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DIFFERENTIAL EQUATION ASSOCIATED WITH INVOLUTIONS.
Dekhkonov F. N.

Abstract. In this paper, we consider with a class of system of differential equations whose
argument transforms are involutions. In this an initial value problem for a differential equation
with involution is reduced to an initial value problem for a higher order ordinary differential
equation. Then either two initial conditions are necessary for a solution; the equation is then

reduced to a boundary value problem for a higher order ODE.

Keywords: involution, linear differential equation, fixed point, boundary value problem

INTRODUCTION

When studying the general properties of functional differential equations, it is always
important to find and solve selected classes of equations as explicitly as possible, using
methods that are capable of generalization. Differential equations with involutions is one
of those classes.

The concept of involution is fundamental for the theory of groups and algebras, but, at
the same time, being an object in mathematical analysis properties allow the obtaining of
further information concerning this object. In order to be clear in this respect, let us define

what we understand by involution in this analytical context. We follow the definitions of

1], [2] and [8].

Definition 1. Let A C R be a set containing more that one point and f : A — A a
function such that f is not the identity Id. Then f is an involution if

fP=fof=1d
or, equivalently, if
f=r"

If A =R, we say that f is a strong involution (see, [2]).



8 F. N. Dekhkonov

Example 1. The following involutions are the most common examples:
1. f:R— R, f(x) = —z is an involution known as reflection.
2. f:R\ {0} = R\ {0}, f(z) = 2 known as inversion.
3. Let a,b,c € R, cb+a®#0, c#0,

o {2} m {2}, -

is a family of functions known as bilinear involutions.

ar +b
cr —a’

1. DIFFERENTIAL EQUATIONS WITH INVOLUTIONS

Differential equations with involutions were introduced for the first time [6], [7], 9]
and [10] and since then have become an important part in the general theory of functional
differential equations, with applications to certain biomedical models [3], stability of
motion [4], and the pantograph equation [5]. They can be transformed into ordinary
differential equations and thus provide an abundant source of relations with analytic
solutions, as well as heuristic ideas for equations of more general nature.

Definition 2. An expression of the form

F(a,y(f1(2)); ooy y(fu (@), sy (1(2)), s g™ (fi(2)) = 0, w €R,

where fi,...f; are involutions and F' is a real function of nk + 1 real variables is called

differential equations with involutions.

Example 2. The solution of the initial-value problem for the differential equation with

reflection of the argument,

Then, we get the following solution (see, [1])
y(x) = yo (cos ax + sin ax).
Set a "new"involution function
f(z) =log, (b—ax), a>0,a#1, b>0,

where, if a > 1,2 <log, b, if 0 < a < 1,2 > log, b.
We consider the following problem

y () =y(f(2), y(0)=yo, f(z)=In(4—¢"), z<Ind (1)

If y(x) is a C" solution then it is C?. By differentiation we have
y'(x) = f(x)y'(f(2)),

“Taurida Journal of Computer Science Theory and Mathematics”, 2021, 3



Differential equation associated with involutions 9

than from f(f(z)) =z and (1), we get

et —4
So we have (1) is equivalent to the ordinary Cauchy problem
eCE

Y'(@) = = (@), y(0) =, Y(O)=w, v <Ind. @

Obviously,
y(@) = Cy (" 4 I =)~ (" = 4) +¢7) + Ca (e — 4)
Then from the initial conditions, we can write
yo = C1(1 —31In3) — 3C,
Yo = Ci(In3+5) 4+ C

Consequently, we have

_ Y ~1+n3
Cl_ 47 02_ Yo 4 )
and
1+1In3
y(z) = % ((ex —4) In(4 —€®) —x(e® —4) _{-e’”) — W (e® —4).

2. SYSTEM OF DIFFERENTIAL EQUATIONS WITH INVOLUTIONS

In this section, we consider a system of differential equations with involution.

Theorem 1. Let the initial value problem

2'(t) = Fu(t,=(1), y(t), y(
y(t) = E5(t, (1), y(t), «(

satisfy the following hypotheses:

kﬁ
—~

~+~
~—
~—
~—

z(to) = o, y(to) = Yo, (3)

Kh
YamnS
~
S—
S—
S—

(1) The function f(t) is a continuously differentiable strong involution with a fized
point tg.

(2) The functions Fy, Fy are defined and are continuously differentiable in the whole
space of its arguments.

(3) The given equations are uniquely solvable with respect to y(f(t)), x(f(t)):
y(f(1)) = Gu(t, x(t), y (1), 2'(1)), (4)

z(f(t) = Ga(t, x(t), y(t), y' (1)) (5)

«Taspuuecruli secmHur unPopmamuru u mamemamurus, €M 3 (52)’ 2021



10 F. N. Dekhkonov

Then the solution of the system of ordinary differential equations

0 = G ks PO s 0+ s 6 RO, 000510, (0
and
V') = TGt gt 0+ G (O s F0) Pa (0.2 F(0). (70, 2(0), (1)

(where y(f(t)) and x(f(t)) are given by expression (4) and (5)) with the initial conditions

z(ty) = xo, 2'(to) = Fi(to, Zo, Yo, Yo), (8)
and
y(to) = yo, Y (to) = Fa(to, zo, Yo, To). 9)

Proof. Equations (6) and (7) are obtained by differentiating (3). Indeed, we can write

0) = G+ G 0+ s () + s PO ()

and
" _8F2 ory, oF;
V(0 = 5+ g O+ 5 Y0+ 5

than from (3) and relat10n f(f(t)) =t its follows that

2'(f(t) = Fr(f (1), =(f (1), y(f (1), y (1)),

and
y'(ft) = Fa(f(8),z(f(1), y(f(?)),2(t)).

The second of the initial conditions (8), (9) are compatibility condition and is found
from (3), with regard to (3) initial condition and f(t) = to. O

Example 3. We consider the following initial value problem

We can write

2(t) = f'() y' (f (1),
y'(t) = f(t) ' (f(2)).
Than from f(f(t)) =t and (10) we get

“Taurida Journal of Computer Science Theory and Mathematics”, 2021, 3



Differential equation associated with involutions 11

So we have (10) is equivalent to the boundary value problem

2"(t) + z(t)
y'(t) +y(t) =

Obviously,

0,
fL'(O) = Ty, y(()) = Yo, ZU/(O) = Yo, Z//(O) = Xo

z(t) = Cy cost + Cy sint,

y(t) = C5 cost + Cy sint.

Then from the boundary conditions, we can write

x(t) = xo cost + yo sint,

y(t) = yo cost + xg sint.

Theorem 2. Let the initial value problem

w'(t) = Fy(t, x(t), y(t), x(f (1)),
y/(t) = F2<t,$(t),y(t),y(f(t)))7

satisfy the following hypotheses:

z(to) = xo0, y(to) = Yo, (11)

(1) The function f(t) is a continuously differentiable strong involution with a fized
point tg.

(2) The functions Fy, Fy are defined and are continuously differentiable in the whole
space of its arguments.

(3) The given equations are uniquely solvable with respect to y(f(t)), x(f(t)):

z(f(1) = Gi(t, x(t),y(t), 2' (1)), (12)
y(f (1)) = Galt, x(t), y (1), 4 (t))- (13)
Then the solution of the system of ordinary differential equations
won  OFL  OF1 or,
" (t) = 5 0 2'(t) + R0 y'(t)+
0F, ,
o0 F @) Fy(f (@), 2 (£ (), y(f (1)), x(t)), (14)
and

V0 = G s s (€ s P B 1 (0,2(£(0). 5 0), ). (15

«Taspuuecruli secmHur unPopmamuru u mamemamurus, €M 3 (52)’ 2021



12 F. N. Dekhkonov

(where x(f(t)) and y(f(t)) are given by expression (12) and (13)) with the initial
conditions

x(to) = 0, 2'(to) = Fi(to, o, Yo, o), (16)
and

y(to) = yo. ¥'(to) = Fa(to, o, Yo, Yo)- (17)

Proof. This theorem proof similar to theorem 1. Equations (14) and (15) are obtained
by differentiating (11). Indeed, we can write

(0) = G+ o 0+ Gy ()4 s P2 (0,
and
V) = G g 70+ s )+ s PO (),

than from (11) and relation f(f(t)) =t its follows that
7(f(t) = Fu(f (@), =(f (1)), y(f (1)), y (1)),

and
Y (f() = F(f(t), x(f(t), y(f (1)), ().
The second of the initial conditions (16), (17) are compatibility condition and is found
from (11), with regard to (11) initial condition and f(¢y) = to. O

Example 4. We consider the following problem
1 1
ZE(]_) = Ty, y(l) = Yo, f(t) = gv a76 > 5 (18>

We can write the following system
2"(t) = a f'(t) 2'(f(1)),
y'(t) =B f(6)y'(f(1)).
Than, according to f(f(¢)) =t and (18) we get
2"(t) = o f'(t) (1),
y"(t) = B2 f'(t) y(t).

Then we have (18) is equivalent to the boundary value problem

{t2 2" (t) + a® x(t)

:0’ . )
P+ gyt —o, TD = v =m0 FD=am Y @)=y

“Taurida Journal of Computer Science Theory and Mathematics”, 2021, 3



Differential equation associated with involutions 13

10.

Obviously,
x(t) =t (C’l Cos ‘/O;—lntthg sin */—1 t)
y(t) = V1 (Og cos \/'B—lnt +Cy sin?lnt).
Then from the boundary conditions, we can write the following solution

l’(t):ZEO\/_(C087M2_11 t+\/24a;11 sin V4052_11nt>,

y(t) = o VI cos V5 lt+\/Qfﬁ21 sin Y n ).
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STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE SPECTRUM OF THE ENERGY
OPERATOR OF FOUR-ELECTRON SYSTEMS IN THE IMPURITY HUBBARD MODEL.
QUINTET STATE. ONE-DIMENSIONAL CASE.

Tashpulatov S. M. and Parmanova R. T.

Abstract. We consider the energy operator of four electron systems in the impurity Hubbard
model and investigated the structure of essential spectra and discrete spectrum of the system
in the quintet state of the system. It is shown that there are such situations: a). the essential
spectrum of the four-electron quintet state operator is consists of the union of four segments, and
the discrete spectrum of the four-electron quintet state operator is consists of single eigenvalue;
b). the essential spectrum of the four-electron quintet state operator is consists of the union of
ten segments, and the discrete spectrum of the four-electron quintet state operator is consists of
five eigenvalues; c). the essential spectrum of the four-electron quintet state operator is consists
of single segment, and the discrete spectrum of the four-electron quintet state operator is empty
set; Provided that every situation occurs. Found the conditions, when every situation to take

place.

Keywords: Impurity Hubbard model, four-electron system, essential spectra, discrete spectrum,

quintet state, triplet state, singlet state

INTRODUCTION

In the early 1970s, three papers [2, 3, 5|, where a simple model of a metal was
proposed that has become a fundamental model in the theory of strongly correlated
electron systems, appeared almost simultaneously and independently. In that model, a
single nondegenerate electron band with a local Coulomb interaction is considered. The
model Hamiltonian contains only two parameters: the matrix element ¢ of electron hopping
from a lattice site to a neighboring site and the parameter U of the on-site Coulomb
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repulsion of two electrons. In the secondary quantization representation, the Hamiltonian
can be written as
H=t Z OL:T“wczm7 +U Z a;’Tam7¢a;7iam7¢, (1)
my m
where a, _ and a,,, denote Fermi operators of creation and annihilation of an electron
with spin v on a site m and the summation over 7 means summation over the nearest
neighbors on the lattice.

The model proposed in |2, 3, 5| was called the Hubbard model after John Hubbard,
who made a fundamental contribution to studying the statistical mechanics of that system,
although the local form of Coulomb interaction was first introduced for an impurity model
in a metal by Anderson [1]. We also recall that the Hubbard model is a particular case of
the Shubin-Wonsowsky polaron model [11], which had appeared 30 years before |2, 3, 5|. In
the Shubin-Wonsowsky model, along with the on-site Coulomb interaction, the interaction
of electrons on neighboring sites is also taken into account. The simplicity and sufficiency
of Hamiltonian (1) have made the Hubbard model very popular and effective for describing
strongly correlated electron systems.

The Hubbard model well describes the behavior of particles in a periodic potential at
sufficiently low temperatures such that all particles are in the lower Bloch band and long-
range interactions can be neglected. If the interaction between particles on different sites
is taken into account, then the model is often called the extended Hubbard model. It was
proposed for describing electrons in solids, and it remains especially interesting since then
for studying high-temperature superconductivity. Later, the extended Hubbard model
also found applications in describing the behavior of ultracold atoms in optical lattices.
In considering electrons in solids, the Hubbard model can be considered a sophisticated
version of the model of strongly bound electrons, involving only the electron hopping
term in the Hamiltonian. In the case of strong interactions, these two models can give
essentially different results. The Hubbard model exactly predicts the existence of so-called
Mott insulators, where conductance is absent due to strong repulsion between particles.
The Hubbard model is based on the approximation of strongly coupled electrons. In
the strongcoupling approximation, electrons initially occupy orbitals in atoms (lattice
sites) and then hop over to other atoms, thus conducting the current. Mathematically,
this is represented by the so-called hopping integral. This process can be considered the
physical phenomenon underlying the occurrence of electron bands in crystal materials.
But the interaction between electrons is not considered in more general band theories.
In addition to the hopping integral, which explains the conductance of the material, the
Hubbard model contains the so-called on-site repulsion, corresponding to the Coulomb
repulsion between electrons. This leads to a competition between the hopping integral,
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which depends on the mutual position of lattice sites, and the on-site repulsion, which
is independent of the atom positions. As a result, the Hubbard model explains the
metal-insulator transition in oxides of some transition metals. When such a material
is heated, the distance between nearest-neighbor sites increases, the hopping integral
decreases, and on-site repulsion becomes dominant.

The Hubbard model is currently one of the most extensively studied multielectron
models of metals [4, 6-8, 12|. Therefore, obtaining exact results for the spectrum and
wave functions of the crystal described by the Hubbard model is of great interest. The
spectrum and wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [6]. It is known that two-electron systems can be
in two states, triplet and singlet [4, 6-8, 12|. It was proved in [6] that the spectrum of
the system Hamiltonian H* in the triplet state is purely continuous and coincides with a
segment [m, M| = [2A —4Bv,2A+4Bv|, and the operator H® of the system in the singlet
state, in addition to the continuous spectrum [m, M|, has a unique antibound state for
some values of the quasimomentum. For the antibound state, correlated motion of the
electrons is realized under which the contribution of binary states is large. Because the
system is closed, the energy must remain constant and large. This prevents the electrons
from being separated by long distances. Next, an essential point is that bound states
(sometimes called scattering-type states) do not form below the continuous spectrum.
This can be easily understood because the interaction is repulsive. We note that a converse
situation is realized for U < 0 : below the continuous spectrum, there is a bound state
(antibound states are absent) because the electrons are then attracted to one another.

For the first band, the spectrum is independent of the parameter U of the on-site
Coulomb interaction of two electrons and corresponds to the energy of two noninteracting
electrons, being exactly equal to the triplet band. The second band is determined by
Coulomb interaction to a much greater degree: both the amplitudes and the energy of two
electrons depend on U, and the band itself disappears as U — 0 and increases without
bound as U — oo. The second band largely corresponds to a one-particle state, namely,
the motion of the doublet, i.e., two-electron bound states.

The spectrum and wave functions of the system of three electrons in a crystal described
by the Hubbard Hamiltonian were studied in [13|. In the three-electron systems are exists
quartet state, and two type doublet states. The quartet state corresponds to the free
motion of three electrons over the lattice with the basic functions qg{%,p = a;,Ta;Ta;Tgoo.
In the work [13] is proved that the essential spectrum of the system in a quartet
state consists of a single segment and the three-electron bound state or the three-
electron antibound state is absent. The doublet state corresponds to the basic functions
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a2, = Q10 0 o, and 242, = a1y rat o If v =1 and U > 0, then the

essential spectrum of the system of first doublet state operator ﬁ[{i is exactly the union
of three segments and the discrete spectrum of H ¢ consists of a single point, i.e., in the
system exists unique antibound state. In the two-dimensional case, we have the analogous
results. In the three-dimensional case, or the essential spectrum of the system in the first
doublet state operator H ¢ is the union of three segments and the discrete spectrum of
operator ﬁ]fl consists of a single point, i.e., in the system exists only one antibound state,
or the essential spectrum of the system in the first doublet state operator H ¢ is the union
of two segments and the discrete spectrum of the operator H ¢ is empty, or the essential
spectrum of the system in the first doublet state operator ﬁfl is consists of a single
segment, and discrete spectrum is empty, i.e., in the system the antibound state is absent.
In the one-dimensional case, the essential spectrum of the operator leg of second doublet
state is the union of three segments, and the discrete spectrum of operator ﬁg consists
of no more than one point. In the two-dimensional case, we have analogous results. In
the three-dimensional case, or the essential spectrum of the system in the second doublet
state operator PNIg is the union of three segments and the discrete spectrum of operator ]T_,g
consists of no more than one point, i.e., in the system exists no more than one antibound
state, or the essential spectrum of the system in the second doublet state operator f[g is
the union of two segments and the discrete spectrum of the operator I;@d is empty, or the
essential spectrum of the system in the second doublet state operator ng is consists of a
single segment, and discrete spectrum is empty, i.e., in the system the antibound state is
absent.

The spectrum of the energy operator of system of four electrons in a crystal described
by the Hubbard Hamiltonian in the triplet state were studied in [14]. In the four-electron
systems are exists quintet state, and three type triplet states, and two type singlet

1t1

states. The triplet state corresponds to the basic functions 't} . = a, Ta:{Ta;Ta;lcpo,

241 R 341 R
b mpr = G O O | O P05 "l = O 30y, Oy 3O P0-

If v =1and U > 0, then the essential spectrum of the system first triplet state
operator 1[{1}1 is exactly the union of two segments and the discrete spectrum of operator
1]1} is empty. In the two-dimensional case, we have the analogous results. In the three-
dimensional case, the essential spectrum of the system first triplet-state operator 1}NItl is
the union of two segment and the discrete spectrum of operator 1[11 is empty, or the
essential spectrum of the system first triplet-state operator lﬁtl is single segment and
the discrete spectrum of operator 11:1:1 is empty. If v =1 and U > 0, then the essential
spectrum of the system second triplet state operator Q}NItl is exactly the union of three
segments and the discrete spectrum of operator 2111 is consists no more than one point.
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In the two-dimensional case, we have the analogous results. In the three-dimensional case,
the essential spectrum of the system second triplet-state operator Qﬁtl is the union of three
segments and the discrete spectrum of the operator Qfltl is consists no more than one point,
or the essential spectrum of the system second triplet-state operator Qfltl is the union of
two segments and the discrete spectrum of the system second triplet state operator Qf[tl
is empty, or the essential spectrum of the system second triplet-state operator Qfltl is
consists of single segment and the discrete spectrum of the operator 2[:,1} is empty.

If v=1and U > 0, the essential spectrum of the system third triplet-state operator
3H} is exactly the union of three segments and the discrete spectrum of the operator 3H}
is consists no more than one point. In two-dimensional case, we have analogous results.
In the three-dimensional case, the essential spectrum of the system third triplet-state
operator 3}7} is the union of three segments, and the discrete spectrum of the operator
3?[} is consists no more than one point or the essential spectrum of the system third
triplet-state operator 3[1} is the union of two segments, and the discrete spectrum of the
operator ?’l’flt1 is empty, or the essential spectrum of the system third triplet-state operator
3H is consists of single segment, and the discrete spectrum of the operator 3H} is empty.
We see that there are three triplet states, and they have different origins.

The spectrum of the energy operator of four-electron systems in the Hubbard
model in the quintet, and singlet states were studied in [15]. The quintet state
corresponds to the free motion of four electrons over the lattice with the basic functions
G = o 4G 102000 In the work [15] proved, that the spectrum of the system in a
quintet state is purely continuous and coincides with the segment [4A — 8 Br,4A + 8 Bv/|,
and the four-electron bound states or the four-electron antibound states is absent.

~ : : 1.0 — gt ot gt ot
The singlet state corresponds to the basic functions ‘s, ., = a;.a a7 a; o,
280 gt = o sar aaf o, and these two singlet states have different origins.

If v =1 and U > 0, then the essential spectrum of the system of first singlet-
state operator LH 1 is exactly the union of three segments and the discrete spectrum of
the operator lﬁj is consists only one point. In the two-dimensional case, we have the
analogous results. In the three-dimensional case, the essential spectrum of the system
first singlet-state operator 75 4 1s the union of three segments and the discrete spectrum
of the operator 7] 1 1s consists only one point, or the essential spectrum of the system of
first singlet-state operator 'H 4 is the union of two segment and the discrete spectrum of
the operator 'H 4 is empty, or the essential spectrum of the system of first singlet-state
operator 7] 4 1s consists of single segment and the discrete spectrum of operator 7] 5 1s
empty. If v =1 and U > 0, then the essential spectrum of the system of second singlet-
state operator 2H 1 is exactly the union of three segments and the discrete spectrum of
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operator 2f 1 1s consists only one point. In two-dimensional case, we have the analogous
results. In the three-dimensional case, the essential spectrum of the system second singlet-
state operator 2 4 is the union of three segments and the discrete spectrum of the operator
2f 4 is consists only one point, or the essential spectrum of the system of second singlet-
state operator 2f 4 1s the union of two segment and the discrete spectrum of the operator
2f 4 is empty, or the essential spectrum of the system of second singlet-state operator 2 1
is consists of single segment and the discrete spectrum of operator [ 1 is empty.

The use of films in various areas of physics and technology arouses great interest in
studying a localized impurity state (LIS) of a magnet. Therefore, it is important to study
the spectral properties of electron systems in the impurity Hubbard model. The spectrum
of the energy operator of three-electron systems in the Impurity Hubbard model in the
second doublet state were studied [16]. The structure of essential spectra and discrete
spectrum of three-electron systems in the impurity Hubbard model in the Quartet state
were studied in [17].

1. HAMILTONIAN OF THE SYSTEM

We consider the energy operator of four-electron systems in the Impurity Hubbard
model and describe the structure of the essential spectra and discrete spectrum of the
system for second quintet states in the one-dimensional lattice. The Hamiltonian of the
chosen model has the form

H= AZamvam7+BZam7am+m+U2a TamTa iami+ (Ag— A Zawagv—l—

myy m,ry
+(By — B) Z(aarﬁaﬂ«, + aa0,) + (Uo — U)ag rao1ag ao,,.- (2)
T

Here A (Ag) is the electron energy at a regular (impurity) lattice site, B (By) is the
transfer integral between (between electron and impurities) neighboring sites (we assume
that B > 0 (B, > 0) for convenience), 7 = %e;, j = 1,2, ..., v, where e; are unit mutually
orthogonal vectors, which means that summation is taken over the nearest neighbors,
U (Uy) is the parameter of the on-site Coulomb interaction of two electrons in the regular
(impurity) sites, 7y is the spin index, v =71 or v =/, 1 and | denote the spin values % and
—2, and a;} m~ and an, , are the respective electron creation and annihilation operators at

a s1te me Z¥.
In the four electron systems has a quintet state, and two type singlet state, and
three type triplet states. The energy of the system depends on its total spin S.
Along with the Hamiltonian, the NN, electron system is characterized by the total spin

S7 S = Smaa:7 szzm - 17 ~'-7Smin7 Smam = I szn - 07 %

2
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Hamiltonian (2) commutes with all components of the total spin operator
S = (S1,57,5%), and the structure of eigenfunctions and eigenvalues of the system

therefore depends on S. The Hamiltonian H acts in the antisymmetric Fo'ck space Hg,.

2. FOUR-ELECTRON QUINTET STATE IN THE IMPURITY HUBBARD MODEL

Let ¢y be the vacuum vector in the space H,s. The quintet state corresponds
to the free motion of four electrons over the lattice with the basic functions
Gormdezy = o1l 2310100, The subspace Hj, corresponding to the quintet state is
the set of all vectors of the form 13 = > mmrieze L (msn, k, l)qzm,n,k,lezw f €5, where [5°
is the subspace of antisymmetric functions in the space l5((Z*)*). We denote by Hi the
restriction of operator H to the subspace Hi. We let 61 = Ay — A, and e = By — B, and
eg =Uy—U.

Theorem 1. The subspace Hy is invariant under the operator H, and the restriction
HY of operator H to the subspace Hi is a bounded self-adjoint operator. It generates a

bounded self-adjoint operator Hy' acting in the space l5° as

Hypd = 4Af(m.n, k1) + B> _[f(m+7n,k 1)+ f(m.n+7.k1) + f(m,nk+7,0)+

+f(m,n, k, 1+ 7)] + 1[0mo0 + Ono + Oko + 010l f (m,n, k, 1)+
+€2 Z[ém,Of(Tv n, k? l)+5n,0f<m7 T, ka l)+5k,0f(m7 n,T, l>+5l,0f(m7 n, ka T)+5m,7'f(07 n, ka l)+

T

5n,Tf(m7 07 k7 l) + 5k,’rf(ma n, 07 l) + 51,7’f(m7 n, k7 0)] (3)
The operator Hi acts on a vector b3 € Hy as
H2q¢(2] = Z (Fgf) (m7 n, ka l)qzn,n,k,lEZ”' <4>
m,n,k,leZV

Proof. We act with the Hamiltonian H on vectors ¢4 € HI using the standard
anticommutation relations between electron creation and annihilation operators at lattice
sites, {amy, g} = Omndy,8, {@mqs ang} = {a}, a5} = 0, and also take into account
that am,,po = 6, where 6 is the zero element of H3. This yields the statement of the
theorem. ([l

Lemma 1. The spectra of the operators Hy and Hg coincide.

Proof. Because the operators Hi and ﬁg are bounded self-adjoint operators, it
follows that if A € o(HJ), then the Weyl criterion ([9], chapter VII, paragraph 3,
pp. 262- 263) implies that there is a sequence {t,}>°, such that |[|1),|| = 1 and
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lim, o0 || (HY — A)tby|| = 0. We set ), = Zprtk fapsmt k)ay al ala) 0. Then

[(HS = Nul® = ((H3 = N)bn, (Hy — = > H; = N fulp it )] x
p,rtk
x(ay a0l 0, apsatsafal o) = Y (|(H Eo(p,r,t, k)|
p,rt.k
+ 4 o+ F ¢k _
X(ak,Tat,Tar,Tap,Tap,Tar,Tat,Tak,TSOO7‘PO H Fu(p,r, )H (©0, ¥o)
p,r.t.k

=3 ik |(HS — A)F (p,r,t,K)[]” = 0, as n — oo, where F,, = 37 . fu(p,7,t,k). Tt
follows that A € o(Hj). Consequently, o(HY) C o(Hs).

Conversely, let X € o(Hs). Then, by the Weyl criterion, there is a sequence {F,}22,
such that ||F,|| = 1 and lim, . ||(Hg — N)tbn|| = 0. Setting F, = Y prii fn (75 k),

|Fall = (Zp7r’t7k|fn(p, r,t, k:)|2)%, we conclude that ||¢,]] = ||Fu]] = 1 and
I|(Hy — N E,|| = ||[(Hy — Ntn|| — 0 as n — oo. This means that A € o(HY) and
hence o(Hj) C o(HY). These two relations imply o(HY) = o(Hy). O

We call the operator Hj the four-electron quintet state operator in the impurity
Hubbard model.

Let F : 1,((Z")%) = Lo((T¥)*) = Hy be the Fourier transform, where T is the v—
dimensional torus endowed with the normalized Lebesgue measure dA, i.e. A(T%) = 1.

We set ﬁg = F HZF_I. In the quasimomentum representation, the operator Hg acts
in the Hilbert space L$*((T%)*), where L$® is the subspace of antisymmetric functions in
Ly((T")").

Theorem 2. The Fourier transform of operator Fg 1s an operator Hi = F FZF_ !
acting in the space Ly*((T")*) be the formula

FI8 08 = B0 1,7, 0) F O 1,7, 0) 21 / F(s, 1,7, B)ds+ / FO\ 7, 6)dt+ / O 1, b, 0)dk+
Tv Tv Tv

/f)\uwgdﬁ +262/Zcos>\ + cos s;] f(s, i, v, 0 ds+/Zcosuz+cost]

Tull TV’LI

X f(A\t,7,0 dt+/z [cos~y; + cos k] f (A, i, K, 0) dk:—i—/ZcosQ +cos &l f (A, i, vy, £)dE,

v =1 v =1
()
where h(X, p,v,0) = 4A+2B "7 [cos); + cosp; + cosy; + cosb;), and L§® is the subspace
of antisymmetric functions in Lo((T")%).
Proof. The proof is by direct calculation in which we use the Fourier transformation
in formula (3). O
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In the impurity Hubbard model, the spectral properties of the considered operator
of the energy of four-electron systems are closely related to those of its two-particle
subsystems (one-electron systems with impurity). Therefore, we first study the spectrum

and localized impurity electron states of the one-electron impurity systems.

3. ONE-ELECTRON SYSTEMS IN THE IMPURITY HUBBARD MODEL

The Hamiltonian of a one-electron systems in the impurity Hubbard model also has
form (2). We let H; denote the space of one-electron states of the operator H. It is clear
that the space H; is also invariant under operator H. We let H; denote the restriction of
H to the space Hj.

Theorem 3. The space H, is a invariant under the operator H, and the restriction H,
of operator H to the subspace H, is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator Hy, acting in the space I$* as

(Hif)(p) = Af(0) + B> f(p+7)+e18p0f(p) + €2 Y _[0p0f(7) + 6, (0)],  (6)

T

where 0y, ; 1s the Kronecker symbol. The operator H; acts on a vector 1 € H, as

Hyy = (H1f)(p)a) 00 (7)

Lemma 2. The spectra of the operators Hy and H; coincide.

We let F denote the Fourier transform: F : [y(Z¥) — Ly(T"). We set Hy, = FH,F~!. In
the quasimomentum representation the operator H; acts in the Hilbert space Ly(T").

