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GARANTEED OUTCOMES AND RISKS IN MULTICRITERIA PROBLEM.
V. 1. Zhukovskiy, M. M. Kirichenko, M. M. Boldyrev

Abstract. The method of strategy construction in multicriteria problems under
uncertainty (MPU) is examined. Moreover, this strategy provides the Pareto maximality of
guaranteed outcome with minimal risk. As application two variants of the problem of diversifying

contribution under two deposits (local and foreign) are examined.

Keywords: Pareto maximum, strateqy, uncertainty, vector guarantee, Savage risk, principle of

minimax regret

INTRODUCTION

In 1939, Romanian mathematician, who migrated to America in 1938, Abraham
Wald (1902-1950) introduced [1| the maximin principle (principle of guaranteed
outcome), which allows finding a guaranteed result in a one-criterion problem under
uncertainty (OCPU). In almost 10 years, German mathematician Jiirg Niehans in 1948
and American mathematician, economist, and statistician Leonard Savage (1917-1971)
in 1951 suggested |2, 3] the principle of minimax regret, which allows building guaranteed
risks for OCPUs; it would later be referred to as “Savage risk” (later named “Niehans—
Savage criterion”). Naturally arises the question of building a strategy, which would
simultaneously guarantee a maximum possible outcome and a minimum possible risk.

If we consider the base criterion and the “minus” Savage risk as a second criterion, then
the OCPU transforms to two-criteria problem under uncertainty. The present article seeks
to provide a mathematical justification of building strategies in multicriteria problems
under uncertainty, which would simultaneously increase the guarantees of all outcomes

and decrease the accompanying risks.
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1. DEFINITION OF THE PROBLEM

A multicriteria problem under uncertainty (MPU) is defined by an ordered set as
follows:

<X7Y7fi(x>y>ieN> (1)
Possible strategies * € X C R" (belong to the set X from Euclidian n-dimensional
space R™); Y C R™ is a subset of pure uncertainties y; criteria f;(x,y) are scalar functions,
defined in the Cartesian product X xY; N =1,... N,and N > 2is a set of index numbers
of the criteria. In the problem , the decision maker seeks to adopt a strategy x € X to
increase values of each criterion f;(z,y) (called outcomes) to maximum possible ones. The
decision maker also must take in account the effects from any possible uncertainty y € Y.
Ergo each strategy © € X and each criterion f;(x,y) is bound to a set of outcomes
fi(x,Y) = Uyey fi(z,y). To “narrow down” this set, we will use the Savage risks R;(x,y),
accompanying realizations of each criterion f;(x,y). At this point, we will proceed to
building the Savage risk function R;(x,y) for each criterion f;(z,y). Under the Nyquist—
Savage criterion |2, 3:

Ri(z,y) = max fi(z,y) — filz,y) €N (2)
Values of R;(x,y) are called Savage risks under the realization of pair (z,y) € X x Y.
Building R;(x,y) is conducted in two stages: first, the function

dily] =max fi(z,y)  VyeV (3)

is found; second, the Savage risk function R;(z,y) is built under formula .

Lemma 1. |4, p. 54| If sets X and Y are compact and criteria f;(z,y) are continuous in
product X XY, then

a) function ¢;ly] from is continuous in 'Y ;

b) functions

filx] = min f;(z,y) Ve e X (4)
yey
are continuous in X.

Remark 1. From (4) follows that f;[z] is a guarantee for f;(z,y) for any y € Y, since,
according to (4],

filz] < fi(x,y) VyeY,ieN

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1
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From this point, comp R"™ is the designation for the set of compacts within R", and the
continuousness of f;(z,y) in X x Y is denoted as f;(z,y) € C(X x Y).

Remark 2. In problem (1)), if criterion fi(z,y) € C(X x Y) and X € comp R",
Y € comp R™, then the Savage risk function R;(z,y) (i € N) in is continuous in
X x Y. Indeed, continuousness of ¢;[y] in follows from Lemma 1, statement a), and,

accordingly, the Savage risk function is continuous as a difference of continuous functions:

Ri(z,y) = ¢ily] — fi(z,y) (i € N).

Remark 3. The Savage risk function from (2)) characterizes deviation of criterion f;(z,y)
from the “desired” value max,cx fi(z,y). This prompts the decision maker to choose a
strategy = € X, which would decrease the difference R;(z,y) from to the greatest
extent possible or, equivalently, increase —R;(z,y). Then the given MPU is assigned
to a 2N-criteria problem

(X,Y, fiw, ), —Ri(2,9)ien) - (5)
The goal of the decision maker in is to choose a strategy x € X so that the 2V criteria
filz,y), —Ri(x,y) (i € N) assume the greatest values possible; the decision maker must
also expect a possibility of emergence of uncertainty y € Y.

2. FORMALIZATION OF A GUARANTEED SOLUTION

MPUs are well-described in the literature (in particular, we refer to the
monography [5] published in the United States). In the present article, we will use
the approaches from a recent series of articles |6, 7]. In this formalization, we will
use two N-vectors, f = (f1,...,[n),R=(R1,...,Ry), and, finally, the 2N-vector
F = (F,...,Fy,Fyny1,..., Foy), where F; = f;, Fi vy = —R; (1 € N). Then may be

rewritten as

(XY AF @)}, o) (©)

Remark 4. Consider the guarantees of the risk functions —R;(z,y) (i € N):

—Rife] = min[—R(z, y)] = min[—Fyi(2,y)] = —max Fyi(2,y) = —Fvilz],

from which follows the equation:

R;[x] = max R;(x,y)(i € N) (7)

yeyY

«Taspuuecruli secmnur unPopmamuru u mamemamuru», N 1 (30)’ 2016
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and thus R;[z] > R;(z,y) Vy € Y. Then R;[x] is the guarantee of Savage risk function
for the decision maker using strategy € X (it must be remembered that that decision
maker strives to decrease the risk and, according to , the risk function R;(x,y) cannot

exceed R;[z] for any y € Y).

We will now proceed to building a multicriteria problem of guarantees. For the
problem and, accordingly, in the MPUs extended with risks (5)), (6), we will only
limit ourselves to interval uncertainties y € Y. We only know that y may assume any
value from Y, and probabilistic characteristics of arrangement of y € Y are absent or
unknown for some reasons. Thus, the MPU (or, equivalently, ([6)) is assigned to a
multicriteria problem of quarantees

X, { Fyla] = min (2, ) . ®)
< { yey }jzl,...,2N>

We recall that F[z] = mingey fi(z,y) and Fiiy[z] = — maxyey Ri(z,y) = Ri[z] (i € N).
For a formalization of an optimal solution of under risks we will use the term,
introduced in 1909 [8] by Italian economist and sociologist Vilfredo Pareto (1848-1923),

later named “the Pareto maximum”.

Definition 1. Strategy ¥ € X is called Pareto maximal (sometimes also effective)
for a 2/N-criteria problem , if for any x € X, the system of inequalities

Fj[x] > Fj[z") (j=1,...,2N),

of which at least one inequality is strict, is not consistent.

Lemma 2. [9, p. 71| Assume a; = const >0 (j =1,...,2N) , then 2¥’ € X, complying
with the equation

2N 2N
P
> aiFj[a"] =max} a;Flz],
=1 j=1
1s the Pareto maximal strategy for .

Corollary 1. If X € comp R™ and F;[z] € C(X) (j = 1,...,2N), then a Pareto mazimal
strategy exists for (g]).

Definition 2. A tripod (2, f[z”], R[z"]) € X x R*" is called Pareto guaranteed
under outcomes and risks solution of an MPU (|l)), if:

1) the following functions exist: filx] = mingey fi(z,y), Ri[zr] = maxyey Ri(z,y)
Ve e X (i € N),

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1
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2) 2 is Pareto maximal for a multicriteria problem of guarantees ().

It must be remembered that

flo] = (filz], ..., fulz]), Rlz] = (Ralx],..., Ry[]),
Ry[x] = max Ri(x,y), Ri(w,y) = max fi(z,y) — fi(z,y).

Why is the Pareto guaranteed under outcomes and risks solution (PGOR) suggested
as a “good” solution of the MPU (T])?

First, it provides an answer to the indigenous Russian question: “What is to be done?”
It is suggested the decision maker follow the strategy z” of the tripod (27, f[z”], R[zT]).

P «

Second, this strategy x¥ “provide” outcomes f;(z”,y) greater than or equal to f;[x]

with a risk of R;(z”,y) not greater than R;[z”] for any i € N, under implementation of
any uncertainty y € Y (i.e. ¥ set lower limits for outcomes implemented under z = z¥
and upper limits for risks accompanying this implementation).

Third, situation z*

implements “the greatest” Pareto maximal outcomes and
corresponding “minus” risks; otherwise speaking, there is no situation z # ', in which
all risk guarantees f;[z”] would increase and at the same time, all risk guarantees would
decrease R;[z"].

It should be noted that the union of “second” and “third” is somewhat analogous to the
maximin strategy for a one-criterion problem under uncertainty, with the difference being
the substitution of the inner minimum with min,ey F;(z,y) (¢ € N) and the substituition
of the outer maximum with the Pareto maximum. Two possible research routes are
available at this point. The first one of them is to substitute the Pareto maximum with the
Slater, Borwein, Geoffrion optimums and conical optimality, and to establish connection
between such different solutions. The second route is based on the desire of the decision
maker for higher profits, while the guarantees in Definition 2 are the “lowest”. Therefore it
is possible to substitute scalar minimums (from the inner minimum in the maximin) with
a vectorial one (listed above), therefore increasing the guarantees. Connections between
solutions are also of interest (some attempts to build such connection the first author lists
in the monography [5]).

Fourth, Definition 2 allows suggesting a constructive method of building a PGOR. It
may be reduced to four steps.

Step 1. Using f;(x,y), find max,cx fi(x,y) = ¢;[y| and build the Savage risk function

— filz,y)(@i € N).

Step 2. Build outcome guarantees f;[z] = minyey fi(z,y) and risk guarantees

R;[z] = maxyey Ri(z,y) (1 € N).

for criterion f;(x,y), assuming R;(z,y) = ¢;[y]

«Taspuueckuli secmnux unPopmamuru u mamemamuru», N 1 (30)’ 2016



12 V. I. Zhukovskiy, M. M. Kirichenko and M. V. Boldyrev

Step 3. For a 2N-criteria guarantees problem <X Y, { filz, —Ri[x]}i€N>, calculate a

Pareto maximal stategy z”. Lemma 2 may be used here, assuming o; = 1 (j = 1,...,2N).
Step4.  Using 2P,  determine the values of guarantees  fi[x”]
and R;[x"] (i € N) and collect them into two N-vectors

fla?] = (Al"], - fn[2P), Rl2T] = (Rifa"],. .. Ru[27)).

The resulting tripod (xf, f[z], R[z"]) forms the desired PGOR, which complies
with Definition 2, i.e. using strategy z" results in a guaranteed outcome f;[z”] with a
guaranteed Savage risk R;[z] for each criterion f;(x,y) (i € N).

We will now proceed to the proof of existence of PGOR for requirements “usual” for

mathematical programming.

Theorem 1. If in problem ,

1. sets X andY are compact,
2. criteria fi(x,y) are continuous in X X Y, then a PGOR exists.

