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BUILDING A TRANSPORT NETWORK MODEL USING SATELLITE IMAGES.

Kozlova M. G., Germanchuk M. S.

Abstract.

A method of constructing a transport network using a satellite image and a set of paths as
input data is considered. Software has been developed for building a transport network model
based on the specified input data. Examples of the program’s operation on various sections of
transport networks are considered. The advantages and disadvantages of the developed method

are described.

Keywords: transport network, image binarization, GPX-track.

INTRODUCTION

Following the evolution of geographic information systems, building models for street
and road networks is presently in high demand. Street and road networks models allow to
find the shortest routes between two waypoints (both in time and distance), to estimate
traffic congestion for different street and road networks sections, traffic intensity and some
other characteristics.

The goal of the present work is to apply existing methods of road network model
construction for elaborating an algorithm of automatic construction of a multi-level road
network model. The input data will be a high-resolution satellite image representing
required street and road networks sections and a set of coordinates provided by Global
Positioning System trackers belonging to the vehicles located within a certain street and
road networks section.

The model is defined here as an undirected connected graph. Each vertex of the graph
is described by a pair of geographical coordinates. The vertices (edges) of the graph may
contain some additional information (e.g., the width of the road within the section, the
number of lanes, the road surface condition, etc.). To build such a graph, a satellite color
image of the street and road networks is reduced to a binary form. In the process of
binarization, only the carriageway (topological object) is built, while such road elements
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as sidewalks, curbs, fences, etc. (non-topological objects) are ignored. It is to note that
the evolution of Global Positioning System technologies made it possible to build street
and road networks models based on GPX-tracks. It is possible to build an averaged model
representing a real street and road networks quite well based on a large enough number of
geographic coordinate ordered sets. This method is implemented when simulating racing
tracks in video games or when making a description of a road in a difficult-to-see area
with large street and road networks sections hidden by other objects, such as rocks in a
mountainous area, trees in a forest or tunnels/overpasses in a city.

Based on the given premises, the authors proposed an approach combining an image
recognition method and a GPX path application method to construct SRN models. For the
input data a binary image is used with the points corresponding to the SRN highlighted
in black and a set of GPX-tracks intersecting the described area.

1. SURVEY OF METHODS FOR STREET AND ROAD NETWORKS BUILDING

Following the development of techniques for obtaining accurate images and precise
positioning of objects on the earth’s surface, it became possible to recreate an accurate
map of the earth’s surface, which can nowadays be freely accessed using such service
systems as Yandex: Maps and Google: Maps. Due to a large increase in number of vehicles,
building correct models of street and road networks (SRN) has become quite an urgent
task. These models can be used to help analyzing actual traffic conditions, predicting
possible complications or advantages for specific types of SRN structural elements, as
well as to help optimizing traffic itself.

Road model building based on satellite images is quite complicated because of various
types of noise present in the image. This is primarily due to the fact that different road
parts may be not visible, hidden in a tunnel, pass under an overpass, or have several levels.
In [1], a specific method for image processing was proposed, which has many heuristic
parameters to be configured in accordance with the terrain road characteristics which can
be distinguished in satellite images.

In [2], the authors described a model of the SRN section in Naberezhnye Chelny.
They set the following tasks to achieve: to assess the adopted planning decisions when
constructing the SRN by its loading parameters, the speed of vehicles in the SRN,
availability and number of traffic accidents; identify SRN sections and elements that
require changes; calculate required carrying capacity for the SRN parts which already
exist and are under construction. This work implemented a simulation model to define
the SRN model characteristics.

“Taurida Journal of Computer Science Theory and Mathematics”, 2020, 2
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In [3], the case of micro-modeling of SRN nodes was provided (micro-modeling means
modeling SRN structural sections, such as road rings, intersections or straight road
sections, separately from the entire SRN system), which allows to study and optimize
specific road sections for getting them into the SRN system in an optimized form. On the
example of an intersection of a three-lane road and a four-lane road, the author proved
the importance and necessity for such an approach to the construction.

In [4], it is shown an example of constructing a SRN model for modeling emergency
situations on a road section: accident, fog, fallen tree or road repairing work. The effects
of various conditions on the SRN and traffic flow are analyzed.

In [5], the authors proposed a neural network approach to constructing a model for
identifying roads in satellite images. The model is based on a multilayer perceptron,
one of the most preferable architectures for artificial neural networks when applied to
classification and prognostication problems. The RGB color model is used to find out
whether pixels belong to a certain road or not.

In [6, 7], it is proposed an approach to constructing SRN models of vector maps based
on a polygonal figure skeleton. This approach allows finding intersection patterns on a
map, classifying intersections by configuration, providing SRNs in a form serving as a
basis for simulations in traffic geographic information systems.

Of notice is that to date there can be distinguished three methods (and their
combination) of constructing SRN models as applicable to the problems and studies
proposed by the authors of the articles mentioned above. Those methods comprise:
manual, based on using specialized software; construction based on object recognition
in the image; construction based on generalization of a set of GPX tracks. A GPX file
comprises a set of GPS data (key positions, paths, etc.) stored in an xml file. A GPX track
will be called a GPX file that stores an ordered set of geographic coordinates corresponding
to the path of a certain object on the earth surface.

It is important that due to the evolution of GPS technologies it became possible to
construct SRN models based on GPX tracks. On the base of a great number of ordered
sets of geographic coordinates, the algorithm builds an averaged model describing an
actual SRN with good precision. This method is mostly used in modeling racing tracks
in video games or when making a road description in a difficult-to-see area with large
SRN sections being hidden by other objects, such as rocks in a mountainous area, trees
in a forest or tunnels/overpasses in a city. However, building a relevant model in such a
manner requires sufficient data encompassing all the variety of possible traffic trajectories
for a corresponding SRN section. This means that a person with a receiver is to move
in all possible directions within an SRN which is a highly time-consuming process. To

«Taspuueckuli secmnur unopmamuru u mamemamurus, N 2 (47)’ 2020
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collect tracks, such companies as Google and Yandex use geolocation sensors installed
into mobile phones and navigators. This allows to accumulate necessary amount of data
which are far less accurate than in professional systems.

Let us consider a construction method which is a combination of methods based on
road recognition in a satellite image and construction of a model by a set of tracks. This
approach allows to verify and complement models based on image recognition while using

a significantly smaller number of tracks.

2. DESIGN OF A SYSTEM FOR BUILDING AN SRN MODEL

To build an SRN model, we designed an algorithm combining the methods based on
image recognition and using GPX tracks. The input data is a binary image containing SRN
associated waypoints highlighted in black and a set of GPX tracks belonging to a relevant
territory. The stage of a traffic network image recognition consisted of preprocessing the
input image and a procedure of its skeletonization.

To create a software application, we used Java programming language as its libraries
are convenient for data visualization with an image processing system integrated into it.
The JavaMonkeyEngine graphics engine was used for interactive visualization. The system
input data is organized into a file with a .dat extension that has the following structure:

test-bit.png //String with a relative address of a binary image file.

44.988401 34.079755 // Geographic coordinates corresponding to the image
upper left pixel

90.0 // Azimuth corresponding to the image horizontal axis.

373 335 // Width and height of the image, in meters.

//There is O or more relative links for GPX tracks to the end of the file

test-bit-trackl.gpx

test-bit-track2.gpx

Following the skeletonization of the binary image (based on the Zong-Sun algorithm [8]),
a graph that corresponds to the SRN model is built. Its main idea can be represented in the
following form:
cl =0
ct =0
cycle ¢ from O to ImageWidth —1
cycle j from O to ImageWidth —1
if point belongs to skeleton then
=0
ct=0

“Taurida Journal of Computer Science Theory and Mathematics”, 2020, 2
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if point has coordinates (i — 1,7) € V then
add to E edge {(¢,7),(i—1,7)}
cd=ct=1;
if point has coordinates (i,j —1) € V' then
add to E edge {(4,7), (3,7 — 1)}
ct=1;
if point has coordinates (i,j+ 1) € V then
add to E edge {(¢,7), (4,5 + 1)}
cd=1;
if ¢t =0 point has coordinates (i— 1,5 —1) € V then
add to E edge {(i,j),(i—1,7—1)}
if ¢/ =0 point has coordinates (i — 1,5+ 1) € V then
add to E edge {(¢,7),(i—1,7+1)}

However, the resulting graph looks cumbersome. To optimize it, it is necessary to select
all sequences of edges having the minimal deviations from the correlation line. Besides, it is
necessary to combine such adjacent vertices that have more than two edges adjacent to each
of them, with the vertices being at distances corresponding to the SRN width from each other.
Hence, the following sequence is executed:

1) optimization of skeleton’s edges;

2) primary optimization of connection points for segments;

3) secondary optimization of connection points for segments.

Determining a sequence of edges is done by sequentially supplementing the list with edges
incident to the extreme edges of the sequence. Optimized edges are marked. It is not possible to
optimize a sequence of edges if one of the interior points of the sequence has a degree greater
than 2.

After optimizing the edges, the connection points for the edges are also optimized. This

process is executed in two passes.

The algorithm for primary optimization of points connecting edges consists of the
following steps:

1°. As far as there are unmarked vertices with degree 3, perform 2° — 6°.

2°. Select the next vertex.

3°. Identify a pair of edges BxCx, ByC'y whose lines have an angle of 180 + N degrees (N
is predefined in advance).

4°. If there is no such pair of edges, then move the vertex to the center of the triangle formed
by lines B1C'1, B2C2, B3C3. Otherwise, optimize the vertex by placing it at the intersection of
lines CxCy and AC2.

«Taspuueckuli secmnur unopmamuru u mamemamurus, N 2 (47)’ 2020
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5°. Remove vertices B1, B2, B3 from the graph by connecting vertices C1, C'2, C3 with
vertex A.
6°. Mark the optimized vertex.

The algorithm for secondary optimization of points connecting edges consists of the
following steps:

1°. As far as there are unmarked vertices with degree from 3 to 5, perform 2° — 7°.

2°. Select the next vertex.

3°. For the edges incident to a given vertex A, identify a pair of edges AB, AC' so that they
had an angle of 180 + N degrees (N is predefined in advance).

4°. If there is no such pair of edges, then the vertex does not need optimization; mark it and
go to 2°.

5°. If the degree of the vertex is 3, then optimize the vertex by placing it at the intersection
point of lines BC' u AD.

6°. If the degree of the vertex is 4, then place the vertex in the middle of segment F'G, where
point F' is obtained by intersecting lines BC' and AD, and point G is got by intersecting lines
BC and AFE.

7°. Mark the optimized vertex.

As a result, an optimized SRN graph will be obtained. The resulting graph is a single-level
road network model. However, this model will be incorrect in the case of a multi-level SRN
because the algorithm cannot recognize hidden sections of the road, and the resulting model will

have gaps in it.

To extend the model to multi-level cases, the following algorithm is proposed:

1°. Delete all vertices that are less than at a certain threshold distance from the dead-end
vertex (the distance is defined as the length of the path by the edges of the graph).

2°. In the resulting graph, connect each dead-end vertex with a weighted edge having 0
weight to the remaining dead-end vertices.

The resulting graph is a model for all possible cases of the SRN behavior in a given section.
The edge weight represents the numerical value of “confidence” that the edge belongs to the
correct model.

To confirm or to deny the presence of additional weighted edges in the correct graph model,
the method of drawing GPX tracks on a model overflowed with edges was used. A GPX file is a
set of GPS data (key positions, paths, etc.) stored in an xml file.

We call a GPX file a GPX track if it contains the path of an object on the earth’s surface
stored in the form of an ordered set of geographical coordinates. In our application, such a
structure is implemented by using the class Track, which allows not only to store and use tracks

“Taurida Journal of Computer Science Theory and Mathematics”, 2020, 2
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as ordered sets of coordinates, but also to convert them to graph structures or calculate image
points corresponding to track points. The precision of converting waypoints into image point
depends on the ratio of the image-covered surface area to the image resolution.

To implement geographic coordinates, we created GeoMath class that describes the following
functions and procedures:

e conversion of geographic coordinates, recorded in different formats, from a string to a
vector;

e conversion of geolocation vectors to a pair of geographic coordinates in text format;

e calculation of a distance between two geographical points;

e calculation of the azimuth for the start and end of movement from one point to another,
and intermediate points for the shortest path between two points;

e calculation of the arrival point, when departing from a specified geographical point in a
specified direction at a specified distance;

e detection of an intersection for two paths defined by two points or by a point, direction,
and distance.

To calculate distance between two points on the earth surface, the following algorithms can
be implemented [10, 11].

Fast algorithm:

given geographic coordinates pl and p2

df = p2.latitude — pl.latitude

dl = p2.longitude — pl.longitude

a = sin(df /2)? + cos(pl.latitude) - cos(p2.latitude) - sin(dl/2)?
¢ =2-atan2(sqrt(a), sqrt(1 — a))

return FARTH_RAD_METERS -c

Slow but more accurate algorithm:

given geographic coordinates pl and p2

dl = p2.longitude — pl.longitude

¢ = acos(sin(pl.latitude) - sin(p2.latitude) + cos(pl.latitude) - cos(p2.latitude) - cos(dl))
return FARTH_RAD_METERS -c

In the software, we implemented the fast algorithm as its accuracy is sufficient for work
based on the available resolution of satellite images, which can presently be downloaded from
open sources.

To move between points, it is necessary to calculate the movement direction. Azimuth
parameters (measured in degrees) are used to define direction. To calculate it when moving
to a specified point on the surface, we used the following algorithm:

given geographic coordinates pl and p2

«Taspuueckuli secmnur unopmamuru u mamemamurus, N 2 (47)’ 2020
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dl = p2.longitude — pl.longitude

y = sin(dl) - cos(p2.latitude)

x = cos(pl.latitude) - sin(p2.latitude) — sin(pl.latitude) - cos(p2.latitude) - cos(dl)

return atan2(y,x), converted to a range from O to 360

To calculate azimuths for intermediate points, we designed the following algorithm:

given geographic coordinates pl, p2 and f value in the range between [0,1],
where 0 - movement starting point, a 1 - end point

angDist = distance between points pl and p2 divided by
EARTH_RAD_MFETERS

a = (sin((1?7f) - angDist))/(sin(angDist))

b = (sin(f - angDist)/(sin(angDist))

x = a - cos(pl.latitude) - cos(pl.longitude) + b - cos(p2.latitude) - cos(p2.longitude)

y = a - cos(pl.latitude) - sin(pl.longitude) + b - cos(p2.latitude) - sin(p2.longitude)

z = a - sin(pl.latitude) + b - sin(p2.latitude)

latitude = atan2(z, sqrt(x? + y?))

longitude = atan2(y, =)

conversion of latitude and longitude to values ranged between [0,360]

return latitude, longitude

The algorithm returns the path’s intermediate point between points pl, p2 and f
value within a range of [0,1], where 0 is a departure point, and 1 is an arrival point.
EARTH RAD METERS value specifies the earth’s approximate radius. To correctly
compare GPX track coordinates and map points, geographical coordinates corresponding to
the image’s upper left point and the azimuth for the image’s horizontal axis are taken as initial
data. This allows to interpolate points and assign geographical coordinates to each point in the
image. GeoQuad class, representing a square plot of the earth’s surface, is responsible for this.

a) b)

Fig. 1. a) model binary image representing two tracks; b) constructed SRN
model placed upon a binary image
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To give an example, let us consider an SRN model binary image (fig. 1 a)). It shows two
tracks passing through each of the paths. It is assumed that the paths go at different levels. In
this case, two tracks are enough to build a complete and correct SRN model.

In fig. 1 b), it is shown the result of implementing the program. Green lines indicate graph’s
edges, red dots are used to highlight vertices. It can be seen on the visualized model (fig. 2)
that there is no vertex at the point of intersecting edges, as ribs belong to different levels. When
additional information in the form of GPX tracks is absent, it is not possible to accurately
determine the SRN configuration, as the road sections to the left and to the right might be the
road’s dead ends.

jMonkeyEngine 3.2-stable

END - toggle mouse; P - copy current coordinates; 1-0 - map modes;

044 59'12'N 034 04' 55'E (44.986683 34.081862)

Fig. 2. Visualization of a model fragment

For testing, we selected a few examples. One such example is the multi-level road junction
in the city of Simferopol at the intersection of Kievskaya Street and the bypass road (fig. 3 a)).
This road junction seems appropriate for initial testing as it is mostly exposed for recognition.

T

b)

Fig. 3. a) satellite image of the junction; b) binary image of the junction

The SRN fragments blocked or covered with shadows are marked as not belonging to the
SRN. The skeleton for this SRN fragment is shown in fig. 4 a). Judging by the skeleton image, its
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use will make the model incomplete. It can be easily noticed that only one GPX track is required
to confirm the SRN configuration for this section (the track is shown in fig 4 b)).

\

S

b)
Fig. 4. a) skeleton based on a binary image; b) SRN binary image with
green color indicating path for GPX track

\

Fig. 5. Image of a model built upon the SRN binary image

To note the shortcomings of the proposed approach, the algorithm is prone to

“misunderstand” road exits when analyzing more complex road junctions if they are located
this problem can be effectively solved.

at places with a high degree of obstruction (Moscow, Saint Petersburg). However, after stripping

unnecessary dead ends and increasing number of tracks, followed by stripping low weight edges,
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CONCLUSION

In this work, we propose a novel approach to constructing SRN models based on a
combination of methods implementing road recognition in satellite images and road construction
by GPX tracks. This approach to model building allows to compensate for errors in road
recognition and requires the minimum number of tracks, in that reducing the time needed to
construct them. The proposed algorithm is automatic and has complexity O(n3), which allows
to minimize the need for human participation in model construction. The algorithm can be
effectively implemented when modeling simple road junctions, bridges, overpasses, and any types
of SRNs without multiple overlaps of closely located elements, yet it can fail when modeling road
sections with a very large number of gaps. The work on updating relevant algorithms is underway

to make it possible to split binary images into fragments to then model them independently.
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INTRODUCTION

The theory of cooperative games has been developing in three directions as follows.
The first direction involves the introduction of equilibrium solutions for normal-form
games and their analysis. It is an extension of Nash’s theory [18, 19]. The second direction
is based on the characteristic function approach. In a characteristic function game, each
coalition (subset of players) is associated with a value it can afford. The third and most
recent direction considers the coalition formation as a dynamic process.

As the contribution of the present paper is related to the first direction of research,
we briefly discuss the second and the third directions.

In characteristic function games, the most prominent solution concept is the core
proposed in [12]. The core rests on the idea of blocking: a coalition can block an imputation
if it can improve the payoffs of its members by deviating from the current imputation. An
imputation is in the core if it cannot be blocked by any coalition. Many other concepts
were also introduced, such as the nucleolus, the kernel, and the Shapley value, to name a
few. The main drawback of the characteristic function game and its solution concepts is
that they do not incorporate the strategic interaction of players.

The obvious limitations of the characteristic form games and their solution concepts
led to the appearance of the third direction of research, which considers coalition formation
in cooperative games as a dynamic process. The pioneering works in this direction
were the publications [7], where players’ farsightedness was incorporated into game-
theoretic analysis (i.e., the players were assumed to care about long-term outcomes of the
game); [22|, where «coalition strategies» were introduced to account for the coalitional
behavior of players during the game; and [14], where coalition formation was described
by a Markov process. For more details, the interested reader is referred to [23].

Now, let us discuss the first direction. Many coalition-related concepts of equilibrium
or solutions were introduced for n-player normal-form games. The main motivation for
the inception of such investigations was to overcome a well-known drawback of Nash
equilibrium (NE): NE is unstable against the deviations of coalitions. A coalition may
improve the payoff of all its members by collectively deviating from NE. R. Aumann [1]
introduced the strong equilibrium (SE) that is stable against such deviations. As it
however turned out, the set of SE is empty for most of the games. Later, Aumann [2]
suggested the a-core and [-core for relaxing the conditions of SE. A strategy profile
belongs to the core of a game if no group of players has an incentive to form a coalition
and choose a different strategy profile in which each of its members are made better-off,
i.e., the strategy profile cannot be blocked by any coalition. The a-core and [-core differ
by the definition of blocking: the a-core requires a blocking coalition to choose a specific
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strategy independently of the complementary coalition’s choice, whereas the §-core allows
a blocking coalition to vary its blocking strategy as a function of the complementary
coalition’s choice. C. Berge [3| introduced a very strong equilibrium, called the strong
Berge equilibrium (SBE), in the sense that if one of the players chooses his strategy from
an SBE, the other players have no choice but to play their strategies from the SBE.
The Berge equilibrium (BE), put forward by V. Zhukovskiy [30], is an equilibrium that
reflects altruism and mutual support among the players. A BE is a strategy profile in
which the payoff function of each player is maximized by all the other players. Recently,
research on BE has gained some momentum [33], as more empirical research showed that
(besides noncooperative behavior) cooperation, mutual support, reciprocity, and caring
about fairness may take place in interactions between individuals; see [9, 10, 13, 26].
Bernheim noticed that in an SE some deviations might not be self-enforcing [8|, and
therefore cannot be treated as credible threats. This led to the introduction of coalition-
proof Nash equilibrium (CPNE). In a CPNE, only self-enforcing deviations are credible
threats. A deviation by a coalition is self-enforcing if no subcoalition has an incentive
to initiate a new deviation. Finally, some works combined different solution concepts,
e.g., the hybrid solution of [29], which assumed a coalition structure to be formed, and
the game itself to be noncooperative among coalitions but cooperative within coalitions.
As a result, Nash equilibrium was adopted for the former and the core for the latter as
solutions.

A common drawback of the coalition equilibria and solutions mentioned above is
that their set is often empty; they do not exist under standard assumptions such as the
compactness and convexity of strategy sets and the continuity and quasiconcavity of payoff
functions (8, 15, 20, 27, 31|, except for the a-core and Zhao’s hybrid solution. Using the
notion of balancedness, Scarf [26] established the non-emptiness of the a-core in the case
of compact and convex strategy sets and continuous and quasiconcave payoff functions.
However, Scarf’s theorem suggests no method for determining an a-core element. Zhao’s
hybrid solution was obtained under similar hypotheses.

As most of these equilibrium concepts and solutions do not exist in the class of pure
strategies under standard assumptions of continuous games, a natural question arises:
Do these concepts and solutions exist in mixed strategies? Unfortunately, there are no
works dealing with this question and related topics in the existing literature. Moreover,
the existence of the concepts and solutions has not been considered in games under

uncertainty.
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In this paper, we introduce a rational coalitional equilibrium for a game under
nonprobabilistic uncertainty as well as establish its existence in mixed strategies. As a
matter of fact, this concept generalizes many of the concepts mentioned above.

The mathematical model of cooperation described below is a four-player normal-form
game with indeterminate parameters (interval uncertainty). The analysis has been limited
to the class of four-player games for the sake of simplicity. Regarding the indeterminate
parameters, it is assumed that the players know their range of admissible values only;
no probabilistic characteristics are available (for some reasons). The models of game
phenomena with a proper consideration of uncertainties yield more adequate results and
decisions, which is supported by the numerous publications related to this field of research.
(For example, a Google search on the topic «mathematical modeling under uncertainty»
returns more than one million links to related works.) The uncertainty appears because
of incomplete information about the players’ strategy sets, the strategies being chosen
by each player, and the related payoffs: «Although our intellect always longs for clarity
and certainty, our nature often finds uncertainty fascinating.» (C. von Clausewitz'). One
more question arises: How a player can simultaneously consider the game’s strategic and
cooperation aspects, and the presence of uncertainty when choosing his strategy? In this
paper, the following approach to formalize the cooperation aspect of the game is adopted.
It is assumed that any non-empty subset of players has the possibility to form a coalition
through communication and coordination by agreeing to choose a bundle of strategies
to achieve the best possible payoff for all its members. This assumption means that the
interests of all possible coalitions are considered. Further, it is also assumed that the
game is without side payments or non-transferable utility (NTU). The concept of strong
coalitional equilibrium (SCE) is introduced for the game described. A sufficient condition
for its existence in pure strategies is provided and its existence in mixed strategies is
established under standard assumptions (compact and convex strategy sets of all players,

a compact set of uncertainties, and continuous payoff functions of all players).

1. THE GAME UNDER UNCERTAINTY

In this section we present the normal-form game under uncertainty. For the sake of
simplicity, further presentation will be confined to the class of four-player games only.
All the results and definitions below can be easily generalized to n-player games in a
straightforward way.

ICarl von Clausewitz, in full Carl Philipp Gottlieb von Clausewitz, (1780-1831), was a Prussian general

and military thinker, whose work Vom Kriege (1832; On War) has become one of the most respected
classics on military strategy.
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Consider the four-player normal-form game under uncertainty

I'= (N ={1,2,3,4}, {Xi}ien, Y, {fi(z,y) }ien),

where N = {1,2,3,4} is the set of players; each player ¢ € N chooses his
strategy x; from his strategy set X; C R"™, thereby forming a strategy profile
x = (x1,m0,23,74) € X = H?Zl X; € R", n = >, yni, an interval uncertainty
y € Y C R™ occurs independently of the players’ actions; the payoff function of player
i € N is a real-valued function f;(x,y) that depends on the pair (x,y) € X x Y. The goal
of each player i € N in the game I is to choose a strategy x; yielding the greatest possible
payoff for him. This includes choosing strategies that maximize other players’ payoffs if
they are beneficial for player 7. With this goal in view, the players should consider the
possible formation of any coalition and also the possible realization of any uncertainty
y € Y. Considering the uncertainty y € Y leads to a multivalued payoff function of the
form x — fi(z,Y) = U,y fi(x,y). Such multivalued payoff functions complicate further
study of the cooperative games I". To consider the effect of uncertainty on their payoffs,
the players need to adopt a principle of decision-making under uncertainty [16], such as
the maximin principle [28], the principle of minimax regret [24, 25|, etc. Moreover, a
reasonable solution concept for the game I' must reflect the uncertainty’s effect on the
players. As uncertainty is considered in equilibria of cooperative games for the first time,
we assume that the players adopt a conservative (maximin or risk-averse) approach [28].
Other principles of decision-making under uncertainty in the game I' can be studied in
future works. Thus, the payoff function of each player i € N will be estimated not by its
value f;(z,y), but by its guaranteed level f;[x]. A guarantee over the values f;(zy), y € Y,
can be defined as follows:

filx] = 2251 fi(z,y).

Really, we have f;[z] < fi(x,y), y € Y, therefore, a lower bound on the payoff function
of the player i can be given by fi;[z]. As it will be demonstrated below, under common
conditions the function z — f;[z] is well-defined and continuous on X. In this section and
also in Sections 2 and 3, the functions © — f;[z], i € N are assumed to be well-defined
and continuous on X. This leads to the (conservative) game of guarantees

'Y= (N =1{1,2,3,4},{ Xi }ien, { filx] }ien)-

In the next section we will introduce SCE of the game I' via the game I'9.
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2. COALITIONAL RATIONALITY AND STRONG COALITIONAL EQUILIBRIUM

First, let us present the main properties of SCE, introducing the con-cept itself later.
To define coalitional rationality, the following notations are convenient. For any non-empty
subset K of the set N, denote by —K the complement of K, that is, N \ K. In particular,
for each i € N, denote by —i the set N\ {i} and for each i,j € N, i # j, denote by — (1, )
the set N \ {7,}. The notion of partition of a set will be used as well. A partition of a
set A is a family of disjoint subsets of A, the union of which equals A. In game theory, a
partition of the set of players is called a coalition structure. For a strategy profile z € X,
and ¢ € N denote by x = (z;,2—;) and X_; = [];cn\ gy Xj-

In the game I, fifteen coalition structures can be formed as follows
1) 02003 (41, (1.2.3,4), Koy = (00 4= K = (05 Gh (-G,
Kgpy = {65}, {—(,4)}}, for all i, j € N, i # j. Recall some results from the theory of
cooperative games without side payments [16]. For a strategy profile * € X in the game
'Y, the following properties are considered:

(a) o* satisfies the individual rationality condition (IRC), if for all 1 € N,

> 0= —
file™] > f; ggm_rlrg)rg_lfz[x“ ] rlrg(l_zfz[w ).

The value f? is the guaranteed payoff of player i € N. If player i chooses his
maximin strategy x¥, then his payoff satisfies f;[z0,z_;] > f?, for all z_; € X _;

(b) x* satisfies the collectwe rationality condition (ColRC) if z* is a Pareto-maximal
alternative in the multicriteria choice problem I'" = <X filz];e N> ie, forallz € X,
the system of inequalities f;[x] > f;[x*], ¢ € N, with at least one strict inequality,
is inconsistent. Note that if ). .\ filz] < > ..y filz*] for all x € X, then 2* is a
Pareto-maximal alternative in the choice problem I'?.

(c) a* satisfies the coalitional rationality condition (CoalRC) if
filz*] > felxf,z—y], forall x_; € X_g;
frlx*] > fk[xz,x],at Gyl forall x_g € X_gj);
fk[x ] Z fk‘[ajiax—i]? for all T; € Xia
all the three inequalities holding for all i, j,k € N, i # j, where x = (z;, 2, v_(; ;))
and X_(; ;) = HseN\{i,j} X,. This condition means that when a coalition K

chooses its strategy profile from z*, then no player can improve his payoff if the
countercoalition —K deviates from its strategy profile in z*.

Definition 1. A strategy profile 2* € X is called strong coalitional equilibrium (SCE) for
the game I if it satisfies IRC, ColRC and CoalRC for the game of guarantees I'9.
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Remark 1. In accordance with IRC, it makes sense for a player to form coalitions with
other players if he gets a payoff not less than what he can guarantee by choosing his
maximin strategy. ColRC leads the players to a non-dominated strategy profile in terms
of Pareto maximality. Finally, CoalRC means that the payoff of each player is stable
against any deviations of individual players or coalitions from a strategy profile satisfying
CoalRC. In other words, no player’s payoff is increased when any coalition deviates from
an SCE. Thus, it is rational for all coalitions not to deviate from x*, because no player in

a deviating coalition or outside it will benefit.

By Definition 1 a SCE must satisfy all the extremal constraints defining IRC, ColRC,
and CoalRC. However, all these constraints can be easily derived from the following

seventeen of them:
filzl, xa, k3, x4] < filz*], for all z, € Xy, k=2,3,4andi=1,2,3,4;
filxy, a5, x5, 24) < filz*], forall xy € Xy, k=1,3,4and i = 1,2,3,4;
filxr, xo, 23, x4) < fi[z"], for all x, € Xy, k=1,2,4and i =1,2,3,4; (1)

filz1, mo, x3, 23] < filz*], for all zy, € Xy, k=1,2,3and i =1,2,3,4;
Y filx] < fila7], forallz € X,
ieN ieN
where o* = (27, 25, 2%, x3).

From this point onwards, we will use the system of inequalities (1) to establish that a
strategy profile is an SCE of the game I" instead of the system of inequalities involved in
the definitions of IRC, ColRC, and CoalRC (see items (a)—(c) above). From (1) it can be
observed that the SCE has two interesting features. First, once the players are in an SCE,
they do not have incentive to deviate from it individually, collectively, or in coalitions.
Second, if the players are not in an SCE, as soon as one player (or coalition) declares
that he (it) will choose his (its) strategy (profile) from an SCE, the other players have no
choice but to choose their strategies from the SCE. In other words, any player or coalition
can enforce an SCE.

Although SCE does not exist in pure strategies in most of continuous games, in finite
games it is not the case. The following example, adapted from [18], shows that an SCE

exists in a class of games.

Example 1. Consider a three-player game in which players 1, 2 and 3 choose rows,
columns and boxes, respectively and are named accordingly. Let € € [0,1] and also let
a, B, and 7 be nonnegative numbers such that o + 8 + v < 9. Each of the players has
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two strategies {T', B} for player 1, {T', L} for players 2 and 3. The minimum payoffs, i.e.,
filz1, 20, 23] i = 1,2,3, where xy =T, B and x; =T, L; j = 2,3, are given below.

