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MULTISTEP BERTRAND DUOPOLY MODEL WITH IMPORTS
© V. I. Zhukovskiy, M. V. Boldyrev
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Facurry oF COMPUTATIONAL MATHEMATICS AND CYBERNETICS
DEPARTMENT OF OPTIMAL CONTROL
LENINSKIYE GORY UL., 1, BLDG. 52, Moscow, 119234, RussiaAN FEDERATION

E-MAIL: m_ boldyrev@list.ru

INTRODUCTION

In 1838, French mathematician Antoine Augustin Cournot suggested a mathematical
model of interactions between two firms in his book Researches on the Mathematical
Principles of the Theory of Wealth [1]. In this model, the firms select their output values,
assuming the opponent’s policy constant, thereby de facto stating the hypothesis beneath
the “Nash equilibrium”. Independently from Cournot in 1950, American mathemiatician
and economist John Forbes Nash formalized [2, 3] the concept of the equilibrium situation,
later named the Nash equilibrium. Forty-four years later (in 1994) he received a Nobel
Prize (shared with John Harsanyi and Reinhard Selten) “for their pioneering analysis of
equilibria in the theory of non-cooperative games”. In his model Cournot assumed that
both firms select the amount of the good they can sale while the price is formed as a result
of equality of demand and supply. However, it would be more natural for the salesperson to
select their price directly. This approach was suggested by French mathematician Joseph
Louis Francois Bertrand in 1883 [4]. The mathematical model considered in this article
differs from Bertrand’s: first, the problem is formulated in terms of a multistep game;
second, it accounts for imports into the market.

A suitable modification of Bellman’s method of dynamic programming is suggested for
such an extended mathematical model. Thanks to this method, an explicit presentation
of a strongly guaranteed equilibrium is found, first suggested by the first author in 1994
in [5, p.233].

1. MATHEMATICAL MODEL

Suppose the market is dominated by two firms, 1 and 2, who produce interchangable
goods. Firm 1 declares their price p;, firm 2 declares their price py. After the prices have
been declared, demand for these goods is established (we assume it is linear in respect to
the declared prices). The demand for the first firm’s good can be represented as
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Q1(p1,p2) = q—lipr + La(p2 + v),

for the second firm’s good as

Qa(p1,p2) = q — lipa + la(p1 + ),

where ¢ is the initial demand, [; > 0 is the coefficient of elasticity that represents the
fall of demand after the price of the firm’s good has been increased by one currency unit,
lo > 0 is the coefficient of elasticity that represents the rise of demand after the price of
the competitor firm’s good has been increased by one currency unit, y > 0 is the price
of analogous imported good set independently from the seller’s actions (y will later be
assumed as an uncertainty).

Suppose the cost price of a unit of the good is ¢. Then the function estimating the
profit of the firm i = 1,2 may be represented as

fi(p1,p2,y) = [q — Lipy + la(p2 + y)](p1 — ©),
f2(p1,p2,y) = [q — Lip2 + la(pr + y)](p2 — ©).
Since fi(p1,p2,y) is concave downward with respect to p; (i = 1,2) (since
& fi

op?
with respect to p; is reduced to fulfillment of the following condition:

= —2l; < 0), the sufficient condition of existence of p; that maximizes f;(p1,p2, V)

0 y D2, «
—fl(pl 2 y) =q— 211]?1 + l2(p2 + y) +lic=0,

o Pt
0
% =q—2hp; + l(p1 +y) + lic=0.
2 3

Then the maximum profit of player 1 is reached when

. +lic 1
p1=q S (et y) =a+l(ps+y) Vpe >0,
2, 2,

analogously for player 2

py=a+1l(p1+y) Vp1 >0,

where

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2
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q—i—llc
= 0
a o >0,
2
l=—+>0.
20

If we account for time lags (which we assume equal to one time period), assume
z = ly and wu; is control action of the firm 4, and if w;[k] is the amount of money spent
at the moment of time ¢t = k for marketing, modernization of means of production,
implementation of new technologies, various measures of stimulation and penalty on the
producer, then our controlled system of interactions between the firms and importers may

be represented as a "difference scheme":

pi(k+1) = a+ Ipa(k) + z[k] + ui[K],
po(k+ 1) =a+Ipi (k) + z[k] +uslk] (k=0,1,2,...), (1)
pi(0) =p; (i=1,2)
where p? = p;(0) are initial prices; z[k] = ly[k] is the uncertainty at the moment
of time ¢t = k. With matrix L = (l) (l) and two-dimensional column-vectors

T

a=(a,a)T,p=(p1,p2)T,e = (1,1)T, u = (uy,us)” the system (1) may be represented as

p(k+1) =a+ Lp(k) + ez[k] + u[k], p(0) =p° = (p?,p9)" (k=0,1,2...). (2)

2. TWO-STEP NONCOALITIONAL GAME

From now on, we will suppose the game (1) (or (2)) only lasts for two turns, i.e.
k = 0,1. Each firm will be called a player. Each strategy (rule of operation) U;(k) of
the firm ¢ at the moment & = 0,1 will be identified (in accordance with the theory
of differential games) as a scalar function u;(k,p) of position (k,p1,p2) = (k,p) at the
moment ¢ = k (we will from now on represent this relation as U;(k) + u;(k, x) ).

The set of strategies U;(k) will be denoted by the symbol L;(k) (¢ = 1,2). Then the
strategy of player ¢ in the two-step noncoalitional game defined later will be represented
as an ordered set U; = (U;(0),U;(1)) € U = 44(0) x Lh(1).

We will now consider uncertainties. Supposing informational discrimination of the
firms, we will identify the uncertainty Z(k) at the moment ¢t = £k as a scalar
function z(k,p,u), i.e. Z(k) = z(k,p,u) = z(k,p1, ps, u1,us); we will later use the set
3(k) = {Z(k)}. Then the uncertainty is Z = (Z(0),Z(1)) € 3 = 3(0) x 3(1).
As time progresses from 0 to 2, the game "unfolds" as follows. Suppose the players

«Taspuueckuli secmnux unPopmamuru u mamemamuru», N 2 (39)’ 2018
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do not form a coalition and each player ¢ (¢ = 1,2) independently selects their
strategy U; = (U;(0),U;(1)) € 4;, i.e. builds two scalar functions u;(0,py,ps) > 0 and
u;(1,p1,p2) > 0 (where p; > 0, ps > 0). Each player i selects strategies U;(0) € 1;(0) and
U;(1) € 4;(1) under their guidance to maximize their outcome (the value of the outcome
function J;(U, Z, p%), p° = (p?, pY); its composition will be shown below). At the same time,
some definite values of strategies u[0] = wu(0,p(0)),u[l] = w(1,p(1)) and uncertainties
z[0] = 2(0,p(0), u[0]), 2[1] = 2(1, p(1),u[l]) take place. Using (2) under k = 0, z = z[0],
and p(0) = p° (i = 1,2), we obtain the value of the phase vector p(1) = (p1(1), p2(1)):

p(1) =a+ Lp(0) + ez[0] + u[0].
Then, after applying (2) under k£ = 1, z = z[1], and already selected scalar functions
ui(laplap2) (7’ = 172)7 we have

p(2) = a+ Lp(1) + ez[1] + u[l].

Thereby we have obtained, first, two sequences

pik)io (i=1,2), (3)

that form a discrete trajectory of system (2) that assumes the usage of the mentioned (and
selected) specific strategies U; + u;(0, p), u;(1,p), U; € 4U; (i = 1,2) and implementation of
uncertainty Z <+ {z(0, p,u), z(1,p,u)};

second, two sequences of implementation

wilk] = wi(k, p1 (), pa(k))sep (i = 1,2) (4)
of the selected strategies U; € 4; (i = 1, 2);

third, a sequence of implementation of uncertainties z[k] ,16:0.

Using (3), (4), and z[k];_,, we will build the criterion (outcome function) of player i,
whose value (outcome) will estimate the quality of player’s operations. While doing this,
we will account for three circumstances:

first, each firm i (i = 1,2) seeks to minimize their price, which, in the end, may
be represented as minimization of p?(2) (or, equivalently, maximization of —p?(2)) by
player i,

second, each firm seeks to minimize usage of their resources. This may be represented
as aspiration to maximize Y, _,(—2u?[k]),

third, following the principle of guaranteed result formulated by Yu. B. Germeyer and
choosing their strategy, player ¢+ must assume "maximal antagonism" of the uncertainty,

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2
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which can be acounted for by introducing the summand of 3, _, 1.52%[k] to the outcome
function. Therefore, we obtain the outcome function of player i:

1
T(U, Z,p°) = =p(2) + Y _(—2ul[k] + 1.52°[K)) (i = 1,2). (5)
k=0
Ordered quintuplet

F:<{1>2}72:(){1&}212,3 {7:(U,3,p°) 7,12>
forms a two-step noncoalitional linear-quadratic game of two persons under uncertainty.
Here, 3+ (2) denotes that the control system X is described by the difference scheme (2),
and J;(U, Z,p°) + (5) is the outcome function of player i that takes the form (5).

Definition 1. Pair (U¢, J¢[p"]) is called [6, p.117| a strongly guaranteed equilibrium of
the game I if:
1) there exist uncertainties Z) € Z (i = 1,2) such that

win Ji(U, Z,p") = Ji(U, 29, p%) = U p) (i = 1,2)

€

for YU € u;

2) U¢ = (Ug,US) € 4 is the only Nash equilibrium situation in the "game of

guaranties"

< {17 2}7 Z)7117221,27 {JZ[Ula U27p0]}i=1,2 >7
i.e. U¢ is defined by equalitites:

max J;[Uy, US, pY] = J1[U¢, p"] = J¢[p°],

Uieih

max Jo[Uf, Uy, p°] = L[U, p°] = J5[p°);

Uz€ells
3) JPp°] = (Ji[p°], J5[p°)).
3. METHOD OF BUILDING OF A STRONGLY GUARANTEED EQUILIBRIUM

After using the method of dynamic programming, first described by German
mathematician Richard Bellman, and results from [6, §3.4], we obtain the following
method of finding a strongly guaranteed equilibrium (SGE).

First of all, we need to build two (i = 1,2) functions of p(k + 1)

Wik, p,u, 2, V" (p(k +1) =@+ Lp + ez + u)) =

«Taspuueckuli secmnur unopmamuru u mamemamurus, N 2 (39)’ 2018



12 Zhukovskiy V. I., Boldyrev M. V.

= 202 + 152+ VF @+ Lp+ ez +u) (k=1,2). (6)

Step 1. For k£ = 2 we introduce two scalar functions

VP (p) = —p? (i =1,2).

(2

Step 2. For k=1 we need to find two functions 2@ (1,p,u) for
Vp e RY = {p = (p1,p2)|pi > 0},u € R% in accordance with the equalities

min{—2u? + 1.52% — (a + Ips_; +u; + 2)*} =

= ]dem{z — Z(i)(la]% U17U2)} = VVz‘[l,P; Ul,uﬂ (1 =1,2); (7)

then we need to build four functions Vi(l)(p) u uf(1,p) (1 =1,2) in accordance with

ViV (p) = max{Wi[L,p,ur, us(1p)]} = Idem{ur — u§(1,p)}, (8)
V" (p) = max{[L,p, wi (1,p), e} = Idem{uz = u5(1, )} (9)
under Vp € R, and ensure that the pair (u$(1,p), u§(1,p)) is unique;
Step 3. For k = 0 we need to find two functions 2(0, p,u) (i = 1,2) using equalities
rnzin{—Quf +1.52% + Vl(l) (p(l)=a+Lp+ez+u)} =

= W;[0,p,u] = Idem{z — 2V(0,p,u)} Vp € Ri,u eR? (i=1,2), (10)
analogously to Step 2, find functions u(0, p), Vi(o) (p) (i =1,2) for ¥p € R? according to

H}fix WI[Oapa uhu;(oup)] = Idem{ul — ui(()?p)} = ‘/1(0)<p)7

max Wa[0, p, u5(0, p). uz] = Idem{uz — u3(0,p)} = V;" (p) (11)

and establish that the pair (u§(0,p),u5(0,p)) is unique. Then the SGE of
the game T for all p° € R is formed by the pair (U J¢[p"), where
ue = (UpUg), Us = (U0),0:(1) =+ (uf(0,p),ui(l,p)) (i = 1,2), and

T %) = (V2 (), V0 (0%)).
4. EXPLICIT PRESENTATION OF THE SGE OF THE GAME [’

We have applied the scheme suggested in the previous section.
Step 1. (k = 2). Two scalar functions V?(p) = —p?(i = 1,2) have been built.
Step 2. (k = 1). Equalities (7) only take place under z = (1, p, u) if
. ==(1) _ W) 2
min W;" " (2) = W; (2 (1, p,u)) Vp,u € RY (12)

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2



Multistep Bertrand duopoly model with imports 13

where

W (2) = +1.52% — (a + Ips_s + i + 2)%(i = 1,2). (13)
In turn, (12) takes place if

5 = 3:9(1,p,u) — 2(a + lps + uy + 2V (1,p,u)) =0,
z

2 (1,p,u)
2 (2)

5~ =1>0.

The first equality leads us to

V(1 p,u) = 2(a+ Ips + ). (14)
Analogously

221, p,u) = 2(a + Ipy + uy).
After substitution of (14) into (13) and taking (7) into account under ¢ = 1 we obtain

VY (p) = max{—2u? — 3[a + lps + w]2} = Idem{uy — uS(1,p)}. (15)

This equality takes place for Vp, > 0 if

oW1 (1)[u]

5 = —4u§(L,p) — 6l + Ips + i (1,p)] =0, (16)
Ui

u{ (1,p)

since

82W1( 1) [U,]

=—-10 <0,
ou?

u$ (1,p)

where

W2 [u) = =20 = 3fa + lps + ).
From (16) and (15) we obtain u¢(1,p) = —0.6(a + Ipy) and V;" (p) = —1.2(a + Ipy)?,
analogously u$(1,p) = —0.6(a + Ip;) and Vz(l)(p) = —1.2(a+Ip)*

Step 3. (k = 0) Finding 2% (0, p,u) (i = 1,2) using inequalities
=(0)

min W, (2) = V[/Z.(O)(z(i)((),p, u)) Vp,u € R? (i = 1,2),

«Taspuueckuli secmnux unPopmamuru u mamemamurus, N 2 (39)’ 2018
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where (see (10))

—(0) 9 9
W, (2) =1.52° = 1.2[a + Ip; + us + 2)|°,

—(0) 9 9
W, (z) = 1.52" — 1.2[a + lps + uy + 2)]°.
Since
8W(0)
81 = 321(0, p,u) — 2.4l[a + l(a + Ipy + uy + 29(0,p, u)] = 0, (17)
z
—(0)
o*W,
— =3 —2.4[*
022 ’
2(1)(0,p,u)
and 3 —2.41% > 0 if
[ €[0;1.11], (18)

then, when (18) takes place, (17) yields

2(1)(07])7 U) = ’Y[CL(]_ + l) + l2p1 + lu2]7

where constant

2.41

’y =
Finally,

6
VI%(p) = max{~2u} + o—[a(1+ 1) + py + bu5(0,p)]} = Idem{uy = u5(0,p)}.

This chain of equalities and its analog for building u$(0,p) takes place under

u$(0,p) = u5(0,p) = 0.
Then

6

= 5[a(1 + 1)+ Pp1],

V%)

analogously
v, (p) = [a(1+1) + Ppa).

Finally, we obtain the following

6
412 =5

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2
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Statement 1. If in the game I' constant | = € [0;1.11], then for any initial price
p° = (Y, pY) the strongly guaranteed equilibrium (Ue, Je) is:
first, the equilibrium situation

Ue = (U5, U3),
Uf = (U7 (0), Uf (1)),
UF(0) =Us5(0) =0,
Ui(1) + —0.6(a + Ips),
Us(1) + —0.6(a + Ip1);

second, the equilibrium outcomes

Je:(J167J2€>7
6
e 01 — 1 2,0
J Jl[va] 4[2_5[a’< +l)+lpl]7

6
J5 = LU p°] = m[a(l +1) +1°ph).

CONCLUSION

Through the use of a suitable variant of dynamic programming, the explicit form
of the situation of guaranteed equilibrium in a two-step positional mathematical model
of Bertrand duopoly has been found. This research may be extended by examination of
N-person games as well as applying the Berge equilibrium instead of the Nash equilibrium.
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Abstract. We consider a wide class of linear optimization problems with integer
variables. In this paper, the lower and upper attainable bounds on the T,-stability radius
of the set of extremum solutions are obtained in the situation where solution space and
criterion space are endowed with various Holder’s norms. As corollaries, the T,-stability
criterion is formulated, and, furthermore, the T,-stability radius formula is specified for
the case where criterion space is endowed with Chebyshev’s norm.

Keywords: multicriteria integer linear programming, set of extremum solutions,

stability radius, Ty-stability, Holder’s norm, Chebyshev’s norm.

INTRODUCTION

Multicriteria decision making models of discrete optimization are widely used in
economics, management, and many other fields of applied mathematics. One of the major
troubles in such models is related to inaccuracy of input date due to many factors such as
modeling and/or prediction errors, imprecise calculation, and etc. Sometimes an algebraic
formulation may also influence the issue [1]. The accumulated experience of dealing with
these aspects clearly shows that none of the real life problems can be properly formulated
and correctly solved without deep analyzing its stability.

Any complex decision making problem involves multicriteria choice of a subset of
the best alternatives among all the feasible solutions satisfying some chosen optimality
principle. Post-optimal and parametric analysis of discrete problems target finding an
answer to the question how optimal solutions react to small perturbations of input
parameters (problem initial data).

There exist two major approaches, qualitative and quantitative, in post-optimal
analysis of discrete optimization problems. Different types of stability are typically
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analyzed, where stability can be defined as a certain feature of preserving some invariance
properties on the set of optimal solutions. In a family of qualitative approaches, we are
seeking for necessary and/or sufficient conditions of stability as well as specifying an area
of stability, usually termed as stability region [2-8§].

A family of quantitative approaches deals with construction and calculation of
numerical characteristics (quantifying measures) of stability. The stability radius is a
key concept used inhere. It is defined as a radius of extreme stability ball, i. e. a radius of
the largest neighborhood inside the initial problem parameter metric space such that any
"perturbed"problem with parameters in it has a certain invariance properties on the set
of optimal solutions. The coefficients of a scalar or vector criterion (objective function) are
usually subject for perturbations. Sometime we can also have uncertainty related to the
feasibility constraints, then the coefficients of the constraints are considered as a subject
for perturbation. The main research goal is to find analytical expressions or bounds of the
stability radius [9-19] as well as algorithms of their calculation for optimization problems
[20-22].

This paper belongs to the family of quantitative approaches. It continues a series of
publications |11, 23-26| seeking for analytical bounds on stability radius (different types
of stability) for multicriteria problem of Integer Linear Programming (ILP) with Pareto
optimality principle.

In multicriteria decision making, we may also deal with some choice functions that
are different from the well-known Pareto optimality principle. Such functions have a
specific merit in many real life applications (see e.g. [27-30]). In this paper, we consider
multicriteria problem of ILP with extremum optimality principle, i.e. with the set of all
extremum solutions. We study the so-called Ty-type of stability [4] that can easily be
interpreted in terms of stability kernel existence, i.e. existence of a subset of extremum
solutions such that the solutions are stable with respect to small perturbations of initial
problem parameters. Thus, the T5-stability radius is defined as a supreme level of problem
parameter perturbations preserving at least one solution within the stability kernel. In this
paper, we specify the lower and upper bounds on the T)-stability radius of multicriteria
ILP problem with extremum solutions for the case where criterion space is endowed with
various Holder’s norms. Attainability of the estimates (both lower and uppers bounds) is
shown. As a corollary, we deduce a known before criterion on Ts-stability of multicriteria

ILP problem for the case where criterion space is endowed with Chebyshev’s norm.
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On some type of stability for multicriteria integer LPP of finding extremum solutions 19

INTRODUCTION

We consider an m-criteria problem of ILP problem in the following formulation.

Let C = [¢;] € R™™ be a real valued m x n - matrix with corresponding rows
C; e R", i€ N,, = {1,2,...,m}, m > 1. Let also X C Z", 1 < |X| < o0, be a
set of feasible solutions (integer vectors) & = (xy, s, ..., z,)T, n > 2. We define a vector
criterion

Crx = (C’lx, Cox, . .. ,C’mx) — min,

zeX’
with partial criteria being linear functions.

In this paper, Z,,(C), C € R™*" is a problem of finding the set of extremum solutions
defined in traditional way (see e.g. [27-29)]):

En(C)={zeX: FkeN,, Vo' X (Ci(z)<Ci(z))}.

Thus, the choice of extremum solutions can be interpreted as finding best solutions
for each of m criteria, and then combining them into one set. In other words, the set of
extremum solutions contains all the individual minimizers of each objective. Obviously,
EY(C), C € R" is the set of optimal solutions for scalar problem Z'(C) with C' € R™*".

Taking into account that X is finite, the following formulae below are true for any
C e R™M™

En(C) = Sm(CNPn(CN\Lm(C)) = Lin(C) U (Sm(CN\ P (C)),
En(C) N Po(C) = Lin(C) # 0,

Ly (C) € Po(C) € Su(C)
Ly (C) € En(C) € Sn(C),

where P,,(C') denotes the Pareto set [31], S,,(C') denotes the Slater set [32], and L,,(C)
denotes the lexicographic set (see e.g. [33, 34]).

Y

Below we define all the three sets in a traditional way:

Pu(C)={zeX: Ba'eX (Co>Ca® & CatCal)},

Sm(C):{xeX: 34"c X VkeN, (C’k(:c)>C’k(x0))},
= U L(C,s), L(C,s) = {xGX: Vi'e X (Cx <, Cx')}.

Here 1II,, is the set of all m! permutations of numbers 1,2,...m

s = (81,82,...,8m) € Il,; and the binary relation of lexicographic order between

«Taspuueckuli secmnur unPopmamuru u mamemamurus, N 2 (39)’ 2018
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two vectors y = (Y1, Y2, -, Ym) € R™and ¢ = (4,95, ..., y,,) € R™ is defined as follows
y <,y & <y = y/> v <E|k; € Ny Vi€ Nt (ys, <l & ys, = yé)),

where Ny = (). Obviously all the sets, P,(C), S, (C), L, (C) and E,,(C), are non-empty
for any matrix C' € R™*" due to the finite number of alternatives in X.

We will perturb the elements of matrix C' € R™*" by adding elements of the
perturbing matrix ¢ € R™*". Thus the perturbed problem Z,,(C + C’) of finding

extremum solutions has the following form

(C+C")x — min.
zeX

The set of extremum solutions of the perturbed problem is denoted by E,,(C + C’). In
the solution space R"™, we define an arbitrary Holder’s norm [,, p € [1, 00|, i.e. the norm

of vector a = (ay, as, . ..,a,)" € R" is defined by the number
1/p ]
(5 lajl) if 1< p< oo,
Jally = §

max{|a;|: j€ N,} if p=oc.

In the criterion space R™, we define another Holder’s norm [,, ¢ € [1, 00|, The norm
of matrix C' € R™*" is defined by the number

1Cllpg = ICIC I, 1C2llps - -5 [1Cmllp) g,

It is well-known that [, norm, defined in R", induces conjugated [,~ norm in (R™)*. For
p and p*, the following relations hold
1 1
p D
In addition, if p = 1 then p* = oco. Obviously, if p* = 1 then p = co. Also notice that p

=1, 1 <p<oo.

and p* belong to the same range [1, 0o]. We also set }D =0if p = .
It is easy to see that for any vector a = (aq,as,...,a,) € R" with |a;| =0, j € N, it
holds
lall, = n¥o (1)
for any p € [1,00]. For any two vectors a and b of the same dimension, the following

Holder’s inequalities are well-known

ja” 8] < [lall,]1b

p*- (2)
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Using the well-known condition (see [35]) that transforms (2) into equality, the validity
of the following statements becomes transparent

VbeR" VYo >0 JacR" <|aTb| — ol

p & lall, = o). (3)
Given ¢ > 0, let
Qpq(e) = {Ol ER™T ||y < 5}
be the set of perturbing matrices C” with rows C}, € R", k € N,,, and ||C’||,, is the norm
of C" = [c};] € R™*™. Denote
Epg = {5 >0: 3z € E,(C) VC' € Qyle) (€ En(C+ C’))}.
Following [4, 16], the number
sup Z,, if E,, # 0,

pm(p: @) =
0 if Z,,=0

is called the Ty-stability radius (strong quasistability radius in terminology [10, 24|)
of problem Z,,(C), m € N, with Hélder’s norms [, and [, in the spaces R" and R™
respectively. Thus, the Ty-stability radius of problem Z,,(C') defines the extreme level of
independent perturbations of the elements of matrix C' in the metric space R™*™ such
that there exists at least one of the extremum solutions of Z,,(C) preserving a property
of being an extremum solution for each perturbed problem Z,,(C + C").

The same concept of the Ty-stability radius of Z,,(C) can also be introduced using
the definition of the stability kernel, known earlier in [4]. Indeed, it is easy to see that

pm(p,q) =sup{e > 0: Kr,(C,e) #0},

where
Kr(C,e) = {x € Ep(C): VC' € Qp(e) (v € En(C + C'))}.
Here Kr,,(C,¢) is a e-stability kernel of Z,,,(C), and

Krm(C) = {x €EL(C): Fe>0 VC' € Qyle) (x € B(C+ c’))}

is a stability kernel of Z,,(C'). Thus, the problem Z,,(C) is Ty-stable (p,(p,q) > 0) if and
only if the stability kernel is nonempty.

BOUNDS ON STABILITY RADIUS

Given the multicriteria ILP problem Z,,(C), m € N, for any p € [1, o] we set

Ci(x — /)]
¢m(p) = max max min M)
2'€Em(C) 1€Nm zeX\{z'} ||£L‘ _ lJHp*
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where [a]" = max{0, a} is a nonnegative projection of a € R. Obviously, ¢,,(p) > 0.

Theorem 1. Given p,q € [1,00] and m € N, for the Ty-stability radius p,(p,q) of
multicriteria ILP problem Z,,(C), the following lower and upper bounds are valid

Sn(D) < pn(pyq) < M7 (p).

Proof. First, we prove that p,,(p,q) > ¢ := ¢n(p). If ¢ =0, then it is evident.

Let ¢ > 0. Then according to the definition of ¢, there exist a solution z° € E,,(C)
and an index k € N,, such that for any solution z € X\{2°} the following inequality
holds

il — )] = Blla — 2%

Since ¢ > 0, we have Ci(z — 2°) > 0 for z # 2°. Assuming C’ € Q,,(¢), taking into

account

1Ck Il < NIClpg < &

and Holder’s inequalities (2), we deduce
(Cp + C)(x — 2°) = [Ch(x — 2] + Cr(z — 2°) >

(@ = ICillp) |l — °
for any = # 2° i.e. x € E,,(C + C") for C" € Q,,(¢), and hence p,,(p,q) > ¢.
Further, we prove that p,,(p,q) < m%gzﬁ. According to the definition of number ¢, for

p >0

any solution z € E,,(C) and any index i € N,,, there exists a solution x(i) € X\{z} such
that
(Ci((i) = 2)]" < @ll(i) —

Setting ¢ with a condition

p*e (4>

S>>0, (5)
ma

according to formula (3) for any index i € N,, there exists C? € R™ such that

C(a(i) — ) = —ollz(i) — 2/, (6)

171l = o

Therefore, due to (1), the norm of matrix CY containing rows C?, i € N,,, is calculated as
HOOHpq =mio,

i.e. C' € Q,(e). Using sequentially (6), (4) and (5) we get for any index ¢ € N,, we deduce

(Ci+ C)(@(i) — 2) = Cy(a(i) — 2) + C(2(i) — 2) < [Cy(a(i) — 2)]" — ol|l(i) — 2

(¢ — o)z (i) — 2], <O0.

p =
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Thus, z & E,,(C + C°) for x € E,,(C). Hence, the following formula is valid
Ve >mig Vo € En(C) 3C° € Qy(e) (z & En(C +C),
i.e.
pm(p, q) < mio. O

The following corollary from Theorem 1 illustrates the attainability of the lower bound
for the T,-stability radius.

Corollary 1. If ¢ = oo, then for any p € [1,00) and m € N for the Ty-stability radius
pPm(p, 00) of ILP problem Z,,(C) the following formula holds

_ _ . [Ci(z —2")]*
pm(p7 OO) - ¢m(p) o a:’EI%?n}({C) 112%7}5 :EEI)I(l\l?xl} ”CL’ —a

p*
The next Theorem illustrates the attainability of the upper bound for the Ts-stability
radius specified in Theorem 1.

Theorem 2. Given p = 0o, q € [1,00| and m € N, there exists a class of multicriteria
ILP problem problems such that for any Z,,(C) belonging to that class the Ty-stability
radius of Z,(C) can be expressed by the following formula

P (D, ) = M3 Gpn(00). (7)

Proof. According to Theorem 1, in order to prove equation (7), it suffices
to specify a class of problems Z,(C) with p,(co,q) > m%gbm(oo) Let
X = {z', 22, ..., 2"} C E" = {0,1}, where n = m + 1, and every solution 27, j € N, be a
unit vector, i.e. a column of identity matrix of size n x n. Let matrix C' = [¢;;] € R™*"
with rows C; € R", i € N,,, be constructed as follows

0O M .. M -2«
M 0 ... M -2«

O —
M M ... 0 —2«a
where M >> a>0, and M is a number large enough. Then we have
Cx' = (0,M,....M,M)" € R™,
Ca* = (M,0,..,M,M)" ¢ R™,

Ca" ' = (M,M,... M, 0" ¢ R™,
Ca" = (—2a, —2a, ..., —2a, —2a)" € R™,

«Taspuueckuli secmnur unPopmamuru u mamemamuru», N 2 (39)’ 2018
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Thus, 2" € E,,(C), 27 ¢ E,,(C), j € N,,. Moreover, the following equality is evident
Ci(x? — a™)

00) = max min ———= = q.
Om(0) i€Nm JENm 2

Let C" = [c,] € Qooq(méa) be an arbitrary perturbing matrix with rows C1,C5,...,C/.
1
ie. " € R™™, ||C'||oog < maa. Proving by contradiction, it is easy to show that there
exists an index k € Ny, with [|[C}][c < a. Therefore, |c};| < a for any j € N,. So, we
deduce
(Cr+ C)(a" — 2™) = 20 + chy — ¢l > 20 — || = [l > 0,
and hence for any index ¢ € N,,\{k} we obtain
(C; + O (2" — 2™) = Ci(a* — 2™) + Cl(a" — 2™) = M + 2a + ¢, — ¢, > 0.

As a result we conclude that 2" € E,,(C' 4+ C") for any perturbing matrix C’ € Qooq(m%a)
the following inequality holds

pm(00,q) > M, (00),

and hence, taking into account Theorem 1, we get that equality (7) is true, i.e. Theorem
2 is now proven. O

The problem Z,,(C) is called Ty-stable if p,,(p,q) > 0. We introduce a set of strict
extremum solutions of Z,,(C):

SE.(C) = {x €X:IkeN, Va'eX\{z} (Cilz)< Ck(:v’))}.

From Theorem 1 we get the following result.