Proof. Given the continuousness of the criteria f;(z,y), according to Lemma 1, functions
filr] = mingey fi(z,y), ¢ily] = maxuex fi(z,y) (¢ € N) are continuous; according
to Remark 2, this implies that the Savage risk functions R;(z,y) € C(X x Y) are
continuous as well. From Lemma 1 also follows the continuousness of the functions
R;[x] = maxy,ey R;(x,y)(i € N). So, under compliance with both requirements of the
theorem, in a multicrireria problem of guarantees all criteria Fj[z]| are continious
(j = 1,...,2N). As follows from Corollary 1, a Pareto maximal strategy z” exists
in (8), and for this strategy, vectors f[z*] and R[z"] are immediately defined. The tripod
(z”, flz®], R[z"]) forms the sought-after PGOR (§). O

3. RISKS AND OUTCOMES FOR DIVERSIFICATION OF A DEPOSIT INTO
SUB-DEPOSITS IN DIFFERENT CURRENCIES

In publications on microeconomics, for example, in [10, p. 103] all decision makers
are divided into three categories: risk-averse, risk-neutral, and risk-seeking. In the present
article, a solution of the problem of diversification of a deposit into sub-deposits in rubles
and in a foreign currency is found for a risk-neutral person in two cases. It should be noted
that another article [11, p. 9] addresses the problem, and it presents results different from
those below. The case is that Pareto solutions form a set the elements of which are in
general different. Different elements of the same Pareto set appear in [11] as well as in the
present article. We will now proceed to the diversification problem.

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1



Garanteed Outcomes and Risks in Multicriteria Problem 13

The amount of money in a singular deposit diversified into two sub-deposits (in
rubles and a foreign currency) accumulated by the end of the year may [12, p. 58-60)|
be represented as

Flry) = (14 ) + (14 d)y ©
where r and d are the rates of interest for the sub-deposits in rubles and a foreign currency,
accordingly; k and y are the exchange rates (to the ruble) in the beginning and the end of
the year, accordingly; x € [0, 1] is a fraction defining the proportion, in which the singular
deposit is divided into the sub-deposits. In accordance with @D, x is then the fraction of
the sub-deposit in rubles, and the remaining part 1 —x is converted into a foreign currency
I_T:” and allocated in a sub-deposit. In the end of the year it is converted back into rubles
1’Tz(l + d)y and the resulting amount of money is determined by the sum in (9)). It is
required to determine the fraction x, under the implementation of which the resulting
amount of money f(z,y) is the greatest possible one. It must be taken in account the
future exchange rate y is normally unknown. We will, however, assume it may be defined
in a corridor of possible values, precisely, y € [a, b], where the constants b > a > 0 are set
or obtained at first. So, the mathematical model of the diversification problem in hand
may be represented as an ordered tripod

['=(X=10,1],Y = [a,b], f(x,y)), (10)
where function f(z,y) is defined in (9); here, X = [0,1] is the set of strategies x of the
decision maker; Y = [a,b] is the set of uncertainties y; finally, f(z,y) is the function

of usefulness (criterion), the value of which is called outcome. From the perspective of
operations research, ' is a one-criterion problem of making decisions under uncertainties.
Presence of an uncertainty, as well as the intent to consider it is strongly tied to risks —

“the possibility of deviation of any variables from the desired values” [13, p.15].

Statement. For the diversification problem of a deposit into sub-deposits in rubles and a

foreign currency, the Pareto guaranteed under outcomes and risks solution is

1+d 1
(0, + a,O), =t <
(«”, fl2"), Rz")) = " b
1+7r
1.1 k > p.
(7 _'_T’O)? 1+d_

Proof. Consider two cases:

first, k% <a,

14+7r
second, k—1+d > b.

«Taspuueckuli secmnur unPopmamuru u mamemamuru», M 1 (30)’ 2016
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These cases correspond to the two possibilities of relative of the point k}fr; and the

interval [a, b] in the y-axis (see Fig. 1).

case 1 y case 2 ¥

il & — il — — — &
]_+_yk a b i b H—rk
l+a l1+a

Fig. 1. Possible cases of relative location of the interval [a,b] and the

: 147
point k{77

Case 1. [k% < a] = [1 +7r < 1%1@}. Using the suggested method of finding a
PGOR (after Definition 2), we get the following results:

Stage 1. Building the Savage risk functions in accordance with (2). We have to find
the z-maximal value of the criterion f(x,y), i.e. max,ecx f(x,y). For that, we will make
an upper estimate of this function and show that it is attainable (and thus the optimal

one). Indeed,

1— 1+4+d 1—
flay) =a(l+r)+ Tx(ler)y < et — “(1+d)y =
1+d 1+d 1+d
— — < )
ey t——y < —
<0

And then the maximum is implemented under z = 0. Therefore, max,cx f(z,y) = %y.
Then the risk function R(z,y) = %y — (1 +7) — L2(1 + d)y = 2%y — }igk)

Stage 2. Building guarantees of outcomes and risks. It is easy to see that

flz] = min f(z,y) = f(z,a) ==

a<y<b k

a,

1+d /147 14+d
k—a) +
1+ k
1

d
‘ +d 1+7r
—Rlz] = min [~R(z,y)] = ~R(z,b) = —r— (b 1+ dk> '

>0
Stage 3. Finding the Pareto maximal strategy z¥ in the two-criteria problem

< X, f[z], —R[z] >. For that, we may find z¥ knowing that

max (f[z] — Rlz]) = fl="] — R[2"].

z€[0,1]
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Consider the case 1 (see Fig. 2), where the bold line denotes the graph of the sum of
the functions.
Stage 4. From the figure 2 follows that max,cp1)(f[z] — R[x]) is achieved in the point

x = 0. Thus, z¥ = 0. Therefore, f[z"] = X¢q and R[z"] = 0.

Case 2. Analogous reasoning may be provided for case 2. The implication

[kig > b} SN [1 +r> 1%16] is obvious.

Stage 1. The maximum of the function

1 - 1+d
f(xay):$<1+T)+Tx(l—l—d)ygx(l—i—r)—l—(l—x)%bg
1
<l+4r

<z(l+r)+(1—-2)(1+r)=1+r

is attained under z = 1. Thus, max,cx f(z,y) = 1 + r. Therefore, the risk function

Rlz,y)=(1+r)—z(l4+r) - 21 +dy=(1- :v)l%l(i;k‘ —y).

Stage 2. Finding the guarantees of outcomes and risks.

flz] = min f(z,y) = f(z,a) ==

a<y<b k

a,

1+d 1+7’k_a 1+d
1+d k

a<y<b k 14+d
—_—
>0
Stage 3. The requisite graphs are found in Fig. 3, with the bold line representing the

sum of the two functions f[z] — R[z].

Rl = min [-R(@,y)] = —R(z,0) = —(1 — 2)>4 (1 LA a) |

Stage 4. Therefore, max,ejo 1](f[z] — R[z]) is attained in the point 2 = 1. Thus, z¥" =1
and, accordingly, f[z¥] =1 +r and R[z"] = 0.
Therefore, a Pareto guaranteed solution under outcomes and risks for the problem

of diversification of a deposit into two sub-deposits, one in rubles and one in a foreign
currency, is

1+d 1
(O,La,o), T <)

k 14+d
(=", fla"], R[z"]) =
147
1.1 k > )
( b +r70)7 1—|—d iy
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TR
1+d
R )
k
1+d
k
1+r
\
\
1
0 |
\
\
~ R[] }
\
\
\
\
\
\
B 1) P S S

: . 14
Fig. 2. Pareto maximal strategy for case kirg < a.

CONCLUSION

A solution of the problem of diversification of a deposit into sub-deposits in rubles
and in a foreign currency is found for a risk-neutral person in two cases.

The authors thank the participants of the seminar “Risks in complex control systems”
in the Computational Mathematics and Cybernetics Faculty of the Moscow State
University for the discussion of the present work and their remarks.

The research has been conducted within the frameworks of the scientific effort of the
Department of Optimal Control of Computational Mathematics and Cybernetics Faculty
of the Lomonosov Moscow State University.

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1



Garanteed Outcomes and Risks in Multicriteria Problem 17

TR

1+r

1+db

— R[x]

— R(0,a)

~ . 14
Fig. 3. Pareto maximal strategy for case k{5 > b.
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INTRODUCTION

The notion of “Berge equilibrium” appeared in Russia in 1994 during the critical
discussion of the published book [I] by Claude Berge in Paris. Berge equilibrium (BE)
removes “selfish” nature promoted in [I] Nash equilibrium due to the altruistic approach,
dictated by the concept of BE. In 1995 Constantin S. Vaisman (then a graduate student of
Zhukovskiy) defended his Ph.D. thesis on Berge equilibrium, at the Leningrad University
in 1995. Unfortunately, Vaisman died three years after the Ph.D. defense of the thesis,
before the age of 36 years. During these three years he published 19 works, a list of which
we present at the end of the article. We observe also that Vaisman together with the first
author of this article wrote individual chapters in two books [9] [19].
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Vaisman merit lies in the fact that he presented the example that the property of
individual rationality for BE, generally speaking, does not take place. Therefore Vaisman
added this requirement in the definition of Berge equilibrium, after which BE was naturally
called as the equilibrium by Berge-Vaisman.

BE has not got the bright destiny. Because of Vaisman’s death, who was the
greatest enthusiast of Berge equilibrium, they suspended the investigation of it in Russia.
Furthermore, the publication of the book [I] aroused the acute review of Martin Shubic.
However, the Algerian trainees of Zhukovskiy Radjef Mohamed Said and Larbani Moussa
managed to publish the works 21} 22], which caused widespread interest in the West to
BE. As shown by the review [23], right now the research of BE stuck at an early stage.
Namely, they are the initial accumulation of facts, the formalization of modification BE,
a comparison with Nash equilibrium. Futhermore, basically, all the studies are limited to
only finite non-cooperative games. We believe it is time to proceed to the second heuristic
stage, that is to answer the following two questions:

1) Is there Berge equilibrium and how to build it?

2) How should one take into account the dynamics of the conflict?

The recently published book [24] was dedicated to the answer to the first question,
it is true only within static version of non-cooperative games. We expect to dedicate a
separate book to Dynamic version of the problem (within the mathematical formalization
of the positional differential game proposed by Russian academician Krasovsky). Though
this article is devoted to a partial answer to the second question.

1. FORMULATION OF THE PROBLEM

Let us consider a non-cooperative positional linear-quadratic differential game of two
persons, where one of the players has small influence on the rate of the change of the
phase vector

<{1’2}’27{911'}1':1,27{}1'((]7 tO’xO)}i=1,2>' (1>
Here {1,2} is a set of the serial numbers of the players. Variation of the control system %
with respect to the time ¢ is described by the linear equation

T = A(t)f]? + Uy + €ug, fl?(to) = Xy,

where the n x n-dimensional matrix A(-) € Cyxn[to, ¥]; to > 0 is the moment of beginning
and ¥ > ty is the fixed moment of finishing of the game; r = (z1,...,2,) € R" is a
phase n-column-vector. The pair (¢, x) € [ty, ] x R™ forms a position of the game, (o, xo)
is the initial position of the game, (¢,z(t)) is the current position of the game at the
moment of the time ¢ € [ty, V]; u; € R™ is a control action of the i-th player (i = 1,2),
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the constant € > 0 is the small scalar parameter. A set of strategies of the i-th player
is ; = {U; + u;(t,x) = Qi(t)x}, i. e., a strategy U; of the i-th player identified with
a vector-valued function w;(t,z) (denoted by U; + u;(t,x)), that is linear with respect
to x € R™ and continuous with respect to t. Thus, the choice of strategy U, for the i-
th player means the choice of an n x n-dimensional matrix Q(-) € Cyx,[0,9) with the
continuous elements on interval [0,1). A system U = (U;,U;) € A = A; x Ay is called a
situation of the game (1).