L R L R
T 2,2 2 0,0,¢ 0,0,0 4,4, 1
B a,8,v 0,0¢ 0,00 3,3, 1
L R

The strategy profile (T, R, R) is an SCE. Really, this strategy profile satisfies the
last inequality of system (1): the sum of the payoffs in (7, R, R) is higher than the sum
of the payoffs in any other strategy profile, including (B, L, L) due to the inequality
a+ B+ v < 9 and the fact that «, 8, v are nonnegative numbers.Next, the possible
deviations corresponding to the inequalities in (1) are (T, L, R), (T, R, L), (T, L, L) when
player 1 chooses the SCE strategy T; (B, R, R), (T, R, L) and (B, R, L) when player 2
chooses the SCE strategy R; (B, R, R), (T, L, R) and (B, L, R) when player 3 chooses the
SCE strategy R. In all the strategy profiles mentioned, the payoffs of players 1, 2, and 3
are smaller than or equal to their payoffs in (T, R, R), which are 4, 4, and 1, respectively.

2.1. Related Concepts. In this section, we recall the most prominent cooperative
solutions of NTU games in normal form and compare them with the SCE. Also, we
compare the SCE with the solution concepts defined in dynamic context with respect to

coalition deviations.

a) [1] A strategy profile z* € X is a strong equilibrium (SNE) of the game I'Y if, for
all S C N and for all y_g € X_g, the system of inequalities f;[z*] < filys, 2" ¢] is
inconsistent for all i € S.

This definition means that no coalition can improve the payoff of all its members
by deviating from an SNE when the other players adhere to the SNE.

b) [2] A strategy profile z* € X is in the a-core of the game I'Y if, for any coalition
S C N and for each ys € Xg, there exists z_g € X_g such that the system of
inequalities f;[z*] < fi[ys, z_s] is inconsistent for all i € S.

In other words, if a coalition deviates from a strategy profile z* belonging to the
a-core, then the other players have a counterstrategy profile to punish it in such a
way that not all members of the coalition are better-off.

c) [2] A strategy profile z* € X is in the [-core of the game I'? if, for each coalition
S C N, there exists z_g € Z_g such that for all y5 € X the system of inequalities
filz*] < filys, z—s] is inconsistent for all i € S.
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In other words, for each coalition the other players can use a special strategy
profile to punish it for any deviation from a strategy profile * belonging to the
[-core in such a way that not all members of the coalition are better-off.

d) [3] A strategy profile 2* € X is a strong Berge equilibrium (SBE) of the game I'? if
for all i € N, the inequalities f;[z}, 2_;] < f;[z*] holds for all z_; € Z_; and j € —i.

In other words, no coalition of the form —i can make any of its members better-
off by deviating from an SBE. When a player uses his strategy from an SBE, the
other players have no choice but to follow him, simply using their strategies from
the SBE.

e) |30] A strategy profile * € X is a Berge equilibrium (BE) of the game I'Y if for all
i € N, the inequalities f;[z},z_;] < fi[x*] holds for all z_; € Z_,.

In other words, in a BE the players maximize the payoff functions of each other.

This equilibrium reflects mutual support and altruism among the players [33].

Using (1), we can easy to verify that SCE is also an SNE, an SBE and a BE. As is well-
known, an SNE is a CPNE; then, an SCE is also a CPNE. Next, an SCE is an element
of the a-core and the [-core. The SCE has similarities with the SBE. However, there
are two important differences between these solution concepts. First, in an SBE for each
i € N the system of inequalities f;[z},2_;] < f;[z*] holding for all z_; € Z_; and j € —i
does not include the inequality corresponding to player ¢, f;[xf, z_;] < fi[z*]: the other
players do not care about the payoff of player ¢ when choosing their strategies from z*,
and his payoff is not maximized. In an SCE, the inequality fi[z},z_;] < fi[z*] is included,
which means that the payoff function of player 7 is maximized by the other players. This
shows that the SCE involves mutual support, whereas the SBE does not. Second, an SBE
is generally not Pareto-optimal. The Pareto-maximal SBE was investigated in [33|. The
SCE has also some similarities with the BE. However, there are important differences
between the two equilibria. The BE expresses mutual support and altruism and ignores
the individual interests of players; it is not a refinement of Nash equilibrium as a BE may
not satisfy IRC [33]. The SCE differs from the hybrid solution (HS) of [29]: in the latter,
it is assumed that a coalition structure is formed and there is no cooperation among the
coalitions of this structure; in the former, such assumptions are not made.

Although the coalitional equilibrium [22], the equilibrium binding agreement 23], the
equilibrium process of coalition formation [14] and the consistent set [7] were defined in a
dynamic context, they can be compared to the SCE based on when a coalition can deviate.
In the concepts mentioned, a coalition deviates to another state or strategy profile if and
only if all its members are better-off, whereas in the SCE a coalition can deviate if and
only if all players of the game are better-off (not only its members).
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Moreover, the concepts listed in this section do not consider uncertainty as an
exogenous factor, unlike the SCE.

3. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF SCE IN PURE
STRATEGIES

In the previous section we have seen that an SCE is also an SNE and an SBE. Since
these equilibria do not exist in pure strategies in most of the continuous games (see the
Introduction), the SCE suffers from this drawback too. Nevertheless, we will formulate
sufficient conditions for its existence using the approach developed in [32]. The approach
used in this section paves the way to the next section, where the main result of this paper
will be presented. First, we introduce the convolution [11] related to the SCE

max{fl['zl?*r%x&x‘l] fZ[Z]}v
aX{fz[$1722,$3,$4] fil]},
max{fz[ﬂfl,ZBQ,Zg,M] fil=]}, (2)

max{fl[azl,xz,xg,zz;] filz]},
=2 filel =D file)

o, 2) = max {g,(z,2)}.

r=1,.. 7

)=
) =
) =
)=

where x = (71,2, 73, 74) and z = (21, 22, 23,24) € X = [[,.y X
A saddle point (z°,2*) € X x X of the real-valued function ¢(z,z) in (2) is defined
by the chain of inequalities

o(x,2") < p(a® 2*) < p(a®,2), forall x,z¢€ X. (3)
Proposition 1. If (2%, 2*) € X x X is a saddle point of the function o(x,z), then the

minimax strategy z* is an SCE of the game I'.

Proof. Letting z = x° in (3), from (2) we obtain ¢(z°, 2°) = 0. Then by transitivity, from
(3) it follows that

o(a°, 2%) < p(a®,2°%) =0 = p(z,2*) <0, forall r€ X,

which implies (1).
0
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Remark 2. In according with Proposition 1, the determination of an SCE reduces to the
determination of a saddle point (2%, z*) of the Germeier convolution ¢(z, z) from (2). We
obtain the following procedure for calculating an SCE in the game T'.

Step 1. Construct the function ¢(z, z) by (2).

Step 2. Find a saddle point (2°,2*) € X x X of the function ¢(z, 2).

Step 3. Compute the four values f;[2*], i € N.

Then the pair (2*, f[z*] = (f1[2*], f2[2*], f3[2*], fa[z*])) € X xR* consists of the SCE z*
and the corresponding payoffs of the four players. When the players choose their strategies
from the SCE z*, they gain the payoffs f;[2*], i € N, respectively.

Thus, if the function of two variables p(x,z) has a saddle point, the well-known
numerical methods can be used for computing saddle points.

4. THE EXISTENCE OF SCE IN MIXED STRATEGIES

Like the SNE and SBE, the SCE does not exist in pure strategies in the majority of
continuous games. Hence, we can naturally employ the strategy randomization approach,
which was used in [4-6, 18, 19, 21| to establish the existence of Nash equilibrium in mixed
strategies. Following these great scholars, we will establish the existence of an SCE in
mixed strategies. For this purpose, some preliminary results are needed, which will help

in proving the main existence theorem.

4.1. Preliminaries. First, we introduce some auxiliary notations. Denote by comp R™
and cocomp R™ the set of compact subsets of R™ and the set of convex and compact
subsets of R", respectively, and also by C'(X x Y) the set of real-valued and continuous
functions with a domain of definition X x Y.

Assume that the elements of the game I' satisfy the following condition.

Condition 1.
X; € cocompR™, Y € cocompR™, fi(-) e C(X xY), forall ic N. (4)

Then, in accordance with Berge’ maximum theorem [17] , the function z — f;[z] is
well-defined and continuous on X for all © € N.

Next, we construct the mixed extension of the game I'Y, which includes the sets of
mixed strategies and mixed strategy profiles as well as the expected value of the players’
payoff functions.

First, we associate with each strategy set X; € cocomp R™ the Borel o-algebra B(X;),
which consists of subsets Q® of X; such that the intersection and union of a countable
set of elements of B(X;) belong to B(X;); moreover, B(X;) is the minimal o-algebra
that contains all closed subsets of X;. In game theory, a mixed strategy v;(-) of player i
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can be identified with a probability measure on the compact set of pure strategies X;. A
probability measure is a nonnegative function v;(-) defined on the Borel o-algebra B(X;)

and satisfies the two conditions:

(C.1) y; (U Ql(f)) =Sy (Q,(f)) for any sequence of disjoint elements {Q,(j)} of B(X;)
k k
(countable additivity);
(C.2) v(X;) =1 (normality).
Note that (C.2) implies the inequality v; (Q(i)) <1 for all Q¥ € B(X;).
Denote by {v;} the set of mixed strategies of player i € N. Then a mixed strategy

profile of the game I'Y can be formulated as a product-measure
v(dr) = vy (dxy)ve(dzy)vs(des)vy(dey);

the set of such measures will be denoted by {v}. The payoff of player i corresponding
to his payoff function in the game I'? is defined by fi[v] = / filz]v(dzx). Then the mixed

X
extension of the game I'Y has the form

fg = <N = {1727374}7 {Vi}ieNu {fz[V]}2€N> (5)

Here we have committed an abuse of notations, denoting the expected value of the
function f;[z] by fi[v]. The reader can distinguish between the two functions by the
variable involved.

Now, we suggest the following definition of equilibrium, using Definition 1 and (1).

Definition 2. A mixed strategy profile v*(-) € {v} is called a mized strategy coalitional
equilibrium (MSCE) of the game I if it is an SCE of the mixed-extension game (5), that

is,

(i) v*(-) satisfies individual rationality and coalitional rationality (IRC and CoalRC),
which can be derived from the following inequalities

ye{w}, k=2,3,4andi=1,2,3,4;

ye{w}, k=1,3,4andi=1,2,3,4;
filvr,ve,v3, ) < fi[v7], for all vi(-) € {w}, k=1,2,4andi=1,2,3,4; (6)

filvn, va, v, 03] < fi[v?], for all vi(-) € {w}, k=1,2,3andi=1,2,3,4;

filvl, va,vs, ] < fi[v'], for all vy (-
(.

fi[ylﬂyékay?nyél] < fi[V*], for all Vg

where v* = (v, v, V5, V)).
(ii) v*(-) satisfies the collective rationality (CLRC), or it is Pareto maximal alternative

in the quad-criteria choice problem
% = {vh A filv]}lien),
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that is, for all v(-) € {v} the system of inequalities

fl[y] Zfz[y*]7 2217273747

with at least one strict inequality, is inconsistent.
A sufficient condition for Pareto optimality (see item (ii)) is as follows.

Remark 3. A mixed strategy profile (alternative) v*(-) € {v} is Pareto-optimal in the
multicriteria choice problem I'Y = ({v}, { fi[v]|}ien) if

mg{)i}Zfz Zfl[y

1EN

Consider the function ¢;(x, 2), i = 1,2,3,4 and also the function

introduced in (2).

Proposition 2. The inequality

max [ o oudop) < [ max oo uldn)p(dz) ®)

77777

XxX XxX

holds for all v(-) € {v} and u(-) € {v}.

Proof. From (7), for all x, 2z € X, we obtain the five inequalities

or(x,2) < p(x,2) = max cpT(x z), r=1,...,5.

r=1,...,

Integrating both sides of these inequalities with an arbitrary product-measure u(dz)v(dz)
yields

| et utdomia) < [ max oo utde(ds),
for all u(-),v(:) € {v} and r =1,...,5. Therefore,
max [ oo ulded) < [ max o, 2)u(da)idz),

XxX XxX

for all u(+),v(-) € {v}. Hence, (8) is satisfied.
0

«Taspuueckuli secmnur unopmamuru u mamemamurus, N 2 (47)’ 2020



32 V. I. Zhukovskiy, L. V. Zhukovskaya, L. V. Smirnova

Remark 4. In fact, Proposition 2 generalizes the well-known property of maximization:

the maximum of a sum of some functions does not exceed the sum of their maxima.
Proposition 3. The function ¢(z, z) defined in (7) is continuous on X x Z, where Z = X.

The proof of a more general result (the continuity of the maximum of a finite number

of continuous functions on a compact set) can be found in many textbooks, e.g., in [17].

4.2. Existence Theorem. In this subsection, we prove the main result of this paper,
that is, the existence of an MSCE in the game I'.

Theorem 1. Under the Condition 1, the game I' has an MSCE.

Proof. Consider the two-player zero-sum game

I = <{1a 2}7X7 Za ¢<w72>>7

where X = Z. In the game ['*, the maximizing and minimizing players choose their
strategies from the same set X; ¢(z,z) is the payoff function of the maximizing player
and —(z, 2) is the payoff function of the minimizing player. Any saddle point (z°, 2*) of
the function p(z, 2z) is an NE in the game I'*. Really, by the saddle point definition

o(x,2%) < (a°, 2*) < p(a, 2), for all (z,2) € X x Z,

the strategy profile (2°, 2*) is an NE of the game I'*. Now, we associate with the game I'®
its mixed strategy extension

T = ({1,2}, {u}, {v}, o, v)),

where {u} is the set of all strategies of the maximizing player; {v} = {u} is the set
of all strategies of the minimizing player; p(u,v) is the payoff (expected utility) of the

maximizing player,

o) = [ pla2utdnvlz) (9)
XxX
Here, we have committed another abuse of notations, denoting the expected value
of the function ¢(x,z) by ¢(u,v). The reader can distinguish between the two by the
variables involved. In a similar fashion, any saddle point (1%, v*) of the function ¢(u, v)
is an NE in the game re. Really, by the saddle point definition
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P, v") < p(p,v") < p(u’,v), for all (u,v) € {v} x {v} (10)

the strategy profile (4°,v*) is an NE in the game I'®.

In 1952 1. Gliksberg established the existence of an NE in mixed strategies for the
N-player games with N > 1; see the original paper [12]. Using his result for the two-player
zero-sum game ['* as a special case, we obtain the following statement. Since the set of
all strategy profiles X C R" is convex and compact and the function ¢(z, z) is continuous
on X X X (Proposition 3), the game I'* has a mixed-strategy NE (u°, v*) satisfying (10).

In view of (7) and (9), inequalities (10) take the form

-----

< [ max oo 2 (de)y(d:) <

r=1,...,

< [ max g u(de)v(dz),

r=1,...,
XxX

for all (u,v) € {v} x {v}. Letting v;(dz;) = p?(dx;), i € N, in

0

o’ v) = max_ ¢, (z, 2)p’(dz)v(dz),

=1,...,

we obtain

.....

XxX

(In this case, v(dz) = pu°(dz)) From (2) it follows that ¢, (x,z), r=1,...,5forall x € X.
Then the previous integral yields ¢(u°, u°) = 0. A similar reasoning leads to ¢(v*,v*) = 0.
From (10) we obtain

p(u’,v) = 0. (11)

Using (11) and inequalities (10), by transitivity we write

p(p, V") = max_ oy (z, 2)p(dr)v*(dz) <0, for all p € {r},
XxX

In accordance with Proposition 2,
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,max / or(x, 2)p(dx)v*(dz) < / ,max, or(x, 2)p(dr)v*(dz) <0,

XxX XxX

for all u € {v}. Therefore,

/ or(x, 2)p(dx)v*(dz) <0, for all p € {v} and for allr =1,... 5. (12)
XxX

We will distinguish two cases as follows.
Case 1. (r = 1,...,4) Due to (2), (12) and the fact that p(-) is normalized (i.e.

dz) = 1), for example, for r = 1 we write
L
X

fz’[Vf,M%MzaM] - fl[y*]

- / filz1, 22, 23, w4] 0 (dl’)V*<d'Z)_/ (d2) /'u

XxX
/ fl 21, T2, $3,$4] dﬂf dZ / fl diC)l/* )
XxX XxX
_ / (Fils 2, 23, 24] — file))pu(da)v (d2) <
XxX
< [ wx{flmnmn] - Al (d) =
XxX

_ / o1 (z, 2)u(da)v* (dz) < 0,

XxX

which holds for all ¢ € N. Thus, fi[v], pa, s, pa]— fi[v*] <0, foralli € N and py € {vi(-)},
k=234
Similar considerations can be used to establish the following three inequalities for
r=2,34:
filta, v3, pa, pa] — filv*] <0, for all i € N and iy, € {vi(+)}, k =1,3,4,
fi[ﬂl;ﬂ?a V§7M4] - fz[lj*] < O7f0r all 7 € N and M € {Vk()}7k = 172747
filtns pio, ps, vi] — filv"] < 0,for all @ € N and iy, € {v(-)} k=1,2,3.
Therefore, the mixed strategy profile v*(-) satisfies the four inequalities (6) from

condition (i) of Definition 2. It remains to prove that v*(-) also satisfies condition (ii)

“Taurida Journal of Computer Science Theory and Mathematics”, 2020, 2



To the problem of coalitional equilibrium in mixed strategies 35

of Definition 2, i.e., that it has the property of Pareto optimality or collective rationality.
For this purpose, we will use Remark 3.

Case 2. (r =5) Due to (2), (12) and the fact that u(-) and v*(-) are both normalized
(J u(dx) = [v*(dx) = 1), we write
X

iz];fi[u]_iz];fi[y —ZN/fz p(dx) zN/fz -
/ ;;fl p(de) / (dz) / Zj; fil2lv*(d2) / p(dz) =
= / [;fz ZNfz ] v*(dz) =

= / os(x, 2)p(dr)v*(dz) < 0.
XxX
Therefore, Y. filt] =D ;e filv*] < 0forall € {v}. Then, in accordance with Remark
3, the mixed strategy profile v*(+) is Pareto-optimal alternative in the multicriteria choice
problem

I = {v} {filvltien)-
Thus, we have established that the mixed strategy profile v*(+) is an SCE in the game

I By Definition 2, v*(-) is an MSCE in the game I" and f[v*] is the players’ payoff vector.
O

CONCLUSION

This paper has contributed to the theory of cooperative normal-form games in the
following way. First, the concept of the strong coalitional equilibrium (SCE) in normal-
form games under uncertainty has been formalized. This concept considers the interests
of all coalitions. Second, a constructive procedure for determining a pure-strategy SCE
has been provided; this procedure reduces to saddle point calculation for a function of two
variables. Third, the existence of SCE in mixed strategies has been proved under standard
assumptions of cooperative came theory (continuous payoff functions of the players,
compact and convex strategy sets of the players, and a compact set of uncertainty).

In our view, the following qualitative results of this paper are important.

1. The approach presented here can be extended to the games with any finite number
of players (more than four players).
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2. An SCE z* € X is stable against any deviation of any coalition of players and is
attractive, because when a coalition chooses its strategies from x*, all other players
will have incentive to choose their strategies from x* as well.

3. The SCE could be applied even if the coalition structure changes over time.

4. The SCE could be used for the formation of stable alliances.

5. Game theory has been focusing on individual rationality and collective rationality
so far. On the one hand, the individual interests of players are represented by the
prominent Nash equilibrium with its selfish character (each player acts for himself
only). On the other, the collective interests of players are represented by the concept
of Berge equilibrium with its altruism (each player helps others, neglecting his own
interests). Such an omission is not rooted in the human nature of players. The SCE
partially addresses the incomplete representation of human behavior in the two
concepts mentioned. In the game I', when player 1 chooses his SCE strategy, he
does not neglect his own interests as an SCE is also a Nash equilibrium; moreover,
in accordance with (1), he also helps (maximizes the payoffs of) all other players,
which is the inherent property of a Berge equilibrium. The other players act in a
similar way. Thus, the SCE fills the gap between the concepts of Nash equilibrium
and Berge equilibrium, completing the former by «caring about others» and the

latter by «caring about oneself>.

Finally, we suggest two possible ways of extending this research. The first is to
investigate the SCE in finite games. The second is to consider other approaches to manage

uncertainty, such as the maximin regret principle.
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MAJORITY ALGEBRA FOR THE SYNTHESIS OF COMBINATIONAL LOGIC SCHEMES.
REVIEW.

Gurov S. 1.

Abstract. The article contains an overview of the results on the application of majority
logic of combinational logic schemes. In this first part, the theoretical foundations of majority
algebra, its axiomatization and primitive functions, and the use of majority logic in solving
practical problems of circuit synthesis are considered.

In general, the existing automation tools for the design of electronic systems show satisfactory
results of logical synthesis. At the same time, the possibilities of further increasing their efficiency
by traditional means have practically been exhausted.

This explains the interest of developers of optimization algorithms and software in new
methods of synthesis of combinational-logic circuits. The approach with the use of majority
and inversion operations as the basic operations for representing Boolean functions seems to be
promising. Quantum-dot cellular automaton, Single Electron Tunnelin, Tunneling Phase Logic,
etc. are considered as alternatives to CMOS technology. It is important here that in these
technologies the main logical units used to implement the schemes are the majority and/or
minority logical elements.

The article contains the definition of majority algebra and its generally recognized
axiomatization ). The primitive functions of the majority are considered, which are realized
on one majority gate. The main applications of majority logic are described: Logic Optimization,
Boolean Satisfiability, Decoding of Repetition Codes.

A Dbrief description of the first algorithms for synthesizing majority schemes is given:
MALS (Majority Logic Synthesizer, 2007), Kong’s Synthesis (2010), MLUT (Majority Expression
Lookup Table, 2015). A comparison of the results of these algorithms is presented.

Keywords: majority logic, boolean algebra, axiomatization, primitive functions, logic synthesis.
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1. BBEOAEHUE

Xapakrepuctuku 1udpoBbix nHTErpasbHbix MukpocxeM (VIMC) B 3nadmuTesbHOI cTe-
[IEHU 3aBUCUT OT BO3MOXKHOCTEl CPEJICTB MX JIOTUYECKOTO CHHTE3A.

B mesiom cytiecTByIoIIe cpesicTBa aBTOMATU3AIINN TPOEKTUPOBAHUS JIEKTPOHHBIX
CUCTEM TIOKA3BIBAIOT Y/IOBJIETBOPUTEIBHBIE PE3Y/IHTATHI JIOTHIECKOro cuHTe3a. [Ipn sTom
BO3MOKHOCTH JIAJIbHEHIINETO MOBbIIeHUs UX 3(hMOEKTUBHOCTA TPAIUITUOHHBIMU CPEJICTBA-
MU IIPAKTUIECKU UCUEPIAHBI. DTO 00bICHIET NHTEPeC pa3pabOTINKOB K HOBBIM METOJIaM
CUHTEe3a KOMOMHAIMOHHO-JIOTTIECKIX CXEM.

EcrecrBennoit uieeit 37ech sBjIseTcsi pa3pabOTKa U HMCIOJIb30BAHUE HETPAJIUIMOH-
HBIX CII0CO60B TpejicTa/ienus OyieBbix dyukimii (BD). [lepcrieKTHBHBIM TIpeICTAB/ISETCST
[OJIXOJI, C UCTIOJIb30BaHueM omnepaiuii Mazkopuposanus (MAJ) u uasepruposanus (INV) B
KadecTBe 6a30BbIX onepanuii npejcrasienus b [6]. Pynkiws 6onabmmuctsa Maj(z,y, 2)
ecTb (DyHKITUS OT TPEX apryMeHTOB, KOTOpas MPUHIMAET 3HAYEHNE HCTHHA, €CJTH XOTs Obl
JBa u3 e¢ BXOJOB mcTHHBL OTMeTHM, 9TO dTa (DYHKIHMS JIABHO U3ydasiach B IPUIOKE-
Husx jormdeckoro cuaresa. . Kayr B mocimemnem 3-m Tome cBoeit dyHIaMeHTATILHON
Monorpadun «lMckyccTBo nporpaMMupoBaHusy IUIIET, 9TO 3Ta (PYHKIHA OOJIBITTHCTBA
«BEPOSITHO, caMasl Ba>kKHasl TPDOWIHAs ollepalius Bo Bceil BeeseHHOI .

B nannoit pabore gan 0630p OCHOBHBIX HOHATHIT U ajroputMoB cunteza IMC, ocho-
BAHHBIX HA (DYHKIUNA OOJIBITUHCTBA.

OOBITHO TIPU JIOTUYECKOM CHHTE3€ B KadecTBe 0A30BBIX OEpaIldii pacCMaTPUBAIOTCS
nuBeprupopanne, KouboHKIHS (AND), muzbronkmus (OR) u ycioBHbIi omepaTop eciin-
ro-unave (If-Then-Else). Ipyrue Jjiorumdeckue oneparyy mMoJydaior KOMIO3uUuei 6a30-
BbIX. [Ipocreiinue TpanuInoOHHbIE CTPYKTYPHI JAHHBIX U COOTBETCTBYIOIINE AJITOPUTMbI
ONITUMUBAINY OCHOBAHBI Ha JIBYXYPOBHEBOM IPEJICTABICHIH Oy/IeBbIX (DYHKIMIT B (hopMme
«cymma pomssesiernity (Sum Of Products, SOP) mwiun «upoussenenne cymm» (Product
of Sums, POS), B KOTOPBIX HEKOTOpbIE BXOXKJICHUsI TIEPEMEHHBIX MOTYT OPaThCsl ¢ OTPH-
IAHIEM.

Emé omuOit CcTpyKTYypoOill JAaHHBIX I MPEJICTABICHUS U ONTHMHU3AINN JIOTHIe-
ckux (YHKIMI 1 CXeM sBJISIeTCsl JBOUYHBbIe pemiatomue guarpaMMbl (Binary Decision
Diagram, BDD), ocuoBanubie Ha omeparopax If-Then-Else, peasmsyembix MyJsibTHILIEK-
copamu (MUX). IIpumeHsIIOT TakyKe MHOIOYPOBHEBbBIE JIOTHYECKHE CETH, MCIOJIb3YIOIIIe
B KadecrBe OasucHbIXx omnepamnun AND, OR, INV, MUX ¢ 6ojee MOITHBIMI CPEICTBAMUI
ONTHMU3AINN U CHHTE3a [2].

Henpepoisroe yBesmuenneM CJIO2KHOCTU JIOTUYECKUX CXEM ITPUBEJIO K TOSABJIEHUIO OJ-
HOPOJIHBIX MHOTOYPOBHEBBIX JIOTHIECKUX CETEH, COCTOAIMUMA TOJIHKO u3 y37108 AND, co-

eIMHEHHBIX OOBIYHBIMU U WHBepTUpyomuMu rengamu [3]. OTMeTnM, 9T0 COBpeMEHHBIM
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POrPAMMHBIM O0ECIIeUeHNeM I ONTUMU3AIMA U CUHTE3a OOJIBIIUX CXeM TP HAyIHBIX
uccreoBanngx cunraerca naker ABC, ocnoBannblit Ha rpadax ¢ Bepmuaamu AND /INV
(AIG) [4]. Oun omuceiBatoT T. H. AUCTPUOYTUBHBIE cxeMbl [5]. CXeMbl, CHHTE3NPOBAHHBIE
HOBBIMHI AJTOPUTMAMU OOBITHO CPABHHUBAIOT C pedysbratamu paboTs! makera ABC.
BazKHBIM BOIIPOCOM siBJIseTCsl (DUBMUECKAsT PEATU3alusd MaxKOPUTAPHBIX 3JIEMEHTOB.
Ormerum, uro dbusnueckue orpanundenns KMOII-rexunonorun (CMOS) mobyxaor o6-
pamarbcsi K aabTePHATHBHBIM TEXHOJOTUAM pEeaU3alluil JOTHIeCKuX 3jeMeHToB. Kak
Bo3MoxkHbIe 3amenbl CMOS paceMaTpuBaioTcs pasau<Hble HAHOTEXHOJIOTHH, M IIPEXK/IC

BCEro — CJIeIyIOIIue.

1. Kserounsie aBromarsr KBaHTOBBIX ToUeK (Quantum-dot cellular automaton, QCA),
KOTOPbIE IMPEJCTABJSIOT CODOO IpesraraeMyio (hU3NIECKYIO Pean3aIlnio «KJIac-
CHYECKUX» KJIETOYHBIX aBTOMATOB IIyTEM HCIIOJIH30BAHNS KBAHTOBO-MEXAHUIECKIX
ABJICHUI.

2. Texuostorun ojiHO3IEKTPOHHOTO TyHHEMpoBanus (Single Electron Tunnelin, SET),
UCIIOJIB3YIONINE BO3MOYKHOCTD MOJIYICHHUSA TyBCTBUTE/bHBIX M3MEHEHUI HAIPSIKE-
HUS [IPU MAHUITYIAIAN C OTJIETBHBIMEI JICKTPOHAMU.

3. ®aszosas joruka Tynnesuposanus (Tunneling Phase Logic, TPL).

4. CouHTPOHHBIE YCTPONCTBA, B KOTOPBIX I (DU3UUECKOTO IPEJICTABICHUS UHGOP-

Mallui KpoMe 3apd/ia IJIEKTPOHa HUCIIOJIb3YyEeTCAd U €r0o CIIMH.

BaxkHbIM 371€Ch SIBJISIETCSI TO, UYTO B YKA3aHHBIX TEXHOJOTHSX OCHOBHBIMH JIOTUIECKU-
MU €IUHUIAMU, UCIIOJB3YEMbBIMU JIJIs PEAJIM3aIUNA CXeM, SABJISIIOTCA UMEHHO MayKOpUTap-
HBIE U /WM MUHOPUTAPHBIE JIOTUIEeCKUe 3jieMeHThl. KOHKPEeTHO BOIPOCHI (DU3UIECKON pe-
aJM3aIi TaKuX 9JIEMEHTOB paccMOTpeHbl B pabore [7]. Hekoropoe npumeps! nprBe/ieHbI

B pazjene 2.7.

2. AJITEBPA BOJIBIIIMHCTBA

2.1. OnpegesieHne 1 OCHOBHbBIE cBo¥icTBa. HamomuamMm, 9T0 6146601 a.12€0p0ti HABHI-
BaeTCs MHOXKECTBO B, cojiepxKaiiiee 110 Kpalineit Mepe JiBa 3J1eMeHTa — HYAb 0 U eQuHUUa L,
¢ 3aJ[aHHBIMI Ha HEM OMHAPHBIMU OllEPAIMAME 00sedunenus LI, nepecevenus [ 1 yHAPHOI
omnepanueii donoarenus ' TakKux, 9TO JJIst JIIOOBIX 9JIEMEHTOB X, Y, 2 € B BBIIOJTHAIOTCS Ta-
PBI aKCUOM WA 3GK0HOG (A2€0Db, KOMMYTATUBHOCTHU, JIUCTPUOYTUBHOCTH, HEHTPATIbHBIX
CBOJICTB OCOOBIX 9JIEMEHTOB, & TAKKE J[BA OCHOBHBIX 3aKOHBI JIOTOJIHEHUS [8].

Takum obpaszom, Gysesa ajarebpa ectb mecrépka (B, LI, M, o, ), B KOTOPOi ore-
panun IMOAYUHAIOTCA YKa3aHHOM aKCHOMaM. ,)__];a,HHbIe AKCHUOMBI BJIEKYT CIIPaBEIAJIMBOCTDL

3aKOHOB HWHBOJIIOTUBHOCTHU JOITIOJTHCHMI, B3aMMHOIT JAOIIOJIHUTEJIBHOCT O M (|, 3aKOHDI
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Jle MopraHa, MOTJIONAOIIIX CBOMCTB YHUBEPCAJIBbHBIX I'DaHeil, acCOIMaTUBHOCTH, WUJIEM-
HOTEHTHOCTHU U TOTJIomeHus [9).