Corollary 2. Given the ILP problem Z,,(C), the following statements are equivalent

e The problem Z,,(C') is Ty-stable;
e n(p) > 0.

Due to equivalence of any two norms in a finite dimensional linear space (see e.g.
[36, 37]), the result of Corollary 2 is true for any norms specified in the parameter space
R™ ™ of the problem Z,,(C).

At the end to compare the result of theorem 1, we present here a formula to calculate
the Ty-stability radius of multicriteria ILP problem Z,,(C') consisting in finding the set of
Pareto optimal solutions P,,(C):

. o M =1t
= a
pnlpr) = max, i,

I

p*
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where [a]" = (af,ad,..,qaf)T is a nonnegative projection of vector
a = (ay,as,...,a,)7 € R™ ie af = max{0,a;}, i € N,. This formula is clearly
follows from the results of [25].

CONCLUSION

Since the initial data of real problems are usually given with a certain degree of
uncertainty (inaccuracy), there is a need to study the stability of the optimal solutions to
perturbations of the problem parameters. It is worth mentioning that such investigations
are done not only in optimization theory but also in other areas of operations research
and applied mathematics, in particular scheduling theory (see e.g. [38, 39]).

The quantitative characteristic of Ts-stability of the multicriteria integer linear
programming problem, consisting in the search for all extremum solutions, is investigated.
These studies were carried out on the assumption that different Holder’s norms are given
in the space of solutions and criteria. The following results are obtained: 1) the lower and
upper bounds of the Ty-stability radius are found; 2) the attainability of these estimates
is indicated; 3) the stability criteria of the problem are specified.
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BBEIEHUE

JItobast cucreMa xapaKTepHU3yeTcs He OIMIHOKaMHu U cOO-
SIMH, a peakIiuei Ha OIMHOKH U cOOMH.

DosvKAOD.
Bazknoii cropoHoii 3ajaun cunresa mHTerpaibHbix cxem (MC) ocraéres mpobiema
YCTOMYUBOCTH MX K KPATKOBPEMEHHBIM CJIyYafiHbIM CAMOYCTPAHAEMBIM OTKA3aM — COOAM.
[Mpuumnoii cboes (SEU, single event upsets) siBasieTcst BO3EHCTBUS Ha CXeMY PA3JIMIHBIX
BHUJIOB IIOMEX: PAJIMAIIMOHHBIX, CKAUKOB HAIIPAYKEHNI MUTAHWUs, AerPalalliii CUTHAJIOB BO
Bpemenu u jp. B nocieanee Bpems mpoekTHble HOpMbI IMC yMeHBIIAIOTCS 10 € TUHUIL

HAHOMETPOB, UTO BJICYET YMEHbIIIEHHE YHEPreTHIECKOrO 1TOPOTa, BBIZBIBAIOIIETO COOU.
Cumraercs, 9T0 MHTEHCUBHOCTD cO0€B (Soft errors) Ha MOPsIIOK MPeBbIaeT MHTEHCHB-
HOCTH 0TKa30B (hard errors) — morepu CrocOGHOCTU YCTPONCTBA BBILIOJHUTH TPEOYEMYIO
dbyuknmio. B smreparype ormeuaercst, uro 10 50% OTKa30B B COBpEMEHHOM 000PYI0Ba-
HUM, pabOTAIONIEM B YCJIOBUAX BO3JICHCTBUs BHEIIHEH paJinallii, CBA3aHbI C BJIMAHHEM
pas3InIHbIX pajuannoHHbIX 3ddekToB. B Tabmuie 1 yKa3aHbl 103kl Paualiuiil B 3aBUCH-

MoCTH OT Mecta Haxoxaenns NC?.

MecTto Jo3a
MNoBepxHoCTb 3emnu 1 kPag/rog,
O61beKTbl AAEPHON IHEPreTUKH 100 kPaa/peHb
Hu3kue opbuTbl 3emnum (MKC) 2 kPap/rop,
PaguaunoHHbie nosca 3eman 100 kPap/ropg,
leocTaumoHapHble opbuUThHl 3emnu 10 kPaa/rog,
lNoeepxHocTb Mapca 1 kPag/roa,
Opbuta Mapca 5 kPag/rop,
MNyte o Mapca 5 kPaa/rop,
Op6wuta KOnutepa 100 kPaa/rog ... 100MPaga/roa,

Puc. 1. Hozsl paguarmn (o manabiv Kommannn Murarap, . Mocksa, 3e-
JIEHOTPaJ)

[TosTomy cOOEyCTONYINBOCTD ABJIAETCS BaXKHEHIITUM TpeOOBaHUEM K allapaType, padbo-

TaIOLHGﬁ B TA2KEJIbIX YCJIOBUAX KOCMOCA. Hepmo,u pa6OTOCHOCO6HOI‘O beHKHI/IOHI/IpOBaHI/IH,

2 Pa,zg — BHECHUCTEMHad eIUHUIla U3MEPEeHUA HOI‘JIOLHéHHOfI J03bl TOHU3UPYIOMIETO U3JIyICHUA.
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HaIlpUMep, alllapaTypbl CIIyTHUKOB CB3U JI0J2KeH ObIThH HE MeHee 15 JieT, a paJinaliioHHO-
CTOWKME TEXIIPOIEeCChl B HACTOsIIIEEe BpeMsl 110 IPOEKTHBIM HOPpMaM OTCTaloT Ha 4—6 MOKO-
JIEHUI OT COBPEMEHHBIX KOMMEPUYECKH JOCTYITHBIX. Hampumep, 32-0uTHOE MHKPOITPOIIEC-
copnoe siipo LEON3 cucrem na kpucraiie (CuK), ucrnonb3yemoii B €BpOneiicKux KOCMI-
9ecKNX MPoeKTaX, peajn3oBaHo 110 180 HM-TeXHOJIOTUH.

B nacrosiiee BpemMsi B MUpe aKTUBHO Pa3BUBAETCs HaIlPaBJIEHHE PaUAIlMOHHO-CTOM-
koro npoektupoBanus (RHBD, Radiation Hardening by Design), ocnoBantoe na ucrosinb-
30BAHUU CXEMOTEXHUIECKHUX, TOTIOJIOITIECCKUX U AJTOPUTMUICCKUX METO/OB HOBBIIICHUS
cboeycroirausocTn [21].

Caemxyer orMmeruThb, uTo MHOrHe coBpeMmeHHble CHK peanmmsyor Tak Ha3bIBaeMble
«KPUTUYIECKU-BasKHbIE TIPUIIOKEHUsA> (mission-critical applications), ommubKu B KOTOPBIX
HOPUBOJSAT K CEPbE3HOMY BO3JEHCTBUIO HA YIPABJSIONINE CUCTEMBI (CBsI3b, YIIPABJIEHIE
JIBU2KEHUEM, CJIeYKeHUe 3a JIBUXKYIIUMCA 00beKTOM, OU3Hec-omnepalumn, Kpuirorpadude-
CKHUe MPUJIOKEHWsI U JIpP.) M JIa’Ke MOIYT BbI3BaTh COIUAJIBHBIE TIOTPSICEHUsI M KATACTPO-
bor’.

OTKa3bI 110 XapaKTePy CBOETO TIPOSIBICHU MOJIPA3/IEISAIOTCS Ha «BU3aHTHHCKIEe» ! (cn-
creMa aKTHBHA M MOYKET IIPOSIBJISATH CeOsl TI0-Pa3HOMY, JIazKe 3JIOHAMEPEHHO) U «IIPOIazKa,
IPU3HAKOB YKU3HU» (JacTUdHast Win mosiHast ). [lepBbie pacrnosHaTsh ropasjio cioKHee, 9eM
BTOPBIE.

[ToBbImienne HaAEXKHOCTU CXEM CBSI3BIBAIOT C HMCIIOJIb30BAHHEM TOT'O WU WHOTO BU-
J1a M30BITOYHOCTH. BBIEISIOT ammapaTHyo, HHPOPMAIMOHHYI0 U BPEMEHHYI0 U30BITOY-
HOCTB. AnapaTHas n30bITOYHOCTH 00ECIIeYNBAETCsI BHEAPEHNEM B CXeMY JOIOTHUTETHHOMN
KOPPEKTUPYIOIIEH anmapaTypbl, HHGOPMAIMOHHAS — HCIIOJIH30BAHIEM KOPPEKTUPYIONNX
KOJIOB, BDEMEHHAST — MHOTOKPATHBIM II€PECUYETOM BBIXO/Ia (AHATIOTOM METO/Ia TOBTOPHOMN
nepejiadu B Teopun CBs3u). [Ipu 9T0M MOHATHO, YUTO UCHOJIB30BAHEE JIIOOOIO BUJA U30bI-
TOYHOCTU B KOHEYHOM CUETE PeaM3yeTcs JOTOJTHUTETbHBIMI CXeMaMH.

B pabore paccmarpuBaioTcs aBTOMATUYECKHE CIIOCOObI KOPPEKIINH OMMOOK, BO3HU-
Katorue npu c60sxX KOMOMHAIIMOHHBIX CXeM (BBIXOJ[HbIE CHTHAJIBI KOTOPBIX B HEKOTOPBIi
MOMEHT BPEMEHU OJIHOZHAYHO OIPEICISIIOTCS BXOJIHBIMUA CUTHAJIAME, UMEIOIIIUMHI MECTO B
JIAHHBI MoMeHT BpeMmenn). IIpemiaraercsa Kom it MCIpaB/IeHsT OJMHOYHBIX U OOHADY-
JKEHUsT JIBOMHBIX OMUOOK, BO3HUKAIOIINX HPU COOSIX KOMOMHAIIMOHHBIX CXeM (BBIXOJHbIE
CUTHAJIbI KOTOPBIX B HEKOTOPBIIT MOMEHT BPEMEHU OJIHOZHAYHO OIIPEJIE/IAI0TCS BXOIHBIMUI

CHUT'HaJlaMM, UMECIOIIIUMMU MECTO B ,ZLaHHbeI MOMGHT).

3 Cwm., manpumep, https : //en.wikipedia.org/wiki/Missionritical.
4910 Ha3BaHMe OHI oIy anIn 1o uMenn Busanruiickoit umnepun (330-1453 rr.), rjie mponBeTan HHTPUTHT
u obMaH
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1. CAMOKOPPEKTUPYEMBIE CXEMBI I OBPATUMASI CXEMOTEXHUKA

[TocTpoenne camMONpoOBEPSIEMBIX CXEM — TPAJUIIMOHHBIHN 10/IX0J] PEIIIEHUO TTOCTAB/IECH-
Hoit ipobstemst |1, 2|. Camoxroppexmupyemocms HYHKIMOHATBHBIX GJIOKOB €CTh CBOHCTBO
00HAPY?KNBATH U UCHPABJIATH HEUCIIPABHOCTH KaK B OCHOBHOM, TaK U B KOHTPOJIMPYIOIEit
armapatype. [lociie/iHee ¢BOMCTBO MO3BOJIsIET M30€KATH MTPOOJIEMBI ‘CTOPOXKA HAJI CTOPO-
xkem'. B aToMm cirydae roBopsT 0 cxemnot udbumouHocmu.

[TockobKy OMHOYHAST HEMCIIPABHOCTD TOT'O WJIM WHOT'O 9JIEMEHTA CXeMbI MOXKET IPU-
BECTH K KPATHOI OIMMOKe Ha BBIXOJIE CXEMbI, TUIINYHOH SABJISIETCS CHTyaIus JuO0 TOJIHOTO
OTCyTCTBUsL OMMOKY (Mackuposanue), THOO HATMINS Cpa3y HECKOJbKUX OMMOOK Ha BbI-
X0JIe cXeMbl (Konyc owubox). s uckirouenust 3 derra KoHyca ommboK BO3MOXKHO IIPHU-
MeHeHUe IMPUHINIIA He3aBUCUMON peasm3anuu (byHKIIHIA, IPU KOTOPOM He ITPOU3BOINTCS
COBMeCTHasl MUHUMU3AINS, OJTHAKO 9TO IPUBOJNAT K 3aMETHOMY YBEJMYEHHIO 00beMa all-
maparyphl.

[Ipu BO3HUKHOBEHUU OIMIMOKU KOHTPOJIUPYIOIIAs CXeMa 00eclieunBaeT Imepecyuer 3Ha-
YeHUil BBIXOJa OCHOBHO# cxeMbl. Takoil mepecuer MOYKeT MOBTOPATHCA HEOJHOKPATHO, UTO
MHOTJIa MOXKET MIPUBECTH K OOIBITION 3a/Iep2KKe BPEMEHN TIOJIyIeHNsT pe3yIbTaTa.

JlpyrumM mImpoKO MCIIOIB3YEMBIM METOJOM sBIAeTCsT N-MO0YAbHAA UOIMOYHOCT,
[IPU KOTOPOM PE3YJIBTAT OIPEJIEISIETC MAHCOPUPOBAHUEM BBIXOJIOB N 3K3EMILIAPOB OC-
HOBHOIT cxeMbl. Kak mpaBuio, UCIOIb3yeTcs NUCKIIOYUTETBHO MPoupo8aHue alnapaTypbl
(TMR, Triple Modular Redundancy, Tpoiitoe moaynbHoe pesepupoBanue). O4eBuHO,
[IPUMEHEHNE allapaTHOrO Pe3epPBUPOBAHUS IPUBOUT K IIPOUIPBINTY B ILIOMAIN CXEMbI
(mpu TMR — Gosiee 200%), HO IPAKTUYECKH HE BEJET K BPEMEHHBIM 3aJIePIKKAM.

Obpamumvie cremv, TTPEJICTABIAIOT COOON HOBYIO TEXHOJIOTHIO, OCHOBAHHYIO HA HETPA-
JIATIMOHHOM IIO/IXOJIe: TAKHe CXeMbI peaIn3yeT ONeKTUBHBIE TTPeoOpa30BaHNs ONTOBBIX JTaH-
HBbIX. B HacTosiIiee BpeMst BEIyTCsI UCCIC0OBAHNUS 110 CUHTE3Y CO0EYCTONINBBIX OOPATUMBIX
CXeM, CIIOCOOHBIX OOHAPYKUTH MIUPOKUii Kace omuboK Ha Buixojax [3, 4]. Ouenku noka-
3BIBAIOT, YTO YUCJIO BEHTUJIEN TIPHU PeAJTH3aIi KOMOMHAIIMOHHOW JIOTUKU Ha, IIPOI'PAMMI-
PYEMBIX JIOTUIECKUX MATPHUIAX B OOBIYHON M 00OpaTUMOil cOOEYCTOMYINBOI CXeMOTEXHUKE
MOZKeT COBIaJaTh [5]. DTO MOATBEPKIAET MPE/IIOIOKEHNE O BBICOKON 3(DhEKTUBHOCTI

JaHHOI'O METO/la JIJIA PEIIeHA paCCManI/IBaeMOﬁ 3a/1a491.

2. I3BBITOYHOE KOAMPOBAHUE 1JIsI CBOEYCTOUYBBIX MC

JlaHHBI TIOIXO/ TaKzKe XOPOIIo u3BecTeH |2, 6, 7|, omHAKO, B CHJIy Pa3HbIX IIPUYNH,

TOJBKO B TIOCTIEJIHEE BpeMs K HEeMy BO3POC MHTepec mcciaemoBareseii |8, 9, 11-14|. U3
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crermpuKN 330891 CJIEIYeT, YTO BO3ZMOYKHBIE ONMOKHM CBSI3aHBI TOJIBKO ¢ MHBEPTHPOBA-
HEEM HEKOTOPBIX Pa3psiiOB BBIXOJHOIO BEKTOPa KOMOMHAIMOHHON CXeMbl (HeT BBIIa/Ie-
Hus /BetaBku 6ut). [Ipu sToM moHATHO, YTO J11060# N30BITOYHBIN KO/ MOKET OOHAPYKUTH
WJIA UCIIPABUTDH HE BCe OIMMOKM, a TOJIBKO OIIMOKN OIpPEJIeIEHHOrO THTIA.

2.1. Ocobennoctu 3ama4um. [Ipexje Bcero cumraror, 9TO WMCXOAHASA (OCHOBHAs)
dyuknnonanbaas cxema OC crpoeKTUPOBaHA U He MOJJIEXKUT nu3MeHeHuio. Jlajiee, 00braHO
HCKazkeHne NHMOPMAIMK, BOZHUKAIOIIee IIPU COOSX, He OMMCHIBAETCA B PAMKAX TPaIHIH-
OHHBIX MOJIeJIell KaHaJ 0B repeaadn nandopmannu. Takzke MOHITHO, 9TO 3P (HEKTUBHOCTD 1
CJIOYKHOCTH TIPUMEHEHMS TOT'O W/ MHOTO MEeTO/1a N30BITOYHOTO KOJIUPOBAHMS CYIECTBEHHO
3aBUCHUT OT TPeOYeMOTo YPOBHs 00eCIeueHUsT HACXKHOCTU UCIIPABICHUS ONUOKH.

BaxkHbIM gBJISIETCA TO, YTO OOBIYHBIE XapaKTEPUCTUKU: MUHHMAJLHOE KOIOBOE pac-
CTOsTHUE, M3OBITOYHOCTH U T.J., HE SIBJISIIOTCS OIPEJIE/SIONINMA TIPU BBIOOPE KOja JIJIst
paccMaTpuBaeMoil 33/[a9u W [MOITOMY Ha MPAKTUKE YACTO BBIOMPAIOT KOJbI C XY/IITHMUI
XapaKTEePUCTUKAMU, HO ITO3BOJISIIONINME O0Jiee IIPOCTO BHIITOJHUATD ITaPUPOBAHUE OINTHOKI
CXEMBI.

[Ipr pazpaboTke Cpe/iCTB MCIPABIEHUs OIMMOOK CXeM, BBISBAHHBIX COOSIMM, CJIeIyeT
TaKKe YIUThIBATH CJIEJIyIOIIIe 0COOEHHOCTH 3a/1a9H, 13 KOTOPBIX BBITEKAIOT TPeOOBaHUS

K CBOMCTBaM BbI6I/Ipa€MOFO KO/Ia.

1. TIpoBepounble GUTHI BBIMUCISIOTCS CIEUaIbHOM KoppekTupyorieii cxemoii (KC),
napaJuieIbHO U OJIHOBPEMEHHO ¢ uHbopManuoHabiMu, BbrauciseMmbivu (OC), B To
BpeMsi KakK IPH KJIACCUYIECKOM TIOJIXOJE MPEIIOIAraeTcsd KOJUPOBAHIE YKE NMEIO-
IIIETOCS COODIIEHIS.

B cocrase KC Oynem paznnyaars kodep, BEIYACISIIONTIN ITPOBEPOIHBIE OUTHI, deko-
dep, BBIYUCIISIIONINIL JIaHHBIE, HEOOXOIMMBbIE JIJIsl TAPUPOBAHUS OIMUOKM (HAIIPUMED,
cunyipoM) u uctpasssionyio cxemy (MC), obecrieunsaromniyo, nucnpasjienne omuboK
[PU UX HAJMIUN.

2. Bemrpsim B cymmapsoit mioraan OC+KC npu onucbiBaeMoM MOIX0/1e 0Ty IaeTcs
n3-3a TOrO, 9TO YUCJIO MIPOBEPOYHBIX PA3psiJIOB MEHBIIE, ¥ OOBIYHO — 3HAYUTE]Th-
HO, 9HC/1a THOOPMAIMOHHBIX, U METO/Ibl MUHUMU3AINN TTO3BOJISIIOT CUHTE3UPOBATD
KOJIEp CYIIeCTBEHHO MeHbInedt mioraau, gem OC.

3. JIjist MCKIIIOUeHUsI MOSIBJICHIS OIIMOKY yZKe B IPOIECCe MPOBEPKU U MCIPABJICHUST
BBIXOJIHOIO BeKTOpa (mpobjieMa «cTopoxka Haj ctopoxkems ), KC ¢ momormipio crie-
[MUAJTBHBIX CXEMOTEXHUIECKUX U TEXHOJOTMIECKUX METOJIOB BBIMOJHAIOT B CIICIU-
aJIbHOM COOEYCTOMYNBOM BapUaHTEe, U IMIO3TOMY 3TOT MPOIECC MOKHO CYMTATh CBO-

OOHBIM OT OIINOOK.
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4. IlpencraBiisgeTcsa eCTECTBEHHBIM CTPOUTH KOPPEKTUPYIONINE CXEMbI JIJIT KOMOMHAIIH-
OHHBIX CXeM TaK2Ke KOMOMHAIMOHHBIMHU, YTO O3HAYAET OrPAHUYEHNE HA PEeaTU3AIIIO
JEKOo/epa, 3aKJovalolleecsd B OTKa3€ OT MCIOJIb30BaHUA IIOCJIEI0BATEIBHOCTHBIX
3JIEMEHTOB: CJBHUI'OBBIX PEIHCTPOB, CYETUYUKOB U JI. P.

5. IIpoBeseHHbIE KCIIEPUMEHTHI ITOKA3a/M, YTO HauboJiee BEPOATHBIN OIUHOIHBIN
c60it, (PYHKIIMOHAIBLHOIO JJIEMEHTA CXEMbI, KaK MPaBWIO, JUOO MACKUpyeTcs (He
[POSIBJISIETCs Ha BBIXOJIE), JIMOO TIPUBOJIUT K MHBEPTUPOBAHUIO €[MHCTBEHHOIO Pas3-

psijia Ha BBIXOJIe CXEMBI, T.e. KpaTHbIe OIMHOKN MajoBeposTHBI [13].

JL71st MCKITI0YueHus MOsIBJICHUS OIUOKK Y2Ke B IIPOIecce MMPOBEPKU U UCIIPABJICHUS BbI-
XOJHOT'O BEKTOPA, C MOMOIIBIO CXeMOTEXHUYECKNX M TexHoJormdeckux MerojioB KC BbI-
MOJTHAIOT B CIEIUAJIBHOM COOEyCTOWYMBOM BapHaHTE W IMOITOMY ITOT IPOIECC MOXKHO
cuutaTh cBoGomHBIM OT ommbok® [11, 12, 15, 16]|. Ilnaroit 3a Takyio 6e30MHUOGOYHOCTD
cayxut yBeandenue miomaau KC. [Housgrno, uro ycrex Oymer juib B caydae, KOIja
IJTOIIA/Ib TIOCTIe/IHEN MeHee YeM B JiBa pasa mpeocxoauT iomiaab OC, nnade ncrpasiie-
nue onuHO4YHON ommoOku MeTosioM TMR ¢ MaxkopupoBanureMm BBIXOJOB TI0 MPaBUIY «2 U3
3» CTAHOBUTCS 00JIEE BHITOIHDBIM.

Ha npakTike 0ObIMHO UCIIOIB3YIOT JIMHEHHBIE KOJIbI, UCITPABJISIONINE OJMHOYHYIO €1~
HUYHYO 1 0OHApy KuBatorue japoiinyio onmoky (SEC/DED, Single error correction/Dou-
ble error detection). [lamee Mbr ux kpaTko paccmorpum. Vcrmosmp3oBaHue HeTMHEHHBIX
KOJIOB CBSI3aHO C TPY/JOEMKUMU HUCCIEOBAHUSIMU CBOHCTB KOHKPETHOTO CHHTE3UPYEMOI'O
ycrpoiictBa. [IpuMenenne ke MUKINYECKUX KOJIOB HEIEJIeCO00Pa3HO, IMOCKOJIbKY UX -
dexkTuBHAA peasm3anysa TpeOyeT UCIOJIb30BaHUS ITOCIET0BATETLHOCTHBIX CXEM.

2.2. Jluneiinbie GJIOKOBBbIE KO/IbI (KO/bI C MPOBEPKOil HAa YeTHOCTSH). [lpu cu-
CTEMATUIECKOM OJIOKOBOM KOJIMPOBAHWM, HAIIOMHUM, KOJIOBBIE CJIOBa (1, k)-KOja MMEIT
mmny n = k + m, rjae k — 4ucsio nHOOPMAIMOHHBIX Pa3Ps/IOB, MOBTOPAIONINX CUMBOJIBI
COOOITeHN, a 1M — YUCJIO TPOBEPOIHBIX Pa3PsAIOB, KOTOPbIE CYTh CYyMMBI TT0 mod 2 pas-
JIMIHBIX TTOJMHOXKECTB HHMDOPMAIMOHHBIX (1asee “+” u “Y " 1ist GUTOBBIX EPEMEHHBIX —
cUMBOJIBI cymmupoBanus 1o mod 2). MunumaibHoe paccrostaue d KOJla eCTh MUHIMYM
10 YUCJTy HECOBIAIAIONINX KOOP/IMHAT CPEJIA BCEX IMap KOJIOBBIX CJIOB.

Cucmemamuneckum K00om ¢ NPposepkots Ha YeMHOCMb HA3BIBAETCS JIBOMIHBIN 0J10-

KOBBIil KOJI, B KOTODOM COOOINEHUI0O U = (Uj,...,U;) COMOCTABJICHO KOJOBOE CJIOBO

5 Hal’IpI/Il\/Iep7 CUUTACTCsA, YTO MUKPOCXEMbI TEXHOJIOI'UU OoJIbIIe 072 MKM paﬂHaL[HOHHO-CTOfIKH.
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v=(v1,...,0,), k < n, onpejesgeMoe COOTHOITEHUSIMI
uj, 1 <1<k,

(1)

k
v; = ,
‘ E Uj - Gi—k—15, F+1<i<n,

j=1
[Jie MHOYKECTBO JBOMYHBIX cHMBOJIOB {¢;;}, 0 < i < m —1, 1 < j < k duxcuposano
[17]. Takum 06pazoM, MbI MPEIIOJAraeM Pa3MeNIeHHe CUMBOJIOB COOOIIEHUS B TI€PBBIX
MO3UIUAX KOJIOBOT'O CJIOBA.

fcno, aTo onmcan Kiracc OJIOKOBBIX JIMHEHHBIX KOI0B. Ko/npoBaHue B HUX ONUCHIBa-
eTcst YMHOXKEHHEM BEKTOpa coo0IeHnst (B Halllell 3aja4de 9T0 — BBIXOIHON BEKTOD KOM-
OUHAIIMOHHOI CXEMBI) Ha OIPEJIEIAEMYIO BBIIIEIPEBEICHHBIMUA COOTHONIEHUSIMU TTOPOZK-
natontyo Matpuity G v = u(G. Vckaxkenne B pesynbTare cOOsl OMUCHLIBAETCS BEKTOPOM
ommboK e: W = v + e, W — IOJIyIYEeHHBII BEeKTOP.

B cBa3u ykazanHOI BbIIIe CHEUMUKH, PEJIATACTCS XapaKTEPUCTUKA KAU4eCmEa KO-
da %, boJtee ajieKBaTHASA YeM CKOPOCMY K00 % paccMaTpuBaeMoil 3a/1ade n30BITOTHOIO
KOJMPOBaHUs JIjisd TOBbItienne coboeyuroiranoctu NC.

CymiecTBy0T pa3IndHble METO/IbI JeKOIMPOBAHUS JIMTHEHHBIX KOIOB: IIPSIMOE, BECOBOE,
OLTUMAJILHON IIPOBepouHOil MaTpunsl (18], mepecramosounoe [19]|, MeTox AU3BIOHKINH
cdep [2] u ap. st Hateit 3a1a91 NPUMEHSIOT, Kak HauboJiee yJ00HbIe, JIMO0 CHHIPOMHOE,
b0 MazKopuTapHoe JIEKOJINPOBAHHE.

Cundpomnoe dexoduposarue OCHOBAHO Ha, BBITUCICHUN BEKTOPA S CUHOIPOMOS TIO NpO-
sepounott mampuue H: s = Hw (npoBepodHasi MaTpuiia MOXKET OBbITbH MMOCTPOEHA IO
nopozKaaiomeit u ceazana ¢ neit coornomenuem GH? = 0 — mynesas marpuna). Ecin
omubok Het, T0 8 = 0. MHade mo 3apanee omnpe/ieileHHbIM HanbOJIee BEPOATHBIM ITO3UIIN-
SIM OITMOKY €(S), COOTBETCTBYIOIINM JAHHOMY CHHIPOMY, TPOU3BOIUTCS BOCCTAHOBJICHIE
cOOOIICHUA U.

Jlexojiep npu CUHIPOMHOM JIEKOJIMPOBAHUN COCTOUT U3 CXeMbl OOHADYKEHUS OIMINOKM,
BKJTIOYAsT TOJICXEMY BBIUNCIEHUSI CHHJIPOMA, M CXEMbl OIPeJIe/IeHNsT BEKTOpa OIIUOKU C
[IOCJIE LY FOIIIUM €€ UCIIPABJICHIEM.

Maorcopumapnoe dexoduposarue 6GazupyeTcsi Ha CUCTEME TPOBEPOYHBIX PABEHCTB JIJIsT
KayKJI0r0 HHMOOPMAIIMOHHOTO OWTa, B KAYeCTBE KOTOPBIX UCHOJIb3YIOTCA JTMHEHHBIE KOM-
OMHAIIMM CTPOK MpoBepodHoii Marpuiieit H. Takoe JieKogupoBaHue JIOMyCKaeT OOJIbIIOe
IUCTI0 KOJIOB. [Ipu TOM JeKoaupyomnue yeTpoicTBa, ITOCTPOCHHBIE 110 MaXKOPUTAPHOMY
MPUHITAITY, YACTO OKA3BIBAIOTCS HAMOOJI€E TPOCTHIMHU.

3aMeTuM, 9TO B PACCMATPUBAEMBIX KOJIAX JIJIMHA KOJIOBBIX CJIOB OIPEJIEISIeTCsI, BOOO-

ie roBops, OJHO3HAIHO. D10 06CTOATEILCTBO HaKJ/JIaJIbIBaeT CYIIIECTBEHHbIEC OI'PaHNYCHU A
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Ha, 9UCJI0 NH(MOPMAIMOHHBIX Pa3psioB k B KOJIOBOM cJjioBe. st 00xo/ma 3Toro orpaHnye-
HUSI IEPEXOJIAT K YKOPOUEHHM K0OaM, TIPU STOM YKOPAUYUBAHUE HEKOTOPBIX BUJIOB KOJIOB
MOZKET OBITH CONPAXKEHO CO 3HAYUTETbHBIMUI TPYIHOCTIMU.

2.3. IIpakTudyecku nmpuMeHsieMble KOJIbI JjIsd ciuHTe3a cboeycroitauBbix V1C kpat-
KO OIMCAHBI HUZKE; OHN IPUHAJJIEKAT K KJaccy JuHeiHbX 0s0koBbix SEC/SED-k010B,
UMEIONUX MUHUMAJILHOE pPaccTosinue Koma d = 4.

Koodv, Xommunza (d = 3) TpebyroT MUHIMAJILHOIO KOJTMYECTBA POBEPOUHBIX OHUTOB
U TIO3BOJISIOT OIPENENATh W UCIPABIATh OJHOKpaTHYIO omudKy. [Ipn mobasienun ermre
OJTHOTO 0011ero 6uTa YEeTHOCTH JIJIsi BCeX MH(MOPMAIMOHHBIX W IIPOBEPOYHBIX OUTOB I0-
JYUIAI0T Moduduyuposannviti koda Xommunea (d = 4). AHATH3 9TOTO JOMOJTHUTEILHOTO
OuTa W CUHJIPOMa TMO3BOJISIET UCIPABUTH €IUHUYHYIO OIMOKY U OOHAPYKUTL JIBOWHYIO,
KpOMe TeX, KOTOPbIe 3aTParuBaioT caM OOIIHMil OMT YeTHOCTH. DTO HEOOXOINMO YUUTHI-
BAaTh IPU MPOEKTUPOBAHUM JIEKOJIEPA, UTO JIEJIAETCS C IMOMOIIHIO OTAETBHOIO CTOPOYXKA B
cxeme popMUpOBaHUs curHasa omubku [12].