The game (1) proceeds in the following way. Each i-th player chooses its strategy
Ui +ui(t,z) = Qi(t)x, U; € A; (i = 1,2). Substituting u; = u;(f,x) in (1), we have an
inhomogeneous linear system of differential equations containing continuous coefficient
with respect to ¢:

= [A(t) + Q1 (t) +eQa(t)]z, z(ty) = wo.

For any fixed ¢ = const > 0 this system has the unique continuous solution x(t),
which can be extended for interval [ty, J]. Using z(-) € C,[to, V], we construct realizations
w;[t] = Qi(t)x(t) of the chosen by the players strategies U; € 2;. On continuous triples
(x(t), uq[t], uat] | t € [to,V]) we define the payoff functions of the players, which are given
by quadratic functionals:

/1(U, to,[Eo) == [E,(19>01£L‘(19) + /(Ull [t]DHUl[t] — Ué[t]Dng[t] + l’/(t)Gll’(t))dt,

to

0
Ia(U, tg, o) = o' (0)Cox (V) + /(—u'l [t] Dayus[t] + uh[t] Dogua[t] + 2/ (1) Gox(t))dt,
to
where the prime on the top indicates the operation of transposition, n x n-dimensional
matrices C;, G;, D;; (i,j = 1,2) are symmetric and constant. Further, the fact that the
quadratic form «'Mu is definitely negative (positive, nonnegative and nonpositive) we
denote by M < 0 (>, >, <).

Definition. A situation U? = (UB,UP) € A is called a Berge-Vaisman equilibrium

for the game (1) if the following conditions for any choice of the initial position

(to, o) € [0,7) x R™ hold:

IVUE Uy, ty, 20) < _F1(UB g, 20) YUy € s,

2
/Q(UDUQB?tO)'TO) S /Q(UBathx()) VUI S Q‘l) ( )
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max min ¢, (Uy, Us, to, 7o) < A1(UP 1y, 1p),
1 2

max min /2([]17 U27 tOJ SU(]) S /2<UB7 tOv xO)'

Uz Up

2. EXISTENCE OF THE BERGE-VAISMAN EQUILIBRIUM

So, we will consider a differential positional linear-quadratic game of two persons (1).
Recall that dynamics of the game is described by the ordinary linear differential equation

T = A(t)ﬂ? + Uy + €ug, $(t0> = Xy,

where x,u; € R" A(:) € Cpxnlto, V], € = const is a small parameter, constant ¢ > tq > 0.
A set of strategies of the i-th player is

A, ={U; +ui(t,z) = Qi(t)x |Vt € [0,9), 2 € R",Q(+) € Crxn[0,9)} (1 =1,2),

payoff functions of the players are:

9

/1(U1, UQ, to, 170) == $/(19)011E(19) + /(Ull [t]DHul[t] - UIQ[t]DlglLQ[t] + lL‘l(t)GlfL‘<t>>dt,
/Q(Ul, U27 t()7 J}O) == $/(19)02I(19) + /(—Ull [t]Dglul[t] + UIQ[t]DQQUQ[t] + lEl(t)GgfL'(t))dt,

where symmetric constant matrices C;, G, D;; are such that Cy < 0, Gy <0, D;; > 0
(1,7 = 1,2). Berge-Vaisman equilibrium is formalized by definition 1.

Statement. If the constant ¢ > 0 is sufficiently small and the matrices
02§07G2§07D1]>0 (Z,j:1,2), (4)

then a situation of Nash equilibrium doesn’t exist, but a situation of Berge-Vaisman
equilibrium

(U2, UP) = (uB(t,2), vl (t, ), UP eA; (i=1,2)
exists in the game (1) for any choice of the initial position (ty, zo) € [0,9) x R™. Moreover,
uP(t, ) can be represented in the form uP(t,z) = QP(t,e)x (i = 1,2), where the matrices
QB(t,e) € Cpunlto, V] for mentioned constant € > 0.
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Proof. First of all we note two facts. Firstly, according to Dy; > 0 and (or) Dy > 0 the
situation of Nash equilibrium doesn’t exist in the game (1) [25] p. 115|. Secondly, maximins
in the left parts of the inequalities (3)) don’t exist too (by D1s > 0, Dy > 0 and [20], p. 272-
273]). Therefore, to prove the existence of Berge equilibrium it is sufficient to establish
the correctness of the implication [Dy2 > 0, Dgy > 0] = [3 V(to, z0) € [0,7) x R"]. We can
establish this fact using the method of the dynamic programming and Poincare’s theory
about small parameter [27|. According to the method of the dynamic programming we

construct two scalar functions

oV ol
Wi(t, z,ur, ug, Vi, Va) = 8_151 + {a—;} [A(t)x + uy + cug)+
+ UI1D11U,1 — U,2D12UQ + $/G1[L', (5)
oy  [oVa]
Wa(t, x, ur, uz,V1, Vo) = 8_152 + [a—;] [A(t)x + uy + eug]—

/ I /
— U1D21U1 + U2D22u2 +x GQI.

In the usual way (such as in [25] p. 62-67]) the correctness of the next proposition
can be established, where V' = (V},V3) € R2, 0,, is the n-dimensional zero vector; 0, is
the n x n-dimensional zero matrix; Idem{u — u*} implies that in the expression which
is situated in the braces u is replaced by u*:

Assume that for the game (1) we find two continuously differentiable scalar functions
Vi(t,x) (i = 1,2) such that the following conditions hold:

1.
Vi(9,x) = 2'Cix Vo € R" (6)
2. there are two n-dimensional vector-valued functions w;(t,z, V') (i = 1,2) such that

following expressions

max{Wi(t, z,uy(t, z, V), u, V)} = Idem{us — us(t, z,V)},
us 7
maX{Wg(t,I,UhUQ(t,I, V>7V>} - Idem{ul — ul(tax> V)} ( )

ul

are valid for any t € [0,9), x € R", V € R?
3. there are the continuously differentiable solutions V;(t,z) (i = 1,2) of the system
of two partial differential equation

Wilt,x, V] = Wi(t,x,uq (t, 2, V), us(t, 2, V), V(t,x)) =0, (i=1,2) (8)

with boundary conditions (6));
4. the inclusions UP + uP(t,x) = u;(t, z, Vi(t, ), Va(t,z)) € 2; (i = 1,2) hold.
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Then:
a) situation Berge-Vaisman equilibrium has a form: U? = (UZ, UP);
b) the payoff of the players are _Z;(U”,to, x0) = V;(to, z0) (i = 1,2) for the any initial
position (g, zo) € [0,7) x R™.

Now, we use this proposition. Firstly, the requirements are valid, if

W (t, z, ui (8,2, V), up, V) i 2D1up(t, 2, V) = O,
aUQ ug=uz (t,z,V) 81‘ (9)
OWs(t, 2, ur, ua(t, 2, V), V) =% oDt e, V) =0,
ouq ur=u1(t,z,V) Oz |
2
FWit 2wt 2, V)ua V) _ o
ou3 |
2
2
P*Wa(t, z,ur, us(t,x, V), V) = —2Dy < 0.
ou?
1
From @D we get
A%
us(t,n, V) = =D
2 ox 10
o (10)

Ul(t,x, V) ‘D211 O

Taking into account and from (5)) we have

/
Wilt,z, V] = avl + {%} A(t)x —l—% (%) D—1%+

ot ox 0 2L oy
oVi L0V oV, LOV;
+Z<ax>D12a - (ax)p 10D 22y

+2'Gix =0, Vi(¥,2) = 2'Cyx,

Walt,z, V] = Ve + {%] Alt)x + - 1 (aVQ) Dy, 1av+

ot ox ox 2 or
vl oV, v, o
2 {%} T (890)D 2 DnDi 5+

+2'Gox =0, V5(0,2) = 2/Cya.

We search the Lyapunov-Bellman functions Vi(t,z) (i = 1,2) in the kind of the
quadratic form
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Vi(t,z) = 2'0;(t)z, OL(t) =0,(t) (i =1,2). (12)
Substituting in and taking into account % =20,z (i = 1,2), we obtain
the quadratic forms with respect to the components of the vector z. Equating to zero the

coefficients of these quadratic forms, we get the system of two matrix equations

O1 + 61(A + Dy'0y)+(A' + ©0,D;1)0, + G1+
+05D5,' D11 D5'0y 4 201 (01, 03) = 0,00, 01(9) = O,
Oy + O A+ A'O, + Gy + 0,D;'0,+

+62W5(01,04) =0,5p, O2(9) = Cs,

(13)

where by symbol U,;(0;,0,) the addends are denoted. They are quadratic with respect
to the elements of the matrices ©; and ©,.

Let’s prove that the system has the extendable to interval [0,9] solution
(01(t), O2(t)) for sufficiently small .

Indeed, for £ = 0 from (13]) we get

O+ 01(A + D30y)+(A' + 0,050, + G+

+02D5,' D11 D5,'O3 = 0500, 01(9) = C1, (14

Oy + QA+ A'Oy + Gy + 02,D5'05 = 0n, O2(0) = Cs. (15)

Now we note that since Gy < 0, Dy; > 0 and Cy < 0 then the matrix equation has

the unique extendable to interval [0, 9] continuous solution O4(t) |28, p. 207]. Substituting
given ©y = Oy(t) in (14), we obtain the matrix system of the linear inhomogeneous
equations which are relative to ©, with the continuous (with respect to t) coefficients. This
equation also has the unique extendable to interval [0, 9] continuous solution ©(t).Thus,
for € = 0 the system and hence the system has the extendable to interval [0, J]
solution (©1(t),©(t)). According to the theorem about the continuous dependence of the
solution on parameter [27, p. 8], it follows that for sufficiently small e the solution of
the system is defined on the same interval. Moreover, by Poincare’s theorem about
analyticity of the solution by parameter [27, p. 8| this solution can be represented in the

form of the uniformly convergent on interval [0,] series

O:(t,€) = O4(t) + iakag’“)(t) (i=1,2).
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This fact gives the possibility to search the solution in the form of a series in
terms of powers of . In conclusion, we notice that by we obtain

ub(t,z,e) = ul(t,x, Va(t, 2, e) = 2/Oy(t, &)z) =

= Dz_ll@g(t,s)a:, UlB - u?(t,x,s);

ul(t,z,e) = ul(t,z, Vi(t,x,e) = 2O (t,e)z) =
= eDL'O(t, o)z, UP = ub(t, x,e).
With that the payoffs of the players for any initial positions (to,zo) € [0,9] x R"™ are
Fi(UP 1, x0) = (,0;(t,€)xo (i = 1,2). This completes the proof.
O

CONCLUSION

We obtained coeflicient criteria for the existence of the Berge-Vaisman equilibrium in
a non-cooperative positional linear-quadratic game of two persons with small parameter.
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STUDY OF SOLVABILITY OF THE DIRICHLET PROBLEM FOR NONLINEAR
DIFFERENTIAL EQUATIONS OF INFINITE ORDER BY THE METHOD OF SELECTION
MAIN PART.

Balashova G. S.

Abstract. This paper studies the solvability of the Dirichlet problem for nonlinear
differential equations of infinite order. Previously, this was considered a sequence of truncated
equations and boundary conditions of order 2m and using the limit transition as the m tends
to infinity have established the existence of a generalized solution of the original problem.
In this article we propose a new approach, namely:to study the solvability of the Dirichlet
problem for nonlinear differential equations of infinite order is proposed to introduce a differential
operator of infinite order as a sum of two operators of infinite order, of which one main
and the other subordinate to him. The basis of their comparison, the expected ratio of the
corresponding energy of a Sobolev space of infinite order. Then when certain conditions for
main and subordinate operators are able to prove a theorem on the existence of a generalized
solution to the original equation, with any right part from the space conjugate to the space
corresponding to the main operator. Namely, the main operator is the operator, the energy space
which is compactly embedded in energy space corresponding to the second (called subordinates).
Embedding theorems and compact attachment of a Sobolev space of infinite order, like a one-
dimensional and multidimensional regions, rather fully developed by the author.