Ecyin MHOKECTBO B JIByX3JIEMEHTHO, TO MOJIYIaeM MPUSUAALHYIO (O8YTINEMENMHYIO)
oynaesy anzebpy. Anzebpa soz2urxu — 3TO TpUBHAJbHas OysaeBa aarebpa, B KOTOPON CHM-
BOJIbI HYJIb M €IUHUILI OyneM obo3Hadarh oObrHbIME 0 u 1. Onepamnuio J0noJIHeHus B
9TOM CJIydae Ha3bIBAIOT uneepmuposanuem. Ouepanun oObeIMHEHN U [I€PECeTCHUs Al
reGpbl JIoruKU OyjieM 0603HAYATh + U - (MHOTJA OIyCKAeTCsd) M HA3bIBATH, KAK HPUHITO
B cxemorexunke, IIJIM (OR) u U (AND) coorBercrBenHo,.

Onpenenenue ([1, 6, 10]). Maosrcopumapnoti 6y.ae60t arzebpoti (A02uku) HASBIBAIOT Tisi-
repky ({0,1}, M,’, 0, 1), tae {0,1} — aByxs1€MeHTHBI HOCUTEH, ' — yHApHAsI Olepa-
sl KHBEPTUPOBaHusl, a M — TepHapHAs ONEPAIU MAACOPUPOSAHUA

M(z,y,2) =2 y+y-2+z-2 = (@+y)-(y+2) (z+2) = afy#z, (1)

npudém oneparyu ', 4, -, KoHcTtaHThl 0 1 1 W UX CBOCTBa HAC/IEIYIOTCS U3 aareOpbl

JIOTUKH.

Takum obpaszom, dyukimsa M ocylecTBisieT BEIOOp «2 u3 &» TOJIOCOBAHU, PEaJIv-

3yemoit cxemoit Boyrepa (cm. Tabs. 1) [11-13].

xy z|Mxy,2) ||z y z|Mx,y,z)
0 00 0 1 00 0
0 01 0 1 01 1
010 0 1 10 1
011 1 1 11 1

Tabruya 1. Tabmuma nctuHHOCTH DYHKIIH OOIbIMUHCTBA M

B obmmiem cirydae npu HEUETHBIX 1 PACCMATPUBAIOT N-MECTHYI0 GYHKUUIO 60AbUUN-
cmea M, obmero Buga [11, 15]:

n
Mn($1,m2,...,xn):1<:>x1+x2+...+xn>{§-‘. (2)

HHanee cauraem M = M;. Qurcupysa B M ojHy W3 MmepeMeHHBIX, MOXKHO TOJYIUTH

dyukmun AND u OR, manpumep:
M(z,y,0) = =y, M(z,y, 1) =z+y.

D10 o3Hauaer, uTo napa GyHkmit M un’ obpasyer moJHbBIIA Oa3uc BO MHOKECTBe Py Bcex

dyHKIUi aredphl JIOTUKHA.
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2.2. Akcuomaruzanmsa dyHkuuu GosbmmHacTBa (2). Criejyroriue msTh OCHOBHBIX
npaBui npeobpaszopannii pyHKImH M OOJIBIIMHCTBA HA3BIBAIOT HAOOPOM €€ aAKCUOM W
TpajuIuoHHo obozuauaior ) [6, 15, 16]. Kaxgaa akcrnoma u3 ) Moxker ObITh jl0OKa3aHa
JINOO TTOJTHBIM TIEPEOOPOM 3HAUEHUI APTYMEHTOB, JITOO (hOPMYIbHBIMU ITPe0OPaA30BAHUAMUI

nosmuoMOB 2KerasikiHa, 3aMeTHB, 9T0 cooTHOIeHne (1) SKBUBAJIEHTHO

M(z,y,2) = (z-y)© (y-2) @ (2-2), (3)

rje @ — omneparyst CyMMEPOBaHus 1o mod 2.
Axcuoma xommymamuenocmu §2.C' onipejiesisier, 9To MOPsJIOK 1epeMeHHbIXx B M He

MEHSIET e€ 3HAYCHUI:

M(z,y,z) = M(z,z,y) = M(z,y,z). (Q.0)

Axcuoma accoyuamuenocmu ). A MO3BOJISIET TPOBOJUTL 0OOMEH apryMeHToB (T u 2)
MeKJTy IBYMs (DYHKITMSIMEI OOJIBIIMHCTBA, €CJIU OHU HAXOATCS Ha ITOCJIEeTYIONINX YPOBHIX

BJIO’KEHHOCTH ¥ UMEIOT OJHY OOIIYIO IIEPEMEHHYIO (W ):
Mz, w, M(y, w, 2)) = M(z,w, M(y, w,x)). (©2.4)

Axcuoma ducmpubymuenocmu ). omnpeesnser, 9T0 MOKHO PaCIpeIeuTb HabOp

nepeMeHHbIX ({2, y}) 10 BIOKEHHBIM (DYHKIIUSIM:
M(z,y, M(u,v,z)) = M(M(z,y,u), M(z,y,v), M(x,y, z)). (Q.D)

Axcuoma pacnpocmpanenus unsepcuu §2.1, onpeenser, 9To MaXKopuTapHast (OyHKITA

SIBJISIETCS CaMOJIBOfiCTBeHHOf [17]:
M'(z,y,2z) = M(2',y,2"). (Q.1)
Axcuoma masrcopuposanus .M 1peIcTaBISETCS ABYMsT DABCHCTBAMU:
M(z,z,y) =2, un M(z,y,2') = y. (Q.M)

[IepBoe BBIpaxkaeT OCHOBHOI CMBICT IHOHSATHS OOJIBITUHCTBA, & BTOPOE — OTHOIICHUS
«MENCOY ».

Aurebpa (B, M, ,0, 1) akcuomaTusupoBaHHasi cucTeMoii () siBIsieTcs HepPOTUBOPEY -
BOit 1 mostHoit [16].

Axcnomaruzarust Gyskmn 60sbmuHECTBa 00Iero Bua (2) naxa B [15]. CoorseTcTBy-
oIIHe aKCHOMBI 0bo3Ha4daroTcs Temu ke cuMmposiamu C', M, A, D u I, Ho ¢ npedpukcom 2,,.

Jl1s mpuMepa IpuBeIéM HEeKOTOPBIC U3 aKCHOM [T N-apHBIX (DYHKIMI GOJILITHHCTBA.
Kommymamuenocmo aist: n =5: Ms(a,b,c,d,e) = Ms(b,a,c,d,e) = Ms(a,b,c,e,d).
Maorcopumaprocms mas: n = 7: Mz(a,b,c,d,e,g,9") = Ms(a,b,c,d,e).
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Accoyuamuenocmo mis: n =5 Ms(a, b, c,d, Ms(a,b,e,g,h)) =
= Ms(a,b,e,d, Ms(a,b,c,g,h)).
Jlucmpubymusnocme aist: n = T7: My(a, b, c,d, e, g, M7(x,y, z, w, k, t,v)) =
= M? ( M7<a7 b> G, d> 69, x); M7(Cl, b7 C, d> €9, y)? M?(a7 ba Cy d7 €9, 2)7
M (a,b,c,d, e, g, w), k,t,v).
Pacnpocmpanenue unsepcuu nist: n = 9: M(a,b,c,d e, g, h,z,y) =
= MQ(a/7 blv CI) d/a 6I7 gla hl) I/7 y/)
CooTBercTByIOITYyO JIOTHKY obo3Ha4daroT MAJ-n, a panee paccmorpennyo — MAJ-3.
BameTnM, 9TO BO3MOXKHBI W JIPYT'He aKCHOMATHU3AIMK JIJisi (DYHKIMHA OOJIBIITMHCTBA.
Hamnpumep, MoxkHO moKa3aTh, uro npasuio B 2.D cieayer uz Q.C, Q.A u Q.M. 1306b1-
TOYHOCTH CHCTEMBI AKCHOM He fABJISIeTCs HEJ0CTAaTKOM Ha MPaKTHUKe M TOJBKO objerdaer

BBIBOJI T€X WJIM WHBIX 3aKOHOMepHocTeil. 3jech (1.1 BK/IOYaETCd B aKCHOMATUIECKYIO

CHACTEMY.

2.3. IlpumutuBHbIe (DYHKIUU OOJBIMUHCTBA. [Ipumumustbvie Gynruuy 60AbUUH-
cmea (Mazkopuposanusg, Primitive Majority Functions) nosyuatorcst w3 omHoit (yHK-
nuu M 1pu 1MoJICTAaHOBKE B KAUECTBE apr'yMEHTOB TeX MJIN UHBIX KOHKPETHBIX 3HAYUEHUI.
[Ipu cxemHoO#t peaym3aniu OHA MOT'YT OBITH ITOJIYY€HbI Ha OJJHOM MaKOPUTAPHOM BEHTHJIE.

B mazkopurapHoii anrebpe TpuMUTHBHbIE (DYHKIMH (UM MIPOCTO NPUMUMUGHL) UC-
MOJIb3YIOTCA KaK 0a3a Jjis IoCTpoeHus 0oJiee CJIOKHBIX (byHKInii. MHOXKecTBO Beex 1pu-
MUTHBOB 10Jipa3ieidioT B cemeiicta C, V', G u 1" dyHKIMii, Kaykj10e 13 KOTOPBIX COJEP-
KuT (DYHKIUU OT ONPEJIEJIEHHOTO KOJIMYeCTBa epeMeHHbIX [18].

Cewmeiicteo C' coctout TobKo n3 dyHKuii-korctanT 0 u 1 (¢ mycThIM MHOXKECTBO
aprymenTos). CireioBaresnbho, |C| = 2.

CewmeiictBo V' BKJIIOUaeT B cebs Bce (DYHKIMKM OT OJIHOM ITepEMEHHOM, B IIPAMON WU
MHBEPCHO (hopme:

V=Ax, 2y v,2 72} |V]=06.
[Tongarno, uro B joruke MAJ-n umeem |V| =2 n.

MuoxkectBo G = {E,0O} obpazoBano (byHKIMIMH OT JIBYX IepeMeHHbIX U win
NJIN, obpasyromux moamHOkecTBa F mw (O coorBercrBenno. ma n = 3 umeem
E={A-BA-C,B-C} u0O = {A+ B, A+ C, B+ C}. Kaxnag kombuna-
nust uMeer 4 BapuaHTa WHBEPCHM, HallpuMep Kombuuarmss A + B, uMeer BapuaHTbHI
{A+B, A+ B, A+ B, A+ B}. Jlna n = 3 Bce 24 dbyukiun u3 G npuse/ensr B Tab. 2.
B obmem soruke MAJ-n umeem |G| = (4 |E]) + (4 - ]0)).
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r-z2'=M(x,0,2) | x+ 2 =Mz, 1,2
-2 =M (x,1,2) | 2+ 2 = M(zx,0,z)
y-z=M(0,y,z y+z=M(l,y,z
v z2=M0O,v,2) | ¥ +2z=M1,9,2)
y-2'=M(0,y,2") | y+2 =M(Q1,y,2")
y Z=M1y2) | y+2=M(0y2)

Tabruya 2. Oyukiun cemeiicta G it n = 3

CewmeiictBo T' cocTouT n3 Beex YHKIUI, MOTyIaeMbIX U3 OJHON (DYHKIINU OOJIBITIH-
CTBa WHBEPTUPOBAHMEM BCEBO3MOYKHBIX IOJIMHOXKECTB apryMeHTOB. [loCKOIbKY KaxKmast
KOMOMHAITMS UMeeT 8 BAapUAHTOB MHBEPTUPOBaHUs, 9T0 B obmem ciaydae |T'| = ¢ - 8, rie
1 ecTb TpeJICTaBJIAeT KOJTMYECTBO BO3SMOYKHBIX KOMOMHAIMIT apryMeHTOB. flCHO, UTO 1pu
n = 3 WMeeTcsT TOJIBKO OjiHa Takas KomOmHarms. Crnncok Beex yHKImi n3 T mpu n = 3
npusesien B Tabr. 3.

T-y+y-z2+z-x=My,z2)
oy+y-z+z-2 =My, 2)
z-y+y - -z+z-x=Mxy, 2)
roy+y-2Z+272-v=Mxzy?7)
oy 4y z+zo'=M(xy, 2

M )
xy+y-Z+2 =My, z2)
oy+y-Z+2 =M )
a:’-y’+y’-z’+z’-a:’:M’(:c,y,z)

Tabaruya 3. CemetictBo byukiuit T mpu n = 3

Cymmapno nosyanm |C|+ |V |+|G|+|T'| = 40 npumuTuBHBIX QyHKINT GOIBITHHCTBA.

2.4. Menmnannas anrebpa. Mazxkopurapnast GyseBa aiarebpa TeCHO CBsi3aHa C MeJ[aH-
HOIT asrebpoit [19)].

Onpepenenune. Meduannas anreebpa €CTb MHOYKECTBO € OIIPEICJICHHON HA HEM TepHAPHOIA
omepartueit (x,y, 2 ), YAOBIETBOPSIONIEH CIIEYIONMNM aKCHOMAM:

1) (z,9,y) = v

2) (z,y,2) = (z,2,y) = (z,2,9 )
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3) ((x,w,y),w,z> = <$,w,(y,w,z>>.

JlanHble aKCHOMBI 00ODIIAIOT TMOHATHUS « MEXK/Iy» U (PYHKIINU MaXKOPUPOBAaHUs «2 H3
3». Jlobast qucTpubyTuBHAs peméTKa (U, ciiejoBaTesIbHo, Jiiobas OyireBa ajredbpa) ecrhb
MeaHHas ajarebpa ¢ oneparueii (1).

Mpr BumM, 9TO akCHOMa 2) 9KBHBaJeHTHa akcnoMe KommytatusaocTH §2.C. D10 mpu-
BOJIUT K SKBHUBAJIEHTHOCTU 1) M IIEPBOrO PABEHCTBA U3 aKCHOMbI MazkopupoBanus 2.M u
3) — akcuome acconmarusaocT ). A. B 1o ke Bpems MennaHHas ajrebpa OejiHee Mazko-
puTapHOil aJredphl MO BBIPA3UTEILHOI cuile: B MEPBOil ajaredpe OTCYTCTBYeT OIepalus
JIOTIOJTHEHUS.

[Tokazano, uro mepunanuas anarebpa ¢ sjgementamu 0 u 1 u oneparnueit (z,y,z) co
cgoiictBoM (0, x,1) = z ecThb qucTpubyTUBHAS PENIETKA.

B cBoro ouepenn, meananHas ajaredpa cBsi3aHa ¢ MeauaHHbIMEI Mpadamu. MeduarHvim
Ha3bIBACTCH HEOPUECHTUPOBAHHBIN I'Pad, B KOTOPOM JIjId KaxKI0i TPONKU BEPIIUH T, Y U 2
CYIIECTBYET €JIMHCTBEHHAsI BEPIIUHA T, Y, 2 Ha3bIBaeMas Meduarotl, 1 KOTOPas HAXOIUTCS
Ha HEKOTOPOM (MX MOXKeT OBITh HECKOJIbKO) KpaTdaifllieM IyTH MeKjy JIIo0oi u3 map

BepimH (z,y), (x,2) u (y, z). [Ipumep mennannoro rpada npusenén na Puc. 1.

)

L]

T

%

A\
m(a,b,c)

Puc. 1. Tlpumep mepmanuoro rpada: m(a, b, c) — MennaHa BEPIIUH T, Y U 2.

fcno, aro onepanust (x,y, 2 ) ONpejeageT MeIUaHHY0 aarebpy Ha BepIINHAX MeJU-

aHHOI'O rpa(i)a KaK Ha CBOHUX 3JJIECMCHTaX.

2.5. ®yHKIUsT MUHOPUPOBaHus. Bmecre ¢ byHKIUEH MarKOPUPOBAHUs, PACCMOTPUM
GYHKUUIO MUHOPUPOSAHUA.
BapuanT takoii dyukiun npemioxer B |7]. Ona obo3HaueHa m ¥ OIpejeeHa Kak

JIOTIOJIHUTEIbHAs 710 PYyHKINEH OOJIBITMHCTBA
m(x,y,2) = M'(z,y,2) =2’ -y +y' -2/ +2 -2, (4)
fcuo, uTo

m(z,y,0) = 2’ +y = (xy), mz,y,1) =2y = (z+vy). (5)
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Takoe omnpejiesienne y00HO i IPU CXEMOTEXHUIECKOM ITPOEKTUPOBAHUHI B TEXHOJIO-

' O/JHO3JIEKTPOHHOI'O TYHHE/JIMPOBaHU A SET JJId peaJin3ali JIOTHIECKUX CXEM UCIIOJIb-

3YIOTCS KaK MarKOPUTAPHBIE, TAK ¥ HEOCHOBHBIE BeHTHN |7|
s nac 60J1ee mHTEpECHOM Oy1eT (PYHKIMA MUHOPUPOBAHUS L, ONpeIesigeMasd Kak
wr,y,2) = 'y z+ 2y + oy oy = v @y @ 2. (6)

Hedopmanmbno g MoxKeT ObITH HPOMHTEPIIPETHPOBaHA KaK (DYHKIIUA TIOJOCOBAHUS

«IIPOTHUB», 3& BbIObIBAHUE:
Wz, x,y) = y.

[Tpu sTOoM BrOpoe pasercTBO B ({2.M) ocraéres cripaBeIuBbIM
plz,x'y) = y.

OueBUIHO JJIs (1 CIIPABEJINB AHAJIOT AKCHOMbBI KOMMYTATHBHOCTH
[TosmmocTbio TpUMUTUBHBIE (DYHKIIUA MEHBIITUHCTBA MbI IPUBOJIUTDH He OyJIeM B CBA3U

C 9JIEMCHTAPHOCTU UX IIOJIyYCHUA. HpI/IBe,ZLéM TOJIbBKO HEKOTODPbIC U3 HUX

:U’(xa yla Z/) — ,u(a:, Y, Z)

Tabruya 4. Hekoropble MpUMUTUBHBIE (PYHKIINU MEHBITUHCTBA [

[TockosbKy Bce TPUMUTUBHBIE (DYHKIIUN MEHBIITHHCTBA, OYEBUIHO, MOT'YT OBITH HIPE/I-

a,b,c,d € {0,1},

CTaBJICHLI B BUJEC
a-xdb-ydc-zdd,

TO BCero ux umeercs 15: uckimouen ciaydait a =b=c=d =1
JIerko Tak:Ke MOKa3aTh CIIPaBEJIMBOCTH PABEHCTB, cBA3bIBatomue M u p

(@, y, 2) = p(M(z,y, 2), M(z,y, 2), p(2, y, 2)),
M(z,y,2) = p(M(z,y, 2), p(z, y, 2), p(, Y, 2)),
M(2',y,2) = p(pu(z, y,2), M(z,y, 2),2)),

z),0)),

My, z) = p(M(z,y, 2), p(z,y, 2

1 aHaJIOTMYHDBIX C yqéTOM AKCHUOMBI KOMMYTaTUBHOCTU
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Peamuzanua dyukimit @ BMecte ¢ M Ha ofHOM 0OpaTHMOM 3JIEeMEHTE MOXKET ObITh

HCIOJIB30BaHa [IPU CHHTE3¢ 0OpaTHMBIX CXeM ¢ mcrosib3oBanneM saementa OTG [14].

2.6. IIlpuMmeHeHUsT Ma>kKOpPUTAPHOM JiorMKu. Hekoropblie BO3MOXKHBIE ITPUMEHEHUSI

MazKOpUTapHOi JJoruku paccmorpessl B [15]. KpaTko usmnoxkum 31ech ux.

2.6.1. Jloeuueckasn onmumudayus. Tax Ha3bIBAIOT HpOIECC TPAHCHOPMAIIUU HEKOTOPOI
CTPYKTYDBI, MIPEJICTABIAIONIEN JIOrnIecKue JaHHble (HampuMep JIOTHIeCKON CXeMbl) ¢ Iie-
JIBIO YTy 9IIeHHsT HEKOTOPBIX €€ XapaKTePUCTUK: PasMepa (KOJTMIeCTBO Y3JI0B MU SJIeMeH-
TOB), TIyOMHBI (MAKCHMAJIbHOE KOJMYECTBO YPOBHENH ), B3anUMOCBsi3eil (KOImIecTBo pebep
WM Tieneit) u T. .

Pe3ynbrarsl TeOpeTHYeCKUX UCC/IEIOBAHNN B JJAHHONW 00JIACTH MTOKA3BIBAIOT, 9TO 0O0JTh-
IIAHCTBO JIOTUYIECKUX CXEM B MayKOPUTApHOIl JIOTHUKE IPEJICTABSIOTCS B TOpa3ao 0oJee
KOMIIAKTHOM BHJIE, UM HYepe3 Ollepaliui KOHbIOHKINNA 1 Ju3bloHKInN. Hampumep 601b-
IMIUHCTBO JIOTHYECKUX CXeM TJIYOMHBI 2 u 3, peajusyioiiue apudmeTrndecKue (pyHKIUU
YMHOXKEHUS, JIeJIEHUs, CJAOKEHUsI U T. JI., UMEIOT TOJUHOMUAJILHBIN pa3Mep, B TO BpeMs
kak Tpajuionnbie U /MJIM-anamorn — SKCIIOHEHITUATBHBII.

EcrecTBerrbiM HAO0OPOM IIPABUIT JIJIsT JIOTHIECKON ONITHMUBAINN MasKOPUTAPHBIX CXEM
SIBJITETCST aKCHOMaTHIecKas cucreMa, §).

Harmpumep, paccMoTpuM JIOTHYIECKYIO CXEMY, 3a/Ial0MLy0 OysieBy yHKIIHIO
f = M5 (MS(aa b7 C)? M3(a7 b7 d)7 M3(a7 b7 6)7 M3(a7 b7 g)v h)a

rje Ms 1o (2) ectb dbyHKIWMsT GOTBITIHCTBA OT 5 ApryMEeHTOB.

[IpemomokM, KeJlaTelbHO MUHIMI3APOBATH KOJINIECTBO MasKOPUTAPHBIX OIIEPATO-
POB, OCTaBJIsAst MyTh OT h K f MakCHMaJIbHO KOPOTKUM (B oxuH oneparop). Ilepsonadasib-
Hasl CTOMMOCTB CXeMbI COCTaB/IsgeT 5 oneparopoB. CHadasa 0O6eCe M OIMHAKOBOE KOJIN-
YeCTBO APIyMEHTOB Y BCEX MayKOPHUTAPHBIX OMepaTopoB. [y 9Toro, uCnosib3ys akcuomy

Q,.M, nobaBum (PUKTHUBHYIO IIEPEMEHHYIO I
f = Ms(Ms(a,b,c,x,x'), Ms(a,b,d, z,z"), Ms(a,b, e, z,2"), Ms(a,b,g,z,2"),h).
Teneps npumensiem €,,.D:
f = Ms(Ms(a,b,c,x,x"), Ms(a,b,d, z, "), Ms(a,b,e,z,2"),g,h) .
Haxkoner, mocpeactsom €2,.M yMeHbIIaeM apHOCTb OLEPATOPOB 10 MUHAMYMA:
f = M;s(Ms(a,b,c), Ms(a,b,d), Ms(a,b,e),g,h).

W UTOTOBasI CTOMMOCTDH CXEMBI COCTaBISIET 4 MayKOPUTAPHBIX OIIEPATOPA.
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OueBWTHO BCe 3THU MPaBUJIa JIETKO PEAJTM3YIOTCs MPOIPAMMHO, KaK U It PabOTHI C

OOJILIINMI CUCTEMaMHU — aKCHOMAaTHuKa §),,.

2.6.2. Badawa ewnoanumocmu. Hamnas 3adavwa ewvinosnumocmu  6ysesvr  hopmya
(Boolean Satisfiability problem, SAT) siBiisiercst nepsoit uzsecrroit NP-mosiHoit 3a1aueii.
Ona 3aK/TI09aeTCs B CISIYIOMEM: MOXKHO JIM HA3HAYUTH BCEM ITePEeMEHHBIM (hOPMYJIbI 3HA~
yenns: 0 u 1 Tak, 9TOOBI OIIEHKA €€ 3HaYeHUsI cTaja paBHOii 1, u Torga hopmyJia siBISETCs
oo HuMol. O6brano SAT dopmyupyercs s dopmyn 8 KH® (CNF). Oxnako B mo-
cJIejTHee BpeMsi PACCMaTPUBAETCA U MayKOPUTAPHAS JIOTUKA.

B HekoTOphIX Cilyuasix, HAIpUMED, PU OTCYTCTBUU OOIIUX JIOTMIECKUX KOHCTAHT,
npobsema SAT ¢ MazkopuTapHOii JJOMMKON CTAHOBUTCH TPUBUAJIBLHOI, OCTABAsCh CJIOXKHOM
JUTA APYrux ciiydaeB. Tem He MeHee, 0X0J1 K pereruto mpobiembl SAT ¢ momornibio Ma-
JKOPUTAPHO JIOTUKH TIPEJICTABJISIETCS TIEPCIIEKTUBHBIM. [[PU 9TOM JT0/I2KHBI TTPUMEHSITHCST
IpaBuJia IIpeodpa3oBaHuil MayKOPUTAPHBIX BbIpaskeHuit. st 3Toit 11eim MoxKeT ObITh MC-
[I0JIb30BaHa OIMCAHHAs BBINIE aKCHOMaTH4IecKas cucrema §1,.

B kadecTBe mpuMepa npusesieM perrenne mpodsembl SAT 110 MaXKOpuTapHBIM ITPABU-

mam €),. Pacemorpum dyuKIMIO
f = Ms(Ms(a,b,c), Ms(Ms(a,b,c,0,0), ¥,¢c,0,0), a, b, 0),

Jns ycranosimenusi BoimostHEMOCTH f, permarenb SAT Ha OCHOBE MarKOPUTAPHBIX
byHKIMI TBITAETCST ONPEJIE/INTL, UMEIOT JIn 3HaYeHne 1 Kak MUHUMYM 3/5 apryMeHTOB B
dbyukmuu Ms Ha BepxHEM YpOBHE. B POTHBHOM ciiydae BOSHUKAET CUTYalldsi, Ha3bIBae-
Mast Kongaurmom. Ecam Bce BO3MOXKHBIE BXOJIHbIC 3HAYCHUS TPUBOJIAT K KOHMJIUKTY, TO
(hYHKIMS HEBBITOJTHIMA.

CHauasa paccMOTPUM 3JieMenT, peasmsytormuii dyukimo Ms(Ms(a, b, ¢,0,0),V, ¢, 0,
0). Ilpexae vem wucKaTh BO3MOXKHBIE 3HAYEHHs] APIYMEHTOB, 3aMETHM, UTO AaKCH-
oma (),.A mnepeyrnopsI0ounBaHUs I[EPEMEHHBIX MPEJICTABIACT 3Ty (QYHKIUIO B BHJIE
M5(Ms(V',b,¢,0,0),a,c,0,0). B sroit dopmyre akcnoma €2,.M ansyaupyer b u b mnpu-
BoJIst hopmyity K Buiy K Ms(Ms(c,0,0),a,¢,0,0).

Hanee npaxkjapl npumensia npaswia ),.M, upuxomum k Buxy Ms(0,a,c,0,0),
a zareM u K 0. Ilocine »Toro wucxomnas QYHKIUA TpeJACTaBIsgeTcss (HOPMYJIOi
M5(Ms(a,b,c),0,a’,V,0). Temrepb pemenne npobaemer SAT yrporaercst: 11t n36eKaHms
KOH(MJIMKTa HeoOXoauMo, 4Tobbl a' = b’ = 1, 1o ectb @ = b = 0. DTu 3HAYEHUSA TPUBOJISAT
K M;s(a,b,c) = 0, uro o3Hauaer Hajau4dre KOHMJIMKTA [IPU BCEX 3HAYEHUAX OCTAILHBIX
BXOJIHBIX ITepeMeHHbIX. Takum obpa3oM, paccMarpuBaeMasi (PYHKITUST STBJISIETCST HEBBITIOJ-

HUMOIA.
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2.6.3. Jlexoduposarue xodos noemoperus. Kompl MOBTOPEHUs SIBJISIOTCS ITPOCTERIITAMIM
KOJIaMU, UCIPaBJIiONuMy ook, OHM MCIIOIB3YIOT MHOTOKPATHYIO Iepeaady coobIe-
HUI 110 KAHAJIY C IIIYMOM, B IIPEJIIOJIOXKEHUH, UTO KAHA U3MEHUT MEHBIIYIO YaCTh OUTOB.
Torna mekoaupoBaHUe MPUHATOTO COODINEHNST ECTECTBEHHO MTPOBOUTH € TIOMOIHIO MaKO-
pUTapHON JIOTUKU.

O6bI‘IHO JJId YMEHbIIEHUA BEPOATHOCTU OH_H/I6KI/I B KPUTHUYECKHU Ba2KHbIX CHUCTEMaX
CBsI3U, U, KaK CJIEJICTBUE, cOOsI, UCHOJIL3YETCd nepapxudeckoe kojumponanue. [loporosoe
JIEKOJTMPOBAHNS TPUMEHSETCS Ha HECKOJIBKUX YPOBHAX, a 3(M@EKTUBHOCTE OMpeIesdeTcs
KOJIMIECTBOM Ma2KOPHUTaPHBIX OIIepaTOPOB. HpI/I 9TOM H€O6XOILHMO O6eCHe‘II/ITb MHHUMAJIb-
HYIO BEPOSITHOCTL OIMUOKU. B 9TOM ciiydae BO3MOXKHO MCIOJIB30BAHUE aKCHOMATUYIECKOM
crucTeMsl §),,.

[IpuBesieM mpuMep ONTUMHU3AINK JIOTUIECKOTO JEKOINPOBAHUS HA OCHOBE MAaXKOPU-
TapHBIX (DYHKIMIT ¢ uctoib3oBanueM (,. /[jist 5T0ro paccMOTpuM CHCTEMY CBSI3U, OTIIPAB-
JISIIOIIY IO OJTHO M TO K€ JIBOMYIHOE COODIIeHue 1o T pa3andubiM Kanauam C1, . .., Cs.

[IycTb ypoBeHb 1IyMa B KaxKJI0M KaHaJse paziander, u s C1, . . ., Cy TOBTOPeHWiT 1aH-
HBIX He TpeOyercs, a g Cs Heobxoanmo 5 moBropenuii. [1peimomokmm Takzxke, IT0O CBI3b
o kaHnajty Cs HAMHOTO MeJIJIEHHee, 9eM 10 JpyruM Kanajam. OKOHYaTe/IbHOe JIEKOINPO-
BaHHOE COODIIEHNE OIPEJIE/ISIeTCs 110 OOJILINMUHCTRY JIJIst KayKJIOTO COOOIIEHUS B KaXKJIOM
KaHaJle.

Ecim nexkoauposannoe coobienue ¢-ro KanaJja 0003HAYUTD X;, & Y — PE3YJIbTaT JEKO-
JIUPOBaHUS, TO B MasKOPUTAPHOI JIOTUKE CUCTEMa JIEKOMPOBaHUS BbIpazKaeTcs: (hopMyJIoii
y = Ms(x1,z9, 3, T4, 5). OUeBUIHO JJIst T1, To, T3, T4 JEKOAUPOBAHUE HE TPEOyeTCS U
€JIMHCTBEHHBIM COODIIEHNnEM, HYKIAIONUMCS B TIOPOTOBOM JIEKOIMPOBAHUN SBJISIETCS Ts.
s vero umeem x5 = Ms(z1, 29, 23, 24, 25), TJIe z; — NPHHATHIE coobIenns 1o Kanaay Cs.