[Ipu ucripaBieHUN OJIMHOYHON OMIMOKU KOJIOM XEMMUHTa IJIONIA/Ib KOPPEKTUPYIOIIei
cxeMbl MOzKeT cocTaBiiaTh 130% mrormau ocHOBHOI [§].

Koodv, Xcsao (Koropble B OTE€UECTBEHHOI JiATEpATYDE TaKXKe HA3bIBAIOT «KOJIAMU C
HEYETHBIM BeCOM CTosI01ay ) [20] stBiistrores moaKIaccoM Mo uUIMPOBAHHBIX KOJIOB XIM-
munra. [IpoBepounas maTpuiia Koja MOXKeT OBITH IMOJTydeHa IMyTeM JUHEHHBIX omeparuit
HaJI COOTBETCTBYIOIIEH MaTpurieil MoanUIIMPOBAHHOIO KOJIa XOMMUHTA ITPUBEJICHUEM €€
K KAHOHUYECKOMY BHJLY C €JIMHUYHON Marpureil B jieoii (mpasoii) wacru. [Ipu srom mu-
HUMU3UPYETCA KOJUYIECTBO €JIMHUIL B MATPHUIE, UTO BJIEYET YMEHbBIIICHHUE AllllapaTHBIX
CPeJICTB U 3aJeP:KKU JJIsI BBIYUCJIEHUA CUHJPOMA, OJHAKO 3a 3TO MPUXOIUTCS IJIATUTH
YCJIO?KHEHNEM aJITOPUTMa BBITUC/IEHUsT HOMEPa MCKAXKEeHHOTO pa3psjia U MEHBIINM, T10
CPABHEHUIO C KOJIEP-JIeKo/iepaMu XaMMmuHra, ooictposeiicreuem. Kompr Xcsto mmpoko mnpu-
MEHSIOTCS JIJIs TOMeXOycToiunBoro Kojuposanus cyomMukpouubix KMOII oneparuBabix
3aIlIOMUHAIOIINUX YCTPONCTB.

Husxonaommuocmuvie kodw, (ko [asnarepa, LDPC-kospr, Low Density Parity-Check
Codes), wim KOJIbI ¢ MaJIOi IJIOTHOCTBIO IIPOBEPOK HA YE€THOCTH SIBJISIIOTCS ceifiaac 00bek-
TOM MHTEHCUBHBIX UccenoBanuii. OHU ONMUCHIBAIOTCH CUJILHO PA3PEKEHHBIME ITPOBEPOY-
HBIMI MaTpunamu H, ITO yMeHbITaeT KOJTUIECTBO CUMBOJIOB, BXOJISAIINX B IPOBEPOYHBIE
COOTHOIIEHHUSI. DTO YIIPOIIAET IPOIECC OOHAPYKEHUST OIMMMOKHU, HO YCJIOKHSIET €€ MCIIPaB-
senne. Hekoropble KOJbI JTAHHOTO THUIA MOTYT OBITH IMOJIYYEHbI U3 KOJOB XIMMUHTA C

IIOMOIIIBIO YKOPpaYHBaHWA.
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Bazknoit xapakrepucrukoii mopozxkgaromieii marpunsl LDPC-koma sBistercss orcyT-
CTBUE MUKJIOB ompejenennoro pasmepa. llapamerper LDPC-komos knacca SED mpuse-
Jenbl B [22]. Ha cerojusninmii jeHb OHU CUUTAIOTCH ONTUMAJBHBIMU JIJIsi IPUMEHEHUST
[IPY CUHTE3€ TIOMEXO3AIUIIEHHBIX CXEM IIPH PeasIu3aliuu JeKOIUPOBaHUs MayKOPUTAPHBIM
METOJIOM.

3. CuekrpaJybHbIii Koa Ha ocHoBe dyHknmii Pagemaxepa. OnwuiiieM HOBbIi
HOBBII CUCTEMATUYIECKUI KOJI C IIPOBEPKAME Ha Y€THOCTD, UMEIOIIUil IPOU3BOJILHOE UNCJIO
k wrdopmarmonubix paspsos [10].

3.1. IlocTtpoenmue koma. llpemmnonoxkum chHadasa, aro k = 29, g = 1,2,...; 310
orpaHuueHne MoToM Jerko cuumaercd. [lonokum go; = 1, a snadenus ¢;; 414 i = 1,q
uj= 1, k TaknMu, 9TO6BI BEKTOD (91, 92+ - - -+ Gq,j) OBLIT IBOMYIHBIM KOJIOM ducia j — 1.
Hanpumep, st ¢ = 3, j = 5 a0 BekTop (100).

SHaueHnd ¢; ; MOXKHO IIOJIyYNTh JHHEHHBIM IIpeoOpa3oBaHUEeM apryMeHTa U 3Have-
Huit jmckpernbix yuknuii Pagemaxepa [23]. Kak ussectno, cucrema dyuknuii Paje-
Maxepa OPTOroHaJ/IbHa, OPTOHOPMHUPOBAHA, HO HE ITOJIHA U UCIOJIB3YEeTC I TTOCTPOCHUS
dyHKIMiI Yoiiia, 10 KOTOPbIM, KaK 110 0a3uCy, OCYIIECTBIISIOT CIIEKTPAIbHOE PA3JIOKEHIE
KYCOYHO-TIOCTOSTHHBIX OyJieBbIX (byHKIW [24]. B ey sroro nmosydeHHblit Ko mpe/ijara-
eTCsl Ha3bIBATh R-cnexmpasvHvim.

Takum obpazom, oJIydeHbl m = ¢+ 1 TPOBEPOIHBIX Pa3psI0B U 00pa30BaH OJIOKOBDI
CUCTEMATUYIECKU KO JIuHbl N = 29 4+ ¢ + 1 ¢ mpoBepKoii Ha YeTHOCTD.

[TokazkeM, 4TO MOCTPOEHHBIN KO CIIOCOOEH HMCHPABJIATH OMUOKY WHBEPTUPOBAHUS
HEKOTOPOro paspsia B w. s 3Toro mpumem ere OJHO JOIYINeHHe, 9TO OJIMHOTHAS
ommubKa npousonuia B HHGOPMAIMOHHBIX OuTax, T.e. w = (wi,...,wy) = u + €,
e = (e1,...,6e;), Tae w' — HavYaJbHAs YACTh IOJYIEHHOIO BEKTODA, COJEpIKAallas HH-
dopMaImoHHbIe pa3psiabl, a € — BEKTOP OIINOKH, cojaep:Kaluii He 6ojee omHoit 1. D10
orpaHrYeHre MbI jiajiee 00OIeM.

BbIunciiuM CHHIPOMBI S, . . ., S, I BeKTOpa w': s; = Z;‘le w; - g, 0<i<q.

Ecimm sy = 0, To 0luHOYHOIT OIMUOKY HE TTPOU30IILI0. B TPOTUBHOM C/Iydae BbIYUC/ITEM
BEKTOD (81, . . ., S;) KOTOPBIil €CTh JBOMIHLIN BEKTOD 4uCIa j — 1, eciu e cogepKut 1 B j-ii
MTO3UIINN, W 3Ta MO3UIU MOYXKET OBITH MOJIYYeH JeHTU(POBAHIEM IOJYIEeHHOIO BEKTOpA.
fcHo, 9TO BBIYKCIEHTE BEKTOPA OIMUOKHU IMTOCTPOCHHOTO KOJIA ITPOUCXOJIUT TI0 YNpou,eHHotl
creme: BXOJIOM SIBJISIETCS CHHJIPOM OIMUOKY Pas3psTHOCTH 1 — k — 1, a BBIXOJIOM — BEKTOD
OmuOKYU pas3psiHocTu k.

[TocTpoennblit MuHEHBIN HeTMKIM4Iecknit R-Ko/1 mMeeT MUHUMAJILHOE PACCTOSHIAE KO-
Ja d = 2: HyJIeBOI BEKTOD U BEKTOD, UMEOIIHii 1 ToJIbKO B iepBoM 1 (k4 1)-M paspsmax —

ero KojioBble cjioBa. Ho, Tem He Mmenee, R-Koj1 1103BOJIIET NCTIPABIATH OJUHOYHYIO OIIHOKY

«Taspuueckuli secmnur unPopmamuru u mamemamuru», N2 (39)’ 2018



38 C. B. I'aspusos, C. H. lypos, /. B. Teavnyxos, T. 1. XKyxoea

B MH(MOPMAIMOHHBIX pa3ps/iaxX MOJIyIeHHOTO CJIOBa, & JJI OIpeJeIeHns pa3psaia, B KOTO-
POM IIPOM3OIILIA OIMMOKA, MOXKET ObITh UCIIO/Ib30BaHA CTAHIAPTHAs CxeMa Jierudparopa.
ITpumep. Pacemorpum npumep ¢ ¢ = 3. 3nadenud Kosddunuentos g;;, 0 < ¢ < 3,

1 < j < 8 upejcraBiieHbl HUXKE B TAOJIATIE:

90, 11111111

g1, 00001111

92,5 00110011

93,j 01010101

Hosunun uudopmarmonneix 12 3 4 5 6 7 8
pas3psJIoB, j

MsbI BuauM, 9TO 3HAUEHUS BEKTOPa (g1, g2, ¥3,j) €CTh JBOMYHBIN KOJ 4ducia j — 1.

SHaueHus TIPOBEPOUHBIX Vg, . . . , V1o PA3PSIOB It U = (Uq, ..., Ug) OYAYT OHPEIEIISITHCS
COOTHOIIEHUAMMN

Vg = U1 +U2+U3+U4+U5+U6+U7+U8, V11 :U3+U4+U7+u8,

V19 =Us + Ug + U7 + usg, V1o = U + Uyg + Ug + Usg.

Ecin omunbka mpousoriiia, HaIpuMep, B 5-M paspsdje, To s; = 1, s = s3 = 0, npu ommodke
B 8-M paspsijie OyjieM UMeThb §1 = So = S3 = 1 u T. 1. B Koje XsMMuHTra pacroyiozKeHnme
CTOJIOIOB TTPOBEPOYHOI MaTpuilbl [ Takoe, YTO CHHIPOM TaKKe sBJISAETCS JTBOMIHBIM
IIpeJICTaBIeHIEeM MTO3UITNH OIMIMOKHU, OHAKO MIPU 9TOM YIUTBIBAETCS OINIHOKA HE TOJIBKO B
nH(MOPMAIMOHHBIX, HO U B IPOBEPOYHBIX Pa3psiax.

Orpanunuenne k = 27 jgerko cammaercst: npu 2971 < k < 29 crpouM Koj, 1 ¢ Kak
yKa3aHO BbllIle M oTOpachiBaeM mociennne 29 — k 3nadenuil v u KodpPUIUEHTOB g; ;.
B pesymnbrare moayuen ([logk| + 1 + k, k)-Koa, ucnpapisioriuii OMMHOYHYIO OIMUOKY B
MHMOPMAITMOHHBIX OUTAX.

3.2. ObHapy>keHue W HCHpaBJieHnEe cO0eB KOMOWHAIMOHHON cxembl. [lycTh
OC 110 BXOJIHOMY BEKTOPY & BBIUUCJISET BBIXOJIHON k-MEPHBII BEKTOP MH(MOPMAITHOHHBIX
6ur y, u onnopemento KC no x u dopmynam (1), Beraucisier BekTop z = (2o, ..., 2;)
s m =141, 1 = [log k] uposepounbix 6ur R-ko/1a.

Peanbno Boixon OC moxer ObiTh uckaxken: Y = (Y1, ..., Yx) = Y + €, € — BeKTop
omuboK. BeKTop mMpoBEpOYHBIX OUT Z TOXKE MOXKET COJAEpP:KaTh OIIMOKHU, HO BCEX OIIN-
00K He OoJiee JByX. TakxKe cumTaeM, 9TO 3HAUEHHUE 2y — OUT YETHOCTH HEUCKAXKEHHOT'O
BEKTOpa Y — KOJIEPOM BCErJIa BBIYUC/IACTCS BEPHO. DTO MOXKHO ODECHEUUTH 3AIIUTOMN
COOTBETCTBYIOIIEH YaCcTH KOJiepa CIelHaJIbHBIMI TEXHOJOTHIeCKUMU METOJIAMU, TPUIEM
MTO/ICXEMBI BBIYNCJIEHUST OCTATbHBIX TTPOBEPOUHBIX OUT 21, ..., z; MOTYT OCTaBAThCs He3a-

MUNITCHHBIMH.

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2



Hcnoavzosarue un@dopmayuorntoti udbwvimouHocmu . . . 39

ObnapykeHne n HCIpaB/ieHne ¢60eB KOMOMHAIIMOHHOW CXEMbI IIPOXOIAT 1O CJIETyTO-

MEMY aJTOPUTMY, PEAJIM3yeEMOMY JI€KOJIEPOM, KOTOPBIN TaK:Ke 3aIUINA0T OT OIIHOOK.

1. Boraucisiercst BeKTop § = (Sg, ... §;) CHHIPOMA: S; = Zle Ui Gigy i =0,1.

2. Ecim sg = 2z, To mmbo ||e|| = 0 u Boixonuoit Bekrop OC y BBIUMCICH BEpHO, 60
lle]| = 2 u y comepxutr aBe ommbku. laee
a) eciu §; = z; JIUIAd BCEX 1 = m, T0 BbIXOIHOI BekTOp OC 0mmbOK He COMEPIKUT;

b) mHave, BEKTOp Y COJAEPKUT JiBe OMMOKU, u R-Koj ycraHaBimBaeT 5TOT (haxT.

3. Ecim sg # zp, TO BEKTOP Y CONEPIKUT OJIHY OIIMOKY B HO3UIWNA t ¥ (S, ..., S;) €CTh

JBOUYHBIN KO dmcaa t — 1.

VTBep:KieHue B 11. 2b crpaBe//InBo, MMOCKOJIbKY ec/iin 00e BO3MOXKHbBIE OIITHOKN ITPOU30-
UK B Y, TO KOHTPOJIbHBIE pa3psIIbl 21, . .., 2 BHIYUCJIEHBI BepHO. B ciiydae 3 Bo3MOXKHA
emé ojiHa OMuOKAa B KOHTPOJIBHBIX pa3psjiax, 9TO, OJIHAKO, He BJIUSET Ha BBIYHUCJ/ICHUE
OUTOB CHHIPOMA Sq, ..., Sj.

Takum o6pazom, ocrpoennslii R-koy oraocures k kiaaccy SEC/SED.

Mpsr BuimM, 9TO BBIYHUC/IEHHE BEKTOpa OIIMOKN € JeKojiepoM R-Koa mpoBOUTCS Jie-
mudpupoBaHneM BeKTopa (81, ..., §;). OnHako cxema Jemmdparopa 001a1aeT eCTecTBeH-
HOPT U30bITOUHOCTBIO |7, 18|, T.K. HA ero BBIXOJE JIOJIKEH BO30YKIATHCS TOJIBKO OJMH
paspsjl, u JIPyroe CBUIETeIbCTBYeT 00 ommnbOKe. JlaHHBIH (haKT MOKHO MCIIOJIb30BaTh: HE
obecrieunBasi caM AemundpaTop TEXHOJOTHIECKON 3aImuToi, CHabINTh ero 3allUIeHHON
CXeMOM MPOBEPKU HA YE€THOCTDH, & B CJIydae OMUOKHU B BBIYUC/IECHUSIX € ITPUMEHUTDH Tepe-
CYEeT BBIXOJHOTO BEKTOpa. DTO OyIeT eIUHCTBEHHasl MOCJIeI0BATEIbHOCTHAS TIOJICXEMa B
npoekTupyemoit KC.

Taxkoit 110/1x0/1 OlpaB/IaH, MOCKOJIbKY, BO-TIEPBBIX, JIAHHBIN Jerudparop OyJIeT nMeThb
IJIOMIA/ b cylecTBeHHO Menbline tiomaaun OC u, BO-BTOPBIX, BO30YXK/IaTbCs OH OyIeT
JINIIIb B CJIyvae KOPPEKIUU OIMUOKHU B ITOCTEIHEN, T.e. JocTaTouHo peako. [losromy Be-
POSTHOCTD IOSBJIEHHUS OIMMOKN B cXeMe Jieludparopa Oy/eT 3Ha9UTe/THLHO MEHbIIIe Bepo-
sstaoctn omubkn B OC. C apyroit cTOpOHBI, UMEHHO BBIMHUC/IEHNE TTO3UIUU OIIMOKU 110
CHUHJIPOMY SIBJI€TCA HamboJIee CJI0XKHOI orneparueil, BBIIOIHIAEMOR JeKOIePOM [18].

CTouT OTMETUTD, ITO JIJIs TMOBBIIIEHUsT BEPOATHOCTH HCIIPABJICHUsT OIIHOKKA BO3MOK-
HO WCIIOJIb30BaHUe pa30MEHMs BBIXOJOB MCXOJHON CXEMbI IO I'DYIITaM, ¢ TOCJIETYIOIIIM
CHUHTE30M CXeMbl (DYHKITHOHATHLHOTO KOHTPOJIS IS KAXKJION M3 IPYIIIL.

3.4. CpaBHenue kKoaoB. C 1e/bio o1leHKN 3 (MEeKTUBHOCTH IpUMeHeHns R-koia 1ist
MOBBINIEHNs COOCYCTONINBOCTU KOMOMHAIIMOHHBIX CXeM ObLI ITPOBEJIECHO UMMHUTAITHOHHOE
TECTHPOBAHNUE Ha CXeMaX U3 U3BECTHBIX TecToBbIX Habopos ISCAS’85 n LGSynth89; cocras

9TUX HAOOPOB MOXKeT ObITh HaiijieH Ha caiite http://icdm.ippm.ru/w/Cxembr  ISCASS5.
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[Ipu mozemmpoBarm cOOSI OCYIECTBIISIIOCHh NCKAYKEHUe BBIX0/1a HEKOTOPOTO JIOTH'Ie-
CKOI'O 3JIeMeHTa TecTupyeMoit cxeMbl. [Ipu 3ToM, 4TOOBI OCTaBATHCS B PAMKAX MPUHSTON
MoJIes T ¢O0€EB, CIUTAIOCH, YTO MOXKET OKa3aThCsl HHBEPTUPOBAHHBIME He H0JIee OJTHOTO OH-
Ta BEKTOpa Y, a Bcex omubok B Beixoge OC u Kojepa — He 60j1ee IByX. TakKe CINTAIOCH,
9TO 3HAYEHUE 6I/ITa YETHOCTU HEUCKaKEHHOI'O BBIXO/JIHOI'O BEKTOPa Y BCEr'Jla BBITUCJ/IACTCA
BEPHO, YTO 00ECIIEUMBACTCS CIEIUAJBHON TEXHOJOTUYECKON 3alUTON COOTBETCTBYIONIE
YaCTU KOJlepa, HMPHU ITOM IOJICXEMbI BBIYHC/IECHUS OCTAJbHBIX IIPOBEPOYHBIX OUT MOTYT
OCTABATHCS HE3AIUIIECHHBIME [25].

[Ipu oreHke CTPYKTYPHBIX 3aTPaT JId cXeM (PYHKITMOHAJIHLHOTO KOHTPOJIS ObLIO IIPOo-
BeJieHO cpaBHeHune ncexoaHoi cxembl ¢ u 6e3 KC. Ilpu sTom ontuMusariust Kojiepa u JIeKoe-
pa IMPOBOJINIACH OTJIEIHHO C HCIIOIB30BAHUEM IIPOTPAMMBI YOsys. B pesyibrare TecTupo-
BaHUA 6bI.HO IIOJIY49€HO, 9TO 6J1a1“0);1;apﬂ OIITUMU3AIINN CXEMa (bYHKL[I/IOHaIIbHOFO KOHTPOJIA
JUUIST TIPEJICTABICHHBIX CXeM B CpejHeM Oblia yMmenbinena Ha 18,7%.

Takzke MOIENUPOBATIOCH BHEJPEHUE OJHOKPATHBIX OINMOOK B IOJIYYEHHBIE CXEMbI

dyHKIIMOHAIBHOIO KOHTPOJIsA. [loryuennble pe3y/ibTarhl TOKa3a/Id, 9TO

e 65,3% cboeB MaCKUPYIOTCS;

e 17.5% cboes ucnpasisorca KC;

e 4.4% cboeB OBLIM TIPOITYIIEHBI;

e B 10,1% city4aeB 1o/rydeH JIOXKHBIA CUTHAI O HAJIMIUH OINUOKH;

e B 2,6% cilydaeB HOJIy4YeH CUTHAJ O HAJIUYUK JABYKPATHON OIMIMOKU.

OTHOCUTETBHOIO TIOCIETHETO IIYHKTA OTMETUM, UTO OJHOKPATHA OIMNOKA B KAKOM-JTHOO
9JIEMEHTE CXEeMbl MOXKeT MPUBECTU K MHOXKECTBEHHOil ommbke Ha Bbixoje [13]. B mesrom
[IPUBEJIEHHBIE PE3YJIBTAThI TOBOPST O TOM, YTO WCIOJIb30BaHne R-Koia obecriedmBaeT B
CpeJIHeM HUCIIPaB/IeHHe MM ODHapyzKeHue npudbimsuTeabno 85,5% peanbHbIX OmmMOOK Ha
BbIXOJIe cxXeM (6e3 UCIOoJIb30BaHus pa30neHnii BBIXOI0B Ha TPYIIIIbI).

Tak>ke ObLIO TTPOBEJIEHO CcpaBHEHME CTPYKTYPHBbIX 3aTpar KC mpejaraemoro criek-
TpasibHOro R-koza u cxem, nosydenubix ¢ nomonisio TMR [28] B pesyabrare okazanocs,
9TO IJid paCCMOTPEHHBIX CXEM IIPpU HUCIIOJIb30BaHUN TMR YHUCJIO 9JIEMECHTOB CXEMbl yBe-
JINYUBAJIOCH B CPeJIHEM B 3,2 pas3a, a IPU UCIOJIb30BAHUN CXeMbI (DYHKITMOHAIHLHOTO KOH-

TPOJIA Ha OCHOBE CIIEKTpaJbHOro R-Kojia — B cpesineM B 2,2 pa3sa.

SAKJIIOYEHUE U BbIBO/bI

B pabore man kparkwmit 0030p mpobsembl cuntesa cooeycroituusbix UC u nomxoja,
OCHOBAHHOT'O HA MCIIOJIB30BAHUN TTOMEXO3AIUIIIEHHOTO KOAUPOBaHUsl. BhIgBIeHBI 0COOEH-
HOCTU JIAHHOM 3a/[avu, OTJINYAIONIIE ee OT M3BECTHOH 3a/a9r KOJNPOBAHUS COODICHMIA.

YKa3bIBaeTcs, B YaCTHOCTH, YTO OOBIYHBIE XapPAKTEPUCTUKU KOJIA JJI PACCMAaTPUBAEMOit
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3aJa49i He SIBJSIIOTCS OIpeaedromuMu. [Ipu ncrmoab30BaHnn KOPPEKTUPYIOMNX KOIOB
BasKHO OOHAPYXKHUTb M HCIPABUTH OIMUOKY MMEHHO B MH(MOPMAIMOHHBIX, & HE B IIPOBE-
POYHBIX CHMBOJIaX.

Ornmcan OJIOKOBBIH JTMHEHBI HenMKImaIecknit R-KoJ1 ¢ MpoBepKoit Ha 9eTHOCTH C IIPO-
M3BOJIBHBIM 9HCIOM MHMOPMAIIMOHHBIX CHMBOJIOB. BaskKHBIM cBOiicTBOM R-Koa siBjsteT-
¢ BOBMOXKHOCTH 00€CIIeYNBAThL TEXHOJIOMMYEeCKoi 3amuroil Tobko dacth KC. Kox or-
Hocurest K kiaaccy SEC/SED, xorst u uMeer KoJ0BOe paccrosinue, paBHoe 2 (CjejicTBre
6e30MmOOTHOCTH BIUUCIeHNs GuTa deTHOCTH BbhixoaHoro Bekropa OC). Vmmurarmonsoe
MOJIETMPOBAHIE IIOKA3aJI0 JTOCTATOIHYO 3(hPEKTUBHOCTD UCIIOIb30BAHUS IIPE/IJIOYKEHHOTO

R-kona s nosbimienns: cooeycroirauBoctu UMC.
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SYNTHESIS OF ALGORITHMS OF CLUSTERING TO SOLVE THE MULTI-AGENT
TRAVELING SALESMAN PROBLEM.

Germanchuk M. S., Kozlova M. G.
Abstract.

Purpose of work. For a given (partially, completely) complex network, it is necessary to find,
consistent with the routing problem, the network layout for a certain number of clusters, which
provides high accuracy and speed of solving the corresponding extreme problems on the graphs.

The article considers graph clustering algorithms, as well as their application for discrete
optimization problems on graphs, as an example of the problem for k traveling salesmen. The
basic algorithms for solving the traveling salesman problem and some of their modifications
are considered. On the basis of theoretical results the software implementation of the following
clustering algorithms is developed: hierarchical algorithm, K-means and greedy algorithm with
various modifications. A genetic algorithm for solving the traveling salesman problem was
implemented, as well as the synthesis of clustering algorithms and the solution of the traveling
salesman problem with finding the optimal centers.

The main task of the work was to find the optimal clusters or subgraphs of the desired
graph, taking into account the uniform distribution of traveling salesman routes in clusters. As
a result, the difference between splitting the graph into clusters (with the preservation of the
required centers in these clusters) and finding the optimal centers for further clustering with them
is demonstrated. To find optimal in relation to the problem k traveling salesmen subgraphs, a
synthesis of clustering algorithms and solutions of discrete optimization problems was developed
and implemented on the example of the traveling salesman problem for k agents. The essence of
the method is the mechanism of "throwing"vertices from larger clusters to smaller ones, until the
convergence condition is fulfilled, the objective function of which depends on the length of the
traveling salesmen paths. There are various options for this mechanism, including the transit of
vertices through clusters between large and small clusters, so that the resulting clusters do not
lose compactness and do not create intersections in further search of the optimal route.

Keywords: discrete optimization on complex networks, clustering, routing, synthesis of

algorithms
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BBEIEHUE

K nuckpernbiM MOjieIIM BBIOOpA PEIleHril Ha OCHOBE JIAHHBIX U 3HAHWI ITPUBOIUTCS
IMIPOKUI KJIacC 3aJad U3 Pas3JIHIHbIX obJjacTeit: 00pabOTKH M BOCCTAHOBJICHUS M300pa-
JKeHUH, TPUKJIJIHBIX 3a/1a9 MapIIPyTU3AIUA B CJIOKHBIX CETHAX, IMOCTPOEHUs] TPaeKTO-
puii IuHaMUYecKuX cucteM u Jp. Kak nmpasuiio, Takue 3ajia9u aBjIA0Tca N P-TpyIHBIMU.
Kiraccuvecknit 1mo/ixoj; cOCTOUT B pa3zpabOTKe ajropuT™a pelieHrs KOHKPETHON 3a/1a49H,
OTIEHKH er'0 CJIOYKHOCTHU U IIPOBEPKU HA U3BECTHBIX TECTOBBIX 3a/1a9ax. ClIe Iy oM IIarom
SIBJITE€TCsI TIPUMEHEeHne KOMOWHAIMI 9BPUCTUYECKUX aJaropuTMoB. MHorme 3aja4unm n3Ha-
YaJIbHO COYETAIOT B CBOEIl MOCTAHOBKE HECKOJIBKO 3a/1ad JucKpeTHoit ontumusarmn (J10),
HAIIPUMED, 38/1a9y pa3MeIIeHnus 1 33/1a1y KJIACTePU3AINN; 33129y MAPIIPYTU3AINT U 3a-
Jlady O PIOK3aKe; 3a/[ady MaplIpyTH3alin, 3a/a49y KJIaCTePU3alii 1 3a/a49y TOCTPOEHUs
pa3pe3oB u T. 1. B aToM ciiydyae HeoOXo MM CUHTE3 aJIl'OPUTMOB U3 3apaHee pa3paboTaHHO-
ro HabOPa, KOTOPBIi 3aBUCUT OT IIPEJIIIOJIAraeMoro HAJINIHsl 3HAHU O JIUCKPETHON MOIe/n
u periennn. B craThbe paccMaTpuBaeTcs 3ajada KJIaCTePU3AIUU COTJIACOBAHHAS C OCHOB-
HO¥ 3aJ1adeil TOCTPOEHMs MapPIIPYTOB B CJIOXKHOI CeTH, KOTOpas MO3BOJISIET CHHTE3UPO-
BaTh HepapXuIecKne aJTOPUTMbI PEIIeHNs, CyIIeCTBEHHO CHIUKAIOIINE BPEMsT TIOCTPOEHNUST
IPUEMJIEMOTO TTPUOTUYKEHHOTO PETIeHUS .

JIobas cimoxkuast cerb — 310 rpad OOJIBINON PA3MEPHOCTH, COCTOAIINN U3 BEPIITUH U
JIyT, KOTOPBIM OTBEYAIOT HAGOPHI KOJUUYECTBEHHBIX (METPHUYECKUX) U KAYECTBEHHBIX Xa-
PAKTEPUCTHK, TPU3HAKOB. MOXKeT 0Ka3aThCs, 9TO JJIsi HEKOTOPBIX YacTeil ceru (KJacre-
POB) BBIOpAHHBIE CBONCTBA MPAKTHYECKH HE MEHSIFOTCs, HO IIPEeTepIeBaoT N3MEeHEeHHsT Ha
rpaHuIax KJjacrepa. B cBg3m ¢ 9TUM I1e/1b KJaCTePU3alli 3aK/II09aeTCst B YIPOIIECHUN
MCXOJIHOM CJIOXKHOM CEeTH, BBIJIEJEHUN B HEll XapaKTePHBIX CTPYKTYP I MTOCJIELYIONIErO
aHaJIN3a KJIACTEPOB M MEXKKJIACTEPHBIX CBsi3eil M MOCTPOEHUsI MPUOJIZKEHHBIX (PAIlo-
HAJIBHBIX, PEaJIbHOrO BPEMEHH, OBICTPBIX) peleHnii coorBeTcrByomumx 3a1a4d 10 Ha rpa-
dax.

PesympraroMm Kitacrepusannun ABISETCT MHOXKECTBO KJIACTEPOB, KOTOPBIE IOJTHOCTHIO
MMOKPBIBAIOT Tpad ceTn, OO IPAHUIIB KJIACTEPOB, OIpee/IeMble JIyTaMi Pa3pe30B MeK-
Ay KJjlacTepaMu. B 3aBUCHUMOCTH OT MCXOAHBIX ITIOCTaHOBOK 3aa4 ,Z[O Ha CE€TU BO3HUKaeET
MHOKECTBO Pa3JIMIHBIX MHOIOAN€HTHBIX 3a/1a9 Ha KJacTepax U MeKKJ/IACTEPHBIX KOMMY-
HUKAIASX.

