y) and the realized value p(z,y)).
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Note that a decision maker seeks to reduce precisely this risk as much as posible by
choosing x € X. In fact, the combination of the concept of Nash equilibrium with the
principle of minimax regret is the fundamental idea of this work. Such an approach
matches the desire of each player not only to increase his playoff, but also to reduce
his risk with realizing this desire.

In this context, two questions arise naturally:
1. How can we combine the two objectives of each player (payoff increase with simultaneous
risk reduction) using only one criterion?
2. How can we combine these actions (alternatives) in a single strategy profile, in such a
way that uncertainty is also accounted for?

2. How CAN WE COMBINE THE OBJECTIVES OF EACH PLAYER TO
INCREASE THE PAYOFF AND SIMULTANEOUSLY REDUCE THE RISK?

Construction of Savage—Niehans Risk Function
Recall that, in accordance with the principle of minimax regret, the risk of player 7 is
defined by the Savage-Niehans risk function [3-5]

Ri(w,y) = max fi(z,y) = fi(z,y), (4)

where f;(x,y) denotes the payoff function of player ¢ in game (1). Thus, to construct the

risk function R;(z,y) for player 4, first we have to find the dependent maximum
max fi(z,y) = fily]

for all y € Y. To calculate f;[y], in accordance with the theory of two-level hierarchical
games, it is necessary to assume the discrimination of the lower-level player, who forms
the uncertainty y € Y and sends this information to the upper level for constructing
counterstrategies 2 (y) : Y — X so that

max fi(x,y) = f; (+(y),y) = fily Yy € Y.

The set of such counterstrategies is denoted by X?Y. (Actually, this set consists of n-
dimensional vector functions z(y) : Y — X with the domain of definition Y and the
codomain X.) Thus, to construct the first term in (4) at the upper level of the hierarchy,
we have to solve N single-criterion problems of the form

(XYY, filz,y)) (i €N),

for each uncertainty y € Y; here XY is the set of counterstrategies z(y) : Y — X, i.e.,
the set of pure uncertainties y € Y. The problem itself consists in determining the scalar
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functions f;[y] defined by the formula
fily) = max fi(v,y) Yyey.
After that, the Savage-Nichans risk functions are constructed by formula (4).
Continuity of Risk Function, Guaranteed Payoffs and Risks
Hereinafter, the collection of all compact sets of Euclidean space R¥ is denoted by
comp R¥ and if a scalar function ¢ () on the set X is continuous, we write 1(-) € C(X).
The main role in this work will be played by the following result.

Proposition 1. If X € compR”, Y € compR™, and f;(-) € C(X x Y), then
(a) the maximum function max,ex fi(z,y) is continuous on Y;

(b) the minimum function mingey fi(x,y) is continuous on X.

These assertions can be found in most monographs on game theory, operations

research, systems theory, and even in books on convex analysis [6].

Corollary 1. If in game (1) the sets X € comp R™ and Y € comp R™ and the functions
fi(-) € C(X xY), then the Savage-Nichans risk function R;(x,y) (i € N) is continuous
on X x Y.

Indeed, by Proposition 1 the first term in (4) is continuous on Y and a difference of
continuous functions is itself continuous for all (z,y) € X x Y.

Let us proceed with guaranteed payoffs and risks in game (1). In a series of
publications |7, 8|, three different ways to account for uncertain factors of decision-
making in conflicts under uncertainty were proposed. Our analysis below will be confined
to one of them presented in [8]. The method that will be applied here consists in the
following. Each payoff function f;(z,y) in game (1) is associated with its strong guarantee
filx] = mingey fi(x,y) (i € N). As a consequence, choosing their strategies from a strategy
profile z € X, the players ensure a payoff f;[x] < fi(x,y) Yy € Y to each player ¢, i.e., under
any realized uncertainty y € Y. Such a strongly-guaranteed payoff f;[z] seems natural for
the interval uncertainties y € Y, because no additional probabilistic characteristics of
y (except for information on the admissible set Y C R™ ) are available. An example
of such uncertainties can be the length of women’s skirts [18|. For a clothing factory,
production planning for a next year heavily affects its future profits; however, in view
of the vagaries of fashion and female logic dictating fashion trends, availability of any
probabilistic characteristics would be hardly expected. In such problems, it is possible
to establish only some obvious limits of length variations. Proposition 1, in combination
with Corollary 1 as well as the continuity of f;(z,y) and R;(z,y) on X x Y, leads to the
following result.
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Proposition 2. If in game (1) the sets X;(: € N) and Y are compact and the payoff
functions f;(x,y) are continuous on X x Y, then the guaranteed payoffs

file] = min fi(z,y) (i €N) (5)
yeyY
and the guaranteed risks
R;[x] = max R;(z,y) (i € N) (6)
yeyY

are scalar functions that are continuous on X.

Remark 1. First, the meaning of the guaranteed payoff f;[x] from (5) is that, for any
y €Y, the realized payoffs f;(z,y) are not smaller than f;[z]. In other words, using his own
strategies from a strategy profile x € X in game (1), each player ensures a payoft f;(z,y)
of at least f;[z] under any uncertainty y € Y (i € N). Therefore, the guaranteed payoff
filx] gives a lower bound for all possible payoffs f;(x,y) occurring when the uncertainty
y runs through all admissible values from Y. Second, the guaranteed risk R;[z] also gives
an upper bound for all Savage-Niehans risks R;(x,y) that can be realized under any
uncertainties y € Y. Indeed, from (6) it immediately follows that

Ri(x,y) < Ri[x] YyeY (ieN).

Thus, adhering to his strategy x; from a strategy profile x € X, player ¢ € N obtains
a guarantee in the playoff f;[z], because f;[z] < fi(z,y) Vy € Y, and simultaneously a
guarantee in the risk R;[z] > R;(z,y) Yy € Y.

3. TRANSITION FROM GAME (1) TO A NONCOOPERATIVE GAME WITH
Two-COMPONENT PAYOFF FUNCTION

The new mathematical model of a noncooperative N-player game under uncertainty

with a two-component payoff function of each player in the form

G = <N, {Xi}ieN; Y, {fz(xv y)a _Ri(xa y>}i€N>

matches the desire of each player to increase his payoff and simultaneously reduce his risk.
Here, N, X; and Y are the same as in game (1); the novelty consists in the transition from
the one-component function f;(z,y) of each player ¢ to the two-component counterpart
{fi(z,y), —Ri(x,y)}, where R;(x,y) denotes the Savage-Niehans risk function for player
i. Recall that R;(x,y) figures in the game G with the minus sign, as in this case player
1 seeks to increase both criteria simultaneously by an appropriate choice of his strategy
x; € X;. In this model, we expect any uncertainty y € Y to occur. Since R;(x,y) > 0 for
all (z,y) € X XY, an increase of —R;(x,y) is equivalent to a reduction of R;(z,y).
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Since the game G involves interval uncertainties y € Y only (the only available
information is the range of their variation), each player i € N should focus on the
guaranteed payoffs f;[z] from (5) and the guaranteed risks R;[z] from (6), This approach
allows one to pass from the game G to the game of guarantees

G= = (N A X}y {filz], —Rila] i)

in which each player ¢ € N chooses his strategy z; € X; so as to simultaneously maximize
both criteria f;[z] and —R;[z]. By "freezing"the strategies of all players in G® except for
x;, we arrive at the bi-criteria choice problem

for each player i. Recall that, in the bi-criteria choice problem G%, the strategies of all
players except for player ¢ are considered to be fixed ("frozen"), and this player i chooses
his strategy z; € X; so that for x; = 27 the maximum possible values of f;[z] and —R;[z]
are simultaneously realized. Right here it is necessary to answer the first of the two major
questions formulated at the end of article.

4. How CAN WE COMBINE THE OBJECTIVES OF EACH PLAYER (INCREASE
PAYOFF AND SIMULTANEOUSLY REDUCE REALIZED Risk) UsiING ONLY
ONE CRITERION?

To answer this question, we will apply the concept of vector optimum-the Pareto
efficient solution-proposed in 1909 by Italian economist and sociologist Pareto [10].

In what follows, for the choice problem G%, introduce the notations f; [z;] = fi[x] and
R; [z;] = R;[x] for the frozen strategies of all players except for the strategy x; of player
i. Then the problem G% = (X;, { fi[z], —Ri[z]}) can be transformed into

(Xi, { fi [wa] , =Ry [m4]}) - (7)

Proposition 3. If in problem (7) there exists a strategy =5 € X; and a value o; € (0,1)

such that x§ maximizes the scalar function

®; [2:] = fi [v:] — oi R ] (8)
N :[af] = mas (o] - 0P o] ©)

then xf is the Pareto-maximal alternative in (7); in other words, for any x; € X; the

system of two inequalities
filw] = filaf],  —Ri[v] > =Ry [2f],

7 (3
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with at least one strict inequality, is inconsistent.

Assume on the contrary that the strategy x¢ yielded by (9) is not the Pareto-maximal
alternative in problem (7) . Then there exists a strategy z; € X; of player i such that the
system of two inequalities

filzi] = filxi], —Ri[x] 2 —Ri[x]]

with at least one strict inequality, is consistent.
Multiply both sides of the first inequality by 1 —o; > 0 and of the other inequality by
o; > 0 and then add separately the left- and right-hand sides of the resulting inequalities
to obtain
(1= 03) fi[#:] — oaRi [T3] > (1 — 03) fi [27] — o RR; [a]
or, taking into account (8),
®; [Z:] > ®; [a7]

This strict inequality contradicts (9), and the conclusion follows.

Remark 2. The combination of criteria (5) and (6) in form (8) is of interest for
two reasons. First, even if for z; # 2f we have an increase of the guaranteed result
fi[zi] > fi[z5], then due to the Pareto maximality of xf and the fact that R;[z;] > 0

e

such an improvement of the guaranteed payoff f;[z;] > f;[25

°] inevitably leads to an

increase of the guaranteed risk R;[z;] > R;[zf]; conversely, for the same reasons,

e

a reduction of the guaranteed risk R;[z;] < R;[xf

] leads to a reduction of the

guaranteed payoff f; [Z;] < fi [z¢] (both cases are undesirable for player ). Therefore, the
replacement of the bi-criteria choice problem (7) with the single-criterion choice problem
(Xy, filxs) — 0y R; [x;]) matches the desire of player i to increase f;[z;] and simultaneously
reduce R;[z;].

Second, since R; [x;] > 0, an increase of the difference f; [x;] — oy R; [x;] also matches
the desire of player i to increase the guaranteed payoff f;[z] and simultaneously reduce
the guaranteed risk R;[z].

5. FORMALIZATION OF GUARANTEED EQUILIBRIUM IN PAYOFFS AND RISKS
FOR GAME (1)

Now, let us answer the second question from the begining: how can we combine the
efforts of all N players in a single strategy profile taking into account the existing interval
uncertainty? To do this, from game (1) we will pass sucessively to noncooperative games
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I'y,I's and I', where

Iy = <Nv {Xi}ieN Y, {f,(ZB, y), _Ri(xa y)}ieN> )

[y = <Na {Xi}ieN ) {fz[l'], _Ri[m]}ieN> )

T3 = (N, {Xi}ien , {®il2] = filz] — oiRi[2]} i) -
In all these three games, N = {1,2,..., N > 2} is the set of players; z; € X; C R" (i € N)
denote the strategies of player ;2 = (z1,...,2n5) € X = [[;;xXi C R™ (n =3, m)
forms a strategy profile; y € Y C R™ are uncertainties; the payoff function f;(x,y) of
each player i € N is defined on the pairs (z,y) € X x Y, in (4), R;(z,y) denotes the
Savage—Niehans risk function of player ¢; finally, o; € (0,1) (i € N) are some constants.
In the game I'y, the payoff function of player ¢ becomes two-component as the difference
between the payoff function f;(z,y) of player ¢ from (1) and the risk function R;(x,y)
from (4).

In the game I'y, the payoff function f;(z,y) and the risk function R;(z,y) are replaced
with their guarantees fi[r] = mingey fi(z,y) and R;[z] = max ey R;i(z,y), respectively.
Finally, in the game I's, the linear combination of the guarantees f;[x] and —R;[z] (see
Proposition 3) is used instead of the payoff function of player i.

6. INTERNAL INSTABILITY OF THE SET OF NASH EQUILIBRIA

Consider a noncooperative N-player game in pure strategies (a non-zero-sum game of
guarantees) of the form

D= (N, {Xi}ien A ®il2]}icn) (10)

Each player ¢ chooses and uses his pure strategy x; € X; C R™ without making

coalitions with other players, thereby forming a strategy profile x = (z1,...,2y) €

X =TLewXi CR™ (n=3",cym); a payoff function ®;[z] is defined for each i € N on

the set of strategy profiles X, and its value is called the payoff of player i. Below, we will

again use the notations [2°||z;] = [25,... 25 1, 25,25, ..., 2%] and @ = (y,..., Py).

Definition 1. A strategy profile z° = (25,...,2%) € X is called a Nash equilibrium in
game (10) if
max D, [z°||z;] = ®; [2°] (1 € N) (11)

r; €X;
denote by X¢ the set {2°} of Nash equilibria in game (10).

Let us analyze the internal instability of X°. A subset X* C R" is internally unstable
if there exist at least two strategy profiles () € X*(j = 1,2) such that

@ [+V] < ® [2@]] & [, [¢V] <&, [¢®@] (i eN)] (12)
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and internally stable otherwise.
For example, let us consider the two-player game

({1,214 = 1,1}y { (@) = =2 4+ 2002} ,) (13)
A strategy profile z¢ = (2¢,25) € [—1,1]? is a Nash equilibrium in game (13) if (see (5))
—a? 4+ 2125 < — (25)? + 22525 Va; € [-1,1)(i = 1,2)
which is equivalent to
— (11— 25)" < — (2§ —a5)”,  —(af —22)” < — (af — a5)”
Therefore, 2§ = 2§ = o Yoo = const € [—1,1], i.e., in (13) we have the sets
X ={(a,a) | Va € [-1,1]}

and fi(X°) = Ueexe fi (2°) = Uaei1(@®,0?). Thus, the set X° is internally
unstable, since for game (13) with 2 = (0,0) and z® = (1,1) we obtain
fi(zM) =0 < fi (@) = 1(i = 1,2)(see (6)).

Remark 3. In the zero-sum setup of game (10) (i.e., with N = {1,2} and f; = —fo = f),

the equality f (z")) = f (2(¥) holds for any two saddle points z¥ € X(k = 1,2) (by the
equivalence of saddle points). Therefore, the set of saddle points in the zero-sum game is
always internally stable. Note that a saddle point is a Nash equilibrium in the zero-sum

set-up of game (10).

Remark 4. In the non-zero-sum setup of game (10), internal instability (see the previous
example) does not occur if there is a unique Nash equilibrium in (10).

Let us associate with game (10) an auxiliary N-criteria choice problem of the form

L= <Xeﬂ {cbi[m]}ieN> (14>

where the set X° of alternatives x coincides with the set of Nash equilibria z¢ of game
(10) and the ith criterion ®;[x] is the payoff function (8) of player i.

Definition 2. An alternative 2 € X¢ is a Pareto-maximal (weakly efficient) alternative

in (14) if for all x € X® the system of inequalities
P;[z] > @; [2"] (i €N),

with at least one strict inequality, is inconsistent. Denote by X' the set {xP} of all such
strategy profiles.

In accordance with Definition 2, the set X C X¢ is internally stable.
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The following assertion is obvious. If
> h@) <) fi(=h) (15)
ieN iEN

for all x € X°, then 2% is a Pareto-maximal alternative in problem (14).

Remark 5. A branch of mathematical programming focused on numerical methods
of Nash equilibria design in games (10) has recently become known as equilibrium
programming. At Moscow State University, research efforts in this field are being
undertaken by the groups of Professors F.P. Vasiliev and A.S. Antipin at the Faculty
of Computational Mathematics and Cybernetics. However, the equilibrium calculation
methods developed so far yield a Nash equilibrium that is not necessarily Pareto-maximal
(in other words, the methods themselves do not guarantee Pareto maximality). At the
same time, such a guarantee appears (!) if equilibrium is constructed using the sufficient

conditions below-see Theorem 1.
7. FORMALIZATION OF PARETO-NASH EQUILIBRIUM
Let us return to the noncooperative game (10)
['= <Nv {Xi}ieN ) {cbi [w]}z€N>
associating with it the N-criteria choice problem (14)
(X APi[2]} i) -
Recall that the set of Nash equilibria 2° of game (10) (Definition 1) is denoted by X¢,

while the set of Pareto-maximal alternatives ¥ of problem (14) (Definition 2) is denoted
by XP.

Definition 3. A strategy profile 2* € X is called a Pareto-Nash equilibrium in game (10)
if £* is simultaneously

(a) a Nash equilibrium in (10) (Definition 1) and

(b) a Pareto-maximal alternative in (14) (Definition 2).

Remark 6. The existence of 2* in game (10) with X° # @, compact sets X; and continuous
payoff functions ®;[z]|(i € N) follows directly from the fact that X® € comp X.

8. SUFFICIENT CONDITIONS OF PARETO-NASH EQUILIBRIUM IN GAME (10)

Relying on (5) and (15), introduce N + 1 scalar functions of the form
oi(r,2) = fi (z||x;) — fi(2) (1 €N),
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QDN-H(:BVZ) = Zfr(x) - Zfr(z)v (16)

reN reN

where z = (z1,...,2n),2 € X; (i € N), 2z € X, and « € X. The Germeier convolution [11,
p.66| of the scalar functions (16) is given by

pr.2) = max e(.2) (17)
Finally, let us associate with game (10) and the N-criteria choice problem (14) the zero-
sum game

(X,7 = X, oz, ). (18)
in which the first player chooses his strategy x € X to increase the payoff function, while
the opponent (the second player) forms his strategy z € X, seeking to decrease as much
as possible the payoff function ¢(z, z) from (16) and (17).
A saddle point (2%, 2*) € X? in game (18) is defined by the chain of inequalities

p(z,27) < (2 2") <p(a2) Va,zeX (19)

In this case, the saddle point is formed by the minimax strategy z*,

(minmaxw(:c,z) = max ¢ (z, z*)) ,

ze€X zeX rzeX

in combination with the maximin strategy x°,

. . 0
(rgglgg(w(%@ = mingp (v ,2)) :

in game (18).
The next result provides a sufficient condition for the existence of a Pareto equilibrium
in game (10).

Theorem 1. If there exists a saddle point (2°,2*) in the zero-sum game (18) (i.e.,
inequalities (19) hold), then the minimaz strateqy z* is a Pareto-Nash equilibrium in
game (10).

Joxazamenvcmeo. Let z = 2V in the right-hand inequality of (19). Then, using (16) and
(17), we obtain

@ (xo,xo) = j:1r7nma’,]>\<[+1 ©j (:po,xo) =0

In accordance with (19), it appears that

= ) = i * .
0= ¢(x,2") jzlrf}%%+1g0j(x,z) Ve e X
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Therefore, the following chain of implications is valid for all x € X :

[0 g j:1I7I~1--&}]>\CI+1 i (2,27) = ¢ (l‘,z*)}
e (e ) <O =L X 1)

A [Zﬁ(m)—Zﬁ(z*) <0 VoeXe }

1€EN 1EN

— { {max fi (ZHl|lz) = fi (2%) (i € N)]
lggggz:fz => 1 (2*)] }

1€EN 1€EN

209 [2* EXG]/\[Z*EXP]},

due to the inclusion X¢ C X. O

Remark 7. Theorem 1 suggests the following design method for a Pareto—Nash
equilibrium 2z* in game (10).

Step 1. Using the payoff function ®;[z](i € N) from (5.2.10) and also the vectors
2= (21,.-..,2n),2 € X;, and x = (z1,...,2n),7; € X;(i € N), construct the function
¢(x, z) by formulas (16) and (17).

Step 2. Find the saddle point (z°,2*) of the zero-sum game (18). Then z* is the
Pareto-Nash equilibrium solution of game (10).

As far as we know, numerical calculation methods for the saddle point (2%, 2*) of the

Germeiler convolution

pl,z) = max  v;(z,z2)

are lacking; however, they are crucial (see Theorem 1) for constructing Nash equilibria
that are simultaneously Pareto-maximal strategy profiles. Seemingly, this is a new field
of equilibrium programming and it can be developed, again in our opinion, using the
mathematical tools of Germeier convolution optimization max; ¢;(z) that were introduced
by Professor V. F. Demyanov.

Remark 8. The next statement follows from results of operations research (see
Proposition 1) and is a basic recipe for proving the existence of a Pareto-Nash equilibrium
in mixed strategies in game (10). Namely, in game (10) with the sets X; € comp
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R™ and the payoff functions ®;[] € C(X) ( i € N), the Germeier convolution
o(x, z) = max;j_;, n+1 (2, 2)(16), (17) is continuous on X x X.

9. FORMALIZATION OF STRONGLY-GUARANTEED EQUILIBRIUM IN PAYOFFS
AND RISKS

Let us consider the concept of guaranteed equilibrium in game (1) from the viewpoint
of a risk-neutral player. Assume each player ¢ exhibits a risk-neutral behavior, i.e.,
chooses his strategy to increase the payoff (the value of the payoff function f;(z,y))
and simultaneously reduce the risk (the value of the Savage—Niehans risk function
Ri(z,y) = max,ex fi(z,y) — fi(z,y)) under any realization of the uncertainty y € Y.
Hereinafter, we use three N-dimensional vectors f y (fi,...,fn), R = (Ry,...,Rn),
and ® = (®y,...,Py) as well as N values o; € (0,1)(i € N).

Definition 4. A triplet (a:P, fP,RP) is called a strongly-guaranteed Nash
equilibrium in payoffs and risks in game (1) if first, f© = f[2F] and
RF = R[2"]; second, there exist scalar functions fi[z] = mingey fi(z,y) and R;[z]
= max,ey R;(x,y), Ri(x,y) = max,ex fi(z,y) — fi(x,y) (¢ € N), that are continuous on X;
third, the set X¢ of all Nash equilibria z° in the game of guarantees

Ty = (N A{Xi}ion {®il2] = fila] — ouRi[z]}, )
is non-empty at least for one value o; € (0,1), i.e.,

max ®; [z°||x;] = ®; [z°], (i € N),

TiEX;
where X¢ = {2°} and [2°||z;] = [25,...,25 |, 25,25, ..., 2%]; fourth, 2¥ is a Pareto-
maximal alternative in the N-criteria choice problem of guarantees

(X APila] }ien)

i.e., the system of inequalities

P;[z] > @, [2"] (i€N) VaeX,
with at least one strict inequality, is inconsistent.
Remark 9. Let us list a number of advantages of this equilibrium solution. First, as
repeatedly mentioned, economists often divide decision makers (in our game (1), players)
into three groups. The first group includes those who do not like to take risks (risk-averse
players); the second group, risk-seeking players; and the third group, those who consider

the payoffs and risks simultaneously (risk-neutral players). Definition 4 treats all players
as risk-neutral ones, though it would be interesting to analyze the players from different
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groups (risk-averse, risk-seeking and risk-neutral players). We hope to address these issues
in future work.

Second, lower and upper bounds on the payoffs and risks are provided by the
inequalities f; [2F] < f; (2F,y)Vy € Y and R; [2F] > R; (2F,y) Vy € Y, respectively;
note that the continuity of the guarantees f;[z] and R;[z] follows directly from the
inclusions X; € compR™ (i € N),Y € comp R”, and f;[-] € (X X Y ) (see Proposition 2).

Third, an increase of the guaranteed payoffs for a separate player (as compared to
fi [IL’P} ) would inevitably cause an increase of the guaranteed risk (again, as compared
to R; [mp}), whereas a reduction of this risk would inevitably cause a reduction of the
guaranteed payoff.

Fourth, it is impossible to increase the difference ®; [xp] for all players simultaneously
(this property follows from the Pareto maximality of the strategy profile 2 ).

Fifth, the best solution has been selected from all guaranteed solutions, as the
difference @, [xp} takes the largest value (in the sense of vector maximum).

Sixth, under the assumption that the sets X;(i € N) and Y are compact and the
payoff functions f;(x,y) are continuous on X x Y, the guarantees f;[x] and R;[z] exist
and are continuous on X (Proposition 2). Therefore, the existence of solutions formalized
by Definition 4 rests on the existence of Nash equilibria in the game of guarantees. Note
that the framework developed in this section can be also applied to the concepts of Berge
equilibrium, threats and counterthreats, and active equilibrium.

Below we will present a new method of proving the existence of a strongly. guaranteed
Nash equilibrium in payoffs and risks. In particular, using the Germeier convolution of
the payoff function, we have already established sufficient conditions for the existence of
Nash equilibria in pure strategies that are simultaneously Pareto maximal with respect
to all other equilibria (see Theorem 1).

Concluding this section, we will show the existence of such an equilibrium in mixed
strategies under standard assumptions of noncooperative games (compact strategy sets

and continuous payoff functions of all players).

10. EXISTENCE OF PARETO EQUILIBRIUM IN MIXED STRATEGIES

The hope that game (10) has a Pareto equilibrium in pure strategies (Deflnition 3)
is delusive. Such an equilibrium may exist only for a special form of the payoff functions,
a special structure of the strategy sets, and a special number of players. Therefore,
adhering to an approach that stems from Borel [12|, von Neumann [13], Nash [1] and
their followers, we will establish the existence of a Pareto equilibrium in mixed strategies
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in game (10) under standard assumptions of noncooperative games (compact strategy sets
and continuous payoff functions).

Thus, suppose that in game (10) the sets X; of pure strategies x; are convex and
compact in R™ (i.e., convex, closed and bounded; denote this by X; € cocomp R™ ) while
the payoff function fl[ ] of each player i(i € N) is continuous on the set of all pure strategy
profiles X = [[. .y X;

Consider the mlxed extension of game (10). For each of the N compact sets X;(i € N),
construct the Borel o-algebra 9B (X;) and probability measures v;(-) of B (X;) (i.e.,
nonnegative countably-additive scalar functions defined on the element of B (X;) that
are normalized to 1 on X;). Denote by {v;} the set of such measures, a measure v;(-) is
called a mixed strategy of player i(: € N) in game (5.2.10) Then, for the same game (10),
construct mixed strategy profiles, i.e., the product measures v(dz) = vy (dzy) - - - vn (dzy).
Denote by {v} the set of such strategy y profiles. Finally, calculate the expected values

/fl v(dz) (i € N). (20)

As a result, we associate with the game I'y (10) its mixed extension

Ty = (N, {vi}ian» (i) }icn) -

In the noncooperative game fg,
v;(+) € {v;} is a mixed strategy of player i;
v(-) € {v} is a mixed strategy profile;
fi(v) is the payoff function of player ¢, defined by (10).

In what follows, we will use the vectors z = (z1,...,2y) € X, where z; € X;(i € N),
and x = (z1,...,2y) € X, as well as the mixed strategy profiles v(-), u(-) € {v} and the
expected values

@wzfamwm,@w:/@@<w

mz/ /// / I (21)

Xi—1 X; Xiq1
5 2N) U (dzn) o piv (dzig) v (dl"i) i (dzi1) -+ (dz1)
Once again, take notice that z;,z; € X;(i € N) and z, z € X.
The following concept of Nash equilibrium in mixed strategies v°(-) € {v} in game
(10) corresponds to Definition 1 of a Nash equilibrium in pure strategies 2¢ € X in the
same game (10).
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Definition 5. A strategy profile v°(-) € {v} is called a Nash equilibrium in the game L'
if

D; [v°f|vi] < @i [v°]  Vo(-) € {vi} (1 EN) (22)
sometimes, the same strategy profile v°(-) € {v} will be also called a Nash equilibrium in
mixed strategies in game (10).

By Glicksberg’s theorem, under the conditions X; € cocompR™ and f;() €
C(X)(i € N), there exists a Nash equilibrium in mixed strategies in game (10). Denote
by ) the set of such mixed strategy profiles {v}. With the game f3 we associate the
N-criteria choice problem

I, = <2)7 {q)i[y]}ieN> : (23)

In (9), the DM chooses a strategy profile v(-) € 9 in order to simultaneously maximize

all elements of a vector criterion ®(v) = (®1(v),...,Pn(v)). Here a generally accepted

solution is a Pareto-maximal alternative.

Definition 6. A strategy profile v (-) € 9) is called a Pareto-maximal alternative for the
N-criteria choice problem T', from (9) if for any v(-) € 2 the system of inequalities

D[] > O] (i€ N),
with at least one strict inequality, is inconsistent.

An analog of (15) states the following. If
Y R <> f07), (24)
ieN ieN
for all v(-) € ), then the mixed strategy profile v*(-) € 9) is a Pareto-maximal alternative
in the choice problem I',, (9).