Theorem 4. The Fourier transform of the operator H, is an bounded self-adjoint

operator H, acting in the space Hy be the formula

/Z[coski—l-cossi]f(s)ds. (8)

i=1 =1

(H f)(\) = [A+ 2BZCOS Ml f(A) +¢e; /f(s)ds+2£2

TV

Comparing the formulas (5) and (8), and using tensor products of Hilbert spaces
and tensor products of operators in Hilbert spaces [17], and taking into account that the
function f(A, p,7,0) is an antisymmetric function, we can verify that the operator Hy can

be represented in the form

=0 QIQIRI+IRH QIR 1+1 R IR H R 1+1R) 1 R) 1 X) H,
(9)

where I is the unit operator in space Hj.
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It is known that the continuous spectrum of operator f[l fills the entire segment
[m,, M,| = [A —2Bv, A+ 2BUv].
We set D, (z) = (by — b3)" Hay[by + (v — 1)bs] — vagb, }, where

) / le1 + 289>, cos s;]dsy...ds, / cos si[e1 + 269 Y, cos s;]ds...ds,
a, = ay =
! A+2BS Y cossi—z | ° A+2BY 7 [ coss;—z ’

Tv Tv
dsi...ds, cos s;dsy...ds,
by = 2¢ ybo =1+ 2¢ > ,
! 2/A+2BZ;’:1(:0831-—2 ? - 2/A+232i:100ssi—z
TU TU
idsy...ds, . : . . .
by = 2e, / e ;;s Szz,jill cosssi — and v is lattice dimensionality.

v
Lemma 3. A number zo ¢ [m,, M,| is an eigenvalue of operator H, if and only if it
is a zero of the function D,(z).
Proof. Let the number z = 2y ¢ [m,, M,] be an eigenvalue of the operator Hy, and
©(x) be the corresponding eigenfunction, i.e.,

[A+2B Z cos \iJo(A) + &3 /gp(s)ds + 2, / Z[COS i + cos s;]o(s)ds = zop(A).

Tv Tv =1
Let ¢(z) = {A+2B) . cos\; — z}p(x). Then

g1+ 29y . [cos \; + cos s

ds =0
A+2B> ) coss;—z Yls)ds =0,

() +

TV

i.e., the number 1 =1 is a eigenvalue of the operator

(e + 25377 [cosA; + coss;]

K(z)= dsy...ds,.
(2) A+2BY77  coss; —z Pls)dsy..ds

TV
It then follows that D, (z) = 0.
Now let z = zy be a zero of the function D,(z), i.e, D,(z) = 0. It follows from the
Fredholm theorem that the homogeneous equation

v [P 2iafcos di T cos ]

ds =0
A+2B>Y coss;—z Pls)ds

Tv
has a nontrivial solution. This means that the number z = z; is an eigenvalue of the
operator ﬁl. O

Definition 1. The eigenfunction ¢ € Lo(T") of the operator H, corresponding to an
eigenvalue z ¢ [m,, M,] is called an local impurity state (LIS) of H,, and z is called the
enerqy of this state.
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The following Theorem describe the change of spectrum of the operator Eﬁ in the
case v = 1.

Theorem 5. A). If e = —B and €1 < —2B (respectively, ¢a = —B and €1 > 2B),
then the operator ]:71 has a unique eigenvalue z = A + 1, lying the below (respectively,
above) the continuous spectrum of the operator f]l.

B). Ifea = —2B and 1 < 0 ores =0 and 1 < 0 (respectively, eo = —2B and 1 > 0
orey =0 and e, > 0), then the operator H, has a unique eigenvalue z = A — \/m
(respectively, = = A + \/4B? + £2), lying the below (respectively, above) the continuous
spectrum of the operator ﬁl.

C). If e1 =0 and g3 > 0 (respectively, e1 = 0 and g5 < —2B), then the operator H,

has a unique eigenvalue z = A— \/2EBQ7E1, (respectively, z = A+ \/QEBQLI), where ' = %,
— - ~ 2
lying the below (respectively, above) the continuous spectrum of the operator Hj.
2
D). If e, = % (resp;zctively, g1 = —M) thezn the operator H, hasza
unique ertgenvalue z = A + % (respectively, z = A — 235257_?1), where ' = S(B:;;; ,
2

lying the above (respectively, below) the continuous spectrum of the operator Hy.
E). If e > 0 and &, > w (respectively, eo < —2B and &1 > w} then

o . 2B(a+EVE?—1 B
the operator Hy has a unique ezgenvalue 21 =A+ (ot 771 +a?) , where £ = 5(2:25;22,
2

and the real number o > 1, lying the above the continuous spectrum of the operator Hj.
F). Ifea >0 ande; < — M (respectively, e9 < —2B and g1 < M} then

7 . _ 2B(a+EVE?—14+a?) (B+e2)?
the operator Hy has a unique ezgenvalue 21 =A— T , where E = Zr2b

and the real number o > 1, lying the below the continuous spectrum of the operator H;.

K). If e > 0 and @ < g < M (respectively, e2 < —2B and

2
w < g < M} then the opemtor H, has a ezactly two eigenvalues
(a+EVEZ_1¥ 2B(a—EVEZ_17 B+
= A28 T ) > My, and 2o = A+ 2Bl o D < my, where E = é%-ﬁ-;é?%’

and real number |a| < 1, lying the above and below the continuous spectrum of the operator
H.

M). If —2B < g9 < 0, then the operator H, has no eigenvalue lying the outside of the
continuous spectrum of the operator ]Tfl.

Proof. In the case v = 1, the continuous spectrum of the operator ﬁl coincide
with the segment [mq, M;] = [A — 2B, A + 2B]. Expressing all integrals in the equation
Di(z) = 0 through the integral J(2) = [, —5+2——, we find that the equation D;(z) = 0

T A+2Bcoss—z’
is equivalent to the equation

[e1B? + (€2 4+ 2Bey) (2 — A)]J(2) + (B + ) = 0. (10)
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Moreover the function J(z) is a differentiable function on the set R\ [my, M ], in addition,
= [ m > 0, z ¢ [my, M;]. Thus the function J(z) is an monotone
increasing function on (—oo, m) and on (M, +00). Furthermore, J(z) — +0 as z — —o0,
J(z) > +o0casz—my — 0, J(z2) > —o0 as z — M; + 0, and J(z) - —0 as z — +o0.
If 1B + (€3 + 2Bey) (2 — A) # 0 then from (10) follows that

(B + 82)2

J(z)=— .
() e1B2 + (e2 + 2Bey) (2 — A)
The function (z) = REVIE +2é€2)(2_ N 2haus a point of asymptotic discontinuity
2 . B+ 2B .
g = A — 5352%152' Since ¢/(z) = & é2+(5623)+(2i§;)(;34)]2 for all 2z # zy it follows that

the function (z) is an monotone increasing (decreasing) function on (—o00, zp) and on
(20, +00) in the case £3+2Bgy > 0 (respectively, 2+2Bey < 0), in addition, and if e > 0,
or g9 < —2B, then ¢(z) — +0 as z — —o0, P(2) = 400 as z = 20 — 0, ¥(z) - —o0
as z = 2o+ 0, ¥(z) = —0 as z — 400 (respectively, if —2B < €9 < 0, then ¥(z) - —0
as z — —o0, P(z) & —oc0as z = 20— 0, YP(z) > +ooas z = 20+ 0, P(z) - +0 as
z — +00).

A). If e = —B and g1 < —2B (respectively, e = —B and ¢; > 2B), then the
equation for eigenvalues and eigenfunctions (10) has the form

{e1B*> — B*(z — A)}J(z) = 0. (11)
It is clear, that J(z) # 0 for the values z ¢ acom(]:jl). Therefore, e, — 2+ A = 0, i.e.,

z=A+¢e;. If 1 < —2B, then this eigenvalue lying the below of continuous spectrum of
the operator H 1, if 1 > 2B, then this eigenvalue lying the above of continuous spectrum
of the operator ﬁ]l.

B). If &5 = —2B and &; < 0 (respectively, ¢2 = —2B and ¢; > 0), then the
equation for the eigenvalues and eigenfunctions has the form e, B%J(z) + B? = 0, that is,
J(z) = —é. It is clear, what the integral J(z) calculated in a quadrature, of the below
(above) of continuous spectrum of the operator Hj, the integral J(z) > 0, (J(z) < 0,)

fTV A+QBcoss z)? the
below of continuous spectrum of the operator Hl, we have the equation of the form

T 1)2_4]32 = —2-. This equation has a solution z = A — /e} + 4B2, lying the below of

consequently, 1 < 0 (e; > 0.) The calculated the integral J(z

continuous spectrum of the operator I:fl. In the above of continuous spectrum of the

operator ﬁl, the equation take the form ———A— = —é. This equation has a

(2—A)2—4B?
solution of the form z = A + /&7 + 4B2, lying the above of continuous spectrum of
the operator H;.
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C). If &1 = 0 and &3 > 0 (respectively, e = 0 and e5 < —2B), then the equation for
the eigenvalues and eigenfunctions take in the form

B+ 62)2

>+ 2B —A)J(z) =—(B 2 J(z) =— ( .

(82+ 82)(’2 ) (Z> ( +52) , OT (2) (6%—}-2362)(2—14)

Denote £ = %. Then J(z) = —-%5, or J(z) = 5= In the below of continuous
2

71 prm—
(A—z)2—4B2 A
equation has a solution z = A — \/QEBQ—Z. It is obviously, that E? > 1. This eigenvalue

spectrum of the operator H 1, we have the equation of the form

lying the below of continuous spectrum of the operator H,. In the above of continuous

spectrum of the operator H 1, the equation for the eigenvalues and eigenfunctions has the
71 pu—
(z—A)2—-4B2

2BE . . .
form — = A+ 55— This eigenvalue lying

the above of continuous spectrum of the operator H,.
2
D). If & = w, then the equation for eigenvalues and eigenfunctions has the

form (g2 + 2Bes)(2 — A+ 2B)J(2) = —(B + €3)?, from this

(B -+ 52)2
J(2) =~ (24 2Bey)(z — A+ 2B)’

(12)

We denote £ = %. In the first we consider the equation (12) in the below of
2

continuous spectrum of the operator f[l. In equation (12) we find the equation of the

1 — __E 2B(E%+1) _
\/(A7Z)274BQ T A—z-2B" A“" E2 1 and 29 = A—2B. Now

we verify the conditions z; < A —2B,i = 1, 2. The inequality z; < A — 2B, is incorrectly,

form From this, we find z; =

and inequality zp < A — 2B, is incorrectly. We now consider the equation (12) in the
1 _ E
V(—Ap—ap 2 Af2B

From this equation we find the same solutions z; and 25, the outside of the domain of

above of continuous spectrum of the operator H 1. We have —

continuous spectrum of the operator H,. Now we verify the conditions z; > A+2B,i =1, 2.

The inequality z; > A + 2B, is correctly, and inequality zo > A + 2B, is incorrectly.
Consequently, in this case the operator H; has a unique eigenvalue z; = A + %ﬁl),

lying the above of continuous spectrum of the operator Hy.

2
Let 1 = —w then the equation of eigenvalues and eigenfunctions take in the
B+ey)?
form J(z) = ——F55, where E = 6( +;§;.
In the below of continuous spectrum of the operator H;, we have equation of the
form 1 = —£ __ From here we find 2, = A — %ﬁl), and zo = A+ 2B.

V/(A—2)2-4B2 A-z+2B
The appear inequalities z; < A — 2B, is correct, and 2o < A — 2B, is incorrect. In

the above of continuous spectrum of the operator ﬁl, we have equation of the form

T _;)2_432 = 72 yury L follows that, what z; = A — %ﬁl), and 2o = A + 2B.
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The inequality z; > A + 2B, and 2z, > A 4 2B, are incorrectly. Therefore, in this case
A— 2B(E2+1)
E2—1

the operator H; has a unique eigenvalue z; = , lying the below of continuous

spectrum of the operator H 1.
2 2
E). If e > 0 and & > W, (respectively, 5 < —2B and &1 > W), then
consider necessary, that e; = ax @, where o > 1— real number. Then the equation
for eigenvalues and eigenfunctions has the form
(o x 2(3 + 2Be,)
B
or (g5 + 2Bey)(z — A+ 2aB)J(2) + (B + &) = 0. From this
B 2
J(2) = == (B4 cy) :
(63 4+ 2Bey)(z — A+ 2aB)

We denote E = B+ 1oy J(z) =

e3+2Bey”’
the below of continuous spectrum of the operator H;. Then

x B? + (€3 + 2Bey)(z — A)}J(2) + (B + £2)* = 0,

In the first we consider this equation in

1 _ E :
\/(A—Z)2—4B2 T A—z—2aB* This

__r
z—A+4+2aB"

equation has the solutions

2B(a+ EVE? — 1+ a?) B(a — EVE? -1+ a?)
E?—1 E?—1

Now, we verify the condition z; < A — 2B,i = 1,2. The solution z; no satisfy the

2
z21=A+ ,and zp = A+

condition z; < A — 2B, but z, satisfy the condition zo < A — 2B. We now verify
the conditions zo < A — 2aB. The appear, this inequality is incorrectly. The appear
inequalities z; > A + 2B is correct, and 2z > A + 2B, is incorrect. We now verify
the conditions z; > A — 2aB. So far as, A — 2aB < A + 2B, the appear, this

inequality is correctly. Consequently, in this case, the operator H 1 has a unique eigenvalue
o 2B(a+EvVE?—1+a?
21 = A + E2-1

), above of continuous spectrum of the operator H 1-

2 2
F). If e > 0, and & < _W7 (respectively, e < —2B, and ¢; < —W),
2
then we assume that ¢, = —a x w, where o > 1— real number. The equation for

eigenvalues and eigenfunctions take in the form
(63 +2Bey) (2 — A —2aB)J(z) = —(B + &9)*.

From here J(z) = — G B(ST(?—)Z—M 57+ The introduce notation £ = E(gB J:r;é); Then

E

J(2) = 27— A—2aB’

(13)

In the below of continuous spectrum of the operator H 1, we have the equation

E 1 E
J(2) = ————— h = .
(2) A—z+2aB’fmm ere \/(A—z)2—4B2 A—z4+2aB’
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This equation take the form
(E® —1)(A - 2)® —4aB(A — 2) —4B*(E* + o*) = 0.

We find

2B(a+ EVE? — 1+ a?) 2B(a — E\VE? —1 + ?)
E?—1 E?2—1

We now verify the conditions z; < m; = A —2B,1 = 1,2. The appear, that z; < A — 2B,

is correctly and z; < A — 2B, is incorrectly. Now we consider the equation (13) in the

71 =A— and z9g = A —

above of continuous spectrum of the operator H;. Then J (2) = ———Z5-5- From this
_ 1 _ ___E
\/(Z,A)2,432 ~ z—A-2aB" We find
2B(a+ EVE? — 1+ a?) 2B(—a+ EVE? -1+ a?)

21:14—

,and zo = A+

E?2 -1 E?2 -1
We verify the conditions z; > A+ 2B,i = 1,2. The appear z; > A + 2B, it is not true,
and the zo > A + 2B, is true. We now verify the conditions z, > A + 2aB. The appear,

this inequality is incorrectly. Consequently, in this case, the operator ]Tll have unique
— A 2B(a+EvVE?2—1+a?)
- E2—1

eigenvalue z; < my, i.e., lying the below of continuous spectrum
of the operator H,.

K). If &5 > 0 and —@ < g < @ (respectively, e < —2B and
—@ < e < @), the we take ¢4 = a X @, where —1 < a < 1—

real number. Then the equation for eigenvalues and eigenfunctions has the form

(63 +2Bey)(z — A+2aB)J(2) = —(B+&)? |a| < 1. (14)

We denote E = E(B:Q‘Eéf. Then the equation (14) receive the form
2 2

E
Jz)=—7—"—.
(2) z—A+2aB
In the below of continuous spectrum of the operator H, we have equation of the form
1 E o <1
= e} .
VA=—22—4B? A—z—2aB’
This equation has a solutions
+ZB(04—|—E\/E2—1—|—042) 2B(a — EVE? -1+ a?)
E?2—1 E2—1
The inequalities z; < A — 2B, and z; < A — 2aB, is incorrectly. The inequalities

Z]ZA

,and zog = A+

29 < A — 2B, is correctly. We now verify the conditions z, < A — 2aB, since
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A — 2B < A — 2aB, this inequality is true. We now consider the equation (14) in the
above of continuous spectrum of the operator H;. We have the equation of the form

1 B E
VE—AP 482 z-A+2aB
This equation has a solutions
2B(a + EvVE?Z -1+ a?) 2B(a — Ev/E? — 1+ a?)
E?—1 E?2—1
The inequalities z; > A+ 2B, and z; > A —2aB is true, as A+ 2B > A — 2aB, that
the inequality z; > A —2aB is correctly. The inequalities zo > A+2B, and 2o > A+ 2aB
is incorrectly. Consequently, in this case the operator H; has a exactly two eigenvalues
| 2Bla+ EVE? =1+ a?) | 2B(a- EVE? —1+a?)
E?2—1 E?2—1 ’

21 =A+ ,and zp = A+

z1=A ,and zo = A

lying the above and below of continuous spectrum of the operator Hy.

M). If —2B < g5 < 0, then e3+2Bey < 0, and the function ¥(z) = _EIB+(5(§iJ;§2§)(z—A)
is a decreasing function in the intervals (—oo, zg) and (zg, +00); By, 2 — —oo the function
¥(z) = —0, and by z — zy — 0, the function 1(z) — —o0, and by z — +o0, ¥(z) — 40,
and by z — 2o + 0, ¥(z) — +oo. The function J(z) — 0, by 2 — —oo, and by
z — my — 0, the function J(z) — 400, and by z — M; + 0, the function J(z) — —oo, by

z — 400, the function J(z) — —0. Therefore, the equation ¢)(z) = J(z), that’s impossible

the solutions in the outside the continuous spectrum of operator Hi. Therefore, in this
case, the operator H, has no eigenvalues lying the outside of continuous spectrum of the
operator H 1. 0

Consequently, the spectrum of operator H 1 is comsists from continuous spectrum and

at most two eigenvalues.

4. MAIN RESULTS OF THE WORK

Now, using the obtained results and representation (9), we describe the structure of
essential spectrum and discrete spectrum of the energy operator of four electron systems
in the impurity Hubbard model in the quintet state.

Theorem 6. Let v =1. Then

A). Ifeo = —B and €1 < —2B (respectively, e = —B and 1 > 2B), then the essential
spectrum of the operator ﬁ[g is consists of the union of four segments:

Oess(HY) = [AA — 8B, 4A + 8B U [34 — 6B + z,3A + 6B + z]U
U2A —4B+22,2A+ 4B +22J]U[A— 2B + 32, A+ 2B + 32|,

«Taspuuecruli secmHur unPopmamuru u mamemamurus, €M 3 (52)’ 2021



30 S. M. Tashpulatov and R. T. Parmanova

and discrete spectrum of the operator f[g is consists of a single eigenvalue:
adisc(ﬁg) = {4z}, where z = A + €1, lying the below (respectively, above) of the essential
spectrum of the operator ﬁg .

B). Ifeg = —2B and &1 < 0 ores = 0 and &1 < 0 (respectively, ea = —B and e; > 0
or ey =0 and €1 > 0), then the essential spectrum of the operator fig is consists of the
union of four segments:

Oess(HY) = [4A — 8B,4A +8B]U[3A — 6B + 2,3A + 6B + 2]U
U2A —4B+22,2A+ 4B +22J]U[A— 2B + 32, A+ 2B + 32|,

and discrete spectrum of the operator ]?Ig is consists of a single eigenvalue:
Oaise(HY) = {42}, where z = A — \/AB? + &2 (respectively, z = A + \/AB2 + €2), lying
the below (respectively, above) of the essential spectrum of the operator ﬁg

C). If e1 = 0 and g3 > 0 (respectively, 1 = 0 and 5 < —2B), then the essential
spectrum of the operator ﬁg is consists of the union of four segments:

Ooss(HY) = [AA — 8B,4A + 8B U [3A — 6B + z,3A + 6B + z]U
U2A —4B +22,2A+ 4B +22]U[A— 2B + 32, A+ 2B + 3z],

and discrete spectrum of the operator f[g 18 consists
of a single eigenvalue: Ogisc(HY) = {4z}, where
. B 2 .
z = A — \gﬁ%, (respectively, z = A + \/2]532—2), and = 8(3:26;)82, lying the below
(respectively, above) of the essential spectrum of the operator Hj.
2 2
D). Ife = @ (respectively, 1 = —@,) then the essential spectrum of

the operator ﬁg 15 consists of the union of four segments:
Oess(HY) = [AA — 8B,4A + 8B U [3A — 6B + z,3A + 6B + z]U
U2A —4B 4 22,2A+ 4B +22]U[A — 2B + 3z, A+ 2B + 3z],

and discrete spectrum of the operator ﬁg 1s consists of a single eigenvalue:

Ogisc(Hy) = {4z}, where z = A + 2BEH) (respectively, z = A — w), and

E2—1 E2—1
E = éf;‘i;i, lying the above (respectively, below) of the essential spectrum of the operator
2

HY.
E). If e > 0 and &, > @ (Iespectively, gy < —2B and g1 > @), then
the essential spectrum of the operator Hj is consists of the union of four segments:

Oess(HY) = [AA — 8B, 4A + 8B| U [3A — 6B + z,3A + 6B + z]U
URA—-4B+22,2A+ 4B+ 22| U[A—2B+ 32, A+ 2B + 37|,
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and discrete spectrum of the operator flq is consists of a single eigenvalue:

adisc(ﬁg) = {4z}, where z; = A+ 25( O‘+EE"2E21 1+a2 and E = aBL‘E];) , and the real number

a > 1, lying the above of the essential spectrum of the operator Hg.

F). If ea > 0 and &1 < —@ (respectively, e < —2B and 1 < —

then the essential spectrum of the operator f{rg is consists of the union of four segments:

2(8%4»2382))
B

Gess(HY) = [4A — 8B,4A + 8B] U [3A — 6B + z,3A + 6B + z]U
U2A —4B+22,2A+ 4B +22]U[A— 2B + 32, A+ 2B + 3z],

and discrete spectrum of the operator ﬁ]g 1s consists of a single eigenvalue:

2B(a+EVE?2—1+a?) (B+e2)?
A T ,and B = Trobe

Udz‘sc(ﬁfg) = {4z}, where z = , and the real number

a > 1, lying the below of the essential spectrum of the operator HQq.
_2(342Be2) 2(e342Be3) . .
K). If e > 0 and —=25%—> < & < =25 (respectively, e < —2B and
—@ @), then the essential spectrum of the operator ﬁg 1S consists

of the union of ten segments:

< e <

ess(HY) = [4A — 8B,4A + 8B U [3A — 6B + 21, 3A + 6B + z]U

UBA — 6B + 29,3A + 6B + 25) U[2A — 4B + 221,2A + 4B + 2] U [2A — 4B + 21+
+29,2A+ 4B+ 21 + 25) U[2A — 4B 4 229, 2A + 4B 4 22| U[A — 2B + 3z;, A+ 2B+
+321|U[A—2B 4221 + 29, A+ 2B 4+ 221 + 23] U[A — 2B + z; + 229, A+ 2B+
+21 + 225 U[A — 2B + 329, A + 2B + 325,
and discrete spectrum of the operator flg is consists of a five eigenvalue:

aise( HY) = {421,321+ 22,221 + 229, 21 + 329,422}, where z; = A+ 25( °‘+EEV2E21 %) S My,

and zo = A+ QB(afEE"Qlfi*HaQ) <mq, and B = 83:25;) , and real number |a| < 1, lying the

outside of the essential spectrum of the operator Hg.

M). If —2B < &9 < 0, then the essential spectrum of the operator I:jg is consists of
the single segments: aess(Hg) = [4A—8B,4A+8B], and discrete spectrum of the operator
Hg is empty set: ogisc(Ha) = 0.

Proof. A). It follows from representation (9), and from Theorem 5, that in
one-dimensional case, the continuous spectrum of the operator f[l is consists from
acom(ffl) = [A — 2B, A + 2B], and discrete spectrum of the operator ﬁl is consists
of unique eigenvalue z. Therefore, the essential spectrum of the operator ﬁ]g is consists

from of the union of four segments:

Oess(HY) = [AA—8B,4A+8B|U[3A—6B+ 2z, 3A+6B+ 2| U[2A — 4B+ 22, 2A+ 4B +22]U
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U[A — 2B + 3z, A+ 2B + 3z, and discrete spectrum of the operator f[g is consists is the
unique ecigenvalue: ogic(HY) = {4z}. These is given to the proof of statement A). from
Theorem 6.

The statements B),C),D),E),F) from Theorem 6 are proved similarly.

We now is proved the statement K) from Theorem 6. It can be seen from Theorem
5 (statement K) in one-dimensional case the operator H; has exactly two eigenvalues z;
and z, outside the domain of continuous spectrum of the operator H,. Therefore, the set

Oess(HY) consists of the union of ten intervals:
Gess(HY) = [AA—8B, 4A+8B|U[3A— 6B+ 21, 3A+ 6B+ 2| U[3A— 6B + 29, 3A+ 6B + 25U

U2A—4B+221,2A4+4B+22|U[2A—4B+ 21+ 29, 2A+ 4B+ 21 + 25) U[2A— 4B 4229, 2A+
+4B+22|U[A—2B+321, A42B+32 |U[A—2B+22z+29, A+2B+221+25|U[A—2B+2,+225,
A+2B+ 2z +22] U[A —2B 4 325, A+ 2B + 3z).

The discrete spectrum of the operator ]:72(1 , 1s consists of five eigenvalues: Jdisc(]:lg) =

= {421,321 + 29,221 + 229,21 + 329,429, }, where z; = A+ QB(QJFEE'Q??I_HQZ) > M, and

_EJE2 - 2 2 . .
2 = A4 2Bl EE2€1 I+a?) my, and E = 5(23:2222’ real number |a| < 1. These is given to
2

the proof of statement K) from Theorem 6.

We now is proved the statement M) from Theorem 6. It can be seen from Theorem
5 (statement M) in one-dimensional case the operator Hy has no eigenvalues the outside
of continuous spectrum of the operator H,. Therefore, the set aess(ﬁg ) consists of unique
segment: ooss(HY) = [4A — 8B,4A + 8B], and the operator has no eigenvalues, i.c.,

Udisc(Hg) = @ |:|
CONCLUSION
The following results were obtained in the work: If v =1 and e = —B and ¢; < —2B
(respectively, eg = —B and &1 > 2B) or e = —2B and &1 < O or g5 = 0 and g; < 0
(respectively, eg = —B and 1 > O or e = 0 and &y > 0) or 5 = 0 and 5 > 0
2 2
(respectively, e, = 0 angd gy < —2B), or g1 = w (respectively,251 = —%,)
or e > 0 and £; > w (respectively, eo < —2B and g, > W), or g9 > 0
2(e3+2Be2)

2(3+2Bey) (
B

and g, < — respectively, e, < —2B and 1 < — ), then the essential

B
spectrum of the operator Hj is consists of the union of four segments, and discrete
spectrum of the operator Hy is consists of unique eigenvalue. If v = 1 and g5 > 0 and
2 2 2 2
—w <eg < w (respectively, €2 < =285 and —w <eg < W),
then the essential spectrum of the operator HJ is consists of the union of ten segments,

and discrete spectrum of the operator f{rg is consists of five eigenvalues. Besides exists
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such case, where the essential spectrum of the operator flg is consists of single segment,

and discrete spectrum of the operator f[g is empty. Consequently, the essential spectrum

of the operator Erg is consists of the union of no more than ten segments, and discrete

spectrum of the operator HJ is consists of no more than five eigenvalues.
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HAYYHBIX UCCJIEAOBAHUN 110 UICTOPUU MATEMATUKMN!
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ABOUT THE MODERN TOOLS AND METHODS OF SCIENTIFIC RESEARCH
CONDUCTING IN THE FIELD OF THE HISTORY OF MATHEMATICS.

Bogatov E. M., Korenev A. V., Mikhailov I. S.

Abstract. In recent years, there has been a revival of interest in the history of mathematics
in Russia, especially domestic. However, the inclusion of young researchers in this scientific work is
very difficult. One of the reasons for this is the violation of the continuity of scientific generations
of historians of mathematics, caused, in turn, by the "brain drain"and the departure of researchers
to other fields of activity since the 1990s in the absence of sufficient motivation. As a result, the
methods and tools of research on the history of mathematics turned out to be the weak link of
applicants for academic degrees in this specialty. This was especially evident at the beginning of
XXI century on the periphery, when scientific archives were digitized and the ability to connect
and work with them began to affect the quality of scientific research.

There was a need to systematize the search for primary sources and articles on related topics,
as well as to learn how to use the new features of the Internet: forums and social networks of
scientists.

The availability of information about conferences and seminars (All-Russian and
international) with sections on the history of mathematics makes it possible to plan your scientific
work correctly, using these events as peculiar "mileposts"when extensive scientific topics is
developed.

Currently, there is no journal on the history of mathematics in Russia, and not all ordinary
mathematical journals accept articles on historical-scientific topics. Therefore, the list of such

journals, supplemented with information about the format of accepted articles (MS Word,

IPagora sBstercs PACIINPEHHBIM ¥ JIONOJIHEHHBIM BaApHAHTOM JI0KIaaa [1].



36 E. M. Bozamos, A. B. Kopenes, U. C. Muxatinos

LATEX), the speed of their publication and the status of the journal will allow a young scientist
to save a lot of time.

In addition to systematizing the activities of the historian of mathematics, the work will also
propose a scheme for organizing research and search work in the writing of scientific articles and
reports on the history of science, consisting of the following stages:

a) Detailed study of the subject area;

b) Search for materials on a similar research topic;

¢) Using forums and scientific social networks to find answers to questions that have arisen;
d) Search and study of primary sources;

e) Recreating the evolution of mathematical ideas;

f) Approbation at seminars and conferences;

g) Preparation of article for publication.

The work also provides recommendations for the preparation of the substantive part of the
historically-mathematical research, which can be adopted by specialists in the history of natural

sciences.

Keywords: a scheme for organizing research on the history of mathematics, a methodology for
preparing articles and reports on the history of mathematics, modern tools for historical and

mathematical research; source base of the historian of mathematics

... Ucmopus nayx daém aywwut u Haubosee
HADEHCHDIT MAMEPUAN, HA KOMOPOM MO2YM
OBIMb U3YUEHDL 3AKOHOMEPHOCTU

6 passumuu 4eN06€4ECMEA.