Pabora sBisiercss wacTbio mpoekTa 1Mo ucciegpoBanuio 3a1a4d JIO Ha CI0KHBIX CETsX,
[PEJIIOIATAIONIEr0 UCIOIB30BaHNe JOTOMHATEIbHOI nHOopMaln [4], aaropurMoB B3an-
MOJIEHCTBHSI MHTEJIJIEKTYaJIbHBIX areHTOB B PEIIeHnH ceTeBbIX 3a1a4 5], [18], airopurmon

peonrrumMusaruu ceru 6] u ap. B manHOi craThe it perieHns 3aad MapIIpy TH3AIN
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IPUMEHSIOTCS AJITOPUTMBI KJIaCTepU3allii, OCHOBaHHbIe Ha K-cpennx, OMOHNYIecKnux aJi-
TOPUTMAaX M MOCTPOEHUU MAPIIPYTOB C MOMOIIBIO TeHEeTUIeCKUX aJropuTmoB. llepcrek-
TUBHOI fABJIsIeTCsI KOMIIO3UIUs K-means, MypaBbUHOTO U MOJIUMDUIIMPOBAHHOIO T€HETHU-
YeCKOT'O aJI'OPUTMOB.

Lenr paborsl. st 3a1aHHON (YaCTHYHO, TTOJHOCTBIO) CJOXKHOW ceTn HeoOXOIMMO
HallTH, COTJIACOBAHHYIO C 3aJladeil MapIIpyTU3alui, Pa3MeTKy CEeTU Ha OIpeieleHHOe KO-
JITYECTBO KJIACTEPOB, KOTOpas 00eCHeYnBaeT BBICOKYIO TOYHOCTH M CKOPOCTD PEIICHUS
COOTBETCTBYIOIINX SKCTPEMAJILHBIX 3a/a4d Ha rpadax.

s mocTuyKeHus MOCTaBJICHHON eI HeOOXOMMO PEIIUTD CJIEIYIONINe 3/ 1a9u:

— [pOaHAJIM3UPOBAThH CYIIECTBYIONME MeToAbl u aaroputmbl 1O (Mapupyrusanun
JUIS 33129 TUIA MHOTUX KOMMUBOSI?KEDOB), BBISIBUTH U ODOCHOBATH IOJIXOJIBI, HanboJIee
NPUTOIHBIE I JIOCTUKEHUS ITOCTABIEHHON T1eIH;

— pa3paboTaTh, UCCJIEIOBATH U ITPUMEHUTD MOJIEN U METO/bI KOJIJIEKTUBHOTI'O MHTEJI-
JIEKTA, JIJIA PelleHns 3a/1a9i KIACTEPU3aIUN 1 MAPIIPYTUIAINHI ¢ yIETOM KPUTEPUEB TOU-
HOCTU U CKOPOCTHU IOCTPOEHUSI METAIBPUCTUK;

— TOJIYYUTb TEOPETUUIECKYIO U SKCIEPUMEHTAIBHYIO OIEHKY BO3MOYKHOCTEN aJrOpUT-
MOB KOJUIEKTUBHOI'O MHTEJLJIEKTA C IEJIBIO PACIIUPEHUs chephbl IPUMEHEHNsT NHTEIEKTY-
aJIbHBIX MoJiesieit B Teopun 1O u B 3a/1a1ax MapUIpyTU3AIME JIJIs OBBIIIEHUA UX ITPO-
JIYKTUBHOCTH.

[Hoaxomsrmmm criocobom J17ist 3PHEKTUBHOTO PEIICHU 3a/1a9 MapIIPYTU3AINH B CJI0K-
HOCTPYKTYPUPOBAHHBIX CETAX SABJISIETCI UCIOIH30BAHUE MAaTEMATHIECKUX MOJIeJIel, OIu-
CBHIBAIOIINX KOJIJIEKTUBHOE TOBEJIEHNE JICIICHTPAIN30BAHHON caMOOPTaHu3yIoIIeiics cucre-
MBI, COCTOMAINEH M3 MHOXKECTBa areHTOB, JIOKAJIHHO B3AMMOJIEHCTBYIOMNX MEXKy COOOi
U C OKPYKaIoIIeil cpeoil Jijid JOCTUXKEHUs IJI00abHOoi 1enu. B npupojie npumepamu
110/IOOHOTO POJIa CUCTEM SIBJIIIOTCs, HAIPUMED, MypPaBbUHBIE KOJIOHUHU, pou Irdesi. Kaxk-
JIBI areHT B cucremMe (PyHKIMOHUPYET aBTOHOMHO, HCIIOJIB3Yd HPOCThIe IpaBmia. B To
JKe BpeMs aJIl'OPUTM COBMECTHOT'O ITOBEJICHHS BCEX AreHTOB ITO3BOJISET PEIUTb 110,100~
Hyio 3a1ady. KoJUIeKTUBHBINT MHTE/IEKT paccMaTpuBaeTcsd KakK 3pdeKTuBHAas MIPOIE/Ly-
pa ONTHMU3AINU, KOTOPOIl HMPUCYIIU MACIITAOMPYEMOCTh, BO3MOXKHOCTb PEMIATh 3a/adu
HE3aBUCUMO OT MX Pa3MEPHOCTU, F'HOKOCTh, OTCYTCTBUE YKECTKOW CTPYKTYPHI, IIPOCTOTA
[IpaBUJI ITOBEJICHUS areHTOB.

[Ipum nepexosie K MaTeMaTHIECKUM MYJIbTHATEHTHBIM MOJIEISIM KOJIJIEKTUBHOTI'O HHTE/I-
JIEKTA BBOJSATCH TaK HA3bIBAEMbIe IBPUCTUYECKNE KOIPDUIUEHTDHI, KOTOPbIE SBJISIIOTCS

VIIpaBJIAIOINIMMHA ITapaMeTpaMi MYJbTHal'€HTHBIX METO/I0B U aJI'OPUTMOB. Or 3HaveHuda
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9TUX MAPaAMETPOB 3aBUCHUT, HACKOIBKO 3(PMDEKTUBHO OYIET perieHa OnTUMA3AINOHHA 3a-
nada. [TapameTpsl MOryT nmpuHUMaTh OECKOHEYHOE YUCJIO 3HAYEHWH U3 HEKOTOPOIO JTUa-
nazona. [losromy Bcraer Bompoc 00 mMX HOJIOOpPE M HEOOXOIUMOCTH TPOBEJICHUS IKCIIe-
PUMEHTAIBHBIX MCCIEIOBAHUN Ha PACIIPOCTPAHEHHBIX MOJIEIBHBIX (ITATOHHBIX ) TECTOBBIX
3a/1avuax u3 OubIMOTEK, YTOOBI BHIACHUTH ONITUMAJIBHBIE 3HAUEHUA KOI(MDMUITUEHTOB U Olle-
HUTDH BBIYUCIUTEHHYIO CJI0YKHOCTH METOJIOB KOJIIEKTUBHOTO MHTe/UIEKTa. VIHbIMU cj1oBa-
MU, HEOOXO/IUMO BBISICHUTH, HACKOJBLKO TOYHO TaKHe MeTOJbl MOTyT pemarh 3aja4du 1O
[0 CPaBHEHUWIO C M3BECTHBIMHU METOJI[aMH; KaKOBa OIEHKA WX BBIYUCIUTEIHHON CIIOZKHO-
CTH; & TaK»Ke KAKOBBI ONTUMAJIbHbIE 3HAYCHUS MCIIOJIB3YEMbBIX B METOJ/IaX IBPUCTHICCKUX
KO3 DUINEHTOB U KAK OHM BJIUSIOT HA KOHEUHBIN PE3Y/IbTAT.

C ydeToM yKa3aHHBIX TOJIXOJ/IOB IIPEJICTABUM PE3YJILTATHI IO pa3pabOTKe aJIrOPUTMOB
KJIACTEPU3aIlud, MMPUTOIHBIX JIJIsd PENIeHus 339l MHOTHX KOMMWBOSIZKEPOB U WX ITPO-

rpaMMHON peasin3aliin.

1. AITOPUTMBI PEIIIEHU A MHOTOATEHTHOM 3AJAYN
KOMMUBOA>KEPOB

Bagaua kommuBoszkepa (3K) spistercst ofHON m3 cambix m3BecTHBIX 331ad 1O Ha
rpadax. CyTb 3a/iaum 3aK/II09aeTCd B TOM, YTOObI HAWTH KparTdaiinuii nmyTb B rpade,
KOTODBII MTPOXOJUT M3 HAYAJIHHON BEPIIMHBI Yepe3 BCe BEPIIUHBI Irpada U BO3BPAIAET-
¢ B MCXOJIHYIO BepiinHy. ATeHT JO/KeH MPONTH depe3 KarKIyi0 BEepPINUHY JIUIIh OJUH
pa3. g yruporenns: ucxoaHoi 3a/1a4u OyeM cUuTaTh, YTO UCKOMBIN rpad mMeeT IoJI-
HYIO CBSI3HOCTD, T. K. B HEIOJIHOM rpade Hesb3s rapaHTUPOBATh PA30BOE IIPOXOXKIEHUE
gepes3 Kazk/1ylo BepinuHy. Takoil myTh Ha3bIBAIOT raMUJILTOHOBBIM 1UKJIOM, a 3K dopmy-
JINPYIOT KaK HAXO0XK/IEHNe MIHUMAJIbHOIO TaMUIFTOHOBA INKJ1a B Tpade. Ecmu nexoanbrit
rpad He SBJISETCS MOJTHBIM, €r0 MOXKHO ITPeodpa30BaTh B MOJIHBI, J00aBUB HEJIOCTAIONINE
pebpa ¥ MpUCBOUB UM OOJIbIIIE BECOBbIE 3HAUEHUs, YTOOBI 3TH pedpa ObLIN MeHee «IIPH-
BJIEKATEIbHBI» JJId ajaroputmMos pernenns 3K. Takum o6pa3oM, UCXOTHBIMU JIAHHBIMU B
3K siBjisieTcst 10JIHBIH B3BElIeHHbBI rpad ¢ MaTpuileii paccTosiHuil (B3BelIeHHas MATPUIlA
CMEZKHOCTH).

Cy1iecTByI0T YacTHBIE C/Iydan OO0IIeil TOCTAHOBKY 3a/Ia9H.

BK MOXKHO paccMarpuBaTh Kak JJisl OJHOIO areHTa (KOMMUBOSZKepa), Tak U Jjisi k
areHTOB. V3HaTaIbHO 38 /1aHBI OA3bI KAXK/I0I0 areHTa WIN MHOYKECTBO BepInH-6a3. 3a/1aqa,
COCTOUT B TOM, UTOOBI areHT IPOIIE IIyTh [0 BCEM BEPINUHAM KJIACTepa U BO3BPATHUICI
Ha CBOIO Dasy.

Pacemorpum 3K st k arenros. st kaxKaoro arenTa 3ajaHa BeplnnHa-6a3a, a Tak-

xKe k kiacrepos (oarpadoB) HCKOMOTo rpada CeTH, B KayKJIOM U3 KOTOPBIX COJEPKUTCS
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cooTBeTcTBYIOIMas 6a3a. CylecTByeT TakKe BapUAHT, IIPU KOTOPOM areHTbl Oy/IyT BbI-
XOJMTH U3 OJHON Oa3bl. Takoe ycjioBHe CBeJleTC K JIBYM Oaszam, rje BTopas 0aza Oyiaer
SBJIATHCS OJIMzKalieil BepiunHoil K nepBoit 6a3e u Ipu 9TOM He OyJIeT 6a30ii I APYTrOro
arcHTa.

[Tocie pasdouenus rpada wHa k onTuMmasbHBIX moaArpadoB, HeoOxoauMo permmTtbh 3K

JUTS KayKJI0ro mojrpada.

1.1. Touynble anroputmbl. K TOIHBIM aaropurMaM OTHOCIT AJITOPUTM MIOJTHOTO mepedo-
pa (AIIII), meron Berseit u rpanut, (MBI') u MeTos quHAMITYECKOTO TIPOrPAMMUPOBAHS.

AnropuT™M MOJHOTO mepedopa. AJITOPUTM peai3yeT MOUCK ONTHMAIBLHOTO Pere-
HUsA C TIOMOIIIBIO TTOJTHOTO Tlepedbopa BCeX BAPUAHTOB U TapaHTHPYeT MUHUMAJIBHBIN MyTh
B rpade. HemocraTok 3akiodaercs B TOM, 9TO I OOJIBINUX 7 (KOJMYIECTBO BEPIINH )
anroputM Oyser paborars ¢ orenkoit O((n—1)!), daro gBisiercs HEMPUEMJIEMBIM, U yIKe
npu n = 30 3K cranmer nmpakTtudeckn Hepaspemumoii. Ho s Masbix n mesrecoobpasto
UCIIOJIb30BaTh UMEHHO 3TOT AJITOPUTM.

MeTton BeTBeit u rpaHuIl. BeTsienue mojipazymeBaeT pa3buenne nCXoIHOTO MHOXKe-
CTBa JOIyCTUMBIX 3HAYEHUI Ha MOJMHOXKECTBA MEHBINX pa3MepoB. B pesysbrare Oyier
MIOJIy9€HO JIepeBO BETBJIEHUI, a MMOCTPOEHHbIE TTOAMHOYKECTBa Oy/IyT y371aMu JjiepeBa. [la-
Jlee HAXOJATCs HIMKHUE W BEpXHUE TPAHUIIBl JJId PElIeHus 3a/la9d Ha MOJIMHOXKECTBE.
Ecmm ects nBa mopmuoxkectBa My m Mo, n HUXKHAA TpaHuna noamMuoxKecrsa M nepe-
Ba BeTBJIEHUs DOJIbINIE, YeM BEPXHds I'PAHUIA paHee TPOCMOTPEHHOIO OIMHOXKeCTBa Mo,
To M7 MOYKHO MCKITIOUNTH U3 JTaJbHENIero BeTBIeHnss. MUHIMaIbHOe 3HAYEeHNEe U3 Y2Ke
HaMJICHHBIX BEPXHUX OIEHOK XPAHAT KaK IJI00AJbHYIO IIEPEMEHHYIO S, U JII000i y3e/1, Ubst
HUZKHIS TPaHUIA 60JIbIIe S, MOYKHO OTCEYb U3 BETBJIEHUS. 3& CUET STOTO KOJIMIECTBO MIPO-
BEPOK W ITUPHUHA MTOUCKA 3HAYUTETbHO coKparnaercs 1o cpasaennio ¢ Al Ognako mpu
OOJIBIINX N aJTOPUTM pabOTaeT MEJJIEHHO U TIJIOXO PUMEHUM I/ TPadOB PasMepHOCTH
oosibiie yem 20 BeprmH. K MBI' MOXKHO TpUMEHUTH YKaJIHBIH aJI'OPUTM B KadecTBe Ha-
YAJILHOIO pellieHrs. TOYHOCTh B 9TUX aJrOPUTMAaX JIOCTUTAETCS OOJIBIITMMU BPEMEHHBIMU
zarparamu. /g takux agropurmos 3K nmpu n = 30 u 6osiee TpakKTUYECKH Hepa3peIlnMa.

Jnsg 3K ¢ 6osibImmM KOJIMIeCTBOM BEPINUH UCIO/Ib3YIOT 9BPUCTUIECKHIE AJITOPUTMBI.

1.2. DBpucTudyeckue aJrOPUTMBbI. IBPUCTUIECKHIE AJTOPUTMBI ABJISIOTCS OCHOBHBIM
nHCTpyMeHTOM Jijist perrenns SK. Ha nmpakTuke nx ocOOEHHOCTBIO SIBJISETCS OBICTPOE BbI-
[OJTHEHNE U JIAIITAIMs] K PA3JIMIHBIM JIOMOJTHUTEIbHBIM yesoBusiM [4]. B aBpucruieckux
AJITOPUTMAX YIUTHIBAIOT CHEIUMPUKY 38/Ia91 C IIOMOIIBIO IIPOCTBIX CPEJICTB, CO3/IAI0T IIPU-
éMbI, 5 hEKTUBHBIE I PEIEHNsT 3a1a9 ¢ OIpPeaeIeHHON 0c00eHHOCThI0. OOBITHO TaKue

AJITOPUTMBI PEJIKO JAI0T TOUYHBIN pe3ynbTaT. CTpororo 000CHOBAHUA y 9THX aJrOPUTMOB
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He CYINECTBYeT, PABHO KaK U €JNHOTO HMPUHATOTO ajroputMa. Onucanme pa3udHbIX 9B-
PHCTHYECKHIX AJITOPUTMOB MOXKHO HaiiTu B paborax [1, 9. OmHIM U3 9aCTO HCIOIB3yEeMbIX
9BPUCTUYECKUX AJTOPUTMOB SABJISETCHA YKAHBIN aJIrOPUTM.

2Kanusbiii aaroputm. AJropuTM 3aK/II09aETCA B TOM, YTO B UTOTOBBIH 1Ty Th 3aITACHI-
BAIOTCS T€ BEPIINHBI, KOTOPBIE ABJIAIOTCH OJIMKANIUMY K y2Ke ToJTydeHHOMY 1y Tu. Takoit
[IOJIXO/] TAPAHTUPYET JIOKAJIbHBIH MuHUMYM B 3K 1 110BOJTbHO ObICTpOE BBINIOJIHEHNE. TaK-
JK€ OJIHUM U3 €ro JIOCTOMHCTB SBJISIETCS BO3MOXKHOCTDL CUHTE3a C JIDYTUMU AJITOPUTMaMU
perenns 3K.

CymiecTByI0T pa3udHble PeaJM3ali KaJHOrO ajropuTMa is perrenns 3K: Ou-
JKAMIIEro Coce/ia; CaMoTo «JIEIIeBOroy BKJodeHus u jip. Haubostee npumenumbiv st 3K
SIBJII€TCS AJITOPUTM OJIMZKAMIIETO coce/ia, KOTOPBII OIpeiesisieT BEPIINHY, OJIMKANIITYIo K
TeKylleill BepiinHe.

CaMbIMU M3BECTHBIME IBpHUCTUKAMU Jijisi perennst 3K gBISIOTCS 9BOJIIOIMOHHBIE
anroputmsl (8, 10, 19]. OHu MOAeUPYIOT GUOJIOTUYECKHI TPOLECC eCTECTBEHHOTO 0TOO-
pa. DBOJIIOIMOHHBIE AJITOPUTMBI UCTIOJIB3YIOT s pemtenus N P-TpyIHbIX 3a/1a4 JIUCKPET-
HOW 1 KOMOWHATOPHO onTuMu3anun, B dactHocTn K.

DBOJIIOIUOHHBIE AJITOPUTMBI UMEIOT MMUPOKoe pa3HoobOpasue. Hanbosiee n3BecTHBIMU
AJIPCOPUTMAMU SABJISIOTCS: T€HETUIECKUIT aJITOPUTM; aJITOPUTM MYPaBbUHBIX KOJIOHUIA; aJl-
TOPUTM ITYEJIMHOTO POs; aJTOPUTM POl CBETJISTIKOB U JIP.

AnropuTMbl KOJIJIEKTUBHOTO MHTeJIeKTa. Anajorusa B penteHun N P-TPyIHBIX
zasiad JIO HesdBHO UCHOJIb3yeTcs MpU BBIOOPE METOJO0B U AJITOPUTMOB, OJO00HBIX AJIN0-
pUTMaM KUBOM TPUPOJIBI, — <«OMOHUYECKUX» AJTOPUTMOB U MeTOJI0B. B sTOM citydae
CUNTAETCsI, 9TO €CJIU IOJ00HBIE aJropuTMbl 3(PEeKTUBHO paboTaloT B PeaJbHOCTU, TO
obocHOBaHHE PAbOTOCIOCOOHOCTH (CXOAUMOCTD, YCTOWYIUBOCTH U TIP.) UX AHAJIOTOB JIJIst
perenns 3a1a4 /IO KOCBEHHO TIOJIyYIEHO B YKUBOII IIPUPO/IE.

Tepmun «OuoHuveckuity NMpUMeHsETCS K METOJIaM, YIUTHIBAIONIUM [IPUHIIAIIBI Opra-
HU3AIUHU, CBOWCTB, DYHKIMI U CTPYKTYpP KuBoil npupojpl. Cpein «OMOHUYIECKUX» BbI-
JIEJISIIOT HBOJIIOIMOHHBIE U KOTHUTHBHBIE POEBBIE METOJbI U AJITOPUTMBI. JBOJIIOIINOHHBIE
AJrOPUTMBI (T€HETHYIECKIE AJITOPUTMBI [26], 9BOsTIOIOHHbBIe cTpaTeru |39, reHeTHaecKoe
U 9BOJIIOIMOHHOE IIporpaMMupoBanue [33]) npecrasiasgior coboit urepalmonHbie mpeobpa-
30BaHMUsI, BBINOJHAEMbIE CIIEIUATHHBIMU SBOIOIMOHHBIMU OllepaTopaMu (KPOCCUHTOBED,
MYTAIlUsl, CEJIEKIUs), OCHOBAHHBIME Ha CTOXACTHYECKUX MPABUIAX UMHUTAIMNA MEXaHU3-
MOB 3BOJIIONNH. VI3BECTHBI MOMBITKN TPUMEHUTH N€HETUYECKUE aJTOPUTMBI JIJIsi PEIeHust
sasiau Kiaacrepusarun, /10 wa rpadax [3, 8, 14, 16, 17, 26, 31].
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KoruuruBHbIe pOEBbIe AJITOPUTMBI (KOJOHUI MypaBbeB, POsl Y€, CTaW IITHII,
cTau BOJIKOB, KOCSIKOB PBIO U JIp.) HPEJCTABJISIIOT cO60i Ipeobpa3oBaHmsi, KOTOPbIE OIIH-
CBHIBAIOT KOJLIEKTHBHOE TIOBEJIEHUE JIEIEHTPATU30BAHHON CAMOOPIaHU3YIOIENCs CHCTEMBI,
COCTOSINEHl U3 MHOXKECTBa areHTOB, JIOKAJIBHO B3aMMOJIEHCTBYIONIUX MeXKIy coboit u ¢
OKPYZKAOIIEN CpeJIoil JijIs JTIOCTUKEHUsT TJIO0ATBHOM 1en. DT Ipeodpa30BaHus MOTYT
OBITH OCHOBAHBI Ha CTATUCTUYECKOM II0JIXOJI€ K WCC/IEOBAHUIO CUTYAIlUil U UTEePaIOH-
HOM NPUOJ/IMKEHNN K UCKOMOMY perrrennio. Kaxkiplii areHT yHKIIMOHUPYET aBTOHOMHO
1o HabOpy MPOCTBHIX NMpaBwia. B oTiamdme OT MOYTH TPUMUTHBHOTO TIOBEJIEHUS] areHTOB,
[TOBEJIEHNE BCE CUCTEMBI TIOJIyIaeTCsd Pa3yMHBIM.

AnroputMbl MypaBbUHBIX KOJIOHUIT. XapakTepHas OCOOEHHOCTb STUX METOI0B —
JIIsT KOJIOHUU MYPAaBbeB WJIU POsl ITUesl HeoOX0/IMMa, OIpe/iesieHHas (hopMa, CBA3U, UTOObI
COTPYJIHMYATH NpU pemnteHun obmeit 3amadn. Hanpumep, g KOJIOHUU MypaBbeB CBA3D
[Ipe/Io/iaraeT M3MeHEeHNEe NHIMBUJLY YMOM OKPYZKAIOIIe CpeIbl TaK, YTOOBI 3TO N3MEHUIIO
[OBEJICHNE JIDYTUX UHJIUBUIYYMOB, ITPOXOMAININX Uepe3 3Ty U3MEHEHHYIO Cpely B OyIy-
mem. OcraBiisds ciiefibl GepoMOHa, MypaBbi 00ECIIEINBAIOT KOMMYHUKAIMIO IePe3 CPEJLY,
IpujiaBas eif CeMHOTHYECKUE XapaKTepUCTUKU. KoJlonus mim poit He MMEIOT YIIPaBJIsio-
muxX (PYHKIWI, OHU CAMOOPraHU3YIOTCA 3a CHET COIVIACOBAHHOT'O B3AMMOJIEWCTBUA MHO-
JKECTBa COCTABJILIONINX 3jieMeHToB. CaMoopranusalus sABJSeTCd Pe3yJIbTaTOM B3anuMO-
JIeCTBUSA TAKMX KOMIIOHEHTOB, KaK IOJIOYKUTETbHAad U OTpUIATeTbHAsS O0paTHasd CBA3b;
CJIYYaHOCTh ¥ MHOTOKPATHOCTE. MIMuTalMs caMOOpraHu3aIiiii U COCTABJISIET OCHOBY 9TO-
ro TUNa OMOHMYECKUX aJTOPUTMOB.

JlocTonHCTBa MYypPaBBbUHBIX, POEBBIX METOJIOB M AJI'OPUTMOB M3BECTHBI: CPABHUTE -
Has MPOCTOTA BBIMOTHAEMBIX JefCTBU, BOSMOKHOCTH BBICOKOI(D(HEKTUBHON pean3alun
JIJTsT MHOTOIIPOIIECCOPHBIX APXUTEKTYD, rapaHTUPOBAHHAS CXOIUMOCTH (XOTsI BPEMsl CXO-
JIIMOCTHU He OIIPeJIeJIeHO). VIX HEeJI0CTATKI B OCHOBHOM CB$I3aHBI C HE BCErJa ONTUMAJIbHOMN
HACTPOIKOIT napaMerpoB. Mexy TeM 00BbEKTHI CJI0KHOCTPYKTYPUPOBAHHBIX ceTeil 00-
JIATAI0T OOJIBITION CTENEHBIO CJIOXKHOCTA W MHOTO(AKTOPHOCTH, YTO HAJIAraeT BBICOKUE
TpeboBaHUs K HAJIEXKHOCTH U TOYHOCTH UX UCCJIEIOBAHUS.

K zajiagam /10 na rpadax npuMeHUMbI MypPaBbUHBIN, POEBOIl U JIPyTIHe MY/JIbTHATCHT-
HBIE aJITOPUTMBIL. [IJ1sT KJTacTepu3amnun ceTi MypPaBbUHBIM (POEBBIM) METOIOM HEOOXOIUMO:

— IIPEJICTABUTH CeTh B Bujie rpada ¢ MPUIMUCAHHBIMU (BEPITMHAM U JyTaM) aTPHOyTaMu
(Becamm);

— OIIPEJIESINTH MOPOrOBbIe 3HAUEHUs [TaPAMETPOB, KOTOPBIE JIOJIYKHBI OBITH B PA3HBIX
KJIACTEPAX;

— OIIPEJIE/IUTh 3HAYEHHE CJiejia (pepoMOoHa;

— HACTPOUTH ITapaMeTpPhl METO/IA.
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[Ipeamoaraem, 9To «MypaBbi» MOPOXKJIAIOTCS B rpade Meproniaeckn KaxK 10 Bep-
IIAHON U CJIEAYIOT B CJIydailHO BHIOPAHHYIO coceHI00 Bepmuny. Jlasee, mo ypoBHIO (de-
POMOHA B KayKJIOM BepIINHE IPOUCXOJUT KJIACTEPHU3allisl CeTH. 371eCh KJIYEBYIO POJIb
UTPAIOT MTOPOrOBbIe 3HAYEHNT METPUIECKUX XapaKTEPUCTUK CETH MeXKJIy Pa3HbIMU Kjla-
crepamu. [Topor 0,5 1mo3BosisieT oTAenTh MeKKIacTepHBIE CBA3U 0T 00beKTa. Kciu mopor
B34Th MEHBIIUM, TO KJIACTEP CTAHET OOJIbIIIE.

Tenernueckuit anroputM (I'A). A — 370 3BOJIIOIUOHHBIN AJITOPUTM, UCIIOJIb3Ye-
MBIl JIJTsT pertenns pa3HooOpasubix 3a1a4d J1O myTém ciryvgaifHoro mogdopa, CKpennBaHust
(KOMOMHUPOBAHMUSI) ¥ MyTallUl UCKOMBIX TTapameTpoB. O6Imuii mporece MouCKa 3HaIeHU
napamMeTpoB CXOXK C peajibHbIME Omosiormdeckumu tporieccamu [8]. Ha jgamnblii MomeHT
peasm3oBaHO 60JIbITIOE KOJMIecTBO I'A (B OCHOBHOM OHM MaJIO MOXOXKHU Ha KJIACCUIECKUI
['A [16]) — 910 11€710€ CEMENCTBO AITOPUTMOB, U UX PA3HOOOPA3We MPOSIBIISIETCST HE TOJIb-
KO TIPHU PEIIeHNH Pa3HbIX 0 YCIOBUIO 3a/a4, HO U [0 KOHCTPYKIIUUA OTJIEJbHBIX dacTeil
aJITOPUTMA.

HecmoTpst Ha TO, 9T0 MOJI€/IB SBOJTIOIMOHHOIO PA3BUTHsI, TpuMeHsiemasi B I'A | yrpore-
Ha 10 CPaBHEHUIO CO CBOWM IIPUPOIHBIM aHAJIOTOM, OHA BCE PABHO SIBJISIETCS JTOCTATOTHO
XOPOIIEil MOJIETBI0O U MOXKET HMPUMEHSIThCs JJIs OOJIBIIOTO KOJIMIEeCTBA TTPUKJIAIHBIX 3a-
Jlad, Jake Tex, KOTOpble TPYIHO, a MHOIJ/A U HEBO3MOXKHO PEIINTh JPYIMMHU METOIAMU.
[ermeTnvyeckme ajaropuTMbl He rapaHTHPYIOT HaXOXKJIeHMe Iy1obajbHOro omntumyma. OHu
XOPOIIIO CIPABJIIOTCS € MTOMCKOM «JOCTATOTHO XOPOIIETro» PeIeHns 389U «I0CTATOTHO
obIcTpO». s 3818, KOTOpPBIE MOT'YT OBITH PEIIEHBI CIIeIINATLHBIM METOJIOM, IIPAKTUIEeCKN
BCerJa CIieluaibHble MeTO/ bl Oy1yT Oosiee s dexkTuBubiMu, YeM ['A B ObicTpOIEiicTBUN 1
B TOYHOCTHU HaiiIeHHBIX permennii. OCHOBHBIM IPEMMYIIEeCTBOM JIAHHOTO aJTOPUTMAa BJIs-
€TCsI TO, 9TO OH JIETKO aJIallTUPYETCs TOJT 3a[aTy U MOYKET UCIOJIB30BAThCS JIJIs PEITeHnst
CJIOYKHBIX 33124, B KOTOPBIX HE CYIIECTBYeT HUKAKUX CIIEIUAIbHBIX METO/I0B. BaxkHo, uTo
MOKHO JIOCTUTHYTB YJIy9IlIeHUs CYIIECTBYIONIUX METOUK, coderas ux ¢ A [10, 14].

['A comepuT cjemyomnme OCHOBHBIE STAITB U JIEHCTBUS:

1°. ®opmupoBanue HaUAIBHOL ITOMY/ISIN.

20, Cestexnus.

3. CkpenuBanue (KpoccuHIoBep ).

49 MyTarum.

5°. Ecin yc/10BUS OCTAHOBKHU HE BBLIIOJIHEHBI, BEPHYThCA B 2°.