Definition 7. A mixed strategy profile v*(-) € {v} is called a Pareto-Nash equilibrium
in mixed strategies in game (10) if
v*(+) is a Nash equilibrium in the game I's (Definition 5);

v*(+) is a Pareto-maximal alternative in the multicriteria choice problem (9) (Definition 6).

Now, we will prove the existence of a Nash equilibrium in mixed strategies that is

simultaneously Pareto-maximal with respect to all other Nash equilibria.

Proposition 4. Consider the noncooperative game (10), assuming that

1. the set of pure strategies X; of each player ¢ is a nonempty, convex, and compaet set
in R™ (i € N);

2. the payoff function ®;[x] of player i(i € N ) is continuous on the set of all strategy
profiles X = [,y Xi.
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Then there exists a Pareto equilibrium in mixed strategies in game (10).

Jloxasamenvcmeo. Using formulas (16) and (17), construct the scalar function
ploz) = _max  ¢;(z,z2),

where, as before,

wi(, Z) = fi(zllzs) — fi(2) (1 €N),

90N+1 Zfr Zfr(z)

reN reN
z2=(21,...,2y) € X,z € X; (i € N),and = (21,...,2n5) € X, x; € X; (i € N). By the
construction procedure and Remark 9, the function p(z, z) is well-defined and continuous
on the product of compact sets X x X.

Introduce the auxiliary zero-sum game
.= <{Ia II}) X7 Z = X? QO(ZL’, Z)>

In this game, player I chooses his strategy € X to maximize a continuous payoff function
o(z,z) on X x Z (Z = X) while player II seeks to minimize it by choosing an appropriate
strategy z € X.

Next, we can apply a special case of Glicksberg’s theorem to the game I',, since the
saddle point in the game I', coincides with the Nash equilibrium in the noncooperative

two-player game

Iy = <{LH}’ {X’ Z = X}’ {fI(CL’,Z) = (,D(J},Z), fH(‘T’ Z) = _90(1‘72)}> .

In this game, player I chooses his strategy = € X to maximize fi(z,z) = ¢(z, z), while
player II seeks to maximize fij(z,2) = —p(x, z). In the game Ty, the sets X and Z = X
are compact, while the payoff functions fi(x,z) and fii(z,2) are continuous on X x Z.
Therefore, by the before mentioned Glicksberg theorem, there exists a Nash equilibrium

(v¢, 1*) in the mixed extension of the game I'y, i.e.,

T, = <{I,H},{v},{,u}, filv, p) //f, x, 2)v(dx)pu(dz) >

i=1,II

Moreover, (v¢, ;1*) obviously represents a saddle point in the mixed extension of the game
La,
T, = <{L 1w (o) b ot = [ [ ote z)v(dm)u(dz>>
X X
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Consequently, by Glicksberg’s theorem, there exists a pair (v¢, u*) representing a saddle
point of p(v, ), i.e

o, p") <eu) <), Yu(),u() € {v}. (25)

Setting = v° in the right-hand inequality in (2), we obtain ¢ (v°,v°) = 0, and hence for
all v(-) € {v} inequalities (2) yield

0 o) = [ [ max e 2lden(dz) (26)

As established in [14],
(27)
<
< / j:ma]}\curl @;(z, 2)v(dx)p(dz)
(This is an analog of the property that the maximum of a sum is not greater than the

sum of corresponding maxima.) From (11) and (12) it follows that

77777

but then for each j =1,... ,N + 1 we surely have
| [ emtdondn <o i) € (o) (28)
X X

Recall the normalization conditions of the mixed strategies and mixed strategy, profiles,

/Ui (da;) = L/m (dz) = 1(i € N),/v(daz) _ 1,/u(dz) 1, (29)

X X X X

which hold Vv;(-) € {v;} and Vp;(+) € {1;} as well as Vv (-) € {v} and Vu(-) € {u}. Taking

namely,

these conditions into account, we will distinguish two cases, j € N and j = N 4+ 1, and
further specify inequalities (28) for each case.

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



A new approach to optimal solutions of noncooperative games 37

Case 1: j € N Using (16) and (29) for each i € N, inequality (28) is reduced to

[ [l - s@ e @) = [ [ 15 Gl

— )] i (dzs) o (d2) = / / £ (elle) v (das) p (d2)

X X;

_X/fi(z) /vz (da;) / /// X{ e

1 1 1X X’L+1

- Zim1, Ty Zigs - - 2N) iy (dan) - i (dzig) v (das) iy (dzie)
i (dz)] = fi (@) = fi(ptllv) = fi (@) <O V() € {ui}
In combination with (8), this inequality shows that p*(-) € M, i.e., the mixed strategy
profile x*(+) is a Nash equilibrium in game (10) (Definition 5).
Case 2: j = N + 1 Now inequality (28) takes the form

//@mm (dx)p*(dz) //Zfl dz)

//%fz v(dx)p* (dz) /%fz /u*(dz)
/%f / () g};/f

since 91 C {v}. Hence, for v = p* we directly get (10), i.e., the strategy profile u*(-) is a
Pareto-maximal alternative in the N-criteria choice problem I (9) (Definition 2).

This result, together with the inclusion p*(-) € 91, completes the proof of
Proposition 4. 0

11. DE OMNI RE SCIBILI ET QUIBUSDAM ALIIS

As easily noticed, all the constructions, and lines of reasoning used in our work can
be successfully carried over to the case of Berge equilibrium. We will do this below.

To avoid repetitions, we will emphasize the moments in the proof that are dictated
by the specifics of Berge equilibrium. Again consider the N-player game (1)

<N, {Xi}ieN ,Y, {fz(xv y>}z€N>
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and, using formulas (4), define the Savage-Niehans risk functions
Ri(w,y) = max fi(z,y) = fi(z,y).

Next, by formulas (5) and (6), construct the strongly-guaranteed payoff f;[x] of player i
and the corresponding guaranteed Savage-Niehans risk R;[z]. As a result, we arrive at the
game of guarantees

¢ = (N, {X;},cn . {filz], = Ri[2]},cn)

Then it is natural to pass to the auxiliary game (10),

(N, {X;}ien » {@ilz] = filz] — o3 Ri[2]},eny)

with a constant o; € (0,1).

Recall that, if in the two-player game (N = {1,2}) the players exchange their payoff
functions, then a Nash equilibrium in the new game is a Berge equilibrium in the original
game. Therefore, all the properties intrinsic to Nash equilibria remain in force for Berge
equilibria. In particular, the set of Berge equilibria is internally unstable. With this
instability in mind, let us introduce an analog of Definition 3 for the auxiliary game
(10). As before, [x||z;] = [#1,. .., @i 1, Zi, Tiv1, - - -, TN].

Definition 8. A strategy profile 2B € X is called a Pareto-Berge equilibrium in game
(10) if 2B = (2F,...,2%) is simultaneously
1. a Berge equilibrium in (10), i.e.,
, Bl — @. [B ;
Iggzc@z [z]|z}] = @; [+°] (i e N),
and

2. a Pareto-maximal alternative in the N-criteria choice problem
(X, {®i[2]}en)
i.e., for any € X®B the system of inequalities
P;[z] > @, [2°] (i €N),

with at least one strict inequality, is inconsistent.

Denote by XP the set of all {xB}.
Sufficient conditions for the existence of a Pareto-Berge equilibrium also involve

the Germeier convolution, with the N-dimensional vectors = = (x1,...,zy5) € X,
z=(z1,...,2nv) €X, f=(f1,.. ., fn), R=(Ry,...,Rx), and & = (Py,...,Dy), as well
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as N constants o; € [0,1] (¢ € N). Specifically, consider the NV + 1 scalar functions

¢1($7 Z) = @1 [21, Lo, ... ,JZN] — @1[2]
Q/JQ(ZE, Z) = (I)Q [l’l, 22y e e ,SL‘N] — (DQ[Z]
30
Q/JN(SU,Z) :(I)Q [513'1,.1'2,...,2]\7] —@2[2] ( )
N N
Un+i(z, 2) = Z Djla] — Z D;(z]
j=1 J=1
and their Germeier convolution
P(x,z) = max Pj(x,2). (31)

j=1,m..,N+1
Proposition 5. If there exists a saddle point (xo, zB) € X x X in the zero-sum game
(X,Z=X,9(z,2))

ie.,
Iglglea%’(ﬁ (x, zB) = (:UO, ZB) = Izlél)l(lw (:100, z)

then the minimax strategy 2P is a Pareto-Berge equilibrium in game (10).

Like in Proposition 4, we may establish the existence of a Pareto-Berge equilibrium

in mixed strategies.

Proposition 6. Consider the noncooperative game (10), assuming that

1. the sets X;(i € N) and Y are nonempty, convex and compact in R" (i € N);

2. the payoff functions f;(z,y)(i € N) are continuous on the Cartesian product X x Y.
Then there exists a Pareto-Berge equilibrium in mixed strategies in this game.

12. A LA FIN DES FINS

Classical scholars believe that the whole essence of mathematical game theory is to
provide comprehensive answers to the following three questions:
1. What is an appropriate optimality principle for a given game?
2. Does an optimal solution exist?
3. If yes, how can one find it?
The answer to the first question for the noncooperative N-player game (1) is the concept
of Pareto-Nash equilibrium (Definition 4) or the concept of Pareto—Berge equilibrium
(Definition 8).
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Next, the answer to the second question is given by Propositions 4 or 6: if the sets of
strategies are convex and compact and the payoff functions of the players are continuous
on X x Y, then such equilibria exist in mixed strategies.

Finally, the answer to the third question is provided by the following procedure: first,
construct the guarantees of the outcomes f;[x] (5) and risks R;[x] (6): second, define the
functions ®;[x] = f;[z] —o; R;[x](i € N); third, find the Germeier convolution of the payoff
functions ¢(x, z) using formulas (16) and (17) for Nash equilibrium or using formulas
(30) and (2) for Berge equilibrium; fourth, calculate the saddle point (z°, z*) of this
convolution; then the minimax strategy z* is the desired Pareto-Berge (or Pareto-Nash)

equilibrium.
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1. PROLOGUE

This article introduces an original approach to multicriteria choice problems under
uncertainty: a decision maker (DM) seeks not only to increase the guaranteed values of
each criterion, but also to reduce the guaranteed risk of such increase. The approach
lies at the junction of multicriteria choice problems [1, 2] and the Savage-Niehans
principle of minimax regret (risk) [3-5|. More specifially, we will employ the notion
of a weakly efficient estimate and the Germeier theorem [6, 7| from the theory of
multicriteria choice problems and an estimated value of the regret function as the Savage—
Niehans risk from the principle of minimax regret [3]. Considerations are restricted to
interval-type uncertainty, i.e., the DM merely knows the limits of a range of values,
without any probabilistic characteristics.We suggest a new concept — the Slater-maximal
strongly—guaranteed solution in outcomes and risks (SGOR) — and establish its existence
under standard assumptions of mathematical programming (continuous criteria, compact
strategy sets and compact uncertainty [9] — [12]). As a possible application, the SGOR
in the diversification problem of a deposit into sub—deposits in different currencies is
calculated in explicit form.

2. INTRODUCTION

Consider a multicriteria choice problem under uncertainty (MCPU)
Fc = <N7X7 Y?f('r7y)>7

where N = {1, ..., N}(N < 2) denotes the set of numbers assigned to the elements f;(z,y)
of a vector criterion f(z,y) = (fi(z,y),..., fn(x,y)); X C R™ is the set of alternatives z;
Y C R™ forms the set of interval uncertainty y. For Savage-Niehans risk function design,
we will also use the strategic uncertainties y(x) : X — Y, denoting their set by Y¥.

At the conceptual level, it is often assumed that the DM in the problem I'. seeks
for an alternative x € X that maximizes the values of all criteria (outcomes) under any
realization of the uncertainty y € Y. In this article we will also take into account N
new criteria — the risk posed by increasing these outcomes. Thus, the problem setup
with include N additional criteria, i.e., the Savage-Niehans risk function associated with
outcome increase.

Thus, this article will justify in mathematical terms the next design method of
alternatives in the MCPUs that simultaneously "hits into targets" namely, achieving
higher of all outcomes under smaller risks posed by them.
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THE SAVAGE—NIEHANS PRINCIPLE OF MINIMAX REGRET

In 1939 A. Wald, a Romanian mathematician who emigrated to the USA in 1938,
introduced the maxmin principle, also known as the principle of guaranteed outcome.
This principle allows one to find a guaranteed outcome [13, 14| in a single—criterion
choice problem under uncertainty (SCPU). Almost a decade later, German mathematician
J. Niehans (1948) and American mathematician, economist and statistician L. Savage
(1951) suggested the principle of minimax regret (PMR) for building guaranteed risks in
the SCPUs [4], In the modern literature, this principle is also refered to as the Savage
risk or the Niehans—Savage criterion. Interestingly, during World War II Savage worked
as an assistant of J. von Neumann, which surely contributed to the appearance of the
PMR.Note that the autos of two most remarkable dissertations in economics and statistics
are annually awarded the Savage Prize, which was established in 1971 in the USA.

For the single—criterion problem I'y = (X, Y, ¢(z,y)), the PMR is to construct a pair
(z", Ry) € X x R that satisfies the chain of equalities [12]

R = R.(x" = mi R 1
5 = maxRy(",y) = min maxRy(z,y), (1)

where te savage-Niehans risk function has the form

Ry(x,y) = maxé(z,y) — o(z,y). (2)

The value Rj given by (1) is called the Savage-Niehans risk in the problem I';. The
risk function Ry(x,y) assessed the difference between the realized value of the criterion
¢(z,y) and its best—case value max ¢(z,y) from the DM’s view. Obviously, the DM

ze

strives to reduce Ry(x,y) as much as possible with an appropriately chosen alternative
x € X, naturally expecting the strongest opposition from the uncertainty in accordance
with the principle of guaranteed result (formula (1)). Therefore, adhering to (1)—(2),
the DM is an optimist seeking for the best—case value max ¢(z,y). In contrast, the

pessimistic DM is oriented towards the worth—case result — the Wald maximin solutions

0 40 _ - i 0 ).
(2%, ¢" = maxmin ¢(z,y) = min ¢(z", y))

In the sequel, we will consider that the DM in the problem I'. is an optimist: for
each element f;(x,y) (i € N) of the vector criterion f(z,y), he forms a corresponding

Savage—Niehans risk function:
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Ri(x,y) = max fi(2,y) — filw,y) (0 € N). (3)

Note two important aspects as follows. First, each criterion f;(z,y) from I'. has
its own risk R;(x,y) (see (3)). Second, the DM tries to choose alternatives z € X so
as to reduce all risks R;(x,y), expecting any realization of the strategic uncertainty
y() e YX, ylx): X - Y.

Remark 1. The models I'. arise naturally, e.g., in economics: a seller in a market is

interested in maximizing his profits under import uncertainty.

The uncertainties present in the problem I'; lead to the sets

¢(z,Y) ={o(z,y) |Vy € Y},
which are induced by an alternative x € X. The set ¢(z,Y’) can be reduced using risks.
What is a proper comprehension of risk? A well-known Russian expert in optimization,
T. Sirazetdinov [16], claims that today there is no rigorous mathematical definition of
risk. The monograph [17, p. 15| even suggested sixteen possible concepts of risk. Most
of them require statistical data of uncertainty. However, in many cases the DM does not
posses such information for objective reasons.

Thus, here risks will be understood as possible deviations of relized values from the
disired ones. Note that this definition (in particular, the Savage-Niehans risk) is in good
agreement with the conventional notion of microeconomic risk; e.g., see [19, pp. 40-50].

Risk management is a topical problem of economics: in 1990, H. Markowitz was
awarded the Nobel Prize in Economic Sciences "for having developed the theory
of portfolio choice". In this article, the idea of his approach will be extended to
the multicriteria choice problems and conflicts under uncertainty. In publications on
microeconomics (e.g., see [18, p.5|, [19, p.103|) all decision makers are divided into three
categories: risk—averse, risk—neutral and risk—seeking. Further the DM is assumed to be a

risk—neutral and, of course, an optimist.

STRONG GUARANTEES AND TRANSITION FROM [, TO 2N—CRITERIA CHOICE
PROBLEM

For each of the N criteria f;(z,y) (i € N), construct the corresponding risk function
R;i(z,y) using formulas (3), thereby extending the MCPU TI'. to the 2N—criteria choice
problem

(N, X, Y, {fi(w,y), —Ri(x, y) Yien)- (4)
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In (4) the sets N, X and Y are the same as in I'., while the vector
criterion f(x,y) has an additional term in the form of the N-dimensional vector
—R(z,y) = (—Ri(z,y),...,—Rn(z,y)). Here the minus sign reflects a uniform effect
of any alternative x € X on each criterion f;(x,y)(i € N). More specifically, in problem
(4) the DM chooses an alternative x € X in order to increase as much as possible the value
of each element f;(x,y) and —R;(z,y)(i € N) of the two N—dimensional vectors f(x,y)
and —R(x,y). Moreover, the DM must expect any realization of uncertainty y € Y (note
that an increase of —R;(z,y) is equivalent to a decrease of R;(z,y) due to the minus sign
and R;(z,y) > 0).

Now, consider the strong guarantees of criteria. In a series of papers [21, 22| the authors
suggested three methods to take the uncertain factors into account — an analog of saddle
point [22] and two analogs of maximin [21], namely, strong and vector guarantees. Note
that strong guarantee is used below, while vector guarantee was applied.

Definition 1. A scalar function f;[x] is called a strong guarantee of a criterion
filz,y) : X = Y if, for each z € X,

filz] < fi(z,y) VYyeY (i eN).

Remark 2. Obviously, the function f;[z] = mi}r/l fi(z,y) Vx € X is a strong guarantee
ye

of fi(z,y). Hence, we have an explicit design method for the strong guarantees of all 2N
criteria from (4).

Let us find the strong guarantees R;[z] of the risk functions R;(z,y) given by (3). This
will be done in three steps as follows.
First, define

vily) = max fi(z,y) VyeY (ieN).
Second, construct the Savage—Niehans risk function
Ri(z,y) = ¥i(y) — filz,y) (i €N).
Third, calculate the strong guarantee Hél}f/l [—Ri(z,y)], i.e.,
y
R;[z] = max R;(x,y) (i € N).
yey

Note, that the DM seeks to minimize the risk R;(x,y) with an appropriate alternative
x € X under any realization of the uncertainty y € Y.

Whenever the functions f;[z] and —R;[z] described in the remark exist, they are strong
guarantees of f;(z,y) and —R;(x,y), respectively. Indeed, for each € X, we have the

implications

[filz] = min fi(z,y)] = [fil2] < filz,y) Wy eY],
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[=Rila] = min (= Ry(z,y))] = [-Rife] < —Riz,y) VyeY]

yeyY
The existence of f;[z] and R;[z] follows from a well-known result in operation research,

which was mentioned earlier.

Lemma 1. (see [23, p.54])

If the sets X and Y are compact and the criteria f;(x,y) are continuous on X XY, then

the functions f;[z] = mi}l/l filz,y) and ¥;y] = max fi(z,y) are continuous on X and Y,
ye z€

respectively.

From this point onwards, comp R"” stands for the set of all compact sets from space R".
In addition, if f;(x,y) is continuous on X x Y, we will write f;(x,y) € C(X xY).

Remark 3. If in the MCPU T, the criterion fi(z,y) € C(X xY), X € compR" and

Y € compR™, then the Savage—Niehans risk function R;(x,y) (i € N) definded by (3) is

continuous on X x Y. Indeed, the continuity of ¢;[y] = max fi(z,y) follows from Lemma 1,
zE

and hence by (3) the function R;(z,y) = ¥[y] — fi(z,y) (i € N) is also continuous.

Remark 4. The Savage—Niehans risk function (3) characterizes the deviation of the
criterion f;(x,y) from the desired value max fi(z,y). This stimulates the DM’s choice
z€E

of an alternative € X that would reduce as much as possible the difference R;(z,y)

from (3) or, equivalently, maximize —R;(z,y).

Let us associate with the initial MCPU T'. the 2 N—criteria choice problem (4). Once
again, at a conceptual level the DM in problem (4) seeks for an alternative z € X under
which all the 2N criteria fi(z,y) and —R;(z,y) (i € N) would take the greatest values
possible under any realization of the uncertainty y € Y.

FORMALIZATION OF A GUARANTEED SOLUTION IN OUTCOMES AND RISKS
FOR PROBLEM I,

The MCPUs are well-described in the literature (in particular, we refer to the
monograph [24]). The specifics of the interval-type uncertainty y figuring in the problem I,
compel the DM to use in (4) the available information (the limits of the range of values).
In this article, our analysis will be confined to the strong guarantees f;[z] and —R;[z] of
the criteria f;(z,y) and —R;(x,y), respectively. Therefore, it seems natural to pass from

the MCPU (4) to the multicriteria choice problem of guarantees without uncertainty

I = <X7 {fl[IL _RZ[‘I]}zEN>
The criteria f;[z] and —R;[z] in I'Y are closely related in terms of optimization: the criterion
R;[x] is used for assessing the DM’s risk posed by the outcome f;[z] so that an increase
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in the difference f;[x] — R;[x] leads to a higher guaranteed outcome f;[z] and (or) a lower
guaranteed risk R;[z]. Conversely, a decrease in this difference leads to a lower guaranteed
outcome f;[x] and (or) a higher risk R;[z]. The DM is interested in the maximization
of f;[x] with simultaneous minimization of R;[z] for each i € N. Therefore, we will associate
with the original 2/ N—criteria choice problem I'Y the auxiliary N—criteria choice problem

I = (X, {Fi[z] = filz] — Rila]}ien). ()

For a formalization of the optimal solution in guaranteed outcomes and risks for the
problem I'., we will use a concept of vector maximum from the theory of multicriteria
choice problems [3]. A first optimal solution of this type was introduced in 1909 by Italian
economist and sociologist V. Pareto, (1848-1923), and subsequently it because known as
Pareto maximum.

The analysis below will employ the concept of Slater maximum, which includes the
Pareto maximum as a particular case. Perhaps this concept appeared in the Russian

literature after the translation of a paper by Hurwitz [25].

Definition 2. An alternative 2° € X is called Slater-maximal (weakly efficient) in the

N—criteria choice problem (5) if the system of strict inequalities
Filz] > Filz®] (i €N)

is inconsistent for any = € X.

Remark 5. By definition 2, an alternative 2* € X is not Slater-maximal in problem (5)
if there exists an alternative T € X satisfying the NV inequalities

F,[z] > Fj[z*] (i € N).
Proposition 1. If
min F[z°] = max min F}[z], (6)
ieN veX ieN

then the alternative 2° € X is Slater-maximal in problem (5).

Jlokasameavcmso. By equality (6) and Remark 5, for any alternative z € X there
exists a number j € N such that [Fj[z] < F;[z°]] = [the system of inequalities
Fj[z] > F;[z°] (i € N) is inconsistent| = [2° is Slater-maximal in problem (5)]. O

Theorem 1. If f(-) € C(X xY) and the sets X andY are compact, then there ezists a
Slater-mazximal alternative z° € X in problem (5).
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Jloxazameavcmeo. Using Lemma 1, we have

[fi(-) € C(X xY),i e N] = [filz] € C(X),1 € N],
and, in accordance with Remark 3, R;(-) € C'(X x Y)(: € N). Then, again by Lemma 1,
mil\rrl Fiz] = miNn (filz] — R;[z]) € C(X)(i € N). Since the continuous function IanI]lFZ[l’]
1€ 1€ 1€

definded on the compact set X achieves maximum its at some point 2° € X, we arrive at
(6), and now the conclusion follows from Proposition 1. O

Definition 3. A triplet (2, f[2°], R[z°]) is called a strongly-guaranted solution in
outcomes and risks (SGOR) of the MCPU T'.. if

(1) filz] = yei}I}fi(ﬂ?ay%Rz‘[l"] = I;lg}Ri(%y) (i € N);

(2) the alternative z° is Slater-maximal in problem (5).
Recall that
fle] = (fla], - fnlz]),  Rlz] = (Ralz], ..., Ry(2]),
Ri[2] = max Ri(z,y), Ri(z, y) = max fi(2,y) — fi(z,y) (i € N).

ye

(7)

Why is the strongly—guaranteed solution in outcomes and risks (SGOR) a good
solution for the MCPU I'.7

First, it provides an answer to the indigenous Russian question: "What is to be
done?". The decision maker is suggested to choose the alternative z° from the triplet
(2%, f[2°], R[z"]).

Second, for all i € N, this alternative x° yields outcomes f;(z°,y) that are not
smaller than f;[z°] with a risk R;(2% y) not exceeding R;[x] under any realization of
the uncertainty y € Y. In other words, 2° establishes lower bounds on the outcomes
realized under = 2% and also upper bounds on the risks posed by them.

Third, the situation x° implements the largest (Slater-maximal) outcomes and
corresponding "minus'risks, i.e., there is no other situation x # x° in which all outcome
guarantees f;[2°] would increase and, at the same time, all risk guarantees R;[x°] would
decrease.

In fact, the second and third properties considered together give some analog of the
maximin alternative in the single—criterion problem I'y under uncertainty if the inner
minimum and outer maximum in maximin are replaced by Hél}l;l Fi(z,y)(i € N) and
Slater maximum, respectively. There are two lines further in\:;jestigations in this field.
In accordance with the first direction, one should substitute Slater maximality with
Pareto, Borwein, Geoffrion optimality or conical optimality, and then establish connections
between such different solutions. The second direction proceeds from the DM’s desire for
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higher profits under the lowest guarantees in the sense of Definition 2. Consequently, it is
possible to replace scalar minimum (from the inner minimum in maximin) by one of the
listed vector minima, thereby increasing the guarantees for some i € N.

Also, it seems interesting to build a bridge between such solutions; some research
efforts were made in the monograph [24].

Remark 6. Definition 2 suggests a constructive method of SGOR design. It consists of
four steps as follows.

Step 1. Using fi(z,y), find max fi(z,y) = v;[y] and construct the Savage-Niehans risk
function R;(z,y) = ¥;[y] — fi(z,y) for the criterion fi(z,y)(i € N).

Step 2. Evaluate the outcome guarantees f;[x] = ryrg}:r} fi(z,y) and also the risk guarantees
Ri[z] = max Ri(xz,y)(i € N).

Step 3. For the auxiliary N—criteria choice problem of guarantees I'*, calculate the Slater—
maximal alternative 2°. At this step, we may take advantage of Proposition 2 or perform
transition to the concept of Pareto optimality. For the sake of completeness, we recall this

concept.

Definition 4. An alternative 2 € X is called Pareto-maximal (efficient) in problem (5)
if for any alternatives x € X the system of inequalities

Flz] > Flz"] (i €N),

with at least one strict inequality, is inconsistent.

Note that, first, by Definitions 2 and 3, every Pareto-maximal alternative is also
Slater-maximal (the converse generally fails); second, by Karlin’s lemma [26] , an
alternative ¥ € X that satisfies the condition

max o; Flx| = a; Fi[z? 8
g il = il (®)
for some a; = const > 0 is Pareto-maximal for problem (5).
For the bi-criteria choice problem, letting a; = ap = 1 in (8) gives the equality

max (Fi[z] + Fy[z]) = Fi[z°] + Fy[27] 9)

zeX

for obtaining a Pareto-maximal (hence, Slater-maximal) alternative 2.

Step 4. Using 2, evaluate the guarantees f;[z°] and R;[2°](i € N) and compile the two
N-dimensional vectors f[z°] = (f1[z”],..., fx[z°]) and R[z°] = (Ri[2z%],. .., Rx[27]).

The resulting triplet (z°, f[2°], R[z®]) is the desired SGOR, which complies with
Definition 3, i.e., for each criterion f;(x,y)(i € N) the alternative ° leads to a guaranteed
outcome f;[z°] with a guaranteed Savage-Niehans risk R;[z”].
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Ri1SKS AND OUTCOMES FOR DIVERSIFICATION OF A DEPOSIT INTO
SUB—DEPOSITS CURRENCIES

As mentioned earlier, in economics all decision makers are divided [26] — [32] into
three categories: risk—averse, risk—neutral and risk—seeking. In this work we will solve the
problem of diversification of a one—year deposit into sub—deposits in national and foreign
currency for a risk-neutral person. Note that a similar problem was addressed in the
paper |1, p.9], and the results established therein differ from those below. The case is that
the Slater solutions generaly form a set of distinct elements. Like in [1], the analysis in
this article involves different elements of the same set.