The obtained results are illustrated on the example of a particular Dirichlet problem for
a differential equation of infinite order on two-dimensional square. It is shown how for a given
two-dimensional matrix, describing the main operator and containing infinitely many zeros, built
a regularized matrix with positive terms, defining the space of the matching element by element
energy space corresponding to the main operator. This allowed just install the subordination of
one operator to another and to check that all conditions of the theorem.

Keywords: solvability, embedding theorems, spaces, infinite order, subordinate operator.
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Paspemmmocts 3ayaun dupuxie jas guddepeHmaabHoro ypapHeHus O€CKOHEYHOTO
MopsiIKa B ONpaHUYEHHOI 00JiIacTh paHee ObLIa yCTAHOBJIEHA C TIOMOIIBIO MPEJIEIHHOTO
repexo/ia Mpu m — 00 pelleHuil ypaBHeHi KOHETHOTO TIOpsiIKa 21, JieBas U IpaBas da-
CTU KOTOPBIX IIPEICTABJIAINCH YaCTUIHBIMI CyMMAaMU TPABBIX U JIEBBIX YaCTell NCXOIHOTO
ypasaenus (cm. [1]).

B nannoit pabore mpeiioyKeH HOBBIi 110/IX0]1, UCIIOJIb3YIOIUi pejcTaBienne audde-
PEHIUAILHOIO orepaTopa 66CKOHEYHOIO MOPs/IKa B BUJIE CYMMBI JIBYX OIIEPATOPOB, OJIUH
13 KOTOPBIX IVIABHBINA, a JAPYroil eMy HOJINHEHHBIH, B TO BpeMs Kak 00a onepaTtopa Oec-
KOHEYHOT'O TOPSJIKA.

Urak, uccieayem pasperumoctsb 3aja4dn Jlupuxie s quddepennuaabHoro ypas-
HeHHUsI OECKOHEYHOI'0 MOPsAIKa B HEKOTOpO orpanmdeHHoit objgactu G C R,, v > 1 ¢

rpanureit [') 1eBasg 9acTh KOTOPOTO €CTh JUTUITUYIECKUiT oriepaTop Ly ¢ Bo3MyIeHueM Lo:

Li(u) + Lo(u) =
= Y mmo(=DDY AL (2, DY) + 377 (= 1) DB, (z, DY) = h(z), x € G,

D¥u(z)|p =0, |w| =0,1,.... (2)

(1)

Tak kak oba ormeparopa L; m Ly uMeroT OECKOHEYHBIN MOPAJIOK, MTOITOMY ITPUHITUIL
CPaBHEHUs OIEPATOPOB KOHEUHOI'O IMOPsJIKA JIJIs HUX He IMpUMeHuM. B oCHOBY mx cpas-
HEHUSA TOJIOKEHO CPABHEHUE IPOCTPAHCTB, SBJISIOMNXCS OOJACTIMEI OIPE/IETICHIS ITUX

OTIepPaTOPOB.

Omnpenenenne 1. duddepenrnmanbablii oneparop Lq Ha3bIBAETCA 2.4G6HbLM IO CPaBHE-

HUIO C OIIepaTopoM Lo, B JabHEHIIIEM — NoOYUHEHHDbIM, €CTTH TIPOCTPAHCTBO

o
W{aq, phioy =  ulx) € C®(G): p(u) =Y aal[D*ull} < 00
|ae|=0
rae a, > 0, p > 1 — HeKoTOpbIe JeficTBUTEbHbIE TUCIA, || - ||, — HOpMa B mpocTpamcTBe

Jlebera Z,(G), coorBercTByIOINEee oneparopy L, KOMIAKTHO BJIOXKEHO B IIPOCTPAHCTBO
W {ba, p}(c), coorsercrByioniee orepaTopy Lo.

TeopeMmbl BIOKEHUsI TAKUX [TPOCTPAHCTB TOJIyUeHbl aBropoM B paborax [2], [3]. Ouu
HO3BOJIAIOT 13 AU PEPEHIMAILHOIO OIIepaTopa 6ECKOHEIHOrO HOPSIKA BLIICJINTL IJIaB-
ublit. OHAKO B KazKJIOM KOHKPETHOM CJIydae 3TO TpebyeT MIyDOKOro aHa/In3a MOBEICHI
dbyuximit A, (z, DYu) u By(x, Du). B nanuoii pabore Ha 9TOM HE OCTAHABIUBAEMCH, a
IIpe/Iro/araeM, YTO UCXOHBIN OlepaTop MPeJICTaBIeH B BUJIE CYMMBI JABYX juddepeH -

AJILHBIX ONEPATOPOB OeCKOHEIHOro Hopsiaka (cM. (1)).
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[IpaBas gactb ypasHerust (1) mpuHAJIEKUT TIPOCTPAHCTBY

[e.e] [e.e]

W={aa.p'}e) = Mz) = Y (=) Dha(x) : p(h) =Y aallhally < o0 p,

laf=0 |a=0

(smech p' = By, ha(2) € Z,(G)).

Teopema 1. [Tycmv 6uinoatens. CAeOyOUUE YCAOBUS:
1) An(x, &), Bo(2,&,) —- nenpepoisnvie gynryuu apeymenmos x € G u 6ce603modtc-
nor &y (v uy —- yeaowucaennvie undercol, |y| < |al), maxue wmo das mobwx x € G,

&y U Mo CNPAGEONUEHL HEPAGEHCTNEA.!

> A 60| <01 Y (|l + Dlal,
|a|=0 |a|=0
Z Aa(-ragw)ga Z 52 Z aa|§a|p - K,
|ee]=0 |er|=0

S Ba@,&)a| <05 3 balleal ™ + Dlnal, m=0,1,... ,

|ex|=0 o] =0
2de ag >0, bg >0, a, >0, b, > 0 — Hexomopwie wuca08ve nocaedosamesvHocmu; 0y, 0o,

03, K — noaostcumenvrvie nocmosnmHbie, e 3a6UCAULUE 0T M.

2) Ipocmpancmeo W*{aq, p}c) = {u(r) C C3°(G), p(u) < 0o} nempusuarvro.

3)  Ipocmpancmeo  W{an,p}) KoMRAKMMHO — 6A09CEHO 6  MPOCIMPAHCINGO
W {ba,p}c)-

4)  Jas onepamopa Ly cywecmeyem  HENPEPuIEHI  OMHOCUMENDHO
h(z) € W={aq,p'}(a) obpammviti onepamop L' =R.

5) Hdaa mobvix uy(x) € W®{aa, p}(q), A6rmouuzcs pewenuamu 3a0ay

Ly(u) + t(La(u) — h(z)) =0, 0<t<1,
D“u(z)|p =0, |w| =0,1,...,

UMEETM, MECITNO ANPUOPHAA OUEHKR

(3)

o0

D o] | Duy()|) < K. (4)

|a[=0

Tozda npu ar0boti npasoti wacmu h(x) € W={aq, p'}(q) 3adava (1), (2) umeem no xpaii-
Hetl mepe 0010 0000ULELHHOE PEULEHUE.
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Omnpepnenenne 2. Oynkius u(r) € W>{aa, p} () Ha3BIBACTCH 0000UEHHLM PEULEHUCM

[¢]
sagadn (1), (2), ecim st moboit dynkimn v(x) € W®{aq, p}(e) BBITOIHSIETCS TOKIECTBO

> (Aa(z, D'u), D*v) + Y (Ba(x,D7u), D*0) = Y aq (ha, D*v).
|o|=0 |a=0 |a|=0
Zloxazameavcmeo. PaccMoTpuM cHadaJ1a 3a/1ady
> (~1)IDAy (2, DTu) = h(z), x€G, (5)
|ae]=0
D*u(z)|p =0, |w| =0,1,.... (6)

Ussecrro (cm. [4]), uro npu Bemossenun yeaosuii 1), 2) 3agada (5), (6) nmeer euHCTBEH-
noe pemtenne u(x) € W{aq, p}(e) npu mobdoit npasoii yactu h(x) € W={aq,p'}()-
Kpowme Toro, 1o yciosuio 4) cymiectByer o6paTHBbIA OnepaTop

R(h) = u, (7)

HeIpepbIBHbIHA oTHOCHTENIBHO h(x) € W™ *{aq, '} ().

YeranosuM, d9ro  omeparop Lo(u)  HempepblBHO — 0TOGparXkaer  IpOCTPAHCTBO

o
W {ba,p} ey B W™{aa, P } (). Hasa sroro mocrarodno moxasaTh, UTO OIEpPaTOp
Loy(u) Begkyto mocsenoBaTebHOCTh {ug ()}, cxomgdmnyrocs K ug(2) M0 HOpMe POCTpaH-

crea W{b,, p}(G), IIEPEBOJIUT B MOCJIEI0BATEILHOCTD

Lo(ur) = Y (—1)ID*By (2, D7wy), k=1,2,...,
|a|=0
CXOJIAIIYIOCS PaBHOMEPHO Ha, efuHnaHoM mmape W{aq, p}q), T.e. s moboit Gysknum

v(z) € W*{aq, p}(e) ¢ HOpMOIi

- 1/p
0 = ol [ DY p <1 8
N |Z|_:oa D@} | < (8)

UMeeT MeCTO COOTHOIIEHUE
(La(ur), v(w)) = D50 (Balz, DMu), D*v(w)) ——

k—o0
— > =0 (Balz, Do), D*v(x)) .

[¢]
I3 cxogmmocTu mocsteoparenbaocTn {ug(x)} mo Hopme mpocrpancTsa W>{b,, p}q)

Ha mape (8) caemyer, 4TO [y JO00r0 (v IIOCIEIOBATEILHOCTL 4 D%u,} sBIgeTcss ero
9
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KOMITaKTHBIM ITOJMHOZKECTBOM, a IIOTOMY U3 KpUTepUud KOMIIaKTHOCTH MHOXKECTBa, IIPpHU-

na ytexkamero W {b,,p} (cm. [5]), mmeem, uro s soboro € > 0 cymecrsyer N (g)

Takoe, uTo Jjisd Bcex k= 1,2,...

S ballD )l < )
la|l=N
[IpoBeem ciieayonIyo OneHKy
Z (Ba(z, DVuy) — Bo(z, DVug)) D (z)dz| <
lo|=0 &

N-1
<>y /|Ba(x,muk) — Bo(z, Dug)| - | D%0(x)| dz+

|OL‘ZOG
+ Z /Ba(x,Dwuk)Dav(x)dx + Z /Ba(x,Dwuo)Dav(x)d:v =
‘OchNG ‘(Xl:NG
== 21 —|— 22 + 23.

]

B cuny cxommmoctn {uy(z)} mo nopme npocrpamcrsa W{b,,p}) cremyer, uro
st siioboro o { D%uy(x)} paBHOMepHO cTpemurcs K D%ug(x) npu k — 00, U Tak Kak
B, (x,£,) — HenpepbiBHBIE (DYHKIIIN CBOUX apIyMEHTOB, TO KazKJI0€ U3 CJIAraeMbIX, BXO-
JAMUX B Yq, i JOCTATOYHO GOJIBIIMX Kk KaK YIOJHO MAJiO, IIPH ITOM Y1 COJIEPAKHUT
KOHEYHOE YHCJIO TAKUX UJICHOB, HOTOMY |¥1| MOXKeT OBbITh cJie/aH MeHbIie Jiioboro € > 0.