PaccmorpuMm a1 sTamst 6ostee moapodbHo, ¢ yuerom crerudnkn K.

1°. ®opMupoBaHne HaYAILHON HOITYJ/ISIIN.

[Tomynsiust B TeHETHIECKOM AJITOPUTME COCTOUT W3 HEKOTOPOTO YHCJIa XPOMOCOM.

Kazktag xpoMmocoma sBJisieT co00it HEKOTOPOe YHUKAJILHOE PEIIEHUE TOCTABIEHHON 3a/1a91
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I HEKOTOpoii ee yacTu. IIpupoa XpoMocoMbl MOXKeT OBITH aDCOJIIOTHO JII00asd, TJIAaBHOE,
YTOOBI 9TO HE TPOTUBOPEUMIIO YCJIOBHIO 3a/1a41u. Hanpumep, XxpomocoMa, 3a/1aioias Iy Th B
3K, MoxkeT uMeTh BUJI, Ipe/ICTaBAEHHBIH Ha puc. 1. 3/1ech KaxK10€ YUCJI0 — 9TO HEKOTOPBIi
MOPSITKOBBIIT HOMED BEPIIMHBI B rpade, a UX MoC/IeI0BaATETbHOCT — MOCIEI0BATEIHHOCTD

COEJIMHEHHBIX BEPIIUH, 00PA3YIOMKUX My Th.

613]|7]4(5[9]10]1]8(2

Puc. 1. Tlpumep XpoMOCOMBI B T€HETHYECKOM aJITOPUTME

20, Cesexnns.

Omeparop ceaexyuu — 3TO ONEPATOp, MPH MOMOIIM KOTOPOIO XPOMOCOMBI (pa3HO-
obpasue perrennit), nmerore 6oJee BHICOKOe 3HAUEHUE T1e1eBoil (byHKIMU (JIydIine mo-
Ka3aTesIu, MIPU3HAKK), MOJIYYalT OOJIBIIYI0 BO3MOXKHOCTE JIJIsi IPOM3BOJICTBA IOTOMKOB,
YeM <«XYJIIHe» XPOMOCOMBI. DJIEMEHTHI, BbIOpAHHBIE JJIsi PEIPOLYKIINH, OOMEHUBAIOTCS
PeHeTUIECKUM MaTePUAJIOM, co3jiaBas 0oJiee pasHOOOPA3HBIX OTOMKOB (pelleHuii).

Omneparop ceneknmn canTaercst 3pOEKTUBHBIM, €CJIA CO31A€TCsT BO3SMOXKHOCTE ITEPEXO0-
Ja U3 OAHOI'O IIOAMHO2KECTBa YHUKAJIbHBIX peH_IeHI/Iﬁ B Apyroe 1oJMHOXKECTBO. 9TO IIOBBI-
IIIaeT BEPOSITHOCTh HAXOK/IEHUS IJI00AJIBHOTO ONTHMyMa IiejieBoil (pyHKIuu. Bbraessaor
JIBa OCHOBHBIX THUIIa PEAJTU3AINH OIlePATOPa CEJIEKINN: CIYIaliHbIi BHIOOD XPOMOCOM; BbI-
O6Op XPOMOCOM Ha OCHOBE 3HAYCHUI 1eIeBON (DyHKITIH.

CymecTByeT 60JBIIOE YUCIO0 BIHIOB OIIEPATOPOB cesieKimu. K HUM OTHOCSTCS:

— ceaexyus Ha ocnose pysemru. JlanHas ceeKIus OCHOBaHa Ha BEPOATHOCTHOM IO
X0Jie K BBIOODY. «bBojiee cubHbIe» XPOMOCOMBI UMEIOT 00Jiee BBICOKUE MAHCHI OBITH U3-
OpaHHBIMU, YeM «cJiabbles. Ecm MpoBOUTh aHAJIOTHH C PYJIETKOM, TO Mbl HMEEM PYJIETKY,
rIe KaxkKI0i XpOMOCOMe OTBe/IeHa HEKOTOpast 00JI1acTh, COM3MEPUMasi ¢ «CHJION» XPOMOCO-
MbI. COOTBETCTBEHHO, IIPU IIOBOPOTE PYJIETKHU JIYUIIHE XPOMOCOMBI OYIYT UMETh OOJIbINI
IaHC OBITH BHIOPAHHBIMIU;

— CeNeKUUA HA OCHOBE 3a0aHHOT WKAADL. 31eCh MOIYJIAIINI0 COPTUPYIOT 110 BO3pacTa-
HUIO Ha OCHOBE HEKOTOPOTo Kpurepusi. Kazkmoit XxpoMocoMe IIPpUCBANBAETCS OIIPEIeIEHHOE
YUCJI0, U CEJIEKIUSA OYJIeT BBIIOJIHATHCSA HA OCHOBAHUHU 9TOTO YHUCJIA;

— 2aumnas cesexyus. B TaHHOM clydae CeJeKIUIO ITPOXOJIAT XPOMOCOMBI C JTy UIITUMU
3HaAYCHUAMU L[e.HeBOﬁ (I)YHKL[I/H/I TaKI/Ie XPOMOCOMBI Ha3bIBAIOTCA IJIMTHBIMUA XPOMOCOMa-
MU,

— MYPHUPHAA CEAEKUUA. 37IeCh BBIOMPAETCS HEKOTOPOE YHCJIO XPOMOCOM (pasmep
«TYPHUPa» ) CJIydailHbIM 06pa30M HJIH MOCJIEI0BATEBHO W3 TOIYJISIIIUI, U JIydIlie yIacT-

HUKW TYypPHUPaA OyJIyT IMPOXOIUTH CEJIEKITHIO.
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3°. Ckpemupanue (KpoccmHrosep).

Omneparop cxpewusanus (kpoccunzosepa) — 9T0 KOHCTPYKIIUS, TIO3BOJISIOIIAs Ha OC-
HOBE CKPEIIUBAHUS XPOMOCOM POJIUTEIEN ITOTydaTh HOBbIE XPOMOCOMBI — ITOTOMKH. Pa3-
HOOOpa3me TaKuxX OIEPATOPOB BEJUKO, TMOCKOJIbKY UMEHHO OHU OIPEIe/IdioT 3hpdHeKTHB-
HOCTH pabOThI F€HETUYECKOrO aJropuT™Ma. PaccMOTpUM HEKOTOpbIE U3 HUX:

— npocmoti (odHomoueunvii) onepaTop Kpoccurrosepa. Ilepes Hadasom paboThl 0J1-
HOTOYEYIHOT'O OllepaToOpa OIpeessdeTcs pa3pe3alolias TOUYKa OllepaTopa KPOCCUHIOBEpA,
KOTOPas OOBITHO 3aJIa€TCs CJIYUIaliHo. DTa TOUKA ONPEJIC/IAET MECTO B JBYX OCOOSX, IJIe
OHU JIOJI?KHBI OBITh «PA3pPE3aHbBI» ;

— dsyxrmoueutblil onepamop Kpoccuurosepa. B Kaxmoit XxpoMocome ompe e isiioTcs 1B
TOYKH OIl€PaTOPa, M XPOMOCOMBI OOMEHUBAIOTCS YIACTKAMU, PACIOJIOKEHHBIMH MEXK Ly
JIByMsI TOYKAMU OllepaTopa KPOCCUHIOBEPA;

— YnopadowenHuili ONepamop KPOCCUHTOBEpa. 3JIeCh «Pa3pe3aroliasiy TOUKA TAKIKe
BBIOUpaeTcsd ciaydaiino. PaspesaB ponuTessbckue XPOMOCOMBI 110 «Pa3pe3aroleiis TOUKe,
MBI TIOJIYIUM JIBa CeIMEHTa i Kazkjaoro popurens: { Pl Py u {P?; P?}, tne Pl u P! —
JIEBBII M NPaBBI CErMEHT i-r0 poauTessi. 1orga MOTOMOK S COCTOUT U3 le B MepBOit
YACTH XPOMOCOMBI, & OCTaJIbHBIE TIO3UIIUU B S OEPyTCsi 13 XPOMOCOMBI BTOPOI'O POIUTE/IsT
B yHOPSJIOYEHHOM BHUJIE CJIEBa HAIIPABO, UCKJ/IOYAs YK€ CYIIECTBYIOIIUE 3HAYeHus B S.
Bropoit moToMoK obpasyercsd aHAJOTHYHO, TOJBKO IE€pBas YacTh XPOMOCOMBI ITOTOMKA
coctont yxke u3 P? n ocTaTKa OT IepBOrO POJIATEIIS;

— YACMUYHO COOMBEMCMEYI0WUT ONIEPATOP KPOCCUHTOBEPA. 3/1eCh TaK¥Ke CJIyUaitHO
BBIOUpaeTCs «pa3pesalonias» Touka. /lasbiie aHaJm3upyoTcs cerMeHThl B 00enX XPOMO-
COMAaX M yCTAHABJIMBACTCH JACTHIHOE COOTBETCTBHUE MEYK/LY 9JIEMEHTaMU IIePBOTO U BTOPO-
ro poaureneii ¢ GopMuUpoBaHIEeM HOTOMKOB. IIpn sTOM mpaBblii cermenT P? mepenocures
B S, nesblii cerment P! nepenocurcs B S ¢ 3aMeHOit IIOBTOPAIONINXCS T€HOB Ha OTCYTCTBY-
OIIK€e TeHbI, HAXOIANINECsS B 9ACTUIHOM COOTBETCTBUML;

— YuKAUYECKUl 0nepamop KPOCCHHTOBepa. DTOT OIEPATOP BBITIOJHIET PEKOMEHTaIlun
COTJIACHO IUKJIAM, KOTOPBIE CYIIECTBYIOT IIPU YCTAHOBJIEHUU COOTBETCTBUS MEXK Ty T€HAMM
[IEPBOT'O ¥ BTOPOT'O POJIUTEJIEH.

3%, Myramumu.

OrmepaTop Mymayuu MO3BOJISIET TOJYIUTh MOTOMKA U3 OJHOTO POJNTENA IIyTeM N3-
MEHEHHS COCTaBa XPOMOCOMBI 3TOTO pojuTesisd. B obieM ciiydae onepaTop OIMMChIBACTCS
CJIEJTYIONINM 00pa30M: B XPOMOCOME CJIyIaliHbIM 00pa30M BBIOMPAETCs OJIHA UJIU HECKOJIb-
KO TIap TO3WITHI; 9JIEMEHTHI B JIAHHBIX MTO3UIUSAX B XPOMOCOME MEHSIOTCS MECTaMU, TeM

CaMbIM ITIOJIy4Yasl HOBYIO XPOMOCOMY.
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OnepaTop TPUMEHSETCS B TOM CJIydae, €CJIU ajJrOPUTM JIOJITOe BPeMsl He CXOJUTCH,
T. €. He yJIOBJIETBOpsIETCS KPUTEPHUil ocranoBa. Kciim Bo BpeMs CKpeluBaHus 0Ty IaeTCs
HEKOPPEKTHAasI XPOMOCOMa € TOYKU 3PEHUs YCJIOBUA 3a/Ia91, My TaIUI0 MOYKHO IPUMEHUTH
JUTT U3MEHEHNS XPOMOCOMBI U IIPUBEJIEHNS €€ B KOPPEKTHYIO (hOpPMY.

UccnenoBanus |2, 8] mokazasu, uro I'A maer srydmmii pe3ysbrar U3 OMUCAHHBIX [TPH-
OJIM2KEeHHBIX aJropuTMoB. B mporpaMmmuoit peasmzanuu B KadecTBe perrenust 3K Oyraer

UCIIOIb30BaThest uMeHHo ['A ¢ KaiHoil Mo ukameii.

2. HAXO>K/JIEHUE OIITUMAJIBHBIX HHIEHTPOB U KJIACTEPOB
B 3AJIAYAX JUCKPETHOI OIITUMUN3AIINU HA TPA®AX

MeToapl KacTepusanum yCJaoBHO MOXKHO pa3bUTh Ha aBTOMATUYECKHUE W WHTEPaK-
TUBHBIE; UCIIO/IL3YIONINE AllPUOPHYIO NH(MOPMAIUIO WM YHUBEPCAJIbHBIE, KOTOPbIE HE UC-
HOJIB3YIOT alpUOPHYIO uHMOPMAIMO (0 KOMIAKTHOCTH, OAHOPOAHOCTH 1 Ap.). K yHH-
BepCaJIbHOM T'PYIIIE METOJIOB M aJrOPUTMOB OTHOCAT aJropuT™m K-means; aJropuTMbl,
UCITOJIb3YIOIINE METPUYIECKNE XapPAKTEPUCTUKH; aJITOPUTMbBI TIOCTPOEHUS Pa3INIHbIX Pa3-
pesos u jap. (3, 12, 13, 17].

Asropurm K-means (K-cpejnux) mnpenosaraer ObICTPbIHi KIaCTEPHBIH aHATU3 I1y-
TeM BbIJIeJICHUSA k KJIACTEPOB, KOTOPbIE PACIOIAraloTcd Ha MaKCUMAaJbHOM PaCCTOSHUU
apyr ot apyra [30]. Yucso KiaacrepoB k BIOMpaeTCss HHTYUTHBHO JIHOO OIUPAsICh HA Pe-
3yJIbTATBI FKCIepuMenToB [23]. Ues aaropurMa cOCTOUT B TOM, YTO IEHTPBI KJIACTEPOB
COOTBETCTBYIOT JIOKAJIHHBIM MaKCHUMyMaM ILIOTHOCTU PAaCIIpe/ie/ieHns JTaHHbIX. DBasoBbIit
ajroput™M K-means mpejmoJiaraeT Iy YaitHbIil 1Iu 9BPUCTUIECKHil BEIOOD & IEHTPOB KJla-
CTEpOB, pasMelleHne KaxK 0l BepIINHBI I'pada B KaacTep ¢ OJIMKARIINM IEHTPOM K 3TOi
BepIINHE, TI0CIe Yero 3aHOBO IePECUUTHIBAIOTCA IEHTPHI KJIACTEPOB JI0 CXOIUMOCTU IPO-
recca. AJITOPUTM TapaHTHPOBAHHO CXOJIUTCS, HO HE 00S3aTe/IbHO MPUBOJUT K OIITUMAJIb-
HOMY PEIIEHUIO, TIOCKOIbKY 3aBUCHT OT HAYaJILHOTO MHOYKECTBa KJIACTEPOB U 3HAYECHUS K.
Boraucyinresibaasi cjioykHOCTb ajiropurma K -means pasuaa O(nkt), vjae n — pasMepHOCTb
cetu, k — YUCIO KJIACTEPOB, & t — HYUCJIO UTEPAINii, KOTOpble TPEOYIOTCS aJTOPUTMY
JUTS TIPUBEJIEHNs] KJIACTEPOB K CTAaOMILHOMY cocTosgHUIO. K HemocTarkam ajropurMa oOT-
HOCHTCSI €10 1yBCTBUTEIBHOCTH K JIOKATHHBIM HU3MEHEHUSIM CeTH (3aIpeThl, MPe/IINCaHus,
yJlaJIeHue 9JIEMEHTOB U T. I1.), CHUKEHUE CKOPOCTH paboThl Ha GOJIBIINX 00beMax JaHHbIX,
HEeOOXOIMMOCTD TIPEIBAPUTEIIBHO YKA3bIBATh YUCIO KiacTepos k [28].

Metos, pazpesa rpada mnperoiaraeT, 9To CJI0KHasg CeTh IPEJICTABIAECTCA B KAIeCTBE

B3BEIIEHHOTO HeOpueHTupoBaHHOTO Trpada. Mex iy BceMu BepimmmHamu CTposiTcs pebpa,
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Beca KOTOPBIX IOKA3BIBAIOT MEPY CXOJICTBa MEXKJLy BEPIIMHAMHE 110 KAKOW-Tu00 Xapakre-
puctuke. Vcxomnast cetb B Buje rpada paspesaercs Ha HOArpadbl, 9TO0bI BHYTPU IO/
rpada Beca pebep 3HAUUTETBHO OTIHIAIUCH OT BECOB pebep, CBA3BIBAIONINX TOTPAMDI.
OtHuME U3 JIy4IuX rpadOBbIX AJITOPUTMOB HA CETOMHAIHUI JeHb CIUTAIOTCA aJrOPUTM
NormalizedCut [37] u ero momndukanuu (22, 29|, amropurm NestedCuts [38], a Tak-
ke asnroputm SWA [23, 36|. BobmmHCTBO aJropuTMOB MHHIMAJIBHOTO paspesa rpada
uMeloT TpyJoeMkoctb O(n), rae n — obiee Yuca0 BepuinH rpada, HO TPeOYIOT 3HAUN-
TEJILHBIX 3aTPaT IMaMsITH JIJIsT XPAHEeHUsT MATPHIL pacCTOSHUN paszmepom n X n. [Tosromy nx
3aTPYHUTEIHHO IPUMEHATH K CeTIM OOJIBINON pazMepHOCTH. TakuM oOpaszoM, mpobJiema
[IOCTPOEHNUsI AJTOPUTMOB KJIACTEPHU3AINKA BCell ceTn Ha OCHOBE KJiacTepusanuu rpados ¢
[IpUEMJIEMBIMI TPEOOBAHUSIMU K MTAMSITH U OBICTPOJAEHCTBHUIO OCTAETCsI aKTya bHOIA.

ABTrOMaTHYeCKHE METO/IBI U AJITOPUTMBbI HE TIO3BOJISIIOT HAXOIUTH PEIleHIe TPOU3BOJIb-
HBIX 33/1a4 KJIacTepU3allii ¢ TapaHTUPOBaHHBIM pe3ysbraToM. Hu oiuH u3 aBromMarmnde-
CKMX METOJIOB U aJITOPUTMOB HE WJICAJIEH, B JIYUIIEM CJIydae HEeOOXOIMMO UCIIOJIb30BaTh
TUOPHJIHYIO KJIACTEPU3AINIO U3 PA3HBIX KOMOMHAIINN aJrOPUTMOB KJIACTEPU3alli, I10-
JIy9eHHBIX Pa3HBIMH METOJAMK C Pa3HbIMHU Tapamerpamu. lIpuMeHUTENBHO K 3aadaM
KJIACTepU3aIn M300pazkeHuii Kak rpadoBbIX CTPYKTYDP B [32] 6bL10 pOBeeHO cpaBHe-
HUE PA3IUIHBIX OMOHUYECKUX MOJIX0/I0B. Paccmorpeno 80 pas3imaHbIX OMOHUYIECKUX Me-
Tozio. CpaBHuBaIMCH reHeTndeckue ajaroputmbl (G A), sposononnsie crparernn (F.S),
reHerndeckoe porpammuposanue (G P), mero pos dacturl (PSO), MeTon MypaBbUHBIX
kosionnit (ACQO). B kauecTBe Kpurepust cpaBHEHUs /I aJIFOPUTMOB KJIACTEPU3AIINH, KAK
[IPABUJIO, UCIOJIB3YIOT TOYHOCTH PAOOTHI I CKOPOCTD BBIIOTHEHMS.

s anropuTMa  KJIacTepU3allild BaykKHOE 3HAaUYeHHe UMeeT CJIOKHOCTH obpaba-
ThIBaeMoil ceru. PoeBble MeTOmBI Kiacrepusalmu, B dacTHOCTH DarwinianPSO u
Fractional — Order DarwinianPSO, omncanst B (24, 25|. Oco0eHHOCTBIO MPUMEHEHNUS
POEBBIX METOJIOB sIBJISIETCSA BOZMOYKHOCTD HAXOXKJIEHUST KBA3UOIITUMAJILHBIX DEIIeHUil, I4TO
PEKOMEH/IyeTCsl YIUTBHIBATH IIPHU BBIOOPE MEXK/Iy CKOPOCTBIO PabOThI M KAYECTBOM pellie-
HUS.

Hamryqinyto TOYHOCTh KJIACTEPU3AIUK JIJIsi CJI0KHOCTPYKTYPUPOBAHHBIX CeTeil IM0-
Ka3bIBAIOT MYpaBbUHBIE AJTOPUTMBI, B YaCTHOCTH I 3ajad 00paboTKHM u300pazke-
muit [21, 30, 35|. Januble sTux nccrieoBanuii oKa3a/i 3HAUNTETbHOE BIUSHIE [EJIEBBIX
byHKIMIT MypaBbUHBIX aJrOPUTMOB Ha IIPOIECC PA3METKHU CETH Ha KJIaCTePbI, YTO MO3BO-
JISIeT CJIeJIaTh BBIBOJ O 3aBUCHMOCTU TOYHOCTH PE3YJIbTaTa OT HCIIOJIb3YEMbIX KPUTEPUEB

nesieBoit (byHKIMU. AHAJIN3 aJIFOPUTMOB SBOJIIOIMOHHBIX cTpareruii [39] u renernyeckux
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a’aropuT™MoB (34| moKasas, 9YTo JaHHBIN TOX0/T MOXKHO IPUMEHATH J7IsT 06PabOTKH CIIOK-
HO CTPYKTYPHUPOBAHHBIX CEeTell, HO Pe3yJIbTaT 00J1aaeT MEHbIIel CTENeHbI0 TOYHOCTH, a
CXOJIMMOCTH HabJII0/IaeTCsd B MEHBIIIEM IIPOIEHTE CJIYIaeB.

B kauectBe 3amaan /1O Bosbmem 3K s k aremrtor. Mckombrit rpad Oymer nmernb
0OJIbIIIOEe KOJIMIECTBO BEPINUH, TOTOMY Jiist perteHust 3K Oyer mpuMeHsThCsT OMUH U3
9BPUCTUIECKUX AJrOpUTMOB. ['pad mMeeT moIHYI0 CBI3HOCTD.

Pemarorcs aBe 3ajatn: HaxoXKJIeHUE ONTUMAJIBHBIX IIEHTPOB KJACTEPOB; (pOPMUPO-
BaHUE ONTUMAJBHBIX KJIACTEPOB Ha OCHOBAHWM KpHUTEpHUsl KadecTBa u pertenne 3K Ha

KJlacTepax.

2.1. HaxoxkJieHue onTUMAaJIbHBIX I[IEHTPOB KJIACTEPOB. B KadecTBe MCXOTHBIX JIaH-
HBIX 33J/[aeM KOJIMYECTBO KJIACTEPOB k. ByseM cuuTaTh, YTO ONTUMAIHLHOCTD IEHTPA KJla-
cTepa 3aJ1aeTcs IBYMs ITapaMeTpaMU: YIAJIeHHOCTD IIEHTPa OT JPYTHUX IIEHTPOB KJIACTEPOB;
BBITIOJIHEHUE <«TUIMOTE3bl KOMIIAKTHOCTHY JIJIsi TEKYIIEro Kjaacrepa. [unomesa komnaxm-
HOCTU B 33JIa9aX KJIACTEPU3AIINU — MIPEJIITOJIOXKEHNE O TOM, 9TO CXOKHUE 00HEKThI roPa3io
Jalle JieKaT B OJHOM KJacTepe, YeM B Pa3HbIX; WM, JPYTUMH CJIOBAMU, YTO KJIACTEPDI
00pa3yoT KOMIIAKTHO JIOKAJIN30BAHHBIE TOIMHOYKECTBA B IPOCTPAHCTBE OOBEKTOB. JTO
TaKKe O3HAYAET, YTO I'PAHUIA MEXKJIy KJIAaCTepaMU UMeeT JOCTaTOYHO ITPOCTYIO (hopMmy.

s permenus 3Toil 3a/1a4M MOJOMIET aJropuT™ Kiacrepusaruu K-means. B kiac-
CUYeCKOil peasm3aruu ajropurma K-means He TpeOyercs 3a/laBaTh UCKOMBIE IIEHTPHI, a
JIOCTATOYHO 3HATH KOJIUYIECTBO KiracTepoB. Ciie/0BaTeIbHO, AITOPUTM CIIOCOOEH CaM 00~
6paThb onTUMaJbHbIE JIJIs Hero Kiactepbl (mojarpadst). Pazbus rpad Ha cooTBeTCTBYIOIIIE
no/irpadbl, MOXKHO B3Th IMEHTP KaxKJO0ro mnojirpada, rje meHTp — MHOXKECTBO BEpIINH,
MMEIONUX MUHUMAJTBHBIN SKcrleHTprcuTeT. HaMm 10cTaToqHO 0/THOM BEPIIMHBI U3 KaXKI0TO
TakKoro MHOKecTBa. COOTBETCTBYIOININE BEPIIUHBI 1 Oy /Iy T ONTHMA/JILHBIME IEHTPAMU JIJTsT
ncxoHoro rpada ¢ 3apamee 3aJ@HHBIM KOJIMYECTBOM KJIACTEPOB.

[Ipennourenne anroputma K-means MOXKHO apryMeHTHPOBaTbH TeM, YTO 3TOT aJ-
TOPUTM TIOKa3bIBaeT XOPOIHe Pe3YIbTAaThl KJIACTEPU3AINN C PA3TUIHBIMU KPUTEPUIMU
KadecTBa. EJIMHCTBEHHBIM A/ IbTEPHATHBHBIM BAPUAHTOM CO CXOXKUM YPOBHEM TOYHOCTHU
MOYKHO OTMETHUTH BepoaTHOCTHBINH EM-asropurm. Ho on nMeer HeCKOJIBKO HEJIOCTATKOB,
B CJIEJICTBUE KOTOPBIX MOJIYUUTH C €r0 TOMOIIBIO HeOOXO/IUMbIe IIEHTPBI He TPEJICTaABIIAET-
¢ BOBMOXKHBIM, XOTsI ObI TIOTOMY, UTO &JITOPUTM He IpeJIHa3HAYeH JJId «HABI3bIBAHUSI»
eMy KOJIMYeCTBa KJIACTEPOB.

Anropurm K-means Takike TPUIEPKUBACTCS THIIOTE3bI KOMIIAKTHOCTH ((bopMa Kila-
crepoB — cdepuieckas), MOCKOJIbKY UCHOJIb3YeT B KAUeCTBE KPUTEPUST «CXOXKECTH» Dac-
CTOSTHEE OT BEPIIMUHBI JI0 IeHTpa Kjaacrepa. OTcioa BhITEKAeT U TOT (HDaKT, 9TO IEHTPHI

KJIACTEPOB OYIyT MaKCUMAJIBLHO YAAJEHHBIMU JIPYT OT JIPYTA.
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2.2. HaxoxkJieHrne onTuMAaJIbHbIX KJIaCTEPOB HA OCHOBAHUM KPUTEPUs KadyecTBa.
Pacemorpum 3K 151 k arentos. imeem ncxoiublit rpad, Ha KOTOPOM BBIJEICHBI OA3bI 1151
KazKJIOro arenta. byjaem cauTarh, 4To BCe areHThl TOTOBBI MTOATH Ha YCJIOBUE, UTO KaXK /10~
MYy JIOCTAHETCs «IIPUOJIN3UTEIHHO» PaBHBIN Hoarpad nckomoro rpada. CraBures 3a1a4a:
[0 ICKOMBIM IIeHTpaM pa3bmuTs rpad mHa k Kiacrepos Gi,4 = 1,k Tak, 9TO BCE areHTHI
HPOXOAAT OUYTH paBuble paccToauus fi(G;) = fepeonee,t = 1, k. PaBencrBo KJiacTepoB
orHocuTesibHOo 3K OyJ/ieM OleHnBaTh 0 CJIEYIONEMY KPUTEPUIO KavuecTBa:

maz f;(G;) — min f;(G;)| < e (1)

1<i<k 1<i<k

B kauectse neneBoit (hyHkinn Boibpano 3uavenue mpoitaentoro mytn B 3K. Haxowx-
JIeHne KpaTdailiero myTu Oyger ocyIIecTBAIThCI ['A ¢ 9JIMTHOR cejleKnpeil, 4acTUuIHO
COOTBETCTBYIOIINM CKPENIUBAHUEM U C UCIOIb30BAHUEM »Ka/ IHOH sBpucTuku. /lannas mo-
JuduKaIms IpenoaraeT, 9To ojHa u3 XxpomocoM ['A B HavYabHONW MOMYJISIIU Oy/1eT
dbopmMupoBaThcs KaIHBIM agroputMoM (GsmKaiinmmit cocen). Takas XpoMocoMa rapaHTH-
pyeT JIOKAJIbHBIN ONTHUMYM, KaK U Jiio0as »KaJiHasi 9BPUCTUKA, U IIPU ITOM CIIOCOOCTBYET
6ostee ObicTpoit cxomumoctr ['A. TIpobiema «3acTost» B JIOKAJIBHOM OITHMYME PEIaeTCst
TeM, UTO BO BPEMsI CEJIEKIINN TIOJTOBUHA XPOMOCOM U3 MPEJIBIIYINEro MOKOJIEHNsT OCTAHY T-
¢ B HOBOM TTOKoJteHnn. [losroMy «ciabbie» XpoOMOCOMBI MOTYT BHECTH CBOM JaIbHEHIINIA
BKJI&J B BBIXOJIE U3 JIOKAJIHHOIO OITHMYyMa.

[Tonyuus HavanbHOe pasdbueHue rpada Ha k KIacTepoB M 3HAYECHUS TEJI€BON (DyHK-
AN [T KayK 1010 moarpada reHeTHIeCKIM aJIrOPUTMOM, OITHMU3UPYEM KJIaCTePhI Iy TeM
OaJlTaHCUPOBaHUS 3HAYECHUN 11e/IeBOil (DYHKITMN JIJIA KaxKJ0To Kjactepa. [ljis sToro Heob-
XOJIUMO «I1epeOPOCUTH» BEPIIMHBI U3 CAMOTO KPYITHOI'O 110 3HAYEHUIO IeJIeBOi (hpYyHKITUN
kiacrepa Goqe B caMblil Masblit — G,i,. BosbMem Osmmkaitminyio Bepruay 3 Goge 10
Gmin 1 tipucsouM ee Kjaactepy Giuq.. LIpm 3ToM ecin paccrosiare Mexk iy KjacTepamu
60JIbIIIOE U /Ui MEXKJIy HUMU €CTh JIDYI'He KJIaCTePhl, TO HEOOXOMMO MepeaTh BEPIITHY

nus3 Gma:v B Gmm «TPaH3UTOM» Yepe3 BCe KJIaCTEPhbI, JIC2Kalue MeKAy JaHHBIMH:
Gmax ? Gl e ? G(m ? Gmirw

e G; — xkaactepbl MeXKIY Ge 1 G, @ = 1, m.

Bymewm cunrars, uro kinacrep Gy sexxur mexay G u Gy, ecn:

p(Gb GQ) < p(Gl7 G3>7
p(Ga, Gs) < p(Gy,Gs),

rje p(x,y) — paccrosiHue OT IEHTpa KJacTepa T J0 IeHTpa Kjacrepa y. [locse mepBoro
«IrepedpachIBaHU» BEPIITUH TPUMEHUM T€HETUIECKUI aJIrOPUTM JIIsi HOBOTO pPa30OUeHus.