B. OcrBaubn

BBEJIEHUE

o konra XX Beka HCTOPUKU HayKu (Kak OTE€UECTBEHHBIE, TaK U 3apyOe’KHbIe PacIo-
JlaraJii JUIb OmOanoTedHbIM (boHIOM Ha OymaxkaHoM HocuTese. B Poccun sro: Poccwmit-
cKasl TocydapcTBeHHasi OMOInoTeka, OUbINOTEKN BeyIuX yHIBEpCUTEeTOB, apxuBbl PAH
u 1.7. Hecmorpst Ha 3T0, mHTEepec K mcCTOpUM (DU3NKO-MATEMATHIECKUX HAyK OBLT JI0-
BOJILHO BBICOKHM: W3/IaBajiuch cepbesnbie kypuaiabl: UMU (Mcropuko-maremarnaeckie
uccsrenoanus); UAU (Ucropuko-acrponomudeckue uccaenosanus); UMEH (Ucropus n
MeTOJI0JIOrHsT ecTecTBeHHbIX Hayk); Tpyabsl UMET PAH? (Mucturyr ucropun ecrecTBo-

suanus u rexunku umenu C. V. Basuiosa PAH); BbIXO/M/IM SHIUKIIONEIUH 110 UCTOPUU

*3HaunTesbHast YaCTh ITUX M3JaHui JocTynHa Ha cajite B. E. Ilbipkosa [2].
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marematuku [3]-[5] u mexanuku [6]. Hanbosree u3sectabM 1 TiosTHBIM (Ha KOHer 1960-x rr.)
U3aHUEeM 110 TIpaBy cuauraercs «Vcropus oredectBenHoit MaTemaTukuy |7]-[10].

K xonmny XX —nagamy XXI BB. B Poccun ncropus MmareMaTukm craJja IIOHEMHOTY C/1a-
BATh CBOU MO3UIMH; JIOJITOE BPEMs OHA OTCYTCTBOBaJIA Jaxe B pyopukarope PODU (cury-
aIyst IOMEHsI1ach TOJBKO B KOHIe 2010-X IT.). DT0 IpUBEJIo K HAPYIIEHUIO HeTPEPBIBHOCTI
IepeJiadul ONbITa OPTaHU3AINN HCTOPUKO-MATEMATHIECKUX HCCJIEOBAHUN OT CTApPIIEro
MOKOJIEHUS K MJIJIIIEMY, OCOOEHHO B HAYUYHBIX KOJIJIEKTUBAX, PACIIOJIOKEHHBIX Ha IePH-
depun. C npyroit croponsl, ¢ pazsutueM cetu VHTEpHET TOABUINCH HOBBIE BO3MOYKHOCTH
JIJIS JIOCTYIIa K TEPBOUCTOYHMKAM U CTaThdM 110 UCTOPUU HAYKU, OIyOJMKOBAHHBIM HA
MHOCTPAHHBIX f3bIKaX. OTMETHM, UYTO UCTOPHUS MATEMATUKN IIOMOTAET PEIUTh TPOOIEMbI
MOTHUBAINHN, 0OCOOEHHO 3TO KACAETCs HBIHEITHEro MoKoJIienus. Ken Mostoble nceienonare-
Jin OyJIyT PaBHATHCS Ha KOTO-TO U3 BEJMKUX JIIOJIE, BHECITUX BKJIAJ] B PAa3BUTHE HAYKU
(B 9aCTHOCTH MaTEMATHKH), TO y HUX OyJIeT JOMOJHUTEIbHBIN CTHMYJI K TIOJIYICHUIO BbI-
COKUX PEe3yJIbTATOB B CBOEI 00JIACTH.

Kpome Toro, paboTsl 1o ucTopun MaTeMaTUKN BCErJia NMEIOT IMPONAaraH/InCTCKUi Xa-
paxTep. OHu B 60JIBINEH NN MEHbBIeH CTeleHn TeMOHCTPUPYIOT BaXKHOCTh MaTeMAaTHKH,
U KaK COCTaBHON YacTu O0Iell KyJIbTypbl, 1 KaK WHCTPYMEHTa JIjIf pelleHus TPUKJIa/I-
HbIX 3aja4. Vcropus MareMaTuku CriocoOOCTBYET PA3BUTUIO TAKUX HABLIKOB, KAK KOMMY-
HUKATUBHOCTDH W KPUTUUIECKOE MBIIIJIEHIE, YTO MOYKET CTUMYJINPOBATH BBEJEHIE MOy Ieit
UCTOPUU MaTeMaTHKN B ydeOHbIe 11aHbl BY30B. B HEKOTOpBIX cTpaHax OHA aKTHUBHO
UCIOJIB3YEeTCs M1 MOTUBAIMN N3y UeHNs MATEMATHKHU MIKOJIbHIUKAMI U cTygaeHTaMu [11].

Hacrosmas pabora nMeer cBoeil IEIbI0 CUCTEMATU3UPOBATHL COBPEMEHHBIN UHCTPY-
MEHTAPHil ICTOPUKO-MATEMATUIECKIX NCCTIEOBaHUMN, a TaKyKe COPUEHTHPOBATh HAYMHA-
IOIIEr0 MCCJIeIoBaTeNId B 00JIACTH MCTOPUKO-MATEMATUIECKUX YKYPHAJIOB; KOH(EpEeHITH i
U JIITEPATYPbl CIIPABOYHOIO XapakTepa. DyIyT mpesjioKeHbl PeKOMEHJIAITUU MOJIOIBIM

y‘{éHblM IO HAIIMCAHUIO CTaTel I10 HNCTOPpUU €CTECTBEHHBIX HaYK.

1. CXEMA OPTAHU3AIIMM MCCJIEJOBAHUII

[Tocie Toro, kak 0603HaYeHa TIOCTAHOBKA 3a1a9i (OOBITHO 9TO JIeJIaeT HAYJIHbIH py-

KOBOJIUTEJTh ), TI€JIeCO00PA3HO CeIaTh Al B PA3HBIX HAIIPABICHUSIX:

1.1. Jdemaavroe usyuwenue npedmemuoti obaacmu. CHadaia HyKHO TOCTAPATHCS
pa3obpaTbes B IIpeiMeTe KaK MOYKHO JIydIne. 3/1eCh Ha MTOMOIIb MOXKET MPUATH XOPOIuit
yuebnuk, oporriopa u3 cepun «llomyspublie Jekmun o MaTeMaTuke» u3gareibcrsa «Ha-
yKay, Hay9IHO-TIOMYJIsIpHbIE CTaThu B yKypHase «KBanT» u B cbopauke «Maremaruieckoe
npoceerennes 12|, Marepuasbl JeTHUX /3UMHIX MATEMATHYIECKUX IIKOJI, B TOM YHCJIE,

IpeJIcTaBJIeHHBIX B BHJE JIeKInii Ha KaHaje YouTube. Hampumep, ecin Hac mnrepecyer
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UCTOPUSA BBIIYKJIOCTHU, I0JI€3HO TTpodecTh ctarbio B.M. Tuxomuposa ['eomeTpus BbITyK-
aocru [13].

Bosbyto 1ieHHOCTS J1J1s1 NICTOPUKA HAYKHU MIPEJICTaB/IAeT COD0i 00IepOCCHiiCKMii TIop-
ta; Math-Net.Ru. On BbIio/iHeH B Bujie COBpeMeHHON MHMOPMAIMOHHON CHCTEMBI, ITPEJI0-
CTABJIAIONIENH POCCUIICKAM ¥ 3apyOeKHBIM yUYEHBIM Pa3/JUIHbIE BO3MOKHOCTH B ITOMCKE
HAyYHOI WHMOPMAIUN 10 MaTeMaTUKe U JIPpyruM Haykam. Kpome redaTHbIX HCTOTHUKOB,
[OPTAJI IIPeJyIaraeT OOJIHIIOE KOJUIECTBO PA3HOOOPA3HBIX BUIEOPOJIMKOB 10 MATEMATHKE,
PAaCIOJIOKEHHBIX BO BKJIaJIKe «Bumeorekas (HalpuMep, 1o TeopeMe O HElOBIZKHON TOUKe
MOZKHO PEKOMEIIOBATE JieKnuio [14]).

Suaunmas nHGOPMAIS MOXKET ObITH IMOYEPITHYTa TaKzKe U3 0030POB MOC/ICIHIX JIe-
CATUJIETUN B TON WM WHOU OOJIACTH MaTeMaTHWKH, OMyOJIMKOBaHHBIX B 2Kypuase YMH

(M. mHampumep 0630p “O HEKOTOPBIX OCHOBHBIX HAIpaBJeHuaX obieil Tomogorun” [15]).

1.2. ITouck mamepuanos8 Ha CTOHCYIO MeMY UCCAeI08aHUSA. 3]I€Ch CTOUT TOCMOT-
persb Boiycku VIMU [16] Ha npeamer Hajwdus crarteil Ha GJIM3KYIO K HEMY TEMY, & Tak-
JKe ocyIiecTBUThH nouck B Mureprere. Hampumep, cchopmyampoBarh 3alpoc ¢ TOMOIIBIO
Google Kak Ha PycCKOM, Tak W Ha AHIJIMHCKOM SI3bIKaX. B ciiydae ¢ mcTOpuei BBITyK-
JIOCTH, K IIPUMEpPY, Mbl HabupaeM history of convexity u cpeanm OTBETOB BHIUM OOJIBIITYIO
o63opuyio crareio IL.M. I'py6epa B yuebnuke [17], B koropoii Muoro cebuiok. Ilocse 3roro
MeeT CMBICJI MPUCTAIBLHO U3YYUTh HallJeHHbIe UCTOYHUKH.

Ecnn mam m3BecTeH XOTst ObI OMWH W3 MATEMATHKOB, KOTOPBIN 3aHUMAJICS UHTEpe-
cyroleil Hac TeMoit (HampumMep, ApXuMesr), TO Mbl MOYKEM BOCIIOJIb30BAThCsI UHTEPHET-
apxuBoM 110 ucropun mMaremaruku MacTutor [18|, co3janHbIM yueHbIMU U3 yHUBEPCUTE-
ta Cenr-duapioc B [lormanaun xxonom O’Konnopom m Damynmgom Pobeprcornom. Bo
Briajike BIOGRAPHIES wmbr obrapyKum 00JIBITYyI0 0030PHYIO CTATBIO O pe3y/bTraTax
Apxumesa co ceblIKaMu Ha pabOThl UCTOPUKOB HAYKHU, B TOM YUC/I€ OT€UECTBEHHBIX.

Ha sTOM 3Tare MOXKHO BOCIOJIB30BAThCS CTAThAMU K 100usesM 19|, HayaHbiMu aBTO-
6uorpadusamu [20] u mHekposoramu [21].

Heocriopumyto momoris B oucKe HeOOXOINMBIX MaTEPUAJIOB CMOXKET OKa3aTh CTapeii-
muit Hayaablit apxuB Poccnn - apxus Pocceniickoit akagemun Hayk [22]. On npemncrasiser
COBOKYITHOCTDH JIOKYMEHTOB, 0Opa3ylonuxcs B jiesdresbHocTu Poccniickoit akajieMun HayK
1 e€ yUpexKJIeHN, NMEOINX HayIHOe, CONNATbLHO-KYIbTYPHOE U UCTOPIMYECKOe 3HAUEHNE.
B sTom apxuBe, HaIpuMep, UMEIOTCS MUCHhMa M3BECTHBIX YUEHBIX K CBOMM KOJIJIEraM, U3
KOTOPBIX UHOT/Ia OBIBAET MOXKHO MTOYEPITHYTh MOTUBAIIUIO K BOSHUKHOBEHUIO TOW WU WHOM
UJIEN WJIH METOJIA.

[Tapasienbro ¢ paboTo HAJ] CTAThAMHE 110 UCTOPUN MaTeMaTuku (1.1.2)) MOXKHO 06-

paTUThCH K SHIUKIOIEusIM 1 XpecromartusiMm TakuM, Kak “The Oxford Handbook of The
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History of Mathematics” [23|, “Companion Encyclopedia of the History and Philosophy
of the Mathematical Sciences” [24]|, «VMcropus maremarnkn ot Jlekapra /10 cepeauHbI
XIX croserusi» |25, «Kparkuit ouepk ucropuu MareMaTuki» [26], a Takyke K KHUIaM 110
HCTOPHU OTJIEJIbHBIX PA3J/IeJIOB MaTeMATHKN TAKUX, KAK UCTOPHsl Torosoruu [27].

Cuiejtyer oT/Ie/IbHO OTMETHTh TPEXTOMHBIN cOOpHUK «Maremarnka, ee cojeprKaHue,
MeTo/ibl 1 3HadeHues |28]-[30|, m3manusiit B 1956 rogy B CCCP, KoTOpBIil 3HAKOMUT |H-
TaTesIsl C C COJep:KaHneM U METOAaMU OTJ/IE/JIbHBIX MaTeMaTHIeCKUX JIUCIUAILINH, X OCHO-
BaMU U IyTSMH PA3BUTHS.

st m3yvueHns BKJaJa 3apyOe:KHBIX yUEeHBIX IOMOIIbIO Oy/eT obpallleHre K IIyTeBO-

JIATEJTIO 10 UCTOPUKO-MATEMATUIECKON JINTEPAType Ha aHITHACKOM s3bike [31].

1.3. Ucnoavsosarue Gopymos u HAYUYHBLT COUUAADHBT cemeli A NouckKa om-
8emos Ha 803HUKwWuUE 80onpocs.. B cetn MHTepHer mocTaToIHO OOJIBIITOE KOJTUIECTBO
dopyMOB, Ha KOTOPBIX 00CY?KIAI0TCsI BOIIPOCHI 110 UCTOPUHM MaTeMaTHKU. MOXKHO BbIje-

JINTHh HECKOJIBKO N3 HUX:

e Math10.com
JlaHHBIT PYCCKOS3BIYHBIN (OPYM HOCUT JIIOOUTEIbCKHiT XapakTep. Ha mHem
00Cy2K/TaeTCss BO3HUKHOBEHME MATEMATUKHU, IIPEJNOChLIKE €€ 3apOoXKICHUT, a
TaKKe II0C/IeJI0OBATEILbHOCTL ee pasButTusd. [lomHumalorcs, B YacTHOCTH, BO-
IIPOCBI O IIEPBEHCTBE BO3HUKHOBEHUS <«4ucaa» wian nucbMmernsoctu. URL:
https://www.math10.com/ru/forum/viewforum.php?f=40

e Readit. History of Mathematics?
9T1oT hopyM IpeJcTaB/IeH Ha aHMJINHCKOM sa3bike. Ha HeM BbIHOCATCA Ha 00CY K-
JIeHUE OTJIe/IbHbIE MOMEHTBHI Pa3BUTHsS MaTeMaTUKN, BayKHble W WHTEPECHbIE 3Tallbl
ee CTaHOBJIeHUs. TakyKe Ha HEM MOYKHO HAWTHU TOJI€3HbIE CCHIIKN Ha KHUTHU 10 WC-
TOPHUK MaTeMaTHKH.
URL: https://www.reddit.com/r /history /comments,/al6xoj
/history of mathematics

e MATHEMATICS
9T1oT HOopyM Tak:Ke IpeJCTaB/IeH Ha aHIJINICKOM sI3bIKe. Ha HeM ImogHuMaTcs
caMble Pa3HOOOPA3HBIE BOIPOCHI, TIOCBSIIEHHBIE NCTOPUH MATEMATHKU (OT MPUYUH
obo3HaUeHUsT TOW MJIM MHOM BEJIMIUHBI OIPEJIe/IEHHON OyKBOM JI0 IMOMCKa KHUT I10
HCTOPUU MATEeMATHKH).

URL: https://math.stackexchange.com/questions/tagged /math-history
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1.4. Ilouck u udyuenue nepsoucmovwHuros. llocie nuzydenns npemamera uccienoBa-
Huit u ucropun Bompoca 1.1-1.3 BecbMa BakKHO 00paTuUThCs K repBouctouHnkam. Cra-
ThU HA PYCCKOM SI3bIKE MOYKHO HCKATh Ha ODOIIEPOCCUICKOM MaTeMaTHIeCcKOM IOpTaJsie
MathNet.ru. Hecomuennyio 1o/ib3y MNpuHECET oOpallleHre K JIEKTPOHHOW OubImoTeke
«Hayunoe nacienue Poccun» [32]. Ilpoext sexrponnoit 6ubamorexn «Hayanoe naciemue
Poccuny nanesien Ha obeciieuenune perieHns 3a/[a9u O COXPAHEHUN HAYYIHOIO HAC/IE/IUS U
CO3JIaHUN yCJIOBH ero 3(hPEeKTUBHOTO OCBOEHUSI.

Ota OmbmoTeKa co3jaBasiach yuapexaenusmu PAH kak obrmiemocTymHast ¢ IEeIbo
[IPEJIOCTaBUTH TOJIb30BaTEe M VHTEpHET MHGMOPMAIINIO O BBIIAIOIINXCA POCCUUCKUX yUe-
HBIX, BHECIITX BKJIAJ] B pa3BuTHe (OYHIAMEHTATHHBIX €CTECTBEHHDBIX HAYK, U MOJTHBIX TEK-
CTOB OIyOJIMKOBAHHBIX UM HauboJIee 3HAUYNTEIbHBIX paboT. Ha sToMm caiite, B acTHOCTH,

MOXKHO HalflTH Takue pejikue u3jianus, Kak coopuuk TpyaoB 11. V1. HYebOwiena.

AARAS OAT) - ABEKTPOHMAR BRAINOTERA “HAYHOEL HACTILIME FOCCH

IS i-;\‘:'&h\‘?fzls\“'f:‘.Q‘”&E\‘”&E\"’&iﬁ“%ts‘.\‘l'/é&‘?)ﬁi\‘i'&é-;\‘:'&&‘:’f:wﬂ'&‘.i\‘”&!s‘.\‘"f:%i‘:&ﬁ
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=
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Puc. 1. Buemnuit Buj caiita smekTponHoit oubanorekn «Hayaroe nacie-
e Poccnms.

[Tomumo 3TOrO, B TOMCKE IMEPBOMCTOYHUKOB MOXKET I[OMOYb 3JIEKTPOHHBIN Pecypc
Project Euclid [34]. Ilepsonatanbio on 6blI cO3/aH i TOrO, 9TOOBI 00ECIICINTD ILIAT-
dopmy st HEOONIBININX HAYYIHBIX H3/aTesell KYPHAJOB 110 MaTeMaTHKe U CTaTUCTHUKE,
a TakKe ITOOBI IepeiiTh OT IMeYaTHOM K 9JIEKTPOHHOU (hopMe IKOHOMUIeCKN IPheKTuB-
HBIM cIIocoboM. Birarojiapsi coueTanuio MOJJIEPKKH CO CTOPOHBI MTOJIITICABIITUXCH OMOJIMO0-
TeK U yJacTByIOUmX u3zareseii 6omee 70% >KypHaJIbHBIX cTareil, pa3MeIleHHbIX Ha cafi-
te Project Euclid, naxongarca B oTkpbiToMm foctyne. B macrodinee BpeMs 1eibio Project
Euclid aBigercsa npegocrasiiene n3aaTeIbCKuX yCJIyT /Il TEOPETUIECKON U MTPUKJIATHOM
MAaTEeMATUKHU U CTATHCTUKU 110 BceMy MUDY. B pamMkax JaHHOTO IMPOeKTa BO3MOXKHO OIy0-
JINKOBAHWE MPEIPUHTOB — IIPE/IIIeIaTHBIX BepCuil crareil ¢ neapio 0003HAYUTD IPUOPUTET

B OTIPE/ICJIEHHOM HAIIPaBJIEHUN MCCJIEIOBAHUIM.
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Crarbu Ha JApyrux (e€BPOIEHCKNX) si3bIKAX MOYKHO HANTH Ha caiTax:

e http://www.digizeitschriften.de (nemenkas mudposas 6ubsmoreka [érruarena)
[Ipenocrasisiercst gocryn K Gosee dem 700 M3BECTHBIM HEMEIKUM AKaJIeMIIe-
cKuM KypHaiaam u3 21 npeamerHoii obactu ¢ 9 Muumonamu crpanuil. Bee craTbu

JIOCTYIIHBI JIid cKaunBanud B (popmare PDF u nmevaru.

e https://gallica.bnf.fr (dpaniysckas HarmonasbHas GHOIMOTEKA )

Dpaniy3cKuil apxuB CTaBUT CBOEH 11e/1bI0 o1ndpoBaTh Bee cojep:kumoe Harmo-
HastbHOI Onbsmmorekn Opanrun — 6os1ee 12 MUIIMOHOB KHUT ¥ MaHycKpunToB, H00
TBICAY MTEPUONYIECKNX n3Jianuil. B pamMkax mpoekTa BBLIOXKEHO B MHTEPHET OKOJIO
80 Teicsu pabor m 70 ThIcad m3o0parkeHUil, ujIET padboTa 1Mo OIMUdPOBKEe apxuBa

dpaniysckux crareit XIX B. B unrepdeiice ectsb mojjiepKKa pycCKOro si3biKa.

e https://eudml.org (eBporneiickas nudposas MareMaTnuecKas 6ubIoTEKA )

[lennr mpoekrta The European Digital Mathematics Libriaryu (EuDML) — co-
3/1aTh €IMHYI0 MHMOPMAIIMOHHYIO CHCTEMY MaTeMaTHIeCKON JUTepaTyphl, Omyo-
JuKoBaHHO# B EBpomneiickux m3manusx. [I[poekT ocyimecTBisgeTcss Ipu HOIIEPIKKE
BeymnX EBponeiicKknX yHUBEPCUTETOB W HAayIHBIX opranm3aruit. EuDML unmex-
cupyet 6osiee 250 Thicay myOaukanuit u3 14 xosnekumii xxKypHaJjoB. B uarepdeiice

€CTb IIOJIEP2KKa PYCCKOI'O A3bIKa

e https://www.jstor.org (MexyHapojnas mudpoBas 6UOIMOTEKA AKAJIEMUIECKOTO
KOHTEHTA, )

Journal STORage npejocrasisier goctyn K 60see deMm 12 MUIMOHAM HAyIHBIX
JKYPHAJIBHBIX CTaTel, KHUT U IepBOUCTOIHUKOB 110 75 puctuminaam. JSTOR - morr-
Has UCCJIe/IOBATEIbCKAs U IIPEojaBaTebckas IaaTdopma, ¢ MOMOIIbI0 KOTOPOil
MOKHO M3YyYUTh IMUPOKUIl CIIEKTP HAYYHOTO KOHTEHTA, B TOM YUCJIE U [0 UCTOPUU
maTemaTuku. https://archive.org (amepukasckuii 1mudpoBoii apxus)

DTOT apXuB COJNEPKUT pejikue U 1eHHble u3ganus XIX-XXB (KHuru u cra-
ThH), OIyOJIMKOBAHHBIC, B OCHOBHOM Ha AHTJIMIICKOM sI3bIKe. JI0CTYIT K HEKOTOPBIM
HCTOPUKO-MaTeMaTnIeckuM Marepuaiam XXI Beka (TakuM, Kak, HAPUMeEDP, MOHO-

rpadus k. Jloorena o Jluysuste [34]) ocyrecTBisieTcs 0 TO/IINCKe.

g Toro YToOBI MPUCTYIUTHL K IEPEBOJLY CTATbU HA PYCCKUN S3BIK MAITHHHBIM
crrocoboM (HaIpuMep, ¢ oMoIIbio epeBoaunkoB Google mimm Deepl), naxomgmmumMucs
B CBOOOJIHOM JIOCTYIIE, HEOOXOJuMO IpeobpasoBarh daitibl pdf B TekcT. DTO MOKHO
C/le7laTh ¢ TOMOIIBI0 MHTEPHET-CepBHCOB pacro3nanus Tekcra (http://tools.pdf.24.org;
https://www.onlineocr.net/ u r.r.)
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1.5. Boccoddanue sgoarouuyu mamemamudeckuxr udeti. Cavoe TPYIHOE — 3TO BOC-
CO3/IaHue IBOJIIONNN TON MU MHON MaTeMaTuIecKoit njen. B oryimaune ot Hay41HOTO 0030pAa,
YIIOP 3/eCh JIOJIZKEH JIeJIaThCsd He CTOJIBKO Ha TO, KaK IMOSBUIACh U PA3BUJIACH Ta U MHAS
njesi, CKOJIbKO Ha TO, ITOYEMY ee pa3BUTHE TMPOUCXOJMIO TeM WM WHBIM obpasoMm. OdeHb
BayKHO BUJIETh NCTOPUIO MATEMATHKHU B IIEJIOM, KaK OOJIBITION M CBA3HBIN IIPOIECC, U €CJIN
MBI BBIJIEJIUM KAKYIO-TO JIMHUIO B 9TOM IIPOIECCE, TO HEOOXOUMO 3a(DUKCUPOBATH €€ CBA3U
U B3auMOJIEHCTBUE ¢ JPYTUME JIMHUSIMU U IIPOIECCAMU.

[Ipu pabore B 0b/1aCTH UCTOPUU MATEMATUKH II0JIE3HO CTABUTH Iepejl coDOil BOIIPOCHI
CJIEJIYIOIIETO XapaKTepa’.

«ITouemy BO3HMK/IIA Ta WK WHas 00J1aCTh MaTeMaTuKu! Kakue 3aja4uu perrasncs ¢ eé
roMoInbio? Kakyio po/ib Ipri 9TOM UI'pajii KOHKPETHBIE Pa3/iesibl 00CY K 1aeMoit 00/1acTu?
Yro n3 0bcy)KaaeMbIX el TPUIIO W3 MPAKTUKN, a ITO PEIraso BHyTPH MaTeMaTude-
ckue 3aja4n’ Kak 310 KoHMIMKTOBAIO MeK Ty coboit? UTo cTosiio 3a TeMu WjIn UWHBIMU
[TIOBOPOTAMH B JAHHOM HAyIHOM HAaIlPABJICHUM ! »

CyTb METOO0JIOTUN MCTOPUKO-HAYYIHBIX HUCCJIEIOBAHUI OYeHb 00pa3HO IPEJICTABUII
akasiemuk B.B. ['menenko B jokiazie Ha cexknnu ucropun maremaruku IV BceecorosHo-
o MATEeMATUIECKOTO Cbe3Ja: <. .. s [IPABUIHLHOCTH HCTOPHIECKON MEePCHEKTUBBI HAJIO0
JIF000€E sIBJICHHE B HCTOPHH HAyKH PAcCMaTPHUBATh HE TOJIBKO B €ro I'eHEe3HCe, ¢ TOUYKH 3De-
HHST IPEJIEeCTBYIONEro, HO U ¢ TOYKH 3PCHHS MOCICAYIONIErO, T.€. C YIeTOM €TI0 BIUSHUSI
H ero MmocJie/[CTBHUI, KOTOPBIE CJEYeT MPOCJIeKUBATH JI0 HAIMHX JHElH. UToObI oxapakTe-
pH30BaTh ILIOJ, HaJIO 3HATH U JIEPEBO, Ha KOTOPOM OH CO3DEJ, H CeMEHa, KOTOPbIe OH B

cebe colepKUT, U POCTKH, KOTOPbIE Jlaji 9TH ceMeHas |35.

1.6. Anpobavyus. Ilpemnmonoxkum, 910 1epBas BEPCUs CTATHU 10 UCTOPUU MATEMaTUKU
coznana. EcrecrBenno, ona me Oy/ier gBIATHCSI OKOHYATEIHHBIM BapruanToM. [l ampoba-
[N TAKUX PA0OT U UX YIYUIIEeHUs B YIEHOM COODIIECTBE CYIIECTBYET HEMMCAHOE TTPABUIIO:
HAyYHBIN Pe3Y/IbTAT JIOJIZKEH IPONTH 00CYKIeHne. DTO 00CYKIeHNEe TPOUCXOIUT JTHOO0 Ha
cemuHapax, jubo Ha KoHdepenrusax. [lo nucropun maremarukun B Poccun m3BecTHBI J1Ba

ITOCTOAHHO PabOTAIONINX CeMUHAapa:

e B MI'Y npu kabuHeTe NCTOPUU U METOOJIOTHH MaTEMATUKU TI0J] PYKOBOJICTBOM TIPe-
sujieHTa Mexk TyHapo Hoit akajemun ncropun Haykn mpodeccopa C.C. lemumona;
e 8 [IOMU PAH mox pykoBomcTBoM JIOKTOpa (husnko-mareMarntdeckux nayk [LI.
Cunkesuu [36]. Cemunap I'VI. CunkeBud B 1ocjie/iHee BpeMsl IPOBOIUTCS JINCTAH-

[IMOHHO U IPUBJIEKAET MHOIO HHOCTPAHHBIX YIACTHUKOB [37].

3Bonpocm BocrpoussoaaTcs n3 nepenucku jgonenta CT HUTY MUCuC E.M. Borarosa u npodec-
copa MI'V A.B. Boposckux, sjiekTpontoe nmucbMo ot 26.03.2019.
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NmeeTcd BO3MOXKHOCTD NPUHATH B 3apPyO€KHBIX CEeMUHAPaX M0 HUCTOPUU MATEMaTHUKH,
npoxoJdImux Ha Kadeape ncropun u dunocodbun Haykn B KeMOPHIKCKOM YHUBEPCH-
rere [38]. B Hacrosinee BpeMs yYaCTHUKHU STUX CEMUHAPOB MOTYT JeIaTh JOKJAAbI (1
CJIYIIATH KOJLJIET) JUCTAHIIMOHHO, YTO JleiaeT uX 6oJiee MOCTYIHBIMU JIJIs HCCTe0BaTe el
BCEro Mupa.

[Tomumo ropuanoit Hay4anoit kondepenrnuu UMET PAH um. Basuiosa, nmpoxo/isineit B
Mockse u Cankt-IleTepbypre, Ha KOTOPOIi €CTh CEKIIUKA UCTOPUH MATEMATUKHU 1 MEXAHUKH,
60JIbITIOE 3HAYEHUE B IOCJIEIHUE TOJBI IPHOOpEeIa MeXKIyHapo Has KoudepeHius «Aj-
rebpa, Teopusl YUCE] U JUCKPETHAsd NeOMETPHS: COBPEMEHHBIE TPOOJIEMbI, MPUIOKEHUS
U TpOOJIEMBbI UCTOPUU», KOTOPasl MPOXOJUT €KerofgHo mnpu TyabCKOM rocy1apcTBEHHOM
[eJJarOTMIeCKOM yHUBepcuTeTe. Kpome TOro, ceKIns «MCTOpUsl MaTeMaTUKUy C HeJlaBHe-
ro BpeMeHU mosiBuiach Ha KpbiMckoil ocenneii maremarudeckoit mkose (KPOMII) u Ha
Beepoccniickom cnmmosmymMe 1Mo TPOMBIIIEHHO 1 pukJaaaoil Mmatemarnke (BCIIIIM).