[IpoBess anamormdHble ONEHKE I |Yo| m |Y3] ¢ mcnosb3oBammeM ycaosuil 1), 3)
TeopeMbl, HepaBeHCTBa | ébiepa, cooTromenuii (8), (9) u Kpurepust KOMIAKTHOCTU BJIO-

(¢}
xKenns npocrpanctBa W{aq, phq) B W{ba,p} (), nonyunm |E;] n |X3] xax yrommo
MaJIBIMH I JTOCTATO9HO Gostbimx k. Taxum o6pasoM, HempepbIBHOCTD orepaTopa Lo,
[¢]
neiicrsyiomero uz W {ba, p}cy B W™>{aq, p'}(e), Jokazana.

Jlajiee paccMOTpPUM BCIIOMOTaTEeIbHOE YpaBHEHUE

i (=) DA, (x, D"u) = —t i (=) DY By(z, D'v) — h(z) | , (10)
|er|=0 |o]=0

[}
rae v(x) — wexoropas dynkims uz W>{aq,p}), t — unciao u3 npomexyrka [0;1]. B
CHJIy YCTAHOBJIEHHOT'O BBIIIE CBOfiCTBa omeparopa Lo mpaBas dacTh ypasHenus (10) ecThb
snemenT npocrpancTsa W~>{aq,p'}(e), 1 noromy oneparop R u3 (7), mpuMeHEHHBINH K

npasoil yactu ypapuenus (10), npegcraBum B Buje
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oo
R(v)=R |t (~1)*ID*By(x, D"v) + th
jo]=0
O4eBuIHO, 9TO peleHneM UCXOIHOM 3a1adm (1) SBJIIETCSI HEIOABUXKHAS TOYKa 0TOO-

paxenns v — Ry(v), .e. v = Ry(v). Oneparop Ry(v), neiicrBytonmii u3 W {aq,p} )

B W>{ba, D} (G), MOXKHO IIPEJICTABUTH KaK CyHNEPHO3HIUIO CJIE/IYIONNX OlIePATOPOB
v — Ju = tLy(Jv) —th — R(tLy(Jv) — th) = Rw = u,

rje J — olepaTop BJIOKCHUS IIPOCTPAHCTBA V[;m{aa, P}(¢) B IPOCTPAHCTBO I/I;"o{ba, P}He)-
U3 yenosus 3) cieyer, 9to J BIIOJIHE HEIPEPbIBEH, orepaTop Ls(u), KaK JOKA3aHO BBIIIE,
TOXKE HelpepbiBeH U R HelmpepbIBeH 10 yCJIoBuio 4), To R, BIIOJIHE HENPEepbIBEH.
BamerumM, 1T0 Ry(v) = 0 mpu ¢ = 0, Tak KaK eUHCTBEHHLIM pererneM 3aaau (5), (6)
upu h = 0 gBasiercs Gyrknus v(x) = 0. D10 03HATAET, UTO CTENEHb MOKPLITHs HyIs [0]
npu orobpaxkenuu v — v — Rg(v) paBna exunuie. Torga B cuity ycjioBust b5) Jiyjist Beex

v(x), YAOBIETBOPSIIONINX YCIOBHIO

o0

> D@l = 2K,

la]=0
v—Ry(v) # 0. B camom sieste, U3 yCIoBusA b) CiIelyer, UTO BCe Pelllenus 3a1a4u (3) mMeror
B I/I;Do{aa, P}(c) HOPMY, He TIPEBOCXOJISIILYIO Ké/ P npu mo6owm ¢ € [0; 1]. TlosTomy crenenn
HOKPBITUST HYJIs TP 0TOOpazkeHnn v — v — Ry(v) mapa
- 1/p

> allD (@) = (2Ko)"”

jal=0
He 3aBUCHUT OT ¢ 1 1ipu ¢t = (0 paBHa euHUIE, TO U Ipu t = 1 OHa TaKyke paBHA €JIMHUIIE.
CrenoBaresibHO, cyriectByer Takast dbyukiums v(z), aro v(x) — Ri(v(x)) = 0. Oyukims
u(z) = v(x) n asnsiercs pemennem 3agaan (1), (2). Teopema nokazana. O

Sameuanwue 1. Haxoxkienne ycaoBuii, Ipu KOTOPBIX BBIOIHSETCS 4), IPEICTABIISET
caMocTosTe/IbHBII nHTepec. B pabore [7] mano nmpocroe jgoctaToqHOe YCJIOBUE HEIPEPHIB-

HOiT obparumoctu oneparopa Li(u) npu p > 2, UMEHHO

0Au(,&s
94a(2, &) > Kau|é.|P?, K = const. (11)
9a
Kpowme Toro, B [9] nokazana HempepbiBHAsST 06PATHMOCTH OLIEPaTOpa
L(u) = Z (=D D*(aq| D*u|P~2D%), 1pm p > 1.
|ee]=0
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3ameuanue 2. [IpuseneM 0JHO U3 JIENKO NPOBEPAEMBIX JOCTATOYHBLIX YCIOBUN BbI-
nosaenust myHkTa 4). [lycrs dynkimst uy(z) sBisieTcs penienneM ypasHenus (3), T. e. yj10-

BJIETBOPAET PaBEHCTBY

Z (Ao(z, DVuy), D%uy) = —t Z (2, DVuy), D%uy) + ¢ Z (aghe, D%uy) . (12)
|ar|=0 |ar|=0 |ee]=0

Ucnonb3ys ycaosume 1), mepaserctso [énbiepa, coorHomenune (12) m obo3Hadas de-
o
pes ||.47|| mopmy omeparopa Bioxkenus npocrpancTsa W{a.,p}) B IpocTpaHCcTBO
o
00 oo o P
We{ba, p}(G), IPH €CTECTBEHHOM HPEUIONOKEHHH D0 da|| D¥uy|[) > 1, nostyumm, aro

JJIg BBIIIOJTHEHUA YyCJIOBUA 4) JO0CTaTO4YHO, 4TOOBI

s — (1 + (mesG)Y?P) 5| ||P > 0. (13)

ITpumep. Pacemorpum B kBajipare G = [0; 1] x [0; 1] caemyromyio 3aaqy:

Lu = Ly(u) + ALa(u) = 327 (=1)* D527 | DkulP~* Du)+
+ oo (1) Dy (27 | DytulP D)+

+Zz<fm:1 D§§+2m(2 2(k+m)? |D2k 2mu|p 2D2k+2mu)_|_ (14)
o m yktm [ (2=0,5)(y=0, m m
A o~ 1) DA (SRR DE D) = hia),
Ditmu(e, )|, =0, k, m=0,1,... . (15)

Bueck p > 1, A € R — nexoroperit napamerp, h(x) € W™{aym, p'}(c)-

Omneparop L(u) Takoii, 9ro u3 u3BeCTHBIX pe3yibratos [4] He cieayer paspenmMocTsb
sagaqn (14), (15). B camom mese, st k = m = 2n + 1 HapyImaeTcs ycJaoBre KOIPIUTHB-
HocTH iyt omeparopa L. s onepatopa Li(u) yciosue 1) Beimossero ¢ §; = 1, g = 1,

K=0mn I10CJIEJ0BATE/IbHOCTBIO

27K k=0,1,..., m=0;
27m27 k:O, m:O;1727
Afm = 2 : ]
2—(k+m)7 ]{722]7 m:257 3,]21,2,...;

0, k=2j+188 m=2s+1, s,7=0,1,....

Jnst oneparopa Lo(u) yenosue 1) BhImomHeno ¢ 0y = 1 1 by, = [A[27FHm)°,
Jlst mpoBepKHM ycsioBust 2) CTPOUTCS BBIMYKJIAs PEryJIsipU3aliis MOCPeJICTBOM JIOTa-

pudMOB 110CII€/I0BATETLHOCTH

-1
Mn: ( Z akm) > 2n2%7

k+m=n
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Juid Kotopoit MfS > 2”2%, n=1,2,... , uw moTromy
oo ) o0
Z(Mﬁ)*n*p < 227 < 00,
n=1 n=1

T. e. mpoctpanctBo W>{ay,, p} HeTpuBHaAIBLHO.

Jlist ipoBepKu yCIoBHsl 3) MPOBOJIUTCS PEryJisipU3alius JBYMEPHONR MaTPUIbL { dgy, }
METOJIOM, IPEJIOKEHHBIM B [8], T. €. cHavasIa IPOBOUTCS PErYJISIPU3AIIIS [0 TIePEMEHHO-
My WHJEKCY k Tpu (PUKCUPOBAHHOM 1M, TOJTYyYaeM MATPUILY {a,(glyzl}, B KOTOPOi1 elle eCcThb
HYJIEBbIE JIEMEHTBI. 3aTeM IIPOBOIUTCS PErY/IsipU3aIlisi MaTPHUITHI {a,glri} 110 IIEPEMEHHOMY
UHJIEKCY m 1Ipu (pUKCHpoBaHHOM k. B pesysibraTe Bce 3/71eMEHThI a,(j,)l > 0 st Becex k 1 m,

puYeM Woo{a,(;)l, p} = W{agm, p} mosnementro. Ilpu srom

(el o <22 jula,y)|, (16)

Woo{akmvp}(G) Woo{ak.m 7])}(G) .
TOF,ILa JJId KOMIIAaKTHOCTHU BJIO2KCHM A Woo{a](j%,p} (G) B HpOCTpaHCTBO Woo{bkm,p}(G) J10-

CTATOYHO yOEUTHCs, UTO

li 2)y-1 _ .
e Do (im) = 0

Beiosaenne yesosus 4) coenyer n3 Buma omeparopa Li(u) m 3amedanus 1. Ocraercs
BBISICHUTB [IPU KAKUX ONPAHIYCHHSIX BBINOIHEHO yesosue 5). Kak ykazaHno B 3amevyanun 2,

IS 9TOTO MOYKHO HCIOJIb30BaTh yeaosue (13) u coornorenue (16)
0 k+
||d||p < 22(p+2) sup Zk+m=0 bkaDzy mqu < 4|/\|22(p+2) (17)
) o S mmo @il DRl |
uGWW{a§€27217P}(G) ketm=0 Tkm zy  Ullp

U3 yenosust (13) u onerku (17) coemyer, 1to npu
A| < 2720+ (18)

ycsioBue 5) BBITOJTHEHO. TakuM 006pas3oM, mpu JIIOOOM A, YIOBJIETBOPSIOIIEM YCIOBHIO
(18), zamaga (14), (15) mmeer 1o KpaiiHeil Mepe OJHO pelleHue Ipu 000N MPaBoi Ua-
cru h(xz) € W{apm, D' }a)-
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ON BOUNDARY VALUE PROBLEMS FOR INTEGRAL EQUATIONS WITH OPERATOR
MEASURES.

Bruk V. M.

Abstract. On a segment [a, b], we consider integral equations

w® =@+ [t + [ (@mfils)ds, k=01.2....
[a.t) [a,t)
where pg, my, are operator-valued measures defined on Borel sets A C [a, b] and taking values in
a set of linear bounded operators acting in a separable Hilbert space H; fi € L1(H, mg;a,b); y
are unknown functions. The measures pg, my are assumed to have bounded variations on [a, b].