Takue «mepedbpacbiBanus» OyIeM COBEPIIATDH JO TEX TOP, TMOKa HEe BBIIOJHUTCH yCJIOBHUE
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ocranoBk (1). IIpu 5T0M £ MOKeT ObITH CKOJIb YTOHO MaJsbM. Brpouem, 6paTh CIUIITKOM
MaJjible 3HAYEeHUs] HE CTOUT, BBUJY TOT'O, UTO AJTOPUTM MOXKET IM0J00paTh KJIACTEpPhI C
OYeHb OOJIBLIIUM pa30pPOCOM BEpIINH, UTO He sBJIAETCS NpueMJieMbIM. B mporpaMMHOit
PeaT3aIi UCIIOJIb3YeT s MHAMUIECKOe yBeIndeHre € (II0pora), eCJin aJIrOpUTM He CMOT
1o100PaTh KJIACTEPHI 38 HEKOTOPOE KOJIUIECTBO HUTEPAITUi.

JlaHHBII AJITCOPUTM IO3BOJISIET OI00PATH ONTUMAJbHBIE TOArpadbl ¢ COXPAHEHUEM
3aJIAHHBIX [IEHTPOB JIJIsi KayKJI0ro Kjacrepa. Pa3buenne mouru Bcerjia OyaeT Hempueme-
MBIM, ec/ii OOHapYzKaTCcs IEHTPHI, KOTOpble OYAYT PaCIOIOKeHbl OJU3KO JIPYT K JAPYTY.
B rakoMm cirydyae HeoOXOMMMO cHavYa Ia HANTH ONTUMAJIbHBIE EHTPHI, & TOTOM ITPUMEHHUTD
JIAHHBI aJITOPUTM.

B mambosee mpocTom ciydae MOJI CHHTE30M aJTOPUTMOB KJIACTEPHU3AIUU U PEIleHus
3K Oymem moHnMAaTh UCIOJIB30BaHUE JIIOOOT0 AJITOPUTMa, KJTACTEPUIAINN JIJIs TTOJTY I€HUsT
HaYaJIbHOTO pa3bueHus MCXOMHOro rpada Ha noarpadbl U JI0O0r0 aJrOPUTMa PEIeHns
3K. B obmiem ciiydae cunTes aJropuTMoB Kjacrepusaruu u pertenns 3K g k arenton
BBITVISUT CJIETYIONIUM 00Pa30M.

1. it mcxoaoro rpada BBECTH HYKHOE KOJUYECTBO KJIACTEPOB Kk U IEHTPHI.

2. Haiitn navasibnoe pazdoumenue rpacda Ha k KJIaCTEPOB C MCIOJIH30BAHUEM TEKYIINX
IIEHTPOB.

3. Ecm nHaganbHOe pasOmeHne Ha TEKYIIUX IEHTPaxX 0Ka3aJoCh HEMPUEMJIEMBIM, TO
11o100paTh HOBLIE TIEHTPHI ¢ TIOMOIIbIO K -means.

4. Ilepeornpe e TNTH KJIACTEPHI C TOMOIIHIO MEXaHU3Ma «I1epeOPACHIBAHNU» BEPITUH.

5. Ha kaxkjiom kjacrepe HailTu perenne JoKaabHO SK.

6. HaiiTu 3na4uenue 1eeBoit pyHKIMHT JIId KaXKJI0TO KJIacTepa TeKYIIero pa3oueHus.

7. IIpoBepuTh ycJjioBHE CXOJMMOCTHU U, €CJTU OHO HE BBITIOJIHEHO, BEPHYTHCS B 1I. 4.

B kauecTBe ajropurma Kjacrepusaiuu rpada i HadaabHOro pa3dueHust moaonIer
JIIOOOI aJITOPUTM KJIACTEPU3AIUH C Y€TKO IPUHAJJIEXKHOCTHIO BepinH. 3K Takxke MoKeT
peraThbes JIIOOBIM U3 U3BECTHBIX aJITOPUTMOB. JlaHHBIN CHHTE3 aJIrOpUTMOB TPUMEHUM He
ToJIbKO 1711 3K, MOCKOJIBbKY 11e/1eBoil (DyHKIMEH MOXKeT OBbITh IesieBast (DYHKIUS JTIOOO0I
zajiaan /IO ma rpadax, /it KOTOpoil HeoOXOJUMO MPUMEHUTH KJIACTEPU3AIUIO U JIJIsd

KOTOpOfI MOZKHO C(bOpMyHHpOB&Tb ycjioBuE€ CXOAUMOCTHU aJI'OpUTMa CHHTE3a.

2.3. IlporpammHuas peanusanusi. Cpeja nporpammuposanust: Microsoft Visual Studio
2015 (Windows Forms); s3bik nporpammvupoBanusi: C'#. VlcxojHble jTaHHBIE: TOJTHBII
rpad (100 Beprrmi), KOJINIECTBO KIACTEPOB k U UX MEHTPLI. PaccMoTpuM 3a/1a1y MHOTHX
AreHTOB-KOMMUBOS2KEPOB, C «IJIOXUMU» HAYAJTBHBIME YCIOBUSAMHU, T. €. MEHTPbI KaXKI0r0

arenta OyJIyT pPacIOJIOXKEeHBbI OJIM3KO JIPYT K Jpyry. s mpuMepa MmycTh YHCIO areHTOB
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Oyzer 5, a nmeaTpamMu — BepimHbl 1, 2, 3, 4, 5. Peaym3yeMm Kjiactepusanuio rpada ajaro-
purMoM K-means n »KaJHBIM aJITOPUTMOM C paclapaJiie MBaHueM 10 UCXOIHBIM JaHHBIM

(puc. 2), coxpaHsisi TEKyIIre EeHTPbI (BEPIIUHBI, BbIIEJECHHBIE TOJIYObIM IIBETOM ).

Puc. 2. Pasbuenne rpada wa nsrth nogrpados: (a) merogom K-means;
(b) KaJIHBIM aJIrOPUTMOM € paclapaJiieMBaHueM

HOJ’[y‘II/IB JaHHbIE pa36HeHHH, IIPpUMEHNUM I'A JJId HaXOXKJIEeHUA OIITHMaJIbHOI'O IIyTH

JUTst Kazkoro nojrpada (puc. 3).
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Puc. 3. Tloctpoenune I'A onTuMaJbHOrO MapuipyTa JJjist KJIaCTEPOB, MOJIY-
JeHHBIX: (a) ajsropurmMoM K-means; (b) KaIHBIM aJTOPUTMOM C PACIapa-

JieJIMBaHEM

CpaBHUM pe3y/IbTaTHI.
Ha puc. 4 cieBa oroOpazkeHbl 3HAYEHUs I€J1€BOH (DYHKIMK JIJIsI COOTBETCTBYIOIIErO

KJIaCTepa, a B CKOOKaxX — KOJIMYECTBO BepIINH B mojrpade; cupaba — JOMOTHUTEILHAS
nHMOPMAIUA: CyMMa 3HAYEHU Te/IeBhIX (DYHKINN, UX cpejiHee 3HAUYEeHNe, MUHUMAJIbHOEe

1 MaKCUMaJIbHOE€ SHaAYE€HUE U Pa3HUIla ME2K1y MUHUMYMOM U MaKCUMYMOM.

“Taurida Journal of Computer Science Theory and Mathematics”, 2018, 2



Cunmes anzopummos Kaacmepusdauuu 0as peweHus mrozoazenmmoti 3K 61

K:5 K:5

Centers: 1 2 3 4 5 Centers: 1 2 3 4 5

® 2371 (32) Sum: 8037 ® 1646 (19) Sum: 8829

® 2511 (33) Means: 1607 ® 1608 (19) Means: 1765

® 190 (3) Max: 2511 ® 1789 (18) Max: 1895

® 1142 (9) Min: 190 ® 1895 (25) Min: 1608

® 1823 (23) Max-Min: 2321 ® 1891 (19) Max-Min: 287
(a) (b)

Puc. 4. Pesynprars! pabots: (a) anropurma K-means; (b) kagHoro aJaro-
pUTMa ¢ pacriapasuie/iBaHIeM

YVauTbiBasi, 9TO ONTUMAJHLHOCTD KJIACTEPOB XapaKTEePU3yeTcs HE TOJHKO MUHUMU3A-
el 3HaYMeHusl 1eIeBoil (DyHKIMN, HO W ee yCpeTHeHHeM IO BCeM KJjacTepaM, MOXKHO
OJ/THO3HAYHO CKA3aTh, UTO YKAJHBIN AJITOPUTM ¢ MOMMUKAIINEN paciapasiieIMBaHus OT-
paboTaJ JIydile ¥ IPU 3TOM pas3HUIA MKy HAHOOJbIINM W HAMMEHBIINM KJIACTEPOM
HEBeJINKA.

B obrem citydae »KaJIHBIM aJI'OPUTM C JIAaHHON MOudUKaIueil MpakTUIeCKNn BCer/ia
6y,Z[eT JdaBaTb HpHeM.HeMbeI pe3yJibTaT, U II03TOMY PEKOMEH/YEM K HCIIOJIb3OBAHUIO B Ka-
JecTBe HAYaJIbHOIO pa3OueHus JIJId CUHTE3a aJTOPUTMOB.

Cwmblc MoaudUKaINE paclapa/ieuBaHus 3aKI09aeTcsd B TOM, YTOOLI pa3dOueHne
rpada MPOXOIUIO MO KAJTHOMY AJTOPUTMY TAPAJIEBHO, KOIJa KJIACTePhbl BEIYT cebst
HE3aBUCHUMO JIPYT OT JpyTra, 3a UCKIIYEHHEM TOr0, UTO OJHA BEPIIHHA HE MOXKET OJIHO-

BPEMEHHO IIPpHUHA/JJIe2KaTh HECKOJIbKUM KJlaCTepaM.

Puc. 5. Paszbuenue rpada Ha 1orpadsbl ¢ HOBBIME [IeHTpaMu: (&) MeTo0M
K-means; (b) »)aJHbIM aJrOPUTMOM C PACHAPAJLIETUBAHIEM
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Haiiiem onruMasbable MEHTPHI JIjId JAHHOTO Tpada Mpu k=5 U CHOBa NPUMEHUM Te
JKe aJrOpuTMbl Kjacrepusaruu. Kak BUJIHO M3 caMux pa3dueHuit Ha pUc. b, KJIaCTepbI
HOJIyYUJIUCH DO0JIee KOMITAKTHBIME, C BblIepKaHHON dhopMmoii (cdepuueckoit) u 6e3 mepe-
CEYCHU.

[Tpumennm I'A ning manHbIX pasbuenuii (puc. 6) u cpaBHUM pesyiabrarbl. [lo gan-
HBIM Ha PUC. 7 BUJHO, YTO HailJIeHHbIE ONTUMAJIbHbIE IEHTPBI ONTUMU3UPYIOT aJITOPUTM
K-means, NoCKOJIbKY Telepb He HabJIIOJIAeTCs CUJILHBIX PACXOXKJICHUI MEXKy KJiacTepa-
mu. OHAKO, KAIHBI aJIrOpUT™M 0TPabOTa CPABHUTEIHHO OJIMHAKOBO KaK /IS HCKOMBIX
[EHTPOB, TaK U JIJIsi HOBBIX. DTO €Ile pa3 MOIEPKUBACT, UYTO YKAHBII aJTOPUTM C pac-

ITapaJuleJIMBaHUEM BCEra Ja€T aIeKBATHBIN pe3yJbTaT.
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Puc. 6. Tloctpoenne I'A onrumasibHONO MapIIpyTa Jjisi KJIACTEPOB C HO-
BBIMU IIEHTPaMHU, MOJIyUeHHBIX: (a) agropurmom K-means; (b) KaaHbiM
AJICOPUTMOM € paclapaJlie/nBaHIeM

K:5 K:5

Centers: 82 851 94 74 Centers: 82851 9474

® 1177 (17) Sum: 7536 o 1602 (20) Sum: 7868
® 1640 (21) Means: 1507 ® 1504 (19) Means: 1573
® 1653 (21) Max: 1820 @ 1369 (17) Max: 1839

® 1246 (15) Min: 1177 ® 1554 (19) Min: 1369

e 1620 (26) Max-Min: 643 e 1839 (25) Max-Min: 470

(a) (b)

Puc. 7. Pesymbrarei: (a) anropurma K-means ¢ HOBBIMEH IEHTPaMU,
(b) kasHOTO aJIrOpUTMa C HOBBIMU IIEHTPAMI
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Peanuzyem cuntes anropurMmoB kiaacrepusaruu u pentenus 3K. B kadectse Havab-
HOTO pa3dumenus Oy/IeM UCIIOIL30BaTh K -means u KaHbII aJTOPUTM C PaCIapasienBa-

HEeM; B KadecTse perenns 3K — renernveckuii ajaropur™ (puc. 8, 9).

Puc. 8. (a) Pesyabrar kiacrepusarnuu cuHTe30M ¢ K-means B KadecTse
HauaabHOro pasouenus; (b) pesymbrar paborst I'A st mogrpados, mory-
YEHHBIX C IIOMOIIBIO CUHTE3a, ¢ K-means B KadecTBe HAYAJTHLHOI'O

Puc. 9. (a) Pesynbrar kiacrepusanuu CHHTE30M, € YKaJHBIM aJlOPUTMOM
B KauecTBe HavaJbHOrO pasbuenust; (b) pesyabrar paborst I'A st moarpa-
¢ OB, TOJIYIEHHBIX C TIOMOIIBIO CUHTE3a, C KA HBIM aJITOPUTMOM B KadeCTBe
HAYAILHOTO pa3OueHus

Ha puc. 10, 11 u3 rpacdukoB BUIHO, 9TO CUHTE3 IPUOIMZKAET 3HAUCHHUS IEJIEBbIX (DYHK-
Uil J1Ist BCeX KJIACTEPOB K cpejHemy 3HadeHuio (AvgSyn), ¢ HEKOTOPHIM OTKJIOHEHHEM
€ — KaK OJINH U3 TMapaMerpoB Kpurepusi Kadectsa (1). B mannoit peammsarmn =100,

C TIOCJIEJIYIONIUM YBEeJIUYIEHNEM TIOPOra, €C/IU aJrOpuTM Joaro He cxojutcda. Ha puc. 10
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K:5
Cenmters: 1 2 3 4 5

® 1883 (#1) Sum: 9334 L] 2435 Sum: 3111
* BT Means: 1566 . 580 Means: 1622
® 1869 [20 Max: 1931 L 190 Max: 2520
® 1854 [20) Min: 1847 L] 1142 Min: 190
® 1931 [20) Max-Min: 114 L 1823 Max.Min: 2330
Max: 2599
S S
By Init: 1622
Min: 150

Puc. 10. PesymbraThl cunTe3a ¢ K-means B KadyecTBe HAYAJIbHOTO pa3OueHmsd

K: 5

Corters: 1 2 3 4 5

® 676 (19) Sum: 8400 L 1657 Sum: 8686

® 709 () Means: 1680 L] 1589 Means: 1777

® 1545 [20) Max: 1709 ] 1789 Max: 2003

* 9691 23 Min: 1645 L] 1848 Min: 1589

® 1679 (17) Max-Min: 64 L] 2003 Max Min: 414

Max: 2200

Avg Init 1777 LY .-" .
"" “"'l-'l'.l)‘l“

N T Ar =

" T P T 7 Awg Syn: 1650

Min: 1466

Puc. 11. Pesynbrarhl cuHTE3a € KA JHBIM AJITOPUTMOM B KQUeCTBE HAYAb-
HOTO pa3dueHust

pasHua ME2KAy MaKCUMaJIbHBIM 1 MUHUMAJIbHBIM 3HAYCHUAMNU He.ﬂeBOﬁ CbYHKLLI/II/I OKa3a-
nack Menbie €100, a Ha puc. 11 6;u3ko K £. DT0 3HAYMT, YTO Kpurepuili Kadecrsa (1)
BBITIOTHAETCS, HO CXO/IMMOCTD &JITOPUTMa CUJILHO 3aBUCHT OT HadaJIbHOro pazouenusd. [lo
puc. 10, 11 MmoxkHO HABTIOATH YHCTEHHYIO PAZHUILY MEXK/y HAYaIbHBIM pasoreHueM (3Ha-

YeHHsI CIIPABa) U MOCJe PeATM3alii aJrOPUTMa CHHTe3a (3HAYCHUS CIIEBA).
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S3AKJIFOYEHUE

B pabore paccMoOTpeHbI aJropuTMbI KJIacTepu3aluud IpadoB, a TakKe UX IIpUMeHe-
uwe jist 3a1a4 J1O wa rpadax na npumepe 3aja4uu Jiisd k KOMMUBOszKepOB. PaceMoTpennl
ocHOBHBIE aaroputMmbl perienns 3K u mekoropsie nx momudukanuu. Ha ocrnose Teope-
TUYECKUX PE3Y/IbTATOB pa3paboTaHa MporpaMMHast PeaTn3alis CJIe/yIOInuX aJrOPUTMOB
KJIaCTEpU3allNK: HePapXUIecKuil aJropuT™, K-means m »KaJHBIH aJropuTM C pasjnd-
HBIMU MOJMUKAIUAMA. BB peain3oBan reHeTuydeckuil ajroput™ i pemenus 3K a
TaKzKe CUHTE3 aJIFOPUTMOB KJIacTepu3aiun u perienns: 3K ¢ HaxokieHneM onTuMaIbHbIX
[EHTPOB.

OcHoBHOI 3a1a1€eil PAOOTHI OBLIO HAXO0XKIEHHME OINTUMAJIbHBIX KIACTEPOB MU IIOATPa-
doB uckomoro rpada ¢ yueroM pPaBHOMEDPHOI'O pacIpeesieHus] MapIIpyTOB KOMMUBOs-
JKepOoB TI0 KjacTepaM. B pe3y/brare mpoJieMOHCTPUPOBAHO OTJIMYUE MEXK/Ly Pa3OueHmeM
rpada Ha KaacTepbl (¢ COXpaHEHHEM HCKOMBIX IEHTPOB B STHX KJacTepax) M HaXOXK-
JIEHUEM OINTUMAJILHBIX IEHTPOB JJIs JajibHeiineill Kiacrepusamnun ¢ Humu. s moucka
ONTUMAJIBHBIX 110 OTHOMICHHUIO K 3aJiade k KOMMHUBOSI?KEPOB TOATrpadoB ObLI paspaboTan
CHHTE3 aJrOPUTMOB KJacTepu3arun u perenus 3a1a4 1O u peanmsosan na npumepe 3K
it k areatoB. CyTh MeTO/a 3aK/II0OYAETCA B MEXaHU3Me «IepeOpachbiBaHUs» BEPIITHH 13
OoJiee KPYIHBIX KJIACTEPOB B 0oJiee MeJIKKe, JI0 TeX MOP, MOKA He OYJEeT BBIIIOJIHEHO YCJIO-
BU€ CXOJUMOCTH, TeJieBasi PyHKIMA KOTOPOrO 3aBUCUT OT JIJINHBI IIyTel KOMMHUBOSZKEPOB.
[IpeycMoTpeHbl pa3/iImaHble BAPUAHTHI 3TOIO MEXaHU3Ma, BKJIIOYasi TPAH3UTHYIO Iepe/ia-
49y BEpIINH 4Yepe3 KJacTepbl, HAXOIAINIECS MeXKJy KPYIHBIMIA U MEJIKAMH KJIaCTepaMu,
JIJIsE TOTO 9TOOBI PE3YJILTUPYIOIIHE KJIACTEPbI HE MOTEPS/IM KOMIAKTHOCTD U HE CO3/IaBaJIN

IepecevdeHnil B JaIbHENIIIEM TIOUCKE ONTUMAJJILHOTO MapIIPyTa.
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EXTRACTION OF OPTIMIZATION MODELS FROM DATA: AN APPLICATION OF
NEURAL NETWORKS.

Donskoy V. 1.

Abstract. This paper continues the research within the paradigm of extracting or building
optimization models from data (BOMD) for intelligent control systems. The obtained results are
devoted to nonlinear models with real variables, generally speaking, of any functional complexity
in the class of functions of arbitrary degree of smoothness and constraints represented by
piecewise linear approximation. This is achieved through the use of neural networks as the main
used mathematical apparatus.

If the initial training information presents the precedents of both the objective function and
the characteristic function of constraints, it is proposed to use an approach based on the training
of two neural networks: NN1 — for the synthesis of the objective function and NN2 — for the
synthesis of the approximating characteristic function of constraints.

Unfortunately, the solution of the problem presented by such the synthesized 2-neural model
may end up finding, generally speaking, a local conditional extremum. In order to find the global
extremum of the multiextremal objective function, a heuristic algorithm based on a preliminary
classification of the search area by using the decision tree is developed.

The presented in the paper approach to an extraction of conditionally optimization model
from the data for the case when there is no information on the points not belonging to the set of
admissible solutions is fundamentally novel. For this case, a heuristic algorithm for approximating
the region of admissible solutions based on the allocation of regular (non-random) empty
segments of the search area is developed. When using this approach in practice in intelligent
control systems, it is necessary to additionally apply human-machine procedures for verification
and correction of synthesized models.

Keywords: Building Optimization Models from Data, Neural Networks, Classification Trees,
BOMD technology



72 B. U. oncxoti

BBEIEHUE

B sT0i1 cTarbe Mpojo/KEHbl UCCIEI0BAHUS U Pa3paboTKa aJIOPUTMOB U3BJICYCHUS
ONMUMU3AUUOHHLT Modeseti N3 JTAHHBIX B paMKaX MMapaurMbl HEKAGCCUECKO20 UHPOP-
MaUUOHHO020 Modeauposanus |2, 10, 12, 15, 29]. B npeapaymux paborax aBropom ObLIn
[IpeJICTaBIeHbl OCHOBHBIE WJIeW B YKA3aHHOM HAyJIHOM HAIIPAB/IEHUU, AJTOPUTMbI H3BJIe-
YEHUST JIMHEHHBIX U TICEBJ00YIEBBIX MOJIE/IeN U MTO/IX0/IbI, OCHOBaHHBIE HA MCIIOJIH30BAHUT
peraiomux jiepesbes [5—8, 22—24|. TIocKoJIbKY JlaHHAsI CTaThs ABJISIETCSI HEIIOCPEICTBEH-
HBIM TPOJIOJIZKEHHeM pabor |8, 22|, To umeronuiicst B HuX 0630p mybsmkanuii B obaacTu
U3BJICYEHUST MOJIEJIENl U3 JJAHHBIX U COBPEMEHHOE COCTOSHHE MPOOJIEMBI 3/IeCh TTOBTOPST-
cs He OyayT; iyt OoJiee TIOJPOOHOTO M3JI0KEHUSI ITOCTAHOBKU 3a/1a9 U O3HAKOMJICHUS C
[TOJIyYeHHBIMHA K HACTOSIIEMY BPEMEHH pPe3ysIbTaTaMu IIpejjaraercs oOpaTuTbCs K CTa-
TesM (8, 17-19, 22].

Heav dannot nybaukayuu — padpabomamsv nodrodvl K U3BAEHEHUIO ONMUMUSAUUOH-
HOLT Modenet U3 JaHHBIT, UCTNOAL3YA HEUPOHHbLE CEMU Kak annapam, 0aowuli 803MOXHC-
HOCND NOCMPOCHUA HEAUHETHBIT UENEEHLT PYHKUULT U 02PAHUNEHUT.

[IpuopureT n nmuonepckue paboThHl B YKa3aHHOM HAIIPABJICHUN TTPUHAIEIKAT POCCHUIi-
ckoMy ydeHomy, npodeccopy Bi. JI. Masyposy |9, 12|. Ilepseie paboThl, TTOCBSIIEHHbBIE
HelpoceTeBbIM NH(MOPMAIMOHHBIM 00y IaIOMMUMCA ONTHMUBAIMOHHBIM MOJIEISIM, OITyOJI1-
kosanbl [. A. Maxuwoit [1, 13, 14].

ByneMm, kak u B mpeiiecTByomux paborax, oboznadars X" = X x---x X; -+ - x X, —
orpanndeHHyio obsiactb B R", KOTOpyI0 0OBIYHO HA3BIBAIOT ITPOCTPAHCTBOM IEPEMEHHbBIX-
OPU3HAKOB pa3MepHocTd n; I = (Ty,--+ ,%; -+ ,T,) — IPOU3BOJIBHYIO TOYKY B IIPO-
CTPAHCTBE IEPEMEHHBIX, SABJIAIONIYIOCH OIMMCAHUEM JIOIYCTUMOI0 OOLEKTA.

Kaxkag koopjiunara z;, ¢ = 1,...,n, onucannus o0beKTa & TPUHAJICZKUT HEKOTOPOMY
3a(OUKCUPOBAHHOMY 02PAHUYEHHOMY MHOHcECMEY donycmumnr 3navenut X;, X; C R,
m; < x; < M.

Topt = {(dj,yj,yj)}é-zl — cmandapmmas JOCTOBEPHAs SMIMPHUIEcKast BLIOOPKa s
3a0a4u 00YUeHUA — UBBAECUEHUA MOJCAU HA OCHOBE YACTNUYHOT UHPOPMAUUY O HEKOMO-
DPOM CYWECTNBYIOWEM, HO HEUZBECTVHOM CKasapHoMm Kpumepuu F @ X™ — R u neuszsecm-
HOLT 02DAHUNEHUAT, KOMOPbE POPMAALHO Mo2ym. 6vimv npedcmasaenv, 6 sude (T) = 1.
B sroit 3azade, obosHadaeMoil masnee Zq p, IOJAaraeTcd, 9TO MHOMKeCTBO X' pPa30dUTO
Ha JIBa KJjacca: Kjacc L1, COCTOAIUN M3 TOYEK, 3aBEIOMO YIOBIETBOPAIONINX HEKO-
TOPOIT CHUCTEME OrPAHUYIEHUN 3a/la91d HAWIYUIIEro BbIOOpa, W Kiacc £y, cojepzKaiuit
TOYKH, 3aBEJOMO HE YJIOBJIETBOPSIOIINE 9TOI cucTeMe orpaHuvenuii. Byaem obo3nadarh
QX" — {0;1} — zapaxmepucmuneckyro Pynruuro ozparuserut, KOMopas “4acmusHo

3adana obyuarowed evboprol; QUT) =1 < T € £1; QZ) =0 < & € £y. Bynem nonarars,
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YTO B CTaHJIAPTHOIN oOy4daromieil BBIOOpKe T, CONIEPKUTCA JOCTOBepHad HHMOPMAIHA
v = Qay), v € {01}, ;= F(ay), a; = (a1, - ajn).

B mporiecce obyueHust cieyer MOCTPOUTH MTPABUIIO (AJTOPUTM ), TIO3BOJISIFOIIHAN BbI-
6paTh TAKOE peleHre I, KOTOPOe YI0BIETBOPSIO Obl orpanmdenusM (Q(2*) = 1), u mpn
sTOM 3HAdeHne F(Z*) GBLI0 OB KAK MOMKHO GObIIEM (IUTH MEHBITHM — 110 CMBICTY 3a/1a-
).

B pacemampusaemux 3adavar kpumeput Fu oepanuvenus (xapaxmepucmuveckas
Pynryus Q) ne 3a0anvL MOYHO — HU GHAAUMUNECKU, HU NOAHOCTLIO MAOAUYHO, HU NPU
nomouju xKaxol-aubo gopmanvrotc cucmemn. Onu “ompasicens” 6 nabope dannox Top U
ABAANOMCA YACTNUYHO 3a0AHHDLMU.

IHocmanosxa 3adavwu, pewaemoti 6 dannoti cmamove, COCTOUT B ciaeayiomeM. Tpedy-
eTCsl, MCHOIb3ys YaCTHYHYIO0 HadaslbHYI0 MHQPOPMAIHIO Ty, BHIOPATH pelleHne I* Kak
bostee OJIM3KOE K ONTUMAJIBLHOMY PEIIeHU0 T, OIpeIe/IseMOMYy HEU3BECTHBIME, HO CYIIe-
CTBYIOMIIMHI HCTHHHBIME O0beKTaMu F 1 {2, alllIpoKCHMIPYeMbIMI HefIPOHHBIMHI CeTAMM' .
CxeMaTHYIeCKN TIOCTABJIEHHYIO 38/1a1y MOYKHO IIPEJICTABUTD CJIEIYIOIINM 00pa30M:

Top Lo & 1 ||3* — || = min; & = argmin F(3) | Q&) = 1,
rae || - || — nopMa, &/ — HCKOMBIIl aJITOPUTM DEIIeHNs 3a/ax .

Ecnu ckangpubiit Kpurepuilt 1 xapakrepuctuieckas (QyHKIUsS OIPAHUYEHUN AITPOK-
CUMUPYIOTCS HE3aBUCHMO JIPYT OT JIPYTa OTJICTbHBIME AJITOPUTMAMU, BBIYUCIAIONIMEI KaK
MOZKHO GOJIee TOUHBIC B KAKOM-160 cMbicie npubmmkenns ' u €, 10 6ocemarnosaenian
no obyuarowets eubopke 3a0a4a (U3BAECUEHHAA MAMEMAMUYECKAA MOJEAD) HATONHCICHUSA

HAUAYHULE20 PEWEHUA UMEeM, cAedY0UULT 6Ud:
maz(min) F(Z): QF) =1A% e X"

[Toyuennast B pe3y/praTe MAIIUHHOTO 00ydeHus napa ¢dpyuxnuit < F, () > HasbiBa-

I0TCS AIMNUPUYECKOT, UHPOPMAUUOHHOT MOJEAbIO.

1. OBOCHOBAHUME INPUMEHMMOCTU TPEXCJIOMHON HEMPOHHOM CETHU OJI
PEIIEHUSI 3AJIAY ATIIIPOKCUMAIIMU BEIIECTBEHHBIX ®YHKIIU MHOTUX
MEPEMEHHBIX

CuavaJia pacCMOTPHUM CJIydail, Kora Jjis allpOKCUMAIIIY T1eJIeBON (DYHKIIUU UCIIOJIb-
3yeTcd Tpexc/IoiiHas HefipOHHad CeTh CeTh IIPAMOIO PACIIPOCTPAaHEHUd, B KOTOPOI IePBBLIM
CJIOEM SABJIACTCH CJION BXOAHBIX IIEPEMEHHBIX, BTOPLIM — CKPBITHIA CJI0il HEpOHOB, a Tpe-
TBUM — CJIOii, cocTodImil u3 oHOro cymmaropa (puc. 1). OyHKIUA aKTUBAINE (© MOKET,

B HEKOTOPBIX CJIyYasX JIsl allpokcuMaliuu obyactu () 6yIyT HCIOJIb30BATHCS KJIACCU(DUIIUPYIOIIe
JepeBbs
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HalpuMep, UMeTb BUJ

p(2) = (1 +eap(—2)) 75 ¢ (2) = @(2) (1 = @(2)). (1)
Heitponnas cerb dBjsieTcst cyneprio3uniueii (pyHKIM, CTPYKTypa KOTOPOH B TOYHOCTH
otpejiesisier cTpyKTypy cetu. Cyreprio3uiius, SKBUBAJIEHTHAS TPEXCJIONHON ceTu, mpeji-

CTaBJICHHOI Ha puc. ]_, nMeeT B/

F(xl, ey X)) = il@gp(waxz)

Jj=1

Bynem nonarars, uro cynepriosuiiug F' moJiydena B pesysbrare oOydeHUs] HEWPOHHOI

Puc. 1. Tpexcnioiinas HeifipoHHAs CETHb C OJIHUM CKPBITBIM CJIOEM

ceTH, MpeJICTaBIeHHol Ha puc. 1. AsropurMmam oOyUueHUsT HEHPOHHBIX CETEl MOCBSIEHO
MHOKeCTBO mybsmkanuii |3, 26|, mosTOMy MOBTOPSITH UX 3/1eCh HE UMEET CMbICIa. Byaem
CUUTATh, UTO HefpOoHHAs CceTh YK€ oOydeHa MO KOPPEKTHON HAvaIbHOM IIperie/IeHTHON
nHMOPMAIH, T. €. MOIyYeHa allPOKCHMAIIAT F 3aJIaHHON TpereenTaMu pyHKImn F'.