Let us proceed to the diversification problem. The amount of money in a deposit

diversified into two sub—deposits (in national and foreign currency) accumulated by the
1 —
( k ?) (1+d)y; see [30, pp.58—

60] and also the explanations below. This leads to the single—criterion choice problem

end of the year can be represented as ¢(x,y) = x(1+7) +

'y = (X,Y, ¢(x,y)), which was studied in [1]. In particular, the guaranteed solutions for
risk—averse, risk-—neutral and risk—seeking persons was found. In contrast to the paper [1]
dealing with the single—criterion choice problem with the criterion ¢(z,y), in this work
we will consider a bi—criteria analog of the problem I'; with the criteria

filz) =2(1+7), folx,y) = %

The first criterion concerns the annual income for the sub—deposit in national currency

(14 d)y. (10)

from an investment z, while the second concerns the annual income for the sub—deposit in
foreign currency from the residual investment 1 — z. In formula (10), 7 and d denote the
interest rates for the sub—deposits in national and foreign currency , respectively; k£ and y
are the exchange rates (to the national value) at the beginning and at the end of the year,
respectively; finally, = € [0, 1] specifies a proposition in which the main deposit is dedived

into the sub—deposits. Thus, x is the part corresponding to the national sub—deposit,

1—=2
while the other part 1 — x is converted into foreign currency, ——, and then allocated to

the corresponding sub—deposit. At the end of the year, it is converted back into national
_ ZL’)

currency, (1 + d)y; the resulting amount of money makes up fi(z) + fao(x,y). The
decision maker (depositor) has to determine the part = under which the resulting amount
of money is as large as possible. It must be taken in account that the future exchange
rate y is usually unknown. However, we will assume a range of its possible fluctuations,

i.e., y € [a,b], where the constants b > a > 0 are given or a priory known.
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The mathematical model of the bi—criteria deposit diversification problem can be
written as an ordered triplet

Iy = <X = [07 1]7Y = [a>b]> {fi(xay)}i=l,2>> (11>

where the functions f;(x,y) are defined by (10); the set X = [0, 1] consists of the DM’s
alternatives x; Y = [a, b] is the set of uncertainties y; finally, f;(x,y) denote the DM’s
utility function (criteria), and their values are called outcomes. In the terminology of
operations research, I's is a single—criterion choice problem under uncertainty. The DM’s
desire to take into account the existing uncertain factors has a close connection with risk
— "possible deviation of some variables from the desired values". We will use the Savage—
Niehans risk function. For problem (5), consider three cases as illustrated at Fig.1, namely,

1+r

1
()k1+d
1+r

< a;

2 > b
()k1+d—b’
1+7r

(3)a<k1+d

< b.

Case 1 ¥ Case 2 % Case 3 y

-t — —»p —— —— 2+ P ————————<— —»

1+r a b a b;{_gk a Hék b_

-\
+
=

147r

T d and the interval

Puc. 1. The possible arrangements of the point k

[a,b] on axis y

Cases 1 and 2. Recall that 'y is a bi—criteria problem under uncertainty. We will solve

it using Definition 4, which is based on the concept of Pareto optimality.

Proposition 2. In cases 1 and 2, the SGOR in the problem I's has the explicit form

(%, fl2°], R[2%]) = (2% ful2®], fol2"]; Ra[2®], Re[2®))

1+d o1+
B (O;O,Ta;l—l—r,O), 1f/<:1+d§a (12)
= 1+d T+r_
1:1 10, ——b if k > b.
() ‘f‘T,0,0, k )7 1 1+d_

That is, in case 1 the DM invests everything in the foreign currency sub-deposit,

d
a at the end of the
year; in case 2, he invests everything in the national currency sub—deposit, obtaining with

obtaining with zero risk a guaranteed minimum amount of
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zero risk a guaranteed minimum amount of 1 4 r at the end of the year. In both cases,
the guaranteed minimum amounts are obtained with zero risk under any exchange rate

functions y € [a, b] during the year.

oxazameavcmeo. We carry out the proof in two steps. In first step, following Remark 6,
we construct the resulting 2 N—criteria choice problem of guarantees I'Y and then the N—
criteria choice problem (5). In the second step, for this problem (5), we find the Slater—
maximal alternative z° using Proposition 1 and then calculate the explicit form of the
SGOR for the bi-criteria choice problem (5).

First step. In (5), the criteria are given by

Ao =A@ =a0+0), Sy = 1

Sub-step 1. Using (3), construct the Savage-Niehans risk function

(1+ d)y.

Ry(z,y) = [g{gﬁ @) -AQ+rz=0+r)—z(l4+r)=1—2)(1+7r),

Ry(z,y) = [max fa(z)] — (1 —x)

1+d  1+d 1+d 1+d
2€[0.1] YT Tk '

— (1= —
y— ( x)ky ry—

Sub-step 2. Now, calculate the strong guarantees in outcomes and risks

filr] = min (1 +7) = z(1 +7r),

y€la,b]
1+d 1+d
fale] = min (1 - )%y = (1 - 9)—"a,
Rylx] = max Ry(z,y) = (1 —x)(1 +r),
y€la,b]
1+d

b.

Rylx] = ;2[%);] Ry(z,y) == ’

Sub-step 3. The quad—criteria choice problem of guarantees takes the form

I = <X = [07 1]7 {fz['x]? _Ri[x]}i=1,2>'
Step 2 also allows us to define the criteria

Rla] = fle] = Bafo] = (1 +7) = (1= 2)(1+7) = 2z = (1 +7),

1+d 1+d 1+d 1+d
a—x b= —

Fyle] = fole] = Role] = (1- ) b= - —

(a+b)x
in the auxiliary bi—criteria problem (5)

[ = (X = (0,1, {E[2]}iz12)-
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Second step. Sub-step 4. Maximize the sum of criteria

max (F[z] + Fplz]) = Fi[2°] + Fpla®].

[0,1]
The resulting Pareto-maximal (ergo, Slater-maximal) alternative z° is
F[2°] = max F[z], (13)
[0,1]
where
1+d 1+d
Flz] = Filz] + Flx] = 22— 1)(1+7r) + PR (a+b)x
1+d 1+d
=z2(147r)— (a+0)]—(1+7r)+ a
1+d
= —— {2y —(a+d)z -7 +a},
L+ . o :
and v = T dk. The function F[x] under maximization is linear in x and defined on the
interval [0, 1]. Therefore, it achieves maximum at one of the endpoints of this interval,
1+d
i.e., either at = 0, or at x = 1. For x = 0, we have F[0] = %(a —7); for z = 1,
1+d

Fl1 —b).
=——(-0b
Lemma 2. The next implication is valid
[a > 7] = [F[0] > F[1]].

Zloxazameavcmeso. Indeed

R [ B L | R
= [FI0) = Y a =) > Fl = 22— )

In a similar fashion, we can easily establish
Lemma 3. The implication
[y = 0] = [F[0] < F[1]]
1s valid.
Zloxazameavcmeo. Indeed,

b+b b+a
A BN

> e |l | =h-b>a-1]
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= - > Flo = e -]

= [F[1]

By lemmas 2 and 3 , the maximum in (13) is achieved
(a) at 29 =0 if a > ;
(b) at x5 =1 if v > b.

The corresponding guarantees are calculated using this result and Sub-step 2:

A10] =0, £00] = 2% Ryj0] = 1+ rRo[0] = 0

k
ﬁm=LWﬁm=&&m:L&m=%¥a

1
Recall that v = %k, and the proof of Proposition 2 is complete. O

Let us make a few of remarks. First, R;[0] = 1 + r (the Savage—Niehans risk). The

1+d
value Rs[0] = %b has a similar meaning. Second, Proposition 2 was proved in the

paper [29] using a different technique.
Finally, consider case 3. Here we will utilize, first, the results of Sub-step 3 of

Proposition 2, in particular, the bi—criteria choice problem

= (X =10,1],{F[z]}iz12),

where
Filz)=2x—-1)(1+7), "
14
Fyx] = lzda— 1_]:d(a+b)a:;
s

second, the sufficient conditions (6) for the existence of the alternative z° (see

Proposition 1), writing them for the deposit diversification problem (5) as

min F;[2°] = max min Fj[z].
i=1,2 2€(0,1] i=1,2

1
Proposition 3. If a < %k < b, the SGOR in the problem I'; has the form

(27, fl2°], R[z%]) = (2%; fi[2®], fol®]; Ra[2], Ro[2®])
_( y4+a (y+a)(l+r) y+b 1+d
C\2y+a+b 2y+a+b '2y+a+b k @ (15)

v+b 1+d ~v+a )
2y+a+b " k 2v+a+b/

(1+7)

Jloxasamenvcmeo. Draw the graphs of the two functions Fi[z] and Fy[x] from (14). These
functions are linear in x and defined on the interval [0, 1] (a compact set); see Fig.2.
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In Fig. 2 the function H_li% {F\[z], F5[z]} is indicated by the bold line, see the angle

ABC. For m[aX] m}% {Fi[z], F3[z]}, the point B satisfies the equality
S 0,1 =1,

Fl [ZES] = F2 [ZBS]

or, using (14)

14+d 1+4+d
xs2ﬂ+¢%%<+(a+M]:1+r+ il a.
. : I+r, . .
With the notation v = mk‘, it can be written as
292y +a+b =~ +a,
which gives
S _yte s ytb
2y +a+b’ 2y +a+b
Using the formulas of Sub-step 2, we calculate the strong guarantees in outcomes and
risks:
s v +a g L14+d ~y+b
= ]_ _— =
file) = (L4t Ple) = a2
v+ ¢ l+d, ~v+a
Rz°1 = (1 S R = b )
7] = +T)27+a+b’ 2l k' 2v4+a+b

O

1
Thus, we have established the following result (see Proposition 3). If a < %/{; < b,

the strongly—guaranteed solution in outcomes and risks of the deposit diversification
Y+a

———— in the national
2v+a+b

problem has form (15). It suggests the DM to invest the part

in the foreign currency sub—deposit.

_ota

2v+a+b
v+0b

2y+a+b

currency sub—deposit and the residual part ———
Y P P 2v+a+b

At the end of the year, the DM will obtain the amount (1 +r) for the national

currency sub—deposit with the Savage—Niehans risk (1 + ) and the amount

1+d v+b
1 -
PGk

sub—deposit with the Savage-Niehans risk

(after conversion in national currency) for the foreign currency

1+db v+a
k' 2y4+a+0

under the exchange rate

fluctuations y € [a, b] during the year.
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Y8

Puc. 2. Graphs of functions defined by (14).

Remark 7. If 1+
1+d

foreign currency sub—deposit, because at the end of the year he will obtain the guaranteed
1+4+d

k < a (case 1), the DM is recommended to invest everything in the

minimum income

1
If ] I Zk’ > b (case 2), the DM is recommended to invest everything in the national

currency sub—deposit, which will yield him the guaranteed minimum income (1 + r) with

a with zero risk (Proposition 2).

zero risk at the end of the year (Proposition 2).
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ANALYSIS OF METAHEURISTICS FOR MULTI-AGENT ROUTING PROBLEMS.
Makarov O. O.

Abstract. The article presents a numerical experiment dedicated to solving the Traveling
Salesman Problem (TSP) using various metaheuristics on a data set from the TSPLIB library.
The main goal of the experiment was to determine the most efficient and accurate methods for
finding routes. A brief description of each of the studied algorithms is given.

An approach is described for collecting graph metric characteristics that are unique for
the network structure. In the context of TSP, these metrics may include node degrees, edge
weights, connectivity, and other properties that describe the relationships between cities. By
using metadata, it is possible to obtain a generalized description of the network, which aids
in understanding its complexity and properties. A detailed description of the algorithm for
calculating the statistics of weight distribution in a graph is also given. Understanding the
weight distribution is essential in determining the characteristics of the TSP instances, such
as the presence of clusters or patterns that might impact the choice of metaheuristic. The
application of this algorithm to the graph made it possible to automate the selection of the
reference distance parameter for hierarchical clustering. Hierarchical clustering is a method used
to group similar items together based on their characteristics. By identifying cohesive point sets
using this approach, it can potentially discover patterns or substructures in the TSP instances.

The experiment showed that all the applied metaheuristics are able to find approximate
solutions for TSP on various data sets. However, depending on the characteristics of the problem,
some methods proved to be more efficient and accurate than others. The final table contains a
list of the best algorithms with an indication of the number of times when each of them produced
the best solution among the others. It could provide valuable insights into which metaheuristics
work best under certain conditions.

Based on the results obtained, it is planned to establish a link between the graph metadata
and the results, which will allow developing an intelligent system for choosing the optimal
metaheuristic. The choice of metaheuristics is recommended to be carried out taking into account
the specifics of the TSP, such as the number of cities, geographical characteristics, accuracy
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requirements, and execution time. Combining different metaheuristics is suggested as a possible
approach to improve the results in solving the TSP. Hybrid approaches that leverage the strengths
of multiple algorithms could lead to better solutions, especially for complex TSP instances.

The findings in the article have practical implications for real-world routing and scheduling
problems that can be modeled as TSP instances. By understanding the performance of different
metaheuristics based on the problem’s characteristics, practitioners can make informed decisions
on selecting the most suitable approach for their specific needs.

In summary, the article’s numerical experiment, which explores the application of various
metaheuristics to solve the TSP problem, yields valuable insights into the efficiency and
effectiveness of these algorithms. By considering the graph metadata and characteristics of TSP
instances, researchers aim to develop an intelligent system that can select the best metaheuristic
for different scenarios, leading to improved solutions for real-world routing and optimization

problems.

Keywords: traveling salesman problem, multiple traveling salesman problem, hierarchical
clustering, algorithm for solving multiple traveling salesman problems, graph metadata,

metaheuristics, graph metrics

BBEIEHUE

B coBpemennOM Mupe 3aj1adua MapuipyTU3AIIMH UTPAET KJIIOUEBYIO POJIb JIJIsT ONTHMU-
3aIUN JIOTUCTUIECKUX MTePeBO30K. JIaHHYI0 3a/1a1y MOXKHO pacCMaTPUBAThH KaK CJI0KHYIO
OIITUMU3AIMOHHYIO 11pobsiemy Maprpyrusarnuu tutia MTSP (Multiple Traveling Salesman
Problem, 3aa4a MHOrMX KOMMUBOSIZKEPOB), KOTOpas TPeOyeT HAXOKIEHUs OITUMATbHBIX
myTeit JIIsT HECKOJTbKIX KOMMEBOSIZKEPOB, C MEIbI0 3((MEKTUBHONO 00C/TyKUBAHUST TTYHK-
TOB HA3HAYCHUSI.

Boeibop momxo/isiieit MeTadBPUCTUKY, TTO3BOJISIONIEH HAXOJAUTh MPUOJINYKEHHbIE MJIN
ONTUMaJIbHBIE DEIIeHNs B CJIOKHBIX U MHOTOMEDHBIX ITPOCTPAHCTBAX IMMOMCKA JIJIs Pere-
uust 3ataan MTSP, aBisiercs akTyaapHO# ipobsiemoii. Merasppuctuieckue ajropuTMbl
(reHeTHYECKHE U MypPaBbUHBIE CHCTEMbI, IMUTAIS OTYKHUTa 1 JIP. ) MO3BOJIAIOT 3(D(DEKTUB-
HO pemiaTh npobJjeMy ONTUMHU3AIUN MapiipyTos. OTae/bHON 3a/1avueil CTaHOBUTCS BHIOOD
ONITUMAJILHOTO aJITOPUTMa U METAIAPAMETPOB [T KaXKJI0il KOHKPETHOM 3a/1a9u. DTO CBsi-
3aHO ¢ OOJIBINIUM paszHoodpasmeM MeTadBpUCTUK. lIpejronaraercd, 9To aaropuTM, KOTO-
pbIit XOpoIIo paboTaeT Ha OIPEIE/ICHHO, yXKe PeIIeHHol 3a/iade, TaKyKe MOJI0WIeT JI/ist
OM3KOI K Hell 3ajiade. B manHOM ciydae, ecjiu METa’dBPUCTHKA JIAaeT XOPOIIHUil pe3yib-
TaT Ha Tpade ONpeeseHHON CTPYKTYPhl, TO W Ha MOJ00HOM rpade oHa JacT XOpOoIne

pe3yIbTaTHI.
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Hesp manHOM cTaTby — HANWTU CIHOCOD OIpPEJIE/IEHUT METAdBPUCTHUK I OJIU3KUX
3aJ1a, OCHOBBIBAasICh Ha METaIaHHBIX rpada u OJIM30CTH MaTeMaTuIeCcKux Mojeseil 3a-
jgad. st 9Toro paccMaTpuUBAIOTCH PA3JIMYHbIE METadBPUCTUKU, IIPUMEHSEMble B 3a/1a-
gax mapmpyrusarnuu tuna TSP (Traveling Salesman Problem, 3agaua koMmMuBosizkepa)
u MTSP. Uccnenyrorces ¢pakToOphl, BIUAIONAE HA BBIOOP ONTHMAJILHON METAIBPUCTUKU B
3aBUCHMOCTH OT OCODEHHOCTeH 3a/1a49u 1 TpeboBaHuii K pesyabraraM. [lornmanue BeiOopa
MeTa’dBPUCTUKNU st pertenus 3ajadn MTSP nmeer Baknoe snadenwue st pazpaboTku
3 HEKTUBHBIX AJTOPUTMOB MapIIPyTH3AIINAN.

PaccmorpuMm mipejiraraeMbie B COBPEMEHHOW JINTEPATYPE MOIXObI, KOTOPbIE MOYKHO
UCIIOJIB30BaTh i pertenus 3aaa1 MTSP.

B crarbe [3] paccMaTpuBaioTes IPUKIIAIHBIE MOJIEJIH MHOTOAT€HTHON MapIIpy TH3AIUHI
C yUIETOM CIeNn(pUKN OPTaHU3aIlii CTPYKTYPHI CETH, Ieeil CUCTeMbl U JIOKAJbHBIX IIe-
Jleli areHToB. Bhijesien kKjace 3a/1a4 MHOTUX KOMMHBOSIZKEPOB Pa3HOI'0 YPOBHS MepapXuu
(HCMTSP, Hierarchical Clusterd Multiple Traveling Salesman Problem, nepapxudeckast
KJIacTepHas 3a/1a49a MHOrHX KoMMuBostzkepoB). [locrpoenue mapuipyros HCMTSP corura-
COBAHO C €CTECTBEHHON KJIacTepu3aliueil CJIOXKHOM NHMPACTPYKTYPHOI ceTn. Boijensgercs
nepapxmieckasd KJjacrepusalug cetu. [lokazano, 4To B 3aBUCUMOCTH OT JIOTUCTUYECKUX
nesieil JIoJKeHn ObITh BBHIOpAaH Pa3/IMYHbBIN TUIl KjacTepusaliuu, corsiacopannoir ¢ MTSP.
CpaBHHUBAIOTCS PE3yJIbTAThl BHIYUCIUTEILHOTO IKCIEPUMEHTa 110 TUIaM KJIaCTePU3allii
u MapmpyTtaMm. OTaaeTcs IpeInoYTeHne HepapXuaecKoil KJIacTepu3aliii, COTJIAaCOBAHHON
¢ uepapxueit mapipyro HCMTSP.

B [2| paccmarpuBaercs ajroput™ mepapxuueckoi kiacrepusanuu s HCMTSP.
[IpuBomuTcs cpaBHUTEBHBIN aHaau3 pernarens Concorde n ajiropuTMa UMUTAIIANA OT-
xwura SA (Simulated Annealing, asropurm nmurarm orzkura) mis perternst MTSP. TTo-
Ka3aHO, YTO MHOIOYPOBHEBAas KJIACTEPHU3aIus s 3324 OOJIBIION PA3MEPHOCTHU CIIOCO0-
cTByeT cumzkenuio ciaoxkuoctu perterns MTSP. Tlocie npeasapurenbHoil Kiiacrepusaun
MIPOUCXO/IUT TIPOTIE/Lypa JIOKabHON onTuMusaliun TSP #Ha Kaxk oM n3 copMUpOBAHHBIX
KJIACTEPOB, & 3aTeM MHOYKECTBO IMOJIyYEHHBIX PeIlleHnil 00beIMHAETCA B €JIMHOE PeIeHne
HCMTSP.

B [30] npeacrasien HOBBIH rubpuHbIil aaropursM s pernenns MTSP, naspanubrit
GELS-GA (Gravitational Emulation Local Search Genetic Algorithm, rpaBurtanuonnast
SMYJIAIHS TEHETHIECKOTO aJITOPUTM C JIOKAJIbHBIM OKCKOM ). [IpousBe/ieH cpaBHUTEIBHBII
aHaJ N3 [IPEJIJIOZKEHHOT0 AJITOPUTMa ¢ TEHETUIECKUM AJITOPUTMOM M MYPABbUHOMN KOJIOHUN.
[TokazaHo, 9TO ONTHMAIBLHOCTH JOCTUTAETCS JIazKe B OU€Hb CJIOKHBIX clieHapusax. HecmoT-

ps Ha TTPOCTOTY TIpe/IaraeMoro aJropuTMa, OH MOKa3bIBAET XOPOIIlee BpeMsl BBITIOTHEHU S
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U HaXO/NUT OJIN3KME K ONMTUMAJIBHBIM PEIIeHUs /I 3a/1a9, CPABHUTEIBHO C JIPYTUMU, Pac-
CMOTPEHHBIMU ajJropuTMamu. JlaHHbIe /171 cpaBHUTEIHHOTO aHam3a Opasuch u3 TSPLIB
(Traveling Salesman Problem Library, 6utimoreka 3a/1a4 KoMMuBosizkepa) [66].

B [18] npuseen 0630p i BbisiBIeHusT HanboJee MePCHeKTUBHBIX 1 3D (OEKTHBHBIX
METAIBPUCTUK. BBIIEIAIOTCA TaKnue MePCIeKTUBHBIE TTOIX0/Ibl, KAK ONTHMU3AINS UCKYC-
CTBEHHO ITYeJIMHON KOJIOHUU, ONITUMU3aIns OAKTEPUAIHLHOIO JIOOBIBAHUS KOPMa U aJIro-
PUTM CBETJITYKOB.

B crarne [31] paccmarpuBaercst mpobiema mostydenust 9(HphEKTHBHOIO PEIeHns 3a-
Jladr KOMMEBOsizKepa ¢ uctosb3oBarueM Tpajuimornoir HNN (Hopfield Neural Network,
HelipoHHasi ceTb Xomdumiaa) u Meroga mrpados. OgHAKO, B pe3yJbTare HEI0CTATKOB
npumMensieMoro Mmerojia mrpados, HNN wacto 3acTpeBaer B JIOKQJIHLHOM MHUHUMYME U
He cxouTes K addekruBHoMy perernto. B [31] mpemiaraercs yiydieHHbIH aarOpUTM,
OCHOBAHHBIN Ha YCKOPEHHOI pACIIMPEHHON JIarpaHKeBoil HeifponHON ceTn Xorduiia
(AALHNN, Accelerated Augmented Lagrangian Hopfield Neural Network, yckopennast
pacImpeHHasi JJarpaHzKeBa HefipoHHas ceTh Xobuia), KOTOPbIil O3BOJISIET TIPEOJI0JIEThH
sroT Hepoctatok. B amropurve AALHNN uncnonssyercs meros muoxkuTesnteir Jlarpamxa,
obecrieunBas mosryderue 3HEKTUBHOTO PElieHns 3a/adil KOMMUBOsIzKepa. B ajropurm
J106aB/ieHbl (haKTOPBI BTOPOIO MOPsiJIKA, CTAOUIU3UPYIONINE TUHAMUIECKYIO MOJIE/Ih Heli-
POHHOI ceTH ¥ TOBBIIIaoNe 3O eKTUBHOCTE pelieHns. B xome mcciiejoBanns aBTOPbI
BHecsin u3Menenusi B mojesin TSP Xondwmmima n Tanka. Orpanmaenns TSP ymuOX)KaM0T-
cg HAa MHOXKUTE U Jlarpan»ka u ycusieHHbIe MHOXKUTE U JlarpaHxka cooTBeTCTBEHHO. AJI-
TOPUTM HCIOJIB3YeT (PYHKIIUIO PACHIMPEHHOIO JIarpaHzKuaHa, BKJIOYAIONLYI0 (DYHKITUIO
JUIMHBI IYTH, YTO ODeCleunBaeT HAJEYKHYIO CXOJIUMOCTH W M30aBjIeHHe OT JIOKAJIbHOIO
MuauMyMa. Muoxurenn Jlarpamn:ka OOHOBJIFIOTCSA C MCIOJb30BAHUEM TEXHUKU YCKOpe-
uust Hecrepona [35]. B pabore mokazano, 910 9KCTPEMYM, MOJIYI€HHBII ¢ TIOMOITIBIO 9TOT0
YJLYUIIEHHOTO AJIPOPUTMa, ABJISETCA ONTUMAJILHBIM PellleHneM UCXOJHOM 3ajadn. B xo-
Jie 9KCIEPUMEHTa YCIEITHO IOJIyIeHO NMpub/mKeHHoe onTtuMmasibHoe pernerne TSP. ITlo
cpaBuenuio ¢ Tpajunnonnoit HNN, nanmbrit meTos obecnieunBaer 3hdpeKTUBHOE PelieHune
3aJ1a91 KOMMUBOsIZKEPa U JIOCTUKEHIE 00Jiee KaIeCTBEHHBIX PE3yJ/IbTaTOB.

[ToxozKuil MOJIX0], OCHOBAHHBIN Ha HEHPOHHBIX CeTsiX, omucaH B paborax |4, 5|, rue
IPeJITTOZKEHO UCITOIh30BaTh MyHKIMOHAJ JIsmyHoBa, mocTpoennbiit Ha moaenn TSP, B ka-
YeCTBE OCHOBBI JIjI MCKYCCTBEHHON HeHpOHHO# ceTn. JIaHHBII T0/IX0T MOXKHO HMCIIOJIB30-
BaTh 1pu pemrennn 3aga4d tuna MTSP. OcHoBHas €/10KHOCTH 3aKJII0YAETCS B IIPOIECCE
o0ydJeHMs, TaK KaK MHOT'O PECYPCOB YXOJUT Ha IMOJI00OD KOPPEKTHBIX MapaMeTpPOB JIJIst

HEAPOHHON CETH.
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1. ANropuTMbl PEIIIEHUSI SAIJAYN MHOTOATEHTHOM MAPIHIPYTU3ALINN
TUIIA KOMMUBOA>KEPA

[Ipu pemenun TSP Bo3HHKaeT BOIPOC BBIOOPaA ONTUMAJIBHOIO AJTOPUTMa U HADO-
pa mapaMerpoB Il TOJTy9YeHus JIydIIero MapiipyTa 3a IpHeMjIeMoe BpeMsi. 3adacTyio
TpebyeTrcsi TPUMEHNTh HECKOJBKO aJITOPUTMOB ITOC/IEI0BATEILHO, HAIIPUMED, 3aIlyCKAeT-
cs1 OBICTPBIN KA HBIH AJTOPUTM JIJIs TIEPBOTO PUOJIMZKEHUsI, 3aTEM JIPYTUM AJITOPUTMOM
[IPOU3BOUTCS YydIlleHre 3Toro perenus. Ho Ha TeKymnit MOMEHT He IPeJICTaB/IeHO aB-
TOMaTHU3UPOBAHHOTO CItocoba oTbopa KoMIo3uiuit aaropurMoB pertennss TSP u mabopa
METadBPUCTUYECKUX ITapaMeTpoB. B jlanHoi#l cTaThe mpejicTaBjieH dTan (hOPMUPOBAHUS
0a3bl JAHHBIX [/ 00y YeHs MHTEIJICKTYaIbHON CUCTEMbI BBIOOPA aJI'OPUTMa, OCHOBBIBA-
sichb Ha MeTamHpoOpMalnuy rpada u MareMaTudeckoit Mojesn 3ajaqun. [Ipuseen Bbrauc-
JINTEJIbHBIA 9KCIIEPUMEHT JIJIsT CPaBHUTE/ILHOIO aHaJ/M3a Ha TECTOBBIX HabOpax JaHHBIX,
JJ1gd KOTOPBIX M3BECTHDI 6ﬂI/I3KI/Ie K TOYHBIM PCIICHUA.

AJtropuTMBI perntenust 3aa9i MHOIOAT€HTHONR MapIIPyTU3AIMKA THIIA, KOMMUBOSZKEDA
(MHOTHX KOMMUBOSIZKEPOB) OIUPAIOTCST HA METAIBPUCTHYECKIE aJIrOPUTMbI pererust TSP.
Takum obpazom, mpeiaraeMas MeToanka npumennma g MTSP, a takxke siBisiercst

OCHOBOI1 JIJTs1 BIOOPa aJITOPUTMOB PEIIEHUs] TPAHCTIOPTHOH 381841 C BPEMEHHBIMI OKHAMMU.