B pesysbrare nekomupyiomas cucTeMa, IpeICTaBIsaeTcd B BUIe
Yy = M5 ('Tla X2, X3, T4, MB(Zla 22, %35 24, ZS) )

HpI/I JAEKOAUPOBaHUA Yy KPDUTHUIECKUM II0 ITPOMU3BOJUTE/ILHOCTU IJICMEHTOM ABJIACTCA
M5(21, 22, 23, 24, 25). [Ipu 9TOM TIOCIETHIM TIOCTYTIAIOIAM COODITIEHIEM, KOTOPOE JIOJIZKHO
OBITH 0OpaboOTAHO, ABJIAeTCA 25. [ yaydmenus 3pOEeKTUBHOCTH JIEKOIMPOBAHIA MOYKHO
UCI0JIB30BaTh akcuoMy €1,.D. OaHako eé npuMmeHeHne He oUeBUIHO. [lokazkeMm, Kak 9TO
MOXKHO C/IEJIATh.

West 3/1eCch COCTOUT B TOM, 9TOOBI IIePeMEeHHbIE 2; HOIHSTH K BEPXHUM yYPOBHAM IO

MaKCHUMAJIBLHO BO3MOKHBIX. [Ipasuio €2,.D npuBeaér K nmpeodpa3soBaHMIO

y = Ms (21,29, 23, x4, M5(21, 22, 23, 24, 25) )
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y = Ms (M5(371, T2,T3, T4, 21)7 M5(371, T2,T3, Ty, 22)7 M5(501, T2,T3, Ty, 23)7 24,4 25 )

B pesymprare 60bIasd 9acTh BBIUNACIEHUI OYAET BBIIOIHATHCI JI0 TOrO, KaK MOCTYIIAT
[OCJIETHIE COODINEHN 24 U Z5. DTO O3HAYAET, YTO KOIJIa MOCTYIUT CaMOe MO3/[Hee 3Hade-
HUE 25, MOTPeOYyeTCs TOJBKO OJIMH YPOBEHb BBIYHMCJIEHUS OOJILINNHCTBA, & HE JIBa, KaK B

NCXOJHOM ITpeACTaBJICHNU.

2.7. ®usnyeckasi peajusanus Ma>*XKOPUTAPHOI / MUHOPUTAPHON JIOTUKU. B uH-
HOBAIIMOHHBIX HAHOTEXHOJIOTUSAX OCHOBHBIMH JIOTHYECKUMHU €/IMHUTIAMU, UCTIOJIb3YEeMbIMU
JIUTsT peasin3alliil CXeM, SBJISIOTCS SJIEMEHTHI (PefThl) MasKOPUTAPHBIX HJIM MHHODHTAD-
ubixX yukiuit. Ha ux ocHoBe OBLIO 1IPE/I/I0ZKEHO HECKOJIBKO METOJIOB CUHTE3a JIOTTIECKUX
CXEM.

Ba mociemaue yerbipe gecsatuiernss KMOII-Texromorns 6bl1a 0CHOBHON B CO3IaHIT
NMC. DTa TexHOJIOTHS TO3BOJIMIA CO3IATH CXeMbl BBHICOKON CTEIIeHN WHTEeTrpaIinu, ObICT-
poJieiicTBUS U HU3KOTO Hepromnorpedenus. OHAKO K HACTOAIIEMY BpeMeHU (PyHIAMEH-
TajibHbIe (DU3MUECKHE TIPeJIeIbl 9TOi TexHosornu yxke nocrurayrhbl [20]. B kadecrse 3a-
menbl KMOII-rexnomornm paccmarpuatores ykasauabie Boime QCA, SET, TPL, ciima-
TpoHHBIE ycTpoiicTBa n ap. Oxujgaercs ITO OHM Obecrevar JajibHeilee yMeHbITeHe
pPa3MepoB JIEMEHTOB U JIPYTIUX (PYHKIINNH UHTEIPUPOBAHHDBIX CUCTEM.

s mpuMepa paccMOTPUM (DUBUIECKYIO PEAJTHIAIII0 MazKOPUTAPHOI JIOTUKH B TeX-
Hostornu SET ojiHOs/1I€KTPOHHONO TyHHEMpoBaHust |7]. B 9roit TexHoMOMMN 1151 peasi3a-
AU JIOTUIECKUX CXEM UCIIOJIb3YIOTCs KAK MAaXKOPUTAPHBIE, TAK U MUHOPUTAPHBIE JJICMEH-
Tb1. Munopurapusiii Bearuib SET peanusyer jorndeckyio dbyHKImo (4) MUHOPUPOBAHST
¢ Tpemd BxogaMu. [IockombKy 3Ta pyHKINS ABJIsIETCS IPOCTO WHBePCHel hyHKInell 601b-
IIIIHCTBA, OHA BBIIaeT BBIXOJAHON curHaJ (), eciu OJUH MU HECKOJBKO €€ BXOJIOB PaBHBI

1, m B npoTuBHOM cjiydae — cursaJ 1.

Inputs Vdd Inputs Vdd Outputs

v,— 1 v,—] 1 L o,
V2—| A '—Output VZ—H _I;‘ —|; H_Oz

v,—] v,—] o,

(@) (b)

Puc. 2. Dnementsl B Texuoyorun SET: (a) munopurapubiii, (b) MaxkopurapHbii
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Ha puc. 2 (a) nokaszan 6azossiii Munopurapssiii smement SET. On cocrout u3 tpex
BXOJIHBIX KOHJIEHCATOPOB, OJTHOMJIEKTPOHHBIX 0J10KOB (single-electron box, SEB) n BeIxo/1-
HOTO KOoHJIeHcaTopa. Bxomasr Vi, Vo u V3 mpoxoisaT depes3 BXO/IHbIE KOHJEHCATOPHI, 00pa3yst
CeTh CYMMUPOBAHUS HAIPSKEHUS. ITU KOHICHCATOPHI BHIPAOATHIBAIOT CPEJIHEE HAIPSI-
JKeHre Ha cBoux Bxojax B y3ie A. OCHOBBIBasiCb Ha 3HAYEHUN CPEIHErO HAIPSXKEHUs,
9JIEKTPOH OyJIeT TyHHeupoBaTh depe3 SEB, uro mpuBeéT K orpuiiaTe/;ibHOMY HOTEHITH-
aiy ysiaa A. B nporusBaOM cirydae norennuant Ha A ocranercs mooxKuTe bHbIM. OTpu-
IaTeIbHbIE U MOJIOKUTETbHBIE TTOTEHITNAJIBI TPEJICTABIAIOTCS JTOTHIECKIMU 3HAUEHUSIMI
Owul.

[Ipu ycranoBke ojHOro u3 Tpex Bxoa0B B 0 mwim 1, Beuruiib peanusyer 1o (5) coorser-
crBenno Jorndeckuii NAND ¢ aByms Bxogamu wian jgorndeckuii Bentuiab NOR ¢ aBymst
BXO/TaAMU.

Mazxkopurapusiii Beantmwib SET cocronT m3 Tpex BXOIHBIX KOHJIEHCATOPOB, cOaJIaH-
cupoBanHoii napel SEB 1 Tpex BBIXOJHBIX KOHJEHCATOPOB, Kak MoKazaHo Ha puc. 2 (b).
Korjia nanpsizkerne cmernenns (Vdd) yBeamauBaercst, IPOUCXOUT TYHHETUPOBAHKIE JJIEK-
Tporos, uro npusoguT K (0,1) mm (1,0) cocrosausiv. Eciin GOJIBITHHCTBO BXOJOB PABHO
1, Bosaukaer cocrosinue (0,1), o3HAUAOIIEE OJIOKUTEIbHBIH oTeHInA B y3/e B. B mpo-
TUBHOM CJIy4ae Bo3HuKaeT cocrosinue (1,0), o3Hauatoriee orpuraTe/ibHOe 3HAYCHUE [TOTEH-
nuaJsia B ysie B.

OTmeTnM, 9TO MO MHEHUIO BbICKaszaHHOMY kKypraje B Electronic Design (Mar 06,
2013) uccienosaresem P. Bappom u3 Texas Instruments, KMOII rexuosiorust emé Oyier
BoCTpebOBaHa KAaKOe-TO BpeMsl, U B OJIMKaiiiieM Oy IyIeM OCTaHeTCs OCHOBOI ITPOU3BOJI-
CTBa BBICOKOIIPOU3BOUTEIbHBIX JOIHIeCKUX yCcTpoiicTB. OHAKO MPOOJIEMbI MaCIITaOM-
pPOBaHMs, TJIOTHOCTHA MOIIHOCTH U €€ pacCesiHhsl 3aCTaBAT MepeifiTn Ha ajbTePHATUBHBIE
rexuosoruu. Hanbosbimue mancsl BoitecunTs KMOII B obsractu co3manms JTOrmYecKux
sneMeHTOB i 1udpoBbix VC cxeM mMeeT TEXHOJIOIUs KJIETOUHBIX KBAHTOBBIX aBTO-
matoB KKA, koropas, BodaMoxkHO, yKe K 2025 I. cTaHeT OCHOBHOI IPH ITPOU3BOJICTBE
KOMIIOHEHT 3JIEKTPOHHBIX YCTPOMCTB.

Jlst co3nanus JIOTMIeCKUX BEHTUJICH KJIETOYHbIE KBAHTOBBIE aBTOMATHI YIIOPS 0N~
BaIOTCS IIyTeM UX Pa3MeIIeHHs APYT PAJIOM C JIDYTOM B OIPEIeIEHHO MOCIeI0BATETHHO-
ctu. B rexnonornn KKA nmerorcs 1Be dyHmaMeHTaIbHbBIE BEHTHIBHBIE CTPYKTYPBI. O 1HA
[IpeJICTaBIsSIeT cOOOI MHBEPTOP, & JApyrasd — MaXKOPUTAPHBIN BEHTU/Ib, IPEJICTABICHHBIE

Ha puc. 3. Bce ocrasbpHbIe JIOTHUECKHTE q)yHKHI/II/I ABJIAIOTCA IIPOU3BOJHBIMU OT 9TUX JIBYX

CTPYKTYDP.
[TepBonauasbHo Jjormka Ha ocHoBe KKA Oymer, BuamMmo, co3jgaBaTbCsl C HCIOJb-

30BaHHuEeM TpPaJUIIMOHHBIX METOJ0B H3T'OTOBJICHUA KPEMHHEBLIX IIJIaCTHUH, C IIOMOIIBLIO
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Puc. 3. JIBa OCHOBHBIX JIOTUYIECKUX SJIEMEHTA B TEXHOJOIMH KBAHTOBBIX
KJIETOYHBIX aBTOMATOB: HHBEPTOP, in BeHTuib HE (BBEpXY), 1 Mazkopu-
TapHBI BEHTUIH (BHUZY ).
(https://www.electronicdesign.com/technologies/analog/article/21796222 /the-
quest-for-zero-power-logic)

9JIEKTPOHHO-JTy4eBoil jimTorpadun. OgHAKO OHA MAJIONMPHUTOJHA JIJIsT MaCCOBOI'O ITPOU3-
BojicTBa. [lepcrieKTMBHBIME J1JTsT KPYITHOCEPUIHOTO U3TOTOBJIEHNST CTPYKTYP € pasMepamu
Menee 10 HM gBJIAIOTCH, HAIpUMep, (poTouTorpacdus B JlaabHeil obyractu yibTpaduoJie-

TOBOI'O CIIEKTDPa.

3. IIEPBBIE AJITOPUTMBI CUHTE3A MAXKOPUTAPHOM JIOTUKU

[Ipocreiimme MeTOIBI CHHTE3a MayKOPUTAPHO JIOTUKH, TaKe KaK KapThl KapHo, Tad-
JINTIA COKpaIeHui-yHndnkanmm, pasiaoxenne [[lennona u ap., MoaxoasT TOTBKO JIJTsT CHH-
Te3a HECJIOXKHBIX CeTell, U OHU UCIOJIL3YIOTCS TOJIBKO JIJIsi PYYHOTO CHHTe3a. Takke u3-
BECTHBI METO/Ibl, OPUEHTUPOBAHHBIC HA CHHTE3 Oy/IeBhIX (DYHKIHI OT TPEX IMepeMEHHDIX.
Hekotopsie anropurmsl, pazpaborantbie B 20042008 rr. npuBejieHbl B paborax [21-25].

BareM ObLTH TIPEJIOYKEHBI 1 00JIee MOIITHBIE METO/IbI: HA OCHOBE MHTEPAKTUBHOTO CHH-
reza (maker SIS), pasyoxkenusi GyseBbix (DYHKIMI HA TPU-BBIMIOJTHUMBIE UJIA YEThIPE-
BBINIOJTHUMBIE CETH, Ha 6a3e TeHeTHYECKOrO ajJlOPUTMa U JU3bIOHKTHBHBIX MEeTOJIOB [ 7).

OmmirieM HEKOTOPbIE METOJ[bl JIOTHIECKOTO CHHTE3a MarKOPUTAPHON / MUHOPUTAPHOIT

JIOTUKH.
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3.1. Anropurm MALS. MALS (Majority Logic Synthesizer) siasercst mepsbim (2007)
IIPE/IJIOYKEHHBIM KOMIIJIEKCHBIM METOJIOM CHHTE3a, KOTOPBIi ClIOCOOEH CHHTE3MPOBATH MHO-
TOYPOBHEBBIE JIOTUYECKHUE CETH OOJIBITMHCTBA/ MEHBITMHCTBA C HECKOJBKUMHU BbIXOJIA-
mu [26]. Mgest anropurma — Ha OCHOBE yzKe ONTUMHU3MPOBAHHON CXEMbI B TPaIUIIMOHHOM
Oazuce MOJIYIUTh CXeMy Ha (DYHKIHUAX OOJILIITMHCTBA.

Ha Bxoj anropurma MALS momaéres npejcraBienrne MUHUIMA3UPOBAHHOW MHOTOBBI-
XOJHON KOMOMHAIMOHHO-JIOIMYECKOI CXEMBbI, & BBIXOJ[ IPEJICTABISET OO0l SKBUBAJIEHT-
HBIIT MakopuTapHblil rpad. O0paboTKa HAUNHAETCS ¢ TAKON JTEKOMIIO3UITIN BXOTHOM CXe-
MBI, 9TOOBI KaKJIbIil 9JIEMEHT UMesI Obl TPU BXOJa. JTOT IPOIECC BBITIOJTHAETCS C HCIIO b~
30BaHIEM METOJIOB IPEBAPUTEILHOM 06paboTKu u jilekoMosuimu B nakere SIS [27].

CremyromuM maroM sBJisieTcsd TPOBEPKa KayKJIOro JEKOMIIO3UPOBAHHOIO SJIEMEHTA,
peasu3yeT JIi OH MaKOPUTAPHYIO (PYHKIMIO. Ecin 3T0 He Tak, 3JeMEHT MPOBEPITCS Ha
Hajm4ue Jyommpyronux Bxoaos. [Ipn ux manuyann Oyjier rnposeiena (pakTopusarus QyHK-
UK y3J1a U 3aTeM — mpejcraBjienue eé B basuce U/ UJIN.

Ecaun my6aupyionux BXo/IOB He UMeeTCsI, HO (DyHKITUS y3J1a MOYKeT ObITh Pean30BaHa
MeHee, YeM deTbIpbMst Jorndeckumu sementamu V1 /VJIU, Gyner npose/ieHa cOOTBETCTBY-
fomag peajusanusg. Korjga Takag peaju3arus HEBO3MOXKHA, JAHHBIN y3€J cXeMbl OyjeT
1peoOpa3oBaH B SKBUBAJIEHTHOE JIBYXYPOBHEBOE MAaXKOPUTAPHOE BbIPAXKEHUE C MAKCUMYM
JeTBIPbMS OCHOBHBIMU dJIeMeHTaMu. JlanHas mporie/1ypa BBITOJHIETCS CJIeIyIONuM obpa-
30M.

Cuavasia crpoutcs Kapta KapHo Jjiormdeckoil (pyHKIUU y3ja. 3aTeM Ha 9TO# Kapre
HAXO/INTCs KOHMUTypaliusi, KOTOPYIO MOXKHO OIUCATH (DYHKITHEH OOJIBITNHCTBA; €€ 0003Ha-
garor fi. Jlamee umercsa Bropas Takas J0mycTuMas KOH(MUTypalus, Aaorias GyHKIIo
OOJIBIMUHCTBA fo; AaHAIOTUIHO HaxouTcst GpyHKIUs f3. B pesysibrare ncxo bl y3ea oka-

3BIBACTCS BO3MOXKHO 3aMEHNTH Ha GyHKImend stux Tpex dyuknuii B Buge M(f1, fa, f3).

3.2. Anropurm Kownra. /Ipyroit obiuii MeTo/| CHHTe3a MazKOPUTAPHON / MIHOPHTAPHON
cern (2010) 6bw1 npemoxken B pabore K. Kormra ¢ coasropamu [28].

Bxosom ajiroputMa sABJIS€TCS TPOU3BOJIbHAS JIOIMIeCKas MHOTOBBIXO/IHAs (DyHKITHS,
& BBIXOJIOM $IBJII€TCSA SKBUBAJICHTHAS MarKOpUTapHas CeTb. AJTOPUTM HAYUHAECT C MPEJI-
BapuTE/IbHON 00pabOTKU BXOJHOW CETH M MIPOBEPKU €€ MPABUIBHOCTU C MOMOIIBIO TTaKe-
ta SIS. Ecin omubok HeT, iy yIPOIIEHUsT U JEKOMIIO3UIIUNA TPUMEHSIOTCS HECKOJIBKO
METOJIOB IIPEeIBAPUTEILHON 00pabOTKM.

[Tocyte ipegBapuTeIbHON 00PAbOTKY ¢ TOMOITBI0 SIS MyHKIINI, ITOOBI KarK bl y3eT

nMeer He boJiee TpexX BXOJHbLIX II€pEMEHHbBIX. ILI[H IIOJIYyYEeHUdA MUHUMAJIBHOI'O KOJIMIECTBaA
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TPEXBXOJIOBBIX y3JI0B HCIIOIB3YIOT YeThIpe Pa3IuIHBIX MeTOja. 3aTeéM CeThb MPOBEPSeT-
cd Ha HAJIMYHUE y3JI0B, KOTOPbIE MOT'YT OBITH IIPEJICTABIEHBI Pa3BETBJICHUAMU IIEIeid, Co-
XpaHsds IPU 3TOM MpaBUIbHOE (DYHKIIMOHUPOBAHUE. DTOT IIPOIECC MOXKET eIle OOJIbIe
COKPATUTh KOJIMYECTBO y3JIOB.

Ha ciiemyromiem mare mpoBepsieTcst KaKJIblil y3esI B JIEKOMIIO3UPOBAHHON CeTH, pea-
JIu3yer Jim OH Maxkoputaphyio dyakmuio. Eciu 3ro tak, dyHkus mpeodbpasyercs B CO-
OTBETCTBYIOITEe BbIPAXKEHNE C HMCIIOJHL30BAHUEM BBIIIEONUCAHHBIX COPOKA MPUMUTUBHBIX
MayKOPUTAPHBIX OyJIeBBIX (DYHKIMIT OT 3 apryMeHTOB. B mpoTuBHOM ciIydae Bce JOMyCTH-
MbI€ TPYIIIBI BBIPAYKEHUIT HAXOMATCS U3 COPOKAa MasKOPUTAPHBIX BhIpakeHuil. Kaxkmast
IPYIINa COCTOUT M3 TPEX MarKOPUTAPHBIX BbIpaxkeHuil (f1, fa, f3), rie y3en siBisercs: Ma-
JKOpHUTApHO# (byHKIMel rux Boipazkenuit, T. e. M (f1, fa, f3)-

BareMm BBIOMpAIOTCS BCe (PYHKINN OOJIBITHHCTBA, KOTOPBIE COCTOSIT W3 T'PYII BbIpa-
JKEHNI ¢ MUHUMAJIBHBIM YnC/IOM y3J10B. [locse aroro BeiOpanubie (hyHKITUN TTPOBEPAIOTCS
JUts BbIOOpa (PYHKIINN ¢ MUHUMAJbHBIM KOJUYIECTBOM aprymenToB. Hakownerr, BbiOpan-
Hble (DYHKIMH CHOBA MPOBEPSIOTCH I BHIOOPa (DYHKITUI ¢ MUHUMAIBHBIM KOJTUYECTBOM
UHBEPTOPOB. Te 2Ke Imarn nmoBTOPAIOTCA JIJId UHBEPTUPOBAHHON (DYHKITUU Y3JIa.

CretyonuM aroMm siBjisieTCsi BBIOOD U3 HaiileHHbIX (PYHKINN OOIBIMTUHCTBA, (DyHK-
Uit ¢ MUHUMAJILHBIM 9HCJIOM y3JI0B, BXOJIOB U MHBEpPTOPOB. llocienuii mar coctout B
MIPOBEPKE TOJIYUEHHBIX MayKOPUTAPHBIX BLIPAXKEHUN W MPOBEPKU Ha HAJUYNE IyOIUpy-
IOMUX y3J70B. Ec/n TakoBble Hail/lyTcs, OHH YIAJIAIOTCH, a BCA CETh COOTBETCTBYIOIIIM
0o0pazoM OyIeT mepecTpanBaeTcs. JTOT MPOIECC MPOIOJIZKAETCS JI0 Te€X TOp, MOKA HAXO0-

ngarest ayonaupytorire y3ibl. Ha sroMm asroputM 3akanduBaeT padoTy.

3.3. Agroputm MLUT. OgauM u3 MeTOJOB CHHTE3a MazKOPUTAPHOI/ MUHOPHTAPHOIT
JIOTUKHW SIBJIIETCST METO/T, UCIOJIb3YIONNil TaOIUILY IMO/ICTAHOBKY MayKOPUTAPHBIX BbIPa-
xennit (Majority Expression Lookup Table, MLUT, 2015) [29].

BxomabIiMu TaHHBIME aJITOPUTMA SIBJIAETCA ITPOU3BOJIbHAS JIOTHIECKast CETh, & BBIXO/I-
HBIMI — SKBHUBAJIEHTHas €l ceTh MayKOPUTApHOW JIOTHKH. AJITOPUTM TakyKe HadWMHaeT
¢ TIpeJIBApUTE/IbHON 00pabOTKM U JIEKOMIIO3UIINN BXOJHON ceTw ¢ mcrojb3oBanueM SIS,
kak u B MetTojsie Konra. OHAKO 37€Ch 9TU MPOIEIYPhl MOTYT PAOOTATH C JIOTUIECKIMUI
PYHKIUAMU OT YeTHIPEX apryMeHTOB.

B pesynbrare npejBapuTebHOM 00pabOTKe BXOJHBIE OYy/I€BbI (DYHKIIUKA YIIPOIIAIOT-
ca. Ilpu jgekoMmo3uImm ceTu UCIOJIb3YIOTCS YeThipe MeTosa u3 ajaropurma Koxra. 9Ttu
METOJ[bI PA3JiarailoT CeThb Ha 2-, 3- U 4-BXOJIOBBIE OJICETH.

B xome cBoeit paborsl aiaroputM MLUT ucnosb3yer Tabimily moucKa MarKOpuUTap-
HBIX BbIpakeHuit. OHa CTPOWTCS MyTeM NeHEepPAINN SKBUBAJEHTHBIX MAayKOPUTAPHBIX BbI-

pakeHUil i BCEX BO3MOXKHBIX OyJIEBBIX (DYHKIMII OT 4YeThIPEX apryMeHTOB. Tabsmia
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COJIEPYKUT JIEBSAAHOCTO YeThbIpe OYJIEBBbIX (DYHKIIUU U UX SKBUBAJCHTHBIE MayKOPUTAPHBIE
BhIpazkeHns. Ha ocHoBe 3Toil TaOIHUIIBI KaxKIbIi y3eJ, UMEIOIUil 10 YeThIpeX IepeMeH-
HBIX, IIpeo0pa3yercss B COOTBETCTBYIONIEE MayKOPUTAPHOE BbIPAKEHHE.

Jlasee mpoBoUTCA yiaaeHne n30bITOTHOCTH. DTOT IPOIECC, COCTOSIIII 13 HECKOTb-
KHX ITaroB MOXKeT 00ecIieduTh JaJjbHelinee yipoiienne cetu. HaunmHaeTcs oH ¢ yiajieHueM
JIyOJIMPYEMBIX Y3JI0B. 3aTeM yJIAJsSIoTCs JyOupyroIie BXoabl y3/108. Hakownerr mocses-
HUI ar yerpaneHusi u30bITOYHOCTH COCTOUT B MUHMMU3AIMN IUCJIa UHBEPTOPOB (ecjiu B
CETH MMEIOTCsI JIBA MOCJIeI0BATEIbHBIX HHBEPTOPA).

Tak:ke BO3MOXKEH cjydail, Korja MaKOPUTApPHBI 3JIEMEHT B CEeTH HUMEEeT JiBa WJIU
TPU MHBEPTOpa Ha BXojie. Torja oH 3aMeHAETCS MMEIOIIUM €JIMHCTBEHHBII MHBEPTOP Ha
BBIXOJIe. Takoe yjajienne M30BITOYHOCTU IPOBOJIUTCS HEOJHOKPATHO, IOKa JaJIbHeInee

yipomeHune CTaHeT HEBO3MOXKHBIM.

3.4. CpaBHeHUe u 00cyKaeHne. Tpu BbIEN3/I0KEHHBIX METO I8 CHHTE3a, OTIMIAI0TCS
JIPYT OT JIpyra MeTOJaMU IIPeIBapUTeIbHOM 00pabOTKM, JTEKOMIIO3UIINHT, TPe00Pa30BaAHNA
1 KpUTEepugMU OIITUMU3aIUN — YHUCJIO 3JIEMEHTOB, F.Hy6I/IHa CXEMbI, 9YMCJIO UHBEPTOPOB 1
BO3MOKHOE YUUCJIO BXOJIOB 3JIEMEHTOB.

B crarbe [7] 06cyKaai0TCsl U CPABHUBAIOTCSI STAIBI JJAHHBIX aJTOPUTMOB: IPEI00pa-
OoTKa, JIEKOMITO3UIIUs, TpeodpaszoBaHue Oy/IeBbIX (PYHKIHI B BhIpasKeHUsI HAJl MaXKOPHU-
TapHBIMH, ONITUMU3AIIS 10 BHIOPAHHBIM KPUTEPHUSIM.

Jlastee npejicraBieHa caeayionas nHOOPMAIIHS.

1. Pesynbrarhl cuaTe3a CXEM BBIYUCIEHU BOCBME CTAHIAPTHBIX OYJIEBBIX (PYHKIINN OT
3-X TIepeMeHHBIX Pa3JIMIHBIME MeTogaMu. [IpuBeeHsr Irc/Io 971eMeHTOB, TIyOnHa
CXeMBbI, 9HCJI0 NMHBEPTOPOB M BXOJIHBIX IIEPEMEHHBIX. I3 mMOIydYeHHBIX Pe3yIbTaToB
caenyer, aro MALS maer onTumabHOE pelieHne J1jisi HEKOTOPBIX (PYHKIINIA, B TO
Bpems Kak ajroputmbl Konra m MLUT nosygaior onTtuMasibHble BbIPpAXKEHUS I10
YUCJTy JJIEMEHTOB, YPOBHEl W MHBEPTOPOB i Bcex OyseBbix dyHKImit. OgHaAKO
HU OJWH U3 3TUX METOJ0B He IPUBOIUT K MUHUMAJBHOMY KOJUIECTBY BXOJIOB Y
SJIEMEHTa JIJIsi BeeX (DYHKITHIA.

2. CpaBuenne pe3ysibTaroB cuHTe3a 40 TECTOBBIX (DYHKIHI ¢ MCITOJTB30BAHIEM BbIIIIe-
OIIMCAHHBIX METOJIOB CHHTE3A.

3. AnaJim3 BO3MOXKHOCTEH ONTUMU3AIUN JIJIs BHIIICOIUCAHHBLIX METO/IOB.
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SPECIAL TRIGONOMETRIC SERIES IN THE PROBLEM OF PERIODIC SOLUTIONS.
Nikitin U. 1., Sakharov A. N.

Abstract. This paper describes a method for constructing periodic solutions for special-
type nonlinear equations with periodic coefficients. The basis of this method is to represent the
desired solution in a nonstandard trigonometric series as a power series in sint. The coefficients
of such a series are calculated in a recursive way. Such a representation is permissible not
only for continuous periodic solutions, but also for solutions with singularities. In addition, the
representation of a singular solution in the form of a non-standard trigonometric series allows
localizing its singularities. The equations in question may also have singularities. When finding
singular solutions, we use the assumption that in the case of the existence of two such solutions,
they are connected by a certain equality. Using this relationship, you can get the equation for
these periodic solutions, either as a linear equation of the second order or as an equation of the
first order. This allows, for example, to find the boundary curves for the stability zones of the Hill
equation with a parameter. The results obtained on the existence of singular periodic solutions
supplement the general theorems of 7] obtained by other methods.

Keywords: nonstandard trigonometric series, periodic solutions, singular periodic solutions

1. BBEAEHUE

3ajilaga 0 CyIIECTBOBAHWH MEPUOIUICCKUX pelteHnit y auddepeHnuajibHbIX ypaBHe-
HUIT BUIa
Z+a(t)r = b(t)a™ + c(t), (1)
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rie a(t), b(t), ¢(t) — T-nepuonndeckue yHKIWMH, a m € Z, aKTyaJbHa JIJIs Psijia TPaKTh-
YeCKUX TPUJIOZKEHUIT (B OCHOBHOM, B HEDECHO! U KBAHTOBON MeXaHUKe, 6uosorun). Y pas-
Henue (1) MOXKHO paccMaTpUBaTh KAk HeJMHEHHOe BO3MYINEHHE yPaBHEHUs XUJLIa: Pe-
ryagpuoe, ecaim m > 0, qubo cunryngpuoe, ecin m < 0. KoncrpykTusHoe mocrpoeHue
[IEPUOINIECKUX PEIeHUl TaKUX YpaBHEHUM, KaK MPABUJIO, UCIOJB3YET AIapaT PsiIOB
Dypbe, b0 mpejcTaBieHne ¢ moMolbio dyukiun 'puna. OHako, B psijie ciaydasx Ie-
JIecoobpa3Hee UCKATh MEPUOINICCKIE PEIICHUs B BUJIE PSAJIOB 110 CTEIEHSIM CIEIHaIbHO
BBIOMpaeMbIX (DYHKINH, KOIMDDUITMEHTHI KOTOPBIX MOJIYYal0OTC PEKYPPEHTHBIM CIIOCOO0M
(em., nanpumep, [1]). Takue psiabl IPUHATO HA3BIBATEL CREUUAALHOMU PAIAMU.

Byzaem cuurars, uro nepuox I' koaddurmentos B ypasueruu (1) pasen 27. Pacemor-
PUM BO30KHOCTBH IMOCTPOCHUSA 2T-IIEPUOUICCKUX PEIIICHUI 9TOr0 YPaBHEHUSA 110 CTEICHAM
sint. Kak Oyaer mokasaHO HEUKe, TAKOe IPEeJICTABICHNe MMO3BOJISIET HAXONTh HAPSIILY C
OOBIYHBIMU U 0COObIE TIEpUOuecKre perntenus. HarmoMumm, 910 27-1mepuoauaecKoe pere-
ure x(t) ypaBaenns Buza (1) HazpiBaeTCs 0COOBIM, ecyiu Ipu HeKOTOpoM t* € [0, 27|

lim
ot

z(t)] = oo.

Texanka paboTsl ¢ 0OCOOBIME PENIEHUSIMHU JOCTATOYHO IIOJTHO OTpaXkeHa B KHHUTE |2].