Cremyer OoTMeTUTb, UTO B Halleil cTpaHe HeJaBHO ObLIO co3panHo «Pycckoe obie-
cTBO mcropun u dumocodpun HAYKH» B HEAIX YCHJIEHUs MEKIUCITUIIINHAPHOTO B3au-
MOJICHCTBUSA B 00JIACTU HAYKH, TIOJI STUJION KOTOPOrO MPOXOJAT KOH(MEPEHIIUN U CEeMU-
Hapbl [39]. HacTb M3BECTHBIX MEXKIyHAPOIHBIX KOHMEPEHIUi 110 MCTOPUU MaTeMaTH-
ku npoxojdar B Jlonmone u Ilapuxke, nanpumep «International Conference on History
of Mathematics» [40]. 9tu kKondepeHy MPU3BAHBI OOBEJIUHUTD BEIYIIUX YIEHBIX JIJIs
oOMeHa OIBITOM U pe3y/JbTaTaMU UCCICTOBAHUN TTO BCEM ACIEKTaM MCTOPUH MaTeMaTHU-
ku. OHE TakzKe 00eCIeuInBAIOT MEYKIUCIUILINHAPHYIO 1LIaThOPMY JIJIsi UCCIeI0BaTe/ e,
[IPAKTUKOB U IIPENojIaBaTesieil, UTOObI IPEJICTABUTD U OOCY/IUTH CaMble TTOCIETHIE NHHOBA-
1NN, TEHJIEHIINN U TPOOJIEMBI, ¢ KOTOPBIMU ITPUXOIUTCS CTAJKNBATHCA B 00JIACTH NCTOPUT
MaTEeMaTHKH.

[lepeiigém K TeMe IMOATOTOBKHU JIOKJIAJIOB Ha MEKJIYHAPOJIHBIX KOH(MepeHnax. Ps
YUIEHBIX MPEMOYUTAIOT JIeJIATh JIOKJIAJIbl, UCIOJIB3Ys TOJIBLKO MeJl u JocKy. OHako, mpu
c1abOM BJIaJIEHUN S3bIKOM PEKOMEH/IyeTCs JIeJIaTh IPe3eHTAIINI0 B O/THON 13 Bepcuii Power
Point. IIpu sTom KejiaTesibHO, YTOOBI TEKCT OBLIT OTPEIAKTUPOBAH CIEUAJIUCTOM. Bo
BpeMs 10Ka3a CJIeyeT IIPOroBapuBaTh Ty UH(POPMAINIO, KOTOPas BBLIBOJUTCS Ha KPAaH,
MOSICHATH ee. BBOJIHYIO 9acTh cjleyeT c/iesiaTh KOPOTKON U cpa3y HepeiiTh K CyTH JieJia.

Ecnn moknaquK WCMOIb3yeT MPOEKTOpP, YAOOHO MOTB30BATHCSA Ja3epPHON YKA3KOM.
DTO TO3BOJINT MPUBJIEYb BHUMAHUE K KJIFOUEBBIM MOMEHTaM JIOKJaja. e B JgoKIaje
[PUCYTCTBYIOT I'POMO3IKIE (DOPMYJIbI, JKEJATEJIHLHO UCIOJIH30BAThH SKPaH JJIs UX JTE€MOH-
crparun [41].

[Tocsie BoicTyIeHNsT Ha KOH(MepeHIn (ceMuHape) ¢ U3JI0KEeHNEeM CBOUX Pe3yJIbTaToOB
TEKCT CTATbH, KaK ITPABUJIO, JIOTOJHAETCA U IPeTepIeBaeT KOPPEKINIO B CTOPOHY YJIyd-

IeHud.
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1.7. IIybaukauus. 3aKk/TI09ATETHHBIN TAIl UCCIEOBAHUN — IIPEICTABICHIE CBOUX Pe-
3yJITATOB B BUJIE, IIPUTOHOM JIJIsl OITYOJTMKOBaHUS. TaK KaK pasHble KYPHAJIbI, TIPEIbsiB-
JIAIOT pas3Hble TPeOOBAHUS K JIEKTPOHHONW BEPCUM CTATbH, HY>KHO CHadaJIa OIPEIe/TUThCs
¢ BBIOOPOM KypHAJIA.

PaCCMOTpI/Il\/I BO3MO2KHBIE€ BapHUaHTDBI:

1. 2Kypnan «Tappuueckuit BecTHUK MaTeMaTuku u nndopmarukus. [Ipuanmaer cra-
ThU 110 uctopuu Maremaruku B ¢popmare TEX. Unuekcupyerca 8 PUHIL, Bxonur
B crmcok BAK.

URL: https://tvim.info/

2. Kypuan «Heoboimenckuit coopuuks. C 2015 r. mIpuHUMAET CTATbU 110 UCTOPUU Ma-
tematukn B ¢popmare TEX, B Tom umcie 6osibinoro oobema. Cpejree Bpems Ha-
XOXKJIEHNS CTAaThbU B PeJaKInu 710 MOMeHTa myosmkarmu - 12 mecanes. C 2018 1.
BXOJIUT B 0a3y JaHHBIX SCOPUS U BBIXOJIUT UEThIPE pa3a B IO/I.

URL: https://www.chebsbornik.ru

3. 2Kypnan «Hayuansie Bejomoctu Benly. Cepus [Ipukiagnas maremaruka u Ousn-
kay. [I[puaUMaer crarbu 1o ncropun Mmaremaruku B ¢popmare TEX. Cpemgree Bpems
HaXOXKJIEHUs CTaThbU B PEJIAKIIMH JI0 MOMEHTa ITyOJIMKAIUN - IecTh MecdrneB. n-
nekcupyercs B PUHII, BxoguT B ciimcok BAK.

URL: https://www.bsu.edu.ru/bsu/science/public/bsu-science-journal /

4. Kypnau «/3Bectus Beicmnx yaeOHBIX 3aBe/ieHnil. [[pukitanas nennHeiiHas quHa-
MHKa» - CTapeiiliee poCcCHilcKoe CIeNUaJIn3upOBaHHOe TEPUOIMIECKOE U3/IaHue 10
HeJIMHEHOW TMHAMUKe, TEOPUN Xaoca U UX HPUJIOKEeHUAM, u3gaercd ¢ 1993 rona.
C 2008 roma Kyprasa BxoauT B «llepedeHnb mepmoanmdecKux HaydIHBIX U HAYIHO-
TeXHUYeCKUX n3jianuit PO, pekoMeHIyeMbIX JIjid MyOJTUKAIIM OCHOBHBIX PE3Y/IbTa-
TOB JUCCEepTaIlUil Ha COMCKaHUe y4eHOH cTeneHu JoKTopa Hayk» BAK P®. C 2009
roja unjekcupyercss B PUHIL (3arpyzkenbl Bce Bbillycku, HaduHas ¢ 1993 roga).
C 2017 roma ungekcupyercsa Scopus. C 2018 roma unjgexcupyerca Web of Science
(ESCI). Ilpuaumaer crateu B dpopmare TEX.

URL: https://andjournal.sgu.ru/

5. ZKypnan «Historia Mathematica» - akajemMuaeckuii »KypHaJi 110 UCTOPUU MaTeMa-
TUKH, n31aBaeMblit kKommanneit Elsevier. On 6b11 ocHoBan Kennerom O. Mait B 1971
I., Kak becrraTHblil mHgopMannonnblit 0tostererb Notae de Historia Mathematica,
Ho K 1974 romy npespaTtuiics B noJsiHoneHubii kypHas. Historia Mathematica my6-
JINKYyeT UCCJIEIOBAHNS 110 UCTOPUH MaTeMaTHKN U ee PA3BUTUIO. B yacTHOCTH, Ky P-
HaJI TOOIIPAET HMCCJIeJIOBAHUA O MaTeMaTUKaxX W X paboTe B MCTOPUIECKOM KOH-

TEeKCTe, 00 I/ICTOpI/IOI‘paCbI/ILIeCKI/IX TeMaX B UCTOPUU MaTEMaTHUKN U O B3aNMOCBA3AX
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MEXKJy MaTeMaTHYecKuMu ujedMu n naykoil. zKypHas mHIEKcupyeTcsa B SCOpUS.
Crarbu NIPUHUMAIOTCH Ha aHruiickoMm s3bike B hopmare TEX.
URL: https://www.journals.elsevier.com /historia-mathematica/

6. 2Kypnan «Archive for History of Exact Sciences» mpunmmaeT cTarbum BBICOKOTO
Ka4decTBa 10 UCTOPUM MaTeMaTUIecKuxX HayK. Kro 1mejb - obecneduTh ObICTPYIO U
HOJIHYIO ITyOJIMKAIUIO cTaTeil, a TakKe IPOJUTh CBET Ha KOHIIENTYAJbHYIO OCHO-
BY HayK, aHAJU3UPYS UCTOPUICCKUIT XOJ] MATEMATHICCKON U €CTECTBEHHOHAY IHOM
mbicsn. 2Kypuast unjekcupyerca B Scopus. CTaTbu TPUHIMAIOTCS HA AHTJTHIICKOM
SI3BIKE.

URL: https://www.springer.com/journal /407

Tak kak 3HAYUTEIbHAS YACTh KYPHAJIOB IpUHUMaeT craThbu B (hopmate TEX, mose3nbim
OyJleT O3HaKOMJIEHUE C M3/aTe/IbCKOoil cucTemoit st Habopa Tekcra LaTeX. LaTeX — sro
cucTeMa OOIIero Ha3HadYeHus JIJId Habopa TeKCTOB, KoTopas uciob3yer TEX B kKauecTBe
cpejicTBa popmaTupoBaHus. biaromgaps cBoeit riOKOCTH, ITPOCTOTE UCIIOIH30BAHUS U ITPO-
deccuonagpaOMy nTosTurpaduaeckomy KadectBy, LaTeX B HacTosiIee BpeMst IPUMEHAETCsT
[P [OATOTOBKE U3aHUI [OUTH 10 BCeM 00JIACTSM €CTECTBEeHHBIX HaykK [42].

Cucrema 1151 Habopa TekcTta LaTeX nmeeT HECKOIBKO IIPEMMYIIECTB IIePe/ TEKCTOBBIM

pesakropom Word:

e OrIMYHOE KAYeCTBO IMOJTOTOBKU HAYYIHBIX TEKCTOB (y/I00HO IMOjyiep:KaHa BEPCTKA
MaTeMaTHIeCKuX (hOPMYII).

e ABrOoMaTHueckasi pyOpUKAaIus JOKYMeHTa, HyMepalus (pOpMyJI, PUCYHKOB U CITHCKa,
nureparypbl. [Ipr 5TOM Bee 971eMeHThI TPAMOTHO PACIIOIAratloTCsl Ha CTPAHHUIIE.

e TEX, dopmarupyiorree sigpo LATEX, upesBbruaiino MOOUIEH ¥ CBOOOIHO JIOCTY-
nen. [losTomy cucrema paboTaeT MPAKTUIECKNA HA BCEX CYIIECTBYIONIMX ILIATHOD-

MaX.

B ocBoenun naHHbIi cucTeMbl moste3HbIME OyryT mocobust [43]-[44].

Mmuorue ydeHble HCIOJB3YIOT B cBoeil pabore BeO-pegakTop LaTeX «Overleafs
«Overleafs — 310 GecriaTHasi cucTeMa COBMECTHOTO HAIMCAHUS W OMyOJTMKOBAHUS TEK-
cTa, KOTOpasi CHJILHO YCKOPSIET MPOIECC CO3/IaHUs HAyIHBIX pabOT Kak JIjIs aBTOPOB, TaK
u usgareseit [45].

«Overleafs M0xKHO OXapaKTepu30BaTh KaK CEPBUC, KOTOPBIN IMO3BOJISIET JIETKO CO3/1a-

BaTb, PEAAKTUPOBATH U ACJINTHCA CBOMMU HAYIHbBIMU HUICAMU B MHTepHeTe C IIOMOIIBIO

LaTeX.
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2. PEKOMEHJAIIAY IO IIOATOTOBKE COJEPXKATEJIBHON YACTU HAYYHOM
CTATHU

JI1s1 yCIIeHOCTH CTAThU TOJIE3HO PACCMOTPETb PsiJi ACIEKTOB, KOTOPhIE IMOMOI'YT B
ee Hancanuu. 2KejaTenbHO ONMPEICTUTh MEIEBYIO ayINTOPHUIO, OT Yero 3aBUCUT IUTyOWHA
PACKPBITHS OCHOBHBIX U YaCTHBIX MOHATHI. OHA MOXKeT ObITH JIPecOBaHa, CIIEIUAIICTAM
B JJAHHOI 00JIACTH HAYKH, MATEMATHKAM B IIJIOM W HCTOPUKAM MaTeMATHKI .

CyTb XopoIreit cTaTby 110 UCTOPUNA HAYKH COCTOUT B TOM, YTO OHA IMOKA3bIBAET HE3a-
BUCHMYIO U KPUTUIECKYIO MBIC/Ib. CTaThsl He JOJKHA BBITJISIIETH, KAK OTYET O KAKOW-TO
TeMme, KOTopasi OblLjla 3aTPOHYTa PAHbINE: HYKHO HAWTH TaKue CIIOCOOBI IIPeJICTaB/IeHNUsT
MaTepuaJia, KOTOpbie JAI0T BO3MOXKHOCTD JIJIsi PA3MBbIIIICHUS.

OTnpaBHOIT TOYKO JI/Isi pa3BUTUsST MBICJU MOXKET ITOCIY?KUTh HECOTJIacue XOTs ObI ¢
OJIHUM YTBEPKJIEHNEeM U3 BTOPUIHOMN JinTeparypbl. OmMnOKN 1 HETOIHOCTH OYeHb PACIIPO-
CTpaHeHbI, OCOOEHHO B TIOIMYJISIPHBIX KHUTAaX 10 MCTOpun Maremaruku. lIpu mposegenun
COOCTBEHHOT'O MCC/IEJIOBAHUS BaYKHO COCPEJIOTOUUTHLCA HA HEDOJIBIIOM BOIPOCE U IOIbI-
TaThCA BBIICHUTH, 9TO PA3JUIHBbIE BTOPUUIHLIE UCTOUYHUKHA TOBOPAT O HeM. Kak TOJIbKO
BBI XOPOIIIO TIOWMeTe TEeMY, CKOpee BCEro, 0OHAPYKUTCA, ITO HEKOTOpbIe 13 6ojiee c1abbix
BTOPUYHBIX UCTOTHUKOB OYEHb MTOBEPXHOCTHBI U, BIIOJIHE BO3MOYKHO, COBEPIIIEHHO HEBEP-
HbI. PekomeHn iyeTcss OTMeTUTh TaKue HEJIOCTATKU B JIMTEPAType U OObICHUTH, YTO B HUX
HE TakK, U IO0YeMy HMX OIIMOKM 3HAYUTEJIbHbI ¢ TOYKU 3PEHUsi MPABUIHLHOTO MOHUMAHUS
BoOIIpoOCa.

O iuH u3 crrocoboB HACTPOUTHCST KPUTUIECKH - 9TO BCTYIUTh B JIUCKYCCUIO, YIKE UMe-
IOIIYIOCsST BO BTOPUIHOM JinTeparype. EcTh MHOrO ciiydaeB, KOrjla UCTOPUKKA HAYKU Pac-
XOJIATCS BO MHEHUSAX U IIPEJIAraloT KOHKYPHUPYIOIIUEe HHTEPIIPETAIlUN, YaCTO B JIOBOJIBHO
JKapKuxX cropax. BeiOop Takoil TeMbl yBeJeT oT cobJia3Ha IMPOCTO HAKAILINBATHL UHGOP-
Maruio u hakThl. BMeCTO 9TOro npuieTcss KpUTUIECKHN B3BECUTh JI0KA3aTe/IbCTBA U apry-
MEHTBI 00enx CTOPOH. BeposaTHO, BbI OKaxKeTech Ha TOW WM WHOW CTOPOHE, U TOrAa Oy/1eT
BIIOJIHE €CTECTBEHHO BHECTH CBOW COOCTBEHHBIN apryMeHT B IOJIb3Y OJIHOW U3 CTOPOH U
CBOM COOCTBEHHBIE OTBETHI HA aPTyMEHTBI IIPOTUBOIIOIOKHON CTOPOHBI.

Crarbs, MOCTPOCHHAsT Ha CPABHEHUU W KOHTPACTE - 9TO MeHee KOH(MPOHTAIMOHHBIN
BapuUaHT CTAaTbH, OCHOBAHHOI Ha JIUCKYCCUU. 3/I€Ch MbI TaK:Ke UMeeM JIeJI0 ¢ Pa3JIUuIHbIMU
UHTEPIPETAIUsIMI BO BTOPUYIHOM JINTEPATYPE, HO BMECTO TOI'0, YTOOBI IIBITATHCS “BhIOpaTh
mobeiuTeIs’, MOYKHO IIPOMJLIFOCTPUPOBATEH pasHoobpasue 1moaxonos. CpaBHUBaAsST pa3/ind-
HbIE TOYKU 3PEHUSI, MbI [IOJIHIMAEM HOBBIE BOIIPOCHI 1 OCBEIAeM HOBbIE CTOPOHBI, KOTOPbIE

4ﬂaHHbII71 Haparpa(b HaIllmCaH C MCIIOJIb30OBaAHHEM MaTepUaJIOB caiira JOIIeHTa YHUBEPCUTETA T. YTpeX-
ta, (Hugepnanapr) B. Braceo [46].

5I‘IGKOTOpre PEKOMEH 1alinn II.P. Xa.J'IMOLHa, HpI/IBe,ZLéHHbIe M B crarbe «Kax nmucarb MareMaTndecKue
TEKCTDbhI» [47], BIIOJIHE HO,ZLOIU/I,ZLyT n AJid ImoAroToBKE CTaTbU IO UCTOPUN MAaTEMaTUKU.

“Taurida Journal of Computer Science Theory and Mathematics”, 2021, 3



O Cco8PEMEHHBIT UHCTPYMEHMAT U MEMOJAT 6edeHUA HAYUHBIT uccaedosanudi no. .. 47

He ObLIN OYEBUJIHBI, KOIJIA KarK/lasd TOYKa 3PEHHs PacCMaTpUBajIach M30JUpoBaHHO. Ta-
KM 00pa30oM, 6oJjiee 4eTKO BBISBIISIOTCS CHJIbHBIE U cIabble CTOPOHBI BOIIPOCA, a TaKyKe

HPEIIONIOKEHNA U CIIEICTBUA Ka}KILOﬁ TOYKHU 3pEHUA.

3. IIOJIYVYEHUE AKAJEMUYECKUX U YUYEHBIX CTEIIEHEHN II0O UICTOPUN
MATEMATHUKNA

[TocTyruienre B MarucTpaTypy U aciupaHTypy JIaeT BO3MOXKHOCTD ITPOJIOJIKUTE DoJ1ee
rIyOOKOe M3y UueHune JIaHHON 00/IaCTU U TOCTPOUTH IPOGreCCUOHATBHY IO KAPhEPY B KAUECTBE
UCCJIeI0BaTe sl HICTOPUNA MATEMATUKHY.

[Ipuem B acnmpaHTypy 1o HampajeHnio «llcTopus HayKn M TEXHUKU» OCYIIECTBIIs-
ercst B Mlncruryre ncropun ecrecrposnanus u rexanku um. C.J. Basunosa PAH (MUET
PAH), ropox Mocksa. [Ijist 3aiuThl JuCCEpTAIN 10 UCTOPUU (DU3UKO-MATEMATHIECKIX
nayk B IMET PAH cymecrByer guccepTraiiOHHBI COBET, B COCTaB KOTOPOT'O BXOJST JIOK-
Topa (PU3NKO-MaTEMATHIECKNX, TEXHUIECKNX, NCTOPUIECKNX, (PUIOCOPCKUX U IPYTUX
Hayk. CouckaTessiM, YCIEITHO MTPOIIE/ UM IIPOIEAYPY 3AIMUThI JTUCCEPTAINH, TTPUCBAN-
BAETCsl yUeHasl CTeleHb KaHuara (JoKTopa) hu3nKo-MaTeMaTuIecKuX HAYK T10 CIIeIH-
AJIBHOCTH «UCTOPUSA HAYKU U TEXHUKWS.

s 2Keyralomux mPOJIOJIKUTE CBOE obpa3oBaHue B obJiacTu ucropun u duiocodun

MaTeMaTHUKHN 3a rpaHI/meﬁ MO2KHO IIOPpEKOMEHI0BaThb CJIeAYIONINEe YHUBEPCUTETDI:

e Kadenpa ucropun u dpunocobun Yuusepcurera Kanrapu, Kanama

e Maremarnaecknuii dpaxyaprer YHnpepcutera Caitmona Ppeitzepa, Kanaa

e Uucruryr ucropun n dhumocodun HayKnm U TeXHUKHU Y HuBepcurera Toponro, Ka-
HaJ1a

e Vlcropuueckuii dpakynbrer OKcdopacKoro yuupepcuTera, BemkoopuTanus

[MIkosna dpunocodun, peauruu u ucTopuu Hayku JIujackoro ynusepcurera, Beimko-

OpuTaHus

Kadenpa ucropun mayku apsapjckoro yausepcurera, CIITA

e Vcropuueckuii dpakynbrer Yukarckoro yausepcurera, CIITA

Qakysnbrer humocopun Muauranckoro yaupepcutera, CIIIA.

4. ITIPEMUH 110 UICTOPUU MATEMATUKU

Camble yCIelTHble UCCIeI0BaHUS B 00/IACTH UCTOPUH MATEMATUKN, KAK 9TO IPUHITO
U B JPYTUX 00/IACTAX HAYKHU, TOOMIPSIOTCS B BUJIE PA3IMIHBIX ITPEMUl U IPU30B.

Paccmorpum Hanbostee n3BeCTHBIE U3 HUX.

Taylor and Francis early career research prize (IIlpemus Teitnopa u ®psH-

CHucCa 3a uccjieJoBaHMdA B Ha4Yajie Kapbepbl).
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[Ipemusa B pasmepe 1000 hyHTOB CTEPJUHTOB IIPEIOCTABIAETCA 38 3CCEe 0OBLEMOM JI0
8000 cj10B 110 JTI0O0OMY ACIEeKTy UCTOPUU MaTEeMaTHKU.

[TobeuBIiee scce npunnMaeTcs K mybankanuu B )KypHaJie Bpuranckoro ObimecTsa 110
ncropun MareMaTuku. [lobenuress OyaeT HazHaAUeH KOODIMHATOPOM COIMAIBHBIX ceTeil
Ob6r1mecTBa B TedeHMe JABYX JIET, HOJYIHUT JOCTYyIl K akkayHTam Oo6mecrsa B Twitter u
Facebook u Oyzmer mpuriaiies BecTu OJIOT 110 UCTOPUU MaTeMaTHKH.

[IperenyienTamMu Ha JIAHHYIO MPEMUIO HAYMHAIONINE HUCCJIEI0OBATEIM MOTYT ObITH KaK
ACIMpPaHThl, TaK W JINIA, TOJYIUBIINE CTelleHb KaHIUJaTa HAayK He paHee, 9eM O JIeT
HazaT [48].

Koukypc muccepranuii mo ncropuu nayku DHST.

OpranuzaTopaMu 3TOT0 KOHKYPca BhICTynaoT MeK 1yHapoIHbIil cOI03 NCTOPUH U (hu-
nocodun Haykn u rexuuku, Ormen ucropun Haykn u rexunkn (IUHPST/DHST). Mare-
pUAJIBI JTUCCEPTAINH, IIPEJICTABISIEMO Ha KOHKYPCE, JTOKHBI ObITH TTOCBAIEHBI HCTOPUN
HAyKHU, TEXHUKHN Wi Meaununbl. [lobeauresisM npegocTaBisgercs cepTuduKaT, 0CBODOXK-
jatormuit or peructparmontbix coopoB kourpecce [UHPST /DHST u nossossromuii Kom-
[EHCUPOBATh OIUIATY MPOEe3/Ia U MpoKuBaHus [49].

Otto Neugebauer Prize (IIpemuss Orro Hoiirebayspa no ncropuu marema-
TUKN).

[Ipemusa npucykaaercs 3a OPUTHHAIBHYIO M OCHOBOIIOJIATAIONLYI0 PabOTy B 00IacTH
UCTOPUU MATEeMAaTHKM, KOTOpas 3HAUNTE/ILHO YTIyO/IsieT Hallle TIOHUMaHue Pa3BUTHS Ma-
TEeMaTUKN WJIM KOHKPETHOTO MATEMATHUYECKOTO IpeJMeTa B JIOOOH mepuoji u B JIOOOM
reorpacduieckom peruone. Harpaja Bkiiodaer B ceOsd MMEHHON CepTU(MUKAT U JICHEHK-
wblii ipu3 B paszmepe 5000 eBpo. [Ipemust Bpydaercsa Ha EBporeiickoMm MaTeMaTUIeCKOM
KOHT'pecce Tpe3ujieHToM EBporeiickoro mareMaTndeckoro obiectsa. Jlaypeary maercs
BO3MOYKHOCTH IPEJICTABATH Ha KOHIpecce paboTy, moJryduBInyo mpus ) [50].

IIpemuss Heiimana mo ucropum MaTeMaTUKMH.

[Ipemust mpucyzkaaercst 3a MOHOIpaGUIO HA AHIJIMACKOM sI3bIKe (BKJIOYas KHUIH B
epeBojie), MOCBAIIEHHYIO HCTOPUM MAaTeMaTHKU U IIPeHA3HAYEHHYIO JJIsd duTaTeiefi-
HecHernuaancToB. HuKakux JMOMOTHUTEIbHBIX OI'PAHUYEHUN B OTHOIICHUU IIPEIMETa, a
TaKKe I'PaKJIaHCTBa aBTOpa WM MecTa IybJjukanuu He cyiecTByeT. [Ipemus mazsana
B decTb Ilurepa M. Heiimana, ObIBIIero mpesmjieHTa u gaBHEro djieHa bpuranckoro ob-
mecTBa uCTopun Hayku. Besmamua npusa cocrasisier 1000 dynToB crepaunros [51].

B 2009 romxy npemusi Helimana Obuta npucyzxena P. Herin u Y. Hosib 3a pabory
«The Archimedes Codex: How a Medieval Prayer Book is Revealing the True Genius of
Antiquity’s Greatest Scientist» («Komeke Apxnumesa: Kak CpeHEBEKOBbIi MOJTUTBEHHUK

pacKpbIBaeT MCTHHHOTO TeHus Bemdaiiniero yaenoro /IpesHoctn» ) [52].
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Kenneth O. May Prize in the History of Mathematics (IIpemus Kennera
O. Mp»iis 1o ucTropuym MaTeMaTUKN).

[Ipemus Kennera O. Mbpiisa Bpydaercs pa3 B 4 1ojia 3a BBIJAIOMNNACH BKJIAJ B UCTO-
puto MaremaTuku. Brepsole Oblia npucyxiaera B 1989 romy 1. JIxx. Crpyuky n A.IL
FOmkeBnay (MockoBckomy yuénomy) wa XVIII MexkayrapogHov KOHIpecca 1Mo HCTOPHU
nayku. B 1993 rogy B pamkax npemun Kennera O. Mbsiig Obuia yupexKjiena OpoH30Bast
mMeab |53

IIpemuss MoHTyKJ1a

[Ipemua Mountykia mpucyxiaaerca McnomaurenbubiMm komureToM Mek tynapoinoit
KOMWCCUU II0 UCTOPUM MATEMATHKHM KarKJble YeThIPe I'0jla MOJIOIOMY YUICHOMY - aBTO-
py Jydieit craTbu, onyoukoBaHHON B KypHasie Historia Mathematica 3a gernipe ro-
Jla, TIpeJIIecTBOBaBIe odepenomy Mek yHapoIHOMy KOHI'PECCY 110 UCTOPUM HAayKU U
rexunkn. [Ipemus cocrasiasger 1000 mosutapos [54|. Buepsbie npemust MonTykiia 6blia
npucyzxjera B 2009 ropuy.

The Grattan-Guinness archival research travel grant (I'panT Ha apxuBHBIE
ucciaenosanus Grattan-Guinness).

['panTh! Ha MTOE3IKY J1JIs IPOBEJIEHUS apXUBHBIX nccieoBannii Grattan-Guinness ObI-
JIN YIPEXKJICHBI JIJIsl OKA3aHUs TIOMOIIM YIE€HbIM HA PAHHUX dTalax UX MCCJIEI0BATEIHLCKOM
Kapbepbl B 00/1aCTH UCTOPUU U (DUIOCOPUN MaTeMaTHKH, a TaKxKe B 00/IaCTH MCTOPUU
MaTeMaTHYCCKOTO0 00PAa30BaHUs U €TI0 CBA3M C COBPEMEHHBIMU ITPOOJEMaMU. Y Ka3aHHbIC
IPAHTBl OTKPBITHI JJIsI JIOKTOPAHTOB WJIM YUEHBIX, UMEIONINX He 0oJiee MEeCTH JIeT «IIOCT-
JIOKOBCKUX» UCCJIEJIOBAHUI B 06JIACTH MCTOPUE 1/ uiu (brtocoun MaTeMaTuku. [ panTs
MIPEIOCTABIISIOTCS CHEINAIBHO 7SI TOTO, YTOOBI MOXKHO OBLIIO 10OpaThCs JI0 MecTa IIPOBe-
JICHUS MCCJIeIOBAHUI B apXUBE 110 BBIOOPY MOJIydaTe/sd. Takue rpaHThl He TIpe/IHa3HAYeHbI
JIJISE TIOJTHOT'O TTOKPBITHS OOIIEHl CTOMMOCTH TPEJJIAraeMOoro UCCIe0BATETbCKOTO ITPOEKTa,

HO JIJIsl HOKPBITUST KOMAHINPOBOUHBIX PACX0JI0B [55].

3AKJIIOYEHUE

ABTOpBI BBIpAKAIOT HAJIEXK/Iy HA TO, UTO MPEJJIOKEHHAs UMU CXeMa OpPTaHU3aIliH
UCCJe0BaHUNl B 00JIACTU WCTOPUUM MATEMATHKH U COOTBETCTBYIONINIl MHCTPYMEHTapuit

IIOMOI'YT MOJIOABIM y‘{éHbIMZ

® IIPABUJILHO PACIPEJIC/IUTh CBOU CUJIBI HA BCEX dTallaX UCCIICJOBAHUII;
® CTPYKTYPHPOBaTh CBOIO HAYYIHYIO pabOTy OT IIOCTAHOBKM 33/1a491 JI0 OTIIPABKHU CTa-

ThU B HAYYHBIN KypHAJI;
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® [IO3HAKOMUTBHCA C BO3MOXKHOCTIMU HAITMOHAJbHBIX OuOmorek Poccum, EBporb
u CIHIA u umcrnosb30BaTh UX JJI MMOMCKA MEPBOMCTOYHUKOB W CTaTeil MCTOPUKO-
MATEMATHIECKOTO XapaKTePa;

® TIOJIYIUTh IPeJICTaBIeHne 00 MMEIOIINXCA BCEPOCCUICKNX M MEXKIYHAPOTHBIX KOH-
depeHIugx u ceMruHapax 1o UCTOPUU MATEMATHUKH;

® OIIpPEJIE/INThCA C BBIOOPOM KypHAaJa, B KOTOPOM Oyjier onyOJIMKOBaHa CTaThs 110
HUCTOPUU MaTEMaTUKH;

® TIOBBICUTH YPOBEHb CBOEI MOTMBUPOBAHHOCTH 3& CYET BO3MOXKHOI'O YIaCTUs B KOH-
Kypcax Ha COMCKaHWMe MEXKyHapOHON MpEeMUil U TPaHTOB 110 UCTOPUU HAYKU;

® y3HATDH, B KAKHe YUIPEKJEHUST MOKHO TOCTYIUTD, JIJIs MTOJTyYeHUsT aKaJIeMIIeCKOi
CTeNeHN MarucTpa WA YIeHOH CTeleHrn KaHuIaTa HayK M0 CIIEeUaTLHOCTH «UCTO-

pud MaTeMaTUKN U MEeXaHUKI».