1.1. Onucanwue gaHHbIX. [lj1s TpOBeIeHNS SKCIIEPUMEHTa, HCITOTH30BAJINCH JTATACETHI 13
TSPLIB [66]. TSPLIB — 310 6ubsmoreka stasonusix npumepos st TSP. TSPLIB cocro-
UT U3 KOJUIEKIIUU JAHHBIX JIJIs pa3andHbiXx TSP, a Takke ONTHMAJILHBIX WU JIYUITIX U3-
BECTHBIX PeIreHnit A1 Kaxk10ro sk3eMiuisipa. TSPLIB comep)kut paznndnbie TUIIBL JaH-
ubix it TSP, rakue kak cummerpranas TSP (korja paccrosiHue MexK Ty JTFOOBIMU JBYMst
rOpoJIaMi OJIMHAKOBO B 00OMX HallpaBjieHusax) u acuMmmerpudnas TSP (korma paccros-
HIe MOYKET MEHSIThCsI B PA3HBIX HAIlPaBJICHUAX ). Bubmoreka mpeocTaBisier pasinaHbie
dopmaTel daitoB /A TpeIcTaBIeHns] SK3EMILISIPOB, 9TO OOJIerdaeT ee HUCIOIb30BaHNe
B Pa3jMYHBIX Ccpejlax. JTa Oub/IMoTeKa MUPOKO UCIOJIb3YeTCs B COODINECTBE UCC/IEI0BA-
tesieit TSP B KadecTBe cTaH apTHOrO STAJIOHA JIJIs OIEHKU AJI'OPUTMOB U BPUCTUK JIJIsI
pemennss TSP. C ee moMoIpbio MOXKHO CPABHUTH TPOU3BOJIUTEITLHOCTD PA3JIMIHBIX AJI-
TOPUTMOB, pa3padoTaTh HOBBIE METOJIbI PENIeHNs] U OIEHUTDh IIPOrPecc B 3TOI 0OJIacTh ¢
TeYEeHUEM BPEMEHN.

[TporpaMMHBIii KOMILIEKC TecTHpoBaJics Ha cieayomux rpadax uz TSPLIB [66], unc-
JIO B Ha3BaHUU YKa3bIBaeT Ha KOJu4decTBO BepinuH: €ilbl, berlinb2, st70, pr76, eil76, groo,
rat99, rd100, kroB100, kroD100, kroA100, kroC100, kroE100, €il101, 1in105, pr107, pri124,
bier127, ch130, pr136, gr137, pri44.
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1.2. MeTa’BpuUCTUKM JIOKAJIbHBIX areHToB. ljis1 00yveHns: cucTeMbl aBTOMATHIECKO-
ro BeIOOpa aJIropuTMa HEOOXOIUMO cOOpaTh 0a3y JAHHBIX PE3Y/IbTATOB pacdeTa JiJisi Ha-
O0opa METa’BPUCTUIECKUX AJTOPUTMOB U MOCTPOUTH CUCTEMY OIPEJIE/IeHNsT MeTa laHHbIX.
B namnoM pasjesie MPUBOIUTCS PE3YJIbTAT MPOCIETOB I 39 METAIBPUCTUUECCKUX AJITO-
PUTMOB.

Kak mpaBusio, 3Tu ajropuTmbl cojiepKar B cebe HEKOTOPBIE IMOJIb30BATEILCKUE I1a-
paMeTphl, KOTOPbIE CUJIBHO BJIMSAIOT Ha Pe3yJbTaTbl pabOThI Jjisi KOHKPETHOro rpada.
Tak Kax OI00P ONTUMATBHBIX TTAPAMETPOB SIBJIAETCST OTACTBLHON TPY/IOEMKON 3a1adeii, B
JIAHHOM 3KCIIEPUMEHTE OH He MPOBOIUJICSA. BMECTO 3TOro mo/jib30BaTeIbCKUe MapaMeTphbl
3aaI0TCS CPETHUME OOIIECIPUHATHIMU 3HAUYCHUAME, & KOJUIEeCTBO UTEpaInil 3a1aeTca B
3aBHCHMOCTH OT Pa3sMEPHOCTH HabOpa JaHHBIX (deM GOJIbIIE PAa3MEPHOCTL, TeM GOJIbIIe
ureparnuii). Takoil mMojXo/1 TO3BOJIAET MOJYIUTh OMOPHBIE PE3YIBTATHI PAGOThI AJITOPUT-
MOB JIjIs1 JTI0OOTr0 HAOOpa JIAHHBIX.

B kagyectBe OuMOIMOTEKM ~ META’dBPUCTHUYECKUX  AJTOPUTMOB  HCIIOJIb3YETCSI
pyCombinatorial [64]. D10 6Gubimoreka Python, npemocrasisitomias HaGOp ajroput-
MOB KOMOWHATOPHOI ONTUMU3AIMA W WHCTPYMEHTOB JIId pelleHus 3ajad. B Heii
IpeacTaB/JICHbI TAKUE METa3IBPUCTUYICCKHE aJITOPUTMbI, KaK FeHeTI/I“IGCKI/IfI, OIITUMU3aII A
POt JACTHUIL U UMHUTAIUS OTXKHUI'a, KOTOPHIE MOI'YT OBITH UCIOJIB30BAHBI I 3P HEKTHB-
HOTO peleHnst KOMOMHATOPHBIX 3ajad. bubimoreka pyCombinatorial mpemgocrasiser
(byHKL[I/IOHaI[beIe BOSMOXKHOCTHU JIJId OIEHKHU ITPOU3BOAUTE/ILHOCTU aJITOPUTMOB OIITHMU-
3alllin. OHa BKJIIO9a€T METPUKU JIJId U3MEPEHUA KadeCTBa pemeHI/Iﬁ, TaKe KaK SHAUYCHU A
00BbEKTHBHON (DYHKIIMKM U BBIIOJHUMOCTH pelrenns. bubimumoreka mpesaractT BO3MOXK-
HOCTU BU3YAJM3aI[MU, YTOOBI IOMOYb IIOJIb30BATE/ISIM TOHSTH U IIPOAHATU3UPOBATH
IIoBeaAcHue aJIr'OPUTMOB OIITHMHU3aIlMN; OHa IIPEAOCTaBJ/IACT MHCTPYMEHTLHI [IJId BU3Yya-
JIM3alliun XOJda BBIIIOJIHEHUA aJIFOPUTMOB, BU3YaJIHU3allUd MapHIPyTOB WJIN Ha3Ha4YEeHU
peleHnii, a Tak:Ke MOCTPOeHUs IPapPUKOB MJIM JUATPAMM JIJIsi aHAJII3a [TPOU3BOIUTE b
Hoctu. Baxkno ormernth, uto pyCombinatorial mMeer OTKPBITBIH HUCXOMHBIN KOJI. DTO
IIO3BOJINJIO HACTPOUTH U PAaCIIUPUTDH beHKL[I/IOHaJIbHOCTb B COOTBETCTBUU C KOHKPETHBIMU
IIOTpe6HOCTHMI/I BbBIIHUCJIMTCJILHOI'O 9KCIIEpUMEHTa.

Paspaborannoe npuioxkeHne s pacieToB UMeeT MOJYIbHYIO CTPYKTypy. Bzanmo-
JIefCTBIE MKy MOJIYJISIMIA OJTHOTO IIPUJIOXKEHNsT PeAJIM30BAHO 3a CIeT BbI30Ba (DYHKIINI.
Cxema mporpaMMHOrO MPOAYKTa IpejcTaBieHa Ha puc. 1. «[1aBHbIi OJIOK» SBJIsIETCS Me-
HEJIZKEPOM BCEro IPOeKTa, Ha BXO TOro 0Jioka mojaeTrcs cuucok rpacdos. B «[maBnom
0JI0Ke» TPONCXOJINT CUWThIBaHWE rpada, Mocae 9ero OoH Iepejaercs B «Ajaropurvmude-
ckuii OJIOK», KOTOPBIl ITPOU3BOJIUT BBI3OB 38 IAHHOTO CITMCKA aJrOPUTMOB U3 OUOJIMOTEK

(B mamHOM cirydae 9to 60 pyCombinatorial, 6o «Bubsimoreka amropurmoss ). Dtor
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Puc. 1. Cxema pacueTHOTO MOJTYJIst

Moty IbHBII TTO/IXO/T TIO3BOJISIET MACIITAONPOBATH MTPUIOYKEHUE B 3aBUCUMOCTH OT TPe-
oosanuii. K mpumepy, «Anropurmudeckuii OJI0K» MOXKET MOJYyIUTH €Ie OIUH MOJTY/Ib-
OUOIMOTEKY aJrOPUTMOB U MHTErPAIMs 3TOro OJIOKA He MOTpedyeT OCOOBIX YCHJIHI CO
CTOPOHBI Pa3pabOTIMKa, eIMHCTBEHHOE BO3MOYKHOE 3aTPYIHEHIE — 3TO PeaJH3alis alall-
Tepa st cOOJTIOIeHnsT mHTepdeiica JJoUepHero Moy s « AJIropuTMuIeckoro 6Jiokay. Tod-
HO TaK 2Ke JIEFKO MOYKHO U3MEHUTDH CIIOCOO 3aIlMCH PEe3y/IbTaToB, HAIPUMED, Ha 3aluCh B
0a3y JAHHBIX WU KOHCOJIb.

HpOI/ISBe,Z[eH aHaJIn3 CJICAYIOIMUX METa3BPUCTUYICCKUX aJITOPUTMOB:

1. Best Known(BK) — siyuiiiee uzBecTHOe Ha JIAHHBINH MOMEHT pellieHue Jijisi Habopa
nManubix n3 oubamorekn TSPLIB [66].

2. Ant Colony Optimization (ACO) — mMerasBpucTudecKuii ajroputM, HHCITUPU-
poBaHHBII 10BeIeHneM MypasbeB B nounckax muim. Ajgroputm ACO (Ant Colony
Optimization, ontumusarust MypaBbuHOil Kostonnn) it TSP Moxker HaxomuTh Ka-
JeCTBEHHBIE DeINleHns 3a pPasyMHOe BpeMs, HO ero 3(M@eKTHBHOCTH 3aBUCHT OT
BBIOOpA TTAPAMETPOB U KOHKPETHBIX XapaKTEePUCTUK peIaeMoro sk3eminisgpa TSP
[6, 19, 56, 61].

3. 2-opt (20pt) — npocToit IBPUCTUIECKUTT ATTOPUTM, UCTIOIL3YEMbIH JJisl YTy diie-
uust pertenust T'SP. OcHoBHas njest aaropuTMa 3aK/II09aeTCs B UTEPATUBHOM yIa/Ie-

HUU JIByX pedbep u3 mapripyTta TSP u 3amene ux aByms HOBbIMU pebpamu, KOTOPBIE
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10.

COEJIMHSAIOT MAPIIPYT JPYTHM CIIOCOOOM, UTOOBI MOJYYUTH 00Jiee KOPOTKOe o0IIee
paccrosiue |16].

2-opt-stochastic (20ptS) — Bapuant asropurma 2-opt mig TSP. OcHoBHas nzest
AJITOPUTMA 3aKJI0YaeTCsd B CIydaiiHOM BbIOOpe Habopa pebep B MapHipyTe U I0-
CJIeJTYIONIEM MTPUMEHEHUN aJITOPUTMa 2-0pt TOJIBKO K 9THM pebpam, a He KO BCeMy
MapIpyTy. Takoit 1moiaxo/l MOXKET ITOMOYb U30€KATh JIOKAJBHOI'O OINTUMYMa U UC-

CJIeJIOBaTh GOJIbIIee TIPOCTPAHCTBO pernenuii [41].

. 2h-opt (2Hopt) — pacmupenne agropurma 2-opt ayst TSP. OcroBrast uzest ajiro-

purMa 2.5-0pt 3aKII0YAETCS B TOM, 9TOOBI yIAJUTh Tpu pedbpa u3 mapmpyTta TSP,
a 3aTeM COEJIUHUTH MApIIPYT € IOMOIIBIO TPEX HOBBIX pedep JPYyIuM CIOCODOM,

9TOOBI TIOJIYyIUTh MeHbIee obiee paccrosaue [57].

. 2h-opt-stochastic (2HoptS) — Bapuant anropurma 2.5-opt ns TSP, Brioga-

foImumii croxacTudecknii saement. OcHoBHasI ues 2.5-opt stochastic sakmogaercs: B
CJydaifHOM BBIOOpe HabOpa u3 Tpex pedep B MapIIpyTe U MOCIEAYIONeM IIpIMeHe-
HUAK aJITOpUTMa 2.5-0pt TOJBKO K 9THM pebdpam, a He KO BceMy MapmipyTy. Takoit
IIOJIXO0JT, MOXKET TTOMOYb M30€KaTh JIOKAJTIBLHOI'O ONTUMyMa, U HCCJIe0BATH OOJIbIee

[POCTPAHCTBO perenuii [57].

. 3-opt (3opt) — pacuupenue ajropurma 2-opt. OcHoBHas ujesi ajropurma 3-opt

3aKJII0YAETCS B TOM, YTOOBI yIaauTh Tpu pedpa u3 mapuipyTta TSP, a 3arem coean-
HUATH MapPIIPYT C TOMOIIBIO TPEX HOBBIX pedep JPYTUM CIIOCOOOM, UYTOOBI MOy YUTh

6ostee KopoTkoe obree paccrosue [43].

. 3-opt-stochastic (3optS) — BapuanT ajropur™a 3-opt JId pelleHus 3aJadu

KOMMUBOsIZKEPa, BKJIIOYAONINI cToXacTudecknii smemenT. OcHOBHast mjest 3-opt
stochastic zakouaercd B ciaydaitHoM BbIOOpe Habopa U3 Tpex pebep B Mapiipy-
T€ U MOCJIeAYIONEM TPUMEHEHUHN aJropuTMa 3-0pt TOJIBKO K 3TUM pedpam, a He KO
BCeMY MapIipyTy. Takoil 1moaxo/1 MOXKeT OMOYb BBINTH U3 JIOKAJIHHOTO ONTUMYMAa

U UCCJIeIoBaTh GOJIbIlee MPOCTPAHCTBO pereruii [43].

. Biased Random Key Genetic Algorithm (BRKGA) — anropurm, kKaxigoe

pelenne KOTOporo MpeJICTaBIeHO BEKTOPOM CJIYYallHbIX KJIIOYeil, KOTOPbIE SBJIAIOT-
ca peiicTBuTebHBIMU dncaamMu oT 0 10 1. 3aTreM BEKTOp COPTUPYETCd, U MOPSIIOK
rOPOJIOB OIIpejiesIAeTcs NHIeKcaMn cOpTHpoBKU. Oepanys COPTUPOBKH ABJISCTCA
CMEIIEHHOM, TO eCTh KJII0YH, KOTOphIe OJmzKe K 1, cKopee Bcero, OymLyT OTCOPTUPO-
BaHbl PAHbIIe, YTO MPUBOIUT K BHICOKOKAIECTBEHHBIM perneHusaM [27].

Cheapest Insertion (CI) — ajropur™m, OCHOBAHHBIH Ha YACTHYHOM MapIIpyTe,
KOTOPBII COAEPKUT jBa ropoja. Ha KarkmoMm mnrare aJropuT™ BIOMpaeT ropo, Ko-

TOPBII eITle He BKJIIOYEH B MAPIIPYT, U BCTABJIAET €r0 B MapIHIpyT TaKuM 0Opa3oM,
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9TOOBI MUHUMU3UPOBATH yBEINYIEHNE JIJINHBI MapIIpyTa. AJITOPUTM ITPOIOIZKACTCS
JI0 TeX II0P, IOKa BCe Topoia He OyayT BKaUeHbl B MapmpyT. Cheapest Insertion
MMeeT BPEeMEHHYIO cI0xKHOCTL O(n?), Tj1e M — KOJIMYecTBO ropoJioB [52].
Christofides (Chris) — anropurs, OCHOBaHHBIH Ha KOMOMHAIIME MUHUMAJIHLHOTO
OXBaTBIBAIOIIErO JiepeBa n ujaeagbHoro coorserctbus. Christofides Algorithm uwme-
eT HauXy/IIyIo BpeMeHHyo cioxkuocTh O(n?), rie n — KoamdecTso ropojos. Ajro-
PUTM rapaHTUPOBAHHO BBIJIAET MApPIIPYT, KOTOPBIA MakcumyM B 1,5 pasa jjimHHee
ONITUMAJILHOTO MApPIIPYTa, 9TO JEJIAET €ro OJHUM U3 caMbIX 3P HEKTUBHBIX IBPU-
crudeckux agroputmos Juist TSP [28, 36, 59].

Clarke and Wright Savings (CWS) — KajHblil aJropuT™ IS PEIICHUs 3a-
naun kommubosizkepa. Clarke and Wright (Savings Heuristic) umeer BpemenHyIo
cioxuocts O(n?logn), Tiie n — KOJMYeCTBO TOPOJIOB. AJITOPUTM MOYKET HAXOUTh
KaJueCTBEHHBIE PeIeHus st HeOOIbINMUX U cpeHux dk3eMiisgpos TSP u gacto nc-
[I0JIb3YeTCs B KAYeCTBE OTIPABHON TOYKY JIjist 60JIee MTPOJIBUHYTHIX 9BPUCTHIECKUX
asropuTmoB [15].

Concave Hull (Conc H) — asroput™m, He nmpeHasHAYeHHbI CIEIUATIBHO [T
pelleHns 3a/a9u KOMMUBOsI?)KEPa, HO 3TO IOJIE3HBIH aJrOPUTM /IS HAXOMXKJICHUST
BOI'HYTOIl 000JI04YKKM Habopa TodeK B JByMmepnoMm tpoctpancrse. Concave Hull
Algorithm umeer Bpemennyio cioxkuoctb O(nlogn), rjae n — KOJUYECTBO TOUEK
[38, 45].

Convex Hull (Conv H) — asroputym, He Ipe/iHA3HAYEHHBIH CIICIIHAIBHO JJIsT Pe-
IIIEHUsT 33191 KOMMEIBOSI?KEPA, HO MTOJIE3HBIH JIJIs HAXOXKIEHUS BBIYKJION 0007101-
KN MHOXKeCTBa Todek B JaByMmepHoM mpoctpancTtBe. Convex Hull Algorithm mmeer
BpeMeHHYI0 cioxkHOCTE O(nlogn), rue n — KoamaecTBo ToUeK [33].

Elastic Net (EN) — asroput™m MarmmHHOrO 00y9eHHsI, KOTOPbIA COYETAT METO-
Jbl peryiagpusanun L1 w L2 jyis ocTiKeHus bajiaHca MeXKly Pa3sperKeHHOCTHIO
u Koppesanueii mpu Beioope mpusHakoB. OH He ObLI CrieluaibHO pa3paboTaH s
peIeHns 3a/1a"1 KOMMUBOsIZKEpa, HO ObLT npuMeneH K TSP B kauecTBe appuctutie-
cKoro ajropurma ontuMuzaimn [20].

Extremal Optimization (EQ) — ajropur™, OCHOBaHHBIN Ha KOHIEIIIUU CAMO-
OpPraHU30BaHHON KPUTUIHOCTU, KOTJA CUCTEMa PA3BUBACTCS B HAIPABJICHUU KPHU-
TUIECKOTO COCTOSIHUSI, TIPU KOTOPOM JIaHITA(T ONTHMU3AINNA CTAHOBUTCH OOJiee
nocrynaeiM |12, 13].

Farthest Insertion (FI) — KOHCTPYKTHBHBINH 9BPUCTHYECKUI aJITOPUTM I Pe-

nieHnd 3aJa9 KOMMUHBOAZKEPa. HpI/IHa,HJIe}KI/IT K CeMeﬁCTBy aJI'OPUTMOB BCTaBKH,
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KOTOpPble HAYMHAIOTCA C YACTHUIHOTO MapINpyTa W UTEPATUBHO BCTAB/IAIOT OCTAB-
IIecst TOPOJIa B MAPIIPYT JJIsl CO3/IaHUsI MOJIHOTO MapiipyTa. Asroputm Farthest
Insertion nMeeT HAUXYIITYIO BpeMEHHYIO ¢I02KHOCTEL O(n?), rie n — KoJM4ecTBO To-
PO/IOB, TIOCKOJIbKY €My HEeOOXOJMMO BBIUUCIUTH PACCTOSTHUE MEXK Ty KarKJIOoW Mapoil
rOPOJIOB, ITOOBI BBIOPATH CaMbIil JasibHuii ropos [52].

Genetic — MeraspucTHYECKHiT aJTOPUTM ONTHMHU3AINNA, OCHOBAHHBII Ha ITPUHIIN-
nax ecrecTBeHHOro orbopa n rexeruku |50, 55|.

Greedy Randomized Adaptive Search Procedure (GRASP) — mHoroza-
JIAYHBI aJIFOPUTM, KOTOPBII COUeTaeT YKaHyI0 KOHCTPYKTUBHYIO 9BPUCTUKY C Me-
TOIAMU JIOKAJIBHOTO moncka |21, 47].

Greedy Karp-Steele Patching (GKSP) — yiyumienue TpauinoHHOrO Ka1HO-
ro ajropurma [24].

Guided Search (GS) — KOHCTPYKTUBHBII AITOPUTM, KOTOPBIl CTPOUT peIeHIe
[IOCTEIIeHHO, BLIOUPast JIYUIInil CJIeYIONINii X0 Ha OCHOBE YKaTHOTO KPUTEPHST, HO C
HEKOTOPOU PaHJIOMUIAINEHN, TO3BOJILIONIEN NCCIeI0OBATh PA3JINYHbBIE ITPOCTPAHCTBA
noncka [60].

Hopfield Network (HN) — agropurm Ha OCHOBE HEIDOHHON CeTH, KOTOPBIA MO-
’KeT ObITh MCIIOJIb30BAH JIJIsi PEIlleHns 3a/1ad ONTUMU3AINN, BK/IIOYAs 3a/1a1y KOM-
MUBOsizKepa. AJITOPUTM OCHOBAH HA CETH B3aUMOCBA3AHHBIX BBIYUCTUTETHHBIX OJI0-
KOB (HEHPOHOB), Tyie KaKIblil HefipoH cooTBeTcTBYeT ropoay B TSP, a cBasu mex ity
HEeHPOHAMI TIPEJICTABIISIOT COOOI paccTosiHmst MeK ity ropogamu [40, 42].

Iterated Search (IS) — asropur™m, ocHOBHAs MJesi KOTOPOIO 3aK/II0YAETCS B TOM,
4TOOBI HAYaTh C TEKYIIEro PeNleHns, a 3aTeM MPUMEHUTH MPOIELyPy MOMCKA s
€ro YJIydIleHusi. DTOT IMPOIECC MOBTOPIETCA HECKOJIBKO pa3, KayKJblil pa3 Hadu-
Hasl ¢ HAWJIYYINEero perieHuns, Hail IeHHOro Ha JaHHbIil MOMeHT. [Iporiemyphl moncka,
UCIIOJIb3YeMble Ha KarKJOW UTepaluu, MOI'YT ObITh OJIMHAKOBBIMY WUJIU PA3HBIMU U
BBIOUPAIOTCS € yUeTOM WX CHJIBHBIX U CJ1abbIx cTOpoH [8, 11].

Karp-Steele Patching (KSP) — asropury™, KoTOpbIil HaunHAETCST ¢ BBIOOpA, Te-
KYIIIEro ropojia B Ka4eCcTBe HAaYaIbHOW TOYKHU JIJIsd TAMUJILTOHOBA IUKJIA. 3aTeM OH
UTEepaTUBHO J00aBJIsAeT B IUKJ HOBBIE TOPOJIA, IO OJIHOMY 3a pa3, HAa OCHOBE Ha-
bopa mpasui. IIpapuia pazpaboranbl TakuM 00pa30M, 9TOOBI rapaHTHPOBATH, UTO
PE3YJILTUPYIONINi TaMIJIBTOHOB IIMKJI BBITIOJHIM U UMeeT HU3KYIO CTONMOCTh [37].
Multifragment Heuristic (MH) — anropur™m, KOTOpBIil HaUnHAETCS C pas3esie-
Hus sx3eMiisipa TSP Ha HeckobKo 60j1ee MeTKUX M0/I3a/1a4, KayKJIasd U3 KOTOPBIX

COCTOUT M3 IMOJAMHOXKeCTBa ropoJioB. [lojzagatdn MOryT ObITH CO3/IaHbI HA OCHOBE
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PA3JIMIHBIX KPUTEPHUEB, TAKNX KaK PACCTOsSHUE, CBSI3HOCTD WM KJIACTEPU3AINAS TO-
posos [32].

Nearest Insertion (NI) — ajropurm, KoTopbiil paboraer, HAYMHASA C TEKYIIETO
MapIIpyTa, BKIOYAIONIErO JIBa TOPOJIa, & 3aTeM UTEPATHBHO J00ABISAA K MapIIpy-
TY HOBBIE I'OPOJIa TAKUM 00pa30M, YTOOBI MUHUMHU3UPOBATH OOIILYIO ITPOJIOIKUTE Th-
HOCTB MapripyTa [7, 52].

Nearest Neighbour (NN) — ajsropurm, KOTOpbIii paboraer, HAUUHASA C IPOU3-
BOJILHOI'O TOPOJIa, & 3aTeM MHOTOKPATHO BbIOMpasi OIMKAMIINi HeloCeleHHbI ro-
PO/, TTIOKa BCe ropojia He Oy/IyT MOCENIEHbI, 9TO IPUBOIUT K MOJTHOMY TaMUJIBTOHOBY
IIUKJIY, KOTOPBIii TIOCEIAeT KaxK Iblii TOpOoj| POBHO OJuH pa3 |29, 54|.

Random Insertion (RI) — anropurs, KOTOpBIii HAYMHAETCS ¢ BHIOOPA MPOM3-
BOJIBHOT'O HAYaJbHOTO TOpPOJa, a 3aTeM J00aB/IeHNsT B MapIIpyT TOPOJIa, KOTOPBIi
HAXOJINTCsI OJIMZKe BCEro K HadaabHOMY roposy. Creayrorimii 1ob6aB/isieMblit TOpoT,
BBIOMPAETCs CJIyUdaiiHbiM 00pa3oM 13 HAOOpa HEMOCENIeHHBIX MOPOJIOB U BCTABJIS-
eTcd B MapHIpyT B CAyYallHOM MecTe, KOTOPpOe MUHUMU3UPYET yBeJndeHne ooIeit
JUIMHBL MapipyTa |7, 52|.

Random Tour (RT) — anropurm, KOTOpBIii paboTaet, reHepupys CJIyIaiiHbIil ra-
MIJIBTOHOB IIUKJI, KOTOPBIi MOCEIaeT KaxK bl TOPO/] POBHO OJIUH pa3, a 3aTeM UTe-
PATUBHO YJIyUIIaeT MapIIpyT, MEHds MeCTaMU Mapbl TOPOJIOB, YTOOBI YMEHBITUTD
obryro mauHy MapripyTa [10].

Scatter Search (SS) — ajropur™, KOTOPBIl HATHHAETCS C CO3AHNS HAYATHHON
COBOKYITHOCTH BO3MOYKHBIX PEIIEHUIT ¢ UCIIOIH30BAHNEM IBPUCTUKU TIOCTPOCHUS, Ta-
KO Kak OJIMKalIInit coce M caydaiiHas BCTaBKa. 3aTeM 9Ta MOMYIAAA JETUTCS
HA HECKOJIbKO TOJIIPYII, KaxKasi U3 KOTOPBIX ONTUMUBUPYETCsl C UCIOJIB30BaHU-
eM MeTOJ[a JIOKAJbHOTO MOUCKA, TAKOr0 KaK aJrOpuTM 2-0pt Wim ajaroputm 3-opt.
Jlydime perrenusi n3 KaykJIo0i MOJATPYIIILI 00beIMHAIOTCS JIJIsi CO3JIAHUS Pa3HO00-
pa3Horo HabOpa pelleHnii-KaH /I1/IaTOB, KOTOPbIE JOMOTHUTETHHO OMTUMUZUPYIOTCS
C WCIIOJIb30BAHNEM METOJIa JIOKAJIBLHOTO moncka |14, 22, 25, 34.

Self Organizing Maps (SOM) — aaropurs™ HelipOHHOI CeTH, BO BpeMsi KazK 10
UTepaIuu KOTOPOro CIydaiiHbIM 00pa3oM BLIOMPAETCS TOPOJI U HAXOJIUTCs OJTrKaii-
masg K HeMy siduefika CeTKd. 3aTeM ajrOpUTM OOHOBJISET IMO3UIUU TOPOJIOB B CO-
CeJTHUX siuefikax CeTKM, UCIIOJIb3Ysl OIpe/ie/IeHHY 0 (DyHKINO cocepacTBa. OyHKIms
COCEJICTBA ABJIsIeTCs yObIBaloIieil (hyHKIMel PACCTOAHNSA, ITO TO3BOJISET aJrOPUT-

My 9D hEKTUBHO UCCIIE0BATH TPOCTPAHCTBO pereruii [17].
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32.

33.

34.

35.

36.

37.