B nannoit pabore miag ypasrenuit Buga (1) mpu HAXOXKJIEHUH OCOOBIX PEIIEHUT MbI
6y/IeM HCIIOIB30BaTh cyetytormuii mpueM, npesokennsiii E.A. Cumopossim B [6]. Jorry-
cruM, 9To ypaBaenue (1) umeer aBa nepuojmueckux pernerust i(t), Ta(t), CBsI3aHHBIX
COOTHOIIIEHNEM

xo(t) = w1(t) tgt. (2)
Torna, ecyim H3BECTHO OJIHO M3 HUX, JPYTOe SBJSETCS IEPUOAUIECKNM DEIIeHNeM BIIOJIHE
onpeieseHHoro auddepeHIaIbHOro ypaBHeHns: (BO3MOKHO, ¢ CHHIYJISIPHBIME K03(hdhu-
[MEHTAMH ), 9TO CYIECTBEHHO O0JIerdaeT MOCTPOEHHE TAKUX PEIIeHHi.

Bamerum, uro ecsu B ypasaenuu (1) ¢(t) = 0, vo a(t) # 0, To 3a1a4a CyIeCTBOBAHUS
[EPUOINIECKUX PEIIeHN, YI0BJIETBOPSIONINX COOTHOIIECHHIO (2), CBOAUTCS K OTHICKAHUIO
[EePHOIMIECKUX PEIeHnil ypaBHeHust 1-ro mopsijika, MHTErPUPYEMOro B KBAPATyPax.

Pabora opranmzoBana ciiegyiomuM obpaszoM. B pasnesne 2 npesjioKeHHasT METOIU-
Ka FICIIOJIb3YETCs JJIsi HOCTPOEHUS MEPUOINIECKUX PEIIeHnil HeJTMHEHHOr0 ypaBHEHUs C
KyOudaeckoii nesmueitnocThio. IloKasbIBaeTcs, UTO 3ajatda CBOJANTCH K HHTETDHPOBAHIIO
mmneiinoro ypasuenns [ofina ¢ cunryiasgproctsavu (3], [4]. DTu pe3ynbrarsl TOHOTHAIOT
PsiJl TEOPEM W3 CPABHUTEIHHO HOBOW pAbOTHI |7, MOIYIEHHBIX IPYTUME METOIAMH.

Te ke camast 3a/1a9a, IPUMEHUTEIHLHO K YPABHEHNIO € KBAAPATHIHON HEJTHHEHHOCTDIO,

paccMaTpUBAIOTCA B pasjese 3.
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Pasjies1 4 mOCBSIIIEH TIOCTPOEHUIO TPUMEPOB MEPUOMUECKUX PEIIEHU, YIOBIETBOPSI-
fomux coorHomenuto (2), aisa auddepennuanbubix ypasaenuit lydbdunra-Marbe u Ep-
MAaKOBa.

B nocsieiaee Bpemst npusiekaer ocoboe saumanue ([8], [9], [10]) 3amaqa o cymecrBoBa-
HUM 3HAKOIIOCTOSIHHBIX [IEPUOJIMIECKIX PEIleHuil J1jisl ypaBHEHUI 2-T0 OPsIJIKa C [IePUO/IH-
geckumu Kodbduimentamu. ra 3a/1aua paccMaTpUBaeTCs i ypapHenus & = |z|>+ f(t)
B pa3zjiese d.

Bo Bcex cirydasx i MpeJcTaBIeHrs TePUOJANIECKUX PEIeHN UCHOIb3yIOTCA Pas-

JIOYKEHUS B PSAJBI IO CTENeHAM sin t.

2. IIEPUOUYECKUE PEILEHUS [1JIsI YPABHEHUSI C KYBUYECKOMN
HEJIMHEMHOCTBIO

PaccmoTpuM ypaBHenue Bujia
i = b(t)x®. (3)
[IpeanonozKuM, 9To ypaBHenue (3) uMeer napy HeTPUBHAJILHBIX [IEPHOIMIECKIX PelIeHnil,
yaosersopsonux (2). Iloxcrasum 910 coornomenne B ypasuenue (3). Ilpu srom s

x1(t) mosyuaercs nHeiiHOE ypaBHEHNe

rsint

=0, (4)

tgt —tg3t)d + 2
(te g't) cos?t cos3t

T
KO3 DUIUEHTHI KOTOPOI'O UMEIOT OCOOEHHOCTU B TOYKAX N U iz + nm. leiicTBuTeNIbHO,

IpHU 3aMeHe To = 1 tg 1l nojsyvyaeM ypaBHEHUE

2sint 3

2
Fptgt + i —— + —b(t)ritg’t = 0.

Ty——=~
cos?t cos3 ¢
Tak Kak b(t)x? = Z1, To mosTyuaem ypasnenue (4). Ero obiiee penenne BuIpazkaeTcs qepes

bynxmum Toitral

0 CivV2cos?t —1
x ==
V1 —3cos?2t+ 2costt
Cov2cos?t — 1cost

V1 —3cos?t+ 2cos*t

rie w[ayq,aﬁm(;](z) — perrenune ob1iero ypapaenus loitna:

d*w (7 ) +a+6—7—5—|—1)dw affiz—q

Wi /2,1 /8,—1/2,—1/2.1 /2.1 /2 (COS )+

Wit /2,-1/4,0,0,3/2,1/2) (COS” 1),

= T\ z—a E—'—Z(Z—l)(z—a)wzo' (6)

yrn dbyuxmn 66U Briepsoie nccnenosanbl K. ToiiHoM Gostee cra et Hazaz [3]. Ceituac oHM aKTHBHO
UCHONIB3YIOTCS JIJIs TIPEJICTABJIEHNs] PEIleHNH ypaBHEeHNH KBaHTOBOH dbusuku (cMm., Hapumep, [4], ri. 3,

[5)-
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Teopema 1. Ecau duddepenyuanrvhoe ypasnenue (3) umeem napy HempuuaibHbiT nepu-
00UMECKUT PEWEHUSA, YOOBALMBOPAIOULUL COOMHOWEHUIO (2), TR0 ONU ABAAIOMCA 0COOBLMAU.
Boaee mozo, 6ce pewenus, Kpome mpusuasoHo20, ABAAOMCA 0COOBIMU NEPUOOUYECKUMU

PEWEHUAMU.

Jlokazameavemeo. YTBEP:KIEHIE TEOPEMbl MOYKHO JIOKA3aTh, UCIIOJL3Ysl IIPeICTABIEHNE
(5) u croiictBa dyukiwit [oitra. MbI 1auM mpsiMoe JTOKAa3aTebCTBO € TIOMOIIBIO allla-
para ClenyaabHbLIX TPUIOHOMETPUIECKUX PIAIO0B.

[Iepuouieckoe perenne ypaBHEHUs (4) Oy/JieM UCKaThb B BUJIE CIHEIUAJIBLHOIO PSIa
o0
$(t) = aysin®t. (7)
k=0

[Mozcrassst 9ToT psij B ypaBHeHue (4), TOTyYINM PEKYPPEHTHOE YPaBHEHHUE JIJIsI OIIPe/Ie-

JieHusT KO3 UIINEHTOB ay:

a, = O, Ay = —%7 as = O,
BN Gt Vit LT T k) S S (8)
K+l = Gt 1)(E+2) , =3,4,....

Periennst 3Toro ypaBHeHns 3aBUCAT OT OIHOTO IIPOMU3BOJILHOIO ITapaMeTpa: KodhuimeH-
Ta ag. Bece HedeTHbIe KOad duineHTsl paBHbl HY/110. Ecim ag < 0, To Bce yeTHbIE KODDU-
UEeHTHI aop > 0 pu k£ > 1.

CxotmMOoCTD psiia 00ECIIeInBaeTCs BBIMTOTHEHINEM YCIOBUI CJICYIOMEN JIeMMBbI.

Jlemma 1. Ecau npu mwexomopom kg > 5 svinoanaemcs nepasencmso 0 < ag,—3 < Qgy—1,
mo ons ecex k > kg 6bN0OAHANOMCA HEPABEHCNBA

a: Agy1 > Ag—1;
b: 0 < api1 < 3ag_1.

Caedosamenvno, psad (7) crodumces npu |sint| < R, 2de R < /3.

Jloxazameavcmeo. Hepasencrso a cienyer u3 (8). 3aMeHuM ay_3 Ha ag_1, TOLIA
k2 + 6k — 17 - 3k — 19

————— = Q- —_— .

k2 + 3k +2 ol k2 +3k+2

AnaJyiornaHo BBIBOJIUTCA HEPABEHCTBO b:

_ 3k2—6k+3< 5 15k + 3 _3
a Ay-1—F """ ap_— e —— ap—
T gk o k? + 3k + 2 ko

upu k > ky. Jlemma goxkazana.

Ak+1 > Ag—1

“Taurida Journal of Computer Science Theory and Mathematics”, 2020, 2



CneuyuaabHvie mpuzoHomempuieckue pado. 8 3adave 0 NEPUOOUHECKUL DEULEHUAL 65

Pan (7) MmoxkHO 3ammcaTh B Buje

o
ag + E ay sin?* t,

k=0
rie ap = asy. VI3 HepaBeHCTBa,
) ag 1
lim |- < =

CJIJIyeT, YTO PsJ 10 CTeNeHAM Sin®{ CXOMUTCS Ipu |sint] < R, tne R < V3. Tlpu
t — t* = arcsin R psz (7) pacxomutcs, To ecTh ypasHeHue (3) mmeer ocoboe mepuo-

JAUIECKOE pelIeHue.

307

204

|
|
|
|
10- |
|
|
l
[

Puc. 1. T'paduk orpeska crenuaabHoro psiga (7) mis periennsi ypaBaerust (4).

Yro6bI JJOKa3aTh TEOPEMY HEOOXOMMO TOKA3aTh, UTO ypaBHEHUE (3) MMeeT JIMHEHHO

HezaBucuMoe pemntenne © = P(t), neorpanndennoe npu t — 0. Ilpencrasum @ (t) B Buge

psza
o0

Z by, sin” ¢,

k=—1
HOJIyYNM PEKYPPEHTHDLIE COOTHOIICHUSI, KOTOPBIE OIPEACISIOT KO3(MDMUIMEHTHI Psija ¢
TOYHOCTDHIO JI0 MMOCTOSTHHOTO MHOKHUTENs b_1. PekyppenTHbie (hOpMyJIbl TOTYYalOTCA OT-
JeAbHBIME JIJISI 9eTHBIX U HEeUEeTHBIX KO3(MUIIMEHTOB, IIPUYIEM /IS 9eTHBIX K03hduim-
eHTOB PeKypeHTHOe cooTHoIIeHne comaaaet ¢ (8). [Tosromy psi ayst $(t) Gymer cymmoit
JBYX psiioB ¢(t) mist deTHbIX Koabdurmentos u (t) mis vHederHsix. [IpoBepka ycmosmii
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aeMMbl 2.1 maer Ty ke camyto obaacTb cxoauMocTi (Kpome 3Hadenuii ¢ = kw). Cire-
JIOBATEJILHO, CYIIECTBYET JIMHEHO He3aBucHMOe 0coboe mepuojamdeckoe pertenne O(t) u

TeopeMa JIOKa3aHa.

Bameuanue 1. [locse mojcranoBku cooTHoreHust (2) B ypaBHEHHe
i = b(t)z®™ m € N,

roJiydaeM JIMHeHOe ypaBHEHUe, PelleHns KOTOporo npu m = 1,2 BbIpaxKalTcs depes

nepuojinyueckue dbyuknun n Gyukiun [oitHa.

3. YPABHEHUS C KBA,H,PATI/I‘IHOI‘/'I HEJMHENHOCTBIO
PacemorpuMm renepn ypaBHenue
i = 2° + csint. (9)

DTO ypaBHEHHE HE MOXKET UMETh OIPAHUYEHHBIX ePUOINIecKuX pemnenuii. JleficTBureib-
HO, ecjii ObI TaKOe pellieHre CyIeCTBOBAJIO, TO Cpe/IHee 3HAUEHHE Ha IEePUOJIe JIEBON JacTh
PaBHO HYJIIO, a IPaBOil He PABHO HYJIIO.

[ToncranoBka coornomenust (2) B ypaBaernue (9) gaer mis () ypaBHenne Pukkaru

C CUHTYJISIPHBIMU TIePUOUYeCKIMEU KOodhduiimenramu

. ,sin’t — costsint . cos’t —sintcost
T+artgt == 5 + csint 5 : (10)

2

[TosroMy mpoiie HCKATh MePHOIMYeCKIe PEIeHns” HellOCPEeICTBEHHO JIJi ypaBHeHus (9).

Teopema 2. Vpasnenue (9) wmoorcem umemsv ocobue pewenus, npedcmasumoie 6 6ude

pada (7).

Jloxasamenvcmeo. Ioncrasum pan (7) B ypasaenne (9):

0 oo k
Z(k(k‘ —1)sin" 2t — k?sin* t)a, = Z Z a;jap_jsin®t + bsint.

k=0 k=0 j=0

Cunras ap U ap IIPpOU3BOJIBHBIMU, II0JIyYaeM

a? b+ 2apa, + a4 a? + 2agay + 4a,
ag = —, a3 = s ay = .
2 6 12
k%a 1 b
Apio = b + E a;0k—j, k> 2. (11)

(k+2)(k+1) (k+2)(k+1)

J=0

21\/IO}KHO HUCKaTb MMEePpUONIEeCKNE PEIICHUd YPpaBHEHN A (10), paccMaTpuBasd €ro KakK BO3MYIIIEHUEe NHTEPpU-
pyeMoro ¢ napaMeTpoM BO3MYIICHUA C.
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[Tokarkem, 9TO TpHW HEKOTOPOM Habope ag,ai,b psn Oymer MMeTh HEHYIEeBOW pa-
muyc cxogumoctu. Ilyers kosddurmentsr ap (K < m) yIOBIETBOPSIOT YCIOBUSIM
0 < ar < M < 1. Ucnons3ys paBerctso (11), mosydnm mo wHIYKIWA 11 k > m
K2M + 2(k + 1) M? - M(k* + 2k + 2)

(k+2)(k+1) (k+2)(k+1)
Takum 0Opazom, Mpyu HEKOTOPBIX MOJIOKUTETBHBIX (g, A1, b IOy YeHHBIH P CXOAUTCA TPU
it < 3.

< M < 1.

Q2 <

s
HOCTpOGHHOG pemieHue CTpEMUTCA K OECKOHEYHOCTH Ipu t— 5 HOCJIe,ZLHee ciaenyer

I3 TOTO, UTO IIPH JIOCTATOYHO GOIBIMIX K CIpaBe/yInBo HEPaBeHCTBO a; > M?2. JleiicTsu-

TEJILHO, UH/IYKIHel 110 k MOXKHO 1TOKa3aTh, ITO
1 k2 M
(k+2)(k+1) (k+1)(k+2)
e = 1/M — 1 > 0. ITosromy tipu jroctarouso 60Jbux k
(14 o
(k +<1)(k +)2) >4

TO €CTh CIPaBeINBO HepaBeHCTBo ay > M?. Otciosa cieyet, 4To ecau t — /2, TO psij

Ui > (M?k* + (M — M*)k?) = (1+a),

PacxXoJuTcCd, 1 YpaBHEHNE HE MO2KET UMETH OI'PaHMYCHHBIX IMEPUOINICCKUX pemeHHﬁ.

184 n H

Puc. 2. T'paduk orpeska crennaabHOro psija (7) st IepUOANIECKOTO PEIIeHNUsT
ypasHenust (9).

Bosee unrepectpiM sBiIsieTcs cIydail ypaBHEHUST
.. 2
Fsint = 7, (12)

y KOTOPOT'O CYHIECTBYIOT JIBa lepUOJIMYecKnX pernteHus: r = 0 u x = —sint.
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Teopema 3. Ypasuenue (12) ne moorcem umems nepuoduueckur pewenud, yoosaiemeo-
pAawuLT coommnoutenuro (2).

Jlokasamenvcmso. JleficTBuTesibHO, MOJCTAHOBKA cOOTHOIIEHUs (2) B ypaBHenue (12) na-

eT ypaBHenne bepnysimn

cost(tgt — 1
b= —wtgt+ (g )$27
2
BCE pelIeHnsT KOTOPOTo
4cost

x(t) =
(*) costsint +cos?2t+t+C

HEIIepruoJuIHbI.

Kpowme toro, 3To ypaBHenue ne nMeer JApyrux MepPUOJNIECKUX PEIIEHUN, KpOMe yKa-
3aHHBIX BBIIIE. DTO CIEYET U3 TOrO, YTO HUKAKOH TPUTOHOMETPUIeCKHil psay (axe (op-
MaJIbHBI) He yJIOBJIeTBOpsieT ypasHeHuo (12).

Erre oun nmpuMep ypaBHeHUs ¢ KBaIpATHIHON HEJIMHEITHOCTHIO, UMEIOIIEro CEMeCTBO
0COOBIX peIleHuii:

i+alt)r = 2° (13)
CoorsercrByIree ypasHenne Jyist xq(t)

i+ atgt = 2°(tg’t —tgt)cos’t

UMeeT CeMEeNCTBO MePUONYECKUX PELICHUNR

3cost
t,.C) =
2(t,C) C —cos3t —sin’t
"
(neocoGprx mpu |C] > 1.) Orciona nozytaem koshdumment a(t) = z(t, ) — CEEJ g;

4. IIEPUOAVNYECKUE PEIIIEHUSA YPABHEHUA [Y®PUHTA-MATBHE

Nnmerorest pa3zHOOOpasHble PE3yJbTaThbl O CYIIECTBOBAHUM MEPUOAMYECKUX PeleHuii
JJId YypaBHEHUN BUAA
Z+a(t)r = c(t)x™, (14)
B TOM 4HCJIe U CUHTYIApHBIX 7], [8] u ap. B HekoTopbix paborax ycraHABIUBAETCS CYIIE-
CTBOBaHHE JIBYX MOJIOKUTEIbHBIX PEIIeHU WM PEIeHu i MPOTHBOMOIOKHBIX 3HAKOB (9],
a TakzKe OECKOHETHOIO JHC/Ia Teprojndeckux permennii [10].
Ypasuenust Tuna (14) m0myckanT IpUMEHEHRE TPHeMa HaXOXKJCHUS TePUOJINIECKUX
perieHuii, cBa3aHHBIX cooTHOIIeHneM (2). PaccMoTpum ¢ 9TOil TOUKEM 3pEHUsT PEeryJisp-
HBIT coydail sToro ypaprenus, korga |m| = 3. B pabore [8] mokasaHo cymiecTBoBatme

JIByX Tiepuojmdeckux perrenuiit ypasuenus /lyddbunra-Marbe, HO He yKazaH aJaropuTMm
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X 9UCJICHHO-aHAJIUTNYECCKOI'O HaXOXKJJICHUA. HI/I}Ke yKaBaHbI ceMelcTBa ypaBHeHI/Iﬁ B 1a
(14), nomyckarorue CyIecTBOBAHIE TAKOIO aJIlOPUTMA.

YromsiHy THIi BbIlle pe3yiabrar 00 ypasuenun /lydduara—Marbe
&+ (a+bcost)r +cx® = 0 (15)
u3 paborsl [8] 3akiouaerca B ciaeytomieM. Ilycrnb
At ={a+bcost € L'(0,27) : a+bceost >0, |la+ beost|, < K(2p*)}>.

Toryia npu BbinoHeHun ycjosus a < b < 0 < ¢ wm a + beost € AT ypasuenue (15)
HMeeT, 110 KpaliHeil Mepe, J1Ba HETPUBUAJIbHBIX I€PUOINIECKUX PEIleHUd.
JlotoTHUM 3TOT pe3ysIbTaT 3a/iadeil O CyIeCTBOBAHUY ITapbl IEPUOIMIECKIX PEIEeHUI,

YZOBJIETBOPSIIOIINX COOTHOIIECHUIO (2) Jist ypaBHEHHsI BUJIA
i+a(t)r = 2% (16)

Pertenne nocraB/ieHHOl 3a/1a91 CBOAUTCS K IIOCTPOEHUIO COOTBETCTBYIOMIEro Koadduiu-
enra a(t).
Ecin x9(t) — pemenne (16), To npu 3amene xo(t) = x1(t) tg ¢ moaydaem paBeHCTBO

sint

1

+a(t)x tet = 23tgdt.
cos?t Lcos3 t (t)a tg 18

Boluurtas u3 nero ypapnenue i + a(t)r; = x3, ymHOKeHHOe Ha tg ¢, OTyUaeM ypaBHEHHE

Bepnysum
2 sint
i 2 = 2°(tg’t — tgt
Yeos?t + Yoottt ¢ (ts gt)
KOTOpOE MMeeT JIBa CeMeilcTBa 2T-IepHOINIeCKIX PENIeHuit
4dcost
C — cos 4t
(meocobwix mpu |C| > 1). Iomcrasiss mepuoantdeckoe perenne B ypasuenue (16) mosy-
JaeM
8+ 8cos2t + 8cosdt  2cos3t —2cosdt 6 — 6cos8t
a(t) = 1+ - - — : (17)
C' — cos4t (C'— cos4t) cost (C' — cos4t)?
Teopema 4. Vpasuenue (16) ¢ kosfguyuenmom (17) umeem dsa 2m-nepuoduveckux pe-
WeHUA A eost Lsint
cos sin
r(t) = —— To(t) = ——— C>1,

VO —cosdt’

ydosaemsopaowur yciosuto (2).

VO — cosdt’

33mech || - ||, obosmadaior obbranyio LP-nopmy Ha [o,27], p* ompemensiercss kak p* = p/(p?l), ecim
1<p<oo,up*=1, eciu p=oc0.
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PaccMoTpuM Teneph ypaBHeHne Epmakosa’

b

I+a(t)r = et

(18)

HomycTtum, 9TO 9TO ypaBHEHHE MMeeT JIBa MTePUOIMIECKAX PelleHns, CBA3aHHbIX COOTHO-

menueM (2). Torga mis x; mosgydaeM ypasHeH#e

228 . sint b 1 tot
T x =b|l— — :
cos?t cos3 t tgdt &

Ono mMeer JiBa ceMelicTBa OCOOBIX 27T-TIEPUOIUIECKIX PerTeHnit

ié/(CSiHGt—QCSiHZLt-F (C +b)sin®t — b)sin® ¢
sint '

Teneps naiigem kosddunment a(t):

a(t) = —(4C%cos?t —12C% cos' t + (12C? + 20C") cos® t — (4C? + 40C) cos® t+
+(26Cb + 4b*) cos* t — (6Cb + 4b%) cos* t + 3b?) /(4(C? cos® t — 2C? cos® t+

+(2Cb + C?) cos*t — 2Cbcos® t + b*) sin®t cos? t).

Hns ypasrenns (18) ¢ takum koadduimenToMm a(t) nMeer MeCTO aHAJIOr TeOPEMbI
4.1.

Bameuanue 2. Ypasuenue (1) npu a(t) =const u m = 3 nocsie MOJCTAHOBKU COOTHOIITE-

Hus (2) npeobpasyercs B ypaBHEHHE

2T 2rsint

i(tgt —tg>t) + +a(tgt —tg® t)o — c(t)(1 — tg*t) = 0.

cos?t  cos?t
DTO ypaBHEHHE NUMeeT 00IIee pellenne, BrIpazkatomieecs: depe3 GyHkmn [oifHa 1 ux mpo-

u3Bojable. Hanpumep, ecom ¢(t) = 0, To perieHue numeeT BUJL

x(t) =

C1(2cos?t — 1)?
sint

Wt /2,(—20—a3/249/at+18) ) (164-8v/@).,3/2-4v/a/2,(vVat6—a)/ (4+2v/a),1/2,1/2) (COS” )+

+Cg cost(2cos’t —1)?

sin t WI1/2,(—a3/2—2a+22+/a+44) /(16+81/a),2++/a,(2y/a+8—a) /(44+2+/a),3/2,1/2)] (C052 t).

4B AHTJIOA3BIYHOI MaTeMaTUYIECKOMI JINTEPATYPE 9TO YPaBHECHUE U3BECTHO KaK yYpPpaBHCHUE Iunnmn.
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5. YPABHEHUSI C MOJYJIEM

S,ZLGCI) METO/, CliIenUaJJIbHBIX TPUTIOHOMETPUYICCKUX DAJOB IIPDUMEHACTCA HAJId ITIOCTPOE-

HUSI TOJIOKATEILHBIX (OTPUIATEBHBIX) MEPUOJINIECKIX DEIIeHNil ypaBHEHIs
i = |z|* + a4+ bsin(t). (19)

Teopema 5. Ypasnenue (19) mooicem umems nepuoduueckue pewenus, npedcmasumoie
6 eude pada (7).

Jloxazameavcmeo. Homycrum, aro (19) umeer mojioxKuTeIbHOE MEPUOMIECKOE PEICHNUE,

npejicrasumoe B Bujie paja (7). Togcrasum sror psaj B ypasaerue (19):

00 00 k
Z(k(k —1)sin® 2t — k?sin* t)a, = Z Z a;a;a_;_;sin®t 4+ a + bsint.
k=0 k=0 i,j=0

Cunraga Qg 1 a1 IIPOU3BOJIbHBIMHU, IIOJIydaeM

ag +a o b+ 3aZa; + a; Y 3a2ag + 3adas + 4as

2 7 BT 6 roT 12 '
k%a 1 k

B2 TRkt D) krkt D) ; itj Mh—i=j»

[Ipu HEKOTOPOM HabOpE ag, a1, a, b psaja OyJIeT UMETH HEHYJIEBOW PAJINYC CXOJIMMOCTH,

Ao —

k> 2. (20)

9TO MOYKHO JIOKA3aTh 0 MHIYKINH, UCIOIb3ys paBeHcTBO (20). Ilycrs K03 dumenTs

ar (k< m) ynosnersopsitor yeaosusam 0 < ap < M < —~=- Torna nis k > m nveem

V3
KM +3(k+1)M3  M(k*+ 3k + 1) P 1
(k+2)(k+1) (k+2)(k+1) 3

Takum oOpa3oM, NpH HEKOTOPBIX IOJIOKUTEJILHBIX ag, (1, a,b TOJyIeHHbI Pl UMeeT

Apt2 <

HEHYJIeBOU IIPOMEXKYTOK CXOJUMOCTH.
Ha puc. 3 npejictaB/ieHo TOJIOXKUTETLHOE PENIeHNe YPaBHEHU S

3sint
2 )

i=lz@)P -1+

IIOJIYYE€HHOE C IIOMOIIBIO Pd/ia 110 CUHYCaM.

6. SAKJIFOUEHUE

ITosmmas KapTuHa IIOBEJCHUA CUHTYJIAPHBIX IIEPUOJNICCKUX pemeHHﬁ HEBO3MOXKHA 6€3
OIIMCaHUAd MeXaHU3Ma HUX IIOABJICHUA B YPpaBHEHUAX BUIa (1) HpI/IBe,ILGHHI)IG BBIIIIE IIpHUME-
PBI IIOKa3bIBalOT, ITO HpeﬂHaFaeMbeI METO HaXO2KJACHUA CUHTYJ/IAPHBIX INEPUOAUMICCKUX

pelennii CBOIUTCS K HAXOXKJIEHUIO TaKUX PeIeHuil b0 Jijis JIMHEHHBIX YpaBHEHH 2-10
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n 2n 3n 4m S5m 6m Tn 8w

Puc. 3. TonoxurenbHoe mepuoantieckoe perienne ypasaenus (21).

opsijIKa, JIMOO HEeJIMHEHHbIX YpaBHEHU 1-ro mopsijiKa ¢ CHHIYISPHBIME KOddduiinenTa-

vu. B mpocreiiniem ciyuae — 3T0 ypaBHeHHE Ha TOpe BHJA
0+ tgtsind = X + a(t) + b(t) cos b, (22)

rie a(t) u b(t) — HenpepbiBHbIe mepuojgndeckue GyHKIMU, A — mapamerp. Vcmoub3ys
arnpokcnmarmn p(t) mug Gyaknuu tgt (Hanpumep, ammpokcumMario [laje), Bo3MOXKHO
CBECTH 3aJatdy O POXKJECHHN OCOOBIX peleHnii K ciydaro, ommcanHoM B [11], Tak Kak B
9TOM CJIydae CyIIeCTBYET MHBAPUAHT IOTOKA — YHCJIO BPAIIEHUA. DTO IPEIIOIOKEHIE
HOJITBEPIKIAETCS IUCIEHHBIME 9KCIIEDIMEHTAMI: HUKe puBejieH rpaduk (puc. 4) 3aBu-
CHMOCTH 9HCJIa BPAIeHHs p OT lapaMerpa A ypaBHeHus (22).

Crynenbku rpaduka (unmepsas, 3anuparius @a3vl) COOTBETCTBYIO 0DJIACTAM CYIIE-
CTBOBaHUS TIPEJIJIbHBIX [UKJIOB Ha Tope. [Ipu p(t) — tgt BO3MOXKHO MOsBIEHHE 0COOBIX
NEPUOJINICCKUX PEIICHUNA.

CoorHorerne (2) MoxkeT OBITH MCIOJB30BAHO U JIJIsi perieHns 6udypKaIMOHHBIX 3a-
nad. [Ipocreitmuii nmpumep Takoro Tuna npuBejieH B 3aMeTke [6], B KOTOpOil paccMarpu-
BaeTCs 3a/1a9a O BETBJIEHUN COOCTBEHHBIX 3HaUeHuil jijig ypaBHenns Xuwia-Marbe (0 mo-
IPAHIYHBIX KPUBBIX 30H ycroiunBocTH ). Hambosee mpocro pacemarpuBaercst ciydaii 1-oi

30HbI yCTOfILH/IBOCTI/I JJId YpaBHCHUA

I+ A+ef(t,e))z =0, (23)
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Cne'u,ua./t'buue mpuzoHoOmMemMmpuHecrue p.m?’bt 8 3adaue o nepuoduuecnusc peweHuax

N

)

o

Puc. 4. Yucmo  Bpamenus  IOTOKa, — TOPOXKJAEMOTO  ypaBHEHHEM
0 + p(t)sind = X+ a(t) + b(t)cos® (p(t) — ammporcumanus Ilae
tgt).

0.1

Puc. 5. I'panunpl 3aKkpaiieHHbIX 001acTell IBIAI0TCH MOTPAHUIHBIMU KPH-
BBIMU 30H yCTONYUBOCTH.

riae f(t,e) umeer mepuox w mo t. Ilpu A = 1, = 0 cymecTByloT jBa pelieHus
x1(t) = cost, xo(t) = sint, Tak uro wo(t) = z1(t) tgt.

[Ipu e > 0 poxarorcs jBa COOCTBEHHBIX 3HaUeHUs A1(g), Ag(€), pa3HOCTH KOTOPBIX
nponoprponasia €. Ipeanonaras, ato Ay — A, = —4e, noayaaenm xo(t, ) = et cost,
M2 =2—(1Fe)? f(t,e) = ecos®2t — 4cos2t. Obmee pentenue ypasuenns (23) s
rakoit dbyukuun f(t,€) BoIpazkaercst depes3 peleHusi KOH(MJIIOIHTHOrO ypaBHenus [oiiHa.
Kapruna mnoBeneHnst rpaHUYHBIX KPUBBIX 30H yCTOWYMBOCTH INOKAa3aHa Ha PUC. D, IJIE

n300pazkeHbl 00/1acTU 3aXBaThl (ha3bl HA IJIOCKOCTH MAPAMETPOB A\, €.
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B mporiecce HammcaHust 3T0i CTaThi ABTOPBI O3HAKOMUJIKCH ¢ paboroit [12], rie mpes-
JIOZKEH 001t MeTo 1 mocTpoeHus ypasuenuit [oitna u3 cucrem nuddepeHmaibHbIX ypaB-

HeHuit 1-ro nopgaka.
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ON ISOMORPHISM OF COMMON TYPE J-SELFADJOINT DILATIONS FOR LINEAR
OPERATOR WITH NONEMPTY REGULAR POINTS SET.

Tretyakov D. V.
Abstract.

The common approach to construction of J-selfadjoint dilation for linear operator with
nonempty regular point set is considered in this article.