For these equations we consider boundary conditions
Fkyk = Ck, k= 0, 1, 2... y

where T';: C — B are linear continuous mappings; ¢, € B; Cis a space of functions continuous
from the left on [a,b] and taking values in H; B is a Banach space; k =0,1,2,....

Let % be a set of solutions of integral equation for k = 0, fo = 0, and Ty the restriction of
Ty to %), and V[a,b}(p) a variation of a measure p. The aim of this paper is to prove following
statement.

Theorem. Suppose the operator Ty is a one-to-one mapping of #o onto B and ||I",, — Tyl —0,
Viap)(Prn—P0) =0, Vg (m, —mg) =0, fr,— fo uniformly on [a,b], c,—c in B asn—o00. Then
the problem stated above has a unique solution yy, for large enough n and ||y, (t) — yo(t)|| =0 as

n— o0 uniformly with respect to t.
We use the following statement to prove the theorem formulated above.

Theorem. Suppose a measure p has a bounded variation on [a,b]. Then there exists a unique

solution of the equation
t
() = [dps)uls) + g0
to
on the interval [to — 6,b], where g € C, § = &(to) is small enough and § = 0 if to = a.

Keywords: integral equation, operator measure, boundary value problem, Hilbert space, linear

operator.
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BBEIEHUE

B nmannoit pabore Ha oTpeske [a,b] paccMaTpuBaiOTCs HHTErPATbHbBIC YDABHEHUS

yolt) = yola) + / (dpo)yo(s) + / (dmo) fo(s)ds, (1)

[a,t) [a,t)

n(® =@+ [(@paun(s) + [(dma)fuls)ds. n=1.2.... )
[a.t) [a,)
rjae pr, my (k=0,1,2,...) — omeparopHble MepbI, OIpE/Ie/ICHHbIC Ha GOPEIEBCKAX MHO-
xkectBax A C [a,b] n npuHEMAarOue 3HAYCHNS B MHOXKECTBE JIMHEHHBIX OPAHMICHHBIX
OIIEPATOPOB, JEHCTBYIONINX B CerapabeIbHOM IIILOEPTOBOM HpocTpancTBe H; vy, — Hems-
BectHble GyHKINY, fi € L1(H, my;a,b). [Ipeamonaraercs, 910 Mepbl Py, My UMEIOT OTPa-
HITIEHHBIE BapHUAIN Ha [a, b]. DTH Mephl MPOIOKEHBl HA OTPE30K [a, by, by > b ¢ momo-
mpio pasercrsa: P (A) = my(A) = 0 mia Beex GopeseBckux MHOKecTB A C (b, by
s ypasuennit (1)), (2) paccmarpupatores cieyiompe rpaHiHbIe yCIo0BUs

Loyo = co, (3)

Coypn=c¢,, n=12.., (4)

e [y é[a, bo] — B — nuHeiiHble HenpepbiBHBIE 0TOOpaxkenus; ¢ € B; k=0,1,2,...; B —
6anaxoso npocrpanctso; Cla, by] — npocrpancTBo u3MepuMbix 1o Bopesto dbyHkuii co

sHavyeHusiMU B H | HepepbIBHBIX cjieBa Ha (a, by| 1 orpaHnvyeHHbIX HAa [a, by).
Beenem obosnavdenusi: £ — MHOKECTBO PeIeHUN ypaBHEHUsI mpu fo =0, Iy —
cyxenne ['g na g, Vg4 (p) — Bapuaims Mepsl p Ha [a, b]. OCHOBHBIM Pe3y/IbTaTOM CTAThU

ABJIAETCA CileAyroniee yTBEP2KICHUE.

Teopema. I[Tycmw onepamop Ly 6saumio 0dnosnarmno omobpascaem A na B u nycmo
I, = Toll 0, Vi (Pn — Do) = 0, Vigsy(my, — m0) =0, f — fo paswosiepno na [a,b],
¢n = ¢ 6 B npu n — oo. Tozda npu docmamouno boavwuz n sadava (2)), umeem
eduncmeennoe pewenue Y, U ||y, (t) — yo(t)|| =0 pasromepro no t.

B ciyuae, korjga my — «o0branbie» Mepbl Jlebera (1.e. my([o,5)) = (8 — a)E, rue
—oo<a<f<oo, E — roxaecrsennslii oneparop), 3amaun (1)) — (4]) npu Gosee xkecTrux
orpannvennsix Ha pemenns ypasternit (1)), (2), paccmarpusamcs B [1]. B sroit pabote,
Kpome ocrtabuienns Tpeboanuit a pernenns (1)), (2)), nsmenensr nokasarenbcrsa, a TakKe
HCIPABJICHBI TIOTPEITHOCTH, Jorytienubie [1.

[Iycts my — «obblanble» Mepbl Jlebera u oneparopubie Mepbl pg (K = 0,1,2,...)
abCOJTIOTHO HEIPEPBIBHBI, T.e. CYIeCcTBYIOT Takue dyHkimn ¢ — pi(t) (t € [a,b]) co 3nHa-

YEeHUsIMA B MHOYKECTBE JIMHEHHBIX OIPaHMYeHHBIX orieparopoB B H, uro ||px| € Li(a,b)
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u pp(A) = [ pr(t)dt nns moGoro Gopenesckoro muoxkectsa A C [a,b]. Torga ypas-
nenust (1)), nepexoJar B nuddepennnanbabie ypasaenus . (t) = pp(t)ye(t) + fir(t).
JI1st Takux ypaBHeHUi B KOHETHOMEPHOM CJIydae CXOAUMOCTD PEelleHuii MpaHnIHbIX 3a/1a1
u3ydasach Bo MHOruX paborax. Hanbosiee obirue pesyibraThbl moJIydeHbl B craThe [2], re

[puBeJIeHa MoApoOHas Oubdmorpadus.

1. PEIIEHUE MHTEI'PAJIbHBIX YPABHEHUN

[Iycte H — cemapabesbHoe MHIb0EPTOBO HMPOCTPAHCTBO ¢ HOPMOii ||-||. Pacemorpnm
dbyurimo A — p(A), onpe/esennyio Ha 6opesieBckux MHOKecTBax A C [a, b] n mpuHIMa-
IOIIY O 3HAYEHHsI B MHOYKECTBE OIPDAHNYEHHBIX JINHEHHBIX OlepaTOpOB, JEHCTBYIONMX B H.
DyHKIus p HA3bIBAETCs OMEpaToOpHOil Mepoil Ha [a, b] (cm., Hampumep, [3, rr. 5, c. 324|),
ecJIM P paBHA HYJIIO HA IIyCTOM MHOYKECTBE U JIJIs JIIOOBIX HEllePEeCEeKAIONIXCsT GOPETIeBCKIX
muoxkecTs A, cupaseyuso paserctso p ()~ A,) = > 7 p(A,) co ciabo cxoasmumes
psiiom. Jlasiee BCAKyio Mepy P, OlpejiesieHHyIo Ha GopeseBcKux MHOKecTtBax A C [a, b],
POJIO/IZKAEM Ha HEKOTODBI 0Tpe3oK [a, by| D [a, by) D [a, b], momaras p(A) =0 s Beex
6opesesckux muoxects A C [a, byl\[a, b].

O6oznaunm Va(p)=p(A)=sup ), [|[p(A;)|], rue sup pacupocTpaHseTcs Ha KOHEIHbIE
CYMMBI HeTlepeceKaronmxcs bopeseBckux MuoxkecTB A; C A. Hucio Va(p) HasbiBaercs
Bapuanueii Mepbl p Ha OopeseBckoM MHOXKecTBe A. IlycTh Mepa p mMeeT orpaHUIeHHYIO
Bapuanuio Ha |a,b]. Torga s p-mourn Beex & € [a,b] cymecTByer Takas onepaTopHas
dbyskius £ — U(§) co 3HAUEHUAME B MHOXKECTBE JINHEHHBIX OIPAHUYEHHBIX OIEPATOPOB

B H, ||¥(£)||=1, aro st roboro 6opesesckoro muoxkectBa A C [a, b] cripaBeymso

p(A) = / ¥(€)dp. (5)
A
Oyukiust U onpejie/sieTcst 0JJHOZHAYHO ¢ TOYHOCTHIO JI0 3HAYEHUT Ha MHOXKECTBE HYJIEBOI

p-mepbl. UaTerpad (5)) cxomures B cmbicsie 06b9HO#T HOpMBL oniepaTopos ([3, it 5, ¢. 325]).

Ouesunno, Vi) (p) = Viay)(p) = p(la, b]).
Dyukius h uHTErpUpyeMa 1o Mepe P, eCJIu CyIecTByeT nHTerpal (B cmbicie Boxuepa)

/ (1) (1) dp = / (dp)h(t). (6)

ns @ CJIeJIYeT, UTO ecjiu u3mepumas 1o Bopesio dyukiusg h orpanudena, To

Jamnio)| < sup o) (). ™

A
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CunMBosioM ftz 0603HAYIM f[to,t)’ ecn tg < t; — f[t,to)’ ecn to > t; u 0, ecom to = t.
[IpeanosnoxkuM, uro (yHKIUs h WHTErpupyeMa 110 Mepe P Ha [a, by]. Torma dyukims
y(t)= fti(dp)h(s) HEIPEPbIBHA CJIeBa B CHJILHOM CMbICe (311ech to, t € [a, by)).

[Iycts [l1, 1] C [a, by]. Pacemorpnm muOKecTBO m3amepumbix 1o Bopero dbynknmii co
3HaUYeHUAME B H, orpaHnvieHHbIX Ha [l1, [o], HenpepbiBHBIX citeBa Ha (1, [o] 1 OCTOSHHBIX,

ecim b <t < bp. Onpenesnm Hopmy pasencTsoM ||ully, ;0 = sup [lu(?)]]. Ilomyuennoe
’ 11,l2]

6anaxoBo npocrpancTso obozuaunm Clly, ls].
Pacemorpum ypaBuenue

t

y(t) = / dp(s)y(s) + g(t), @ < to < by, (8)

to

Teopema 1. ITycms mepa p umeem ozparuuentylo apuayuto Ha |a,b]. Tozda dasn 40601
dynryuu g € Cla, by cywecmeyem eduncmeentoe pewenue ypasuenus (8)), npunadaestca-

wee nPocmparcmesy 6’[150 — 9, bg], 2de §=46(ty) >0 docmamouno manro u 6 =0 npu ty=a.

Jlokasamenvcmeso. Cradama JIOKAZKeM CyTIECTBOBAHME TAKOIo OTpPe3Ka
Isty = [to — 0,to + 0], uro ypaBuenue UMeeT €JIMHCTBEHHOE PeIleHne B IPO-
crpancrse C(Fsy,) = Clto — 6,10 + 0] (8 > 0). (Ecam tg = a, 10 F5y, = [to, to + 0], a ecm
to = by, TO F54, = [to — 0, %0].)