Oxumgaercsd, 9To0 B HEJAJIEKOM OyIyIIeM YacTbh PYTHHHON pabOThI, CBA3AHHON C IIO-

HUCKOM M aHaJIM30M II€PpBOUCTOYHUKOB MW MaTepHaJIOB IIO OJIM3KON K HCCJIG,ZLyeMOﬁ TEME

MOZKHO 6y,ZL€T [IOPpy4UThb JIEKTPOHHOMY IIOMOIIHUKY, pa6OTaIOH_[€My Ha IIPHUHIIAIIaX HC-

KYCCTBEHHOTO WHTeJIeKTa [56], ITO MO3BOIUT CIKOHOMHUTH BpEMsl Ha COJEPIKATETHHYIO

JaCTb I/ICCJIG,ZLOB&HI/Iﬁ 110 UCTOPpHHU HaAYKMH.

Agropbl Beipazkator Garogaprocts jorenty B.IT. Borarosoit (Boponex) 3a moses-

Hble 00CYKIeHU.

Pabora Beimosinena npu punancosoit nojepkke PODU, mpoexT Ne 20-011-00402.
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ON THE CONNECTION OF PERIODIC HOMEOMORPHISMS OF A SURFACE WITH
SEIFERT MANIFOLDS AND THE MORSE-SMALE DIFFEOMORPHISM.

Kosolapov E. S., Pochinka O. V.
Abstract.

In this paper we consider periodic homeomorphism ¢ which acts on genus p surface.
Homeomorphism is called periodic if exists n € N such that ¢ = id. We study connections
of such homeomorphisms with 3-dimensional topology. More accurately, we have established
the condition that given 3-dimensional Seifert manifold is realised as mapping torus of some
periodic homeomorphism ¢. Moreover, this periodic homeomorphism is almost fully determined
by topology of its mapping torus. This connection allowed us to proof, for instance, that there are
no homotopy identical periodic homeomorphisms without points of smaller period on surfaces
of positive genus. Using the connection between Morse-Smale diffeomorphisms and periodic
homeomorphisms, we succeeded in classification of corresponding periodic homeomorphism of
arbitrary Morse-Smale diffeomorphism with one source, one sink and one saddle orbit with
negative type of orientation, what can be used in solution of problem of realisation of arbitrary
Morse-Smale diffeomorphism on 2-dimensional manifold

Keywords: Periodic homeomorphism, Seifert manifolds, Morse-Smale diffeomorphism

BBEJIEHUE

Iepuoduveckum 2omeomopdhudmom Ha3bIBALTCS TaKOe OTOOPazKeHue, IPUMEeHEHHe KO-
TOPOT'O0 HEKOTOPOE KOHEYHOE KOJIMIECTBO Pa3 OKa3bIBACTCSH TOXKJICCTBEHHBIM OTOOPaYKEHNU-

eM. MbI OyJieM paccMaTpuBaTh JaHHBIE IEPUOIUIECKUE ITPEOOPA30BAHUS C TOYHOCTHIO JI0
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OTHOIIIEHUS SKBUBAJIEHTHOCTU, KOTOPOE COXpaHIeT CTPYKTypy opout. bosee hopmasbHO,
JIBa TIEPUOINIECKUX TOMEOMOPMU3Ma, ©, ¢’ TOMOJOITIECKOTO IPOCTPAHCTBA X MONoAo2U-
YeCKU CONPANCEHDI, €CITU CyliecTByeT romeoMopdusm h : X — X takoit, ato hop = ¢'oh.

4. Husbcen [6] mokaszas, 9To JiJIs TOMOJOIMIECKON KIacCuUKAIMU BCEX COXPaHSIIO-
X OPUEHTAINIO TIePUOINIECKIX TPeodpa30BaHUil 3aMKHYTHIX OPHEHTUPYEMBIX ITOBEPX-
HOCTE#l, C TOYHOCTHIO JI0 BBIIIEYKA3AHHON S9KBUBAJICHTHOCTH, JIOCTATOYHO 3HATH HEKOTOPOE
YUCJIO MTapaMeTpoB, KOTOPbIe (DOPMHUPYIOT TaK HA3BIBAEMYIO NOAHYN TAPAKMEPUCTNUKY
nepuoduveckozo omobpascernus . HedbopmanbHo roBopst, MOTHAST XapaKTEPUCTHKA OIpe-
JIeJISIeTCST TOYKAMM, B KOTOPBIX MEPUOJT OKA3BIBAETCS MEHBIINM, UM MEPHUO] MCXOTHOTO
0TOOpaXKEHUSsI, & TAaK¥Ke HEKOTOPBIMU XapaKTEPUCTUKAME, OTBEUYAIONIUM 338 JIOKAJIHHOE I10-
Besienne (PYHKIMKE B OKPECTHOCTH JAHHBIX TOYEK MEHBIIEro rmepruoja. bojiee Toro, okasbl-
BaeTCsI, ITO CyIIECTBOBAHNE TIEPUOIMIECKOT0 OTOOPAaYKEHHS ¢ 33 IaHHON TIOJTHOM XapaKTe-
PUCTUKON olpeaeadeTcss HEKOTOPO cucTeMoil ypaBHEHUI Ha YUCIIa, BXOILAIINE B IIOJIHYIO
xapakrepucTuky. OIHUM U3 OCHOBHBIX PE3YJILTATOB TOH PabOTHI SBJISIETCS IIOJIyYeHHe
SKBHUBAJIEHTHOI CHCTEMBI, KOTOPasi HAMHOI'O yJI00HEH 110 HEKOTOPBIM ITPUYUHAM, KOTOPHIE
Oy/IyT 0ObACHEHBI B COOTBETCTBYIONIEM pa3Jerie.

O/iHUM U3 OCHOBHBIX CIIOCODOB PACIITUPEHUST CIUCKA MHOI0OOpa3uil siBJIsieTCs TaK Ha-
3pIBaeMasi KOHCTPYKIWsSI Hadcmpotiku. Bojee TOYHO, IyCTh y HAC €CTh TOIOJOTHYECKOe
pocTpancTBO X U JieficTBYIOMMiA Ha Heil roMmeomopdusm ¢. PaccMorpum MHOroobpasue
Y= (Xx[0,1])/ ~, tme (z,1) ~ (p(z),0). Ecin ¢ — mepnommdaecknii romeomopdusm
[MOBEPXHOCTHU, TO OKA3bIBACTCs, UTO X SIBJISETCS TAK HA3BIBAEMBIM MH02000pa3uem 3et-
pepma, MUPOKO UCIIOJIb3yEMBIM B TEOPUH TPEXMEPHBIX MHOroobpaswuii. B mamHoii pabore
HaiiIeHbl HeOOXOIMMBbIE U JIOCTATOYHBIE YCJIOBHS TOTO, UTO 3aJlaHHOe MHOroobpasme 3eii-
depra saBIETCS HAICTPONKON HAJT TIEPUOTUIECKIM NOMEOMOPMU3IMOM.

Taxxke B pabore pacemorpenbl duggeomopdpusmv, Mopca-Cmetina. Jlunamuka, mopoxK ga-
eMas TakuMu JuddeomopdusmaMu He MEHAET CTPYKTYpy pa3OueHus Ha OPOUTHI IIPHU
MaJIbIX U3MeHeHuAX auddeomopdusma, Takue muddeoMopdu3Mbl HA3BIBAIOTCA CMPYK-
mypro ycmotivusv.mu. Ilpu srom muddeomopdusmbr Mopca-Cwmeiina aBstioTcs MpocTeii-
IIIMU CPEJIM CTPYKTYPHO YCTONYUBBIX, MIOCKOJIBKY UMEIOT JIUIb KOHEYHOE YUC/IO [TEPUO-
jgudeckux Todek. OIHAKO WX KJIACC JOCTATOTHO IIMPOK, MOCKOJIBKY OHHU CYIIECTBYIOT Ha
00X MHOTOOOpasusx. Cpemn auddeomopdusmon Mopca-Cameiia crienmaabHOE MECTO
3aHIMAIOT 2paduenmmo-nodobrue duddeomopdhusmol, TMHAMAKA KOTOPBHIX CXOXKa, C JIMHA-
MHUKO THINYHBLIX I'PaJIMeHTHBIX MOTOKOB (byHKImit Mopca. B cuity pesyiabraros A. Bes-
nenexkabix u B. [puneca (cm., manpumep, [4]), mo6oii nuddeomopduszm Mopcea-Cwmeitna
f Ha moBepxHOCTH TIpejcTaBiasgeTca B Buje f = g, rae 1 — caABur BIOAL IPaEEHTHO-

10/106HOT0 HOTOKa £ Ha eJMHUILy BpeMeHH, a ¢ — Iepuojndeckoe orobpazkenue. CBa3b
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[IEPUOINIECKUX XaPAKTEPUCTUKH ¢ ¢ auddeoMopdu3Mom f 3aKII0IAETCST B TOM, ITO BCE
TOYKHU MEHBIIIEr0 MEePUO/Ia OTOOPAYKEHUS  SIBJIAIOTCS IEPUOMICCKUMI TOYKaMU 0TOOpa-
xeuus f. Vlcrmonb3ys 9Ty CBA3b U CBOICTBA NMEPUOINYECKUX MTPe0OPA30BAHMIL, B JAHHOM
paboTe MOJIyYeHbl COJlepyKATe/bHbIE PE3YIbTATHI O MEPUOINIECKUX JTAHHBIX I'DAIUEHTHO-
o100ubIX uddeomopdmamon Mopca-Cwmeita.

Baazodaprocmu. UcenenoBanue noepxano rpaarom PH®, morosop 21-11-00010.

1. OCHOBHBIE OIIPEAEJIEHUS 1 PE3YJIbTATHI

3/1ech MBI JI3JIMM OCHOBHBIE (hOpPMaJIbHBIE OpeeieHrsd U ChOpMYIUpyeM OCHOBHBIE

IIOJIyYeHHBIC PEe3YyJ/IbTaThbl U CJACACTBUA U3 HUX

Omnpenenenne 1. CoxpaHgonuii OPUEHTAIINIO U OTJIUIHBIN OT TOXKJIECTBEHHOTO TOMEO-
MOPGU3M ¢ OPUEHTUPYEMOro MHOrooOpasusa X Ha3bIBACTCH MEPUOTMICCKUM, €CJIU CYIIle-
CTBYET TaKOe HATypabHOE Yucao n > 1, 94To jjis jr060oro © € X BBIINOJHEHO PABEHCTBO
©"(x) = z. HauMmenbllee 13 TakKuX 1 HA3BIBAETCS MEPUOJIOM TIEPUOJANIECKOIO OTOOparKe-

HUA.
Besne B mannoit pabore X — cdepa ¢ p pyukamu.

Onpenenenune 2. ['omeomopdusmer ¢, 9 : X — X Ha3bIBAIOTCS TONOJOTMYECKU COIPS-
JKEHHBIMH, eCJIi cyIecTByeT romeomopdusm h : X — X Takoit, 94To Jjis joboro x € X

BBITIOJTHEHO PABEHCTBO BBIMIOJHEHO PaBeHCTBO ho(x) = h(x).

Omnpenenenne 3. Opburoit O, Touku z B cuity romeomopdusma ¢ : X — X HasbiBaeTcst
muoxkectso {y € X| 3k € Z : pF(x) = y}.

Onpepenenne 4. Toukoil MeHBIIENO IEPHOAA TEPUOIUIECCKONO TOMEOMOPPU3IMA
¢ : X — X Ha3BIBalOT Takyl TOUKy Tg € X, 4TO CyIIeCTByeT ng < n (n — nepuoj

romeomopdusma) rakoe, 9to o™ (xy) = .

Coruacuo pesyabratam 9. Hubcena [6] (cm. Takeke [1]) mist 1106010 eprouaecKoro
romeomMopdusma ¢ : X — X MHOKECTBO TOUEK MEHBINEro IePHo/ia KOHETHO, a IIPOCTPAH-
CTBO OpOuT JieficTBus romeoMopdusma ¢ Ha X sBisercs cdepoil ¢ g pydkamu (MOLyTbHON

HOBEPXHOCTHIO ). B OKpECTHOCTH TOYKY Ty MEHBIIIEro epuo/ia ny orobpazkerue ™ compsi-

50 n

JKEHO IIOBOPOTY Ha HEKOTOPBIA paliioOHaJIbHBIA YTOJI 27r)\—, rae A\g = —. KoJip MHOXKECTBO
0 N

BCEX TOYEK MEHBIIEro Mepruojia KOHETHO, TO 3aHyMepyeM uX opOUTHI U OyJieM UX BIIPEIh

obo3HaUaTh Kak T;, 1 = 1,...,k, a HIepuoibl TOUYEK ITUX TOUEK OyaeM 0DO3HaYIaTh N, MO-
n i

JlaraTh \; = — U 0003HAYATH Yepe3 — COOTBETCTBYIOIIee Yucjio BpaiieHus. Oupeeanm
n; )

qucsIo d; yaoBieTBopsitoree yeaosuio d;0; = 1 (mod \;).
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Onpepenenne 5. [lapa (d;, n;) HasbIBAETCS BATIEHTHOCTHIO TOYKH MEHBINETO TIEPUOJIA T;.
4. HuibceH 1mokasasi, 9TO BepHa CJieLyoliee

Yreepxkaeuue 1 ([6]). Jea nepuoduueckur omobpasicenus conpastcerv, mozda u mosv-
Ko mozda, Ko20a OHU UMENM 00UHAKOEbE NEPUOILL U HADOPLL ANCHMHOCTET MEHBULE20
nepuoda.

W3 sToro yYTBEPKJACHNA €CTEeCTBEHHBIM o6pa30M BbITEKaET CJIeJlylomee OIlIpeJe/ICHUe

Onpepesienne 6. Habop napamerpos (n,p, g, ny, ..., Nk, d1, . . ., dy) T€PUOUIECKOTO TO-

MeOoMOPdU3Ma (P HA3BIBACTCS €r0 MOJHON XapaKTePUCTHKOIA.

Yrepxkaeune 2 ([6]). Hoanas zapaxmepucmuka (n,p,g,n, ..., N, dy, ..., d;) peau-
3Yemca KaKuM-mo nepuodudeckum 20MeoMoPPHu3mMom © mozda u moabko mozda, K020a
BUINOAHEHDL CAEOYIOULUE YCAOBUS:

k
e 2p+> n;—2=n(2g+k—2)
=

=
e > dn; =0 (mod n)

i=1
e ccau g =0, mo ged(ding, ..., dgng,n) = 1.

Ucrnionb3ys mpuBejieHHBbIE YCJIOBUSA B paboTe TOJIYYEeHbBI CJIEIYIONINe OIEHKH ITapaMeT-

POB IOJIHOM XapaKTePUCTUKU.

Teopema 1. IlTycmo dar nepuoduveckutds 20MeomopPhusm © ¢ noanotl Tapakmepucmuror

(n,p,n1, ..., Mg, dy, ..., dg) mozda 6bNoAHEND CACOYIOULUE HEPABEHCTNEA:
L. g<p;
2. k<2(p+1);
3.n<4dp+2.

3aMeTuM, 9TO W3 ITHX HEPABEHCTB CPa3y CJIEIAYET, 9TO IMOUCK BCEX MEPUOIMICCKIX
roMmeoMopuU3MOB Ha MOBEPXHOCTU C (PUKCHUPOBAHHBIM HHCJIOM PYUEK SBJISAETCHA YUCTO
aJIropuTMUYIeckoit 3aiadeii. Creyrolias TeopeMa JaeT aJrOPUTMUIECKUN KPUTEepuii pe-

AJTM3YEMOCTH XapaKTEPUCTUKN TTEPUOTUICCKUM FOMEOMOP(MU3IMOM.

Teopema 2. Habop wucea (n,p,g,ni,...,nk,di,...,d;) A6A€MCA NOAHOT TaPAKMEPU-
cmuKotl nepuodudecko2o 0mobpatcerus © mozda U Moavko mozda, k0204 8bINOAHEHL CAE-
n
dyowgue yeaosus (Huoce i = —, A =lem(Aq, ..., A\g)):
/,’L.

(2

B cayvae g =0

LY Te Lk =1
=1 "\¢

«Taspuuecruli secmHur unPopmamuru u mamemamurus, €M 3 (52)’ 2021



62 E.C. Koconanos, O.B. Ilowunka

A

Ai
1 + 1;

M=

)\_
2. n=Aup=
3. ng(A,dl,...,dk)

B c,/Ly%aeg #0:
1. Z e{l,...,k:—l}
2—1

AM2g+k—2)— i

=1

| 82T

> >

2.n=17\17€NuUup= T 4+1

2

Huxke npuBeaeHbI HEKOTOPLIE CJICJCTBUA aJITOPUTMUYICCKOI'O KpUTEepud.

CaenctBue 1. He cyuecmeyem nepuoduieckur 20Meomophudmos poeHo ¢ 00noti moukot

MEHDWEZ20 nepuoda.

CaeactBue 2. Joboti nepuoduveckuti 20MeoMOPPHUIM € 2 MouKaMU MEHLUWEZO NEPUOIA

npu g # 0 umeem noAHyO TaPaKMePucmuUKy caedyrou,e2o 6uda:
m=7\p=729g—1)+1,n=ny =X\ dy +dy = \).

A 6 cayuae g = 0 210601 nepuoduneckuti 20MeoMoOPPHuU3M IMO NOBOPOM. Chepvl 8OKPY2 0CU

noatocoe Ha HBEOmOp?JLﬁ an,UOHCL,/LbeHj, yeon.

Koncrpykiusa HaJICTPORKH HaJT IIEPUOINIECKUM IOMEOMOP(MU3MOB TIPUBOJIUT B KJIACC

MHOroobpaszuit 3eiidpepra. Jaanm TOUHBIE OIPEICTICHNUSI.

Onpegenenne 7. Pacemorpum nosmoropue D? x S u pacemorpum pazbuenne Ha OKpy K-
noctu {x} x S!'. Takoe MOMHOTOPUE ¢ TAKMM PACCIOCHUEM Ha OKPY?KHOCTH Ha3bIBACTCS

TpUBHUAJIbHO PaCCJIOCHHBIM ITIOJIHOTOPHEM.
EcrecTBenmo OIIpeJC/INTh HETPUBUAJIbHO PaCCJIOCHHOE IIOJIHOTOPUE.

Omnpegenenne 8. Pacemorpum npocrpanctso D? X [0, 1]/ ~, rae (z,0) ~ (f(x),1), tae f
v

— IIOBOPOT OKPY?KHOCTHU Ha parioHaIbHbIH yroa 2m—, rjae 0 < v < «. BzaumuOo 1pocThbie
«

4HCIa V, (¢ Ha3bIBAIOTCA OPOUTAIBHLIMYA MHBAPHAHTAME, & IOJIYYUBIICECS TPOCTPAHCTBO

HA3BIBACTCS HETPUBHAJILHO PACCIOEHHBIM IPOCTPAHCTBOM ¢ 0coOBIM cioem {0} x St

Onpenenenune 9. KomMiakTHoe opueHTUPyeMOe TPEXMEPHOEe MHOTOOOpa3ue, pa3duToe Ha
HeIepeceKaroIecst IPOCThIe 3aMKHY ThIe KPUBbIe(CJION ), Ha3bIBaeTC s MHOrOoOpasueM 3eii-
depTa, ecam KaxKJIblil CJI0i UMeeT MEJIMKOM COCTOSIILYIO U3 CJI0EB OKPECTHOCTD, TIOC/IONHO

roMeoMOPMHYIO PACCIOEHHOMY TOJTHOTOPHIO.
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O6osnaunm gepes (a4, v;), 1 < i < k mapaMerpbl HETPUBHAJIBHO PACCIOEHHBIX MOJTHO-
TopueB MHOroobpasus 3eiidepra. Onpenenmum duciaa (; ciaemayionmm obpasom: [B;v; = 1
(mod ;).

Onpenenenune 10. bBazoit wmHOroobpasms 3eiidepra M  HaszbiBaeTcsa (HaKTOpP-

MHOI‘OO6p&3H€ B = M/ ~, [IoJIydaromieecd OTOXKAECTBJICHUEM TOYEK U3 CJIOA.

kB

i=1 Q4

Onpegenenne 11. Yuciaom Ditstepa MHOro0Opasus 3eiihepra HA3BLIBAETCS UNCIO

Bynem obo3nadars MHOroobpasus 3eiidepra ciieiyiomumM oopa3om
M(B; (a, i), 1 <4 < k).

Teopema 3. /lns mozo, wmobu muozoobpasue 3etiepma M (B; (e, B;), 1 < i < k) 6vro
HAACMPOTKOT Had NEPUOIUUECKUM 20 MEOMOPPHUIMOM HEOOLO00UMO U AOCMATNOYHO, UMOODL
BUNOAHANUCY caedytouue Yeaosua (nuoce o = lem(ay, ..., ap)):

B cayuae, xoeda B ciepa

1. wucao Iiasepa npuHadAEHCUN MHOHCECTNEY {1, ok — 1};
k
a
a=3
i=1 O
2. wucao p = ’ + 1 asasemcea yesvm U HeoOmpPUuYUamMesbHM;

3. ged(ay, 1, ..., B) = 1.

Ipu amom nepuod eomeomoppusma bydem pasen o, a pod NOBEPTHOCMU HA KOMOPOM OH
deticmeyem b6ydem pasen p.
B cayuae, xo2da 6asa B — cpepa ¢ g pyurxamu, 2de g > 0

1. Yucao Dinepa npunadaescum mmoocecmey {1,... k— 1}
ko«
a2+ k—2)—> —
i=1 Qi
2. qucao p = T+ 1 doaostcho 6vimo yeavim HEOMPUUATEALHBIM

YucAoM 0as Hexomopozo T € N,
IIpu amom nepuod 2omeomoppusma bydem pasern T, a Pod NOSEPTHOCTIU HA KOMOPOM OH

deticmeyem b6ydem pasem p.

DTa Teopema MO3BOJISIET CBI3aTh MePUOINIECKIE TOMEOMOPMU3MBI C TOIOJIOT e MHO-

roobpasmit 3eiicepra. Hampumep, OyayT J0Ka3aHbl CIEAYIOMNAE CI€ICTBUS.

CaencrBue 3. Ecau nepuoduveckutds 2omeomoppusm deticmeyem wa chepe ¢ p > 0 pyuy-
KaMU U Y He20 ecmb TOMA 6 001G MoK MEHDULE20 NEPUOIA, O MAKOT 20MEOMOPHUIM
HE 20MOMONEH MOAHCICCTNEEHHOMY OMOOPAIHCEHUI.

CaencrBue 4. Fcau y mmozoobpasus 3etigpepma M posno dsa ocobwxr cros, b6asza B
eomeomopna cihepe, wucao tinepa pasno 1, mo mozda M 2omeomoppro S? x St.
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Emé ognum npuiokeHneM nepuoimdecKiux roMmeoMop(u3MOB MOXKHO CUUTATH U3YyUe-
nne auddeomopduzmoB Mopca-Cwmeitna. Xopolee H3JI0KEHHE BCEX CACIYIONNX HUMKE

OlpeJIeJICHH U TeopeM ecThb B [4]

Omnpenenenne 12. Ilycts f : X — X mguddeomopdusm. [HoamuokecrBo A C intX

HasbIBaeTcs f-uHBapuaHTHbIM, ecyin f(A) = A

Onpepenenue 13. Ilycte f: X — X uddeomopdusm. f-uHBapuaHTHOE ITOIMHO-
kectBO A C intX HasbBaeTcs THUIEPOOJINIECKUM, €CJIU CyIIEeCTBYeT HelpPepbIBHOE
D f-unBapuaHTHOE pas3joKeHHe KacaTeJbHoro paccioeHuss 14X B HpIMYIO CYMMY:

E% @ EY Takue, 4To

IDfF W)l < eA¥Jol,v € B, k>0
IDf* )l < eAfffo]],v € B4 k>0

Jts Kakoro-to dukcuposanuoro ¢ > 0 u 0 < A < 1.

CyH_LeCTByeT IJIaJIKad MMMepCusd J KacaTeJabHOro IIPOCTPAaHCTBa K TOYKE B OKPECT-

HOCTB 3TOI TOUYKHU Ha, MHOI‘OO6p&31/H/I.

Onpepenenne 14. YcroiiausbiM (HeycToiInBbIM) MHOr00Opasuem W (W) HaspiBaeTcs
noamuoroobpasue J(ES) (J(EY)).

Onpenenenue 15. Touka x HazbIBaeTcs OJIYKIAIONIEH, €CJTH CYIIECTBYET TaKash OTKPbI-
Tasg OKpecTHOCTb U, TOYKH X, UTO JIJId JIFOOOIO OTJIUIHOIO OT HYJIS IEJIOr0 YHUCja 1 Bbl-

nosineno f*(U,) N U, = (). B unoM ciy4ae, TOUKY & Ha3bIBAIOT HEOIYK 1a0MIeil.
Y

Onpenenenune 16. Iuddeomopduzmom Mopca-Cwmeiista HasbiBaeTcs Takoit auddeo-
vmopduzm f @ X — X, 9T0 MHOXKECTBO €ro HeOJIYKJIA0NUX TOUYeK KOHEYHO, COCTOUT
TOJIBKO U3 TUNepOOIMIeCKUX TOUEK, YbU YCTOWYNBbIE U HEYCTONYINBbIE MHOIOOOpA3Us TIe-

pecekaroTcs JIpYT ¢ APYTIOM TPAHCBEPCAJIBHO.

Onpenenenue 17. ['unepbosmyeckass Touka x € X, riae dimX = n, Ha3bIBaeTCAd CTO-
koM (mcrounnkom), ecan dim(W7) = n (dim(W}) = n). Ecan Touka rumepbosnmaeckas,
HO TIPU 9TOM HE BBINOJIHAIOTCS YCJIOBHUS HA PA3MEPHOCTH BBINIE, TO TOTJA TAKYI) TOUKY
HA3BIBAIOT Ce/JIOM. [OBOPST, UTO mepuojmvieckas TOUKa T Hepuoja per(r) MMeer IoJio-
JKUTEJIbHBIN (OTPUIATEIbHBIN) TUII OPHEHTAINH, €CJIH 0TOOparKeHne fpero|W; COXpaHsieT

(MeHsCT) OPUEHTAITHIO.

Yrepxkaeuune 3 ([4]). Jhoboi coxpanaowud opuermayuto dugdpeomopdpusm Mopca-
Cwmetina f npedemasastomes 6 sude xKomnosuyuu f = @ o &L, 2de €8 ecmwv cdeue 6doaw
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nomoka £ wa edunuuy epemenu, a © — nepuoduueckutds 2omeomopdpusm. IIpuuém mou-
KU MEHBULE20 NEPUODA 20MEOMOPPUIMA P ABAANOMCA MAKAHCE NEPUOOUMECKUMU MOYKAMU

dugppeomoppusma f, npuuém ux nepuodv cosnadarom.

OCHOBHBIM Pe3y/IbTATOM JIAHHONH pabOThI MPUMEHHTETbHO K auddeomopdusmam

Mopca-Cwmeitia siBiisieTcs cJieIyrorias TeopeMa.

Teopema 4. [Iycmv y coxpanarowezo opuenmauuto dugppeomoppusma f Mopca-Cmetina
Ha chepe ¢ P pYUKAMU ecmb eOUNCMBEHHAA CeOA06GA OPOUMA OMPUUAMENLHO20 MUNG
opuenmavuu. Tozda ommnocumenvho nepuoduueckozo omobpasicenus @ (f = po&l) mooicro
ckasamo caedyrowiee:

1. omobpasicenue @ umeem aubo dse, Aubo mpu opobuMb, MEHDBULE20 NEPUOIQ;
2. ecau omobpasicenue p umeem dse opouMbL, MEHLWE20 NEPUoda, Mo © UMEEM, CAe-
dyrowyro noanyro xapaxkmepucmuky (n =2,9 =0,p=0,n; =ny = 1,d; =dy = 1)
U ABAAEMCA NOGOPOMOM CHEPbL OMHOCUEAbHO Hexkomopol ocu Ha 180 epadycos,
NPUNEM 00HG U3 HENOJBUNCHVIT MOYEK © — Cedaosas mouka dupdeomoppusma f;
3. ecau omobpasicenue O UMeEM POSHO MPU MOUKU MEHLULE20 NEPUOAA, MO OHO UMEE,
00MY U3 CACIYIOUUT NOAHDLY TAPAKMEPUCTIUK:
1) (n=4p,g=0,p>0,n1 =2p,ny = 1,n3 =1,dy = 1,dy,d3 = 2p — ds),
0 < dy < 2p, ged(da, 2p) = 1;
2) (n=4p,g=0,p>0,n1 =2p,ny =1,n3=1,dy = 1,dy,d3 = 6p — ds),
2p < dy < 4p, ged(ds, 2p) = 1;
3) (n=4p+2,9g=0,p> 0,11 = 2p+1,ny = 2,n3 = 1,d; = 1,ds,d3 = 2p+1—2d,),
0<dy<p,ged(de,2p+1) =1;
4) (n=4p+2,9=0,p > 0,n; =2p+1,n0 =2,n3 = 1,d; = 1,ds,d3 = 6p+3—2dy),
p < dy < 2p, ged(ds, 2p + 1) = 1.