Let A — linear operator with nonempty regular point set (—i € p(A)) and Clos dom(A) = ),
where $ — Hilbert space,

By :=iR_;—iR., —2R",R_;, B_:=iR_;— iR, —2R_;R’

Q+ = \/@, By = _#+Q+ — polar decompositions of By, Q4+ = Clos(Q+5).

Let @g), r=1,2 — arbitrary Hilbert spaces and
Fy ¢ dom(Fy) — DV (dom(Fy) ¢ @), Gy : dom(Gy) — P (dom(Gy) ¢ D), —
simple maximal symmetric operators with defect numbers (q—,0) and (0,q4) respectively,
moreover dim Q4 = dim ‘ﬁi(”) =qa,r =12 &, : m;” — 4, Uy ‘ﬂf) — 04 are isometries,
Vi, Wi — Cayley transforms of Fr and G4 respectively.

Let (%ﬂf), I‘(ir )> are the spaces of boundary values of operators F} and G i.e.:

ar,) Vfi.g1 € dom(FL) (FLfi.g0)0y — (f1. Fig)ey = FiTL .10 0) 0

6, )the transformations dom(F}) > f1 — Fil)ﬁ € %”i(l) are surjective.

aG:) Vf.92 € dom(GL) (GLfa, g2 — (f2,GLge) g = FilTL fo, T g0)

6. )the transformations dom(G%) 3 fo s T3 fo € %1(2) are surjective.
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Consider the Hilbert spaces H(" = ”D(_r) PHB ’DS:). Define in this spaces indefinite metrics
J0) = JET) ol J_(:) and selfadjoint dilations of operator A S:

)= SSvint ea, o enll, 0 (S vint) = 3 viest Ao
k=0 k=0 k=0

Analogously defined operator J).

The vector h; = (h(_l), ho, h(+1))T € dom(Sy) iff

1. B € dom(F);

2. oW = hg+ Q_0_TYrWY € dom(A);

3. &, TURY = TWRMN 10 7,Q. (A +14)p®, where T* = I + 2iR* .
If this conditions are fulfil, that for all hy = ("), ho, K{")T € dom(S,)

Sihy = S1(hY o, W) i= (F* 1D, iy + (A + i)™, F1a())T.

Analogously defined operator Ss.

Definition. Let Ly and Lo are Ji-selfadjoint and Je-selfadjoint dilations of operator A. L; and
Lo acting in Hilbert spaces 574 and .4 respectively and operator A is density defined in Hilbert
space $) C ., r = 1,2. Operators Ly and Ly are called isomorphic if exist unitary operator
U : 4 — 74 that:

1. Uh = h Vh € 9;

2. ULy C LyU,;

3.V h1 (S e%ﬁ : Uthl = J2Uh1.

Theorem. Operators S; and Se are isomorphic.
Some theorem’s corollaries are proved.

Keywords: J-selfadjoint dilation, isomorphism of J-selfadjoint dilation, maximal closed

symmetric operator, defect subspaces.

BBEIEHUE

DakTuuecKn IOHATHE JIMJIATAIMK JMHEHHOTO OIIepAToOpa BIIEPBBIE  IIOSIBJISICT-
ca y M. A. Haitmapka [1| B 1940 ropuy.

YHUTApHYIO JUIaTanuio ckarus srepsbie noctpout b. Cékedanssu—Hap [2]. Unes
JIJIATAIAN OKA3a/1ach OYeHb IIOJOTBOPHOI, OHA MPUHECIa MHOTOUYMCICHHBIE MPUIOKE-
HUsI B PA3/IMYHBIC MATEMaTHICCKUE MUCIUILIAHBL (CM., HAup., [3]). Ormernm, uro B [4]
OblIa TIOCTPOEHA YHUTAPHAS JUIATAIsT OOIIEro BHUJIA JJIst OIIEPATOPa C2KATHS.

Hanee, JI. A. Caxunosuu |5, A. B. Kyxens [6] n Ch. Davis [7] nesaBucumo apyr ot

JIpyra MOCTPOWn J-yHUTApPHbIE JTUIATAIMHI TPOU3BOJILHOTO OIPAHUYEHHOTO OIepaTopa.
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B 1977 roay B [8] Bhinta B cBer mmonepckasi pabora b.C. IlaBiosa, B KoTopoii ObL1a
IIOCTPOEHA caMOCOIIpsizKeHHast auaaTtamnus orneparopa Illpeannrepa. [Ipu sTom obracth
oIIpejie/IeHNsT UCXOHOIO OllepaTopa COBIaasia ¢ 00JIaCThIO OIPEeJIe/IEHUs COIIPSI?KEHHOTO
orepaTopa.

[Tosryuentbie pesyabrarsl Oblr 00001eHbr B padorax A.B. Kyxena 9] u FO.J1. Kyn-
psmoBa [10], B KOTOPBIX ObUIM HMOCTPOEHBI TPAHCJSIUOHHAS M CHEKTpaJbHas (HOPMbBI
CaMOCOIIPSI2KEHHOM IiIaTallii IPOM3BOJILHOIO JUCCUIIATHBHOINO OIlepaTropa ¢ HEIyCThIM
MHOYKECTBOM PETYISPHBIX TOYEK.

DTUMU Ke aBropamMy ObUIM MOCTPOEHBI TpaHC/sAIMOHHas |9 m cmekrpasbhas [11]
dopMbI J-CaMOCOTIPSIZKEHHOM JIUIATAIIMA [TPOU3BOJIBHOTO TJIOTHO 3aJJaHHOTO OIEPATOPa
C HEeIIyCTBIM MHOYKECTBOM PEryJIApHBIX TOYeK. [1032Ke BTOpBIM aBTOPOM OBLI JOKa3aH N30~
MOP(hU3M TPAHCIANMOHHBIX U CIEKTPAIbLHBIX (DOPM B CJIyUae CaMOCOIPSIzKEHHO JiiaTa-
mn [12].

B pabore [18]| 6bLia mocrpoena J-caMOCONpszKEHHAST JTUIATAIAsT OOIIEro BUJA st
[IPOM3BOJIBHOTO IIJIOTHO 3aIaHHOIO OIEpaTopa ¢ HEILYCTHIM MHOYKECTBOM PETYJISIPHBIX TO-
JeK. B ¢Bsa3m ¢ 3TUM BO3HUKAET BOIIPOC 00 uzomopduame deyr dusamayuti obwezo euda.

Pemrenuto sToro Borpoca mocsiiieHa JaHHas padoTa.

1. ITPEABAPUTEJILHBIE OIIPEJAEJIEHUA U ITPEIJIOXKEHUA

[TIycrs $) — rusbbeproso npocrpanctso (I'1), A — mioTHO 3aaHHbBI JIMHEHHbIH Ole-
parop, npuiem —i € p(A), R_; = (A +14)~'. PaccMoTpuM caMOCONpsiZKEHHBIE OIEpaTo-
por [0

B, =iR_;—iR",—-2R*,R;,, B_.=iR_;—iR",—2R_;R",
U UX HOJIAPHbIE pazioxkenns By = 7. |By|. Ilycrs Q4 = \/@ . Ompegennm gedeKTHBIE
noanpoctpancTsa onepatopa A: Q4 = Clos(Q+9).

ITycTn i)g&) — T'II, B KOTOPBIX JEACTBYIOT NPOU3BOJILHLIC 3AMKHYTLIE IIPOCTLIC MaK-
cUMaJIbHBIE CUMMeTpudeckue oneparopbl Fy ¢ unjekcamu jgedekra (0,q.) u (q_,0) co-
orsercrBerHo [14], tiae g+ = dim Q4 = dim ‘ﬁg), a m;” — nedeKTHBIE MMOIITPOCTPAHCTBA
oneparopoB Fly. Orciona ciemyer cyinecTBoBaHne nsomerpuii P : ‘ﬁil ) 0.

O6o3HaanM depes Vi IpocThie H30MEeTPUYECKUe OIIepaTopbl — Ipeobpasopanus Kam

oneparopos F. [14]:
Vo= (Fo+i)(Fo =)™, Vi = (Fy —i)(Fy +4)7
Nmeror MecTo creyioniue poOpMyJIbl 0OpaIeHns:

Fo=i(Vo+1)(Vo = 1), Fy=—i(Vy + 1)(Ve — 1)L
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AHAJIOTUYIHO ONPEJIESIOTCS TOIITPOCTPAHCTBA ’Df), 3aMKHYTBIE, TPOCTHIE MaKCH-
MaJibHbIe CHMMeTpuieckue oneparopbl Gy ¢ unjekcamu jedexra (0,q.) u (q—,0) coor-
BETCTBEHHO, (+ = dim Q4 = dim ‘ﬁf ), a ‘ﬁ(f ) JiebeKTHBIE TOJIITPOCTPAHCTBA OIIEPATOPOB
Gy,a Wy : ‘ﬁf) — Q4 — usomerpun. CupaBeyIuBbI (POPMYJIBL:

W_=(G_+)(G_—9)7", Wy = (G4 —i)(Gy +1i)7".
G =iW_+1)(W_ -1, Gy = —i(W, +1)(W,y —1)"".

Onpegenenne 1. Ilaper <<74T),Fg:)>, re %”i(r)—FH CO CKAJIAPHBIMU POU3BEICHUS-

MH (-,~)(%0i(r),r = 1,2, TV : dom(F%) — A0, 19 dom(G?%) — A2 — oneparoper,

HA3BIBAIOTCS NPOCMPAHCMEAMY eparudnmr snavernud (I1I'3) onepamopos Fi u GY., ecom:
* * * . 1 1
aFj:) Vf? g e dom(Fﬂ:): (F:l:f7 g)gg) - (fa F:l:g)z)g[l) = :FZ(FEI:)JC? ]‘_‘El:)g):yfi(l);

6, ) orobpaxenus dom(F}) > f— IV e #Y ciopbextusnb
aa.) Vf.g € dom(GY), (GLf.9)p0 — (f,GLg)pe = FiTL £, TTg) Lo

6. ) orobpaxenus dom(G%L) > f — r?f e #% copbextusn.

U3 onpenenenus u dopmyn dbon Heiimana BbITeKaeT, ITO B HAIlleM CJIydae B Kave-
CTBE %ﬂi(r) MOXKHO B3$ITh IIOJIIPOCTPAHCTBA ‘ﬁ(ir), r=1,2.

[II'3 ay1st mcemeoBaHusT PA3JIMIHBIX CBOMCTB CUMMETPHYECKIX OIEPATOPOB € PAGHbI-
MU dehexmmvimu “wucaamy BIepBbie ObLIM BBeJeHbI B pabortax lopbauyka B. 1., Bpy-
ka B. M., Manamyna M. M. u [lepkada B. A. B 80-X rojiax mpoImioro CTojeTus u oKa3a-
JI, B JaJIbHelIeM, OOJIbITIOe BJIWSHIE Ha PEIleHre Pa3/IMIHbIX CJIOXKHBIX 33/1a9 B PA3HBIX
paszzenax mMaremarnkn (cM., Hamp., [15], [16], [17]).

Nmeror mecto pasencrsa 18] dom(FL) = ker ), dom(G+) = ker re.

Onpepenenne 2. Ilycts Ly u Ly — Ji—caMocoupsizkeHHast U Jo—CaMOCOIPSI2KEHHAsT JIJTa-
raruu orneparopa A, L u Lo JeficTBYIOT B THJILOEPTOBBIX IIPOCTPAHCTBAX #] U #5 COOT-
BETCTBEHHO, onepaTrop A mioTHo 3ajaH B rimyibbepToBOM IpocTpancTse ) C ., r = 1,2.
Omnepatopsr L1 n Ly Ha3BIBAIOTCS U30MOPPHLLMU, €CTTU CYTIECTBYET YHUTAPHBIN OlepaTop
U : 7 — 5 Taxoii,aro:

1. Uh = h Vh € $;
2. UngLQU;
3. Vhlejﬁi UJ1h1:J2Uh1.
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2. TEOPEMA OB U30MOP®U3ME AUJIATAIIUI OBIIErO BUJIIA

[Toctpoum renepsr I'Il H, = 2" g H P @Sf) u omnpegenum B H, omeparopsr

J, = JDeIe Jir), rje Jg), r = 1,2, 33JIal0TC paBEHCTBaMU:
O = Y ving €0 o e A0 (Soutng ) - Yovius! st
k=0 k=0 k=0

VY =3 Whmi € 9P, mif e mP, I Z Wimk> =D WEUL Fabimy,
k=

k=0
B TII H, ompememmm omepatopbl S,.,r = 1,2 caemyomum obpaszom. BexTopsbr
T
h, = (h(f),ho,h(f)) , T h(iT) € ’D(ﬁ,ho € $, npuHaIeKAT 00JIACTIM OIPEICICHIS

orepaTopoB S,., COOTBETCTBEHHO, TOIJIa U TOJBKO TOTJIA, KOIJIa

1) B € dom(Fy); P € dom(G~);

2) ¢ =nho+Q_d_TVnY € dom(A); v = ho+ Q_V_TP1? € dom(A);

3) <1>+r<1>h<1> 7o TV +i 7,.Q. (A+1)g;
v, F h(2) T*v_TPR® 4 i JoQr (A+1i)y, tne T* = I + 2iR* ;| [ -eauHnaHbIit
onepaTop B ).

T
Honst mobeix Bexropos h, = <h@, ho, hi”) € dom(S,) momoxum
T T
Suh = S0 (Y, ho, 12)" i= (F2h, —ito + (At i) g, F1RD)

T
Sahy = S5 (2, hg ,h@)) = (G20, —ing+ (A+ ) w, Gyn)
[To Teopeme u3 [18] omeparopser S,, r = 1,2 aBisoTcsa J,—caMOCONPIZKEHHBIMU [T~

TarusaMu oneparopa A.

Jlemma 1. Jlasa 06020 n € N umerom mecmo caedyroujue coommouleHus:
Five o vers w2V Ty, (1)
GLW? D WIGL T 2w TP, (2)
Jlokasamenvcmso. Jlokaxkem oo u3 Briodenuii (1). OcranbHble BKIIOUEHUS JTOKA3bI-

BatoTcsa anajorudHo. Ilyctb n = 1. Jlna Jjoboro h$) € dom(F}) no dopmyram don
Heitmana h$) = hf) + ny, rae hf) € dom(Fy),n, € ‘ﬁsrl). Torya

Vo FRY = (1 = 2R_(F ) FrhY = Fra) —2iR_(F ) Fehl) =
— FrRY — %R (FO)(F Y —ing) = FrhlY — 2iR_(Fy)(Fy +i—i)h'Y —
—2R_(F)ny = Frh{Y = 2i(I —iR_y(F)hY = 2R_(F)ny =
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= FraY — 2R (PO +ny) —2iY = Frpl) —2r (F)RY —2in. (3)
Amnajiormaso mipoBepsieTcst (popMyIia

F VR = prpt) —2r_ (PR — 2inY (4)

Orcrona, u3 (3) u (4) (F1Vy — V+F*)h(1) = —2in, 2@T(1)h . Takum o6paszom, JoKa-

3aHo BKmodenune FiV, DOV F} — 2zF ). Hasnee, st mo6oro h € dom(FY)
Fv2inl) = (FrvivirY = (v vl —2irDv ) =
— Vo (Vo Fi ) —2r PRy = vzl — 2iv, TR0,

[lo npuHIUIy MaTeMaTHIeCKOH HHIyKIIUU [OJIy4daeM rnepsoe u3 Bkjroudenunii (1). Jlemma

JOKa3aHa. L]
Teopema. Onepamopovt S u Sy uzomopgrot.

Hoxazameavemeo. Oupenenum orneparop % : H; — Hy ciemyronmum obpasom:

T
w (h&”,ho,h(j)) -

=Y (Z VFng . he, Zanz) D= (Z WEA _ng, h, ZWfAJrnz) , (D)
k=0 k=0

k=0 k=0
rie Ar = U'®,. Ouesuano, oneparop % yHHTADHBIA.
Bocnonsyemest onpenenennem 2. Ilo onpenesennio oneparopa %/ CupaBejinBo pa-
BEHCTBO % ho = hgy juis oboro hy € $).
[Iycts hy = (h(_l),ho,hgrl))T € dom(Sy). Haitnem % Sih; ¢ momompio pasencts (1)
u (5):
U Sy (W ho, MY = 2 (F* 0 —ihg + (A + i), Frh))T =

00 00 T
=U <FfZV_knk, —iho + (A +1i)p, FiZanZ) =

k=0 k=0
- T
= (ZVkF*nk+QZZVk 'ny, —iho + (A +1) @,kaF*nk—QlZVf: 1nk> =
k=0 — — —
(0.) [o.¢] T
GZV’% + 2@23\/’€ I, —iho + (A+i)p —@Zank — 222Vf‘1n;> =
k=0 k=1

oo oo T
(2 Z WEA_(ny + 2n5,,), —iho + (A +i)p, —i Z WEA, (nf + 2”1—:“)) - (6)
k=0 k=0
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Beraucimm renepb So% hy, 1uist wero, BHaUa e, TpedyeTcs IPOBEPUTH, 9TO BeKTOp % hy
o0
npunaiexnt dom(Sy). B camowm sene, sextoper Y. WEALnE npunaniexar dom(G?),

k=0
TaK¥XKe,

V=ho+Q U TOS WA n; =hy+Q_U_A_ng =ho+Q_d_ng =
k 0 0

k=0

= ho+ Q@ TN " VFnp = hg+ Q-0 TWhY = ¢ € dom(A).
k=0
Ocrajiock TipoBepuTh yesosue 3) Ha 061acTh onpesenenus. J1iis 1eBoii yacTu 3Toro ycJio-

BUI:

v, T i WEA nf =W, Ant =& nf =0, T i Vint = o, 1WhD.
k=0 k=0
g npapoit yacTu:
T*v_1? i WFEA_n; +i F,Q (A+iyp =T*U_A_ng +i FLQu(A+i) =
k=0
=70 TV 44 7.Qu(A+i)p =TTV +i 7,.Q.(A+1i)p.

Taxkum obpazom,tokazano, 9to % hy € dom(Ssy). Orcroza, B cuy (2)

00 %) T
Sg%hl == SQ (Z WI_CA_TL;, ho, ZW_EA_,_H;) =

k=0 k=0

e 00 T
= (G*_ STWEAn, —iho+ (A+ Dy, G WfA+n;) -

k=0 k=0

[ee] o0 T

= (iZWEA_(n,; +2n5,,), —iho+ (A+i)p, =iy WEA (nf + QnLI)) . (7
k=0 k=0

CpasuuBas (6) u (7), noaygaem, aro Yhy € H; umeer mecro pasenctso % Sihy = So% h;.

[TpoBepum coornomenust st Merpuk J; u Jo. s smoboro sekropa hy € Hy

[o@) x T
U hhy = U1 (WY, by, KT = (Z WFEA_®~' 7 ®_n;, hy, wam@;lj@m;) —

k=0 k=0

[o@) o T
_ (Z Wk\plfcpnk,ho,ZWf\y;/@m;) . (8)
k=0 k=0
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Bocnonbsyemcs pasercrsom (8):

oo o0 T
o (B hg, KT = 1, (Z WEA ng, ho, ZWﬁAm;) -

k=0 k=0

o0 o0 T
— (Z WFU=t 7 W A _n;, hy, wam;1/+xp+A_n;> —

k=0 k=0

o (o] T
- (Z WO 7 ®_n;, hy, ijqujj@m;) = U1 (WY, he, KT, (9)
k=0 k=0

Teopema j1o0xkazana. O

PaccmorpuM  ciieiyionue 9acTHble CIydan J—CcaMOCONpPSIZKEHHBIX JIHIATAIM: TakK
HA3BIBACMBIC CICKTPAIBHYI0O — Sy, W TPAHCIANUOHHYIO — Sy IUIOTHO —3a/1aH-
HOTO JICCHIIATHBHOIO omeparopa A ¢ HEmyCTbIM MHOXKECTBOM —PETYJIsIPDHBIX —TO-
qek (—i € p(A)), mocrpoennbix B [9] m [10] COOTBETCTBEHHO B MPOCTPAHCTBAX
Hy, = Lo(R;Q.) @ H & L(Ry;9Q4), Ry = [0,400), R = (—00,0] u
Hy =L(Z;Q)®H D (Z4;94), Z- ={...,-3,-2,-1},Z, =N.

(Munaramus Sy,) Bexrop hy, = (h_(t), ho, hy(t))" npunamnexxur dom(Sy,) Torma u

TOJIBKO TOI'/la, KOI'la:

1. he(t) € Wy (Ry; Q4), tie W) (Ry; Q4 ) — xnacent Cobosiesa;
2. o =ho+ Q_h_(0) € dom(A);
3. hy(0) = T*h_(0) +i_f1 Qo (A+i)p, tne T* = I + 2R",.

Jst moboro BekTopa hg, = (h_(t), ho, hy(t))" € dom(S,)
Ssphsp = Ssp(h(t), ho, he ()" 2 = (iR (t), —iho + (A +i)p, i, (t))",
Thy = hy(0) Y he € dom(F2), Jyphgy = ((J_h_)(t), ho, (Johy)(1)T, Vhyy € Hyp.

rje orepartopsl Jy jeficrBytor Ha dyHukimn hy(t) npn kaxigaom t € Ry ciemyronmm 06-

Pa30oM: (Jihi)(t) = jihi(t).
(Tunaranus S;,.) Bexrtop hy. = (h_, ho, hy )T € Hy, npunayieskur dom(Sy,) Torya u

TOJIBKO TOLJIa, KOLJIA:

1. hy € dom(FY);
2. ¢ = ho +V2Q_S_h_ € dom(A);
3. V28, hy =V2T*S_h_ +i #.Q(A+i)y, tne T* = I + 2iR*,.

g mo6oro (h_, hg, hy )T € dom(S,,)
St?“<h*7 ho, h+)T = (th*’ —thg + (A + Z‘)Sola Fj-h+)T>
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rae

dOIIl(F:t) = {hi S

—+o00 “+o00
E:H‘S(:I:nh:l:n2 < +OO7 Zhin:0}7
n=1 n=1

F+h+ = F+(hii_, h;_, ) L= —2i(51h+, Szh+7 ),

F h =F_ ( h_ z,h ) L= 2i(...,S_2h_,S_1h_),
1 R

— + _ - -

Soh —h + Z hi L Sopho = ShT, + > b,
k=n+1 k=n+1
+oo
dom(S4,) = {hi €D,y Z | hE, |I°< oo}
k=n+1

Omeparopsl Sy 3a1al0TCA PaBEHCTBAMIU:

Sihy = Zhik, dOIIl(Si) = {hi S
k=1

+oo
>0k < oo
k=1
Nunedunnrnag MeTpuKa ONpeJIe/IgeTcsd Tak:
J<h‘77 hOa h‘+>T = (J*h‘*7 hOa J+h+)T7

rne J_ho = (..., f_h_o, Z_h_1), Jyhy = (_Zih1, _Fiho,...). I'panndmsle onepaTopsl —
Tyfr =25, fs

Tenepsb ycioBus TPUHALIEKHOCTH BeKTOpa hy,. = (h_,hg,h+)T € M, mMHOXKecTBY

dom(S;,) MOXKHO 3aIECaTh CJIEIYIOMIM 00PA3OM:

1. hy € dom(F¥);
2. ¢ =hy+Q-T'_h_ € dom(A);
3. F+h+ = T*F,hf + Z/+Q+<A =+ Z)(p,

N3 nokazaHHO# TeOpeMbl U MPUBEJIEHHBIX TOCTPOEHN BHITEKAET

Caeactue 1. IIpoussoavhasn J-camoconpasicérnas duramayus 06uezo 6uda u3oMopPhHa

Kaotcdoti uz duaamayuil Sgp u Sy, dusamavyuu Ss, w Sy usomopPrvL Mmestcdy cobot.
CaexncrBue 2. Onepamop U asasemcs (Jy, Jo) — ynumaphoim.

Jlokasamenvcmeso. s mo6oro Bekropa hy € Hy ucmosssyem pasencrso (9):
[ %hly%hl]Hg - (Jg%hl, %hl)Hz — (%thla OZ/hl)HQ - [ h17 hl]Hl

Ciiencrsue I0Ka3aHo. O
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S3AKJIFOYEHUE

B pabore mokazana teopema 006 mzomopdusme AByxX J — caMOCOIPS2KEHHBIX JTUIaTa-
1nit 00IIero BUIa MIPOU3BOJILHOIO JIMHEHHOTO, IIJIOTHO 3aJaHHOIO OIIepaTOpPa ¢ HEeIIyCThIM
MHOKECTBOM PETy/ISIPHBIX TOYeK. [[J1s1 mocTpoennst KaxK a0 13 JIUIaTaliii NCIOIb3YI0TCsT
napbl MAKCHMAJIbHBIX CHMMETPHIECKHX orepaTopoB Fly(G4) 1 mpocTpaHCTBA TPAHIIHBIX

sHadeHnit oneparopo Ff(GL).
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ABOUT PROPERTIES OF SOLUTIONS OF SOME MIXED SPECTRAL PROBLEMS.
Yakubova A. R.

Abstract. Previously, boundary value problems, spectral and initial boundary value
problems were investigated based on the symmetric sesquilinear form (n,u)g1(q) = Po(n,u).
For example, M. S. Agranovich, N. D. Kopachevsky, V. I. Voititsky, P. A. Starkov,
K. A. Radomirskaya and others were engaged in such research. Kopachevsky N. D. proposed
to investigate problems for one and two domains in the case, where the scalar product
(n,u) 1) = Po(n,u) is replaced with a sesquilinear nonsymmetric form ®.(n,u). The form
®.(n, u) is defined on the space H'(), bounded and uniformly accretive. Thus, the main goal of
this work is to study problems in the nonsymmetric case. The parameter € € R was introduced
for convenience of consideration, and all the problems turn into the corresponding unperturbed
problems as € — 0.

Based on the already considered problems in the case of one domain (see [1]), we study
mixed spectral conjugation problems generated by the sesquilinear form. In this case, the
principle of superposition is used. The principle makes it possible to represent the solution of the
original problem as a sum of solutions to auxiliary problems. These auxiliary problems contain
inhomogeneity in only one place, that is, either in the equation or in one of the boundary
conditions. Studying of the spectral problems leads to the same operator pencil L(\, i), which is
investigated with the methods of the spectral theory of operator pencils (see [2]). The properties
of solutions of the spectral problems in the case A is fixed and p is spectral parameter or pu
is fixed and X is spectral parameter are investigated. The theorems on the spectrum structure,
on the basis property of root elements, on the spectrum localization under the first and second
conjugation conditions are proved.

Keywords: Green’s formula, sesquilinear form, transmission problem, spectrum, completeness,

Hilbert space.
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BBEIEHUE

WccnenoBanne 3aja4, MOPOXKICHHBIX abCTpakTHOW dopmysioit ['puna, siBisiercs J1o-
CTATOYHO HOBBIM. llepBble pe3ysibTaThl, CBSI3aHHBIE ¢ MOJydIeHHEM abCTPAKTHONW (HhopMy-
abl 'puna, npunajexkar dpaniysckomy maremaruky 2K.-I1. O6smy (1970 r., cm. riaBy 6
u3 [3]). Tosxke s1a dopmyna 6puia npemioxena B Monorpadun C. I'. Kpeiina (cm. [4]).
Hamnee, P. E. Hloysosrep (M. [5]) mpumenstt aberpakTayio dopmyny ['puna B Buje, npe-
sozxernHoM 7K.-11. O6snoMm. OTmeTnMm, uTo abcrpakTHas dhopmysia ['puna iy paBHOMEPHO
AKKPETUBHBIX (POPM, a TaKzKe JIJIsi CMEIAaHHbIX KPAeBbIX 3a/1ad BIepBbie BbIBOIUTCH Ko-
nagesckuM H. JI. (em. [6]). lasbHeiinee npojBizkeHre W IPUMEHEHHE 9TOH TeOpHH B
IPUJIOKEHNSX OTPAKEHO, B 9aCcTHOCTH, B paborax [6-11].

Panee kpaeBble, clieKTpaJibHble U HAYAJIbHO-KPAEBBIE 3aJIadi PACCMATPUBAJINCH HA
OCHOBE CHMMETPUYECKOil moJryTopamneiinoit dhbopmsl (17, u) i) = Po(n,u). Ilogobnsbl-
MU UCCIeI0BaHuIMI 3aHuMa/nch, Hanpumep, M. C. Arpanosuu, H. JI. Komagesckuii,
B. U. Boittunkuii, I[1. A. Crapkos, K. A. Pagomupckas u apyrue. Konagesckuit H. /1.
PEJJIOKIIT UCCISI0BATD 3a/4a91 I OJTHON 1 JBYX 0OJIacTell B HECHMMETPUIECKOM CJIY-
Jae, KOIJIa BMECTO CKaJIPHOro mpoussefenus (1, u)m o) = Po(n, u) uMeerca mosyropa-
JmHeiitHasg HecumMerpuyeckast hopma (1, u), onpenenennas Ha npocrpancrtee H(Q),
OrpaHMYeHHAsI HA HEM U SIBJISIONIAsICS PABHOMEPHO aKKpeTuBHOI. Takum obpasom, riias-
HOW TIeJIBIO JTAHHON pabOThI ABJISAETCS UCCIIEI0OBAHUE 38/1a1 B HECUMMETPUIECKOM CJIydae.
[Tapamerp € € R BBejen g yjio6cTBa pacCMOTPEHUI, MPUYEM BCe M3ydaeMble 3a/1aqu
npu € — 0 mepexofdar B IpoBJIEMbI, OTBEYAOIIHE COOTBETCTBYIONUM HEBO3MYIIEHHBIM

3aJadaM.

1. HEBOBMVYIUIEHHBIE CMEIITAHHBIE CIIEKTPAJIBHBIE 3ATAYU
COITPAXXKEHUA ITPU IIEPBOM VYCJIOBUM COIIPAXKEHW A

B obuactu €2, pazduroii Ha jBe mogobaactu (2, s (cM. puc. 1) paccMoTpuM cHadaIa
HEBO3MYIIEHHYIO (¢ = () CHeKTpaJbHYIO 3a/a4dy CONPSI?KEHUS JJisi UCKOMBIX (DYHKITHI
ug(x), 3a1aHHBIX B 00s1acTsX S, k = 1,2, ¢ COOTBETCTBYIONIMI I'PAHIIHBIME YCIOBHSIMUA.

B obnacrax €2y, (o u Ha BHEIMIHUX T'PAHUIAX UMEEM:
up — Aup = duy =: f1 (B8), Onur = AMynug =y (ma Iy),
Uy — Aug = Aug =: fo (B ), Oraus = A 'yopus =: ¥y (na I'),

Ha I'PaHUIaX CTbIKa 3aJacTCd JIBa YCJIOBHA COIIPAZKEHUA:

(1)

b0
Yiur — Yigug = 0, Oo1uy + Or12ug = Hy21t = )91 (Ha F21)7 (2)
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— 7

Q4 11

Q;
Q
[ =Ty
Puc. 1
b0
Oo1uy = —012Ug = @/)21 = M(721U1 - 712“2) (Ha F12)- (3)

Hepes I';;, 7 = 1,2, oboznadennsl BHEHIHUE CBOOOIHBIE TPaHuUIlbL, a depes ['jg = I'y; —
rpaHuIbl cThika obiacreii. [Tomaraem, aro obmactu (2; C R™ MMerOT JIUIIIINAIIEBEI 'PAHUIIH,
pasbutble Ha Jummunesbl Kyckn I';;. Yepes 1, o oboznadensl cieinpl ynkuuit u;, a
4yepe3 0,;;u; — COOTBETCTBYIOIINE IIPOM3BOJHbIE 1O BHEIIHell HOpMasu; f; — 3aJaHHBIE
dbynknuu B ), j = 1,2, ¢; — 3agannble GyHKIUN Ha BHeHUX rpanunax ['j;, j =1,2.
DOyHKIUSA (o1 38/IA€T PA3PBIB CJIEOB, & Y9 — Pa3PhIB IPOU3BOIHBIX 10 BHEITHEH HOPMAJIN
Ha I'paHUIle CThIKA 00JIaCTeld.