Space Filling Curve Hilbert (SFCH) — asroputym, HCHOJB3YIONHI KPUBYIO
3aI10JIHEHUST TTPOCTPAHCTBA, JIJIsl CBEJICHIS TTPOOJIEMBI TTOUCKA, OTITUMAJIBHOTO MapII-
pyTa K mpobjiemMe yIopsijioueHus ropojioB Ha Kpusoil. Kpubas ['mabbepra mpe/-
craBjisier coboit ppakTaIbHYIO KPUBYIO, 3aIllOJHAIONIYI0 KBaJpar. [IpenmymiecTBo
9TOr0 AJIFOPUTMa B TOM, YTO €r0 OTHOCHTEHHO JIEFKO PeAJIn30BaTh, M OH MOYKET
obpabaTeiBaTh Gostbime sK3eMiuigpbl TSP ¢ Teicsaamu ropojios [48].

Space Filling Curve Morton (SFCM) — ajiropurs, UCHOJIb3YIOMUI KPUBYIO
3AII0JIHEHUS TTPOCTPAHCTBA, YTOOBI CBECTHU MPOOJIEMY MTOUCKA OMTUMAJILHOTO MapII-
pyTa K mpobJieme yropsiIoueHus TOpoIoB Ha KpuBoii. Kpusas MopToHa — 3T0 THIl
KPHUBOIA, 3aIIOTHATONIEH IIPOCTPAHCTBO, KOTOpas 0TOOpazkaeT JIByMEepHOe IPOCTPaH-
CTBO B OJIHOMEpHYIO KpuByI0. KpuBasi cTpouTCs IIyTeM depeoBaHWsA JIBOUIHBIX
[pe/ICTAaBICHNT KOOPJUHAT & 1 Y To4eK [46].

Space Filling Curve Sierpinski (SFCS) — ucrosb3yer KpuByIO 3al0JHEHHs
MPOCTPAHCTBA JIJIsi CBEJICHUS TIPOOJIEMBI TIOUCKA ONTUMAILHOTO MapIIpyTa K PO-
Os1eMe yIopsIoueHus ropojioB Ha Kpuboii. Kpusas CeprimHCKOro — 910 TUIll ppak-
TAJBHON KPUBOii, KOTOpas HAYUHAETCS C TPEYTrOJbHUKA U PEKYPCUBHO IOJpas3/ie-
JIsleT ero Ha 0oJjiee MeJIKHe TPEYroJIbHUKKA. KpuBasi CTPOUTCS IIyTeM IOCENeHIs
BEPIINH TPEYTOJbHUKOB B OIPEJIEJIEHHOM Hopsijike [9)].

Stochastic Hill Climbing (SHC) — asroputm, KOTOpbIi HAIHHAETCS CO CJIydaii-
HOI'O TEKYIIEro pelleHusl ¥ UTePATUBHO YJIydIllaeT ero, BHOCS HEOOJIbIINE CJTydaii-
HbIe U3MEHEHUsI B PEIlleHre U MPUHUMAasi U3MEeHEHHe, eCJI OHO MPUBOJIAT K JIYdIIeMY
perrernto. Crydaifiable W3MEHEHHsT MOT'YT BKJIIOYATh 3aMEHY JIBYX TOPOJIOB MECTAMH,
M3MeHeHHe MOPsi/IKa MOJIMHOYKEeCTBa TOPOJIOB WU JpyTue Bo3MyIeHus [53].
Sweep — KOHCTPYKTUBHBII aJrOpUTM, KOTOPBI HAYNHAETCS ¢ BBIOOPA «IEHTPa/Ib-
HO¥» TOUKM B 9k3eMiuigpe TSP, nampumep, reoMeTputieckoro meHTpa, a 3aTeM cop-
TUPYeT ropojia B MOJAPHBIX KOOPJMHATAX OTHOCHUTEJIHHO ITOW TOUYKH. AJTOpUTM
CTPOUT MAapIIpyT, COeUHSs TOPOJia B OTCOPTUPOBAHHOM Hopsijike [23, 58].

Tabu Search (TS) — asropurm™, OCHOBaHHBI Ha Hjee KPATKOCPOUHBIX JKEPTB
paJii JIOCTH2KEHUsI JIOJTOCPOUHbIX BbiroJ. Tabu Search momjep:kuBaer cTpyKTypy
MaMsATH, HA3bIBAEMYIO «CIIMCKOM 3aIpPeTOB», KOTOPasi OTCICKUBAET HEJTABHO 1TOCE-
IIIEHHbIE PeIlleHusI U MPeJOTBPaIlaeT UX [MOBTOPHOE IOCEIIEeHe aJropuTMoM. Aji-
POPUTM HAYUHAETCS C TEKYIIEro PEIeHrs, KOTOPOe MOKeT OBITh CreHEPHUPOBAHO C
UCIIOJIb30BaHUEM PAa3IMIHBIX METOJI0B, Takux Kak Nearest Neighbour nin Random
Insertion. 3arem ajropuT™M BBINOJIHSIET CEPUIO UTEPAIIHIT JIOKAJTHLHOTO ITOUCKA, B KO-
TOPBIX OH UCCJIEyeT OKPECTHOCTH TEKYIIEro pelleHust, BHOCA HeOOJIbINNe U3MeHe-

HUd, TAKNE KaK 3aMEeHa JBYX I'OPOJIOB UJIA BCTaBKa I'OPOJIA MEXKJLYy ABYMS APYTUMU.
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38.

39.

40.

AJIropuTM OIEHMBAET HOBLIE PEIICHMs, CO3IAHHBIC STUMU MOIMMDUKAIMAME, 1 BbI-
Oupaer Jrydinee U3 HEX /s nepexoga |26, 39).

Truncated Branch and Bound (TBB) — anropurwm g TSP, ocnoBaunblii Ha
METO/Ie BeTBEel M I'paHull, KOTOPBIA HCCIAEAyeT IIPOCTPAHCTBO PELICHUN, pPa3BeTB-
JISIFCh Ha MOJAMHOYKECTBA T'OPOJIOB M OIPAHMYMBAasl IOUCK, OTOpachiBasd YaCTUIHbBIE
pelleHns, KOTOPbIe He MOI'YT IIPUBECTH K ONTUMAJIbLHBIM pernernsam. OCHOBHAA njes
TBB cocTout B TOM, 9TOOLI HCHOIL30BATH OIPAHMYEHHE 110 BPEMEHHU I KOHTPOJIS
KOJIMYECTBa BETBJICHNH 1 orpanumdenuii. To ecTb BMECTO TOro, 9ToObI NCCIEI0BATD
BCe JIEPEBO TIOMCKA, aJI'OPUTM OCTAHABIMBACTCS YePe3 3aJaHHOe BPEMS 1 BO3BpaIIla-
eT JIydlliee pelenne, HailjilenHoe Ha JaHHbli MomenT. Takum obpaszom, TBB mozxker
obpabaTbiBaTh KpyIiHble sk3eMiuiapsl TSP [51].

Twice-Around the Tree Algorithm (TAT) — spucrtudeckuii ajropuTm, oc-
HOBaHHBII Ha MOMCKE MUHUMAJBLHOIO OCTOBHOTO JIEpPeBa BXOJIHOTO rpada m mocie-
JyromeM 00Xoze JepeBa IBazK bl 1 (pOpMUPOBAHUS MAPIIPYTa. AJITOPUTM HMeeT
BpeMeHHYI0 cj10:kHOCTh O(nlogn) jyist MOCTPOEHUsT MUHUMAJILHOIO OCTOBHOTO Jie-
pesa u O(n) mjis ero 06xoja, TJie n — KOJINIeCTBO BepiinH B rpade [49].
Variable Neighborhood Search (VINS)— anropurs, KoTopblii HaunHaeT pabo-
Ty € TEKYIIEro perierus (HApuMep, CJIydaifHO CreHepUPOBAHHOIO MapIIpyTa), a
3aTeM BBIIOJIHACT JIOKAJIBHBIN IMOUCK 110 9TOMY PEINeHHIO. FKc/n JIOKAJIbHDIA MONCK
HE JIaeT yJIyIIIeHHOrO PEIIeHNsT, aJITOPUTM IEPEXOIUT K HOBOMY PEIICHUIO B IPYTOM
paiione (Hampumep, IIyTeM H3MEHEHUsI MOPs/IKa MOJMHOYKECTBAa TOPOJIOB B MapIil-
pyTe). 3areM CHOBa BBIIOJHAETCS JIOKAJBHBIH MOUCK HOBOI'O PEINEHUs, U MIPOIIECE
HOBTOPAETCS 10 TeX IOp, IOKa He OyAeT HalIeHO yIOBIETBOPUTE/ILHOE PelleHue
WM 1oKa He GyJIeT BBIOJHEH KaKOW-Jn00 Kpurepuil 3aBepinenns (HampuMmep, J10-

CTUTHYTO MaKCHMAaJIbHOE KOJMIeCTBO mrepariuii) [44].

1.3. Merpuyeckue xapakTepuctukm rpada. Merpudeckne XapaKTepUCTUKH rpada

IpeacTaB/IAI0T Cc000I1 KOJIMUYeCTBEeHHbIE IIOKa3aTeJ/In, UCIIOJIb3YeMbIC IJIgd U3MEPEHUA U aHa-

Jn3a coitcTB rpada. OHu npeocTaB/IsdAioT HHHOPMAIIUIO O PACCTOSHUAAX U CBA3IX MEZKLY

BepImHaMu rpada.

MeTtpudeckue XapakKTEepUCTHKU T'pada UIrpaloT BayKHYIO POJIb B aHAJU3€ U CpaBHe-

HAW PA3JIMIHBIX THIIOB I'padoB, a TaK:Ke B PEIICHUU PA3JIUIHBIX 3a/1a9, CBA3AHHBIX C

ceTdMU, Mapﬂlp}/'TI/IBaHI/IeIU/I n OHTI/IMI/ISaHI/Ieﬁ. OHU HO3BOJIAIOT KAYEeCTBEHHO OIMUCHLIBATDL U

U3yvaTh CTPYKTYPY M CBOHCTBa rpada, ITO CIIOCOOCTBYET JIyUIIeMy TOHUMAHUIO €r0 Xa-

PaKTEPUCTUK U TOBejieHns. buskue rpadbr obecrreunBaior 01u30¢Th 381241 TSP 1 BEIOOD

aJITOPUTMOB.
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ITornarue MeTaJaHHble MO2KHO paCCMaTpuUBaThb KaK «JaHHbIC O JaHHbIX, KOTOPbIC BbI-

YUCJIAIOTCA Ha OCHOBE JaHHDBIX». Onn MOTI'YT BKJ/IIO9aTh TaKYIO I/IH(bOpMaHI/HO, KaK pasMep

NJIN IIJIOTHOCTD rpa(ba, pacipeaeseHmne cTelleHell nan MoKa3aTeaIn HEHTPaJIbHOCTU Y3JIOB,

KO3 PUITUEHT KJIACTEPU3AIUN U MOJIYJIbHOCTDb CTPYKTYPbI COOOIIECTBA, & TaKXKe JIo-

Oble Apyrue CBOJIHbIEC CTATUCTUYIECCKUE JaHHbIC NI METPUKU, KOTOPbIE OTPazKalOT BazKHbIE

cBoiicTBa rpada.

Crmcok M3BJIEKAEMBIX METPUYECKUX [JaHHbIX IIPUBEIECH B Ta6JII/IHe 1.

Tabsauuya 1. Merpudeckue xapakTepucTuku rpada

Hazsanue meTpuku 3HadyeHUe
is_ directed SABJISIETCS JIU TPad HAIIPABICHHBIM
is_regular SIBJISIETCsI JTU Tpad PerysIsspHBIM
has_bridges HaJjim4ue B rpade MOCTOB
is_ chordal ABJISETCs JU rpad XOPIOBLIM
diameter JuaMeTp rpada
radius paanyc rpada
nodes KOJIMYIECTBO BEPIITUH
edges KOJIUIECTBO pebep
count max_cliques KOJITYECTBO MAKCUMAJIBHBIX KJIUK
max_weight clique BeC MAKCUMAJIbHON KJIUKU
density IJIOTHOCTD T'paa
node connectivity IapaMeTp CBSI3HOCTHU y3JIOB
count _triangles KOJIMYECTBO TPUAHTYJISIIII
number_of isolates | KOJUYECTBO W30 IMPOBAHHBIX BEPIITNH
s__metric S-MeTpuKa rpada

Boraucnennnie MeTaJaHHbIE MOT'YT OBLITD ITOJIE3HBI JJ1d HECKOJIbKNX Heﬂeﬁ, TaKNX KakK:

® XapaKTEepHUCTUKA TJI00AJBHBIX CBOWCTB UM CTPYKTYPHI rpadpa. Beranciennbie Meta-
JIAHHBIE MOTYT JIaTh TpeJIcTaB/ienre 00 OOIIeil TOMOJIOTUN U IOBeJieHnu rpada, a
TaKKe IOMOYb BBISBUTH JIIOObIEe 3aKOHOMEPHOCTU WJIM AHOMAJIMH, KOTOPbIE MOTYT
UMeTb OTHOIIIEHUE K aHAJIU3Y;

cpaBHeHne rpadoB win rpadoBbIX aJIOPUTMOB. BbIducjieHHbIE MeTa aHHbIE MO-
ryT OBITH UCIIOJIb30BAHBI JJIs CPABHEHUS TPOU3BOIUTEILHOCTU WU S(PHEKTUBHO-
ctu rpadOBBIX AJITOPUTMOB WJIN MOJIeell Ha TeCTOBBIX HAOOpaxX JAHHBIX, & TaK¥Ke
JIJISE OTIPEJIe/ICHUS TOr0, KaKue W3 HUX OOJIbINNE MOJIXOAAT JIId JAHHOW 3a/1a9i WIn
NIPUIOYKEHUS;

PYKOBOJICTBO TI0 BBIOODY HapaMeTpOB WJIn Mojesieit Jijis anaan3a rpados. Boranc-
JIEHHBIE MeTaJIaHHbIE MOTYT CJIYKHTb PYKOBOJCTBOM IIPH BBIOOPE TOJIXOISIIUX T1a-
paMeTpoB UJIu Mojeseil s aHam3a rpadoB, BbIJIE/ISAS COOTBETCTBYIOININE ACTIEKThI

rpada, KOTopble HEOOXOIMMO ITPUHUMATh BO BHUMAaHHE.
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HeKOTOpre IIpUMEPDLI BBIYUCJIAEMbBIX METa/JJaHHbIX B aHaJIU3€ FpaCbOB BKJIIOYalIOT:

e pacrpejiesienne crereneil. Paciipeiesnienue creneneit rpada mpejcrasiisier codoii ru-
CTOTPpaMMYy KOJIMYECTBa y3JI0B C KarKJOW CTEIEHBIO U MOXKET JaTh IPEJCTaBICHIE
0 CBSI3HOCTH U HEOJIHOPOJIHOCTH CETH;

® Mepbl IEHTPAJIBHOCTH. Takme IMmoKasaTeu IMeHTPAIbHOCTH, KaK IEeHTPAJbHOCTH
MEXKJIy y3JaMH, MEeHTPAJbHOCTh OJIM30CTA WK HMEHTPAJILHOCTH COOCTBEHHOI'O BEK-
TOpa, MOTYT JIaTh MPEJICTABJICHIE O BayKHOCTH WJIA BJIUSHUU y3JIOB B rpade;

e CTPYKTypa coolIecTBa. AJTOpUTMbI OOHAPYKEHUST COODIIECTB MOTYT OIPEJIC/IUTh
IPYIIIBI Y3JI0B, KOTOPbIE ILJIOTHO CBA3aHBI MEXKJTy CO00ii, HO c1ab0 CBA3AHBI C JIPY-

IUMU TPYIIIAMHU, U BBISBUTH MOJIYJIbHYIO MJIUM UEPAPXUIECKYIO CTPYKTYPY r'pada.

Brrunciennsie MeTadaHHbIE rpacba ABJIAIOTCA NCTOYHUKOM I/IHCbOpMaHI/II/I JJId eTro aHa-

JIN3a, IIOMOI'aloT O6Hapy}KI/ITb CKPBITbhIE 3aKOHOMEDPHOCTH U CTPYKTYPHBI B CJIO2KHBIX CETAX.

AgropurMm 1. AJroputM mojcyera CTaTUCTUKHU pacilpeaejieHnsi BecoB B rpade

Bxox: Crmcok Toduek Ha 1iockoctu  (Points), T0Jb30BaTENBCKHE —APaAMETPhI
(split_parts — KOIMYIECTBO JUANA30HOB JIJIS TIOJCIETa CTATHCTHKH ).

Boixox: O6bekr tuna  {”statistic”min_distance "max_distance " step” },  rtue
statistic — cuucok u3 split _parts 3JieMEHTOB, B KOTOPOM KaXKJbIil 3JIEMEHT CO-
OTBETCTBYET KOJMYECTBY BECOB, IMOMABIINX B JJAHHBIN uanaszoH. min_distance —
MUHUMAJIbHBIN Bec, max _distance — MaKCUMaJIbHBI Bec, step — Imar, Ha KOTOPBIi
OTJINYAIOTCA OUAITa30Hbl.

1. NaunuasimsupoBatsh nepemenubie min_distance = inf, max_distance = —inf,
statistic = [01, 02, ..., Ospiit_parts)-
2. Jlng Kaxk10#l TOYKHU TOJIYIUTh ee UHJeKce B Points.

3. s Kak10il TOYKU MOJYyIUTh ee uHjeKe pointl index B Points.
a) st kaxkoit TOUKHM, HAUMHAS ¢ WHJIeKca point]l indexr+ 1, moyanThb ee MHIEKC
point2 _index B Points.
(i) Berancaurs paccrostaue  distance MeXKJIy TOYKAMH € HHJICKCAMHE
pointl index u point2 _index.
(ii) Ecsin nosyuennoe paccrostuue 6osibiie, yeM maz_distance
(A) Ipuceours max _distance = distance.

(iii) Ecim mosryuentoe paccrosiiue MeHbIle, deM min_distance
(A) IMpucsours min_distance = distance.

4. Borancours mar no dopmyie step = (max_distance — min_distance)/
split_parts.
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5. g Kaxk10#l TOYKM MOJIyInuTh ee uHjekc pointl index B Points.
a) s kax1oit Touku, HaunHast ¢ uHekca pointl index+1, OIyInTh €e MHIEKC
point2 _index B Points.
(i) Boruncourh paccrosiuue  distance MeXKJy TOYKAMH €  WHJEKCAMHE
pointl index un point2 index.

(ii) Borameaurs  uMHIEKC — @anasoHa, B KOTODBIH  IIONAJaeT  BeC
index = distance//step (rme [/ — omepanus JejeHUsT HAIEJO).

(i) VBeawmauTh  KOJMYECTBO  BECOB B JIMANA30HE 110  HHJEKCY
statistic[index]+ = 1.
6. Bepuyrb obbekr tuna {statistic, min_distance, max_distance, step}.

B anropurme 1 ywmbInieHo npuMmeHsieTcs ayO/upoBaHuie Koja 00X0Ja BCeX BEPITUH
rpada B 1. 3 U 5. DTOro MOXKHO OBLIO M30eKaTh IyTeM J00aBJIEHNsT BCIIOMOTATETHHOTO
MaCCHBa BECOB, HO B 9TOM CJIydae YBEJIUINBAETCS HArpy3Ka Ha ONEPATUBHYIO MAMSITH IIPH
BBIMUC/IEHUN CTATHUCTUKU PacCIpee/ieHnsl BECOB B IOJHOCBSI3HBIX rpadax, cojepzKarimx
6osiee 100000 Bepmma. Hampumep, mas 100000 Beprmus 3ammceii BO BCIIOMOTaTeILHOM
maccuse Becos Gymer 100000 - (100000 — 1)/2 = 4999950000. ITosTomy ObLIO TPUHATO pe-

HnieHre IMOBBICUTL HaI'PY3KY Ha IIPOIECCOP U CHUSUTDHL HaI'PY3KY Ha OIICPAaTUBHYIO ITIaMATh.

2. PE3VJIBTATHI SKCIIEPUMEHTA

B pesyisibraTte 4nc/ieHHBIX 9KCIEPUMEHTOB chopMUpoBaHa Tad ua paboTsr 39 MeTas-
BPHUCTUYIECKUX aropuT™MoB Jijist Tpados n3 TSPLIB. B kononke «BK» maxomurcest mydmree
U3BECTHOE PeIeHne Jjis KOHKPETHOrO Habopa JIaHHBIX Ha JaHHbIH MoMeHT. U3 Tabuiibt
BHUJIHO, UTO pa3dpPOC peieHnii, oJIyIeHHBIX KazK/IbIM U3 aJrOPUTMOB, HEe OYeHb OOJIBINOII.
B KOHKpeTHBIX ciydasix MOXKHO BbIJIEJIUTH (paBopuTa. 1o ecTh /1 olpeieIeHHOro Habopa
JIAHHBIX OJINH U3 aJITOPUTMOB JIAET JIyHUIllee PEeIleHrne CPei OCTaIbHBIX.

Eciu caurars, 9T0 BHIOOP aropuT™Ma 3aBUCUT OT CTPYKTYpPHI rpada u ero MmerajiaH-
HBIX, TO MOXKHO CO3/IaTh CHCTEMY, KOTOpad Oy/eT ompeessiTh OJIM30CTh HOBOIO, €Ile He
IMOCYUTAHHOTO HabOpa JAHHBIX C yKe MOCUMTAHHBIM U PEKOMEHJIOBATH KOMITO3UIIUIO aJl-
TOPUTMOB JIJIsI, TPEJIITOJIOKUTEILHO, JIYUIIEro perieHns. B ciaydae, Korja ajiroputM He
CMOT' HAfiTH pereHne B CBA3K C JIOCTUXKEHUEM IIPEJIEJIOB JOIMYCTUMOM ITaMsaTH WK JPYTHU-
MU OTpaHUYECHUAMU, B HallJICHHOE PACCTOSHUE yCcTaHaB/IMBaeTcsd 3nadenue () 1 cauraercs,
YTO JIAHHBIN aJTOPUTM He TIPUMEHUM K TaKOil CTPYKType JaHHbIX. [[puBeeM HEKOTOpBIE

pe3yJIbTaThl PacueToR.
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Tabauya 2. Pe3ynbTaTbl pacieToB METAIBPUCTUK

Ne | Graph BK ACO 2-opt 2-opt-s | 2h-opt | 2h-opt-s | 3-opt 3-opt-s | BRKGA
1 eil51 426 429 447 462 447 441 444 459 437
2 berlin52 | 7542 7544 8167 8383 7544 7606 8238 7834 7979
3 st70 675 677 730 722 732 713 704 721 733
4 pr76 108159 | 108276 | 112729 | 112780 | 112850 | 111303 115021 | 111483 | 113384
5 €il76 538 559 590 584 577 568 584 578 569
6 gro6 513 517 545 575 526 529 530 575 569
7 rat99 1211 1239 1299 1399 1321 1296 1360 1342 1295
8 rd100 7910 8004 8683 8754 8563 8354 8469 8791 8400
9 kroB100 | 22141 22276 23942 24011 23095 24243 22998 23169 24057
10 | kroD100 | 21294 21637 21731 24008 22316 22419 21756 22843 23101
11 | kroA100 | 21282 21298 22559 25493 22019 22127 22862 23135 22387
12 | kroC100 | 20749 20869 22031 23347 22683 22164 21584 21869 22348
13 | kroE100 | 22068 22284 24315 23596 22870 23280 23624 24257 22344
14 | eill01 629 659 686 694 675 698 689 699 670
15 | lin105 14379 14382 14996 15676 15200 15156 16523 15218 15024
16 | prl07 44303 44346 47131 52111 47254 46028 44634 47269 49449
17 | pri24 59030 59208 66851 70866 61319 60370 61118 64272 60290
18 | bierl27 118282 | 119302 | 128625 | 129316 | 124153 | 128362 122248 | 124259 | 125811
19 | ch130 6110 6255 6506 7242 6494 6389 6435 6859 6488
20 | prl36 96772 98203 102043 | 112530 | 101719 | 100062 102991 | 107814 | 106079
21 | grl37 706 710 780 856 749 779 757 e 736
22 | prl44 58537 58535 62981 72809 65040 61754 58604 67500 63246
Tabauua 2 (npodoasicenue). Pe3ysbraThl pacieToB METaIBPUCTUK
Ne | CI Chris CWS SFCM | Concave | Convex | EN EO FI Genetic
1 445 443 457 468 441 441 443 474 433 429
2 8215 7868 8092 8089 8325 7544 7544 8529 T 7544
3 682 696 721 701 695 701 689 752 677 690
4 113347 | 113744 | 115002 | 111253 | 111159 109989 | 111989 | 109446 | 108663 | 110703
5 587 570 585 588 566 566 570 598 556 566
6 527 0 569 570 517 517 536 548 513 534
7 1297 1303 1293 1299 1281 1252 1289 1318 1232 1281
8 8022 8336 8814 8362 8167 8173 8168 9113 8113 8268
9 24201 22994 23943 23895 22407 22570 23493 24717 22349 22326
10 | 22147 21726 22799 22410 21777 21728 22876 24283 21523 21778
11 | 22469 22126 22254 22123 21481 21481 22424 25419 21452 21381
12 | 21398 21321 22030 21734 21109 21081 21868 24131 21043 21268
13 | 23577 22794 23444 23704 22912 22779 22546 23004 22463 22423
14 | 669 664 706 693 656 656 658 710 657 650
15 | 14796 15014 15126 14464 0 14975 15067 17264 14439 14931
16 | 45768 45317 | 47389 49952 0 49295 46642 50323 45023 44620
17 | 60257 59570 60106 60601 0 60388 61775 70638 59030 60088
18 | 130620 | 122143 | 124886 | 128737 | 122893 122893 122794 | 126082 | 119336 | 123941
19 | 6502 0 6528 6510 6502 6630 6317 7101 6224 6344
20 | 100706 | 98905 104853 | 108161 | 0 102780 | 101517 | 112089 | 98235 99807
21 | 787 0 737 780 722 722 782 805 708 733
22 | 59736 58810 60745 63913 0 60639 60335 72120 58880 58587

Omnenka pabOTBHI AJTOPUTMOB IPHUBEIEHA Ha PHUC. 2, 3 I KaxKJI0ro u3 Habo-

POB JJaHHBbIX. S,ZLGCI) OTO6pa}K€Ha OTHOCHUTEJ/IbHad OIleHKa IIO IIOJYYCHHbIM PEIICHUAM:

“Taurida Journal of Computer Science Theory and Mathematics”, 2023, 1



AHnaaus memasaspucmur 0as 3a0ay MHO2062eHMHOT MAPUWPYMUIAUUU 79

d(d) = (d — d*)/d*, tme d — pesynbrar pacderoB u3 Tabuuisl 2, d* — sydriee 3Hade-

HHUe.

OTHOCUTeNIbHas OLleHKa &

0.2 f

0.0

aco
2-0pt

2-opt-stochastic
2h-opt
2h-opt-stochastic
3opt

3-opt-stochastic
best_known
1k_genetic
cheapest_insertion
christofides.
clarke_wright_savings
concave_hull
convex_hull
elastic_net
extremal_optimization
farthest_insertion
genetic

grasp
greedy_karp_steele_patching *
quided_search T

Poidittdttttietetetts

eil51  berlin52  st70 pri6 €il76 rato9 rd100 kroB100 kroD100 kroA100 kroC100 kroE100 eill01  in105  prl07 prl24 bierl27 ch130 prl36 grl37  prl44
Habop AaHHbIX

Puc. 2. PezynbraThl paboThl aJropuTMOB

OTHOCMTEeNbHasA OLeHKa &

0.2

0.0

hopfield_network
iterated_search
Karp_steele_patching
multifragment_heuristic
nearest_insertion
nearest_neighbour
random_insertion
random_tour

scatter_search
self_organizing_maps
space_filling_curve_h
space_filling_curve_m
space_filling_curve_s
stochastic_hill_climbing

sweep

tabu_search
truncated_branch_and_bound
tat_algorithm
variable_neighborhood_search

Phitbbtttdttitttdts

eil51  berlin52  st70 prié €il76 rato9 rd100 kroB100 kroD100 kroA100 kroC100 kroE100 eill01  [in105  prl07 prl24 bierl27 ch130 prl36 grl37  prl44
Habop AaHHbIX

Puc. 3. PesynbraThl paboThl aJrOpUTMOB
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[Ipepnoraraercs, 9To Jiydiliee H3BECTHOE PEIlleHre MeHbIIe JIMOO paBHO JIIOOOMY Haii-
JIEHHOMY B IIpoliecce sKcrepuMenta. Ho ecim Kakoii-ub0 ajJropuTM yJIydiiuT U3BECTHOE
perienre, 7O 9T0 OyyieT 3aMeTHO Ha rpaduKe, TaK KakK 3HAYEHHE OTHOCHUTEIHLHOM OIEHKN
CTaHET OTpHUIATETLHBIM. TakuMm oOpa3oM, deM TOYKa OJIMKe K HYJI0, TeM OITUMaJjbHee
pelenne OBLIO HalileHO. 3HAaUYeHNs, paBHbIe -1 oTpazkaroT 0 U3 TabJIHMIBI 3HATEHMA, ITO

COOTBETCTBYET CJIydalo, KOIJa pelleHne aJropuTMOM He HaiijIeHo.