Ha pucynkax 1, 2 npuBejieHbI pe3y/IbTaThl YUCJIEHHOTO T0JICUeTa YHUC/Ia ITePUoIuye-

CKUX TOMEOMOP(U3MOB.
2. OHEHKI/I IIAPAMETPOB IIOJTHOM XAPAKTEPUCTUKU
B mamnoMm paszgese OyayT JOKa3aHbl TeOpeMbl 1 1 2 1 CJIeJICTBUS U3 HUX.
Jloxazameavcmeo. (Teopemsr 1)

k k
e2p+> ni—2=n2g+k—-2)=2p—2=n(29—2)+nk—> n; =>n(2g—2) =
i=1 i=1

% —2
=2 —2>n(20—2)=2g—2< 2L

<S2p—-2=g<p
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Y1eno nepruoanyecknx roMeomMophuamos

Y1Cno nepruoanyecknx roMeomMophuamos
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Puc. 1. Yucmo romeomopdusmos tumos 1), 2)
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Puc. 2. Yucso romeomopdusmos THIoB 3), 4)
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k k k
o 2p+> n;—2 =n(29+k—2) = nk = 2p—2+>_ n;—2ng+2n < 2p—2—|—%—2ng—|—2n =
e~ :

1= =1

k 2p—2
;»2\L—zg+2gp—1+2:p+1;»k<2(p+1).

e JlokazaresibcTBO 3TOr0 (haKTa M3BECTHO M €CTh, HAIPUMED, B crarbe (5.

Jloxasamenvcmeso. (Teopemsr 2)

CHavaJjia J0KaxKeM TeOpeMY B IPEIIIOJIOKEHIH, ITO PO/ MOLY/ILHOI ITOBEPXHOCTH Pa-

BeH 0.
[TepBoe yciioBre BbiTekaeT u3 paBeHCTBa ding + -+ - + dgn, = 0 (mod n) <
d d d;
& )\;n+."+)\Ln =0 (mod n). Tak xak 0 < d; < A\;, 10 0 < )\_n < n. Orcroma caemyer,
1 k i
d d d d
e I L P, P I P T Y S T TR0 R B!
)\1 )\k )\1 )\k

Bropoe yciioBue cpasy ciejlyer u3 ypaBHEHUs Ha SUIEPOBbI XADAKTEPUCTUKH (BbIpazKaeM
POJT p UCXOJHOM TTOBEPXHOCTH U TpebyeM, ITOObI OHO OBLIO HATYPAJIbHBIM), a TaKyKe U3

toro dakta, aro n = lem (A, Ag, ..., Ax), KOTOPBIii Oy/IeT JTOKa3aH HIKeE.

d;
Tak Kak d; B3auUMHO IIPOCT C A\;, TO JJIsi TOTO, YTOOBI YMCJO0 —7N OBLIO IEJIBIM HE00-
i
XOJIMMO U JIOCTATOYHO, 9TOObI \; Aeamao n. OrTcioma, n AOJIXKHO UMeTh Buj kA, rae k

KaKOe-TO TOJIOKUTEJIbHOE Tieoe ducyo. lokaxkem, uro k = 1. [elicTBUTEIBHO, MIYCTh

d d )\ \
s1o me mak. Torma ged [ 20 B0 ) = eed (k2dy, .. kldy, kN) > k> 1.
)\1 )\k >\1 )\k

[IporuBopeune. CnemoBarensuo, k = 1 mw n = A B wrore momyunnum ypaBHeHue

A A A A
ged | —dy, ..., —di, N\ | = 1. Ilo onpenenennto HOKa: ged | —,...,— | = 1. [eit-
)\1 )\k )\1 >\k

CTBUTEJIHLHO, ecyiu Obl 370 He ObL1o Tak 1 HOJI paBHsICs OBbI b, TO TOTIa UNCIO — OBLIO

OBbI KPATHBIM W IPUYEM MEHBIITUM 9eM A, YTO MPOTUBOPEYUT MUHUMAJILHOCTU A. 113 3TOTO

A
dakra ciemxyer, aro ged ()\_dl’ e )\—dk) = ged(dy, . . ., dy). HeiicrBuresnsno, HOJI se-
1 k

Boit yacTu y:k Hukak He Mmenbiite HO/la mpaBoit yactu, HO cTporo GoJIbIe OH HE MOYKET

ObITh. JleiicTBUTEIbHO, OH MOI' OBI CTaTh OOJIbIE TOJILKO U3-3a OOIMUX JeJuTeseil duce)

A

BH1a )\—, HO y HUX HET O6HJ‘I/IX ,ZI‘QJII/ITGJIQIL/'I. Ocraércsa TOJIBKO PaBEHCTBO.

i

O6osnaunm b = ged(dy, . .., dy). Ecmu b = 1, To HyKHOE ypaBHEHUE JJisl TIEPUOIIYIe-
ckoro romeoMopdusmMa BoiosHgeTcs. Ecau b # 1, To Torja jiJist BBIOJHEHUS HYKHOTO
ypaBHeHUsT HeoOXxoanuMo 1 jroctarodno, arodbl ged(b, A) = 1. JlokaszareiabcTBo B ciaydae

MOJTYJIbHOI TTOBEPXHOCTH B BUJIe Chephbl 3aKOHYIEHO.
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JlokazaTebCTBO MpU MIPOU3BOJIHLHOM ¢ aHAJOTHIHO. JHAUNTE/IbHAsT pasHuIia Oyjer
3aK/II0YaThCA B TOM, 9TO TPEThbEe PABEHCTBO B TeopeMme 2 MOXKHO orOpocuth. Orcroma,

1HoJjiydaemM, 9To 1 = ’7')\7 rae 7 — HPOU3BOJIbHOE HaTypPaJIbHOE YUCJIO. ]

Joxasamenvcmeo. (Cneacreus 1 u 2)

Cnencrsue 1 aBromarutiecku ciejyer u3 nynkra 1 Teopembr 2. [lokaxkem Ciiejictsue 2.

d A —d
N3 Teopemnl 2 ciejyer, 910 nt + 222 Cule10oBaTEILHO A9 JICJIAT
Al A Ao A1
A1. AHAJIOMMYHO MOXKHO JIOKa3aTh, 9TO A JeJUT Ao. OrTcioma, Ay = Ay =: A. Orcioga

cpasy ciejiyert, 9To do = A — di. B majbHeiiieMm B jJoKa3aTebcTBe Oy/IeM IIpeIoaraTh,
aro g # 0. Cormacao Teopeme 2, n = T\, rjie T — IPOU3BOJIBHOE HATYPAIbLHOE UHC/IO.
Orciofa, U3 IepBOro ypaBHEHUSA TEOPEMBI, MOJIyInuM, 910 p = 279 + 1 — 7.

Ecm ke g =0, ToTornap=1—-720=7<1=>7=1p=0,n =ny = 1.
st moObIX dy, ds MOXKHO JIETKO 10J100paTh BpalieHue cdepbl BOKPYT OCH TaK, YTOOLI
ITOJTy YUBIIIEECsT IEPUOINTIECKOE OTOOParKeHne NMeJIO 3aJJaHHYIO0 MOJHYI0 XapaKTePUCTHUKY.

Takum obpasom, J0Ka3aTEeIHCTBO 3aBEPIIEHO. O

3. CB43b INEPUOANYECKNX TOMEOMOP®UN3MOB C MHOT'OOBPA3USMU
SEN®EPTA

B sTom pazjgesie JOKa3blBacTCA TeopeMa 3 CJIeACTBUA U3 HEe.

Jlokasamenvcmso. (Teopembr 3)

JlocTaTovHOCTD yCIOBUIT T€OPEMBI CJIeIyeT U3 OYeBUIHON epedopMyImpoBKu Teope-
MBI 2 Ha sI3bIKe MHOrooOpasnii 3eiichepra. HeobxoaumocTh yeIoBHil ciielyeT u3 CyIecTBo-
BaHUsI TJIOOATBHOM CEKyIIell K CJI0sIM y paccaoeHnst 3eiidepTa ¢ MeTbIM THCIOM Ditaepa

(eM., Hampumep, [2]). O

Jlokasamenvcmso. (Crencrsus 3)

CymecTBoBaHIe TOMeoMOpdu3Ma MHOTOOOpasus 3eiidepTa ¢ 6a30if B Buje chepsl ¢
p > 0 pydkaMmu BJIEUET CYIIECTBOBAHUE MOCIOIHOrO romeomMopdusmMa (CM., HAIpPUMED,
[3]), mpu xKoropom umcsio Ditepa coxpansarcs (cM., Hampumep, [2]). Ecau 6b1 nepuoan-
qecKuit ToMeoMophu3M ¢ OBLT TOMOTOIEH TOXKJIECTBEHHOMY, TO TOTJA IOJIYy9IeHHOE TIPU
IOMOIIM HaJICTpoiikn MHOr00Opasue 3eficdepra 6b110 661 TOMeoMopdHo S, x S!, rie S,
— cdepa p pydkamu, HO y 3TOro MHOroobpasus 3eiidepra [ucyio Ditjaepa pasuo 0, Tak

Kak HeT 0cobbIX cijoes. C ,prl‘OfI CTOPOHBI, €CJIN y @ €CTb XOTA OBl OIHa ocobad TO4YKa,

" b d,

TO Torya uucao ilepa paBHo y  — > 0. Takum obpaszoM, MoIydIeHHOE MHOrOOOpasme
i=1 i

Beficbepra ne MoxkeT GuITH ToMeoMopdHO S, X S!. TIpoTuBopeune. 3HAIUT (Y HE TOMOTOIEH

TOYXKJIECTBEHHOMY OTOOPAXKEHUIO. 0
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Jlokasamenvcmso. (Crencrsus 4)

Ecnun y muoroobpasus 3eiicdepra M c¢ 6azoit B, romeomopdHoii cdepe, POBHO 1BaA
0COOBIX CJIOsT, TO OHO SABJIAETCS HAJICTPOWKON Ha/T TEPUOTIECKOM TOMEOMOP(MU3MOM (© HAJT,
chepoii ¢ 2 ocobbimMu Touramu. Kak 6b110 okazano B CrreictBun 1, 0 ecTh MOBOPOT cepbl
Ha PAIMOHAJIBHBII YTOJI, TO €CTh (¢ N30TOIEH TOXK/IECTBEHHOMY, a 3HATHUT IT0JTy Ia0IIEeecst

IpH HaJICTPOliKe MHOroobpasue 3eiidepra romeomopduo S? x S, uro u rpebosanocs [

4. CB3b NEPUOANYECKUX 'OMEOMOP®U3MOB C JUO®DPEOMOPD®U3MAMU
MoprcA-CMEMJIA

Joxasamenvcmeo. (Teopemsrt 4)

st mokazaTebcTBA HAM HYKHBI CJIeIyomue aBa (pakTa, JOKa3aHHbIe, HAIPUMED, B
[4].

[Iycts f — coxpanstommuii opuenTarmio guddeomopduzm Mopca-Cwmeitna, 3a1aHHBIMT
HA OPUEHTHUPYEMOIN IOBEPXHOCTH POJA P, U Yi,...,Ym — €r0 IEPUOJUUYECKHE TOYKU.

[Iycts m; — 9TO nepuo, MepuoMYecKoil TOYKH Y;. Torja BbITOJIHEHO paBeHCcTBO Mopca
m
S (=1)%m; = 2 — 2p, e §; = 0, ecium TOYKa y; ABJACTCS CTOKOM WJIH UCTOYHUKOM

;léi = 1, eciim TOuKa ¥; sABJIdercd cejyiom. Ilpwaém, eciam y; — cemjioBasi TOUKa OT-
PUIIATEILHOTO THIIa, OPUEHTAIMH, TO 1M; = g, rje n — Iepuojs romeoMopdusmMa .
Ecmu muddeomopdusm f nMeer eIMHCTBEHHYIO MEPUOINIECKYIO CEIOBYIO OpPOUTY U
OHA OTPHUIATEJIHLHOIO THIA OPHUEHTAINH, TO KpOMe Hee B HeOIYKIAIOIMIEM MHOXKECTBE
HaXO/JUTCA POBHO JIBE IIEPUOIUIECKUE Op6I/ITbI, O/lHa M3 KOTOPBLIX UCTOYHUKOBasA, ApyTrad

CTOKOBa4. Tenepb HOPUCTYIIUM K JJOKa3aTeJIbCTBY TE€OPEMbDI

1. Eciu 661 y nepuoimaeckoro oTodpakeHus ¢ ObLIO CTPOro OOJIbIIE TPEeX TOYEK MEHb-
IIeT0 MEePUO/Ia, TO TOT/IA Y 0TOOparKeHus f OBLIO ObI CTPOro OOJIBIE TPEX TEePUOIU-
YEeCKHUX TOYEK, UYTO IPOTHBOPEUHT yCJI0BUIO. TaK KaK epuojl ceI0BOi TOUKU PaBeH
g < M, TO y OTOOPaKEHUs (p JOJIZKHA OBITH XOTs ObI OJIHA TOYKA MEHBIIIETO IIePUO/Ia.
PoBHO 0/1HO#T TOUKH MeHBITIEro eproia ObITH He MOYKET, TaK KaK HI Y KAKOTO TepH-
OJIMYECKOT0 TOMeOMOP(dU3Ma He MOXKET OBITh POBHO OJIHOI MEPUOIUIECKON TOUKU
(em. Crencrsue 1).

2. CorjtacHo paBeHCTBY Mopca, B ciiydae JIByX TOUYEK MEHBIIEro Iepuojia y TOMeoMOp-

n _n
dusma @, nmeem 5 + " +n = 2 — 2p. IlojcraBum JJaHHOE PABEHCTBO B IIEPBOE
2
n- n n n
paBercTBo Teopembl 2: — + — + — — — —n = n - 2g. Orcrioma, n —n = n - 2g.

2 X 2 X

Cnenosarensro, g = 0. Torma u3 ciencrBus 2 caegayer, 9TO TEPUOTTIECKII TOMEO-

MOPGU3M ¢ €CTh MOBOPOT chephbl Ha, HEKOTOPBI parmoHaJbLHbIN yros. flcHo, 94To B
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E.C. Kocoaanos, O.B. Ilowunka

HalreM cjiydae 3ToT yroJi oyjer pasen 180 rpajycam. /leficTBureibHo, mepuos ce/l-
.. n
JIOBOII TOYKM paBeH 1, HO ¢ JAPYTOil CTOPOHBI €€ TIEPUO/T PABEH 5 & SHAMUT NIepHoz,

oTobpazkenus ¢ paen 2. OTCIOJIa U CJIe/lyeT HCKOMOe YTBEDXKIEHIE.

. Temleps TpeanosOKUM, 9TO y COOTBETCTBYyMOIMEro mauddeomopdusmy fe-

PUOJMYECKOrO  roMeomMopdusMa ¢ CJeaylomasd — IoJHasg — XapaKTePUCTHUKA:

(n,p,g,ni,d;iy 1 < ¢ < 3). B cuny sroporo mymkra Teopembr 1, p > 0.
n

CorjiacHo  yciaoBuio u  akTy BbIIle, N1y = 5 N3 pasencrBa Mopca
n n n n

—— +no+n3 = —— 4+ — + — = 2 — 2p. Torma u3 nepBoro paBeHCTBA
2 2 A A

n
Teopemsl 2 nonyaaem: n = n - (2g + 1) = g = 0. Hoaygaem, aro ny = 5 O60-

n
3HAUYUM Ny = IV ng = JVe Taxk kak g = 0, To, cornacao Teopeme 2, OJyIUM, UTO
2 3
d d
n = lem(2, A2, A3). Cornacao Bropomy yeosuioo TeopeMbr 2 3 + /\—2 + /\—3 =z, rje
2 3

z — 1ejoe 4dncao, papuoe 1 mim 2. IlepeneceMm Bc€, Kpome IIOCJIETHETO CJIAraeMoro
B IpaByIo 4acTb. [loyunM Kakyio-To apoOb co 3HamMeHaTeaeM Az. Tak Kak Jpodu
cJeBa W CIpaBa PaBHBI U d; B3AUMHO IIPOCTO C A;, TO PABEHCTBO BO3MOXKHO TOTJIa U
TOJIBKO TOT/IA, KOIja A3 JEJUT 2M\s. AHAJOIMYHO MOXKHO IIOKa3aTh, YTO Ao JIEJIUT
2)\3. CJ’IG,ILOB&TGJ’IBHO, 2/\2 = t1>\3, 2)\3 = tg/\g = 4/\2 = t1t2>\2 = {1ty = 4. OTCIOIL&,
C TOYHOCTBIO JI0 MePeHyMepaIlii, OJIydaeM BCero JBa Caydas: a) Ag = A3 Win b)

)\2 == 2)\3

B ciayuae b) n = lem(2, A3, 2A\3) = 2A3 = ny = 2,n3 = 1. [loacraBus usBecTHbIE
3HaYeHust 1, di, N1, Ng, N3 BO BTOPOE PABEHCTBO TeopeMbl 2, MOJIydHM MOJIHYIO Xa-
pakTkpucTuky (n =4k+2,9 =0,p=k,ny =2k+1,ny = 2,n3 = 1,dy = 1,ds, d3),
k € N, ged(ds, 2k+1) = ged(ds, 4k+2) = 1, 2da+d3 = 2k+1 nmu 2dy+ds = 3(2k+1).
HAcno, uro B mepBoM ciydae 2dy = 2k + 1 — ds < 2k, orkyna do < k, a BO BTO-
pom ciyuae 2dy = 6k + 3 — d3 > 6k + 3 — (4k + 2), orkyga dy > k. U3 pa-
BercTBa ged(dy, 2k + 1) = 1 coenyer, aro ged(2ds, 2k + 1) = 1. eiicrBuresnsHo,
eciu uncya dy u 2k 4+ 1 B3aumuo mpocthl, To Torya ged(2dy, 4k + 2) = 2, a 3Ha-
qur ged(2dy, 2k + 1) = 1, uro u TpeboBanock. [lockonbky d3 = 2k + 1 — 2dy win
ds = 3(2k + 1) — 2dy, 0 ged(ds, 2k + 1) = ged(2dy, 2k + 1) = 1. YunTeiBas, 910 dj
HeueTHoe, nojrydaem ged(ds, 4k + 2) = 1.

B ciydae a) Hy:KHO pPaccMOTpeTh JiBa Hojciaydast: al) A3 — uérHoe; a2) A3 —

HEeYETHOE.
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B ciyqae al) n = lem(2, A\3) = A3. Orciona, ny = ng = 1. IlogcraBus n3sectHbIe
sHaveHus n, di, Ny, N9, N3 BO BTOPOE PABEHCTBO TeOpeMbl 2, TOJIYYUM IIOJHYIO
xapakrepuctuky (n = 4k,g = 0,p = k,ny = 2k,ny = 1,n3 = 1,d; = 1,ds,d3),
k € N, ged(dy,4k) = ged(ds,4k) = 1, dy + d3s = 2k wim dy + d3 = 6k. fcno,
4TO B EPBOM ciydae do < 2k, a Bo BropoM ciydae 2k < dy < 4k. Takxke scHo,
aro ged(dy, 4k) = 1 skuBasiento ged(ds, 2k) = 1. eitcrBurenbHo, eciu dy u 4k
B3aMMHO IIPOCTBI, TO TeM OoJtee dy u 2k B3amMmuo mpocthbl. Eciu ke do u 2k B3auMHO
IIPOCTBI, TO OTCIO/IA CJEIYyeT, 9TO dy 00A3aTeTbHO HEYETHO, a 3HAYUT dy B3aUMHO
npocto ¢ 2 - 2k = 4k. Tak xak d3 = {2,6}k — dy, TO d3 UMeer Takoil ¥Ke OCTATOK
nesterne Ha 2k, kKak u dy. Orciona, yenosue ged(ds, 2k) = ged(ds, 2k) = 1 moxHO
YIPOCTHUTH JI0 OHOTO cooTHotenus ged(ds, 2k) = 1.

B cayuae a2) n = lem(2, A3) = 2A3. Orciona, ny = ng = 2. Torna u3 pasencTsa

=2\ 2X  2)
Mopca, nosryanm — + Y + Sun 2 — 2p. Orcioma, A = 2p + 2 — npoTuBOpevne

(A mpe/mosIarajgoch HEIETHBIM ).

O
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O BA3BVCHBIX NHBAPUAHTAX I'PYIIIILI CUMMETPUN
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ON A BASIC INVARIANTS OF THE SYMMETRY GROUP OF POLYHEDRON %%T.
Rudnitskii O. I.

Abstract. In a n-dimensional unitary space U™ (n > 4) there are three series of regular
polytopes: the regular simplex a,, the generalized cross polytopes ;" and the generalized n-

cube v/"*. The generalized n-cube has m™ vertices:
(0%, gk2 . gk,

where ki, ko, ..., k, take any integral values and @ is a primitive mth root of unity.
For a certain divisor p of the number m the vertices of 7, with

n

Z ki =0 (mod p)

i=1
(there are gm™ ! of them if m = pq) determine a complex polytope %”y;”. The symmetry group of
%’yﬁ‘ is the imprimitive group G(m, p,n) generated by reflections. It is well known that the set of
polynomials invariant with respect to G(m,p,n) forms an algebra generated by n algebraically
independent homogeneous polynomials of degrees m,2m,...,(n — 1)m,qn (a system of basic
invariants of group G(m,p,n)).

In this paper, we study the properties of basic invariants of group G(m,p,n). It is given a

positive solution to the «vertex problem» for the polytope %%T if p and n is mutually prime.
Namely, polynomials

Vs:Z(lexl+9k2w2+'-'+9k"xn)msazkiEO (mod p),s=1,n—1
k; =1

are algebraically independent and are basic invariants of group G(m,p,n) if p and n is mutually

prime.

Keywords: unitary space, reflection, basic invariant, algebra of invariants, complex polyhedron.
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BBEIEHUE

BaauM B n-MEpHOM yHHUTapHOM IipocTpancTBe U™ cucremy KoopaumHaT Hadagom O

n
1 OPTOHOPMUPOBAHHBIM GazucoM €; (i = 1,n); BekTop T = Y x;¢;. OTpaskenueM o 11opsi/i-
=1
Ka | B npocTpancTBe U™ Ha3bIBaeTCs yHUTAPHOE Hp606pa3ZOBaHI/Ie Hnopsijka [, MHOKECTBO
HENOJIBUKHBIX TOYEK KOTOPOIO SIBJISIETCsI MHIIEPILIOCKOCTHIO (IJIOCKOCTBIO Pa3MEPHOCTH
n — 1). DTy MWIOCKOCTh HA3BIBAIOT MUIIEPILIOCKOCTHIO OTpaykeHust uian cuMmMerpun. O6o-
3HaunM 4epe3 (G KOHEYHYIO HEHPUBOAMMYIO TPYIIILY, IIOPOXKJIEHHYIO OTPAXKCHUSIMUA 0 OT-
HOCHUTEJILHO TuilepILiockocTeil ¢ obmeit Toukoit O. Kinaccudukanns rpynn G BnepBble
nostydena B pabore [1].
Ompenenum Jjeiicreue rpynmbl G B kosbiie R = Clxy, ... ,x,| MHOrOWIEHOB OT N

IIEepEeMEHHbIX Ha/Jl II0JIEM KOMIIJICKCHBIX YUCEJI C IIOMOIIBIO PaBEHCTBA

o f =0 f(&) = fo7'%), 0 € G, f(#) = f(x:) € R.

Muorounen f € R nasbiBaercs mHBapuaHTOM rpymibl G (G—UHBapHAHTOM), €CJid
o-f = f nna Becex o € (G. U3BecTHO, 9TO MHOKECTBO BceX (GG-MHBApUAHTHBIX MHOIO-
wieHoB f € R obpasyer aarebpy 19, MopoxKagHHYIO n ajrebpamdecKn He3aBUCHMBIMA
OJIHOPOJIHBIME MHOTOU/IeHaMK (6a3UCHBIMU UHBapHaHTaMu) f; creneneit m;, i = 1,n [1].
OrmernM, 9TO 9HUCIa M; JJIs 3aJaHHONR IpyHibl (G OIPeaessiOTCs OJHO3HAYHO, 8 CaMMH
Oa3uCcHbIE UHBAPUAHTHI HET.

Bepiuabl mpaBrIbHONO 1—MepHOIo MHOrorpaHHuka M, 3a/auM BEKTOPaMU O‘Kz,
r = 1, p. Ero rpymma cummerpuit G ecTh KOHeUHAas IPYTIA, TOPOKIEHHAA OTPAsKCHISMIE
oTHOCHTENIbHO runepiuiockocreii ¢ Hadagaom O [2].Torga MHOrOWICHDI

P
Vi =Y @ovy™ 1)
r=1
npuHaIe:Kar ajarebpe 1.

EcrecTBenno Bo3HEKaeT BOIPOC: SIBJISIIOTCA JIN MHOTOUIeHb! (1) 6a3uCHBIMU HHBAPH-
AHTaAMW TPYIIBI WK, IPYTUMHI CJIOBAMHE, SBJSIOTCA JIi MHOrowWIeHsl (1) anrebpantdecku
HE3aBUCUMBIME!

Buepsoie Takas 3amada («mpobsiema BepriuH» ) Oblaa chOpMyIHpoBaHa B paboTax
Jleonosibia @uarro (eM. [3-5]). Tam ke OH Jlasl ee MOIOKUTETBHOE PEIeHre it TPYIII
G cuMMeTpHil IPABU/IBHBIX BENIECTBEHHBIX MHOIOIDAHHHKOB, OTJIMYHBIX OT I'DYyHIBl B,
CUMMETpPHil n—Kyba 7y, U BBICKA3aJ IPENOIOKeHNe 00 aaredbpanIecKoil He3aBUCHMOCTI
muorowienos (1) B ciyuae G = B,. Ero noarsepaun Xeiicoeiin [6], a Tak:ke apyrum

merosom B.®. Urnarenko |7].
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B [8] aBTop perm ykazaHHYTO 38184y JJIs TPYIIT CHMMETPU TPaBUIBHBIX KOMILIEKC-
HBIX MHOTOIDAHHUKOB, TIPU 9TOM JIJIsl PEIIeHNUsT 3141 B ciaydae rpynnsl G(m, 1,n) = B
cuMMerpuit 06061eHHOro n—Kyba 7,7 ObLI UCIIOIb30BAH MeTOJ| PaboThl |7.

[eb HACTOMAIIEl 3aMETKI: Pewums 60npoc 0b ar2ebpaueckoti He3a6UCUMOCTUY MHO-
eounenos (1) das epynno G(m,p,n) cummempui KOMNAEKCHO20 MHO202PAHHUKG %’y}?,
ecAU P U N 63AUMHO NPOCTMbLE.

1. TIOCTAHOBKA 3AJIAYU

EctecTBennbiM 0000ITIEHIEM BEIIECTBEHHOTO N —MEPHOT0 Ky0a 7, Ha mpocTpancTso U™
SIBJISIETCsT KOMILJIEKCHBIIT MHOTOTDAHHUK 7,7 (1 > 2), Ha3blBaeMblii 000OIIEHHBIM 12— KyHOM

(72 = 7,) [2]. Beprmmasr 4™ 3a1amuM ey IOIUMEI M™ BEKTOPaMu
ov, =3 oke, (2)
i=1

e 0— mepBooOpas3Hblil KOPEeHb CTEeHn M U3 eauHuIlnl, k; = 1, m, r = 1, m™.
Ero rpymma cummerpuit B = G(m,1,n) umeer mopsiiok m™ - n! u mopoxaaercs

OTParKeHUSAMHE TIOPSIIKA 11 OTHOCUTEIHHO TUIEPIIOCKOCTEl ¢ ypaBHeHUsSIME |9]
U OTParKEHUAMHU BTOPOIO IOPSIIKA OTHOCUTEIHLHO MUIIEPILIIOCKOCTE

Hucma m; = m,2m, ..., (n — 1)m,nm [1].

WnTepec K u3ydeHUIo reoMeTpU 0000IIEHHOTO n—Kyba, ero rpymnis! cummerpuit B
U MHBAPUAHTOB OOYCJIOBJIEH UX PA3INIHBIMU TPUMEHEHUSIME, HAITPUMED, B TEOPUU KOJIH-
posanus [10]. O606mERHBI Nn—Ky0 TaKKe ABJSETCsS OCHOBOI JIJIs1 IOCTPOEHUSsT «IPOOHBIX
7Y MHOI'OI'PAHHUKOB» %’yﬁl C UMIIPUMHUTHBHOI rpynmnoii cummerpuit G(m,p,n), tae p —
neuresib m (m = pq) [11].

1

Beprimuabl MHOrOTpaHHIKA, %fy;” MOTYT OBITE 3aJ1aHbl gm™ ' BeKTopamu (2) mpu ycJjo-

n —

Bu »_ k; = 0 (mod p) uw r = 1,gm" ! [11|. Ero ummnpuMuTuBHAS TPyIIIa CHMMET-
i=1

puit G(m,p,n) HOPOXKIEHA OTPAKEHUSIMU IOPSIJIKOB ¢ U 2 OTHOCHTEJBHO TIHIIEPILIOC-

Kocteil ¢ ypasHenusmu (3) u (4) coorBercrBenno [9|. Crenenn 6a3sMCHBIX MHBAPHAHTOB
m; =m,2m,...,(n — 1)m,gm [1].
VrBepxkaeuune. Ecium G = G(m,p,n) ecrtb rpymnmna CHMMETPHii MHOIOTDaHHI-

Ka %%T (n > 2), tae n m p — B3aMMHO LPOCTBIE, TO MHOrowiIeHsl (1) cremeneit
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m; = mt (t = 1,n— 1) asrebpandeckn HE3aBUCHMBI, TO €CTh ABIAIOTCS OGA3MCHBIMU

uHBapuantamu rpynibst G(m, p,n).

2. JIOKA3BATEJIbCTBO YTBEPXKIEHUS

1. IlepBonadanbHO paccMoTpuM ciaydail p = 1, To ecTb 0600MEHHBI n—Ky0 " (CM.,
takzxe [8]).

Tak kak crenenu m; = m,2m, ..., (n — 1)m,nm, to dopmer (1) nmeror BuI

B k k sm
VI = Vim = S (0% + -+ 050,)°™, )
ki
rje s = 1,n u cyMMEpOBaHUe POU3BOJUTCH 10 BeceM Habopam k; (ux m™).
HokazaresbeTBo anrebpandeckoii nezapucumoctu (Gopm (5) mpoBeeM UHIYKIMeH 1o
PasSMEpPHOCTH M.

Ecim n = 2, To, oueBuno, hopmbl
V _ n(..m m V _ ne..2m m _m_.m 2m
om = m"(z]" +23')  Vaom = m"(x" + Cg) 27"y + 23™)

aaredpanyecku HEe3aBUCUMbBI B Cjlydae, Korja m > 2 U, TaKuM 0OpasoM, MOPOKIAI0T
Bm
ayiredbpy 72 .
Bysem cuntarh, uto dbopmbl (5) Hesapucumbl B npoctpanctse UF (k< n). Jlokaxkem
X HE3aBUCUMOCTDL B ciiydae k = n.