Bamernm, 9T0 paccMOTpeHHe TpexcoitHoi cetn (puc. 1) 1esecoobpasHo He TOIBKO ¢
TOYKHM 3PEHUs €€ IPOCTOTHI. Takue cemu 064adatom 6ecbMa WUPOKUMYU B03MOHCHOCTNAMU,
YIMOo cAedyem 8KPAMUE NOACHUMD.

Bsenem meobxoanmble 0003HATEHAS.

() — mapamerpmueckoe cemeiicTBO (GYHKIHUIT OT N MepeMeHHBbIX T = (X1, ..., Ty),
peaim3yeMbIX TPEXCJIONHOM CeThIo, MPEeJICTABICHHON Ha puc. 1 ¢ curmouiHON dyHKIMEi
akTuBAIMU p(2), TJe z — BellleCTBeHHas [epeMeHHasl, 3HaYeHus] KOTOPOH OIpPeIesiioT-
csl B3BENIEHHON CYMMON BXOJIOB HeWpoOHA. Annpokcumayuontovie 603MOACHOCTNUY UMEHHO

amozo cemeticmea (@) 6ydym paccmompervs Hudice.
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Bsenem ciempyrorniue o603HaTEHUSI:

U CRY

S — cemeiictBo dbyukimit f: U — R;

p — MeTpuka Ha S

C(U) — cemeiicTBo yHKIHUiI, HENpepbIBHBIX Ha U.

[Iycts & = (ay,...,q,) — HAOOP TEJIBIX HEOTPUIATEIBHBIX YHUCE (MYJIBTUHHJIEKC).
Oboznaunm

D = 0%/(0z$ 025> . .. Ox°™)

0000IIEHHYIO TTPOU3BOIHYIO MOPAJIKA 0 = ] + Qg + ... + Qi D° f=f.

C™(U) C C(U) — cemeiictBo dyHKIHUIA, UMEIONIIX HENPEPbIBHBIE YaCTHBIE TPOU3BOJI-
HbIE CTElleH OT HyJid j10 m BKjounteabno; CO(U) = C(U).

C>*(U) C C(U) — cemeiicTBO (DYHKITHIA, IMEIOIINX HEIPEPHIBHBIC YACTHBIE TPOU3BOI-
uble Jioboit crenenwn; C™(U) C C(U).

CPe(R™) — cewmeitcTro Beex Takux ynximit n3 C*°(R™), 4To 17151 MyTLTHIHIEKCOB a
u b umeer mecro Z°Df (%) — 0 npu x — oo, e #° =z 2 . afn,
Imeer mecto srmodenne C5°(R™) C CP(R™).

ST"(U,A) — npocrpancrso Cobosesa S*(U,\), p = 1, — cemefictBo Beex (yHKImit

X = Ma%i=1,. n|Ti.

B C"(U), unrerpupyeMbix ¢ 1-if cTeneHb0 UX MOJLYJIs BMECTe CO CBOUME ODOOIIEHHBIMU
[IPOU3BOIHBIMHI JIO TOPSAIKA 1M BKJIIOUUTEIHHO, fU |Dfld\ < 0o, 0 < a < m (urTerpan

nornmaercst B embicsie Jlebera). Hopma B mpocrpanctse CobosieBa onpejesisiercsi Kak

/]

sp ) = Z/\D“f\dk-

am U

Onpepnenenne 1. [lycrs m,l € {0JUN, 0 <m <[, UCR", Sc CY{U). llycrs ns
noboit f € .S, moboro komnakTa K C U u joboro € > 0 cymecrByer dbyHKIusg g € X(p)
TaKas, 9To

max sup |D*f(Z) — D%(%)| < e.

asm  zek
Torma roBOpsT, UTO CeMEHCTBO Y(() SBJISIETCS M —PaBHOMEPHO IIOTHBIM Ha KOMIIAKTE

B S.

Teopema 1. [27] [Tycmov dynruyua @ # 0 npunadaescum cemeticmsy ST (R, \) npu neko-
mopom uyeaom m > 0. Tozda X(p) ABAAEMCA T—DABHOMEDHO NAOTHBIM HA KOMNAKME 6
Ce(R").

Onpepenenune 2. llycts | — neorpunarenbHoe nenoe. OyHKIUS ¢ Ha3bIBAeTCA (-
KoneuHoit, ecin p € C'(R) u 0 < [ |D'p|d\ < oo
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Teopema 2. [27] Ecau dynryus @ asasemes l-xoneunot, mo dasn ecex m € {0,1,...,1}
cemeticmeo X(p) m-pasromepro naommo na xomnaxme ¢ CT(R").

YenoBusi, HaKJIabIBaeMble Ha (DYHKIIMIO aKTUBAIMU © B TeopeMax 1, 2 obecrednBaor
M-PABHOMEPHYIO IIJIOTHOCTD AIllIPOKCUMAIINN HEHPOHHBIME (DYHKIUAME ceMeiicTBa ()
HEM3BECTHBIX (DYHKIHIT 060l cTerenn riaakocTn Ha Kommakte 5 CTO(R").

Hanomuum, aro apryment z byHKIuu (z) OpUHAMAeT 3HAYEHUs, PABHBIE CYM-
MaM IPOU3BEIEHNI 3HAYEHUI BXOJHBIX IIEPEMEHHBIX HelpOHa Ha COOTBETCTBYIOIIHME Be-
ca. Momy/ib 9TUX CyMM OIpaHUYeH HEKOTOPOI BEIEeCTBEHHO T0JIOKUTEIHHON BeJIMIHHOMN
M < oo. lyng curmonnoit iorucrudeckoit bynkiuu ¢(z) = (14+exp(—z))~! ¢ yuerom Ta-
KOT'O OrpaHMIeHUs BuIoHsIeTcss HepaBeHCTBo (1+exp(M)) ™! < o(2) < (14exp(—M))~L.
[TosTomy popmasbHBIil BLIOOD (PYHKIIUN aKTUBAIUUA B BUJIE

o (2) = 0(z) = (1 +exp(—2))~, ecm |z| < M + 6; @
0, ecin |z| > M + 0,
rje Majoe 0 > 0, obecriednt BhINOJHEHUE yesoBuii TeopeM 1, 2. TlockonbKy |z| < M, B
MPAKTUYECKUX CJIYUasiX JOIMYCTUMO IPUMEHSTH (PYHKIMIO aKTUBAIUN ©, a HE ©*, B CUILY
UX COBIAJIEHUsI BMECTE C UX IMPOU3BOJHBIME Ha npoMexyTke —M < z < M.

MBI puBeIH 0JIHO U3 BOZMOXKHBIX 0OOCHOBAHUI IIPUMEHUMOCTH TPEXCJIORHON HEHPOH-

HOW CeTH ¢ OJHUM CKPBITBIM CJIOEM JJIs PEIleHus 3a/a49 allPOKCUMAIINN BEIIeCTBEHHbIX

PYHKIUI MHOTHX IT€PEMEHHBIX.

2. IIPUHIIUIIBI U3BJIEYEHUSI HEMPOHHBIX WH®OPMAIIMOHHBIX
OIITUMU3UPYIONIUX MOJIEJEN U3 JAHHBIX. CJIVUAU, KOTJIA
OTPAHUYEHUSA YACTUYHO 3AJIAHBI ITPEIEJIEHTAMU B OBYYAIOIIEN
BBIBOPKE

Byzem nosarath, 9To 1o mperegieHTaM, OlUChIBAIONTM HEU3BECTHYTO TeJIeBYI0 (PYyHK-
o [, crpoutest anmpokcuMupyoinas ee Heiipontas cetb N N 1, peanusytomniast pyHKIUIO
F ~n1(Z) = ¢(2). To mpenemerTaM, OMUCHIBAIOIINM OMPAHUYEHUsT, 0OyIaeTCs KIaccudu-
nupyoias Heiiponaas cetb N N2, anlpoKCUMUPYIONIAA XapaKTePUCTUIECKYIO (PYHKITHIO
orpanmdenuit Q(F): Qyya(Z).

- ~ m n -1
I[Iycts Fyni(Z) = Zj:l Uj@(Zizlwiin>a p(z) = (1 + exp(—z)) ;

OF w1 (&)/0n; = Y| ijz‘M(Z?:l wz‘jffz‘) <1 — (X Wijxi)>7 i=1mn
grad FNNl = (8FNN1(@/8$1, 8FNN1(£)/3x2, Ce ,E)FNNl(i)/@xn);
p(E, ) = /32 (i — i)
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Haxoxk nenne skcTpeMyma sMImpuyaeckoin napopMaImorHoi mojaenn < Fyyi, Qyye >
MOXKHO OCYIIECTBUTH I'DaJIMEHTHBIM aJITOPUTMOM 1, Ipe/icTaBIeHHBIM HUKe. B obiem
caydae, YIUTBIBas, UTO allpOKCUMaId Flyn, MOXKeT OKa3aTbCsd MHOTOIKCTPEMAaJIbHOIM,

9TOT aJITOPUTM 6y,ZLeT OTBICKABATDH JIOKAJbHBINI IKCTPEMYM.

Aaropurm 1. [Touck ycmoBHoro (j10kasabHOro) MuHUMYMa 110 Fyny 1 Qyne(T).

Bxon: obyuaromast Bei6opka Top = {(a@;, V5, yj)}é-zl 1 HelipOHHBIE alpoKCuMaIrmu Fiy g
u ) N NQ(i’).

Beixom: 2% @ Fyn1(Z*) &~ min Fyni(Z) / Qua2(Z) =1 — Touka sKcTpeMyMa SMImprie-

CKOM

nHMOPMAITMOHHON MOJIe/ N 1 3HadeHue y* pyHKun Fiyy, B 9TOi TOUKe.

1: B3arb u3 obyualoneil BEIOOPKH TOUKY Tg = G+ : Y;» = IMin;y; B KadecTse

HAYAJILHOIO [IPUOJINKEHUsT U BBIYUCIUTD Fivni(To).

2: BeibpaTh Haua/IbHOE 3HAYEHUE 7)g.

3: Beibparhb cKOpocTh yMeHbImeHus mmrara 6 @ 0,8 < < 1.
4: for t:=1,2,3,... do

5: By = Fo1 — o1 grad Fyyi(F-1);

6: e = 11 0;

7 if Qnno(Z;) =0 then

8: { if p(Z¢,%_1) < € then goto 12 else 7, :=m_1-d }
9: else

10: if || Fyni (%) — Fyni(F-1)|| <  then goto 13;
11: end for;

12: 3% := #_1; y* = Fywi(#1); stop.

13: 2% =2y y* = FNNl(fet); stop.

3. 9BPUCTUYECKMUE IOAXOAbI K IMOUCKY IJIOBAJIBHOT'O SKCTPEMYMA
MOJAEJN < Fypyi, Qnne >

[Touck r106aJIBLHOTO 3KCTPEMyMa, /I PacCMaTPUBAECMOll 3a/1a4i OCHOBAH Ha IOBTO-
PAIOIIEMCsT TPUMEHCHHN IPEJCTaBICHHOIO BBIIC aIrOpuTMa 1 HaXOXKIEHUs JTOKAJILHOTO
IKCTpEMYMa, HaYMHasA C Pa3/IMIHbIX NCXOJAHbIX TOYEK O6HaCTI/I JOITYCTUMBIX peLHeHI/IfI.

Iepewiti, mpaduyuonmvil nodxrod, 0CHOGAHHBIT HA NPUMEHEHUL 2EHETUNECKUT AN20-
PUMMOG, OIIICAHUE KOTOPLIX MOYKHO HailTH B OOIIMPHOIl Hay4YHO-TeXHUYECKOIl TUTepaTy-
pe, Hampumep, |4, 16|, B paMKax HACTOSIIEH CTaThl aJalTHPOBATHCS K PEIIaeMoil 3a1ade

1 OIINChIBATHCA HE 6y,£[‘eT.
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Bmopoti, noswiti udsazaemuiti dasee nodxrod, ochosar Ha npedsapumesvroti Kaacmepu-

l
j=1

sayuu moyex 00yuarowet evbopru Top = {(a;,v;,y;)};—; 10 3HadeHUAMN IeIeBOit DyHK-
1w y;, j = 1,1. JIjis1 9T0ft 1esn HCIOIb3yeTcst allTOPUTM TIOCTPOEHHU S PEIAIONIero Iepesa,
ONPEJIETSIONIEro pasbrerue 00JIaCTH JIOIYCTUMbIX 3HAYEHUI MepeMeHHBIX-IIPU3HAKOB 5]
Ha runeprapastestenune sl [21, 30]. B obmactu, coorBeTcTBYOIIEH KaZKIOMY TAKOMY TH-
IHepIIapaJsule/IelnIe ly, 3HadeHns! 11ej1eBoil (yHKINNT Y, IPUHAIeZKAT 3apUKCUPOBAHHOMY
HOJIyUHTEPBAJTY. UHMCI0 TAKUX [TOJIyMHTEPBAJIOB ¥ sABJISIETCSI YUCJIOM KJIACCOB B IIPEIBAPH-
TeJIBHON 3aj1ade Kiacrepusanuu. [locsie mocTpoennst KacCuUIUPYONEro 1epeBa KazkK-
JIBIA KJIACC TIOJIydaeT JIOTMYecKOoe OIMCAHKe B TePMHUHAX IIOPOrOBBIX IPEINKATOB BHJIA
[z; < b], toe b — BemecrBennas koucranra, ¢ € {1,...,n}.

Heobxomumo u3 comeprKaTeIbHBIX COODparKeHuii, onpeaesieMbIX IpobyeMHoil obJra-
CTBIO PeIraeMoil 3a/1aun, OIpPeJIeUTh JIBe KOHCTAHTHl m u M Takue, 910 m < Y < M
nas Beex j = 1,0, 3arem orpesok [m,M] pasburh Ha k paBHBIX CErMEHTOB
m,m + A),[m + A,m+ 2A) ..., [m + kA, M], tne A = (M — m)/k. Ecim touka a,
0byualomeil BBIGOPKH I0NAJ[AeT B CEPMEHT ¢ HOMEPOM ¢, ¢ = 1, k, To 9Ta ToUKa cunTaeTcs
OTHOCSIIENCS K Ki1accy #y. Taknm 06pa3oM, B KazKJ0M U3 HOJIy9€HHBIX KJIACCOB OKAXKYT-
Csl TOYKH, 3HAYEHUS 1eJIeBOil (DYHKIUU B KOTOPBIX OTIMIAIOTCA He H6osiee deM Ha A.

O6o3uauuM ¥, — cpejHee 3Ha4eHUe (CEPEIUHY ¢-I'0 IPOMEXKYTKA) ¥, = m+qA—A/2.
Kask/iast KoHIeBas BepIinHa JiepeBa (JIMCT) CONEPIKHUT 3HAYEHUE Y, COOTBETCTBYIOIIEE
HOMepY KJjacca (¢, U CHelraabHyI0 TOMETKY-(JIarKOoK, HUCIOJIb3YEMbIi JIJIsT 3alTOMIHAHISA

IIPOCMOTPEHHBIX JINCTHEB IIPU ITOUCKE II00AJIHHOIO SKCTPEMYMA.

AnroputMm 2. 9BpUCTUIECKHIT TIOUCK YCJOBHOTO TVI0OATBHOTO MUHUMYMa, SMINPUIECKON

urdopMarnonnoit Mojiesin < Fyni, Qnyo(T) >.

Bxox: obyuwatomas Boibopka Top,e = {(a;,7;, yj)}ézl; HEAPOHHBIE AIIIPOKCUMALIH Fani
u Qv vo (Z); anmropu™m 1 moucka JOKaJIbHOIO MUHUMYMa B KQ9€CTBE UCIIOIb3yeMOi
BHYTPEHHEH IPOLEIyPhI; JePEBO KIACTEPU3AINNA TOUYEK 10 3HAYCHUAM I1eJIeBOii
¢yHKIMYM B KauecTBe BTOPOi NCHOJIL3YEMOil BHy TPEHHed IPoIe 1y Pbl; HAMOOIbIIIee
JIOIYCTUMOE YUCJIO MIArOB JIOKAJILHOIO ITOMCKa, S.

Brixom: 7* : FNNl(;i"*) ~ min Fyy; () / QNNQ(:I:) =1 — mpeamoJsiaracMasi TOYKa,
1JI00aJILHOTO SKCTPEMYMa SMIUPUICCKON NH(MOPMAIMOHHON MO/ U 3HAYCHIE

y* dyukun Fy i B 9TOi TOUKe.

1: OuucTuTh MOMETKH MPOCMOTPA BCEX JIUCTHEB JiepeBa (Bce (hJIAyKKU MOJIydar
HYJIEBBIE 3HAYCHUS ).
2: Baarb n3 obydaromieil BLIOOPKN TOUKY To = j« © Yj+ = MiN; y; B KauecTse

Ha4d9aJIbHOI'O HpI/I6J'H/I}KeHI/IH 1 BBIIIOJIHUTH aJIT'OPUTM 1.
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3: 3allOMHUTH HAJIEHHYIO TOYKY B IIePeMeHO T* 1 3HaYeHre JIOKAJIbHOIO MUHUMYMAa
B Heil B lepeMeHHOoI y*.
4: TTomeTnTs JIUCT JiepeBa, B KOTOPBIil monajia Touka =* (YCTaHOBUTDH (DIIarKoK
B €JIMHHUILY ).
5: BeIOpaTh HEOMEYeHHBII JINCT JepeBa ¢ HAaUMEHBININM 3HAUYCHUEM Y, U IOHIABIIyIO
B HEr'0 TOUKY OOydJarolieil BBIOOPKY ¢ HAMMEHBIITUM 3HAYEHUEM ITeJIeBOi (DyHKITUN.
6: [IpuMmennTsb K BBIOpAHHON TOYKE ajJropuTM 1, mojrydas 3KCTpeMyM y° B TOUKe x°.
7: TlomeTuTh BBIOPAHHBIN JINCT KAK IPOCMOTPEHHBIH (YCTaHOBUTH (hi1azkoK
B €JIMHUILY ).
8. if y° < y* then {y* :=y° 2" :=x°};
9: Ecin emme ecTb HEIIOMEUYEHHBIE JINCThS JIEPEBa M YNUC/I0 UCCIeI0BaHUI JTHUCTHEB

(mpumeHeHmit asropuTMal) He MPEBBICKIIO 33JAHHOTO YHCJIa S, TO epeiTn Ha b;

ObocHOBaHME MPUMEHEHNsT KJIACCU(PUIUPYIONIETO aJrOpUTMa IIPH MOUCKE II00aTbHO-
r'o 9KCTPpEMyMa B COCTaBe aJIrOPUTMa 2 COCTOUT B CJIEJIYIOIIEM.

1.Yucso Touek | B obyuaroiieli BLIOOpKE MHOTOKPATHO IIPEBBINIAET IUCTIO JINCTHLEB Jie-
peBa KJtaccuuKaIum, 1 BMeCTO repebopa BceX | ToUeK I NHUINAII3AINT JIOKAILHOTO
ITOUCKA OCYIIECTBJIAETCI IOBTOPEHUE JIOKAJIHLHOTO TIOUCKa He 6osiee p K | pa3 — KaxKIbIi
pa3 ¢ HavaJIbHOW TOYKON, B3dATOW M3 CEIMEHTa, COOTBETCTBYIOIIETO BHLIOPAHHOMY JIUCTY
Jepesa.

2. JImcTbsaM JlepeBa COOTBETCTBYIOT PA3JIMYHbIE, B TOM YHCJE yAaJeHHbIE JIPYT OT
JIPYTa CerMEHTHI> 00JIACTH IJI06AILHOrO TIONCKA, B TO BPeMs KaK JI000H YOS I0YeH I
epebop TOUYeK OOydUaroIieil BHIOOPKU JIJIsi MHUIMAIU3AINN JIOKAJBHOTO MMOMCKA MOYKET
[IPUBECTU K IOBTOPEHUIO BBIYUCJIEHUI B JIOCTATOYHO Y3KOI OKPECTHOCTHU OJHOI'O M TOI'O

2Ke JIOKaJIbHOI'O MUHUMYMa.

4. BBIYMCJIEHUE I'PAJJUEHTA AIMPOKCHUMMPVYIOIIENA ®YHKIIUN,
PEAJIM30BAHHOM IMOJIHOCBA3HOM MHOT'OCJIOMHON HEMPOHHOM CETBHIO
I[IPSIMOTO PACIIPOCTPAHEHUSI

[Ipu ucnoib30BaAaHUU MHOTOCJIONHBIX HEWPOHHBIX CETel M3JI0YKEHHBIN MeTO]I IPUHITU-
MUaJIbHO HEe M3MEHAETCH: TOTPedYyeTCsl TOJIbKO YMEHNE BBIYUC/IATH I'PAJ/IMEHT COOTBETCTBY-
IoIell anmpoKCuMUpYIoleil neiiponnoit pyukmnun. B srom maparpade rnokasbiBaeTcs, Kak

HaXOJIUTh TaKON I'PaIMEHT.

2y;gaﬂeHHOCTb aByx obnacreit Wi m Wy onenmBaeTcst BeIMINHON
inf p(Z,9),
{zeWy, geWs}

rJe p — €BKJINJIOBO PACCTOsIHNE ME2K/1Y TOYKaMU B R™.
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s ynoOcTBa BBIYUCIEHUN TIPEJICTABUM MHOTOCJIOMHYIO TOJIHOCBA3HYIO HEHPOHHYIO
CeTb, BBEJIS JIONOJTHUTEIBbHBII “CKPBITHIA’ ¢JI0i ¢ HOMepOM HOJIb (puc. 2). OyHKIUN aKTu-
BAIlUK 9TOTO HYJEBOTO CJIOS UMEIOT BUJ P,(2) = 2. OyHKINN aKTUBAIMN BO BCEX OCTAJIb-

HbBIX CJIOAX 6y,H€M IIoJiaraTb JIOTMCTUYCCKUMU:

1 /
ole) = 770 ¢(2) = 9(2)(1 — l2).
Cnoin 0 Cnoin1 Cnoi 2 Crnoi L-1 Cnhoi L

%g
.

Puc. 2. MuorocJioitnast 1MoJIHOCBs3Has HEMPOHHAS CETh

Bynem ucnonzoBarh cirejtyionie 0003HaAYEHUS:

v; — B3BellleHHasd CyMMa BCEX BXOJIOB HelipoHa j, HasblBaeMas ero MH/YIUPOBAHHBIM
JIOKAJTBHBIM T10J1eM [26];

[ — momep ciost, 0 <1 < L; cmoit ¢ Homepom 0 — 0coOBIil €J10i1 BXOIOB; BBIXOIHOI
cJoit mmeeT HOMEp L;

My, Mo, ..., Mp_1 — YNUCJIO HEUPOHOB B CKPBITHIX CjIosX 1,2,..., L — 1;

v; — CyMMapHbII BXOJ HelipoHa j;

T=(r1,...,Ti...,Ty) — BXOJ HEHPOHHOI ceru;

y; = ¢(v;) — BbIXOX Heiipona j; Y =Y (Z) — BbIxox ceTH.

s Haxoxk ieHns rpajiuenTa yHKIINN, PeaJM30BaHHON 00y IeHHOi HEHPOHHOI CEeThIO,
[IpEJICTABICHHON Ha PUC.2, OYJEM HUCIOJIb30BaTh PEKYPPEHTHYIO CXeMY, KOTOPasd JIEXKHUT
B OCHOBE JI'OPUTMa OOyUeHUs HEWPOHHOW CEeTH METOJIOM OOPATHOIO PACIPOCTPAHEHUs
omubku [26].

JIOKa/IbHBII I'PaMEHT BBIXOHOIO HEMPOHa ONPE/IC/IACTCA BhIPaXKeHUEM

%9=§§:¢wm=¢wnu—wmnzyu—yx 3)

IJle BEPXHUI MHJIEKC B CKOOKax 0003HaYaeT HOMED CJIOSI CETH.
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JIOKa/IbHBII IpaueHT HepOoHa j CKPBITOTO CJIOd ¢ HOMEPOM [:
! ’ I+1 l ! I+1
5 = ) Y e = 01 4) Y g
k k

rae cyMMa 6epeTc51 IO BCEM HOMEpaM HeﬁpOHOB CJIOAd, HEIIOCPEJACTBEHHO CJICAYIOIIETO 3a

CJIOEM, B KOTOPOM COJIEP2KUTCS HEMPOH .

(53('1) = 90/ (Z xiwij) Z 51(3)% = l/]('l) (1 - 3/;('1)) Z 51&2)%"« (5)
=1 k k

51'(0) = 902)(%‘) Z 519)%‘1@ = Z 51(;)0%' (6)
k k

oy
3@-

Kak u npm BbIYuCIEHUAX 110 METO/Iy 0OpaTHOIO PACIPOCTPAHEHUA ONIUOKU, JIJId 3a-

:5§0); grad Y = (550),...,50)). (7)

n

JIAHHOT'O BXOJla T CHadvaJa B IPAMOM HAIPABIEHUN OT BXOJIA K BBIXOJIY CETU BBITUC/ITIOTCS
JIOKAJIbHBIE TTOJIS U BBIXOJIbI BCeX HEHPOHOB. 3aTeM, B 0OpaTHOM HAIIPaBJICHUN, HAUNHAS C
ypaBHEHUA 3, PEKYPPEHTHO BBIOJHSAIOTCS BBIYUC/ICHUS JIOKAJIBHBIX TPAJIMEHTOB 110 (hOop-

MyJie 4 1 3aBepIIAIOTCd BBIYUCIEHHEM I'paJinenTa 1o dpopmysaam 6 u 7.

D. CJ'[Y"IAI'/JI, KOTJA OTCYTCTBYET MH®OPMAILINA O TOUKAX, HE
ABJIAIOININXCA OOITYCTUMbBIMN (HE ITPUHAOJIE2KAIIINX OBJIACTHA Q)

Coop nauvasnbnoit obydaromeil mHdOpMaIUU IPU PeleHnn 3a7a4d B cdepe yrpasJie-
HUs OOJIBINIMME CHCTEMaMU SBJISETCS HE MeHee TPY/IHOW MpobJeMoil, deM pa3paboTKa
HEeOOXOMMOT'O TIPOI'PAMMHOTO ODecIedeHusi, OCOOEHHO B CBSA3HM C T€M, YTO B IOCJIETHUE
rOJIbl MHOT'HE CHCTEMBI U CPEJIbI IPOTPAMMUPOBAHIS OCHAIIEHBI MOIIHBIMEI OUOJTMOTEKA-
MU, PEATU3YIONIIMEI BCEBO3MOYKHBIE METOJIbI MAIMUHHOTO OOy YeHUsT U IPUHATUS PEIeHMI
(manpumep, SciKit-Learn, TensorFlow, Keras g Python 3).

OcobeHHo CJI0KHO “700BITE” JIaHHBIE O TOYKAX WM COCTOSHHUAX ONTUMHU3UPYEMBIX
I YIPABJISIEMbIX 00BEKTOB, KOTOPbIE HE SBJISIOTCS JOMYCTUMBIMU — HE YJIOBJIECTBOPDSI-
0T CHCTEMHBIM OTpaHWYeHusM. B Hallem ciiydae — 9TO 9acThb CTaHJIapPTHON 00ydaro-
meit uadopmarn Top = {(a;,7;, yj)}gzl, coCTOsAIIAsl U3 TOYEK (; TAKHUX, JJIs KOTOPBIX
v; = Qa;) = 0. Ecan nanmble 06 oOTHMI3HPYEMOM OOBEKTE HAKAILUIMBAIOTCA B IIPO-
1ecce ero pyHKIMOHUPOBAHUS, TO, KAK MPABUJIO, HAOIOIAIOTCS HEKOTOPBIE JOIYCTUMbIE
COCTOSIHUS €r0 PabOTHI; IIPOYKNE COCTOSTHUS TMTOHUMAIOTCS KakK “CPbIB’ (DYHKITMOHHPOBAHUS
00'beKTa U He sIBJIAIOINIEr0Cs JTOMyCTUMbBIM. BOSHUKHOBEHIE TAKOTO COCTOSTHUST MOXKHO CHH-

TaTh pedkum (rare) cobvimuem |20].
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N3noxxenabie cooOpazkeHusI MPUBOJAT K I11€JIeCOOOPa3HOCTU PACCMOTPEHUST CJIydasd,
Korjia obydatormast nndopmanusa nmeer sujl Lo = {(dj,yj)}ézl, U B Hell coieprKarTcs
TOJILKO JIOIIYCTUMbIE TOYKH, JJIsi KOTOPBIX v; = §2(a;) = 1.

W est moaxoia K MOCTPOEHUIO OMPAHUYEHN JIsT TAKOr'O CJIydasl CBA3aHa C BbIe/Ie-
HIIEeM B 00JIaCTH IOMCKa MII0OATIBHOIO SKCTPEMYMA TaK HA3BIBAEMBIX NYCMbLL CE2MEHMOE,
B KOTOpbIE He IONau TOUKH BBIOOPKH T, NPUHA/YIeKAIUe 00JIaCTH JIOIYCTUMBIX De-
mennii. Ha puc. 3 i mosicheHnst n3/jiaraeMoro I0JIXo/ia YCJIOBHO ITOKa3aHa HEKOTOpast
00J1aCTh TTOUCKa, B KOTOPOH 3Be3/I0YKAMU OTMEYEHbI JIOIYCTUMbIE TOYKH, & ITYCThIE CETr-

MEHTBI 0003HadYeHbl Kak F, ..., Fg. HamomunuMm, 4To B Jlannoit pabore paccMaTpuBalOTCS

ES
T c
*
® ¥ ¥ *
* k% * %k ¥ ¥
El ¥ o KK K KK E:'
* * % k¥ =
; * %
h e
* % %
*
* %k %
b * E, E_| *
= L3k SF 3 f
* % %
* % E6
g d

* * *

Puc. 3. Pazbuenne objractt IOUCKa ¢ HAHJEHHBIMEA ITyCTBIMUA CErMEHTaMU
Ey, ..., Fg u kyaccuduimpyioiiee JepeBo, peaausyiomniee 3To pa3dbreHue

peryJigpHbIe POTEeCcChl 1 OOBEKTHI. B 9TOM cjlydae HU O KAKUX BEPOATHOCTHBIX PacIpe/ie-
JIEHUSAX Pedb He HJIET, HO BCE 2K€ BO3BMOXKHO 0UEHUBAHUE BDIOCAEHHDIT NYCOLT CE2MEHMO08
HA OCHOBE KOAMO20POECK020 N0OT00A K OUEHUBIHUIO 3AKOHOMEDPHOCTIU KAK HECAYUATHO-
cmu.