Tabauya 3. AnropuT™, TOKA3aBIIHI JIyIIIUi pe3ybTarT Ha rpade

Algorithm with best solution

ACO eil51, berlinb2, pr76

Chris gr96, ch130, gr137

Concave Hull lin105, prl07, pr124, pr136, pr144

Genetic eil101

GRASP kroA100

Greedy Karp-Steele Patching | bierl127

Hopfield Network kroC100

Iterated Search eil76

Nearest Insertion kroB100

Nearest Neighbour rat99

Random Insertion kroD100

Scatter Search rd100, kroE100

Sweep st70
SAKJIIOYEHUE

B pabore mpoussejien qucieHHbIi SkcriepuMenT 110 pertennto TSP ¢ ucriosb3oBannem
PA3JIMYHBIX METAIBPUCTUK Ha MHOYXKeCTBe JaHHbIX u3 budmorekun TSPLIB ¢ nesbio onpe-
Jiesiennst HanooJsiee 3(pHEKTUBHBIX METOJOB J/IsI HAXOXKICHUA ONTUMAJIBHBIX MAPIIPYTOB.

Pesymbprarsr sKcriepuMenTa mokasasin, 9TO BCe MPUMEHEHHBIE METadBPUCTUKH CIIOCO0-
HbI HafiTu TTPUOJIMIKEHHBbIE U ONTUMAJbHBIE PEIIeHUs 33Jla9i KOMMUBOsIKepa Ha pa3-
JIMIHBIX Habopax JaHHbix. OIHAKO, B 3aBHCHMOCTHU OT XapPaKTEPUCTHUK 3a/1a9H, HEKOTOPbIE
MeTOJIbI TTPOsiBUIN ceOst OoJiee 3(h(HEKTUBHBIMU, YeM JIpyTHE.

UcenenoBanne aaropuTMOB MOKA3aJ10, 9TO HEKOTOPBIE AJITOPUTMBI TTOKA3BIBAIOT JTy -
Uil pe3ysibTaT Ha HEeCKOJbKUX TeCTOBBIX MHOKecTBax. KosmdecTBo Jjiyuiux pereHuii B
IIPOIEHTHOM COOTHONIEHHH OT BCeX TeCTOBBIX JaHHBbIX Takoil: Concave Hull 22%, ACO
12%, Christofides 12%, Scatter Search 9%, Sweep 5%, Iterated Search 5%, Nearest
Neighbour 5%, Nearest Insertion 5%, Random Insertion 5%, GRASP 5%, Hopfield
Network 5%, Genetic 5%, Greedy Karp-Steele Patching 5%.

[IpuBeieH CIIMCOK JIyUIIUX AJITOPUTMOB, & TaKKe KOJUIECTBO pa3, KOrJa KOHKPETHBIH
AJITOPUTM TIOKA3bIBAJI JIydIllee PerieHne Cpeau OCTaabHBIX. MOKHO ¢jiesiaTh BBIBOJ, UTO

Concave hull Beigas jiydrime pe3ysibTaThl B 5 TECTOBBIX IpUMepaxX M3 BCeil BBIOOPKH,
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TakKe xoporre pesynbrarkl mokaszaaun ACO u Christofides. Ha ocHoBe sTnx maHHBIX
IJIAHUPYETCs ChOPMUPOBATH 3aBUCUMOCTb METaAHHBIX rpada OT pe3yabTaToB pabOThI
AJICOPUTMOB ¥ ITOCTPOUTDH UHTE/JIEKTYAJIHHYIO CUCTEMY TI0 TTOJ00PY METaIBPUCTHUK.
OcHOBBIBasICh Ha PE3Y/IbTATAX, PEKOMEH/IYeTCS BLIONPATH METaAIBPUCTUKY B 3aBHCUMO-
CcTH OT OCODEHHOCTEeH 3a/atn MapIIPyTH3aInn KOMMEIBOsizKepa. HeoOXo Mo yiInTheiBaTh
KOJIMIE€CTBO TOPOJIOB, reorpadutieckue u nHPaCTPYKTYPHbIE XapaKTEPUCTUKU, TPEOOBA-
HUsl K TOYHOCTHU PEIIeHNs M BPeMsl BbINOIHeHUs. KoMOuHUpoBanue pa3indHbIX METadB-

PUCTUK MOZKET IIPUBECTU K IIOJIYHIECHHIO CYIIECTBEHHO JIYyYIIUX PE3YJILTaTOB.
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ON HYPERCYCLIC OPERATORS IN WEIGHTED SPACES OF ENTIRE FUNCTIONS.
Rakhimova A. 1.

Abstract.

In this paper we have studied various hypercyclic operators in the weighted space of entire
functions .%,. Hypercyclic operators play an important role in the theory of dynamical systems.
Note that questions about hypercyclic operators have been considered in detail only in spaces of
entire and analytic functions. And in the weighted spaces of entire functions, such operators are
not yet very well studied and provide a large number of research problems.

The space .#, is defined as follows. Let ¢ = {¢n(2)}_; — arbitrary family of functions
convex in C” taking real values and satisfying some conditions on their growth ¢;)—i4). Now for
each function we introduce a weighted normed space .%,, consisting of from integer functions in
C". Let .#,, denote their projective limit. Then it is a Frechet-Schwarz space of type (F'S).

Next for the space .%,, one can find additional conditions on the weight functions, under which
it will be invariant under differentiation. It can also be shown that, under the same conditions, it is
shift-invariant. Then we can consider the problems of hypercyclicity in it partial differentiation
and shift operators, their compositions, convolution operator and operators commuting with
differentiation.

Theorem 1 proves hypercyclicity in the space .#, partial differentiation operator a%j,
j € {1;n} with respect to any of the complex variables.

In Theorem 2 hypercyclicity in this space of a finite sum of such operators was shown

> coDS f, and in Theorem 3 — their infinite sum > coDSf under certain
a€Zl: la|<m a€Zl: |a|>0
conditions on the coefficients of the series.

Theorem 4 states that the shift operator by some constant Tj, : f(z) € F, — f(z +a),
where a € C", and it is not equal to zero, is hypercyclic in .Z.

By Theorem 5 it follows that a continuous linear operator 7" in the space .7, which commutes
with partial differentiation operators and is not equal to a scalar multiple of the identity mapping,
is hypercyclic in the given space.
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The following corollaries follow from this theorem. The finite sum of shifts and the sum of
compositions of shifts with partial differentiation operators are hypercyclic. Also, under certain

requirements for the coefficients of the series, the infinite sum of shifts will be hypercyclic.

Theorem 6 considers an operator of the form T'f(z) = ) ¢; % (f(Az+b)), where all numbers
j=1

AeC,beC"and ¢j € C", j € {1;n} fixed. Then this operator is hypercyclic in the space %,
under the condition |A| < 1.

Next in Theorem 7 consider a generalized function with compact support S, whose Fourier-
Laplace transform is not identical to a constant value. Then we can make sure that the
convolution operator of the form Mg[f](z) = Si(f(z +1)) is hypercyclic in .#,. We also consider
the case when the additional condition are satisfied for the family of functions ¢, and S is
defined as a continuous linear functional on .#¢. Then the convolution operator Mg[f] will also
be hypercyclic in F .

Keywords: hypercyclic operator, weight space, partial differentiation operator, shift operator,

convolution operator, entire function

BBEJIEHUE

Jluneituplii HenpepbIBHBI oneparop T Ha cernapabe bHOM JIOKAJIbHO BBITYKJIOM IIPO-
crpaHcTBe X HA3BIBAIOT TUIEPIUKIMIECKIM, €CJIU CYIIeCTBYeT djeMeHT & € X (Ha3blBae-
MBIl THIEPIUK/IMIECKIM BEKTOPOM) Takoil, uro ee opbuta Orb{x, T} = {z,Tx, T?x, ...}
mwioraa B X. Takue oneparopbl UIPAIOT BayKHYIO POJIb B TEOPUU JIUHAMUYECKUX CHCTEM.
[TepBble pe3yabTaThl TEOPUH TUHEPIUKIMIECKIX ONEPATOPOB ObLIN MOJYYEHbI JJIsi pac-
CMaTPUBAEMOTO C OOBIYHOI TOMOJIOTUEl PABHOMEPHON CXOJIMMOCTH HA KOMITAKTaX KOM-
IUIEKCHOM TI7I0cKOCTH TIpocTpancTBa nenbix Gyakmuit H(C). A wumenno, B 1929 roay
k. 1. Bupkxod [1] mokazas, aro cymecrByer nesast GyHKIus f Takas, 9T0 MHOMKE-
cTBO, cocrosmmee u3 Gyukiwit f(z2), f(z+ 1), f(z +2),..., miorao B H(C), uro o3nataer
runepruknaHocts oneparopa 1’ 8 H(C), geitcrsyiomero no npasuiy (1Tf)(z) = f(z+1),
a B 1952 roxy JI:x. P. Makaeiin [2| mokazas, aro cymecrsyer dbyukius f € H(C) rakas,
9TO MHOXKECTBO, cocrosiiee u3 dbyukuuit f, f/, f”, ..., wiorao B H(C), uro o3nauaer ru-
HePIUKJINIHOCTH oneparopa auddepentmposanus B H(C).

B paborax K.-I. I'pocce-Dpmmanna [7] u I'. [lerepcona [8| npusenen Gosbiioii 06-
30p TUIEPIUKJIMIECKUX ONEPaTOPOB ISl Pa3IMIHbIX HPOCTpaHcTB. [Ipobiiema rumep-
UK/JIXIHOCTH B [IPOU3BOJILHBIX JTUHEHHBIX TOIIOJOMMYECKUX MIPOCTPAHCTBAX PacCMaTpH-
Banachk . Tomedpya u JIx. . [llamupo [9], P. M. Teduepom u [Txk. I. Illanmupo [10],

K. Kuran [11]. OcuoBubivu pesyiabratamu crareil [9] u [10] sBisrorest npusenenibie
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HIKe KPUTEPUN TUIMEPIUKJINIHOCTH B cermapabesbHoM mpocrpaHcTBe Ppermre. B cra-
the [9] Takke JoKazaHO yTBepKieHnme o runepnukianaHoctn B H(C) sroboro orre-
paTopa CBEPTKHU, XapaKTepucTudecKas (DYHKIMS KOTOPOW He TOXKJIECTBEHHA MOCTOSH-
HOii. A B pabore [10] mpuBeseHBI JOKa3aTENBCTBA TEOPEM O IMIEPIUKINIHOCTH U3 Pa-
oor /Ix. I. Bupkroda un k. P. Mak/leitna, a Takyke Hekoropbix 00600menuii B. Jly,
B. I1I. Ceiineniem u /Ix. JI. Basbmiem Teopembr Bupkroda.

B nasbueiiiem ObLIO MMOKA3aHO, YTO MHOIHE BayKHbIE B IPUJIOZKEHUSIX KJIACCHI Olle-
pPaToOpOB B MIPOCTPAHCTBAX TeJIbIX (bYyHKIMI (KakK OJHOMN, TAaK M MHOI'MX [EePEeMEeHHBIX) 00-
najatoT stuM ceoiicreoM |3, 14|. B paborax B. 9. Kuma (3], P. Apona u /1. Mapkoce [4]
U3ydJajiuch pa3jndHble runeprnukindeckue omneparopbl B H(C). ¥V Hux Takxke mmeercs
TOIPOOHBIN 0030p JIUTEpaTyphl 110 jJaHHoil Teme. B sToit obyracTtu erie MOKHO OTMETUTh
crarbu JIx. Baca [5] u [Ixk. /Ix. Berankypa [6], oHn 3aHMMAaInCch TUIEPIUKITIHOCTHIO
B H(C) pasiamdaHbIX OIepaTopoB U OMEPATOPOB CBEPTKH, aCCOIUUPYIONIUX C OIEPATOPOM
Hanxkia.

Ilesns pabotbl. B nociieinee Bpems 00OJIbITIOE BHUMAHUE YICIIETCS U3YIEeHUTO JIMTHA-
MUYIECKUX CBONCTB TaKUX KJIACCHIECKUX OIEePaTOpoOB, KakK omeparop auddepeHIimpona-
HUsI, OllepaTop Xap/u, OlepaTop CJBUra, B BECOBBIX MPOCTPAHCTBAX IEIbIX (DyHKITHIL.
B uwacrnocru, B [12-14]| Gbuin HalijeHbl YCJIOBUS TUIEPIUKIMIHOCTH OIEpaTopa Jud-
depenrupoBannsd B BECOBBIX OAHAXOBBIX MPOCTPAHCTBAX IEJIBIX (DYHKITHH, 3a1aBaeMbIX
[IPU TTIOMOIIN PaIUaJIbHBIX BecOBbIX (yHKImit. OqHAKO, KECTKasT CTPYKTYpa ODaHAXOBBIX
[IPOCTPAHCTB 3aTPY/IHAET UCC/ICOBAHUE JUHAMUYICCKUX CBOWCTB TAKUX BAXKHBIX B IIPU-
JIOZKEHUSX OIepaTopoB, Kak JauddepeHnuaabuble OnepaTopbl KOHEYHOIO U OECKOHETHOTO
MOP$IJIKA, OMEPATOPHI CBEPTKH, UTO MOOYKIaeT K UX PACCMOTPEHUIO B MPOCTPAHCTBAX C
MeHee YKECTKOI CTPYyKTYpOii, HAllpuMep, CIETHO-HOPMUPOBAHHBIX MMPOCTpaHcTBax. Vmest
STO B BUJLY, OIPEJIEJIM BECOBOE IIPOCTPAHCTBO -, IEJIBIX (DYHKIMI KOMIIEKCHBIX IIepe-
MEHHBIX CJIEJIYIOIIIM 00pa30oM.

[Iycrb @ = {pm }2°_; — cemeiictBo BhiyKIbIX B C" dyHKIMii ¢, : C* — R Takux,

910 JJ1d Jrob6oro m € N:

me(z)
[E]

i1) lim = 400;

) ©m(2) > @mi1(2), z € C

is) Iim (9 (2) — Pps(2)) = o
)

14) CYIIECTBYIOT MOCTOSHHBIE A, > 0 u b, > 0 Takue, 91O

12

Pmr1(z +1) < @m(2) + by, 2€C", tE€C™: [t| < ap,.
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Hanee nyis kaxkjgoro m € N omnpejie/iuM mmpocTPaHCTBO

Fu={F €HT), [ € —T: pulf) = sup(f()e ) < o0},
zeCm
O‘{eBI/I,ILHO, ym — 0aHaxoBo IIPOCTPAaHCTBO. OTMeTI/IM, YTO JJId BCEX M € N Baoxkenuns

Fmr1 C P, HENIPEPHIBHBI B CHITY YCJIOBUS i9), & BBUJLY YCJIOBUsI i3) OHU BIIOJIHE HEIIpe-
o

poBubl. [lomoxum Z, = (| %,. C OOBIYHBIMI OLEPAIUSME CJIOKEHHS SJIEMEHTOB 1
m=1
UX YMHOKCHHUA Ha KOMIIJIEKCHBIE 4HCIIa %, 00pasdyeT JuHeitHoe nmpocrpancTBo. CHabaum

€ro TOIOJIOruell IPOEKTUBHOI'O IIPejiesia IIPOCTPAHCTB F,,. Tomoorus IpocTpaHcTBa #,

TaK¥Ke MOXKET ObITh olpejesieHa ¢ IIOMOIIbIO METPUKNU

- Pm(f1 — f2)
= l+palfi—f2)

Bymayan npoeKTuBHBIM TIpeeIOM KOMITAKTHON IOCEI0BaTE/IbHOCTH OaHAXOBBIX IIPO-

p(fi, f2) =

CTPAHCTB .%,,, #, — upocrpaucrso OPpeme-Illsapra. B cuiy yciosus i4) IpocTpancTBo
F,, THBAPHAHTHO OTHOCHTENIBHO qudbdepennnposanus (cm. Jlemma 5). Taxaxe npocrpan-
CTBO ., IBJISIETCs MHBAPHAHTHBIM OTHOCHTENIBHO ciBura (cM. Teopema 4).

OrmernM, 4TO IIPOCTPAHCTBA BUAA F, B CBA3U C PA3JIMYHBIMU 33JaaMH KOMILIEKC-
HOIO aHAJIN3a BCTPEYAINCh B paboTax MHOTMX MaTeMaTukos [15]—22].

Llenb JanHON PabOTHI — HU3ydeHHe 3aJla4d O I'HIEPIUKIMIHOCTH B %, olepaTopa
nuddepenmpoBains U JMHEHHBIX HEIPEPLIBHBIX OIEPATOPOB, KOMMYTHPYIONIUX C (-
(bepenpoBanueM, a Tak¥Ke IPU JOHOJTHUTEIbHBIX IIPEIIIOJI0KEHIAX O CeMelicTBe ¢ 3a-
JIaYM O TUIEPIUKJIMYHOCTH OLEPATOPOB CIBHUIa M CBEPTKHU.

Cuenyromue yTBepKACHUS BayKHBI IS BCEl TEOPUH THIEPIUKIMIECKIX OIIEPATOPOB.

Teopema A (Teopema T'omedpya-Illammpo [9]). Ilycre 70 @ X — X —
JIMHEHHBI HelpephIBHLIA onepaTrop B cenapabenbHoM mnpocrpancrse Opeme X, mog-
npocrpanctBa Xg = Lin{fz € X Tex = X, A € C" |\ < 1} =m
Yo = Lin{fe € X : Tz = Xz, A € C", |\| > 1} mrorust B X, Ttorna 7' — rumep-
MUKJIUIECKUA onepaTop.

Teopema B (Teopema Kurau-T'edbuepa-IITanupo [10]). Ilycts X — cenapa-
oenbHOe 1pocTpaHcTBo Ppeme u T @ X — X — jmHeHHBI HEIPEPLIBHBIN OIEpaTop.
IIycrs Xo, Yo — mioTHble mogMHOXKECTBA X U HOC/AEI0BATELHOCTD (Sk)p., oTOOpake-
Huit Si : Yy — X TakoBBI, 9TO:

1) T* — 0 noroueuno na X upu k — 0o;

2) Sk — 0 noroveuno Ha Yy nipu k — o0;

3) T*S, = I na Y. Torna onepatop T ABISETCS TUNEPIUKITICCKIM.
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OGoznauenusi. s touek u = (uy,...,u,), v = (v1,...,v,) w3 C" ompese-
M (u,v) = ugvy + -+ UyUp, ||ul] — eBrimmosa mHopma B C". [l My/JabTUMHEKCA
a = (0q,...,0p) € 2 n TO4EK 2 = (21,...,2,) € C" momaraem |a] = a3 + ... + o,
D; = %, j=1...n, D} = %. Eciu npocrpancTBo %, HHBAPUAHTHO OTHOCH-

TeJILHO CABUra, TO 11 oboro a € C" uepes T, obo3HATAaEM OIIEPATOD CABUTA Ha BEKTOD
or . o
aB P, toects 1, : f e Fy,— f(z+a).
Jng  npousBosibHON — BemecTBeHHo3Haunoit  dymkmum @ B C" Taxoi,
o(2)

ITO lim H—H = +00, ompenenuMm — npeobpazoBanue  FOura-Denxesis
|zl =>+o0 ||2

?(2) = sup(Re(z,t) — ¢(t)), 2z € C". B mameii pabore u3 ycjaoBUS i;) CJEIyeT,
tecr
9710 nx npeobpasopanus HOura-Denxens @,,(z) orpanndenst Bo Becem C™.

OCHOBHAS YACTDH

B nmanbreiiem HaM MOHAT00ATCS CJIEIYIONIAE YTBEPKICHUS:
Jlemma 1. IHoauromwve naommv, 6 L%O.

Aoxazamenvcmeo. Ilycrs f € F,. BospMmém npoussosbHoe 4yncyo € > 0. YTBepK/ieHue
Oy/ieT J0Ka3aHO, €CJIM MOKayKeM, YTO I IIPOM3BOJILHO B3ATOrO uncia € > ( mHaiijaércs

nosmaoM P rakoit, uro p(f, P) < e. Teneps Boibepem narypasbhaoe uncio N = N () Taxk,
oo

arobbl . 5 < 5. Jasee ormerny, uro s soGoro m € N
m=N+1

—Lﬁfjil — 0, z — o0. (1)

JlelicTBUTEILHO, OIIEHUM BbIPayKeHUE B BHUJIE

f()] _ /()] ) —pm(z =gz
e%n(Z) - 6@m+1(2) eipm+l( ) SDm( ) S pm"'l(f)e(perl( ) @m( )

Orciona u u3 ycyioBus i3) BeirekaeT (1). B cuny ycranoBieHHOTO hakTa MOXKHO BOC-
nosib3oBaThest Teopemoit 4 3 [17], coriacHo KOTOPOI TTIOJHHOMBI OyJ1y T IIJIOTHBL B KAZKJIOM
F . 3HAMNT, MOZKHO TOA06paTh mosHoM P tax, uro py(f — P) < 5. Torga yunToisas,
uro pi1(f — P) <po(f — P) < --- <pn(f — P) < §, momyumm, uro p(f, P) <e. O

[TockoJIbKYy M3 HHX MOYKHO BBIOpATh HEKOTOPOE TOJIMHOYKECTBO IOJMHOMOB C palli-
OHAJIbHBIME KO DUITUEHTAME, TO OHO 00pa3yeT CUYETHOE BCIOJy ILIOTHOE MHOXKECTBO B

IPOCTPAHCTBE .
Jlemma 2. IIpocmparcmeo F, cenapabenvro.
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B cuty yenosus iy) bynxmua f, 0 A € C* — e npunaaiexut F, NI JI000To
z € C™. Tlostomy Beioy B C" kKoppekTHO ompesiesiena bynxmus S(z) := Sy(e*?), z € C,
KOTOpYIO HaszblBaeM IIpeobpasopanueM Jlammaca gpyHKIuoHama S.

Jlajiee ipuBejIeM CJIETYIONTNE JIEMMBbI:

Jlemma 3. IIycmv S — aunetinoud nenpepoistoill gyrrkyuonan ma F,. Tozda dymnxyus

§(z) = (Se, e'$?) yeaaa 6 C", npuuém das mobozo a € Z 6oin0oANACTNCA PABEHCMBO
D2S(z) = Se(£%e&?), z € C™.

Jloxazamenvcmeo. Badukcupyem npoussosibHyo Touky 1 € C". Tlokaxkem, 4to GyHKIMS
S amaymruana B touke 7. damee s Beex z m3 mapa ||z — n|| < 1 B C" onpenenm
Pymamo g,(€) = &) — &1 (£, 2 — y)elén, £ & Cn.

Orciona caepyer nepasenctso |ge (A)| < (1+|A|+|A?)|¢ —z[2eR° 2. Buecre ¢ yeosuem
iy) sra dbopmya gaer onenky pm(ge) < C||¢ — z||?, e C — mexoropas mocTosHHASL
Orcrofa B cuity HenpepbiBHOCTH yHKIHOHAMa S noayanM, 910 S(g.) = o(||z — n||) npn
z = .

[Tonb3ysich uHeiHOCTHIO S, UMeeM

S(2) = S(n) = Se(e®™) = Se(e®) = Se((€, 2 = m)e') + Se(g.(€)) = (2)

= Sel&e®™) (25 —my) + oz = ll), = —n.
j=1

Orcroza 110 onpeIeIeHIo AaHATUTUIHOCTH oIy duM, 910 S(2z) — rosomopdHas HyHK-

sl B TOUKE 1) U 8%]_:5’\ (2) = Se(&;el4#)), 2 € C™. TlockoMbKy 1) — HPOM3BOIBHAS TOUKA B

C™, ro S(z) amasmruana Bo Bcem C", 3Ha4nT, OHA sIBjIsieTcs 1estoit dyukimeit. Torma npu

BCEX (v € 7} BBIIOJIHAETCS PABEHCTBO DeS(z) = Se(€2els)), 2 € Cn. O

Jlemma 4. Ecau Q) € C" — omxpumoe Henycmoe MHOHCECTME0, MO CUCTIEMA IKCTLOHEHM,
{e<’5’z>}zeg npu purcuposarnom wucae & € C" noana 6 npocmpancmee F,.

Zloxazameavcmeo. llpumenum Teopemy Xana-bBanaxa o HEIIPEPBIBHOM ITPOJIOJIZKEHUU JIU-
Helitnoro pyHKImoHaa. BodbMeM ITPOU3BOJIbHBIN JIMHEHHbIN HEIIPEPBIBHBIN (DYyHKITHOHAT
S € F; rakoit, aro Se(el*)) = 0 nua Beex z € Q. Hyxno nokasars, aro S — mynesoii
dyHKIIMOHAT.

Ilo Jlemme 3 S (2) = (Se, e$?) — menas bynxmus B npocrpancrse C*, oTOMY TIO
TeopeMe eJUHCTBEHHOCTH Sg(e<5’z>) = 0 ma Bcex z € C". Ilockonbky B cuny Jlemmbr 3
npu Beex o € Z n z € C" cnpaseamBa dopmyna D2S(z) = Se(€2ef$*)), To momyanm
D2S(z) = Se(£%e&*)) = 0. Buaunt, npn Beex o € Z" pumosmgeres S¢(£) = 0.
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Torna ,ZLJIH MOOBIX OJHHOMOB p(z) € Z, S(p) = 0. BBUIY IIOTHOCTH IOJIMHOMOB 110
Jlemme 1 B Z, e Beex f € F, Bomonngerca S(f) = 0, nosromy S — HyseBoit GyHKIU-

onas. CiieiopaTesbio, cucreMa skcronent {e'$*'},cq npu dukcuposamnom ¢ € C" nosma

B Fy,. O

B cuny Jlemmbr 4 sobyto dbyHKIUO B %, MOXKHO IPHOJU3UTH HEKOTOPOIl CyMMOil
dbyukmit 13 {e (€2) }eeq. Hockombky m00y10 GyHKIUIO U3 F, MOXKHO IPUOJIM3HTE HEKO-
Topoit dbymkmmeit uz Lin{e*}.cq, To muozkecrso Lin X miorno B Z,. Ecim Q € C* —
OTKPBITOE HEITyCTOe MHOYKECTBO, TO JINHelHad 060J104Ka ciucTeMbl sKcronent Lin{e$#},cq
upu dbukcupoBanHoM uucie { € C" mwIoTHA B IIPOCTPAHCTBE F,.

Jlasee mokazkeM, 4TO oIeparop JacTHOro JAuddepeHInpoBaHns HEIIPEPLIBEH B F .

aT 0
Jlemma 5. B npocmpancmee F, onepamop wacmiozo duddeperyuposarus 92 2de

Jj =1,...,n, nenpepuieen u omobpadicaem ez2o 6 F,.

6\
Jloxasamenvcmeo. Bosbmem HexoTopyio dynknuio f € F,. B cuiy anaauTumaHOCTH
dyukmuu f yrodasg ee dacTHas TPOU3BOJIHAS aHAJUTUIHA, TTOITOMY % f € H(C"). Uc-
J

OJTB3Ysl MHTErpaJIbHy0 hopMyry Kormmm, mosrydnM paBeHCTBO

0 1 / [, 6n) déy ... dE,
(&1 —21)

0z )= (2mi)" (& — 2o)(& = 7)€ — i) e (G — 20)
(3)

rie Rurj, j=1,...,n — 1nojoKnuTeJbHble KOHCTAHTBI, 2 — (PUKCHpPOBaHHasg TOYKa U3

z

HexoToporo orpanndentoro mapa B(0, R) = {z € C" : |z;| < R, j € {1;n}}, a{ — Touka
u3 rpanune! nomukpyra I, = {{ = (&,...,&) + [§ — 2| =7, r; >0, j € {1;n}}.

Hanee BBegem oboznadenust ky = jgﬁxx {r;}, ke = ér{llm {r;} u u3 (3) Haiigem onenky
CBEpXy:

) o) < Ut 0L @)

‘azj ’ ... Tj_1T?Tj+1 ... Ty CEILL

ompejiesieRnss  HOpMBI i goboro m € N noayumm  dopmymy
|f<2)| S perl(f)e‘Perl(z).