Pacemorpum nuneitnyio hyHKITAIO

n—1
n= Zaka:k, ap € {1,0,...,6m '),
k=1
Tora
anl = Vn—l,mlu l= L—na (6>
ag

rJie CyMMHUPOBAHHIe 10 BceM m” ™! 3HadeHnaM ay.

Barmrem dopmbl (5) B craeayonieM Buje:

Vims = D (0% 20407 2)™ = 3 [(0+20)" + 0+ 0z,)" 4+ (n+0" )™ =

ki af

=m) Z Crts—gyn™ Vi = m Z Comt | D om0 ) at,
=0 ar

ag t=0
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Ucnonp3yst coornomenne (6) qist | = s —¢ (f < $), MBI OKOHYATEIBHO IMOJLY UM

PEKYPPEHTHOE COOTHOIIIEHUE:

S
Vn,ms =m Z Cnnzfs_t)vn—l,m(s—t)lety Vn—l,O = 1. (7>
t=0
Byzem cuurars, uto dbopmbt V, s (s = 1,n) anrebpanieckn 3asucumbt 8 U™. Torma

CyIecTByeT MHOro4wIeH F (7), TOXKJIECTBEHHO HE PaBHBII HYJIIO, TAKOH 9TO:
F(Vims) =0, s=1,n. (8)

Taxk kak Vj,_1,n, MHOTOWIEH OT Vi 1,s (S < n), CIe1oBaTeabHO, €CIH IOJIO-
KUTh T, = ¢ # 0 B (8), To u3 (7) mosyunm ajreGpanvecKyro 3aBHCHMOCTb MEKJLy
Vicims (s=1,n—1), 970 HEBO3MOKHO 110 JIOMYIIEHUIO UHJLYKIIIH.

Takum 06paszom, bopmbl (5) anrebpandeckn He3aBUCUMBI U OPOKIAIOT ajredpy I5n .

2. [lycts p # 1, a unciaa p u n B3auMHO npocThie. Torga MHOXKECTBO S, BCEX BEK-

TOPOB (2), MO2KHO IIp€ACTaBUTL B BUIE O6’be,ZLI/IH€HI/IE{ P MHO2KECTB Sj, BEKTOPbI KOTOPBIX

n —
YAOBJIETBOPSIIOT yeaosuio »  k; = j (mod p), j = 0,p — 1 (MHO)KeCTBO Sp, Kak u Jiroboe
i=0

u3 S, OUYEBHHO OIpejiesieT BEePITHHBI MHOTOI'DAHHHUKA %7;”). Tak Kak p u n B3aUMHO
npoctele, ypasaenue nt = j (mod p) mmeer pemenne g Beex j = 0,p— 1 (em. [12],
Teopema 131, crp. 113), To Beerga MOXKHO TOI00PATh TaKOe 3HAYEHHE f, YTO MHOMKECTBO
S, COCTOUT M3 BEKTOPOB MHOXKECTBa Sy, yMHOXKeHHOrO Ha 0.
[IycTh
ans(m,p,n) = ‘7n,sm - Z(eklxl + ...+ eknxn)ms7
k;

n
CyMMUPOBaHHUe MPOBOJUTCS TI0 BCeM k;, yIOBJIeTBOpsiomuM ycsosuto y  k; = 0 (mod p).

=0
Torma,
Vn,sm = pvn,sm
nJjm
~ 1
Vn,sm = _Vn,sm'
p

CueioBaresibHo, anrebpandeckas HE3aBUCUMOCTD ‘7n,sm BLITEKACT U3 aJre0pamdecKoit
HE3aBUCUMOCTH V}, g, JOKA3AHHON B IyHKTE 1.

Taxkum ob6pasom, muorowiensr Buja (1) misa G = G(m,p,n), e n u p — B3aUMHO IPO-
CThIC, ABJIAIOTCA aﬂFe6paI/IquKI/I HEe3aBUCUMBI, U, CJI€J0BATC/JILHO, ABJIAIOTCHI 6&3I/ICHBIMI/I

MHBapuaHTaMU I'DYIIIIbI CI/IMMeTpI/Iﬁ KOMIIJIEKCHOI'O MHOT'OI'PaHHUKAa %’721
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THE HISTORY OF THE DEVELOPMENT OF THE THEORY OF ELLIPTIC FUNCTIONS
IN THE WORKS OF ABEL, JACOBI, WEIERSTRASS, SOMOV..

Yulina A. O. and Sinkevich G. I.

Abstract. The article explores the practical necessity of using elliptic functions. The history
of the origin of the concept of an elliptic function is considered in detail. Clear conclusions on
the formation of the apparatus of the theory of elliptic functions in the works of Abel, Jacobi,
Weierstrass and Somov are proposed. Based on the proof of Abel’s theorem, a representation of
elliptic functions in terms of theta functions is shown.

The introduction and use of elliptic and hyperelliptic functions bring the problems of control
and orientation of mechanical objects to the simplest elements. The sought parameters of motion
(direction cosines of the Euler angles) are the composition of such functions. General concepts
and definitions of elliptic functions are reduced to the operation of integration. All methods
of integration consist either in reducing the considered integral to elementary functions, or in
its direct investigation, when this reduction is possible. Therefore, integral calculus is divided
into separate sections. Among them, the first place after the theory of logarithmic and circular
functions is occupied by the theory of elliptic functions.

Giulio Carlo Fagnano (1682-1766, Italian mathematician, the first to pay attention to the
theory of elliptic functions) discovered a remarkable relationship between arcs taken on one ellipse
or one hyperbola. Euler proved analytically and generalized the property discovered by Fagnano.

Soon John Landen (1719-1790, British mathematician, his transformations refer to elliptic
integrals and elliptic functions) found that the arc of a hyperbola can be expressed in terms of
two arcs belonging to ellipses with different eccentricities.

The first systematic presentation on the theory of elliptic functions in Russia was presented
by the St. Petersburg academician Osip Ivanovich Somov. This difficult and to this day branch
of integral calculus is described in detail and clearly in his fundamental work "Foundations of
the theory of elliptic functions"(1850). The book contains seven chapters, and a separate chapter
is devoted to applications of elliptic functions to some questions of geometry and mechanics. In
the presented article, the solution of the problem of the rotation of a rigid body about a fixed

point, presented by Somov, will be presented.

Keywords: Elliptic function, theorem, Abel, Jacobi, Weierstrass, Somowv.
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BBEIEHUE

B crarne paccMoTpeHa MCTOpUs PA3BUTHA W NMPUMEHEHUs] TEOPUU SJUIANTUIECKUX
dyuknuii. Beejenne u ncnoib30BaHue SJUTUNTHIECKAX U THIEPIJUIUIITUIECKIX (DyHKITUT
CBOJIUT 33/1a9y O BpAllleHUH TBEP/IOr0 TeJla MOoCJe IIePBOHAYAIbHOTO yapa K IPOCTeHIINM
syteMeHTaM. VICKoMbIe TapaMeTphl JBUKeHUsT (HAIPaBJISIONe KOCHHYChl YIJIOB Diijiepa)
SIBJISTIOTCSL KOMITO3UIMeH TakuxX (pyHkiuit. OOIIre MOHATHS U ONPEJIEeICHUS SJIIATITHIC-
cKUX (DYHKIWI CBOJATCA K ONEpalid WHTerpupoBaHus. Bcee crocoObl MHTErPUPOBAHUS
COCTOAT WJIM B TPUBEJIEHNN PACCMATPUBAEMOrO MHTETPAJIa K JIeMEHTAPHBIM (DYHKITHSM,
WA B HEIIOCPEJICTBEHHOM €I'0 UCCJIEOBAHIY, KOTJIa 9TO IIPUBE/IeHIEe BO3MOKHO. [TosaTomy
WHTErPAJIbHOE MCUYUCJIEHUE PACIaJIaeTcs Ha OTJeIbHbIe pasjiebl. Mexy HuMu mepBoe
MECTO II0CJIe TeOPUU JIOrapuMUIECKUX U KPYTIOBBIX (PYHKIINN 3aHUMAET TeOPUs JLJINII-

TUYICCKUX (DYHKIIHIA.

1. DQIIUIITUYECKUE ®YHKIU. ICTOPUA BO3SHMKHOBEHUS.

DTO HA3BaHUE JIAIOT TPAHCIICH/IEHTHBIM (DYHKITHAM, K KOTOPBIM IIPUBOIATCI HHTETPa-
JIbI aJiredpanvecKux BoipazkeHuit Bujga f(z, \/E)da:, e VR tenast GYHKIMS TPeTheil min
qeTBEPTOil CTEIEHH OTHOCHTENBHO T, a f PAIMOHAIbHAS OTHOCHTENbHO = 1 v R. T1omo6-
Hble UHTerpaJibl BCTpedaloTcd yxke y HbioToHa, ocHOBaTE ST 9TOrO UCUUCIEHUS, OH JIaeT
pas3JIOzKeHNe B PABI SJTUNTHIECKUX (DYHKIINA, KOTOPBIMU BBIPAYKAIOTCS JIYTU SJIJIATICA U
runep6osibl (1676 rox). Tlocse sToro smmnrudeckne HYHKIMNA BCTPEIAOTC B 3a1a9e 00

yupyroit siuanu|5|. fkos Beprysiu B cBoeM pernenun 9Toil 38,1891 HAXO/UT, ITO OP/IIHHATA,
2
rédx

——— a ayra
V=

u 1oJiaraeT, 4To 3TU HHTErpaJibl HE MOI'YT OBLITD IIpuBeEJICHDLL

ynpyroﬂ JIMHUKN OTHOCHUTEJIbHO a6CHHCCbI BbIpazKaeTCd MHTEerpaJjioM: f

a’dx
@)

HU K KBaJ[paTypaM, HU K CHPSIMJIEHNIO (BBIYUC/IEHUE JIJINHBI JyTU KPUBOIi) KaKOro-nb0

uHTErpasoM |

ceuennd. Toro e MHEHWd, cHadasa Obul 1 Ditep. VBan BepHynam crapmmii Hame,

YTO CyMMa, 3TUX MHTEIPAJIOB MOYKET OBITh BBIPAsKeHa, JyTOI0 SJIINIICA, Y KOTOPOIO MaJias
a’dx

och pasHa 2a, a Gobimag 2av/2. OH TarsKe 3aMeTH, 9To [ ﬁ HIPUBOINTCH K
at —

CHPAMJICHUIO KPUBOM, HA3BIBACMON JIEMHUCKATOM.

exymuo Kapio @anbsino (1682-1766 1., nra/ibsHCKUiT MaTEMATUK, TIEPBBI 0OpATUT
BHUMAHKE Ha TEOPUIO JUIMITUYIeCKUX (DYHKIMI) OTKPbLI 3aMedaTe/IbHOe COOTHOIIEHIEe
MEK/Iy JIyraMd, B3SITBIMA Ha OJHOM 3JUIHIICE WU Ha OJHO# rumepbose. Dilaep ToKa-

3a/1 AaHAJIMTUYECKHA U OOOOIIIUIT CBOMCTBO, OTKPBbITOe PaHbsiHO: OH HAIIEN aredpanvdeckoe
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ypaBHEHUE MEXKJIy TEePEMEHHBIMU X U ¥, YAOBJIETBOpsoliee nuddepeHImaIbHOMy ypaB-

dx dy .
HeHUIO Bua [3]: = , e f tenasg OYHKIUS 9€TBEPTOil CTEIeHU; OHO
VIF@]D VI)]
dx dy
COBMECTHO C TPAHCIEHJCHTHBIM YPaBHEHUEM = + C', B KOTOPOM JIJIsT
VIf(@)] ; VI
octogHHOro C' MOXKHO B34Th 3HAUEHUE UHTErpaJia ﬁ, COOTBETCTBYIOIIEE YaCTHO-
x

My 3HaUYEHHUIO mepeMeHHoi x. Ha ocHOBe 9Tux JIByX ypaBHeHU Diljiep BBIBEJ CIIOCOD JIIsd
CpPaBHEHWS JUIMIITUIECKUX (DYHKIUI depe3 CJI0KeHWe, BhIYUTAHNe, YMHOXKEHNEe U JieJIe-
HUe, TOCPEJICTBOM ajredpandeckux JIefCTBUN HaJ| MEPEMEHHBIMUA, OT KOTOPBIX 3aBUCST
stu pyHKImn 5.

Bekope dexon Jlamgen (1719-1790 rr., 6puraHcKuii MaTeMaTuK, ero mpeobpasoBaHust
OTHOCSATCS K SJUTMITHIECKAM HHTErPAIaM U JUTHITHIeCKIM (DYHKIIUSIM ) HAIIe, 9TO JIyTa
rurnepOoJIbl MOYKET OBITh BBIPAarKeHa TOCPEJCTBOM JIBYX JIyT, TPUHAJICIKAIINX SJITUIICAM C
PA3JIMYHBIME SKCIEHTPUCHTETaMI. B 9TOM BazKHOM CBONCTBE 3aKJIIOYAETCS COOTHOIIEHUE
MEXKJTY SJITUNTHICCKUME (PYHKITUAMU, OTTHYAIONIMMUCH Ha, KOHCTAHTY, U BXOJANINME B
kopenb +/f. To ke coorHomenue Haies Jlarpa:K 1 OIPUMEHHI €ro K IPUOJIN3UTEeILHO-
MY BBIUHCJIEHUIO BCAKOW JUITMITUYIECKON (pyHKIMU. B 9TOM cocTosdHUN HAXOIM/IACH TEO-
pus JUIMITHYIECKUX (PYHKINN K Hadaay 19 Beka. 3HaUUTETbHBIE YCOBEPIIIEHCTBOBAHUS
B TEOpHIO JLIHNTHIecKuX (yHKImii BHEC Jlexkanp. Pacupegenus Ha BUJIBI U TPUBEIS
K IPOCTEHIITNM BbIpayKeHUsAM BCe dJIIunTrdeckne GyHKnun, JIekanap ynpocTua u 3Ha-
YUTE/ILHO MPOJIBUHYJI BIIEPE]] UCCIICIOBAHNUS CBOUX MPEIIECTBEHHUKOB; Pa300pasl MHOTO
HOBBIX MHTErpaJjioB, MPUBOIUMBIX K SJUIMITHUECKUM (DYHKIUSAM, PENIN HEKOTOPbIe BO-
IIPOCHI T€OMETPUU M MEXAHUKHU, OCTABIIMECS HEPEIIeHHbIMU U3-3a HECOBEPIIEHCTBa CIIO-
cODOOB BBIYUCJIEHUS JUIMITUIECKUX (DYHKIUN. JIexKaHap cocTaBuI TaOIUIIBI, C IIOMOIIHIO
KOTOPBIX SJUINIITHIECKUE (DYHKITUU MOTYT OBITh UCIOJIL30BaHbI B aHAJIN3E, TAKUM Ke 00-
pa3oM, KakK M Kpyrosble u Jjorapudmudeckue pyuxmnuu. [lepBoiil ero onbIT cucremMaT-
YeCKOT0 M3JI0YKEHUsI TEOPUHU JIUNTHICCKUX (DYHKINI HaxoquTcs B Memyape “Memoire
sur les transcendantes elliptiques, des methodes faciles pour comparer et evaluer ces
transcendantes” (1792 ron) [3]. Jlexkanap, opueHTUPysACH GOJlee Ha IPAKTHIECKUE €]
HCCJIeJIOBaHUs, YIIYCTUI U3 BUJLy HEKOTOPbIE BarKHbIE TEOPETUYECKUE BOIIPOCHI, CBA3aH-
HBIE C BBICIITUMHU TPAHCIEHIEHTHBIMU BBIPAKEHUSIMU, TECHO CBA3AHHBIE C SJLIAIITUICCKI-
mu dyuxnusavu. C BBIXOJIOM B CBET HepBbIX JABYyX ToMoB «Traite des fonctions elliptiques»
B MareMarTnieckux kypHasax Kpemte u [llymaxepa craim mosiBIATHCS T€HUATBHBIE OT-
kpbitust Adxobu u Abens [1]. B momepax 123 u 127 xypuana Illymaxepa fxobu mas
obmuii crrocod 1 TpeoOpa30BaHud SJUTUITHICCKUX (DYHKIINA, BKJIIOYAIONINI KaK JacT-

HBIII ciaydaii mpeobpasoBanue Jlarpam:ka u Jpyroe 1mojo0Hoe, HaiiaeHHoe JIexkaHaIpoMm.
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DTOT CIOCOO TOCTY KT HCTOTHUKOM BayKHBIX OTKPBITUN B TEOPUU SJITUITHIECKUX (DyHK-
nmit. OJTHOBPEMEHHO ¢ OTKpbITusiMu flkobu Bo BropoMm Tome KypHasa Kpee nosgsuiach
craTbs Abesisi, B KOTOPOi#l aBTOP JIOKa3bIBAET OCHOBHBIE CBOICTBA OOPATHBIX JLIUITHYIE-
cKkux (yHKIM U, Yepe3 BBEJEHNE B aHAJIM3 MHUMBIX BEJIMYNH, OOHAPYKUBACT B ITHUX
dbyurImax gBoitayo neproanaHocThb. («Recherches sur les fonctions elliptiquess», 1827).
On mpuBouT 00IITHe POPMYJIbI JIJIsT YMHOKEHUS U JIeJIEHUS S/UINITHICCKUX (DYHKITII HA
[eJI0e 9HCJI0; PACCMATPHUBAET IOJIPOOHO CIIOCOOBI JjId pEIleHns B pajinKajiax ajaredpa-
MYECKUX yPABHEHU{l, OTHOCIIINXCS K JICJICHUIO, W BBIBOJIUT BBIPAYKEHUS SJITHIITHICCKUX
¢yHKINiT B BUJjIe TTPOU3BEIEHN, COCTOSIIIX 13 OECKOHETHOTO IHC/Ia MHOXKHUTE I, a TaK-
JKe B BHJIE OBICTPO CXOAIINXCS GECKOHEUHBIX psafoB. B ciemytomieit pabore («Ueber die
Functionen welche der Gleichung genugthun») omy6mkoBaHHO# B 3-M HOMEpe KypHAJa
Kpemne, Abens tipearaer crmocob permeHust aareOpandecKux ypaBHEHNH, OTHOCSIITHECST
K Jenenuto jgemuuckatsl. [locse storo Abessb mokazas obmuM criocodbom popmysibl AKo-

01, OTHOCHIINECH K [IPe00PA30BAHUIO JJLIANITHYECKNX (DYyHKIMIT. B ToM ke Tome KypHaa

x
KpeJite on gat obiiyto TeopeMy, OTHOCSIILYIOCS K CPABHEHUIO MHTEI'PAJIOB BUJIA ﬁ’ reR

nesiasg QYHKIN & KaKOH-HEOYIb CTEIeHN; 9Ta TeopeMa 3aK/odaeT B cebe, KaK IacTHBII
caydaii, Teopemy Diljiepa 1 pacipoCTPAHSIETCs Ha BBICIITE TPAHCIIEHIEHTHBIE, HaA3BaHHbBIE
yJIbTpa—aumnTudecKkumMu i AbemeBbiMu (pyHKIUIMI; TTOTOM AOesTh PacIpoCTPaHUI ee
Ha BCe TPaHCIEHIEHTHbIE, NMeoIne ajaredpandeckue anddepeHiaibl. dTa ero pabora
ObL1a yiocroena npemueil [lapukcekoit Akagemun Hayxk.

Bcee ananurmaeckue npueMbl AGesst OTIMIA0TCA OOIHOCTHIO M MATEMaTHIECKON TOY-
HOCTBIO. AGesIb, MOCTaBUB cebe aHAJIMTUIECKIIT BOIIPOC, UINET €ro PelleHne CaMbIM JIOMH Y-
HBIM, €CTECTBEHHBIM IIyTEM, & IIOTOMY JOCTUrAeT PEHIeHUs] CAMOro ODIIEro, eCjau TaKOBOEe
BO3MOKHO; B IIPOTUBHOM CJIydae JIOKa3bIBAeT HEBO3MOXKHOCTD pelnenns. Takum obpasom

OH JIOKa3aJl HEBO3MOYKHOCTDL OOIIEro pajuKaJIbHOTO PEIIeHusd yPaBHEHUN 5-if CTENeHu U

Pdx
PacCMOTPeEJI CJIydau, B KOTOPBIX HHTErPaJIbl BUJIa —— MOI'YT OBITh IIPUBEJIEHBI K ajaredpa-

VR

naecKuM u jiorapudmudecknM GyHKIuaM. Adeb yMep oueHb paHo, B 26 JieT, HO OCTaBUII
Hayke Ooraroe Hacjeaue, B KOTOPOM pa3bupaeMcsi MbI JI0 cux 1mop. Bee TBopenns AGerist
u3ganbl BMecte, o 3artasueM «Oeuvres completes de N.H. Abel, mathematicien, avec
des notes et developpementss». Teopust smunTudeckux QpyHKIH, 000TaTUBIINCH OTKPbI-
tuamu Jlexxanapa, Abesrs n Jkobu, 3aHs1a BaXKHOE MECTO B MATEMATHIECKOM aHAJIN3e U
TeopeTUYecKoil Mexannke B nepuoj ¢ 18 mo 19 Bek.

[IepBoe cucremaruyeckKoe M3JI0KEHUE 110 BOIIPOCAM TEOPHUH FJIUITUIECKUX (PYHKITUI
B Poccun mpescrasiieno y merepbyprekoro akagemuka Ocwura MBanosuwaa Comora. ITo-
JIPOOHO ¥ sICHO M3JIOZKEHA 9Ta HEITPOCTAasl U TOHBIHE OTPAC/Ib NHTErPATLHOTO UCIUC/IEHUST B

ero yHIameHTabHOM Tpyie «OcHoBaHUst Teopun dummnTuaeckux Gyukiumit» (1850 roxn).
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Kaura comepkuT ceMb Ij1aB, U OT/e/IbHas IVIaBa MOCBAIICHA TPUIOXKEHUAM SJLIATITHYIE-
cKuX (PYHKINH K HEKOTOPBIM BOIIPOCAM M€OMETPUU U MEXAHUKU.
K cepenune BoceMHAIIIATOrO BeKa B TEOPUU SJUITMITHUECKUX (DYHKIMI ObLT chopmu-

POBaH CIICAYIONIUN alliapar.

2. TIOHATUE SJIJIMIITUYECKON ®YHKIUU. IIPUBEJEHUE, CPABHEHUE "
ITPEOBPASOBAHUE TAKHNX qDYHKHI/Iﬁ

B Tom cydae, Korjga mHTErpaJ oT ajredbpanmdeckoil (DyHKIINE He MTPUBOIUTCS K JIPY-
roit ajarebpandeckoil (DYHKIMH, ero pacCMaTPUBAIOT KaK TPAHCIEH/IEHTHYIO (DYHKITUIO.
Dro unrerpasst Buga z = [ f(, VR), rie R uenas GyHKIUS OTHOCUTEIBHO T, a f —
panmoHajibHas oTHOCcUTeNbHO x U R. Ecim R uMmeer mepByIO WM BTOPYIO CTEEHb, TO
coorsercTByomuil naTerparn z = [ f(x, VR) mpuBOMTCS MM K ajrebpamaeckoii (hyHk-
UM WK K 06paTHOW TpHUrOHOMeTpudeckoil GyHknuu (kpyrosbie dynknum). Ecan ke
CTEINEHb TPEThsl U BBIIIE, TO MOJ00HBIE MHTEIPAJIbI HA3BIBAIOT JIUITHICCKUME, a 00pa-
[IeHNe TaKUX UHTErPAJIOB, COOTBETCTBEHHO, dumnnTudeckumu dbyukiusmvu [3]. Hazpanus
9TUX (DYHKIUI TOMIIN ¢ 33/1a91 BBIYNUCIEHUS JIJIMHBI JyTH SJUTATICA.

YpaBHEHUE, OIPEJIE/IAIONIee CBA3b MEXKTy aaredpandecKuMu (DyHKIUAMI U UHTErPa-

VR

dx :de 22dx x"dx
bo / ﬁ St by | = = (aptaimtasrt . .—|—am,3xm’3)\/ﬁ.

V™) VR VE

JIaM# BUIQ f 3aIMCHIBAETCS CIIETYIOMNM 00Pa30M:

DTO0 ypaBHEHHE JlaeT BO3MOKHOCTH 3aMEHBI JJIINIITHIECKOTO WHTErPasia Ha MpocTeii-
mue ajaredpanydeckue pa3joKeHnsl B TOM ciydae, Korja m > 2.
Mmuoxkuresnb mpu v/ R BO BTOpOil YacTu ypaBHEHUS JOJIZKEH COJIEPKATH TOJIBKO TOJIO-

JKUTEJIbHBIE CTeNeHN & (MCXOHOE TIPEJIIOJIOKEHUE), TOIIA 1M JOJIZKHO ObITh HE MeHbIIe 3.

Pdx
Orciona Jetaercs BaykKHOE CIEJCTBIE: HHTEIPAJT f ik , IPU YCJIOBUH, YTO CTEIEeHb I1e/I0i

dyukun P nmxke 3 He MOXKeT ObITH BbIpaxkeH ajrebpandeckoii pyukimeit. [Tosromy

d:ﬂ xdz / =

HEe HMEIoT anre6paﬂquKoro npeacTaBJaeHud, W ABJIAIOTCA TpaHCHECHICHTHBIMM OTHOCH-

TeJIbHO (DYHKITUH T.

Anajornunnre BBIBO/IBI CIIpaBE/JIMBBI 1 B TOM CJIy4ac, KOT'da P — IIpaBUJIbHaA ,ZLpO6I).
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P= ﬁ, rie A u o — IOCTOSTHHBIE, a 1M — IIeJI0e MTOJI0XKUTe/IbHoe anciio. Torna,
T —«
Pdx

paccMaTpruBaeMblit HHTETrpaJl \/_

4| e

[IpejscTaBiaeHublii UHTErPaJl NPUBOJAUTCA K IIPOCTEHIIIMM TaKUM Ke 00pa3oM, 4TO U

z™dx
C IIOMOIIBIO 3aMeHbL: - —« = —. Torma ypaBHeHue, OIPeIesIAoNnIee CBA3hL MEK LY
z

VR
r —a)™dx

ajireOpamvyecKuMu (pyHKITUAMA U WHTErpajaMu BUJIA / (7 3aIUCBbIBACTCA CJIe-

VR

Pa3JIOKUTCA Ha YJICHBI BHIa

JIYIOIIIM 00Pa30M:

/d—a::bo d—x-f—ln d4x+
(¢ —a)"VR VR (¢ —a)VR

+b2/(x_‘f$2\/ﬁ+<(xf°a)2+(xf1a)3+...+wﬁ)JT%

B Tom ciyuae, korjga m > 1 paccMOTPeHHBI WHTerpaJi TPUBOINTCA K TPAHCIIEHIEHT-

xdm/ de/
(7 — a)

N3 ckazaHHOTrO BBIIIE, 3aK/IIOYAEM, 9TO f \/> , Tiie P — Hekas parnmoHasibHas (pyHK-

HBIM BH/Ja:

Oy, BbIpazKaeTCAd anre6panquKHMH (byHKLII/IHMI/I 1 TPpaHCHEHJACHTHBIMUA BUJIa:

:z:da:/ de/
(r — a)

Ry = c(y?£a)(y* +D), A = —a , TJI€ P, ¢, @, C — TPO-
q—

P+ qy
14y
N3BOJIbHbIE KOHCTaHTBLI B COOTBeTCTByIOHLI/IX aJIFe6paI/I‘IeCKI/IX paBJIO}KeHI/IHX, Imepexoaum

Brioninaga 3aMennsl & =

Ha MHTEerpaJibl BUIa:

/ y*dy dy
VR (y* = N)VRy

[Tocsteamuit HHTErpasI 3aluIeM Yepe3 TPUIOHOMETPHYIeCKHe (DYHKIINI:
f(sin? @)dyp
V(1 = kZsin? @)’

re f — panmoHaabHas (GyHKIWMs, k — JAefiCTBUTEIFHOE MOJIOKUTEIbHOe JucIo> 1 n -

,ZLQIU/ICTBI/ITG.HBHaH YIJiO0Basl BEJIMIHUHA.
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, A+DB sin? ¢
Vcrionb3yst, HOJCTAHOBKY Y* = ——————, U [OCJI€/IOBATEILHO, PACCMATPUBAS BO3-
C + Dsin“ ¢
MOZKHBIE 3HAKU B Bhipazkenun Ry = c(y? + a)(y? £+ b) nonyuaem:
/ 2dy a+ Bsin? dyp
v+ §sin? ¢ (1— kZsin® o)’

rne «,fB,7v,0,k — mnocrogmubie, npudem k2 > 1. Taxume wunrerpainl AbGenn Ha-
3BIBATT  MOOYAAPHBLMY — PyHKyuamy [2]  JJIg  cOKpallleHus, BBOJAs — 0DO3HAYEHUs
V(1 —k2sin? ) = A(k,) mm upocro Ap. Jyra ¢ — aMIUIITYJa, HOCTOSHHAs
k — MOy/Ib, BeJIMINHA k' = /1 — k2 — nonosHnTe bHbBL MOJTYTh.

[Tocyie BBemeHHBIX 0003HAMEHUM, SIUITUUECKUI UHTErpa WIn MOJy/IspHasd (pyHK-

IS 3aIUIIETCS:
2dy o + f3sin? a+ Bsin®p  dp

~+ dsin® ¢ Ay
Abenb paccMoTpest 5ToT I/IHTeI‘paH KaK (QyHKIIUIO (©:

H( )—/7a+ﬁm2¢ o
7= v+ 6sin?p  Ap’

Tenepnb paccMOTPUM HEKOTOPbIE CBOMCTBA 9TON (DYHKIUN:
Bo-niepBbix sra dyukiwms nedernas H(—y) = —H(p); Bo-BTOPbIX (DYHKIUsA TEPUOH-
T
weckasg H(p) = H(nm+v¢) =2nH (%) £ H(¥),0 <1 < 7
Hanee, paboras ¢ dyskimeit H(p), a nMeHHO, TIepebupasi Bce BO3MOYKHBIE 3HAYTCHH
K03hDUIUEHTOB v, (3,7, d, k TPUXOANM K BBIBOJLY, UTO BCE SJUIMITHYIECKHE (PYHKIIUN IIPH-

BOAATCA K TPEM:

o
/ A—(P — dyHKIEA nepBoro poja,
0

E(p) = / @ - dp — dyHKIUI BTOPOro poja,
0

— (YHKIUA TPETHEro POJIA.