A. H. Konmoropos ykasbiBaj Ha HEOOXOIMMOCTE Pa3IndaTh COOCTBEHHO CAYUAUHOCTD
KaK OMCYMCMEUE Pe2YAAPHOCNYU U CTOXACTUIECKYIO CIyYallHOCTh KaK OOBEKT Teopuu
BepogrHocreit |11, ¢. 42|. Tlpu sMnmupuyeckoM U3BJIEUEHUE 3aKOHOMEPHOCTEl (perysisip-
HOCTeﬁ) KOJH\AOFOpOBCKI/Iﬁ IIOAXOd IIO3BOJIAET IIOJIYIUTDh OICHKY HeCJIy‘IafIHOCTH HaJ MY A

IIYCTOI'O cermMeHTa.
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OrcyTcTBrE 3aKOHOMEPHOCTH (PEryJISIpHOCTH) B PACIIOJIOXKEHUH TOYEeK B 00IaCTH BO3-

MOYKHBIX 3HAUCHUIT TIepeMEeHHBIX — TUIIepHapaJlieselniea oobeMa
n
Uy = H[mz‘, M), m; <ax; < M,
i—1
UMeeT MECTO, KOIJa TOYKM PACIpPEeIeIeHbLl PAaBHOMEPHO, CJIyYaiiHO M He3aBHCUMO. Ec-
JIU ¥Ke, HAIPEMep, MPOeKIHs ToYeK aj, j = 1,[, ofyuatomeil BLIGOPKH HA HEKOTODYIO
KOODJIMHATY-TIEPEMEHHYI0 T; MPEeICTABIACTCA IICTOrPAMMOI, IPUBEICHHOI Ha puc. 4, To

OYeBUJIHA 3aKOHOMEPHOCTD B JIAHHBIX, MMEIOIIasi ONNCAHIe B BUJe peankara [z; > b. Ec-

Y

m; b M;

Puc. 4. T'ucrorpamma mpoekIiun BBIOOPKN Ha OChb X; C BBIPAXKEHHON 3aKO0-
HoMmepHocThio b < x; < d

Ji ObI pAcCMaTPUBAJIACH OJTHOMEDHAsT PABHOMEDHO pPaCIpejie/ieHHast Ha oTpe3ke [my;, M;]

cnyqaﬁHaﬂ BeJIM4YHa C HE3aBUCHUMBIMHU peau3alludAMU — IIOIIaJaHUAMU B 3TOT OTPE30K,
b—m;
M;—m;’

SITHOCTH HE MONAcTh | pa3 Ipu | He3aBUCUMBIX UCHBITAHUSX — Kak (1 — p)!. DTa BeMUNHA

TO BEPOATHOCTD HOMACTh B [, b] reoMeTpruIecKy OleHNBaIACh Obl KaK p = a BEpo-
€CTh BEPOATHOCTD COOBITHSI, COCTOSIIIETO B TOM, UTO B pe3yJIbTaTe | UCIbITaHUN yKa3aHHbII
POMEXKYTOK OKAXKETCsl cAyuatino nycm. A ¢ BepositHOCTBIO 1 — (1 — p)l 3TOT IMIPOMEXKYTOK
OyJIeT IyCcT HecaydailHO, T.€. B PACCMATPUBAEMOM CJIy4ae MOXKHO FOBOPUTH, UTO BEPOST-
HOCTb HAJIMIHs 3aKOHOMEPHOCTH [x; > b] B pesyibrare | BHIOODOUHBIX HCIBITAHUN €CTh
1—(1-p)

Jlas anmpokcuManun 00JacT JOMYCTUMBIX pereruii §) Oy/ieM MCIoIb30BaTh KJIac-
cudunupyoree IepeBo ¢ MOPOroBBIMHU TIpeKaTaMu Bua [x; > b B BepumHax |28, 30],
[IOCTPOEHHOE TI0 IIPEIE/IEHTAM, IIPEJICTABISIONIM CO00I TOJBKO TOYKU-IIPEICTABUTEN
sroit obstactu ). Kiaccudunupyioiiee 1epeBo, BBIICISIONIEIO MyCTbIe CeIMEHTBI, C Iie-
JIBIO WJITIOCTPAINN UJeN TMPUBEIEHO Ha PHUC. 3.

OCHOBHBIM 3JIEMEHTOM CHHTE3a TAKOTO JIePeBa SIBJISIETCS BHIOOP MMOPOrOBBIX 3HATEHU
b npu KaxkJ0M BeTBjIeHHH (pasbueHun Tekyireit obsactu (G,) U MOCTPOEHUE OYepeTHOI
BHYTPEHHEH WM TepMUHAJbHONW BepIIuHbl jiepeBa. Creayionuit aaroput™ 3 sBJISIETCS
OCHOBHOII TIPOTIEYPOii, 0OOECTIEYNBAIOIIEl TTPOIECC CHHTE3a JIEPeBa allllPOKCUMAIIN 001a-

ctu €.
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AnroputMm 3. BroisicHenne BO3MOXKHOCTHU BBIJIEJIEHUS IIyCTOI'O CEIMEHTa U BBIOOD IIpe-
mukata Buga [x; > b ([x; < b]) nas pasbuenusi Tekyreit obmactu G, M IOCTPOEHUST
OYepEIHOI BEpPIINHLI I/ JIepeBa KJIaCCu(PUKAIWN.

Bxonx:  umccnenyemasi obnactb-runiepnapasuienenunes G ;
A — MEHUMAJbHA JIOIyCKaeMas IITUPUHA TPOEKITUHU TyCTOH 00/1acTu.

Bruixos: snadenue diara ykazarend Flag; eciu Flag = 1, To BO3MOXKHO
BBIJIEJIEHUE IIYCTOTO CEIMEHTA, U BBIJAETCS IIPEIUKAT JIjIs YCJIOBHOM BEPIIUHBI;
ecn Flag = 0 — obsractp (), pa3dueHMIO He TOJJIEYKUT, U BBIJIAETCS

YKa3aHue O IIOCTPOECHUN KOHHGBOfI BEPIINHBI C ITOMETKOMN JOIIYCTUMOI'O cerMeHTa.

1. BeijiesmuTh Bce TOYKHU BBHIOOPKH, IonasIiiue B 00actb G,,.

2. Flag := 0;

3. IHluxa 110 BceM KOOpAMHATAM TOUYEK, IMONABIINX B 001acTh G ;

4 if Flag := 1 then goto 14;

5. Haiitu cpemnee paccrosane Ay MeXKITy MPOEKIIUAMEI TOYEK;

6 Haiitun MmunumasibHoe m u MakcuMaJsbHoe O 3HadeHus TeKyIieil KOOpIMHATHI;
7 ifri=m-—m; >A V ro =M, — 9> A; then

8

9

{ Flag:=1,
if r1 > ry then
10: { b:=m — Ay; nobaBuTh BepiuHy ¢ npeaukarom [z; < b| }
11: else
12: {b:=9M + Ay; 106aBUTH BepIIUHY C IpeAUKATOM [7; > b]};

13. koneu, yuraa;

14. if Flag := 0 then m00aBUTH JIUCT C IOMETKOI O0OJIACTH JIOIYCTUMbBIX PEIeHU.

)

Kaxk ot TepMuHaIbHON BepIuHe T, nMeromeit momerky F, “mycroit” obnactu G, co-
oTBeTCTBYeT BeposiTHOCTh P(FE), olleHnBaIoIas HeCayIaifHOCTh ee OOHAPYIKEHUsI, UJIH,

MHadYe TOBOPsi, BEPOATHOCTH TOTO, UTO OOHAPY KEeHHas IMycTasd 06,1acTb (G, sIBJISETCS 3aKO0-

HOMEPHOCTBIO:
(G,
P(ET) =1- (1 _pT)l7 rae pr = La
pUS
a YU(G,;) — obbem mycroit obmact Gr. DTOT 0OBEM JIENKO BBIUYUCIUTD, OCYIIECTBIIsSI

oOpaTHBIN MPOXO/I TI0 BETBU JepeBa OT KOHIEBOW BEPIINHBI T K KOPHIO JiepeBa, ‘TIpOvn-
ThIBasg BCE MOPOTOBbIE MPEJIUKATHI B ITPOCMATPUBAEMBIX BEPITUHAX ITPOXOIUMON BETBU U

dopmupys onucanme runeprapasienenumeaa G, .
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S3AKJIFOYEHUE

MmuoroJsieraue uccjae0BaHUd B paMKaX IMapaJurMbl U3BJICYEHUS ONTUMHU3AIMOHHBIX
MojieIell U3 JAHHBIX JIJIs WHTEIEKTYAJN3UPOBAHHBIX cucteM yupasienus (Building
Optimization Models from Data for the Intelligent Control Systems) [23, 25| nossosu-
JII TIOJIyYUTHh PE3YJIbTaThl B BUJE TOTOBBIX AJTOPUTMOB U IPOTPAMM, 00CCIICYUBAIONINX
CHHTE3 TaKux Mojeseil u ux obocnosanme |1, 5-8, 13, 14, 17, 18, 22, 24|. B mauboJbieit
CTENEeHN IPOJIBUKEHNE B JIAHHOM HAyYHOM HAIPABJIEHUU OBLIO CBA3AHO C MOCTPOEHUEM
JINHENHBIX MOJIeJIell C BellleCTBEHHBIMI ITePEMEHHBIMU U I1CEBIO0YIEBBIX MO/IETE.

[Tosryuennble B JJAHHOM CTAThe PE3YJILTATHI TTOCBAIIEHBI HEJIMHEIHBIM MOJIEJIAM C Bellle-
CTBEHHBIMHU IT€PEMEHHBIMHU, BOOOIIE NOBOPS, JIF0OO0H (DyHKIIMOHAIBHOI CJI0:KHOCTH B KJIacce
dyHKIMT TPOU3BOJILHON CTEeHN IVIQJIKOCTH U OTPAHUYEHUH, IPEeJICTABIEHHBIX KyCOYHO-
JIMHEHHOM alllPOKCUMAITe. DTO JOCTUTAETCS 38 CIeT TPUMEHeHUsT HeHPOHHBIX ceTeil Kak
OCHOBHOT'O HMCIIOJIb3YEMOI'0 MATEMATUIECKOTO allllapaTa.

Eciu B navabnoit o0y4arorieit nndopMaIuu mpeacTaB/IeHbl PEIeIeHTHBIC 3HATCHUS
U 1eJIeBON (PYHKIINU, ¥ XapaKTEePUCTUUIECKON (DYHKIUU OI'DAHUYEHUl, TO MPEJJIaraeTcs
HCITOJIb30BaTh TOJIX0J, OCHOBAHHBIN Ha OoOydYeHUU JABYX HefipoHHBIX cereit: NN1 — s
cunTesa 1eeBoil pyuknun 1 N N2 — jj1d cuHTe3a allpOKCUMUPYIOIIEN XapaKTepuCcTu-
JecKoi (PYHKIUU OrpaHUIeHUIA.

K coxasiennio, perenuwe 3ajadu, OPEJICTABICHHON TaKoil CHHTE3UPOBAHHON 2-
HEUPOHHON MOJIE/IBIO, MOYKET 3aKOHUYUTCH HaXOXKJIECHUEM, BOOOIE TOBOPs, JIOKAJIHLHOTO
YCJIOBHOT'O 3KcTpemyMa. g HaxoxkjieHne 1yi06aJIbHOr0 SKCTPEMYyMa MHOTOIKCTPEMAJThb-
HOI1 T1e/1eBOl (DYHKIIMK B CTAThe pa3paboTaH IBPUCTUUECKUIl aJIrOPUTM, OCHOBAHHBIH Ha
IIpeJIBapUTENbHON KJtaccuUKAIUU IIPU IOMOIIN PEIIAIOINIEro jiepeBa 00JIacTH, B KOTOPOit
OTBICKUBAETCA peIIeHue.

[IpuHIIMNIIAILHO HOBBIM SABJISETCH W3JI0YKEHHDLI B CTAThe TOJIXOJ K M U3BJIEYEHHUIO
YCJIOBHO ONTUMU3AIMOHHON MOJIETN U3 JIAHHBIX JIJIs CJIydasd, KOIjia B o0yJaroreir madop-
MaIH HeT JAHHBIX O TOYKaX, 3aBEJIOMO He MPUHAJIEKAIINX 00JIACTH JOITYCTUMBIX Dellre-
uwmit. JIyis1 sToro ciydasd paspaboTaH 3BPUCTUYECKUN aJTOPUTM alIPOKCUMAITMH O00JIACTU
JIOIYCTUMBbIX DPEIeHN Ha OCHOBE BBIJIEJIEHNsI 3aKOHOMEDHO (HEC/IydailHO) IyCTBIX Cer-
MEHTOB 0bOJstacTu noucka. [Ipu ucrnosb30BaHy TAKOTO 1MO/X0/Ia Ha MPAKTUKE B MHTEJLIEK-
TYQJIN3UPOBAHHBIX CUCTEMAaX yIPAaBJIEHHS CJIeIyeT JIOTOJHUTETHFHO TPUMEHATD IeJI0BEKO-

MaIlTUHHbIE TTPOIIETYPHI JIJId BePUPUKAIIUNA U KOPPEKIINU CHHTE3UPOBAHHDBIX MO/IEJIEH.

CIIUCOK JIUTEPATYPHI

1. bawbmmuk, B. @.  Warte/iekTyanusupoBannas —IporpamMMHas —cucreMa  Intman

HOJJIEPKKU  TIPUHATUST pellleHnii B 3aJadax I[JIAHUPOBAHWsI ¥ yIpaBjeHus |/
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Abstract. We consider the n-homogeneous C*-algebras over a two-dimensional compact
oriented connected manifold. Suppose A be the n-homogeneous C*-algebra with space of
primitive ideals homeomorphic to a two-dimensional connected oriented compact manifold P(A).
It is well known that the manifold P(A) is homeomorphic to the sphere Py glued together with
k handles in the hull-kernel topology. On the other hand, the algebra A is isomorphic to the
algebra I'(E') of continuous sections for the appropriate algebraic bundle E. The base space for
the algebraic bundle is homeomorphic to the set Py. By using this geometric realization, we
described the class of non-isomorphic n-homogeneous (n > 2) C*-algebras over the set Pj. Also,

we calculated the number of non-isomorphic n-homogeneous C*-algebras over the set Pj.

Keywords: C*-algebra, primitive ideals, base space, algebraic bundle, operator algebra,

wrreducible representation

INTRODUCTION

In [1] I. Gelfand and M. Naimark proved that for any C*-algebra A there exists a
Hilbert space H such that A is isomorphic to the algebra B(H) of bounded operators
on H. Furthermore, let A be a commutative C*-algebra. Thus there exists a Hausdorff
space M such that A is isomorphic to the algebra C'(M) of all continuous functions on
M. Let 7w be an irreducible representation of the commutative C*-algebra A. Hence the
dimension of 7(A) equals 1. Moreover, let A be a non-commutative C*-algebra. Consider
an irreducible representation 7 of the algebra. If there exists an integer n such that for
any 7 the dimension of m(A) equals n then the algebra A is said to be n-homogeneous.
In [2, 3| J. Fell, I. Tomiyama, M. Takesaki proved that a n-homogeneous C*-algebra A is
isomorphic to the algebra of all continuous sections for the appropriate algebraic bundle &.
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In [4] F. Krauss and T. Lawson described the set of algebraic bundles over the
spheres S*.

In [5] A. Antonevich and N. Krupnik described the difference between bundles and
algebraic bundles over the sphere S*. On the other hand, in that paper they introduced
some operations on the classes of algebraic bundles over S*. In [6] S. Disney and I. Raeburn
described the set of algebraic bundles over the torus 7% and T3. In the present paper we
describe the set of algebraic bundles over two-dimensional compact oriented manifolds.

Let us remind that a triple (F, B, p) is called bundle if the following conditions hold:

(I) E and B are topological spaces.

(II) p : E — B is a continuous surjection.

The space E is called bundle space, the space B is said to be base space. The
surjection p is called projection. The set F' = p~'(z) is the fiber over a point z € B.
For example, consider the product-bundle £ = B x F'| where B and F' are topological
spaces. By p denote the projection B x F' — B to the first multiplier. The bundle ¢ is
said to be the trivial bundle if it is isomorphic to a product-bundle. On the other hand,
consider the Mobius tape M. Note that the Mobius tape M is a non-trivial bundle. The
circle S! is the bundle space. The interval I is the fiber. However M is not isomorphic to
the product-bundle S x I. At the same time M is locally trivial.

A G-bundle £ = (F, B, p) is called algebraic bundle if the following conditions hold:

(I) The fiber F, is the algebra Mat(n) = C™*™ of square matrices of order n.

(IT) The group G is the group Aut(n) of all automorphisms for the algebra Mat(n).

Two bundles & = (F4, By, p1) and & = (Es, Bay, ps) are said to be isomorphic if there
exists a homeomorphism v : Ey — E, such that v (F,) = Fyy). Here a : By — By is
a homeomorphism of the bases, the set F,) = p,' («(z)) is the fiber over the point
a(x) € By.

1. ALGEBRAIC BUNDLES OVER THE COMPACT CONNECTED TWO-DIMENSIONAL
ORIENTED MANIFOLDS

Proposition 1 ([7]). If M is a compact connected two-dimensional oriented manifold,
then M is homeomorphic to the sphere S? with & handles.

We denote it by Py (k can be equal 0). Let £ be an algebraic bundle (F, Py, p) over
Py. Let n be the order of fiber F' = Mat(n) for £. Cut out the part D from Py, where D is
homeomorphic to the disk D2. Further, we consider the set P, as the union (P,\D)U D,
where (P,\D) N D = S'. The set D is contractible. Therefore, the restriction ¢p of ¢ to
D is trivial. Thus, the restriction £p is isomorphic to Mat(n) x D.

Lemma 1. The restriction {p\p of the bundle & to the set P\D is trivial.
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Zoxazameavcmeo. The proof is by induction on number k of handles. Note that the case
B = P, was conside red in [5]. First consider the case B = P;, where P; is homeomorphic
to the torus. Now we realize P; as torus. Cut out the set D from the set P,. Now let us
prove that the restriction {p\p of the bundle £ to the set P\ D is trivial.

We realize the torus P; as the square I? with conditions of gluing u on its border:

u(l,y) = u(0,y);u(x,0) =u(z,)(0 <z <1;0<y <1).

Let I2 . denotes the square with the side equals 0.5. Suppose that the set 12 has the
same center as I2. Cut out the set IZ ; from the square I?. The set I\ 7 5 is homeomorphic
to the set P;\D. The homotopic class of P;\D is the same as the homotopic class of the
border §(7?) with the functions of gluing u. It is homeomorphic to two circles; these two
circles contain a common point. Every algebraic bundle over two circles is trivial [5]. Hence
the restriction of £ to P;\D is trivial. The base of the induction is proved.

The induction hypothesis. Let us suppose that for any integer m < k any algebraic
bundle £ over P,,\D is trivial.

The step of the induction.

Let us show that the restriction of the algebraic bundle £ to Py, 1\D is trivial. Indeed,
cut out a handle P;\D; from the set Pyy1\D. Here we realize the handle as the set Py
without the set D;. Let L be the intersection of Py1\D and P\ D;. Thus the set L is
homeomorphic to the unit interval I.

Now we have two sets: P\ Dy and P;\D; with the gluing function v : L — Aut(n)
of the bundle £. The restrictions of the bundle £ to the sets P,\ Dy and P;\D; are trivial
by the induction hypothesis. The class of the bundle £ is determined by the homotopic
class of the mapping v : L — Aut(n)[5]. Since the set L is contractible, it follows that the
mapping v is homotopic to the constant mapping. O

Lemma 2. Let f be a continuous mapping from S' to Aut(n), where S' = 6 (P, \D).
The identity [f] = 0 is a necessary and sufficient condition for the mapping f to have a
continuous extension to f* : P,\D — Aut(n). Here [f] denotes the class of f from the
group m (Aut(n)).

Joxazameavcmeo. The proof is by induction on the number of handles k.

1. The base of induction. The set P, is homeomorphic to the sphere S2. In this
case we can extend the mapping f : S' — Aut(n) to the disk D if and only
if [f] = 0([5]). Moreover, we shall to prove the statement for the set P, = T2
The set P, is homeomorphic to the torus 72. On the other hand, the set P,
is homeomorphic to the unit square I? with the rule u of gluing on the border:
u(l,y) = u(0,y),u(x,0) = u(z,1)(0 <z < 1,0 <y < 1). Let us cut out the square
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I2 - from the set I?. The square I 5 has the same center as I?. The side of 2 is equal 0.5.
The set I*\IZ is homeomorphic to the set P\ D. Now we can consider the function f
as the function on the border of 2. Let U(x,t) = f (z(1+1t),(y(1+1t))) be a homotopy
such that u(0) = f(z,y),u(1) = f*(x,y), where (z,y) € §(I%). Here §(I?) denotes the
border of I2. Consider the side a = (z,0), (0 < z < 1) of the square I?. The opposite side
c=(2,1),(0 <z < 1) is glued with a. When we move on the border 6% we move on the
side ¢ in opposite direction. In addition, the same statement is true for two other sides.
Therefore, [f*] = [f] = 0.

Otherwise let f be a mapping f € C(6(I25), Aut(n)) and [f] = 0. This yields that we
can extend the mapping f to all of IZ. [5]. Let f* be the extension of f to the square
I3s: f* € C(I3,, Aut(n)). Denote by fo € C(P\Ds, Aut(n)), fi € C(P;\D1, Aut(n)) the
restrictions of f* to the sets P\ Dy and P\ D;. Consider any point y € I%. Since y € I?,
we have y = r -z, where x € § (I2;),r € [0;2]. For all r such that r € [0;1] we have
r-x € I25. By definition, put f*(r-z) = f*((2 —r) - x) for r € [1;2]. Therefore, the
mapping f* is well defined with respect to the function u of gluing for the square I2.

The assumption of the induction. Suppose the lemma is true for all m < k.

The step of the induction. Consider the set Py.;\D. Cut out one handle P;\D;
from the set Py i\D. Let the set L; be the intersection of Py i\D and P;\D;. The
set L; is homeomorphic to the unit interval I. Now consider the set Pr1\D as a
union Py\Dy U P \D; ((P\D2) N (P\D) = Ly). Denote by f* € C(Py11\D, Aut(n)) an
extension of f to Pyii\D, where f € C(0(Pys1\D), Aut(n)). Let oy : I — Sy U Ly
be a parametrization of §(P\D;) such that a; ([0;1]) = Si,ai([3;1]) = Ly,
az ([0;2]) = Lo, ([3;1]) = Ss.

Denote by g(z) the element from the class [f1] + [f2] such that

g(x) = { fiaa(22)), 2 € [0; 5]

Now we define the homotopy by the next rule:

_ ) 9(g) w0y
F(t,l’)_{ g(%),l’é[%;i]
Thus F(0,z) = g(x), F(1;x) 9(3), 7€ [0:5] f(z), because
cooT 9 (42 € [k |
f(z) for all z € [0;1] and g (Z) = 5

q(3)

= f(z) for all z € [L;1]. Note that
a1 ([0;1]) = S1, 02 ([3;1]) = So. This implies that [f]

= [fi] + [f2]-

«Taspuuecruli secmnur unPopmamuru u mamemamurus, N 2 (39)’ 2018



94 M. V. Shchukin

Otherwise consider a mapping f € C (§D, Aut(n)) such that [f] = 0. In this case we
extend it to the set L;. Let S;(¢) (t € [0;1]) be a parametrization of the set S; = D\Ds.
Suppose L (t) be a parametrization of L; = D1 N D,. Now we define the mapping f* by
the rule: f*(Ly(t)) := f(S1(t)). It follows in the standard way that [f*] = 0 on the sets
Dy =5UL; and Dy = Sy U L.

By the inductive hypothesis extend the mapping f* to the set P;\Ds, because
[f*/0Ds] = 0. Finally, extend the mapping f* to the set P\ D;. O

Suppose &; and & be two algebraic bundles with fiber Mat(n) over the set (P,\D)UD.
Let 112 = 75 'y1 be the gluing function for the bundle & and g = u; 'u; be the gluing
function for the bundle &. Denote by vy the map from & /(P.\D) — (P\D) x Mat(n)
and by v, the map from ¢;/D to D x Mat(n). These maps are well defined by lemma 1.
For any point x € §(D) the image of the fiber F, from the bundle & /(P;\D) is the fiber
(F1), from the bundle & /D. Thus the map 7,5 generates an automorphism (7;), of the
algebra Mat(n) over every point x € §(D). The mapping v3(z) = (m1), : S* — Aut(n)
is continuous, because the restriction of the bundle & to 6(D) is trivial. By the same
argument, the gluing function y;, generates the mapping 4 € C (S, Aut(n)). Denote
by [ys3] the class of mapping 73 in the group m(Aut(n)) = Z/nZ. In this notation, let
6 : w1 (Aut(n)) — Z/nZ be the corresponded isomorphism. Suppose —[74] be the element

6= (=0 ([a)))-

Theorem 1. A necessary and sufficient condition for the bundles & and & to be
isomorphic is [ys] = % [4].

Joxaszameavcmeo. Denote by ~ : & — & the isomorphism of the bundles. Let
« : P, — P, be the corresponded homeomorphism of the bases for the bundles. Suppose
Mo = ’y; 191 be the gluing function for the bundle & over (P,\D) U D. Denote by
p12 = uy “uy the gluing function for the bundle 52 over (P, \a(D))Ua(D). In this notation,
ur: &/(P\a(D))  (B\a(D)) x Mat(n), vz : &/(a(D)) — (a(D)) x Mat(n).

Let 5 be a homeomorphism P, — Py such that a(D) = D and a(§(D)) has the same
orientation as (D).

Denote by [; the extension of [ to the isomorphism of the bundles:
B+ &/ (P \a(D)) — &/ (P\D). Let us remark that it is possible, because 3(D) = D
and B (P,\D) = P,\D. Denote by i, : &/6(P\D) — &/8(D) a mapping such that the

next diagram is commutative:
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&/(P\a(D)) =% &/ (a(D))
Ay * 1 B2
&/(PAD) =% &/D
In this case, the bundle f; (52/(Pk\oz(D)))uL_*J Bs (&/a(D)) is isomorphic to the

bundle &.

Let 3 be the isomorphism of the bundles.

Suppose «a be a homeomorphism o : P, — P, for the bases such that
Boa(§(D)) = 8(D). The restriction of the bundle &; to the set P;\D is trivial. Further,
let 85 € C (P.\D, Aut(n)) be a mapping defined by the isomorphism (33 0. The image of
a fiber F, under the mapping s is a fiber 5 0y (F,) for any point x € P;\D. In addition,
let B € C(D, Aut(n)) be a mapping defined by the isomorphism S35 o 7. The image of a
fiber F, under the mapping f3s is a fiber 85 o v (F,) for any point = € D.

We have the next commutative diagram:

&/(P\D) =% &/D
I Bs0n 1 B30
&/(P\D) “% /D
The image of a fiber F, under the mapping 30+ is a fiber Foq(y). Therefore we have
74 (B o a(x)) Bs(x) = Bg o y3(x). Further,

[4(B 0 a@))] + [B5(x)] = [Bs(x)] + [v3(2)] (1)
The mappings 5(z) and Bs(x) are defined on the sets P,\D and D correspondingly.
Therefore we have [55(x)] = [Bs(z)] = 0 by the lemma 2. Using (1), we get

[a (B oa(x)] = [rs(z)] (2)
Let the mapping 5 o a changes the orientation of the circle § (E) Therefore
(B0 a@))] = — (@) -
Otherwise, let the mapping 5o« do not changes the orientation of the circle 6(D). In
this case, [14(8 o a(x))] = [v4(x)]. Actually we obtain [y4] = % [73].
On the other hand, let [y4 = = [y3]. Suppose we have [y4] = — [y3]. Denote by «
a homeomorphism P, — P, such that « (E) = D. Let the homeomorphism « changes
the orientation of the circle S' = § (E) In this case, denote by =; the isomorphism
vyt ouy from &/(P\D) — &/(P\D). Here, v; is the isomorphism of the bundles
&/ (Pe\D) — (P\D) x Mat(n) such that restriction of v; to P.\D equals a. We
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see that the isomorphism uy : & /(P\D) — (FPx\D) x Mat(n) produces the identity
homeomorphism [ for the bundle bases. Note that the isomorphism 7, produces a mapping
v5 € C(P,\D, Aut(n)). Thus the mapping (yi(ox))vs(z) (y5(z))~" € C(S*, Aut(n))
produces the isomorphism 715 0 1 0 pyy : &/6D — & /6D for the trivial bundles.
In addition, the homeomorphism « changes the orientation for the circle S' = 6D.
Now we get [y4(ax)] = — [v4(z)]. We obtain [y5(z)] = 0 by the lemma 2. In addition,
the next equality has a place: [(73(x))™!] = —[y3(2)]. Denote by 77 the extension of
Ya(ax) o v5(x) o (v3(x)) ™ to D by lemma 2. This means that v; € C (D, Aut(n)). Define
the isomorphism 7y : £,/D — &/D by the rule (z,y) — (a(x),v7(2) - y), (v € D,y € F,).
The isomorphism is well-defined with respect to the functions of gluing for the bundles
M oon & /(B\D)

Yo on &1/D
This implies that the map ~ is an isomorphism of bundles. On the other hand,

& and &. Further, define a map v : & — & by the next rule:

let [y4] = [y3]. Define the homeomorphism « as identity I : P, — P, Arguing
as before, we get the map 7(az) o vs5(x) o (y3(zx))”" € C (S, Aut(n)) such that
ala) - 5(@) - (35(@)) "] = la(aa)] + Ps(@)] + [(13(2)) "] = [l = (5] = 0. Therefore,
we can extend the map y4(ox) -5 (z) - (15(z)) ™" to a map v; € C (D, Aut(n)). The map v
produces an isomorphism v, : £&/D — & /D that is coordinated with gluing functions for
the bundles &; and &;. At the same time the map 7 is coordinated with the isomorphism

v1. These isomorphisms 7; and v, produce an isomorphism v : & — &;. U

Theorem 2. Suppose n =2l orn =2+ 1(l € N). Then there are | + 1 non-isomorphic
algebraic bundles with fiber Mat(n) over the set Py.

Joxazameavecmeo. Let n = 2[. In other notation, we need to find number of
classes in Z/nZ with respect to the equality [ = —I. We have the next classes
{0}, {1,21 — 1} ,{2,21 — 2} ,{3,21 — 3},....,{l{ — 1,1 + 1} ,{l}. There are exactly {+1 such
classes.

Further, let n = 2] + 1. In this case we have the mnext -classes:
{0}, {1,210} ,{2,2l — 1} ,{3,2l — 2} ,{4,2l = 3}, ..., {l = 1,1+ 2} ,{l,l+ 1}. There are
[ 4+ 1 such classes. O

CONCLUSION

In the work we described the class of non-equivalent algebraic bundles with base
space homeomorphic to the two-dimensional compact oriented connected manifold.
We calculated the number of non-isomorphic n-homogeneous C*-algebras with space
of primitive ideals homeomorphic to the two-dimensional compact connected oriented
manifold. Further, it is interesting to know the structure of n-homogeneous C*-algebras
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with its space of primitive ideals homeomorphic to more complicated manifolds, for
example, 3-dimensional manifolds and other.
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