B cuty iq) npu BCEX m € N TIOJTY IUM OTIEHKY
sup, ((exp(mane ¢ons1(6)) exp(—pn(2)) ) < ex ( P (Prnia(2) — om(2))) < e
zeCn z 2eCn

Beraucinm ¢ nomornsio (4) HOpMy JeficTBrS omepaTopa

() < Ee a7 s (xpla o () exp( 0 (2) <

8zj zeCn

e“m (R + ki)"
< LR (D)= Cupan(f) <
2
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Taxum 0bpasoM, onepaTop 5 JAEHCTBYeT U3 Fp, 11 B Fp, Jid mobbix m € N, sHaumT, on

HEIPepPbIBEH U % D F,— ﬂ},, rie j=1,...,n. O
J

Jlasee mpuBeieM yTBEPKIECHUS O TUIEPIUKJINIHOCTH T JuddepeHinaaibHbIX Orre-

pPaToOpOB M OlepaTopa C/IBUTA.

Teopema 1. B npocmpancmee F, onepamop wacmnozo dudpdepenyuposanus T = %
J

oar mobozo j =1,...,n eunepyukaueckud u e2o 0bpas sexcum 6 F,.

Jloxaszameavcmeo. Boiiiie ObLIO TTOKA3aHO, YTO oreparop 1 JUHENHHbI U HelPEePbIBHBIA.
JlokazkeM ero runepruk/JndHOCTb ¢ oMoIbio Teopembl ['eduepa-Ilanupo.
Oynkiua e g Beex  z, € € C" npuHaIIEKHUT  TPOCTPAHCTBY

F,, TaKk Kak oOHa nejag u g Bcex m € N BBIIOJHAETCS — OIEHKA
pm(e®) = exp ( sup (Re (¢, z) — wm(f))) = ) < o0,
£€(C7L

. _ 9 AN o= (€A
Beraucsmm xapaktepuctiuaeckyo gyHKuio omeparopa: 1'(A) = 8—&_(6@ Ne &N = A,
Beegem muoxkecrsa Wy = {z € C" : |z;| <1} u Wy = {2 € C" : |z;| > 1}, muoxxecrsa
W1 u Wy orkpseiTbie un Heryctble. OupejienM JuHeiinbie 000109k Xy = Lln{e (&:2) }oewy
n Yy = Lin{e (&2) }zew,, Torma no Jlemme 4 mmozkectBa Xo u Yy mIOTHBI B .%,. 3aMeTnM,
qro Toukn z pukcupoBanubie u3 C", a omeparop 1T’ peitcTByer 110 £.
JleficrBue omeparopa Ha SKcioHeHTy g Bcex kK € N m z € C" umeer Bup

T*(el*#)) = zkel&2) Torna npu dbukcuposannom z € Wy n mobex m € N sepna dopayra:
(T4 = 5 e 515 (Re (6] = ul6))) = o™ <o
E n

Buaunt, u3 Toro, 4o &% € ZF,, s Beex k € N noyuaerca T% (e <5’Z>) € Fy.

Jns Beex z € Wy B cuy |2;] < 1 caemyer TF(el&#) — 0 B #,. Beuy noanoTs!
muozkectsa {e/9%} ey, mo Jlemme 4 s mobbix f € X BbITeKaeT, aro T*(f) m 0B
Fop.

s rouek z € W onpenestum fyts mpoussosibHoro k € N orobpazkenue Sy, @ Yy — %,

takuM, a0 Sy, (el6?)) = (i(iji’“' [Tosromy nipu Bcex m € N BBINOJTHAETCS COOTHOIIEHUE:
m(Sk(e®)) = |z " exp (S%p (Re(€.2) = om()) = |5 e @ <00 (6)
e n

Torya ipu z € Wa 1o yeaosmio |zj| > 1 nomywmm Sy (el#) — 0 B #,. U3 nos-
HoTEI cucrembr {62}, cyp, mma mobweix f € Yy caenyer, uto Si(f ) — 0 B #,. Takxe

3ameTuM, uTo npu Beex k € N cupasenmso pasencrso TFSy(f) = f. TaKI/IM o6pa30M, BCE
TpeboBanust TeopeMbl B BormosiHenbl. CrietoBaTeIbHO, onieparop 1 rUmepIruKInIecKuii B

IPOCTPAHCTBE . OJ
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Teopema 2. IIycmwv 6 npocmpancmee F, 3a0ar HEKOMOPOLLTL NOAUHOM C NOCTNOAHHBLMU

koofppuyuenmamu P(z) = > co2®, z € C", omauunoiti om xoucmanmol. Tozda
a€Zl: |al<m
onepamop T : f € F, — Z ca D2 f eunepyuxsuveckut 6 F,.

a€Zl: |al<m

oxazameavcmeo. OueBumno, omneparop 1’ smneiinbiit. [lokaykem ero HernpepbIBHOCTD.
Bosbmem npomssosbHyto dyskmuio f € %, YacrHble npoussonuble dyHKIuu f s

[IPOM3BOJIBHOTO MYJIBTUUHIEKCA (v B CHTy ero rojoMopduoctu B C™ MOXKHO 1peiCTaBUTh

B BUIE
ol f(§) d€
D f —_ = 7
( )( ) (271'2) (5 - Z)a—i-l ( )
IL.={&: |§5—z;]=r4, r;>0, je{lin}}
rie Rurj, j=1,...,n — HOJIOKHATEIbHBIC KOHCTAHTHI, 2z — (PUKCHPOBaHHAsg TOUKa U3

HekoToporo orpanudentoro mapa B(0,R) = {z € C" : |z;| < R, j € {1;n}}, a{ — TouKa
u3 rpanuns! nomukpyra 11, = {§ = (&,....&,) : [§ — 2| =7, r; >0, j € {1;n}}.

Beenem obosnavenusi ky = Ir%ax}{r]} u ky = n{nn}{rj} Hanee u3 dopmymst (7)
Je{lin 1;
HaliieM OIIEHKY CBepXy

IDEf(2)] < max [ f(£)]. (8)

- |a|+1 cIl,

Torga B cuity (8) mosrydaercs OreHKa

TIEN< D leallDf(2)] = (B4 k)" max |F)] Y leal Wl (9)
jal<m jal<m
Uz ompenenenns wopmbl mnpu Bcex m € N mw z € C" BepHO HEPaBEHCTBO
1£(2)] < pmy1(f)e?m+13) Borameaum, ucnonssys dopmyny (9), Hopmy jeficTBas orre-
paropa

m(Tf) < (R+ k1) "paia (f) sup (eXp(gé%fsomH(ﬁ)) exp (— ) > lealrm |a\+1

n
z€C |a| <m

(10)

[To ycsoButo i4) nipu Becex m € N crpaBeyinBo COOTHOIIEHIE

su(cp (exp (max Om+1(€)) exp (—gom(z))> < exp ( su(cp (Pmt1(2)—pm(2))) < e = ¢, < 00.
zeCm zeCn
B cuiy orpanndennoct 4ncia m € N BBIIOJIHETCH HEPABEHCTBO

Z| | (m+1)” 'max|c|—c < 00,

T |a|<m

|| <m
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k'za‘ﬂ pu ke < 1,
e 7 =
k‘z IIpu ko > 1.

Orciona cenyer, uro Hopma u3 dbopmyisl (10) KoHeuHas:

(T f) < Gmem(R+ k1) ps1 (f) = Conprsa (f) < 00,

Bnaunt, nj1s Beex f € F, Gyukuun T f gexar B F,. Takum 06pa3oM, paccMaTpUBa-
emblit oneparop T' JmHeﬁHbm 1 HENPEPBIBHBIMA. ,ZLOKa>KeM ¢ TIOMOTIBIO TeopeMbl 'edrepa-
[MTanmpo, 9TO OH THHEPIUKITICCKUIL.

B Teopeme 1 nokazano, aro e'&?) mpu Beex z, £ € C™ npuHaIeKAT F,. Borancinm
XapakTepucTiaeckyio dyukimio oneparopa: T(A) = 37 coA* = ®()).

al<m

Bsemem muOkecTBa Wi = {2 € C" 1 |®(2)] < 1}‘ I;WQ ={ze€C": |D(2)] > 1}. Ilo
yestoBuio TeopeMbl P(z) — He paBHbI KoHCTaHTe noMHOM, Torga Wi u W OTKpBITHIE 1
nemycreie. Onpeaeanm JuHeinbie obotoukn Xo = Lin{e$®} ey, u Yy = Lin{e®* ) cwn,
o Jlemme 4 muoxecrBa X, Yj IJIOTHBI B F,. 3aMeTHM, YTO TOYKH 2 (DHKCHPOBAHHBIE
u3 C", a oneparop 1" meiicTByeT 10 &.

HeiicrBue oneparopa Ha skcrnonenty g Becex k € N m z € C" umeer Bug
Tk(e&2) = (®(2))"e?). Torna upn smavennsx z € Wy u mobsix m € N Bepua dop-
MyJIa,

p(TH(e69)) = | (2)]* geu(cg(\e e o)) = 1@(2)[ P < co. (11)

Buaunt, 3 Toro, uto e&? € F,, nia veex k € N cneyer TF(el&?) € Z,.
Tt Beex z € Wy ms yeaosuit [B(2)] < 1 u THe&2) = (8(2))"e&?) sorrexaer

TF(el&?) — 0 B Z,. Beuy nonmorsl Muoxectsa {e&%}, ey, no Jlemme 4 caeyer,
—00

aro syt mobbix f € Xo T*(f) — 0B .7,.
— 00
Jna rouek z € Wy onpegermm juig Beex k € N orobpaxenne Sy @ Yy — F, Takum,

(€2)
uro Si(ef6?)) = (;%W' SHaunT, J1s moobx m € N mosrygaeTcss COOTHOIIIEHNE

n(Si(e)) = [B(2)] “exp (sup (Re (€. 2) — pn(€)) ) = [B(2)] "™ <00 (12)

gecn
Torma mpu 2 € Wy B cumy |®(2)] > 1 u Si(eld?) = ((;((Z;;k BBIIIOJIHACTCS
Si(ef6?) — 0 B .%,. I3 nOIHOTBI CHCTEMBI {e$)} cp, cremyer, uTo I MOGBIX
—00

f e Yy Se(f) = 0 B #,. Takxe nna moboro k € N cupaBeqImBo paBeHCTBO
—00

T*S,(f) = f. Cnenosarennno, Bce TpeboBanus Teopembl B Bommommenst. Oneparop T

I'UIEPIUKINIECKHI B IPOCTPAHCTBE F,. 0
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Teopema 3. [Iyemov ®(z) = D CazZ® — HENOCMOAMHAA Ueas PYHKUUA 6 Npo-
Q€L |a|>0
D
cmpancmee F,, mozda onpedesum onepamop T : f € F —(—)—> > caDYf. Tozda
a€Zl: |al>0

ecau (2) — Pynryua sxcnonenyuasvrozo muna, mo onepamop T eunepyursuveckud 6
or
Fp.

Joxazameavcmeo. Jlerko ybennthbes, 9To onepaTop 1’ JIMHEWHBIN, Telepb TPOBEPUM €ro
HenpepbIBHOCTEL. BozbMeM nponssosbhyio dyHKImo f € %,. Beegem obo3nadenns njieH-
tuaHo Teopeme 2. Kak 6bLI0 TTOKA3aHO B JOKA3aTEIHCTBE TeopeMbl 2, 1J15 TPOU3BO/IHBIX

upu iodbIx o € Z% u z € C" BbloHAeTCa HePaBEeHCTBO

o! R ]{?1 "
Defa) < PEEE o pel

k|204‘+1 gell,

asee ornernM peiicTBue oneparopa Ha (DYHKIIHIO:

ITfE)] < ) lealDUf ()] < (R+ k)" max | f(£)] > lcal \a|+1‘

>0 I
[To ompepnenennio wHopmbl Juid Jyobbix 2z € C" mw m € N mnosydaercd orenka
1f(2)| € pmsr(f)efm+13) Tlo yenosmio i) npu Beex m € N cpaBeyIMBoO COOTHOIICHHE
s (50 (e m1(6)) exp (—pn(2))) < 30 (510 (s () —m(2) < €7 = & < oo,
zeCm zeCn
BorauciamnM [yt 1pon3BoIbHEIX M € N ero HOpMBbI:

ol

n(TF) S Gn(B+k)"pmaa(f) 3 leal o (13)
a0 2
s senpepsiBHOCTH oniepaTopa 1 : s@ — / B CHJIY (13) HEOOXO/IMMO BBITIOJTHEHUE
ycaoBud
Cm(R+ k)" a!
w(Tf) < () D Sleal < o0
k’g k
la>0 "2
éTn(RHcl)"

HOCKOHbe BEJINYNHBI U Pmy1(f) KOHEUHBIE, TO TPeOYeTCss CXOAMMOCTH Psijia

> = k“" |co|. Haiimem yCJIOBI/Ie JUIT KOS(DMUIMEHTOB €, IPH KOTOPOM JIAHHAST CYMMa, KO-
|a|>0
HeJHas.

[Tpumvennm J_LJIH 5TOrO NPU3HAK CpaBHEHUs. B KadecTBe MaxKOPAHTEI BO3LMEM CTEeIICH-

HOW psijt b Z T +1)p, rjie p — MPOU3BOJIBHOE YUCJIO TAKOe, 9TO p > N, a b — HeKoTopast
|a|>0
HOJIOZKNTeIbHaA nocTodnHad. Torma mpm Bcex o € Z7 JIOIZKHO BBIIOJHATHCS YCIOBUE

Ca - OTciona 11sa KoadDuImenTos ¢, Upu BeeX o € Z!} MOTydnM TaxKoe
k"’“ (Jex \+1
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TpeboBanue:

eal < 1

c _

“ = al (Ja]+1)°

CuietoBaresibHo, BBuLy hopmyiibt (14) mis dyuknun $(z) noaydaercs oreHka

al 2 i
()<Y leal |2 <b§:a| Ca 1 bE: = be"l*!,

|a]>0 |a]>0 |a|>0

(14)

1 mpm ky <1,
e T =
ko IIpu ko > 1.

Takum 0b6pazoM, st HEIPEPBIBHOCTH oniepaTopa 1’ HeoOX0UMO BBIIOJIHEHUE YCIOBUS
(14), To ectb ®(z) moszKHA OBITH (DYHKIMENH SKCIOHEHIIMATLHOTO THIIA.

Hanee Bcrogy mosaraem, aro dbyskims $(z) sxcrnonennuaapaoro tuma. Torma pac-
cMaTpuBaeMblIil orepaTop 1’ TUHEHHbIN 1 HeMpePbIBHBIH. /[oKazkeM, YTO OH TUIIePITUKIIN-
geckuit. /It aTOro B masbHeiineM Bocrosb3yeMmcst TeopeMoit ['edpuepa-Ilanupo.

B Teopenme 1 6b110 1m0Ka3ano, uro dyukims e npu Beex z, & € C npuHaIeKUT

F.,. Boraucymm xapakrepucruaeckyro dymkimio onepatopa: T(A) = 3 ca A\ = ®(N).

la|>0
Beegem muoxkecrsa Wy = {z € C" : |®(2)| < 1} u Wy = {z € C" : |®(2)| > 1}.
[Mockombky ®(z) — memas dyHkiws, Mo Masaoii Teopeme [Inkapa oHa mpuHIMaeT Bce

snadennst u3 C", Kpome, MOXKeT OBITh, OJIHON BeJIUIHHBI, T03TOMY W1 1 Wy OTKpBITHIE 1
HEITYCThIE.

OHpe,ILeJII/IM muozkectsa Xo = Lin{e!$®} ey, Yo = Lin{e®*} ey, mo Jlemme 4 Xy u
Yy nnorse B %,. 3ameTnM, 4TO TOUKH 2 dukcnposannsle n3 C", a oneparop geiicTByeT
o &.

Torma g smoboro m € N nosnydaerca dopmya

P (TH(e57)) = |@(2)]" exp <§seucg (Re (€, 2) — gpm<§))) — 18(2)[fePn ) < o0,

Buaunt, u3 Toro, uto e'&? € Z,, cenyer TF(el&?) € F,.

Jlns Beex z € W, Beimosmsterca yeaosue TF(el6#) — 0 B .%,, Tak Kak |P(z)| < 1

u TF(e2)) = (B(2))*e®?) . U3 nommors cucrens {e?) }ZGW1 1o Jlemme 4 BbITEKAET, 4TO
st mobbix f € Xo TH(f) — 0B Z,.
st Touek z € Wy OHpe,ILeJII/IM npu mobeix k € N orobpazkenne Sy, : Yy — F,, TaknM,

(€2)
aro Si(ef6?)) = (;%W’ Buauut, Ji1g Bcex m € N BBIIOTHAETCS COOTHOIIEHIE

m(Sk(el7)) = [@(2)| " exp (Eselg (Re (€, 2) — om(€ ))) 1B(2)| e < oo,
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Torma S(ef&?)) — 0 B Z,, nockonbky |®(2)] > 1 u Si(el&?) = B cuny
— 00

(<1>( ))k

nosmorsl MuozkectBa, {62} cw, caenyer, uro maa mobbix f € Yy Sp(f) — 0B
—00

F,. Taxxke s moboro k € N cnpasennso pasencrso T%Sy(f) = f. Takum o6paszom,

BBITIOJIHEHBI Bce ycyioBus Teopembl B. Ormeparop 1 rurepiuKanydeckuii B IPOCTPAHCTBE
oA
Fo. 0

,Z[a.nee PacCMOTPpUM CBOIICTBAa olrepaTopa CABHUI'a B HpOCTpaHCTBe . N3 CJIe,ZLyIOHJ,GI/I

TEeOpeMBI IIOJIyd9aeTCd NHBaPUaHTHOCTDb f OTHOCHUTEJIbHO CABUIA.

Teopema 4. B npocmpancmee F, onpedeaum onepamop cdsuza T, 6 eude
T, : f(z) € #, — f(z+a), 2de a € C", npuvem a # (0,0,...,0,0). Tozda T, 2u-

nepyukauveckul 6 F,.

Joxazameavcmeo. Oneparop T THEHHBI, TTOKaXKeM €ro HelIPepPhIBHOCTH. Bo3bMeM HEKO-
Topyto dbyuknuio f € %, nokaxem, uro T'f € F,. [eiicrsue oneparopa k € N pas na
bynxmuio nmveer sug TFf(2) = f(z + ka).

Hnga Bcex z € C" mw m € N w3 omnpejerennss HOPMbBI CJIeIyeT OIEHKA
1f(z 4+ a)| < pryi(f)e?=+1E+9) B cury ycioBus i4) MOMKHO HAHTH KOHEWHOE UHCIIO Cpy,

JUIs KOTOPOTO SUP (@m11(2 4+ a) — pm(2)) < ¢p. Torma momywaercs HepaBeHCTBO
zeCnr

Tf(2)] = (2 + )| < praa(flefmt G+ ¥z eC", YmeN. (15)

Beraucianm s npon3BosbHBIX M € N 1OTyHOPMBI J€fiCTBUS OllepaTopa:

n(TF) < D (£ exp (51D (mea(z+a) - wm<z>)) < e pn(f) = b (£) < oc.

zeCn
(16)
Cnenosatesbno, oneparop 1" nempepbisen B Z,. [lo Teopeme B mokazkem ero rumep-
IUKJITIHOCTb.
B cuny Teopemsr 1 st Beex z, € € C™ ef6%) ¢ F,. OupeesnM XapakTepUCTHIECKYIO

a,\) Re (a, z)

byuxmmo omeparopa T(\) = e!*V | rorna monyuanm |T(2)| = e . Besiem muo)kecTBa

={zcC": |T)| <1} uW, ={zecC": |T(z)|] > 1}. Oynxrmsa T(z) nenas,
o mMastoit Teopeme Ilukapa oHa IpHHIMAET BCe 3HAYCHHS B IIPOCTPAHCTBE, KPOME, MOZKET
ObITh, onHol BenuauHbl. CiienoBarenbno, Wi u Wy oTkpbiThie 1 HemycTbie. OO03HATIM
Xo = Lin{e®*} ey, m Yy = Lin{e®*} cy,, o Jlenme 4 mmoxectBa Xo U Y IUIOTHBI

ar
B J@.
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Hna gwooeix k€ N m Beex z € C" jeifictBue omeparopa HUMeeT BUJT
T, 5’“(6@72> ) = eFa2el&?) Torma naa moboro m € N mpu duxcnposaHHoil TOUKe 2 IO-
nydaeTcs popmyia

£eCn

Buaunt, u3 Toro, uro e&? € F,, cienyer, aro T (e'$?)) € Z,,.

Jist Touex z € Wi uz yenosus |T(2)| < 1 nomyuaercs soipaskenme TF(ef62)) — 0B
—00

F.,. I3 mommoter MuOzecTBa { €&}, ey, 1o Jlemme 4 BBITexaet, aTo s ooex f € X
TH(f) —— 0B Z.
k—o00
IIpu ycnosuu z € Wy onpenenum ais moboro k € N orobpazkenne Sy, @ Yy — Z,
L~k
takuM, uTo Sp(el6?)) = e #a2)el&2) = (T(2)) "el&?). Buaunr, mia moboro m € N cupa-
BE/JINBO PABEHCTBO

P Si(6)) = (e " exp ( sup (Re (€, 2) — <Pm(§))> = e FRe(@2)eom(2) < oo,
gecn

Torna B cuy |T(2)| > 1 cnenyer, uro Sy(elé?) — 0 B .%,. BBuny monHoTsI cHCTEMBI
—00
{6}y, momyamm, uto s mobeix f € Yy Si(f) — 0B Z,.
—00
Taxxe ams moboro k € N pomommserca pasenctso 15S,(f) = f. Bee ycnosus Teope-

Mbl B Boinosinenst. CiieroBaTeibHO, oeparop ¢ABura 1 MUIepIUKINYECKIi B IPOCTPaH-
crBe F,. O

[IpuBesiem ciemyroriee yTBep:K/ieHne JIjIi KOMMYTHPYIONUX ¢ jiuddepeHmpoBaneM

OTIEPATOPOB.

o o o ar

Teopema 5. [lycmv aunetinoill nenpepoviehuiti onepamop T 6 npocmparcmee Fo KOM-

MYMUPYEM ¢ ONEPAMOPaMU 4acmmoz0 JuPHEPeHUUPosaHUs U He ACAAEMCA CKAAADHBIM

KpammuiLm mootcdecmseenno2o omobpascenus. Toeda T — eunepuyukiuveckuti onepamop
or

68 Fy.

Joxasameavcmeo. Ormernm, uro ana moboro z € C' dbymkmua f.(€) = €&

HPUHAJJIEZKUT F,, IOCKOJIBKY HpH KaxkjgoM m € Ny ero HOPMBI KOHEYHBIE:

pm(f.) = exp < sup (Re (¢, z) — gom(g))> = e#m(?) < 00. TTosromy na C" x C" KOPPEKTHO
gecr

onpezenena dyuknusa Fr(€, z) = T(f.)(€).
Tak kak 7' KOMMYTHPYET ¢ OIE€paTOpPaMu YacTHOrO Ju@EepeHITIPOBAHUSA, TO CIIPa-

BEIJINBO PaBEHCTBO
ngTg(fz) = Tngg(fz) = ZjTé(fZ>, A (Cn, j = 1, ooy n. (17)
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Orcrona HOJTY M cucTeMy ypaBHEHMIt B YACTHBIX IPOU3BOAHBIX:
%Tg( f:) = zT«(f.), j = 1,...,n. CrenosarespHo, nuckoMas (GYHKIUA HMeeT
s Ty (f.) = e“@els?) = ar(2)el&*) . Us nocnemneit hopmysibl BEITEKAET, UTO CYTIECTBYET

dbyurims ar(z) € C" Takas, 9To

Te(f:) = ar(2)f-. (18)

Taxkum 06pa3oM, IpH IPOU3BOIBHLIX 2, £ € C" nomyunm Fir(€,2) = ar(z)eld?. 3a-
MeTuM, 910 Fr o & saBasgercs nemnoit dyukimeit. Jlokaxkem, aro Fr 10 z TakxKe Iesas.
JleficTBuTE/IbHO, TaK KaK 1 — JUHEHHbIN HEIIPEPBhIBHBIN (DYHKIIMOHAJ HA (%p, TO JIJISI BCEX

k € Ny maitayrea ancaa ¢, > 0 m m € Ny, 19 KOTOPBIX

p(T(9) < cpmlg), g€ F,. (19)

[lycts &, ¢ € C" — mupoussosbubie Touku. s soboro z € C" Takoro, 49ro
|z — €|l < 1, pacemorpum dbymkmmo g, ((€) 1= €& — &0 — (¢ 2 — ()el&d) ¢ e Cm
B cuy (19) somomnstercst [T(g.¢)(€)] < ckpm(gzc)er™®, ¢ € C*. Torma us onenku
Pm(g2¢) < Cllz — CHQ B Jlemme 3, cupaBeJIuBOii IpU HEKOTOPOM moJiozkureabaom C, u

JmHeitHOCTH omeparopa 1’ mojyammM, 910 Jjis npousBosbHoro & € C"

Fr(€,2) — Fr(£,¢) = Zngg —G)+olllz =<, ==,

vte f¢(6) = Eean((€, ).

CrenoBaresibHO, Jist Kazkoro dpukcuposanuoro § € C" dyukuus Fr(€, z) rosomopd-
Ha B Touke ( KakK (pyHKIus nmepemerHoro 2. Tak kak ( € C" Oblia B3ATa MIPOU3BOJIBHO, TO
Fr no nepemennoit z sBisiercs teson dyuxnueit. OTcioga u u3 Toro, uro mo Teopeme 1
ef6?) — nenas GyHKIMA 110 2, BRITEKaeT, uTo ap — neias Gyukims B C. TIocKoabKy 110
yCJIOBHIO otieparop 1’ He SABISeTcs CKaJIAPHBIM KPATHBIM TOYKJIECCTBEHHOTO OTOOPAKEHUS,
TO a7 — HENOCTOAHHAsA (PYHKITUS.

OrmeruMm Terepb, uto ecim ) HemycToe oTKpbiToe MHOXKecTBO C", To 10 Jlemme 4
cucrema {f,}.cq nomna B .%,. Paccmorpum muoxkecrsa Wy = {z € C" @ |ar(z)| < 1} n
Wy ={2z¢€C": |ar(z)| > 1}. Oun menycroie n orkpoirsie B C". [Iycrs X — snuneiinas
obostouka cucteMsl { f, },ew, , Yo — amHeitHas 060s04Ka cucteMsr { f, }.ew,. MuOKecTBa X))

u Y mwiorusl B .%,. Torna jmuneiinsie obomouku muoxkects | J ker(T'—X)u |J ker(T—\)
[Al<1 [A|>1
wiorHsl B .%,. Takum o6pasom, Bce yciosusi Teopembl A Boimosmenst, oneparop 7' —

TUATePIUKINIeCKHIA. O

N3 Teopembl 5 BHITEKAIOT CJIEIYIONINE YTBEPKICHUSI.
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CatepcrBue 1. IIycmo 3adanv, wucana N € N, ¢; € C u mouku o/ € C", j =1,2,...,N.
N .
Tozda onepamop T'f (2) = > ¢; f(2+a?), ne kKpammwidl mosrcdecmsenmomy omobpasrcenuro,

Jj=1
2UNEPUUKAUYEH 6 F .
oxazameavcmeo. OdepuaHo, onepaTop 1T KOMMYTHPYET € Ol€paTOpaMu IacTHOTO JId-
dbepenruposanus. [Io Teopeme 4 oneparop T, menpepbisen B .%,. Toria jmHeiinelil orme-
parop T' Kak KOHEYHasl CyMMa CJIBUTOB TaKKe sIBJISIETCSA HEIIPEPBIBHBIM B 3TOM ITPOCTPAH-

& ar
cree. 113 Teopemer 5 cienyer, uyro T' — runepuukjindeckuil B .7, U

Caencrsue 2. [lycmv N € N u das xaorcdozo j = 1,2, ..., N sadanv wucaa c; € C, mou-

N ; .
ku al € C" u myavmuundexcw of € 27 . Tozda onepamop Tf(z) = Y ¢;(DY f)(z + a?),

Jj=1

deticmeyrowuti 6 F, U He KPAMHOLT MOAHCIECTNEEHHOMY, ABAALTNCA 2UNEPUUKAULECKUM.
Loxasamenvcmeo. B Teopeme 2 nokasano, 4To nIpu IpoU3BOJILHOM « € Z!) oneparop D
JeficTBYeT HENPEePBIBHO U3 %, B % ,. B cumy Teopemsl 4 capur T, ToxKe HepepbIBeH B Z,.
CaenoBatesibHO, orepaTop 1 HelpepbIBHBIN KaK KOHEYHas cyMMma ux Kommoswuimii. Io-
CKOJIBKY OH KOMMYTHPYET C ollepaTopaMu 4acTHOro jauddepennupoBannsd, To 1mo Teopeme

5 T runepryKInydeH B F,. OJ

Ecmm A = ()\;)%2, — 3anannas nocienoparebHocTh Touek \; € C", To s cemeit-
crBa dbyHKIMit ¢ npu Becex m, j € N B cuily ycaoBus i4) CyIecTByeT 3aBUCHINAs OT Hee

COBOKYIHOCTD IHCEJI jm(A) = Sup (@mi1(z + Aj) — om(2)).
zeCn

CaencrBue 3. [lycmo das cemeticmea ¢ 3adanv nocaedosamenvrocmy (d;)32, Kom-
naexcuor wucen d; u nocaedosamesvrocmy A = ()32, mouex \; € C" maxuz, wmo

A)

o
lim [\j| = oo u Y |dj|etim ) < oo dan awbozo m € N. Onpedeaum na F, onepamop

T(f)(z) = > djf(z+);), 2de z € C*. Tozda T eunepyurruven 6 F,.
=1

Aoxasamenvcmso. Ilycrs f € %,. Torna npu Bcex m € N u z € C” BbIIIOJIHSIETCSI OLIEHKA,
1f(z + ) < Prs1 (f)efm1GFN) - VI3 yemosms  i4)  clemyer,  dTO
1f(z+\)] < Pt (f)efm ) H0imA),

Ero nopma umeer ciemyromniuit Bu/:

p(TF) = sup (| Y d; f(z+ Aj)|e 1)) <

zeCn =1

zeCn

<Y 1djlpmea (f) exp ( sup (@mi1(z 4+ Aj) — gpm(z))> < P ()Y 1l ™ < oc.
j=1 =
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CrenosaresbHo, oneparop ' JIMHEHHbI I HEIPEPBIBHBIL U nepeBouT %, B .%,. Tax-
JKe OH KOMMYTHPYET € OllepaTopaMu 4acTHOro auddepeHnnpoBanms, o3ToMy 1o Teopeme

5 omnepatop 1’ TUnepnuKImIecKuii. 0

Caencrsue 4. IIycmwv 6 npocmparcmee F, S — 0600wernas GyHKUUL ¢ KOMNAKMHDLM
Hocumenem, npuvem ee npeobpasosanue Dypve-Jlanaaca §(z) = Se(el&*)) ne asanemea
konemanmot. Toeda onepamop ceepmru suda Mg[f](z) = Si(f(z + 1)) eunepyurauver
6 F,.
Joxasamenvcmeo. Ham nyxHO nokasars, uro Mg|f] € %, upu Beex f € %, u nnHeii-
HbI oneparop Mg orobpaxkaeT HeNpepwIBHO %, B .%,. IlockoiabKy HOCHTETH 00OOIIIEH-
Hoit pynkrmu S KomnaxkTen u yobad bynknua f € F, nemnag B C", To momyunm, 4ro
Ms(f] € H(C™).