3tech A U 1 — mapaMerpbl, OJUH U3 KOTOPBIX SBJISETCS CIEKTPAJbHBIM, a JIPYroil —
dukcupoBanubiM. B gacTHOCTH, B 3aja9aX IuGpPaKIUA CIEKTPAIbHBIM TapaMeTPOM SB-
nsiercst mapamerp i € C. Jlpyroit BapmaHT, Korja CleKTpaJbHbIM saBjsgerca A € C,
paccmarpuBaercs B paborax B. U. Topbauayk (em. [12]).

Cnaboe  permenme  u = (uj;up)  €CTECTBEHHO  HCKATh B MPOCTPAHCTBE

HL(Q) Cc HY(Qy) & H' (),
Hp(Q) = {(Ul;u2) € Hy\,(0,) D Hiyyap) Y2101 — Yi2uz = 0 (52 Ty = le)}-

[Tpocrpancteo HE () mwotao B La(Q) 1= La(21) @ La(€)s), TaK KaK OHO COMEPIKUT MO/I-
npocrpanctso Hy () & H} (), mnornoe B Ly(£2).

Bajiaay OyjieM MCCIeI0BaTh HA OCHOBE IPUHITUIIA cyTepro3uriuu. C 3Toil Me/Ibio mpe/I-
CTaBUM peIIeHNe 3a/1a91 B BUJIE CYMMbI PEIIeHNIT IISITH BCIIOMOraTe/IbHBIX 3818, COJleprKa-
mux “HeOMHOPOTHOCTH (T.e. fi ¥ 1) JIUIIL B OJJHOM MeCTe, TO €CTh, JINOO B ypaBHEHUSIX,
b0 B OJHOM U3 KpaeBbIX ycjoBuii. Vmeem

5

5
u = Zu(k) = Z(Uk:l;qu)-
k=1

k=1
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1) up — Augp =0 (B Ql), Onun = Yy == A (Ha F11)7
U12 — AUU =0 (B Qg), 822’&12 =0 (Ha FQQ), (4)
Yoruir — Yigui2 = 0 (Ha ' = F21),

Oty + Orougp = 0 (ma I'p = Typ).

1), Onug =0 (ma ),
2),  Onguing = A ' yagug 1= 1y (ma T'ap), (6)
Yarlpr — Y12z = 0 (Ha I'ip = T'yp),
Oa1uug) + Orptigy = 0 (ma I'yg = Ty ).
3) uzy — Augy = f1:= Aug (BQy), Onjuzy =0 (ma '),
ugy — Augs = 0 (B Qy), Ooguzs = 0 (Ha 'gg), (8)
Yortzr — Yiauzz = 0 (Ha I'ig = T'yp),

Oaruzy + Orouga = 0 (ma I'jp = Tyy).

4) ugy — Augy =0 (B ), Opug =0 (ma I'yq),
Ugy — Atge = fo = Aug (B a), 0Oaugs = 0 (Ha ['y), (10)
Yorta1r — Yi2taz = 0 (Ha T'jg = T'yp),
Oa1ug1 + Orptige = 0 (ma T'ip = T'yp).
(11)
5) usy — Auzy =0 (B ), Ohus; =0 (maI'yq),
uso — Auzo = 0 (B L), Ooguse = 0 (ma 'gg), (12)
Yorus1 — Yiztusz = 0 (Ha T'ig = T'yp),

Oo1us1 + Orousy = Hy21Us1 = a1 (Ha ' = F21)-
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Bamauan (4)—(12) uccemayrores ¢ MOMOIIBIO Cieyorei 06001eHHol dhopmysibr ['puHa;

2

2
(W m@) = (e w)m@y = Mk tk — Atig) L+
h=1 k=1

(13)
+ Z(%knk, Otk ) Loy(T ) + (Y2171, O21U1 + O12U2) 1y (1) +
=1

+<721771 — Y1272, 321U1>L2(F21) Vnu € H%(Q)a

e ceanl Y € HY?(Ty), a npoussommbie mo nopMamn Oy € H™Y2(Ty).
Mg 3amaqan (4) dopmyna ['puna (13) nmeer Buy

2

2
Z N Uk) HY(Qy) = Z(’Ok, g — Aug) o0+
k=1 f—1

2
+ Z Viek e » Ok k) Lo(Typ) T+ (yi1m, Onur + 312U2>L2(F12) Vn,u € H%(Q)
k=1

CuriestoBaresibHO, cjiaboe perierne 3a1a49u (4) ompeesseTcs: TOXKIeCTBOM
(nau(l))Hl(Q) = <7217717¢1>L2(F12) = <711771,)\711U1>L2(F11) Vi € H%(Q),
U peleHne 3a1aeTcs (popMyJIoit
Uy = (U115U12) =V = Vll()\’)’llm) = Ay = AViyapu,
rmae
peu = pr(usug) == u,, k=1,2.
AHaﬂOFHquIM o6pa30M OIIpeaeJIAI0OTCA Cﬂa6ble pemeHnsd  BCIIOMOI'aTE/JIbHBIX 3a-

mada (6)—(12). Umeem

U(2) = (Ua1; Uga) = Vogthy = Vao (A 1ya0uz) = A Vagyaapau.
OTMmeTuM, ITO UMEET MECTO CBOMCTBO

[Tpumensis hopmyiry 'puna (13), mosrydaem ciejyroiee perenne TpeTbeii BeroMora-

TEJIbHOU 3a/1a4n
u@) = ATH(f1;0) = AT (uy;0) = AT (Prw),  pru = (u30),

3nech A — oneparop runsbeprosoit mapnt (Hp(2); La(2)).
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Pemenust werBepToii U HATON BCIIOMOTaTeIbHBIX 32189 UMEIOT BT

u@y = A7H0; f2) = ATH A0 u2)) = AT (Baw),
Uy = Vo1¢he = Vzl(lelUl) = uVary21p1u.

Vtorom mpoBeIEHHBIX TOCTPOEHUI sIBJIsteTCsT ciemytonuit BeiBojg. Ciaboe perrenne

u = (uy;uz) 3amaun (1)—(2), (4)—(12) yaosierBopsier ypaBHEHHIO

u = Z Uy = AViryupiu + A Wagyaepou + AA ™ pru + AA ™ ou + pVar v pru.
k=1

Wcnonp3ys Tenepsb CBOMCTBO
u = (u1;u) = pru + pou = (Prus; 0) + (0; paua),
HoJIygaem
u=AA""+ Viryp)u + AN Vagyeapau + pVar v pru, (14)
rie u € HE(Q), A — oneparop rumsbeprosoit apnt (HE(Q); La(9)).

[Ipusenem ypasuenue (14) k 6osee cummverputdeckoii hopme. C 3T0i TETBIO BOCIOJb-
3yeMcd CBOWCTBOM

APV = (AT € L(HP(Ty); Lo(Q), k= 1,2.
Ipencrasum sstement u € HL(Q) = 2(AY?) B Buge
u=A""%, ve Ly(N) =R(AY?), (15)

u nogcrasum ero B (14). Jlanee, B cuty ceoiicrsa HE(Q) = Z(AY?), nomeiicteyem ma
obe wacTu mosTyuenHoro cootnomenus onepatopom AY2 Torma szamen (14) Boznmkaer

CIIeKTpaJibHagd 3a/Jia49a

L\ p)v

= (I = MA™ + Bu) = A7 Bay — pEop)v =0, v € Ly(9), (16)
rae 0 < A7 € G (La(

);

~—

0 < By =AYV (Vi) A™Y2 € 6(L2(9)),
0 < By 1= AVPVyp(Vip)* A € & (L2()), (17)
0 < Koo 1= A2V (Var )" A™V2 € &0 (La(V)),

JIUIsT OIIepaTOpHOro myuka L(A, 1) ¢ mapamMerpaMu A\ U ji, OJIUH U3 KOTOPBIX MOXKEM CUUTATH

(pUKCUPOBAHHBIM, JIPYTOil — CIIEKTPAJIbHBIM.
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2. BOBMVYIIIEHHBIE CMEIIIAHHBIE CIIEKTPAJIBHBIE 3A/TAYY COIIPSA>KEHUS
ITPU ITEPBOM VYCJIOBUUN COIIPAXKEHNA

Paccmorpum tenepsb Bo3MyIieHHYIO € # () crieKTpasbHyo 3aja4dy. Torja B 001acTsax

Oy, Qo st uckoMbix yHKIUR uy(x) nmeeM:

up — Aup = A uy =: f1 — ¢ Clp— =: 01),
1 1 1 Ji ; 1kaxk Ji (B 1)
m 5 (18)
U9 ~
Uy — AUy = Aug =: fo — ¢ Cop— =: B {)s),
2 2 2 =: fo kz:; 2%k D fo (B,)
Ha BHEITHUX I'PaHUIAX:
Onur = Aynur + eoyiur =: Y1 + o1y =: Yy (Ha F11)> (19)
Oratty = N1 Ya0Uy + £09Ya0Us =1 by + €09 YaaU =1 Yy (ma Tay),
Ha IPAHUIAX CTHIKA JBa YCJIOBUA COMPAYKEHIA:
JIb0
YU — Yoz = 0, Onuq + O12us = Qo1 + 8(012721U1 - 012712U2) =
= puyi2ur + €(012721U1 — T12Y12U2) =1 Y1 (Ha ['yy), (20)
b0
Oa1uy + Or2Us = Yo +e(012721U1 — T12Y12U2) = p(V12U1 — Yi2U2)+
+€(012’721U1 - 012’712162) =: P (Ha F21)- (21)

Pemenne 3amaan (18)—(20) mimem B BHJIe CyMMBbI DEIIEHUl IATH BCIIOMOIATEIbHBIX

3a/1a4
].) U1 — AU,H =0 (B Ql),

Onugy = {/;1 =) F oYU = Ay + 01711 (Ha Fu), (22)
Uy — Augp =0 (B 92), Oz =0 (Ha F22)7

Yorurr — Y2tz = 0 (ma I'yp),  Ogpugy + Orouge = 0 (ma [a).

2) Upy — Augy =0 (B Ql); Onug =0 (Ha Fn),

Uz — Augy = 0 (B (L), Opougy = Vo 1= o + 0 Yorlln = (23)
= )\71’}’22U2 + 092Uy (Ha ),

Yo1lUz1 — Y122 = 0 (Ha F12)7 Oa1u91 + O1ouge =0 (Ha F12)-
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~ “ ou - ou
3) usy — Au31 = f1 = f1 — Efgclka—xi = )\u1 — €chk—1 (B Ql),
Onuzr =0 (Ha Fll)? (24)

use — Augy =0 (B ), 0Oxusge =0 (ma I'y),

Yo1uzr — Yiguzz = 0 (Ha F12)7 Oa1uzy + Orpuga =0 (Ha F12)~

4) ugy — Auygy =0 (B€1), Onug =0 (malyy),
~ m 8u e Gu
Ugp — Augy = fo 1= fo — 5202’“3_;; = - 5202k72 (& (), (25)
k=1

822?,642 =0 (Ha FQQ),

Yor1Uar — Y12Us2 = 0 (Ha F12)7 Oa1ugr + Orouge =0 (Ha F12)-

5) us; — Augy =0 (B D), Opusy = 0 (ma T'yy), (26)
uso — Ause = 0 (B y), Ooouse = 0 (ma I'yg),
Yorus1 — Yi2us2 = 0 (2 I'ya),
Oa1uz1 + Orgisy = ?Zm 1= Y1 + €(O12V21U1 — Oa1Y12uU2) =
= pyp1ur + €(O1aV21U1 — Oa1y12u2) (Ha Tio).

Anagormano (4)—(12) 3amaan (22)—(26) uccsemyem ¢ momorrpio opmysisl 'puna (13).
Torna ciaboe pemenne 3aa4au (18)—(20) yaoBieTBopsier ypaBHEHUIO

o Ouy ou
-1 1, 2
Ue — V1101711 p1U—EVa202Y00pau: + €A ( E Clk—ax ; g C%—@xk) —

k=1 k= (27)
—eVa1(o12721U1 — O21712U2) = )\(A_l + Vi Vi ue+

AT (Vi (Voo )ue 4 pVir (Vi) e,

rae Vi = (Yekpr)™

OcymectBuMm B (27) 3ameny, anasgoruaso (15)

U = A’st, ve € Lo(Q), .@(AVQ) = H%(Q)
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JleiicTByst Ha 06e YACTU HOJTYyYEHHOIO COOTHOIIeHHs onepaTopom AY2. momydaem cirey-

IOIYIO CIIEKTPaJIbHYIO 3aJa4y
L()\, ,U/)UE = ((I — 55) - )\(A_l + BH) — )\_IBQQ — /LKQQ)’UE = 0, Ve € LQ(Q),

riae A — oneparop rums6epToBoit mapnt (HE(2); Ly()), onepatopst Biy, Bas, Ka onuca-
uel B (17), a S € G (Lo(R2)), rae

S = A1/2V1101’711plz471/2 + A1/2V2202722p214’1/2+

B " Uy ou B
+ ATY? < Z Clkﬁ—xl; Z C2k8—x2> ATV A1/2V21(U12V21p1 — 021712D2).
k=1 k=1 k

3. CBOMCTBA PEIIEHUI HEBO3MYIIIEHHBIX COEKTPAJIbHBIX ITPOBJIEM IIPU
IIEPBOM YCJIOBUM COIIPSI?)KEHUS B CJIVUAE CHEKTPAJIBHOTO
HAPAMETPA [

Nszyuanm cBoiicTBa pereHuit crieKTpasibHOi 3aa4n (1) mpu MepBbIX TPAHUIHBIX YCJIO-
Bugx Ha crbike (2). Omeparopubiii my4dok (16) comepkutr jBa mapamerpa A U fi. ITO
[IO3BOJISIET MCCJIEJI0BATh JBa Kjacca 3ajad: npu dukcupoBanioMm € C BO3HHKAIOT 3a-
JIaYd CO CIEKTPAJIbHBIM IapaMeTpoM A B ypaBHeHuu, a npu ¢ukcupoaniom A € C —
3ala491 CO CHEKTPAJIbHBIM ITapaMETPOM U B KPa€BOM YCJIOBUU Ha I'PAHUIIE COIIPAXKEHUNA.

CHauasa paccMOTpUM crydait, korga B mydke L(\, p) GUKCHPOBAHHBIM ITApAMETPOM
SIBJISIETCSA A, & i — CIIEKTPAJIbHBIM.

OrpunarejbHble 3HAYEHUS IapaMeTpa .

[Iycrs B 3amade (16) mapamerp A < 0. Hepes T'(\) obo3Haunm orepaTop BHIA

T()\) = )\(Ail + Bll) + )\71822. (28)

Tak kak T'(\) < 0, To oneparop I — T(\) > I pasHomepro 110 A. CiiefioBaTeIbHO CyIIie-
cryer obparnbiii oneparop (I — T(A\))™ ! u ||[(I — T\ < 1.

Bamernm, uro omeparop Koy := (AY2V5)((Vay)*A~Y2) orpammdenno jeiicTyer ns
Ly(€2) B mpocTpancTBO

Lop(9) = {v € Lo(Q): v=AV?u, ue HY(Q) C Hl(Q)},
[O9TOMY
Ker KQQ = L270 = LQ(Q) ) Lgﬁ(Q).

Kpowme toro, omeparop Ksy Heorpumaresnen u komnakteH B Lo(§2). Hamee, T'(\) rakxke
HEOTPUIATEJIEH U KOMIAKTEH. DTO MO3BOJIsieT IpeobpazoBarh 3aj1ady (16) K crekTpasib-
HOIT mIpoGJsIeMe Ha COOCTBEHHBIE 3HAYCHUSI KOMIIAKTHOIO IOJIOKUTEILHOTO OIepaTopa n

BOCIIOJIb30BaThcs Teopemoii ['mnbbepra—IlImumra.
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[Iycte Py, P, — B3auMHO JOINOJHUTEIbHBIE OPTOIPOEKTOPHI OTBEYAIONINE PA3JIOKe-

HHIO:

H=Hy® H;, Hy=Ker Ky = LZ,O(Q>7 H, = %(KQQ) = LQ,h(Q)7

rie Iy, [y — equauaHble onepaTopsbl B Hy, H; cOOTBETCTBEHHO.

Torma v = vy + v
(I =T (N)(vo + v1) = puKaz(vo + v1) = 1Koov0 + (K901 = K oovy, (29)

e
Koy = PiKy Py, Kyvy =0, vy= Py, vi=Pu.

[Tpumenum kK obenm gacTsim ypastaerusi (29) opronpoekTopsl Py, Py, mosydum

Fo(I —T(N))Povo + Fo(I = T(\))Prvy = Mpof?mvl =0, (30)
Pl(I - T()\))Po’UO + Pl([ - T()\))Pl?)l = /,Lplkgg’ljl = /L[?QQ’UL (31)
Omeparop Py(I — T(N)) Py = Io — PoT(\))Py > Iy B Hy, 1 IOTOMY CYIIECTBYET €ro

obparubiit, npuiem || (Py(I—T(\))Py) || < 1 pasromepno o A < 0. Torza uz (30) nmeem
np A < 0

Vo = (Po([ — T()\))Po)_l(PoT()\)Plvl) (32)

[Moncrasum (32) B (31), mosryanmM ypaBHEHHE JJIs Uy
(I = Ty(\)vr = pKopvr, vy € Hy, (33)
Ti(A\) := PLT(A\) P, + PLT(\)Py(Ig — PeT(\)Py) ' PyT(\) Py (34)

Jlemma 1. IIpu A < 0 umeem mecmo ceoticmso Ker (I — T1(A\)) = {0}.

Jlokasamenvcmeso. Coornomenust (30), (31) mpu g = 0 MOTYT OBITH BBIIIOJTHEHBI TOJBKO
ecim v; = 0,v9 = 0, Tak Kak omneparop I — T(\) mosoxuresnbHo onpeseses npu A < 0.
Beipasus u3 (30) npu p = 0 ssement vy u nojcrasus ero B (31) Haiigem ¢ yuerom (34),
49TO ypaBHEHUHE

(I, = Ty(\)v1 =0 (35)

MOXKET OBITh BBIITOJIHEHO TOJIBKO Ipu v = (). 0

Ormerum, aro ipu A < 0 oneparop I; — 71 (\) caMOCONpsizKeH U TIOJIOKUTETHHO OIPe-

nenen. B camom seste, ecoin mmeercst ¢Bssb (32), To

(I =T(A)(wo + v1), w0 +01) o) = ((Ir = To(A))vo, 1) Ly() 2> (36)
> (lvollZ, ) + lo1ll2,00) = lv1llZ, @)
OcHoBbiBasich Ha oreHke (36), cienaem B (33) 3ameny
(I = Ti(N) o1 = 4. (37)
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Hasee, neifcTBys ciesa orpanmdennbiM ornepatopoM (11 — T1(N))™Y2 ma (36), momygaem
CJIEJTYIONLYTO 3a/1aty
U1 = pKasty, ¥ € Loy 1(92), (38)
Kop = (I = Ti(\) T2 PiKn P (I — Ti(N) V2 = K3, > 0, Koz € Goo(La(9)).

Teopema 1. Ilpu gurcuposanrom A\ < 0 cnexmp 3adawu (16) cocmoum us usoaupo-
BUMHDIT KOHEUYHOKPAMMHOT cobcmeennur 3navernuds {ug e, ¢ npedesvnot mowkol +0oo.
Cobemeennvie anemenmo, {vg = (Vig, Vog) }oo, 0bpasyrom 6asuc Pucca ¢ Hy, npuuem
vip = (I — TY(N) ™20y, 2de {1 )52, — opmonopmuposannviti 6azuc, omeeuarousuti
onepamopy Koy us (38). Boaee mozo, anemenmovs {vig}ee, dan Q@ C  R™ obpasyrom
p-6asuc ¢ Hy npu

p>py=m—L (39)

Jloxazameavcmeo. YTBepKJeHIE O JUCKPETHOCTH U TOJIOKUTEJIbHOCTH CIIEKTpa, 6a3uc-
noctu Pucca cienyer u3 reopembl ['wibbepra-IIIvuara, npumenentoit kK mpobieme (38),
u coitctea (I, — T1(\)) Y2 € Z(H,).

Hokazkem Terepb cBoiictBo (39). U3 dopmyiisr (28) BbiTekaeT npunaiie:kHocTh 1'(\)

KJIACCY KOMIIAKTHBIX orepaTopos &,(Ly(€2)), rae

p > po = max{pa-1,Pp,,, PBas }- (40)

O/HaKO MOXKHO y6eUThest, 9To cobeTBeHHble 3Havenus A, (A™!) mojoxuresHOro camo-
COIIPAZKEHHOI0 KOMIIAKTHOTO orieparopa A~ cyTh mocieopaTe/bHble MaKCUMYyMbl Bapy-

AlIlMOHHOI'O OTHOIIICHNA

1A 2000 / N0l = lelae / Nullfyy o w=AT"0 € Hyp, (),

[OITOMY UX ACHMIITOTHKA MpH k — 00 Jaercs KJiaccuaeckoii dopmyroit Beirs (cu.,

Harpumep, [13])

- mp.—2/m Q
M(A™) = (an (@) K714 o(D)], ko0, as(@) = L0 (4
U [OTOMY Py—1 > mj/2.
Awnasiornano it oneparopa B mosiydaeM, 9TO €ro MoJIOKUTEIbHbIE COOCTBEHHDIE

SHa4dYCHUA CYThb II0C/I€J0BaTEC/IbHBIE MAaKCUMYMbI BapUAIlUOHHOT'O OTHOIICHU A

H’YnA*l/QUHLg(F)/ HUH%Q(Q) :/|u]2d1“11/ /(\U|2+|VU’2)d97 U GH&FH(Q)-
Q

INT
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Orciona u u3 [14] momydaem, 9T0 aCHMITOTHYECKOE TTOBEJEHNEe COOCTBEHHBIX 3HAUEHMUIT

Ak(B11) TakoBo:

Ae(Bi1) =(dpn,11(T1))V " DE=V D11 4+ 0(1)],  k — oo,

r (42)
dm11(T'1) >0, ds(T') = ’4;1‘

CrnenosarenpHo, pp,, > m — 1.

HpOBO,ILH aHaJIOTMYHbIe PacCCyzK/eHHnd, IIoJIydaeM CJIEAYIOILYIO (bOpMYJIy JJIdd oIlepa-

Topa B
/\k(BQQ) :(dm722(r22))1/(m_1)k_1/(m_1)[]. + O(].)], k — o0,
r (43)
dm22(T22) >0, d322(I'22) = |4j:|7

U TOTOMY Pp,, > m — 1. U3 dopmyn (40)—(43) npuxomum K BbIBOmY, uTo T'(A) 13 (28)
IPUHAIICKHT Kaaccy &, mpu p > py = m — 1.

OrmeTnM, HAKOHEIL, ITO
I-T\N) V2 =L+Ti(\); Ti(\) €6, p>py=m—1L

Orcioma n u3 (37) BbITeKaeT CBOICTBO p-GasmcHOCTH 371eMEHTOB {v1y}p, IIpH
p>m—1. [

ITosoxKuTeabHBbIE 3HAYCHUS IIapamMeTpa A

PaCCMOTpI/IM Tellepb II0JIOZKUTEJIbHbIE SHaYCHUA ITapaMeTpa, HO

Torma Tak e, KaK U B [PEJBIIYIIEM CJlydae MOXKHO mnepeiitu ot mpobsembr (16), myrem
IPOEKTUPOBAHUS Ha MOAIPOCTPAHCTBO Hy = Lo o(2) u Hy = Loy ()) u uckiouenust vy
(em. (30), (32)), k ypasueruio (33) ¢ T1(\) u3 (34).

YTBep:KeH!st JJeMMbI 1 CIIpaBe/iIiB U B 9TOM cirydae, npudem 17 () — KOMIaKTHBIN
CaMOCOIIPS’KEHHBIN orieparop, fAeiicrytomuii B Hy. Cireoaresnbro, oneparop (11 —T1()))
MOZKeT MMETh He 00jiee KOHEYHOrO YHcja (C y9eTOM HX KPATHOCTEH) OTPUIATE/bHBIX
COOCTBEHHBIX 3HAYEHU, & OCTAJbHbIE MOJIOKUTEBHBI U UMEIOT PEIeJIbHYI0 TOUKy +1.
O6o3Ha"ast KOJIMYIECTBO OTPUIATEIbLHBIX COOCTBEHHBIX 3HAYCHUI Yepe3 ki, NPUXOIUM K
3aKJIIOYEHUIO, ITO KBaJpaTudHas dhopma omneparopa (I1 — T1(\)) unpedunurtHa, a mpo-
crparcTBo Hi pa3buBaeTcsi Ha OPTONOHAIBHYIO CYMMY K1-MEPHOI'O OTPHIATEIHBHOTO TOI-
npocrpancTBa H_ 1 6€CKOHETHOMEPHOIO MOJIOKUTEIHHOro noanpocrpanctsa H . Torna

BO3HUKaeT uHjeduHnTHasd MeTpuka [lonTparuna

H =1, =T_eIl,, II_=H_, I,=H, dmnll =, dmIl, =occ. (45)
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Teopema 2. [Tycmv A > 0 dukcuposan u svnoaneno ycarosue (44), a maxoce umeem
mecmo pazaoscerue (45). Tozda cnexmp sadavwu (16) sewecmeenmnviti, duckpemmvil u
COCTNOUM U3 K1 UWMYK OMPUUGTMEAOHBIL COOCTNGEHHBIET 3HAUEHUT, OCTMANOHBIE TNOAONCU-

MEALHDL U UMEINOT NPEJeALHYI0 MOUKY Ji = +00 :
pr < o <o Ky <0< g1 <o < g klim e = F00. (46)
—00

Cobemesernvie anemenmol (npucoedunenmvir wem) 3adawu (33) 0bpasyrom opmoHopMupo-
sannvit no gopme Iy — Ti(N) 6asuc u 6asuc Pucca 6 Hy = Lop(S2). Daemenmu basuca
MOIHCHO 8bLOPAMB YIOBAEMBOPANOUUMY COOMHOULEHUAM.:
—Orj, 1<k, j<k,
(I = Ti(N)vig, vij) = § Ok k,j >k +1, (47)
0, k< k1, j=kr+1,

(I?22U1kuvlj>H1 = !u;ll%-

Jloxasamenvcmeo. YaursiBas (44) u (45), npeacrasum oneparop I — 11(\) B Buje
(I =Ti(\) = [L = i) [V2 T | I = TV 72, (48)

e J,, — KaHoHmdeckas cummerpust: J,, = Ji = J . Torma ¢ yuerom (48) npeoGpasyem
sajady (33) K By
Y1 = Mjmf?m()\)@l, (49)
rze
o1 =L =TIV [V, Kaa(N) o= |L = TiN)[ V2K L - TI(V)[7Y2 (50)
3 KOMIAKTHOCTH M IOJIOKUTEJIBHOCTH OIlEepPaTopa [N(Qg(/\) clleJlyeT KOMIIAKTHOCTD

J; Koo(A\) 1 ero J,,-10J0KUTETIBHOCTh, TO €CTh

[T Ka2(N) 1, 1] = (o, (i Koo (N1, 1)) = (Koo (N1, 01) > 0, 1 # 0.

Torpma o Teopeme JI. C. Tonrpsirnna (em. [15]) mosyuaem, uro 3amauga (49), (50)
HMeeT JUCKDETHBIl BeIeCTBeHHDINH crekTp {uy}p, co csoiicrBamu (46), a cobcrsen-
HbIE JIEMEHTBI {Q1) 152, OTBevaoIye COOCTBEHHBIM 3HAYEHUAM { [k 72 |, 0Opasytor Ga-
suc Pucca B H;. Orcrioga u u3 3amensl (50) ciefyer, 910 COOCTBEHHBIE SJIEMEHTBI
{vi, = |I; — Ty(N)| 7201, )52, obpasytor 6asuc Pucca B H,. Jlanee, us yciosmit opro-

HOPMUPOBKHA

[9011m901j] = (valkavl,j)Hl = i5kj, (%220114,1)13‘)111 = ’H;Zl\fskj,

IPUXOANM K BBIBOJLY, UTO UMEIOT MeCcTO hopmyiibr (47). 0
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Ciryuaii obI1Iero moJioXKeHusl.

Paccmorpum tenepsn corydaii, Korjia
ImA#0, Aéo(l—-TWN\)No(ly— PT(\F). (51)
Kaxk uzBecto (cM. [2]), oneparopnbrit my4ok Tuna C. I'. Kpeiina
I—T(\):=1—-XNA"4+By) — AN 'Byy, A7 By, By € G (La()) (52)

C CAMOCOTPSKEHHBIMU OTIEPATOPHBIMU KOI(DPUITMEHTAMI MOYKET UMeTh He 0ojiee KOHed-
HOI'O YHCJIa HEBEIIECTBEHHBIX COOCTBEHHBIX 3HAUECHMIT, PACIIOIOKEHHBIX CUMMETPUYIHO OT-
HOCHUTEJIbHO BEIIECTBEHHON OCHU B IIPABOM KOMILJIEKCHOM HOJIYIIJIOCKOCTH.

B gactrHoctu, ecin Re A < 0, To u3 HepaBeHCTBa
12 =T\))vlla - vl = (I = T(Nv,v)|a = Re(I = T(Mv,v)|n = |vllF
mpu Re A < 0, Im \ # 0 mosrygaem orenky
I =T(\)' <1
paBHOMEpHO 110 \. Takke rmojydaem,
I(1o — BT (M) Po) || < 1,
((To = BT (N)Po)vo, vo)ur = ((I = T(A\))vo, vo)ar = |[wollzy, w0 € Ho.
Orcrofia ciiesryer, 9To OT UCXOHOM pobsiembl (16) MOXKHO TiepeiiTu K ypaBHeHuo (33)

¢ Ti(N\) u3 (34), upu srom jis cesasu (32) omeparop (I; — T1()\)) cHOBa OorpaHMYEHHO
obparum. Torga 3amady (33) MOXKHO Iepenucarb B BUje

vy = p(ly — T1()\))71f?22@1, v1 € Hy = Lap, k22 = PIK»P. (53)

CdopmymupyeMm UTOTOBBIN PE3YIBTAT JIJIA JAHHOTO CJIydasd.

Teopema 3. [Tycmov 6 3adave (16) swnoanenvr ycaosus (51). Toeda cnexmp amot 3a-
daru cocmoum U3 U30AUPOSAHHBIT KOHEYHOKPATMMHOIT COOCMEEHHLT 3Havenut {7, ¢
npedeavroti mourot p = 00. Croav 0v, Hu 6vA0 Mano € > 0, 6ce cobcmeertvle 3HAUEHUA,

KpOME, Obimb MOHCEM, KOHEUHO20 UL HUCAL, PACTONOHCEHVL 6 Y2.ne
A= {,u € C: |arg u| < e, sign Im p = —sign Im /\}.

Cucmema cobecmeennolr u npucoedunentor ssemenmos {viy = Piug}ed,, mo ecmo
cuCmema coOCmMEEHHHT U NPUCOCOUHEHHHT dsemenmos 3adauu (16), nocae ux npoekx-
muposanus na Hy = Lo p(Q), aeaaemea noanoti 6 Hy, 6oaee mozo, ona obpasyem basuc
Abena-JIudckozo nopadka o > m—1 6 Lo (S2). Hanee, cobemeennvie 3navenus fu, = fig(N)
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UMENIM acumnmomuyiecroe nOGe&eHue
() = A (Ka)[L +0(1)], k= oo, (54)
)\k(K22> = (dm722(F22>>1/(m71)k71/(m71)[1 + O(l)], k — oo. (55)

Jlokasamenvcmso. 3amMeTnm, 9TO aCUMITOTHIeCKast (hopmysia (55), Tak ke, KAk U aCHMII-
rorndeckue (opmysbl (41), (42) Beirekaer u3 paborsl [14]. dasnee, uz ycmosuit (44) mo-
JaydaeM, 910 oT 3aa4qu (16) MoxKHO nepeiitu K 3aja4n (33) u 3arem K (53).