/ 1+ nsin gp)Agp

0

rjae n = — — napamerp sjmnrudeckoit dyukun [1(n, ¢). DTor napamerp MoKeT ObITH

MHHUMBIM, U TOI'la BbLACJIACTCA 0CODOBIT KJ1acc CbYHKLLI/Iﬁ — 2UNEPINAUNTNUYECKUE UAU YAb-

mpasAsunmmu1eCrue.
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Nnorga samensor dyuxmun F(p), E(p),II(n, @) TpeMsa apyruMu, B KOTOPBIX Hepe-
MEHHOIT BeJIMYNHON BJIseTCs Sin ¢ = &

T

xdx xedx dx
Ti(x) = NS Tg(x):/ N Tg(n,x):/(

1+ nz?)Az’
0 0 0

Az = /(1 — 22(1 — k222)).

Kapn Axobu ponosmnuTessbno BBesl obo3HaveHus Jjisd ooparHbiX (qyuknumii. Femm o

Besimania yukuu F'(p), Toraa st 0603HadeHns: 00paTHOi (DYHKIMN UCTIOIb3yeM 000~
3Ha4YCHUE:
v = am(a).
Torma o HA3BIBaETCS ApryMEHTOM CBOei aMIIATY/IbI . COOTBETCTBYOIINE TPUTOHO-

METPpUYIECKUE 3aBUCUMOCTU @ OT cBOen AMIIJIUTYObI (vt
sinam(a), cosam(a), tanam(a) wu T 1.
Ap = Aam(a).

Ob61ee CBOMCTBO BCEX SJUITHNTUIECCKUX (PYHKINNA OTKPbLT PaHbAHO, 9TO MOJTHOCTHIO

nokazano Jleomapmom Ditepom (“Institutionum calculi integralis. V.I1.”). Ono cocto-

dy(z)
dx

TO MOXKHO HaWTH TaKyIO aJH‘€6paI/I‘{€CKyIO 3aBUCHUMOCTDb MeXKJ1y YaCTHbBIMH 3Ha4Y€HUAMU

ut B ciepymomeM. FEcmu ¢(x) TpaHcuenjgenTHas (QyHKIWs, a aJirebpamdyecKast,

T = T1,T3,...Ty, IPA KOTOPOI CyMMa

mi(z1) + mat(z2) + ... mpY (),

rae mq,Ma, ... M, COU3MEPHUMbBIE ITOJOKUTEIbHBIE WU OTPUNATETbHBIE YUCTA, MOMKET
OBITH BBIpaykKeHa WJIN MOCTOSHHBIMU, WU aJiredpamveckoil (yHKImeil OTHOCUTETbHO
X1, T2, . . . T, WK Ke Jorapudmuaeckoin dyHkiumend stux sejmaud [1].

Ha Bce TpancrenjgenTabie GyHKINNA, uMeolpe ajaredpandeckue guddepeHnnalibl,
PaCIIPOCTPAHII 9TO CBOWCTBO AGesb. DT0 000OIEHNE SABISIETCs IEHTPAJILHON TeopeMoii
TEOPUU IUITUICCKUX (DYHKINI 1 HOCUT Ha3BaHue meopemuv, Abess. PopmyanpoBka u
JIOKA3aTeIbCTBO ITOI TeopeMmbl mioxkeHo Aberem B “Precis d'une theorie des fonctions
elliptiques”.

Wznamm stor Tpyn AbGens yixke mocye ero cmeptu B 1841 romy, “Memoires par divers
savants a | Academie royale des sciences de 1 Institut de France. T. VII, 1841.”
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d
Teopema (AGens). Badana oanunmuveckan dyrwryus Ty(x) = [ 7:26, 2de

T

Az = /(1 —22(1 — k222)), k> > 1 u a — nocmoannas. /Jonyckaemca credywee pas-

A0IHCERHUE!

Y(@) = A@e® — 27) (2" — 23)(2” — 23) ... (2" — z3),

Pynryus () ecmv kKomnosuyus deyr dynryui o(x) u f(z):
U(a) = [f*(2)] - [¢*(2)](Az)?

f(z) up(r) — yeavie pynryuu c neonpedeaenrvmu xosgduyuenmamu, f(xr) — wemmnas,
o(r) — newemmad.
Toeda cymma snavenutd dynkyuu T3(x) daa © = 1,29,...2, evpasumca ro2apud-

MUMeckotl pynryuets:

Ts(zy) + Ty(x2) + ... T3(x),) = const — QZCL log fla) — p(a)Aa

Jokazbiast Teopemy Abestst, Kapsr dxkobu BBe1 3namennTbie f (hyHKINN, ¢ TTOMOIIBIO
KOTOPBIX THIEPIJIIAITHIECKAE HHTEIPAJIbl MOI'YT OBIThH IIPEICTABIEHbI aaredpanIecKiuMu
pa3IoKeHUsIMA I ObICTpocxoadmumMucd psjaamu. [loceanee mpejcrasienne, ¢ IOMO-
IO PsIJIOB, OYeHb BaKHO B 3aJade O BpPAIleHUH TBEPJOro TeJjia OKOJIO HEMOIBUKHOI
touku. Mcnonb3ys stu pasioxkennst Comon O. 1., mosryani KuHEMaTHIeCKne apaMeTphbl
JIBUKEHUsT B 3ajade O BPAIIEHUU TBEPJOrO Tejia OKOJIO HEMOJBUYKHOW TOUKU B CJIyUae
HepBOHAYAIBHOrO yiapa [1].

[TerepOyprckuit MaTemMaTnk u Mexanuk, mpodeccop Comor O. ., k 1851 1. mas1 nepsoe
0000ITIeHHOR pelTieH e 3a/1a91 BpallleHns Tejia BOKpyT HenoapmkHOi Toukn. O. 1. Comon
MOJTYYUJI PEIIeHre 31291 O BPAIEHUN TBEPJIOrO TeIa OKOJIO TOUKH MOC/Ie TIePBOHAYA/Ib-
HOT'O yJapa, HHTerpupys auddepeHimaibable ypaBHEHNs IBUKEHUS C TTOMOIIBIO 3JIIUII-
Tudecknx (QYHKIU fKoOm Tperhbero poja ¢ MHUMBIM mapamerpom. Perrenne Comosa
[TOKAa3aJ10, I9TO OCHOBHBIE [TAPAMETPbI JIBUKEHIS BhIPAYKAIOTCS d€pPe3 KOMITO3UITUIO 3JLTHII-
THYIECKUX (DYHKIIMI IIPOCTERINero BUjaa W, BBOAA MX, 3aJada O BPAIIEHUH TBEPIOTO Te-
Jla, OTHOCTEJIbHO HEIOJBUKHON TOYKM CBOJUTCA K IpocTeimmmm sjaementam. B 1871 roay
Kapi BeitepmTpace ympomaer cucteMmy 3JUTHITHYCCKUX (DYyHKINNE SKOOU, BBOJIsT BMECTO
Tpex Tera-DYHKIUI OHY, IMEIOIIYI0 CBOUM apryMEeHTOM KOMILIeKCcHOe Bpems. [losromy
JanbHeliee uccaeI0BaHue 3aJa9i O JBUKEHUU BOJIIKA HUMEJIO IIPOJIOJIKEHHEe Ha KOM-
JIEKCHOM TIJIOCKOCTH, HAIIPABJISIONINE KOCUHYCHI IIPU BPAIIEHUN Tejia ObLIN IMOJIyIeHbl B
BUJIe 9acTHBIX 0 win o-pyuknnmit. [loyIaroT sicHOCTh 1 KBATEPHUOHHBIE BHIPAYKEHUS JIJTsT

KHHEMAaTUKHU JBU2KCHUSA B 3a/a49€ O BpallleHud TBEPAOro Tejia OKOJIO HeHO,ZLBI/DKHOIU/I TOYKH.
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Takum ob6pazom, paccMOTpeHHOe perenne 3aaa4qn, npeacrasiaearoe ComosbiMm O. 1. B
1850 rojy, BrIOSIHE OOBSACHSAET JaJIbHElIIee HAIIPAB/ICHUE MCCJIEIOBAHNI KAK B KBATEPHMU-
OHHOM TIpejicTaByienuu, Tak u B pertenun Kosasiesckoit C. B. Ilpencrasiiennoe perenne
OYeHb BayKHO B IPAKTUIECKUX 33/Ia9aX OPUEHTAIINN 1 yIIPABIEHIT KOCMIYECKUX U JPYTUX

00'BEKTOB MEXaHUIECKOI'O JABUZKCHUA.

3. ITPEACTABJIEHUE SJIJIUIITUYECKUX CIDYHKI_II/Iﬁ YEPE3 TETA ®YHKINN

KopoTko n3/ozkuM JoKa3aTesbeTBo TeopeMbl Abess [1].

Bosbmem JJId T OJHY W3 BEJIMYUH: Ty, T2, ...T,, TOIdA

U(z) = [f*(2)] - [¢*(2)](Az)? =0
D10 ypaBHeHUe OmpejesisieT 3aBUCUMOCTH 2 0T Koadbdunuentos dyuknuii p(z) u f(x).

PaccmatpuBast 311 KO3 DUIMEHTHI KaK IepeMeHHbIe 3aruiineM guddepennualt /i 3Toro

ypaBHEHUS:
o' (x)dz + 0(x) =0,

rie ' (x) - npomssomnast 1(x) 1o x, a d1h(x) - muddepenimann Toit ke bYHKINE OTHOCH-

TeJIbHO MepeMeHHBIX Koaddurmentos dyukiwmii ¢(x) u f(x). pu srom auddepentmpo-

BaHUM, T OyJIeM CYUTATh, COOTBETCTBEHHO IMMOCTOAHHON BEJIUMIUHON.

0 (x) = 2[f(x)0f (x) — p(z)op(x)](Ax)®

Coorsercrytormue dbysximn ¢(z) u f(r) BeIpasuM U3 ypaBHEHUS:

P(z) = [f*(2)] = [¢*(2)](Az)? = 0. Tomysmw: f(x) = £p(x)Az, p(z)(Az)? = £f(z)Az.

CremoBaTeIbHO

0p(x) = =2[p(x)df(x) — f(x)dp(r)]Ar = —O(z)Az

BBong obosmauenns:

O(x) = 2lp(x)of(x) — f(x)op(z)]

[Momymm:
vt = Omar= 5 = S((?) = Ta) = [ — D
(-2 )

HO,ZLCT&BI/IB B 9TO BbIpa2K€HUEC T, T2, ...T, BMECTO T U CYMMUDYA PE3YJ/IbTaTbl (O6OBH8H&H

JUTst COKPAITIEHUST » |, ), TOJIYIUM:

- x|
(1 - 5w/ (a)
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[ToabrHTErpaIbHOE BBIPAXKEHUE IPEJCTABIsIET COOO0M palMOHAIBHYI0 CHMMETPUIHYIO
bynknuio kopueit ypasuenust (z) = [f2(z)] — [¢*(z)](Az)?* = 0, nosromy ona MOKeT

OBITH BbIparkeHa PaIlMOHAIbHON (hyHKINEll ero KO3 UIIMEHTOB U CJIeJIOBATEIHLHO PAIIH-

Taxum obpazom:

oHasibHOI dyHKIHMel kKoaduimenror dyukmii o(x) u f(x).
O(x
Y Ta)= [ ——t—
3(x) / 72

L[
5 :
1Sy L2
[Moncrasiss ciofa 3nadenns dyukmuit ©(x) n (x), mveem

p(a)0f(a) — f(a)dela)
2 Tsl) /[2(a) 2(0)](Ba)?

(a)Aa
f(a)

a 0z a 14+ 2\?
ZT3 B 2Aa/1—22_Con5t'_4Aa10g(1—z>

Takum obpa3om, OKOHIATETHHO

o [f@) + pl)Aa]?
D Thla) = Const. — 73 log {f(a)—so(a)ﬁa]

JlokazanHas TeopeMa JIaeT aHAJOTUIHbIe (DOPMYJIBI U JIJIA SJUIMITUIECKUX (DYHKITUI

Tenepb mponHTErPUPYEM, TOJIB3YACH 3aMEHO = z. lHomyuynm

[IEPBOI'0 ¥ BTOPOT'O POJIA:

dzx x2d x
nw = [ 5= [ 5

Oynkuus T (z) ects 3navenne dbyuxiwn T3(x) npu a = 00, a Tr(z) 3Hauenne GyHKIMN
a*[T3(z) — T1(x)] npu a = oo.

a 1+ 2
a:ooimzo,log(l_z) =log(1) =0, :>ZT1 = Const,
a@ . fla) +e(a)Aa,
T = Const. — 1
D Tale) = Comst. = g Bl )
Hexoropble n3 BeIUIHH X1, Ta, . .. I, OEPYTCsA MPOU3BOIBHO, OCTABIINECS OIPEEIISIOTCH
II0 HUM.

Paccmorpum npumenenue teopembl AGesist K mpocteiineMy (HO MPAKTHIECKH OYEHb

BazkHoMy) ciayvaro p = 3. Torma

f(z) = (a0 + 2*)z, p(x) = by,
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U() = (apr +2°)° = b(1 — 2?)(1 — k*2?) = (a? — a7)(a® — 23)(a® — 23).
[Ipearonarast ¥y U xo 3aJl@aHHBIMU, JJIS OIPEEJeHNT HEeM3BECTHBIX KO3(MMOUITMEHTOB

ag, by OyIem uMerhb JiBa JIUHEHHBIX yPaBHEHUSI:
3 3
apTq + €Ty + boAl’l = 0, ATy + Ty + bgAZL’Q = 0.

W3 sTux ypaBuenuit mogydaem 3uadenns KodMHOUITUCHTOB:

3 3 3 3
Gy = ryAxy — x7Axy by = Ty — THTY
xleg — xQAxl’ xlA.TQ — ngxl

Hanee, ToMHOXKUM KazkyI0 Apobb Ha (11Axs + 29Axy) u B ypaBHeHun jijist () BO3bMeM
x = 0.
Torma x3 onpeieIMTCst CIELIYIONUM 00Pa30M:
T1 ATy + T2 A2y
1 — k2233

333::|:

Jlnst oupesesnennst Az HCIONB3yeM yDaBHEHHE:
flxs) +iAxs - o(z3) =0, ==l

Orcro/ia oIy anm

+f(x
A.Tg = —f< 3)
o(r3)
bo .CClAfEQ + I’QAl'l
Jasee, oboznavas y = +x3, . y = TIOJIYIUM: Y = 55
T1%2 1 — k2xias

OKoHYATEIBHO, TOJIYyIaeM CJIEYIONINe COOTHOIICHUS JIJId S/IMITUIeCKUX (PYHKITUI

IIepPBOTO, BTOPOT'O M TPETHETO POJIA:

(Tl(ajl) + T1(z2) — Th(y) = Const,

a
T T — T = — 1
5(z1) + To(xg) 5(y) = Const iAa og|

kTg(al:l) + T3(22) — T3(z) = Const. — 4Za 1Og[f(a) — cp(a)Aa]Q'

Patee MbI TOBOPIIH O TOM,4TO MHOT/Ia 3aMeHsioT hyHKIwu F(p), E(p), [1(n, ¢) rpems

JIDYTUMU, B KOTOPBIX MIEPEMEHHON BEJIMYUHON sABJIsgeTcd sin ¢ = x. Torja, notaras

r1 =sinp, w9 =sinty, y=sinpy
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IIOJIy9IuM cJjeayromune COOTHOIIECHUA:

(F(p)+ F(¢) — F(u) = Const

(

E(g) + E(¥) — E(n) = Const + k2 423@ log[f(a) +p(a)Aa

a fla) + ¢(a)Aa,
4Aa 1Og[f(a) - go(a)Aa] )

1 1 1

\

Hamee, paboras c¢ jorapudmamu, Kapa Axobu monydaer npe Tera-OyHKIME U pPac-
KJIQ/IBIBAET UX B OBICTPOCXOJIAININECST PSIBI.

Baecramee npogokenne Teopud SJUIMNTHYIECKNX PYHKIINI Halia B padborax Kap-
na Beiteprrpacca [3]. Paboras o pykosojicTBoMm 3namenuroro npodeccopa ['ynepmana,
MOJIOJION YU€eHbBI yBJIeKcs uccsepoBanusamu Abess n JIkodu B 06/1aCTH SJUIAIITHIECKIX
dyuknnit. Beitpmrpaccy yaanoch He TOJIBKO BHUKHYTh, HO U PEMTUTH ITPOOJIEMBI, KOTOPbIE
o Abestem u fdAkoOu TOJIBKO 0003HatMeHbI. TakK, OH HAIIE T IIPE/ICTABICHTEe MOJIYIAPHON
dyHKIIUN B BHUJIe YACTHOTO JIBYX PsAJIOB, OOOOIIMII 9TO IIPEJICTaBICHNE HA JIPYTUe U3BECT-
HbIE JUIHNITHYECKHE (DYHKIIUUA. DTO eMy YIAJIOCH ¢liesiaTh JietoM 1840 rojia, a 0CeHbIO TOTO
JKe ToJ1a 3armuTuTh cBoio paboty “Ueber die Entwickelung der Modular-Functionen”. Hactn
9TOI PabOTHI BOIILJIA B €r0 MeMyapbl 00 adeJIeBbIX (DYHKITNAX, HATIEeYaTAHHBIX B D2 KypHaJIe
Kpese (I rom ero Mathematische Werke). Bee uacrabie Bujipt 0-dbyuknun Beiteprirpace
sameHu ojHOl p-yukueit [5]. B 1871 romy Beitepirpace yrnporaer cucremy 3JumI-
Tudeckux (pyHknuit Axkobu, BBO/A BMECTO TpeX TeTa-(PYHKIUH OJIHY, UMEIOIIYI0 CBOMM

APryMEHTOM KOMIIJICKCHOE BpPpEM.

4. SAKJIIOUEHUE

UcciienoBanus Beitepirpacca B 06/iacTt TEOPUU SJIIANITHIECKAX (DYHKIUNE 0OpaTHIN
Ha HEro BHUMaHue ydeHbIX ['epmanuu, m B 1856 romay on ObL1 mpurjiamenu B bBepiun-
CKUI YHUBEPCHUTET SKCTPAOPIMHAPHBIM IIpodeccopoM Ha Kadeapy UIUCTONl MaTeMaTUKH,
a B 1857 romy ObL1 u3dbpan B 4ieHnbl Bepimnckoit Akamemun nayk. B manbneiimem, Beii-
epiiTpacc, 0bobImas 1 yToYHAsA BBIBOALI Abessa n fIkoOH, moKas3aJ, UTO YCIOBHUSI WHTE-
IPUPYEMOCTHU SJUIMIITUYIECKOTO MHTErpaJia B JIOTapUMMUIECKUX (DYHKIMAX MOTYT OBITh

BBIBE/ICHBI, €CJIN TaKNE MHTEeIr'paJibl pa36I/ITI) Ha TpHU KJlaCCa: II€pBOT'0, BTOPOI'O U TPEThHEIro
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poma. CecTn ux, KaK IMOKa3aHO BBIIIE B IIPEJICTABICHHON padoTe, K S/TNIITHIECKAM HHTe-
rpajiaM TPeTbero pojia, KOTOPbie HA OCHOBAHUU TeopeMbl ADeJist TPUBOIATCS K ajaredpan-
YeCKMM COOTHOIIeHUsAM. (OCHOBHBIE UCCJIEOBAHUS, OTHOCIIINECS K TUIEPIJIITHITHIECKIM

uHTerpasiaM BefiepriTpace cooOImal nim Ha CBOUX JIGKITUAX, WJIH B ITUCbMaX K YICHBIM.
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Dekhkonov F. N. Differential equation associated with involutions /

F. N. Dekhkonov // TaBpuueckuii BecTHMK WHQMOPMATHKA ¥ MaTeMaTH-
km. — 2021. — Ne3(52). — C. 7—13.

VIK: 517.95

B sT0i1 cTarhbe MBI paccMaTpUBaeM KJjacc cucteM JauddepennuaibHbIX ypaBHeH , Tpeod-
pa30BaHMUs apryMeHTa KOTOPBIX ABJSIOTCA MHBOONUAMEI. [Ipu 95TOM Hada/bHAS 3a1a4a
st b depeHnnaabHOr0 YypaBHEHHISI ¢ MHBOJIIONEH CBOJINTCA K HAYaJIbHON 3ajade I
OOBIKHOBEHHOTO JiibdepeHInaaIbHOro ypaBueHusa 0oJiee BbICOKOIO MOpsijIka. Torma st
peltenns HeoOXOUMBbI JINOO J[Ba HAYaIbHBIX YCJIOBUS; YPABHEHNE 3aT€M CBOJINTCI K Kpa-

eBoit 3aade g OV 6oJtee BBICOKOIO MOPSIIKA.

Karouesnvle caosa: uHeoa0uus, sunetinoe dud@epenuuaisonoe YpasHERUE, HENnodsUNCHAL MOY-

Ka, Kpaesas 3ada4a.

Tashpulatov S. M., Parmanova R. T. Structure of essential spectra and
discrete spectrum of the energy operator of four-electron systems in
the impurity Hubbard model. Quintet state. One-dimensional case /
S. M. Tashpulatov, R. T. Parmanova // TaBpudeckuii BecTHuk uHdOpMATH-
k1 1 matemaruku. — 2021. — Ne 3 (52). — C. 14— 34.

VIK: 517.984

PaccmarpuBaercst geThipex 9/IeKTPOHHAS CUCTEMa B IIPUMECHOM Mojie/in Xabbapia u uc-
cJiejlyercd CTPYKTypa CYIIeCTBEHHOI'O CIIEKTPa U JUCKPETHOI'O CIEKTPa CUCTEMbl B KBUH-
TETHOM COCTOSIHUU CUCTeMbI. [[0Ka3aHO, YTO CYIIEeCTBYeT TaKue CUTYalUi: a). CyIeCTBeH-
HBIIl CHEKTP OIepaTopa YeTbIPeX JIEKTPOHHOTO KBUHTETA COCTOUT U3 OObLEMHEHUI Je-
ThIpEX OTPE3KOB, & JUCKPETHBII CIIEKTP ollepaTopa YeThIpex 3JIEKTPOHHOI'O KBUHTETa CO-
CTOUT U3 €JIMHCTBEHHOrO COOCTBEHHOIO 3HAYeHMUsl; 0). CYIIECTBEHHBIN CIEKTP olleparopa
YeThIpeX JIEKTPOHHOI'O KBUHTETA COCTOUT U3 OObeMHEHMI IeCATH OTPE3KOB, a JIICKPET-
HBII CIIEKTP OMEepaToOpa YeThIPeX 3JIEKTPOHHOIO KBUHTETA COCTOUT U3 MATH COOCTBEHHBIX
3HAYEHUIT; B). CYIECTBEHHBIN CIIEKTP OllepaTOpa YeThIPeX JIEKTPOHHOIO KBHHTETA COCTO-
UT U3 €JUHCTBEHHOI'O OTPe3Ka, & JIMCKPETHBIN CIIEKTP ollepaTopa YeThIPeX 3JICKTPOHHOI'O

KBUHTETa IIYCT] Haﬁ,ll;eHbI ycjaoBuH, KOI'/la UMEET MECTO KazK/IbI€ CTyalluu.

Karouesvie caosa: I[lpumecroti modeau Xabbapda, wemuper-saekmpornHas CUCMems, CyuLe-
cmeenHblll cnexmp, Juckpemmubil cnexkmp, KeUuHMemHoe COCMoAHUE, MPUNAEMHOE COCTNOARUCOH

CUH2AETMHOE COCTMOAHUE.
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BoraroB E. M., Kopenes A. B., Muxaiiios II. C. O coBpeMeHHbIX NHCTPYM€EH-
Tax W MeTo/JaX BeJeHHUsl HAYyYHBIX KMCCJIEJOBAHUI 110 UCTOPUU MATEMATUKU |
E. M. Boraros, A. B. Kopenes, I. C. Muxaiinos // TaBpudeckuii BECTHUK WH-
dopmaruku u maremaruku. — 2021. — Ne3 (52). — C. 35—-57.

VIK: 378:51(09)

[Ipennoxken oMH U3 BapUAHTOB CHCTEMATHU3AIUN JIEATETLHOCTH UCTOPUKA MATEMATUKH,
a TaKKe CXeMa OPraHU3alluU HCCJIEIOBATETLCKON U MMOUCKOBOM pabOThI IIPU MOJATOTOBKE
HAYYHBIX CTaTeill U JOK/IaJI0B 1o ucrtopun Hayku B XXI Beke. B pabore npuBosgsTes peko-
MEeHJIAIUN 110 IIOJATIOTOBKE COJlepzKaTeIbHOI YacTH NCTOPUKO-MATEMaTUdYeCKOI0 HCCJIeI0-
BaHUsA, KOTOPbIE MOI'YT OBITh TaKKe B3ATHI HA BOOPYXKEHUE CIIEIHMAJIUCTAMU 110 UCTOPUU

C€CTECTBCHHbBIX HaYK.

Katouesvle ca08a: crema 0p2aHU3auul UCCAedo8aHUT N0 UCTNOPUY MAMEMATUKU, MEMOIUKA
nodzomosku cmamet U doKAGI08 NO UCTNOPUYU MAMEMAMUKY, COBPEMEHHBLT UHCTNDYMEHMAPUT

UCTMOPUKO-MATMEMATNUYECKUT UCC./LG@OSCLHU/LLL,' UCMOYHUK06aA ba3a UCTOPUKA MATNEMATNUKU.

Kocogaanos E. C., ITounaka O. B. O cBga3u nepuoundecKnux romeoMop@du3MoB
MMOBEPXHOCTU ¢ MHoroobpasusmu 3eiipepra n nuddeomopdbusmamu Mopca-
Cweiinia / E. C. Koconamnos, O. B. ITouyunnka // TaBpudeckuii BecTHUK nHQOP-
MaTuku u maremaruku. — 2021. — Ne3 (52). — C. 58 —T71.

VIK: 517.9

B nacrosmeit paboTe n3yvaroTcs MeproInIecKue roMeoMopdusMbl ¢, JTefCTBYONHII Ha
MOBEPXHOCTU pojia p. ['omeomopdusm Ha3bIBAETCS NEPUOOUMECKUM, €CJIA CYIIECTBYET

n in mathbbN Taxoii, aro wvarphi™ equiv mathrmaid.

MpbI yCcTaHOBHJIN CBSA3b TAKUX TOMEOMOPGU3MOB ¢ TpeXMepHOil Tomosorueii. Bojee Touno,
MBI CHOPMYJIUPOBAJIN U JIOKA3AU YCJIOBHE TOT'O, YTO JIAHHOE TPEXMEPHOE MHOTOOOpa3ue
SeiidepTa peaynsyercs Kak HAJICTPOIKa HEKOTOPOrO IEPUOJMIECKOr0 TOMeOMOpdu3Ma
varphi. Boyee Toro, 3TOT MEPUOANIECKNAN TOMEOMOP(MU3M OUTHU MTOJTHOCTHIO OIIPEIeIs-
eTCsl TOIOJIOTHel HaJCTPORKN. DTa CBsI3b MMO3BOJIMIA HaM JIOKA3aTh, HAIIPUMED, YTO He
CYIIIECTBYET MEPUOIUICCKUX TOMEOMOP(MU3IMOB, TOMOTOITHBIX TOXKJIECTBEHHOMY OTOOPaZKe-

HUIO, 0e3 TOYeK MEHDIIIEro IIepuo/ia Ha IIOBEPXHOCTAX IIOJIOZKUTEJIbHOT'O pO/ia.

Ucnonw3yst cBsa3b Mexay anddeomopdusmamu Mopca-Cwmeiia n nmeprnogudaecKuMu ro-
MeOMOPGU3MaMU, yIaI0Ch KJIACCH(PUITTPOBATH COOTBECTBYIOININE TMEPUOIUICCKIE TOMEO-

Mopdu3Mbl pou3BoabHOro muddeomopdusma Mopca-Cwmeitia ¢ 0HON HCTOYHUKOBOIA,
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OJIHUM CTOKOBOI M OJTHO# CeJIJIOBOM OPOUTOI ¢ OTPUIATE/THHBIM THUIIOM OPHEHTAIMH, YTO
MOXKET OBITh HMCIIOJIb30BAHO IPU PEIIeHUN MTPOOJIEMbI peai3alius TPOU3BOJIHLHOTO -

deomopduzma Mopca-Cwmeitna Ha JByMepHOM MHOr00Opa3un

Karouesvie caosa: llepuoduyeckud zomeomopdudm, 3etihepmosns mro2006pasus, duggdeomop-

Ppusm Mopca-Cmetina.

Pynaunknit O. 1. O 6a3ucHbIX MHBapUMaHTaX IPyHIbl CKMMETPUii MHOTOTpaH-
uuka / O. U. Pyauunkwuii // TaBpuueckuii BecTHUK nHPOPMATUKU U MaTeMa-
tuku. — 2021. — Ne 3 (52). — C. 72-T78.

VIK: 514.7

B n-mepHOM yHHUTApPHOM NPOCTPAHCTBE U3ydaeTcd ajredpa MHBAPUAHTOB I'PYIIILI CHM-
MeTpUil KOMILJIECHOT'O MHOT'OIDAHHUKA %%T. JlaHo TOJI0KNUTEIbHOE PEIeHre «IIPOOJIeMbI

BEpHINH» AJId YKa3aHHOI'O MHOI'OI'DaHHHUKa, €CJIN P U 7 BSBaUMHO IIPOCThBIC.

Karouesvle cao8a: yHumaphoe npocmpancmeo, ompadicenue, 6a3uchvili uneapuaHm, aszedpa

UHBAPUAHTNOG, KOMNAEKCHLT MHO202PAHHUK.

KOmuna A. O. Ucropus pa3zBuTus Teopuu SJLINOTHYEeCKNX (PYyHKIuUil B pado-
tax Abess, fko6u, Beitepinrpacca, ComoBa. / A. O. FOnuna // TaBpu4deckuii
BeCcTHUK mHMoOpMaTuku u maremaruku. — 2021. — Ne 3 (52). — C. 79-92.

VIK: 531.091

B crarbe nziiokeHa uCTOpUs pa3BUTUS TEOPUU SJLUTUNTHICCKUX (pyHKIMA. [Ipemmoxens
YeTKHE BBIBOJIbI 110 CTAHOBJIEHUIO allllapaTa TeOPUU JUIMITUYEeCKNX (DYHKIUN B padboTax
Abens, fxobu, Beitepmrpacca u ComoBa. Ha ocHoBe jokazaresibcrBa TeopeMbl AGestst

[TOKA3aHO IPEeJICTaBICHIE JJIMITUIeCKUX (DYHKIUI depe3 TeTa (PyHKIIN.

Karouesvie caosa: darunmuveckas Gynrxuyus, meopema, Abeav, Hxobu, Betiepuumpace, Co-

MOG6.
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