B cuiny xoMmnaxTHocTH HocHTesst S IPH IPOU3BOJIBbHOM f € F, CyIIECTBYIOT KOM-

naktHoe MHO)kecTBO K B C" u nocrosunas C' > 0, misa xoropoix |S(f)] < C max |f(2)].
€
Orcroma caemyer, uro |Ms[f](z)] < Cy rtne;gdf(z + t)|. Bamernm, UTO IS JIEOOOTO
€

m € Ny 1mo ycaoBuio iy) MOXKHO HaiiTH KOHCTAHTY ¢, > 0, YJIOBJIETBODSIOIILYIO OIEHKE
Omr1(z+ 1) —om(2) < cp, tae z € C", t € K. Torpa u3 onpejiesieHns: HOPMbI [IPH BCEX

z € C" noJryuaercs: HepaBeHCTBO

Ms[f)(2)] < Capmar () exp (max gmsa (= +1)), 2 € C"
OTCIO,ZL& n N3 OI'paHUYIE€HHOCTHU KOMIIaKTa K BoITekaer Oll€HKa HOPMBbI Oll€epaTopa
CBEPTKU:

pn(Ms|[f]) < Cipmia1(f) exp (Zseucg (rtrg Omr1(z +1) — ‘;Om(z))> <

< Cipmsr (f)e™ = Copmyi(f) < o0,

CrenoBatenbHo, omepaTop Mg HenpepbIBHO oToOpazkaer %, B F,,. B pabore [19] ObI-
JIO JIOKa3aHo, uTo orneparop ceeprku Mg B H(C") KoMMyTHpYeT ¢ oriepaTopaMu YacTHOIO
muddepennuposanus. Tak kak S(z) He paBeH MOCTOAHHOMN, TO Mg He KpATeH TOXKIeCTBEH-

HOMY oreparopy. 3Ha4uT, B cuiy Teopembl 5 oneparop Mg IUIEPIUKINYEH B F,,. O]
Jlasiee npuBejieM puMep TMIEPIUKJITIECKOTO OllepaTopa, He ABJISIONIErocs: CBEPTKOI.

2de wucaa

Teopema 6. Onepamop Tf(z) = Y ¢j5=(f(Az + b)) 6 npocmpancmse F,,
=1

ANeC"beCuc € C je {1;n} dukcuposanvl, 2unepyuriuteckuti NPy YcA08uU
A < 1.

Aoxazamenvcmeo. Bosbmem HexkoTopylo dyukimio f € %,. Oneparop T juHeilHbINH U

HEIPEPBIBHBIN KaK KOHEYHAs CyMMa OINEpPATOPOB YACTHOTO U @EpEeHITMPOBAHNS, a UX
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HEeIPePBIBHOCTH ObLia gokasana B Jlemme 5. [lokaxkeMm ee THIEPIUKIMTIHOCTD, UCIOIB3YsI
teopemy ['edpuepa-ITTamnupo.

B nokasareancree Teopembl 1 GbLIo NOKA3AHO, 9TO JVIs  BCEX 2, EeCr
el©? € Z,. Beemem obosmauernme  P(z) = Z cjz;.  Omnpemeaum — MHOMXKECTBa
Wy ={2e€C": |P(z)] <1} u Wy = {z € C” . |P(z)] > 1}, Wi u Wy orkpbi-
thie u wemyctbie. O6ozaaanm X = Lin{e!$?}.cpp, m Y = Lin{e!$*},.cp,, 1o Jlemme 4

MHOzKecTBa X U Y IUIOTHBI B .

Borancaum syt npousBosibHOro n € N jeficTBre oniepaTopa Ha CTEIeHHYIO (PYHKIIAIO:
n(n 1= A"
TEe™ = A e P"(z) exp (z ()\”5 +b ( % > )) (20)

Huns suagennii [A| < 1 momyuaercs yrsepxienue T('et” —— 0 B MHOKecTBe X,
n—oo

HOCKOJIbKY TIpH Beex z € X u3 dopmyiabl (20) moydnM BhIparKeHHe

pm(Tgegz) —|P(2)" |)\|n(n+1) exp (Re (zb (11__);) >> exp (@(A"f)) — 0.

n—o0

o z . _1 z(£-b)
Ompeienm o6paTHEI oepaTop Ha MHOKecTBe Y B BuIe Set’ = By OXP <T ,
TOTJIa BBINOJIHAETCH paBeHcTBO 1'Set? = ef%. JleificTBHe oneparopa Ha SKCIOHEHTY IIPH

pou3BOJIbHOM 1. € N mMeeT Takoil BUJI:

N sle—b ()
g o () 2

ITpu smauennsx |[A| < 1 BepHo coornommenne Spet” —— 0 B MHOKecTBe Y, Tak Kak

Sn §z

n—oo
Jyutst 1o6bIX 2 € Y B cuity (21) BepHO paBEHCTBO
|)\‘ n(nz—l) 1 )\TL é_
n Ez\ __ _ - ~ [ S
m(Sge) = IZOH eXp( Re <2b< 1—)\)>)eXp (“0’” ()\”>) vl
Taxzke cripaBeymBo ycioeue 3) TeopeMbl B: Ty o Sget* = Ezg # = e

[TockosbKy BBITIOJIHEHBI Bee yesoBust Teopembl [eduepa-I1lammpo, To B ciyuae [A| < 1

&2 o
T' — runepnuK/IMYecKuil oneparop B F . U

JIemma 6. ITycmo 0an cemeticmea © 6bNOAHEHO DONOAHUMENBHOE YCAOBUE
Vm,keN =l €N, r=r,,>0: Vz,t € C" gz+t) < pn(2)+pi(t)+r, (22)

a S — aunetinod nenpepuenvill gynkyuonas na F,. Tozda npu mobwx f € F, dynryus
Ms[fl(z) = Si(f(z+1)) yeaasn 6 C* u Mg[f] — nommymupymwuu onepamop ¢ onepamo-
pamu wacmuozo duddepenyuposarui.
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Joxasameavcmeo. Ilo Tpebosanuio i) %, OyaeT NHBAPUAHTHBIM OTHOCHTEJIBHO CIBUIA.
Beuty sToro oneparop ceepTku Mg onpejiesieH BCIoy Ha %, U TakxkKe J1d Bcex [ € F,
dbyukius Mg|f] onpenenena seroay B C".

Joxrazkem, aro u3 yciaosust f € %, ciegyer rosomopduocts Gyuxmun Mg[f] B C".
Bosbmenm si00yio Touky zg € C" u mpoussosbaoe ncsio h = (hy, ..., h,) € C" takoe, aTo

|h| < 1. Torma cupaBejyinBoO PaBEHCTBO

Ms[f1(z0 + h) — Ms[f](20) — Z Ms[D; f1(z0)h; = (23)

=S, (f(zo FhAt) = flzo+ 1) = S (D )z + t)hj>.

=1

Taxzke s Bcex m € N u Hekotopbix auces C, > 0 BepHa OlleHKa

1SN < Crnpm(f), - | € Fo (24)

N3 dopmys (23) u (24) BbITEKaeT COOTHOIICHUE

| Ms[f](20 + h) = Ms[f](20) — Z Ms|D; f](20) 5] < Conpim(9zo.n); (25)

n

e gzg,h(t) = f(Zo + h + t) — f(ZO -+ t) — Z(D]f)(ZQ + t)hj, te (O
j=1
Teneps 11a moboro 3 € Z% ¢ nomompio ¢opmynsl Teitaopa i BermecTBeHHON U

MHEEMOIT acTa Gyukmn D? Gz0,n TIOJIyHdaeTCA OpMyIIa

B < 92 2 a+pB
(D)0 <IN s (D7 E) (26)
CMGZZ’L_: al=2

re [z0+t, zo+1t+h| — oTpesok, coemunstoNmuit TOUKM 29+t u 2o+t + h. [Tpumenss Tpe6o-
Banue (22), naitgem uncio k € N takoe, ato k > m+ 2, u koucranry C' = C(zy) > 0, 1y1s1
KOTODPBIX BBITIOJIHSETCsT OMeHKA @k (&) < ., (t) + C st Beex € € C™, yI0BIETBOPSIIOITIX
yeaosuio ||€ — t]| < [|z]| + 1. Suaunt, upu Becex § € Z' ¢ || < m BepHO HEPABEHCTBO

a+p < o€ Pm (1) n
§€[20<Ikrtl,%}%t+h]y (D)) < e“pulf)er™, teC (27)
aEZ’i: al=2

I3 dopmyr (26) u (27) cremyer, uro g Beex B € ZT ¢ |B| <m
(D7:00) ()] < 20°eC|[R)*pr(f)e ), t e C™.
Torma MOKHO OTIEHUTH HOPMY (PYHKITUN

Pin(z0,) < 20%€C |1 *pi(f). (28)
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113 nepasencts (25) u (28) BBITEKAET COOTHOIICHIE

[Ms[f)(z0 + h) = Ms[£)(z0) = Y Ms[D; f1(z0)hj] < Con20¢ || *pi(£).
j=1
Canenosarensio, dyukius Mg|f] nuddepennupyema B nannoii Touke zg € C", a Tax-
xe nomydaercs D;(Mg|f])(z0) = Mg[D;f](z0). Ilockombky 2y — mpom3BoJbHAs TOYUKA,
to Mg[f] Oyner nuddepentmpyema o Bcem C" u somonnsercs D;(Mg|[f]) = Ms[D; f],
j=1,...,n. B cuny nocnenneit (opmyJibl 1 HHBAPHAHTHOCTHU IIPOCTPAHCTBA %, OTHOCH-

resibHO Judbdepeniuposanus cieayer, uro dyukuus Mg[f] nernas B C". 0

Jlemma 7. [lycmo 0as cemeticmea @ 8vinoAHeH0 JONOAHUMENDHOE YCAOBUE

Vm,k €N Fl=lnr €N, r=ry,r>0: Vz,t € C" g(z+t) < on(2)+@r(t)+r (29)

u S — aunelnwl nenpepwenvd dynryuonan wa F,. Tozda onepamop ceepmiru
Ms[f1(z) = Si(f(z +t)) omobpasrcaem F, 6 F,, a makoice On AUHEEH U HENPEPIGEH.

Jloxazameavemeo. VI3 Teopembl 4 cjejyer HHBAPUAHTHOCTD % (0 OTHOCUTEIBLHO CJIBUTA.
Torma omeparop Mg oupenenen Bcoony Ha %,. OueBumno, on juneinbiii. [Tockobk
) )
dbyHKIMOHAI S JTHHEHHBIN 1 HEIPEepPBIBHbLL Ha %, TO CyllecTBYIOT Bejauduunbl k € N u
Cy > 0, na KkoTopbIx |S < Cypr rne f € %#,. Takum obpasowm, juig Beex 2z € C*
) ) (%2} )

U JJIs JIIOObIX f € %, TOJIyYUM OIEHKY

- @)+ 1)
IMsl AN < CopnlTof) = G| swp =0 @)

Bosbmem sio6oe anciio m € N, a ancio [ € N uz yenosus (29). Beuay ycnosuit [ > k

u f € %, BBIIOJHAETCH COOTHOIIEHHE

exp(gi(z+1))
Msl ()] < Cemlf) sup = Oy

U3 tpebosanusg (29) u dopmysst (30) ciaeayer HepaBeHCTBO

| Ms[f](2)] < Cre™*pi(f) exp(pm(2)).

Torna onenka HopMbl byHKIME uMeer BUI P, (Mg [f])| < Cre™+pi(f), [ € Zy.

(30)

CrenoBaresbHo, JHHeitHbIN oneparop Mg orobpazkaer ., B F, U OH HEIIPEPHIBEH.

O

N3 JlemMm 6 1 7 BeITEKAET ClIeIyroNIasi TeopeMa.

«Taspuuecruli secmnur unopmamuru u mamemamuru», M1 (58)’ 2023



108 A. U. Paxumosa

Teopema 7. Ilycmv daa cemeticmsa dynkyut @ swnoansemea ycaosue (29), a S
onpedenen kar aunelnol nenpepushol @gynkyuonan na F,, npeobpazosarue Pypve-
Janaaca komopozo S(z) = Se(e€)) ne asasemeca xoncmanmoti. Tozda onepamop ceepm-
wu Ms[f](z) = Si(f(z+ 1)) eunepyuriuven 6 F.,.

S3AKJIFOYEHUE

o
MznoxxumM KpaTKo 1ojIydennble B paboTe pesybraTel. B mpocrpancrse %, onepaTop

_ 0 L i
qactHOTO auddepenimpopanus 1 = B WA Joboro j = 1,...,n TUHEPIUKITICCKUI

U ero obpas JIEXKHUT B F,.

sbdunmentamu P(z) = Y ca2%, z € C", orsmuHbIL OT KOHCTAHTHI, TO OIEPATOD
Q€L |al<m
T: fe %, — Y. ¢ D¢f — runepuukimdeckuit B %, B ciaydae, korma 3a1a-
a€Zl: |a|l<m
Ha P(2) = Y. cqz® — HemocTosHHALA Iesas (DYHKIUA B %, OIPEIE/IM OLEPATOP
a€Zl: |al>0

o(D
T: feZF 20, Yo coDSf. Torma ecim ®(z) — dyHKIMSA IKCIOHEHITHAIBHOTO

a€Zl: |al>0
THIIA, TO olepaTop 1’ IUIepPIUKINYecKuil B .Z,.

Ecim B %, 3a7aH HEKOTODBIl MOJIMHOM C IIOCTOSTHHBIMU KO-

B mpocrpancree %,  omnpeleaum  omeparop  casura 1, B BuIe
T, : f(2) € F, — f(z+a), tne a € C", npuaem a # (0,0,...,0,0), Torma T'
runeprukandeckuit B %, Ilomoxkum, uTo yuneitHbIil HenpepbIBHEIT oneparop 1T' B %,
KOMMYTHUPYET C OIlepaTOpaMu 9acTHOrO JudHepeHnnpOBaHUs U HE SIBJITETCS CKAJISIPHBIM
KPaTHBIM TOXKJIECTBEHHOrO oToOpakeHusi. Torma 1T — TUNEPIUKJIMIECKAN OlepaTop
B Fy,.

Korna B %, 3anana oboOmennas ¢yHkims S ¢ KOMIAKTHBIM HOCHTEJEM, HIPUYEM
ce npeoGpasosanue Dypoe-Jlammaca 5(z) = Se(e!$*)) me saBAETCA KOHCTAHTOI, TO OTIe-
parop cseprku Buna Mg[f](z) = Si(f(z + t)) runepruknuygen B %,. Oneparop Buna
Tf(z) = ilcjaizj(f()\z+ b)), e Bce uncia A € C, b € C*u¢; € C*, j € {1;n}
(bHKCI/IpOBZlHHbIe, rUnepnuKaniIeckuii B %, npu ycaosun || < 1.

Ecim g cemeiictBa yuknmit ¢ npu odbix m,k € N MoXKHO HaiiTH Uwnciia
l =lnk €N, 7 =rpr > 0 takue, uro Beex z,t € C" gz + 1) < pn(2) + @r(t) + 7, a
S orpejiesieH Kak JIMHEHHBIN HEIPEPBIBHBIN (hyHKIMOHAT Ha %, TO OIEPATOpP CBEPTKU

Mg|f] runepuukintien B .Z .
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Chilin V. I., Zakirova G. B. Linear Isometries of Banach-Kantorovich L, -spa-
ces / V. I. Chilin, G. B. Zakirova // TaBpuuyeckuii BeCTHUK WHDOPMATUKU U
marematuku. — 2023. — Ne1 (58). — C. 7—18.

VAK: 517.98 (VK 517.98)

[Ilycts B mnpomsBosibHas mosHas OyneBa asrebpa, ((B)  CTOyHOBCKHiT KOMIAKT,
coorBercreytonuit B, u mnyctb Cu(Q(B)) anrebpa Bcex HENPEPbIBHBIX (DYHKITHI
r : QB) - R = [-00,+00|, UpuHUMAOMUX 3HAYEHUsT 00 JIMIIL HA HULJE He
IJIOTHBIX MHOXKecTBax u3 Q(B). PaccmarpuBaiorest npocrpancTsa banaxa-Kanroposuua
L,(B,m) C Cx(Q(B)), accoluupoBanuble ¢ Mepoil m, 3aJaHHON Ha B u mpuHuMaro-
meil 3HaYeHns B arebpe BeeX M3MEPUMBIX JeHCTBUTEILHBIX QyHKImA. [lokazano, 4To
B C/Iydae, KOrJla Mepa m umeeT cBoiicTBO Marapam, g Ji000i JIMHEWHONW M30METPUN
U:L,(B,m)— Ly(B,m), 1 <p< oo, p7# 2, CymecrByeT HHbEKTHUBHBII HOPMAJIb-
uplit romoMopdusm T : C(Q(B)) = Coo(Q(B)) u snement y € L,(B,m) takue, 9T0
U(x) =y-T(z) muascex x € Ly,(B,m).

Karoueswie caosa: npocmparcmeo Banava-Kanmoposuua, mepa Mazapam, éexmoproe unme-

2puposanue, AUHETHAA USOMEMPUS.

Zhukovskiy V. 1., Zhukovskaya L.. V., Mukhina Y. S. A New approach to
optimal solutions of noncooperative games: accounting for Savage—Niehans
risk / V. 1. Zhukovskiy, L. V. Zhukovskaya, Y. S. Mukhina // TaBpuueckuii
BecTHUK mHpopMaTukn u marematuku. — 2023. — Ne1 (58). — C. 19—41.

VIK: 517.577.1

[IpescraBieHHbIl B CTaThe HOBBIN MOJIXO0J] K ONTHMAJIBLHOMY PEMICHUI0 HEKOOIIEPATUBHOM
UI'PBI 3aKJIIOYAETCd B TOM, YTO KasKJbI UI'POK CTPEMUTCA HE TOJIBKO YBEJINYNTH BBLIUI-
PBIII, HO U YMEHBIIUTH CBOI pUCK. BBo/MTCA IOHATHE CHJILHO rapaHTUPOBAHHOT'O PaBHO-

Becus Hama u JOKa3bIBACTCA €TI0 CylIleCTBOBaHNE B CMEIIaHHbIX CTpaTErudx.

Karouesvie caosa: puck no Coreudocy—Huzancy, mMunHuUMAKCHOE CONCAAEHUE, HEONPEIEAEH-

HOCMDb, HEeKxoonepamueras uzpa, onmumMaisbHOE PEULEHUE.

Zhukovskiy V. 1., Zhukovskaya L. V., Mukhina Y. S. A new approach to
guaranteed solutions of multicriteria choice problems: Pareto consideration
of Savage—Niehans risk and outcomes / V. 1. Zhukovskiy, L. V. Zhukovskaya,
Y. S. Mukhina // TaBpuueckwuii BecTHUK WH(MOPMATUKN M MaTe€MaTUKU. —
2023. — Ne1(58). — C. 42 61.

VIK: 519.810
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31ech mpejaraeTcsa JIBa HOBBIX IOIXOJA K PEIeHno "TpUBBIYHBIX'"3aad J1j11 MHOTO-
KpUTepHaabHON 3a/aun OecKoanIuoHHOi Urphbl. Oba MMO/IX0/Ia OCHOBBIBAIOTCS HAa I1ape-
TOBCKOM O0'beIMHEHUN [IPUHIIUIIOB TaPAHTUPOBAHHOIO pe3ysbrarta (1o Bajbiy) u MuHU-
makcHoro coxkasierns (o Cssmky—Huxancy). [Ipudaem mepsbiii moxos obecriednBaer

BO3MOYKHOE yBeJIMUIeHHe CBA3aHHOIO ¢ 3tuM pucka (mo Casmmky—Huxancy).

Karouesvte caosa: puck no Crsudocy—Hurancy, MUHUMAKCHOE CONCAAEHUE, HEONPEIEAEH-

HOCTL, MHO2OKPUMEPUAALHBIT 860D, NAPEMOBCKoe 00BEIUHEHUE.

Maxkapos O. O. Ananu3 MeTa3BpPUCTUK JJIS 33,12 MHOTOAreHTHOI MapHIpyTu-
darmuu / O. O. Makapos // TaBpuueckunii BeCTHUK NH(POPMATHKN U MaTeMaTu-
k. — 2023. — Ne1(58). — C. 62—87.

YAK: 004.023; 519.16

B craTbe mpejicTaBiieH YMCJAEHHBIH SKCIEPUMEHT, TOCBSAINIEHHBIN PEIeHUIO 3a/a9l KOM-
muBosizkepa (TSP) ¢ ucrnosb3oBanneM pas3/mdHbIX METAIBPUCTHK Ha HAOOpe JAHHBIX U3
oubmorekn TSPLIB. OcHoBHas 11e/1b 3KCIIEpUMEHTa 3aKJII0YaJIach B OIMPEIeIeHNN Hal-

6oJtee 3(PHEKTUBHBIX U TOYHBIX METOJIOB JIJI HAXOXKJIEHUST MaPIIPYTOB.

[IpoBeieHHBIN SKCIIEPUMEHT [TOKa3aJ1, UTO BCE NPUMEHEHHbIE META3BPUCTUKU CIIOCOOHBI
HaXOJUTh HPUOIMKEHHbIE MJIM OIITUMAJbHBIE PEIeHns 3a/[adi KOMMUBOSI?KEpPa Ha pas-
JIMIHBIX Habopax JaHHbIX. OIHAKO, B 3aBHCHMOCTH OT XapPaKTEPUCTHUK 31891, HEKOTOPbLIE
MEeTOJIbI TPOABUIIN ceOst 60s1ee 3PHEKTUBHBIMI U TOUYHBIME, UYeM Apyrue. B 3akmounTensb-
HOI TabJinuIle MPUBEJIEH CIIMCOK JIYUIINX aJTOPUTMOB, & TaKxKe yKa3aHO KOJUIECTBO Pas,

KOoTr'/1a Ka}KILbeI 13 aJITOPUTMOB IIOKa3aJl JIydliee peuieHue Ccpejii OCTaJIbHbIX.

Ha ocnoBe mosty4ueHHBIX JaHHBIX IJIAHUPYETCS CO3/IaHNie 3aBUCUMOCTU METaJIaHHBIX T'Da-
da oT pe3ysbTaTOB U pa3zpaboTKa MHTE/IEKTYAJbHON CUCTEMBI JJIs MO00Pa ONTHMAJIb-
HBIX METadBPUCTUK. PeKOMEH IyeTcsi BLIOUpaTh METAdBPUCTUKY B 3aBUCUMOCTH OT OCOOEH-
HOCTell 3aJa9i MaplIpyTU3allid KOMMUBOSKEpPa, TAKUX KaK KOJWYECTBO I'OPOJIOB, Ieo-
rpadudeckre XxapakKTepUCTUKH, TPeOOBaHUs K TOYHOCTH PEIIeHU U BPEMsI BBIIOJTHEHUS.
KomMOunupoBanue pasjimaHbIX METAIBPUCTUK TAKKe MOYKET ITPUBECTU K JIOCTUKEHUIO 0O-

Jiee ONITUMAJIbHBIX PE3YJIbTATOB.

Katouesvle cao6a: 3040046 KOMMUBOANCEPA, 3040040 HECKONDKUL KOMMUBOAHCEPOS, UECPAPTU-
YECKAA KAACNEPUIAUUA, GA2OPUMM DEWEHUS HECKOALKUL 36004 KOMMUBOANCEPT, MEMAOGHHBIE

2pada, MEMAIBPUCTNUKU, MEMPUECKUE TAPAKMEPUCTIUKY 2Pada.
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PaxumoBa A. 1. O runepuuKJjnvecKux orneparopax B BECOBBIX IPOCTPAHCTBAX
nesbrx yakmuii / A. U. PaxumoBa // TaBpudeckuii BeCTHUK MH(POPMATAKA
u marematuku. — 2023. — Ne 1 (58). — C. 88 —-110.

YIAK: 517.547, 517.555

B nannoit pabore m3ydaroTcs THIEPIUKIAYECKHE OIMEPATOPhl B MHBAPUAHTHOM OTHOCHU-
TeibHO JiudpdepentmpoBanus BecooM mnpoctpancTBe Operre-IlIBapra meabx gyt
F,. JlokazaHa THUIIEPIHUKINYHOCT B STOM IIPOCTPAHCTBE HETPUBHUAIBHBIX JIubdepeH-
[UAJTBHBIX OMEPATOPOB € MOCTOSHHBIMEU KO3 MUIMeHTaMu KOHEYHOTO TOpsjIKa U Jud-
depeHnraJIbLHBIX OIIEPATOPOB ¢ MOCTOAHHBIME KoM duiineHTaMu 0eCKOHEeIHOI'O IIOPsiIKa,
XapaKTepucTuieckasd (PYyHKIUs KOTOPBIX €CTh Iejiasd (DYHKIUS SKCIIOHEHIIMAILHOIO THU-
na. Jlokazano, 4TO JIMHEWHBII HEITPEPBLIBHBIN OIIEPATOP B 3TOM IPOCTPAHCTBE, OTJIMIHBIT
OT KPATHOI'O TOXKIECTBEHHOMY OIlepaToOpy U KOMMYTHPYIOIIUi ¢ OIepaToOpaMu JacTHOTO

nubdepeHImpoBaHus, ABIACTCA TUIEPIUTKITICCKUAM.

AHaJIoruvIHbIe yTBEPK/IEHUS BBIIOJTHSIIOTCS JJIsT KOHEYHOM 1 OECKOHEYHON CyMM CJIBUTOB,
a TaKzKe KOHEYHOI CyMMBbI KOMIO3UIIUii ¢jiBura u auddepennuaabuoro oneparopa. [lpu-

BeJIEHBl TEOPEMBI O TMIEPIUKINIHOCTU OIlePaTOpPa CBEPTKUA B 9TOM IPOCTPAHCTBE.

Karouesnvle ca08a: 2unepuyukiudeckuts 0nepamop, 6ECOG0e NPOCMPaHCME0, ONEPAMOP 4aACMHO20

dugppepenyuposarus, onepamop cdeuza, ONEPaMOpP CEEPMKU, UEAQS PYHKUUS.
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