[Iycrs t— p(t) — Kakasg-7mbo HenmpepbiBHAs caeBa (DYHKIMSI, TTOPOXKIAIONIAT MEPY p.
Hepes py, 0003HATNM CKAIOK (DYHKIMN p B TOUKE t( (BOZMOXKHO, 9TO py, = 0). [Tosoxkmm
Tt (t) = 0mpu t < tgury, (t) = py, mpu t > to. Obosnaanm 7(t, ty) = p(t) —7y, (t). Pyuxms

t—7(t,ty) HempepbiBHA B TOUKe to. OUpemesmM onepaTopHble Mepbl PABEHCTBAMHE

r(A to) = [ W(E)dr(€,to), r14,(A) = [ W()dr,(§).
/ /
Torma p(A) = r(A,tg) + 1y (A).
B stux oboznavenusax ypaBHeHUe npumer Bui y = Ay + z, tie
(A0 = [ar(s.tau(s) = [EOuOdRE 1), )

to to
t

2(t) = / iy (8)y(3) + g(t) = Foo (D)o + 9(t), 20 = glto), (10)

to

Ty, (1) =0 mpu ¢ < tg mry, (t) =1y ({to}) = P({to}) mpu t > .
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Vunrssasg (7)), (9), renpepsisrocTs dynKIMN 7(-, 19) B TOUKE fo, MOy UM

I(AY) O < sup [ly@)] [7(t; to) = 7(to, to)] <& sup [ly(#)]]. (11)

tej(;’to te]&to

Takum obpazom, sup |[(Ay)(t)|| <e sup |ly(t)|. Beibepem rakoe § > 0, npu KoTopom
tET5 4, tE€I5 1,
e < 1. Torxa [|Allg Irag) < 1. TTosromy omeparop E — A umeer BCiojy OIpe/ie/IeHHbI
orpaHMueHHbll 06paTHblil B npocTpancrse C (Is.1,). PyHKImMs 2z TOrga U TOJIBKO TOLJA
paBHa HYJIIO IpH Beex ¢, Korja g = 0 Ha Fs 4, (1, ciaepobaresbho, xy = 0). Ilosromy cye-
CTBYeT eJMHCTBEeHHOE pemntenne ypasuenus (§]) na orpeske Ly, . DTO penieHne HaXOAUTCs
1o popmyJie
y=(E— A"z (12)
JlokazkeM cyIiecTBOBaHUe DeIleHns Ha BceM nHTepBasie [ty — d, by]. MoxkHO camrars,
qro ty < by. docrarodHo ycTaHOBUTH, UTO PeIIeHUEe U, OIPeJe/IeHHOe Ha WHTepBaJe
[to — 0, d), MOXKHO IIPOJIOJIKUTH 3a TIPEJIeJIbl 3TOr0 UHTepBaJa, ecau d # by.
CoxpansieM 0003HaYeHUs] U3 [PUBEJIEHHOIO BBIIIE JIOKA3ATEIbCTBA, 3aMEHUB lj Ha
ty. Homoxkum t, = d. @urcupyem ¢ < 1/4 u BoiGepem 0 Tak, 4Tobbl t + § < by u
7(t,t) — 7(to, to)| < € upm Beex t € F5y . Pukcupyem Touxy t; = t; — /8. Torma s

Bcex t co cBoficTBOM |t — t1| < 0/2 BbIOJIHAETCA HEPABEHCTBO

7t 1) — T(ty, to) | < [P(E 1) — 7(t0, to)[+17 (o, to) — Tt t)[ <22 <1/2. (13)

Pacemorpum oneparop
(By)(0) = [ dr(s.t)us) = [ WOu(Er(E ),

Us caenyer, uto  sup |[(By)(t)]| < (1/2) sup |ly(t)||. [Tosromy oneparop E — B

1€ I5 2.0, t€T5 /21,
HNMEET BCIOLY ONPE/IE/ICH b OrpanmieHubiil obparubii B npocrparcrse C(Fy ., )-
[yctb v = (B — B) 'z, w = (E — B) 'z, e z1(t) = u(ty) — g(t1) + g(t),
z(t)=z1(t)+h(t), h(t)= Ty (t)v(ty) n, Kax n BBITe, Ty (t) = 0 mpu ¢ < ) m Ty (1) =P({{(})
upu t > t,. Torna Ha orpeske [t; — 0/2,t; + §/2]
¢
oft) = [WOuRE. 1) + ultr) - gltr) + ) (14

t1
t

w(t) = / U(E)w(€)AF(E, 1) + ulty) — g(ts) + h(t) + g(t). (15)

51
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[pu t € [t; — §/2,ty] mmeem u3 ([15)
wlt) = [UQu(QF(E ) +ults) ~ glt:) + () (16

Nz CJIEJIyeT, ITO ypaBHEeHUe
t

o) = [WOUOdrE ) +5(0). T e Clab, a7
t
rJie y — Heu3BecTHas (DYHKIWMS, UMeeT eJIMHCTBEHHOE pellleHne Ha uarepsasie (t,—3/8,t).
Torga us (14), noJiydaeM, 94To Ha uarepBase (t; —0/8,t,) GyHKINI v, W COBIAAIOT.
Caesrosarennsro, w(ty) = v(ty). Kpome Toro, pasenctso p(t) = 7(t, ) + 7y, (1) u (15) mpm
te Is)o, (re.mput; —0/2 <t <t +0/2=1,+(3/8)0 ) BexyT

t
wlt) = [(dpyuls) + ult) = g(t) + gle). (18)

t
C apyroii croponsl, dyHKIUSA U siBJseTcs perenneM ypasrenus (8) wa [ty — 0, ;).

[TosTomy
t t

u(t) = / (dp)u(s) + g(t) = ults) — g(t:) + / (dp)us) + g(t). (19)

to t1

~,

YuauteiBas, 9ro 7(t, ty) = p(t), ecam t < ), TOSYIUM U3
t
u(t) = [ t5) + u(t) — g(t1) + g(0). 20
t
N3 euncTBEHHOCTH PEIIeHUs ypaBHEHUA u u3 , , [IOJTy9aeM, 9TO Ha

unrepsase (t, — 0/8,t)) dyuxwmn u, v, w copnagaor. OTCIOIA CIEYET, 9TO CYIIECTBYET
lim u(t) = w(ty) = v(ty).

t—t,—0

OO6OSH8HI/IM gepe3 U yHKIUIO, paBHYIO u Ha [t — 0, 1)) u w Ha [ty, t; + (3/8)d]. DyHk-
[UsI U ABJIAETCS PENIeHIeM YpPaBHEHUsI . JeiictBuresnsno, npu ¢ < t{, 9T0 yTBEPKICHIE
catefyer u3 roro, uto u ssistercs pemenueM (§). Ilycrs ¢ < ¢ < ¢ + (3/8)0. Us (18),
(19) momyaaem

t t1 t

Jiapits) + g(t) = [tapyuts) + [tdpyuts) + 9(6) =

to to t1

= (u(t) = g(t)) + w(t) = u(tr) + g(ta) = u(?).
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Urak, u — pemmenne (§)) u u ecTh mpomozKeHne u Ha uHTEpBaT [t), ty + (3/8)0].
Hokaxkem ejimHCTBEHHOCTD pertienus ypasaenus (8)). [ycts cymectBytor jaBa perenust
Uy, Uz, TOrTA U1 (t) = us(t) mpu t € L5, . O603HauUM depe3 T’ BEPXHIOIO I'PaHb MHOXKECTBA
Takux t, 910 u(t) = ug(t) upm Beex t < T'. Torma uy (1) = ua(T') B cuity HENPEPBIBHOCTH
caeBa PyHKIWR Uy, us. [Ipu ¢ > T umeem
t
w;i(t) =x1 — g(T) + /(dp)ui(s) +9(t), ri=w(T)=ux(T), i=1,2. (21)
T
[To jokazanHOMYy BbIle, pelenue ypasHenus (21) B HEKOTOPOH OKpecTHOCTH TOYKHU T'

eaunctBerto. [losromy T' = by. Teopema jgokazana. U

CaenctBue 1. I[lycmv p — mepa ¢ ozpanuvennoti sapuayueti. Toeda npu ty = a ypasHe-

Hue umeem eduncmeennoe peusenue 0As 110000 Gynkuuy g € 5[@, bo).

ameuanue 1. B jnokasarenabcTBe TeopeMsl |1 BbI6epeM ) Tak, 9ToObI B HepaBeHcTBe (|1 1))

< 1/2. Torma [[(E = A) 5 () S 2. U3 (10, (12) cremyer
1Ylles.) < 20+ Vi, ) 9l s,,) -

Sameuanue 2. [Ipu t < t; pemnienne ypaBHEHUS MOXKET OBITH HE €JIMHCTBEHHBIM W,

KpOoMe TOro, MOXKeT He IIPOJO0JIZKaThCA BJIEBO.

IIpumep. Ilycrs H = C. Pacemorpum va otpeske [0, 2] Mepy P, 38/IaHHY O TPOM3BOJIAIICH
dbyukuumeit p(t), pasuoit mymo npu t < 1 uw —1 npu ¢t > 1. Torga perenneM ypaBHeHUS
Yy = f; ydp, KpoMe (QYHKIINH, TOXKJIECTBEHHO DaBHOI HyI0, siBisercs dyHkms w(t),
paBuag 1, ecsim t < 1, u 0, ecim t > 1. Hanee, dpyuknusa y = 1 gaBjsgercd perieHneM
ypaBHenus y = 1 + f; ydp upu 1 <t < 2. OJHAKO 9TO pelleHre He IPOOJIZKAETCs BIIEBO
3a TOUKY 1 ,ZLeﬁCTBHTeJIbHo IIyCTh OHO MPOJOJIZKEHO KaKUM-THO0 00pa3oM 3a TOUKY 1.

Torma y(1 f[l 2) s)dp. Orcioma y(1) = 1 4 y(1), 910 ABIAETCA HEBOSMOXKHBIM.

Pacemorpum ypaBunenue

t

y(t) = /(dp)y(s) +g(t), a<t<by, ge Cla,by). (22)

a

ITo caencrsmio (1| ypasuenue (22)) umeer equncTBeHHoe pererne. B mpocrpamncrse Cla, by
OIIPE/IeJINM OlIepaTop & paBeHCTBOM

t

(2u)(t) = / (dp)u(s), u e Cla,bg), a<t< b (23)

a
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s nosyqaeM || Zu|l < Viqp(P) 8sUDse(qp) llu(t)]]. TlosTomy omeparop & orpammten.
U3 caexncrsus (1) Beitekaer, uto oneparop (E — &)~ cymecrsyer, Beciogy onpegesnen (u,
CJIeJIOBATEJILHO, OrpannyeH). Pelenne ypaBHeHMst umeer B y = (E — £)lg.
Beenem B pacemorpenue oneparop U(t) = U(t,a), craBsiyii B COOTBETCTBIE KarK-
Jomy aieMenty @ € H 3Hauenue pemenns y(t) yparaenus (22) npu g(t) = z. Oynknus
t—U(t)x ynoBieTBopsieT ypaBHEHHIO
t
U(t)x:x—i-/dp(s)U(s)x, reH, a<t<b. (24)

Oynxnus U(-)z nenpepbisra ciesa u U(a)r=x. Pasencrsa (23)), BJIEKYT
U()e=(E-2) ', (25)

rje x € H (37ech cuMBOJI © 0003HaYAET KaK 3JIeMeHT u3 H, TaK U MOCTOAHHYO (DYHKIIUIO,
paBhyto ). Hepes % 0603HAYMM ONMEPATOD, CTABAIIUI B COOTBETCTBUE dj1eMeHTy = € H
dbyuxrmo U(-)z.

[Iycrs £ — muOxkecTBO dyukiwmii t — U(t)z, rue x € H. Jluneitnoe MmHOTOOOpa3ne
 samknyto B Cla, by|. Heiicrsurensno, ecm nocaeosarensuocts {U(-)z,  dymnianmen-
TaJIbHA, TO TAKON K€ SBJIAETCS MOCIEJ0BATENLHOCTE {T,}. Ilostomy {z,} cxomurca
HeKoTOpoMy 3jieMenty xo € H. Torma nocienoBarensrocts {U(-)x,} cxonurcs B C [a, bo]

K U()xg € A . VI3 N3JI0:KEHHOT'O BBITEKAET CJIEJYIONIEE YTBEPKICHIE.
Jlemma 1. Onepamop % nenpepvieHo u 63aummno 0dno3Hawno omobpasicaem H wa A .

lamee paccMaTpuBaeTcsl HHTEIPAJIbHOE YpaBHEHUE

t t

y(t) = yla) + / (dp)y(s) + / (dm) f(s), (26)

rje f mHTErpEpyemMa 1o Mepe m u 3anuchiBaercs Kak f € Ly(H,m;a,b).