Canenosarenbio, kK tmpobieme (53) moxkao npumenurb teopembl M. B. Kesbi-
ma (ev. [16]), Tax xak B cuy (55) omeparop Kay = PiKssPy mveer Te ke HeHylie-
BbIC COOCTBEHHDIC 3HAMCHHS, 9TO 1 OHepaTop Kap, m noromy Ky — HOJHBIH 10I0KH-
TeJBHBI KOMIAKTHBI oneparop kiacca &, npu p > m — 1. Bosee toro, omeparop
(I, = Ti(\)™' = I + Ta(N), Ta(\) € G (H;), oueBumno, obparum. OTcioga BbITe-
KAalOT MepBble yTBEPZKICHHsT HCXOIHON TEOPeMBI .

CnoiicTBO, ompe/ieisioniee CBsA3b 3HAKOB Im p u Im \| BbITeKaeT U3 COOTHOIIECHUST
(I - T()\)/Uv U)H = u(KQZQ}a U)H7

yantbiBag gopmyiint (52) mist T(N) u cpoiictBa onepatopos A~ By, B, K.
CsoiicTBo Gasucuoctu no AbGesmo—JIuackoMy mopsiiaka o > m — 1 BbITEKaeT TakzKe
u3 (55) u yrBepxkaenus u3 (|17, c. 292|). Hakoner, acumnrorndeckas dopmyina (54) cie-
ayer u3 pesyabraroB A. C. Mapkyca u B. 1. Manaesa (cm. [18]), npuMeHeHHBIX K ypaB-
HEHUIO
(—71 - Tl(/\))v1 = ,uf?mvla
B CHJIy KOMIIAKTHOCTH W BHa omieparopa T71(M), a ducia )\k(kgz) = M(K32) u mmeror

acuMIToTuky (55). O

B ciiydae criekTpabHOrO napaMerpa A MpH IIEPBOM YCJIOBUU COIPSZKEHUsT TaK¥Ke UC-
CJIEJTYIOTCsl CBOMCTBA PEIIeHUil HEeBO3MYIIIEHHBIX CIEKTPAJIBHBIX 1Tpobsem. s aux Joka-

3BIBAIOTCS TEOPEMBI O IOJIHOTE, OA3MCHOCTU KOPHEBBIX 3JIEMEHTOB U CTPYKTYPE CIEKTPA.

4. CBOMCTBA PEIIEHU BOSMVYIIIEHHBIX CIIEKTPAJIBHBIX ITPOBJIEM IIPU
ITEPBOM VYCJIOBUU COIIPA>KEHUWSA B CJIVUHAE CIIEKTPAJIBHOTO
ITAPAMETPA [

PaccemorpuMm onepaTopHbIil Myd0K
LA p)ve == ((I —eS) — )‘(Afl + Bui) — A" By, — pKo)ve =0, v € Ly(Q),  (56)

rie A — oneparop ruabbeprosoit mapel (HL(Q); La()), S € G4(L2(R)), onepaTopsi

By, Byg, Kop otmcannt B (17). Msyanm cBoiicTBa perennii criekrpaibHoil mpobembr (1)
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[IPU TIEPBLIX TPAHUIHBIX YCIOBHsIX Ha cThIKe (2). B arom ciaydae cHoBa, 3amada (56) co-
JIEPKUT JBA TIApAMETPa A U [i. DTO MO3BOJISIET UCCIEI0BATH JIBa KJIacca 3a/1ad: Ipu (hUK-
cupoBanHOM g € C BO3HMKAIOT 33/l CO CIIEKTPAJBHBIM ITapaMeTpOM A B YpaBHEHUH,
a npu dukcupoBanioM A € C — 3a/a4dn co CIEeKTPabHBIM MAPAMETPOM [i B KPaeBOM
YCJIOBUY Ha TPAHUIIE COIPSZKEHUSI.

Paccmorpum cityuaii, korga B myuke L(\, i) napamerp A (ukcupoBaH, a i — CIIEK-
TpaJIbHBII.

[Ipeamonoxkum, ato B 3a1aue (56) mapamerp
AN£0, Neo(l—eS—TWN)No(ly—ePySPy— PBT(\)P), (57)
rie depes T'(\) obosHavdeH onepaTop
T(N) == MA™" + Byy) + A ' Ba.

OTmernm, uTo onepatop Koy := (AY2Va) (V) A~Y2 orpanmuento neficteyer n3 Ly(€2)
B Lo (), smatmr Ker Koy = Lo = La(2) © Lo (§2). Kpome Toro, sT0T omeparop mneor-
puraresen 1 Kommnakren B Ly(Q2). Hasee, T'(\) TakKe SBISETCA KOMIAKTHBIM. DTO M03-
BOJIsIeT IIpeobpaszoBaTh npobsieMy (56) K CIeKTpasbHON 3a/1a1ue Ha COOCTBEHHBIE 3HATEHST
JI ¢J1abo BO3MYIIIEHHOT'O OllepaTopa M BOCIOIb30BaThes TeopeMoit M. B. Kempiia.

AHaormIHO IpeabLIyIneMy Haparpady ClpoeKTUpyeM 00e IacTH IOy IeHHOIO YpaB-
Henus Ha Hy u H; cOOTBETCTBEHHO C IIOMOIILIO OPTONPOEKTOPOB Fy, P;. s sToro npe;i-
CTaBUM 3JIEMEHT Uz B BUJIE Vs = Ve + Vs1, Voo € Hy, v.1 € Hy = H © Hy. Ilpu sTom
Veo = P0UE70, Ve1 = P1U5’1, K22 = P1K22P17 KQQUE’O = 0. HO,ZLCT&BI/IM CHa4YaJIa Vg0, Vg1 B

ypaBHeHue. Mmeem
(I —eS—=T\)(Poveo + Prve) = pkaa(Fovep + Prven) = plKoa Procve . (58)
[Ipumenum Tenepb K 00EUM YaCTAM TOCJIETHETO YPABHEHUST OPTOIPOEKTOD Fy, MOJTydnM
(Ig —ePySPy — Py T(A\)Po)veg = (BT (N) Py + PSPy )ve ;. (59)

Ecau A ¢ o(Ip—ePySPy— PyT(\)P,), To cymecTByer orpaHinaeHHbIl 0OpATHBI omepaTop
(IO —ePySPy — PoT()\)Po)_l.

Hasee, mpumenum opromnpoekTop P k (58), mveem
(11P1U671 —€P1SP01)570 —E‘:PlSPlUEJ — PlT()\)P()U&Q — PlT()\)PleJ = [j,PlKQQPﬂ}&l. (60)
Toryma u3 (59) BbITEKaeT, 9TO

veo = (Ip — ePySPy — PyT(A)Py) " (R T(\) Py + e PyS Py )v. ;.
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Bamumem (60) B Buze
(I —ePLSP, — PLT(A\)P)vey = (ePLSPy + PLT(N) Po)veo + uPy Koo Prue
U TIOJICTABUM B IOCJIe/[HEe BBIPAsKEHUE Vg o, IIOJYUUM yDABHEHHE IS Ug 1:
(I + Si(e, A)ver = phnave 1, (61)

e Koy = PiKyPy, Si(e,\) € Suo(Lan(2)). B cuiy ycsosust (57) oneparop, crosiuii

caeBa B Bbipazkeruu (61), o6parum. [TosTomy
Vo1 = p(l + Si(e, )\))71[?227)5,1 = pu(fy + Sa(e, )\))I?QZUE,D

rie Se(e, A) € S (Hy). Takum 06pa3om, OIYUeHO ypaBHEHHE [T CIabor0 BO3MYIIECHHs
orepaTopa Ksy, KOTOPBIil ABJISIETCS MOJIOXKUTEILHBIM KOMIIAKTHBIM B Lo 5 (§2) Kitacca S,

mpu p >m — 1.

Teopema 4. [Tycmv 6 3adave (56) swvinoanenv ycaosus (57). Toeda cnexmp amot 3a-
davu cocmoum U3 U30AUPOSAHHBIT KOHEUHOKPAMMHUL cobcmeennux 3navenud { g }ee
¢ npedeavrot mouxold p = o0o. Ckoav 6vL Hu 6vio mano € > 0, ece cobcmeen-
HOIE 3HAYEHUS, KPOME, Obimb MOJNCEM, KOHEUH020 UL YUCAG, PACNONOANCEHD, 6 Y2.ae
Ao ={peC:|arg u| <ce}.

Hanee, cucmema cobemeennolr U npucoeduHnenHox anemenmos {v. 1y = Piv-i}ie,
Mo ecmb CUCMeMa COBCMEEHHBIT U NPUCOEOUHEHHDT 2aemenmos 3adauu (56), nocae ux
npoexmuposanua na Hy = Lo p(S2), acasemca noanoti ¢ Hy, 6oaee mozo, ona obpasyem
basuc Abens-/Iudckozo nopadka o > m—1 6 L, (2). Cobecmeennvie snaverus iy, = pu(\)
UMEIOM ACUMNIMOMUYECKOE N0GEJEHUE

(N) = A\ H(Kg)[1+o(1)], k= oo,
e (Ka2) = (dm,m(F22))1/(m_1)k_1/(m_1)[1 +o(1)], k— oo.

Joxasamesvcmeo. OHO POBOJINTCSA AHAJIOIMYHO JOKA3aTeJIbCTBY TeopeMbl 3. Orimane
3aKJIFOYAETCS JIUIIb B TOM, 9TO 9TO y7Ke BO3MYIIEHHBIN caydaii (¢ # 0), u 3/1ech BO3HUKaeT

HECaMOCOIPSZKEHHBIH KOMITAKTHBII orrepaTop Sa(g, A). O

5. CBOMCTBA PEIIEHNIN BO3MVYILIEHHBIX CIIEKTPAJIbHBIX ITPOBJIEM IIPU
IIEPBOM YCJIOBUU COIIPI>KEHUS B CJIYVUAE CIHEKTPAJIBHOI'O
IIAPAMETPA )\

Paccmorpum omeparopHsiii mydok (cm. (56))

L()\, ILL)’UE = (([ —eS + IUKZQ) — )\(Ail + Bll) — )\71322)1}5 = 0, Ve € H= LQ(Q) (62)
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Ecym BhInoTHEHO yC/I0BHE
pgo(l—eS+ pky), (63)
TO CYIIECTBYeT OrpaHuYueHHblil 06paTHblil onepatop (I — &S + puKay) L.
B sTom cityuae BosHukaer criekTpasbuyto 3aaqy s myudka C. [ Kpeitna, #Ho aTOT 11y-
YOK He SIBJIAETCst CaMOCOTIPsizKeHHbIM. [Ipumensst ciesa B (62) oneparop (I —eS+uKy) ™,

roJiydaeM CJIeIYIONLYIO 3a/lady

Ve = AT — &S 4 pKy) (A 4+ Bi)v. + AN I — &S 4 pKg) ! Byu.. (64)

Teopema 5. [Tycmsv 6 3adave (64) évinoaneno yeaosue (63), a maxoce ycaosue
(I — S + pKo) " |PIJA™" + Bui||[| Bz || < 1.

Tozda umerom mecmo caedyroujue YmeeprHcoeHus.

1) Henyaesoli cnexmp 3adavu cocmoum u3 08Yxr 6emeetl U30AUPOSAHHBIL KOHEUHO-
KPAMMBLLT COOCNEEHHIT 3HaUeHul ¢ npedesvhoimu movwkamu A = 0, A = 0o.

2) Ilpedeavnoti mouke X = 0 omsewaem semev {A)}3° | cobemeennux snavenud,

PacCnoOAOHCEHHDIT 6 obaacmu

_ 11— AT —eS+ pKo) M| | A+ Bu || Ba |
2[|( — &S + pda2)~]? || Bao | ’

npu amom oasa a06020 € > 0 6ce amu cobCMEEHHDIE 3HANEHUA, KPOME, DbIMb MOHCEM,

A <ro, oy

KOHEeUHO020 UL “ucAa, pacnoaoxcenv, 6 cexkmope Ao = {\ € C: |arg | < €}.

Aanee, cucmema cobemeenivis u npucoedunennoir saemenmos {v2, 172, omeeyaro-
was cobemeennvim snavenuam { AL} nocae ee npoexmuposanua na nodnpoCcMpancmeo
Hy = Ly(Q)© Hy, Hy := Ker By, asasemca noanot 6 Hy u obpasyem ¢ Hy 6azuc Abens-
Jludcxozo nopadka o > m — 1.

3) Ilpedeavroiit mouke A = 0o omeewaem 6emev cobemeennot 3navernut {AL e,
PACNosodCEnHbT 6 0baacmu |A| = 4, npu amom das aobozo € > 0 6ce amu cobemeenivie
BHAUENUA, KPOME, OBIMD MOHCEM, KOHEUHO20 UT YUCAAQ, PACNOAOAHCEHDL 6 cexmope N, .

Cucmema cobemeenviz u npucoeUHEnNbLT saemenmos {v25, i, omeeuauyan coo-
cmeennvim snauenuam {152, asasemes noanot 6 H = Ly(€)) u obpasyem 6 H 6asuc

Abens-Jludckozo nopadka o > m — 1.

Jlokasameavcmeo. OHO TPOBOJIUTCS AHAJIOTMYHO CXeMe, WM3JIOKeHHOH B [2, c. 82-80).
Yreepxenue 1) Oyjer J0Ka3aHO B IIPOIECce J0KA3aTeIbCTBA YTBEPXKIeHWH 2) 1 3).
Hokaxkem yrBepxkienue 2). Bejgem mydox

M()\) = Yﬁl([ — )\Y([ — &S + /.LKQQ)il(Ail + Bll))()\] — Y(I —eS -+ ,U/Kgg)ilBgz),
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ryie oneparop - gyukimsa (I — \Y (I — &S + uKa) H(A™ 4+ Byy)) mpu [A] < t€(r_,ry)

obpaTnma, a orrepaTop Y TaKzKe 00paTuM U ABJISI€TCs PEIIeHNeM OIepaTOPHOTO YPaBHEHU S
Y =1+ (I —eS+pKy) (A + B)Y (I — &S + uka) ' ByY.
Kpowme Toro,
0(Z) = 0(Y(I — &S+ pKy) 'By) C {N: |\ <r_}.
OcHOBBIBasICh Ha 3TUX (aKTax, PACCMOTPHUM 3a1a9y Ha COOCTBEHHbIE 3HAUCHUS
Zv. =Y (I — S + phKy) ' Boyv. =

=(I + (I — &S+ pKy) YA 4+ B1)Y(I — S + uKa) 'Y)(I— (65)
—&S + 1K) ' Bygv, =1 (I + ®)Byov. = Mv., v, € Lo(Q) = H, |\ <r_,

e & € 6 (H) u I + P obparnm, a By = Bj, € 6o (H) nmeer 6eCKOHETHOMEPHOE IIPO
Hy = Ker Bss.

Cropoekrupyem 06e dactu (65) wa Hy u Hy coorsercrBerHo. C 9700 1eIbio mpei-
CTaBUM 3JIEMEHT VU B BUJE Vs = Uz + Vs 1, Veo € Hy, vo1 € Hy = H © Hy, n BBeneM
oprorpoekTopsl Py u Py. C yaerom coornorenuit PyByy = 0, Py By P =: §22 > 08 H;
nMeeM

P(](I + (I))Plégg’ljal = )\UE’(], (]1 + Pl(pPI)EQQ'UE’l = /\Us,l' (66)

Tak Kak 10 ycaoBuio 3aja4qu A # 0, To u3 mepBoro coorHotenus (66) MOXKHO BBIDA3HUTH
Vg0 9€PE3 Vg 1, @ BTOPOE yPaBHEHUE HE COAEPIKUT Vg .

3aech yxke By Py = Py By Py =: Byy = B3, — nosuslit oneparop B Hy, sBjdomuiics
TaK>Ke CaMOCOTPSI?KEHHBIM U TIOJI0ZKUTETbHBIM.

Bropoe coornomenue uz (66) nepernuinem B Buje
Pi(I + ®)ByPive1 = Ave 1,

a 3aTeM B BHEC
Zlvs,l = PI(I + (I))PlBQQUEJ = /\Us,lu Ve1 € H,.

Hastee, paccykas Tak e Kak u B Teopeme 3.1.2 (cM., manpumep, |2, c. 85]), mokasbi-
BACTCs YTBEPZK/ICHIE O MOJIHOTE CHCTEMBI KOPHEBBIX 9JIEMEHTOB B IPOCTPAHCTBE Lo (€2).
YVUauThIBag ele, 9To COOCTBEHHbIC 3HAYCHUS OlepaTopa Koy UMEIOT CTEINEeHHYIO ACHMIITO-
TUKY, ITPUXOIUM TaKKe K BBIBOJLY, YTO 3Ta COBOKYITHOCTH KOPHEBBIX JIEMEHTOB 0Opa3yeT
bazuc Abess-JInpckoro nopsiaka « > m — 1. AHaorngubIM 00pa30M, TOJILKO IIPOIIe, H6e3
MMPOEKTUPOBaHUs Ha MOoAnpocTpancTBo Hy, Tak kak Hy = Ker EQQ = {0}, nokasbiBaercst

yTBepXKIeHue 3). O
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Anajornano HCCJIEAYOTCA BOSMYIIIEHHBIE 1 HEBOSMYIIEHHbBIE CMEIIaHHbIC CIIEKTPAJIb-
HbI€ 3a/la91 IIPU BTOPOM YCJIOBUHU COIIPAZKEHUA. ,ZLHH HUX JOKa3aHbl TECOPEMBI O IIOJIHOTE,

0a3UCHOCTH KOPHEBLIX 9JIEMEHTOB U CTPYKTYpPE CIIEKTDPA.

3AKJIIOYEHUE

Ha 6ase yke pacCMOTPEHHBIX 3aja4 B cjydae ojiHoil obsactu (cM. [1]) uccrenoBanbl
CMEIaHHbIE CIEKTpaJbHbIe TPOOJIEMbI, MOPOXKJICHHbIE HECUMMETPUYIECKON TOJIyTOpaJIu-
Heitroit dhopmoit (au1st oneparopa Jlarmraca) qst nByx obusacreit. [Ipu srom ncmonp3oBan
IPUHIAI CYEPIO3UIAH, TO3BOJIAIONIUIT IPEJICTABUTE PEIeHNe 381891 B BUJIE CYMMBI De-
IICHUH BCIIOMOTATEIBHBIX KPACBBIX 3a/ad (HEeBO3MYIIEHHBIX ), COIEPXKAIIX HEOTHOPOI-
HOCTDH JIMIIIb B OJHOM MeECTeE. yCTaHOB.HeHO, 9TO MCXOIHbIC HpO6ﬂeMbI IIPUBOALATCA K HUC-
CJIEJIOBAHUIO OTIEPATOPHOIO ITyYKa, KOTOPBIN 3aBUCUT OT JIBYX KOMILJIEKCHBIX ITapaMeTPOB,
OJINH U3 KOTOPBIX CYUTAIOT (DUKCHPOBAHHBIM, & JPYrOl — CIEKTPaJbHBIM. BbIBejIeHbI
CBOMCTBA enieHnil BO3MYIIEHHBIX U HEBO3MYIIEHHBIX CIIEKTPAIBHBIX 3219 [IPU [EPBOM
U BTOPOM YCJIOBUSIX COIpsKeHus. /[okazaHbl TEOpeMbI O TIOJIHOTE, DA3MCHOCTH KOPHEBBIX

9JIEMEHTOB U CTPYKTYPE CIEKTPA.
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Kozlova M. G., Germanchuk M. S. Building a transport network model using
satellite images / M. G. Kozlova, M. S. Germanchuk // TaBpuueckuii BeCTHUK
uadopmaruku u maremaruku. — 2020. — Ne 2 (47). — C. 7—18.

YAK: 519.173+004.942

PaccmoTpen meToJ1 TOCTpOeHUS TPAHCIOPTHONW CETH C UCHOJIB30BAHUEM CITY THUKOBOTO
n3o0bparkeHus m Habopa IyTeil B KadecTBE BXOJIHBIX JIAHHBIX. PazpaboTaHo mporpamm-
Hoe obecrievueHune Jijis MOCTPOEHU MOJEN TPAHCIIOPTHOM CETU 1O YKa3aHHBIM BXOJHBIM
JIaHHBIM. PaccMoTpenbl mpuMepbl paboThl TPOrPAMMBI Ha, PA3IUYHBIX yYACTKAX TPAHC-

MOPTHBIX cereit. ONnucanbl TPEMMYINECTBA U HEJIOCTATKE pa3spaboTaHHOTO METO/IA.

Karouesovie caosa: mpancnopmuas cems, bunapusayus uzobpasicenusa, GPX mpex.

Zhukovskiy V. 1., Zhukovskaya L. V., Smirnova L. V. To the problem
of coalitional equilibrium in mixed strategies / V. I. Zhukovskiy,
L. V. Zhukovskaya, L. V. Smirnova // TaBpudeckuii BecTHUK wuHdOpMa-
Tuku 1 Marematuku. — 2020. — Ne 2 (47). — C. 19-38.

VIK: 519.834

B macrogmeil ctarbe BBOJUTCH IMOHSTHE CTPOTOrO KOAJUIMOHHOTO PaBHOBECUS JIJIs WT-
pPBI B HOpMaJIbHOI (hopMe IIpH HeollpeiesieHHOCTH. [Ipe/iiozkenHoe oHATHEe OCHOBAHO Ha
CUHTE3€ MOHSITHH WHJNBUJLYaJIbHON, a TaKyKe KOJIJIEKTUBHON pallMoOHaJIbHOCTH (U3 Teo-
pPHH KOOIEPATHBHBIX UI'D 6€3 MOOOUHBIX TIATEXKEil) U MPeJJIOZKEHHOI0 B HACTOSIIIEl cTa-
The OIIPeJIeJIEHNsT KOAJUIIMOHHON pPalMoOHaIbHOCTH. JIJ15 IPOCTOTHI 1Ipe/iCTaBIeHIS TTOHSI-
THE CTPOrOoro KOAJUIIMOHHOIO PaBHOBECUs (DOPMAJIM3YETCs JIJIA UT'PhI YeThIPeX JIUIL ITPU
neonpejiesienHocTu. Vcnomp3ys nmonsaTue cejjioBoil TOYKU repMeiiepOBCKOi CBEPTKHU Ta-
panTuit GYHKIWI BBIUTPHIIIA, YCTAHABINBAIOTC JIOCTATOYHbIE YCJIOBUS CYIIECTBOBAHUS
IPEJJIOZKEHHOTO PABHOBECHSI B UUCTBHIX cTparernsx. HakoHerr, coriacHo mogxoay DM
Bopensa, Txona don Heitmana n /Ixxona Hama, qoka3biBaeTcd CyliecTBOBaHUE YKa3aH-
HOTO PaBHOBECHS B CMEIIAHHBIX CTPATETUAX IIPU <IIPUBBIYHBLIX» JJIS MaTEeMaTUICCKON
TEOPHUU UTP OTPAHMYIECHUSTX (KOMIIAKTHOCTH U BBIIIYKJIOCTH MHOXKECTB HEOIPEIEICHHOCTEH

U CTPATeruii NrpOKOB U HENMPEPBIBHOCTD (DYHKIHI BBHIMIPHIIIA).

Karoueswvie caosa: Hepa 6 nopmasvhoti opme 63 nobouHvT naamesicets, HeonpedeseHHocmy,

20PAHMUA, CMEULAHHBIE CMPATNE2UL, 2EPMETEPOBCKAA CEEPMKA, CEAN0EAA MOYKA, PASGHOBECUE.



112 Pegpepamut

I'ypo C. I. MaxkoputapHasg aJjirebpa /Jjid CHUHTe3a KOMOWHAIMOHHO-
gormdeckux cxem. O63op / C.U.T'ypoB // TaBpuueckuii BeCTHUK WH-
dopmaruku u maremaruku. — 2020. — Ne2 (47). — C. 39—-60.

YAK: 519.714.22, 510.649

Crarbd coflepKUT 0030p PE3y/IbTATOB 10 TPUMEHEHWIO MayKOPUTAPHON JIOTHKH
KOMOWHAIIMOHHO-JIOTUYECKUX CXeM. B JaHHOl 1MepBoil YacTh pacCMOTPEHBI TEOPETUIECKUE
OCHOBBI BOIIPOCHI aJIreOpbl OOJIBIIMHCTBA (MM MasKOPHTAPHON aaredphl), eé akcumoMma-
TH3aIUs U MPUMHUTUBHBIE (DYHKIUHU; [IPUMEHEHNE MayKOPUTAPHON JIOTUKHU [IPU PENIeHun
MPaKTUIECKUX 3aJ1a9 CUHTe3a CXeM. YKa3aHbl HEKOTOpble (hDU3MYECKHe Peasn3allid Ma-
JKOPUTAPHBIX 371eMeHTOB. Paccmorpenb! mepsbie (2007-2015) agropuTMbl IMMYHU3AIN

MayKOPUTAPHON JIOTMKHU CO CPaBHEHUEM PE3YJILTATOB X PabOTHI.

Karouesnvle caoga: a02uka 60AbWUHCMEA, DYAEBG GA2e0PG, AKCUOMAMUIAUUA, NPUMUMUBHDLE

Pyrruuy, s02uNeCKUT curMmes.

Hukutun FO. N., Caxapos A. H. ChelmajbHble TPUTOHOMETPUYECKNE PAAbI B
3asave o nepuoanydeckux pemennsx / FO. 1. Hukutun, A. H. Caxapos // Ta-
BpUYECKNii BecTHUK uH(popMmatuku m maremaruku. — 2020. — Ne2(47). —
C. 61-75.

VIK: 517.45

B macrosimeit pabore OMUCHIBAIOTCS METOJ MOCTPOEHUSA MEPUOTUIECKUX PEITeHui i1
HeJIMHEHHBIX YpaBHEHUN ¢ IepuondeckuMn Koddduimentamu crernuaabHoro suga. Oc-
HOBa 3TOI'0 METO/Ia 3aKJII0UYaETCs B IIPEJICTaB/IeHU UCKOMOI'O PellleHnsl B HeCTaHJIapTHOI'O
TPUTOHOMETPUYIECKOrO Psijia B BUJE CTEIeHHOro psiia 1o sint. Koadbduimenrtsr Takoro
psijla BBIYHCISIOTCH PEKYPEHTHBIM criocoboM. [lomobHoe mpejicraBiienne JOMyCTHMO HE
TOJIBKO JIJIsI HeITPEPBIBHBIX IEPUOIMICCKUX PEIIEeHUI, HO U JIJIs PEIICHU ¢ 0COOCHHOCTSAMMU.
Kpowme Toro, mpejicrasiienne ocoO0ro perrenns B BUJie HECTAHIAPTHOTO TPUTOHOMETPUYe-
CKOT'O PsiJia IMO3BOJIAET JIOKAJIU30BaTh €ro 0coOeHHOCTH. PaccTpuBaeMblie ypaBHEHUs TAKZKE
MOT'YT UMeTh ocobeHHOCTH. [Ipn HAXOXKIEHNH OCOOBIX PENIeHUT UCIIOIb3YETCs TPEIII0I0-
JKeHre O TOM, YTO B CJIydae CyIIeCTBOBAHUS JIBYX TaKWX PEIeHUil OHU CBA3aHbI Olpe-
JIEJIEHHBIM PaBEHCTBOM. DTO IO3BOJISIET, HAIPUMED, HANTH I'DAHUYHDbIE KPUBBIE JJIs 30H
yCTOMYMBOCTH ypaBHeHUs: Xujjaa ¢ napaMerpom. [losryuennbie pe3yabraTbl O CyIIeCTBO-
BaHUU 0COOBIX MEPUOJINIECKIX PEIIEeHNUTT JIOMOHSIIOT 00Iue TeopeMbl u3 | 7], mosryYeHHbe

JIDYTEMU CIIODaMHU.

Katouesvle caoea: Hecmandapervie mpuzoHOMempudeckue padvl, MEPUOOUMECKUE DEWEHUS,

0cobble NEPUOIUHECKUE PEUEHUA.
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TperbsikoB /1. B. Nzomopdusm J-camoconpsiz>KeHHbIX JIUjaTaliii obIiero Bu-
Ja JAHEHHOTO omeparopa C HEMyCTBIM MHOXKECTBOM PEryJISIPHBIX TOYeK /
. B. TperbsikoB // TaBpudeckuii BecTHUK WH(POPMATUKU U MATE€MATUKU. —
2020. — N2 (47). — C. 76 —87.

VIK: 517.432

B crarpe mokazana Teopema 00 mzomopdusme JBYX J-caMOCONPSKEHHBIX JTUIATAIIIN
00IIIero BUa, IMOCTPOEHHBIX I IJIOTHO 3aJaHHOIO JIMHEIHOIO OIepaTopa ¢ HEIyCThIM
MHO>KECTBOM PEryJIsipHBIX TOoYeK. I3 jokazaHHOI TeopeMbl BbITEKaeT nu3omMopdusm J-

CaMOCOIIPA2KEHHBIX ,ZLI/IJIaTaHI/Iﬁ CllelIlnaJIbHOI'O BHU/da, U3BECTHBLIX paHee.

Karouesvie caosa: J-camoconpasicenmvie usamauut, u3omoppudm J-camoconpanicenmus du-

AaMaYUUL.

Axky6osa A. P. O cBoiicTBax pelleHuii HEKOTOPbIX CMEIIAHHBIX CHEKTPaIbHbIX
damad / A. P. ddky6oBa // TaBpudeckuii BeCTHUK MH(POPMATHKHA U MaTeMaTu-
k. — 2020. — Ne2(47). — C. 88—110.

YAK: 517.95

Ha 0aze y»ke paccMOTpeHHBIX 3aja4d B CIydae OJHONW 00JacTH B PabOTe U3ydeHBI CMe-
IMAaHHbBIE CIIEKTPAJIbHBIE 38 /1a91 CONPSIYKEHNS, TOPOXK JeHHbBIE IOy TOPAJTHHENHOH (DOPMOIi.
[Ipu aTOM HMCHONIB3YeTCA TPUHIIAI CYTIEPIO3UITNH, TO3BOJISIONINN TTPEJICTABUTD PEIIeHHe
UCXOAHON 3a/1a4i B BUJE CYMMbI PEIIeHUN BCIIOMOraTeIbHBbIX 3a1a4, COAEpZKaIluX HeOol-
HOPOJHOCTH JIUIIb B OJTHOM MeCTe, TO €CTh JUOO B ypaBHEHWH, JTUOO B OJTHOM M3 KPAEBBIX
ycioBuit. B pe3synbrare mccieloBaHus CIIEKTPAJIbHBIX TPOOJIEM MOJIYyYaeTcsd OJIUH U TOT
JKe OllepaTOPHLII Iy4OK, KOTOPBI ncciaesyeTcd MeTOJaMU CIEeKTPaJJbHOI Teopuu olepa-
TOPHBIX ITYYKOB. JlOKazaHbl TeOpeMbl O CBOWCTBaX PENIEHUl CMeNTaHHbIX CIIEKTPAJJIbHBIX
38129 [IPU IEPBOM 1 BTOPOM YCJIOBUSX CONPSI?KEHUs B CiIydae, Korja B myuke L(\, (1) oaun

IapamMeTp siBJISeTCs CIIEKTPAJIbHBIM, JIPYToil — (DUKCUPOBAHHDBIM, U HAOOOPOT.

Karouesvie caosa:  dopmyasa 1I'pura, nosymopasuretinas Gopma, 3a0a4G CONPAHCEHUA,

CNEKMP, NOAHOME, 2UALOEPMOBO NPOCTPAHCIMEBO.
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