Jlemma 2. Qyukyusa y moeda u moavko moezda asasemcs pewernuem ypasrerus (26)),

%0204 GHINOAHACTNCA paeeHcmeo
t

y() =U(C)yla) + (B = 2)"'h, h(t) = /(dm)f(S)- (27)

Jloxaszamesvcmeo. OdeBunno, dyHKIUA Yy, omnpeeneHHas (27), sgBseTcss pereHnem

ypaBHEHUsI . O6parHo, u3 , cJiejryer
y=(E-2)"yla) + h) = (E = P)y(a) + (B~ )" 'h=U()y(a)+(E~ L) "h.

Jlemma noxaszana. O
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[Iycte B — 6anaxoBo mpocrpanctso; ' : Cla,by] — B — juHeiinoe HempepbIBHOE
orobpazkenue. Cyxenne oneparopa [' Ha 4 obozunaunm [

Jlemma 3. IlTycms onepamop T 63aumno 0dnosnano omobpastcaem K na B. Tozda drs
mobot pynkuyuy f € Li(H,m;a,b) u awbozo ssemenma ¢ € B ypasnenue umeem

eduncmeennoe pewenue, YoosAEMBEOPAIOUEE YCAOGUIO
'y =c. (28)

oxasameavcmeo. U3 ycnosust memMbl crreayer, 1ro sagada (20)), nMeer He GoJiee
ofiHOTO perrennsi. B obosnaunm 2z = (E — 2)7'h, y(a) = z. Ecim y — pemenne
sagaan (26), (28), To 'y = TU()z + Tz = c. Orciona I%x = ¢ — Dz, Us JIeMMbI
BBITEKACT, UTo %/ HEeNpepbIBHO W B3AMMHO OHO3HAYHO oTobpazkaer H na B. Ilosronmy
z = (T%) " (c — I'z). U3 nemMbl 2] HOIyHnM, 9TO ¢ — pelenue 3a1axdm (26, Torja

7 TOJIBKO TOIJIa, KOTda
y(-) =UCT%) e =T2)+2(), z=(E-2)"'h, h(t)z/(dm)f(S)- (29)

Jlemma toxaszana. O

2. CXOAUMOCTD PEIIEHUN 'PAHUYHBIX 3AJAY

PaccmorpuM nHaTerpasibHble ypaBHEHUS
t t

yk(t) = yk(a) —i—/(dpk)yk(s) —|—/(dmk)fk(s), aétgbg, k= 0, 1, 2, ceey (30)

a a

C 'PaHUYHBIM YCJIOBUAMU

3/1ech onepaTopHbIe MEPHI Py, My UMEIOT OrpaHnvYeHHble Bapuanun; fr € Li(H, my;a,b);
Iy : C [a, bg] = B — suHeiinbie HenpepbiBHble 0oToOpazkenust; k=0, 1,2, ...; B — 6aHax0BO
IIPOCTPAHCTBO, ¢ € B.

Omeparoper P, Uk(t) (k = 0,1,2,...) ompemessitorcsi COOTBETCTBEHHO 110 (hOpMY-
JIaM , , B KOTODBIX Mepa P 3aMeHeHa Ha Py, & Ha Py, U ua U,. Yepes %
obosnadaercs oneparop x — Ug(-)z (z € H). Muoxkecrso dyuximit t — Uy (t)x obosnaua-

ercs . Cyxenune oneparopa ['y Ha %}, obozuadum [y

Teopema 2. [Tycmwv onepamop fo 830UMHO 00H03HAMHO omobpadtcaem Hy wa B u nycmob
ITn = Toll =0, Vigg(Pn — Po) =0, Vigg(m, —mg) =0, f, = fo pasnomeprno na [a,b],
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¢n — ¢ 6 B npun — co. Tozda npu docmamouno Gomwuz n sadaua (30), umeem
eduncmeennoe pewenue Yn, U ||yn(t) — yo(t)|| =0 npu n— oo pasromepro no t.

Jlokasamenvcmeo. Hepasencrso (7)) BiieueT ¢XouMOCTh B PABHOMEDHOIH OIIepaTopHOii TO-
noJoruu nocsaegosarensuoctu { 2, } k Py. losromy nocaegosarensuocts {(E— 22,) 71}
exonures K (E — Py)~! B paBHOMepHOii onepaTopHoit Tonosorun. Toraa us CIIEIIyeT,
qro |U,(t) — Up(t)|| — 0 paBrOoMepHO 110 t. [Tosromy mocsenoBaresbHOCTh { %, } cxoauTest
K %y upu n— 00. DTO BJIEYET CXOAUMOCTH B PABHOMEPHOI OIIEpaTOPHON TOIOIOIUHU II0-
CJI€/IOBATEILHOCTH {fn%n} K fo%o- ITo nmemme |1| onteparopbl %), HENPEPLIBHO U B3aUMHO
o/iHO3HAYTHO oToOpaxKkatoT H Ha #j. [losTomy fo% : H —» B — OuekTHBHOE OTOOpazke-
uue. CreaoBaTebHO, IPK OOJIBIINX 7 TAKUM K€ 0TOOparKeHUEM SIBJIAETCS U, %,:H— B.
TTosTomy L), HEIPEPBIBHO H B3AMMHO OJIHOZHAMHO 0TOOpazKaeT #, na B. Ilo JIeMMeBa,ZLa—
qa, , HMeeT eJMHCTBEHHOE PelleHne npu joctatodro 6osbmmx n. Cormacuo (29)),
9TO peIlleHne UMeeT BIJL
t
Yn() = Un(')(fn%n)_l(cn_rnzn)+zn('>a Zn = (E_gzn)_lhna hn(t):/(dmn)fn(s)' (32)
a
[To yesoBuio nocieoBaTebHOCTS { f,, } cxomures K fy pasHOMepHO Ha [a, by]. TTosTomy
fn€ L1(H,my;a,b) u fo € Li(H,m,;a,b) npu pocrarouno 6osbiux n. Kpome Toro, mo-
cresioBaTelbHOCTD { Vg3 (my,)} orpanmyena. Obosnatum hy(t) = f(f(dmk) fr(s). Torna
t t
In(®) = ha(0)] = | [, = mo) o) + [, )(Fuls) = fols)) | = 0
a a
paBHOMepHO 10 ¢ Tipu n — 0o. Ilostomy z, = (E — P,)  h, = 20 = (E — Py)"'hy B
npocrpancrse Cla, by]. Orciona u u3 CJIJIyeT, 9TO HOCIeI0BATEILHOCT PEIIeHnit 1,
sanadn (30)), exomurest npu n— 00 B Cla, by] K pelennio o, 3a1aBaeMOMy PABEHCTEOM
t
yo(-) = Un(-)(To%) " (co — Tozo)+20(), 20 = (E — P) "o, ho(t)Z/(dmo)fo(S)-
a

Teopema jgokazaHa. O]
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ON THE T]-STABILITY RADIUS OF A MULTICRITERIA LINEAR BOOLEAN PROBLEM
wITH HOLDER NORMS IN PARAMETER SPACES.

Emelichev V. A. and Kuzmin K. G.

Abstract. Discrete optimization models of decision making are widespread in design,
control, economics and many other fields of applied research. Many of the decision-making
problems can be formulated as multicriteria Boolean problems. Solutions of the problems are
reduced to a choice of variables values from a discrete set that are the best in some sense,
which is determined by the physical or economical meaning. Pareto-optimal alternatives are
usually regarded as the best solutions. One of the approaches to investigate these problems is
the stability analysis carried out under the uncertainty assumption, which means that the given
coefficients of the objective vector-function are known up to a certain accuracy degree or may
change unpredictably. In these conditions, an investigation of the Pareto set behavior becomes
topical since these investigations allow one to specify reliability limits of the decisions made.

In this work, we address an issue of deriving quantitative stability characteristics. Such a
characteristic called stability radius is defined as the limit level of perturbations that retains
a certain property of a solutions set given in advance. Stability of a multicriteria optimization
problem is usually understood as a property of semi-continuity of a multi-valued mapping, which
determines the choice function in the Hausdorff sense; i. e., there exists a neighborhood in the
space of the initial parameters such that new Pareto optimums are impossible to arise inside it. A
weakening of this requirement results in the 7T7-stability concept, which is treated as an existence
of an initial data neighborhood of in a space of problem parameters such that, although new
Pareto optimums may arise within it, for each perturbation, there exists at least one efficient
solution to the initial problem (not necessarily the same) that retains Pareto optimality.

We study the Ti-stability radius of Pareto set to parameter perturbations in the vector
criterion on an assumption that arbitrary Hélder norms are given in criteria and solutions spaces
of the multicriteria Boolean problem. Specifying problems classes for which bounds estimates
have obtained guarantees that the estimates are achievable. We also present an easily computable
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achievable upper-bound estimate, which is equal to a norm of a vector criterion coefficients
matrix. These results naturally lead to the known estimates for the Tj-stability radius for the

case of Chebyshev norm in the spaces of solutions and criteria.

Keywords: multicriteria Boolean problem, Pareto set, stability radius, Ty -stability, Hélder norm.

BBEIEHUE

MHorue 1pobieMbl IPUHATHS MHOIOIIEJIEBBIX PEIleHud (MHMBIIYAIbHBIX WA IPYII-
[OBBIX) B YIIPABJICHUH, IVIAHUPOBAHUI M IPOEKTHPOBAHUK MOTYT ObITH C(HOPMYIHPOBAHBI
KaK MHOIOKDHTEpHAJbHbIC (BEKTODHbIC) 3a/a9l JIICKPETHOM ONTHMU3AIn. XapakTep-
HOM 0COBEHHOCTHIO TIOJOOHBIX 33/1a4, BOSHUKAIOIINX HA MPAKTHUKE, sBJISIeTCs] HETOYHOCTD
UCXOHON nHMOpPMAIU. DTa HETOYHOCTH 0OYCJIOBIEHA BIIMSHUEM PA3JIMIHBIX (HaKTOPOB
HEOIPE/ICJICHHOCTH ¥ CJIYYaiiHOCTH: HeaJeKBATHOCTBIO MaTeMaTHIeCKUX MOJIesell pealb-
HBIM [POIECCaM, OIMMOKAMU OKPYTJIEHUS, TIOIPEITHOCTSIMU U3MEPEHU 1 IpoIrME (haxTo-
pamu. B Takux yc/ioBusix MaTeMaTHdyecKas 3ajia9a He MOYKET ObITh KOPPEKTHO II0CTaBJIe-
Ha U peleHa 6e3 X0Tst Obl HEIBHOIO UCIIOJIb30BAHUs PE3YJILTATOB TEOPUH YCTONUINBOCTH.
IIpu 9TOM ecTecTBEHHBIM 00PA30M BO3HUKAIOT CJIELYIOIIHE J[BA BOIIPOCA: KAKUM YCJIOBHSIM
JIOJIZKHA YJIOBJIETBOPATD 3a/la4a U B KAKUX IIPEJIeJaX MOYKHO BAPbUPOBATH €€ MCXO/HBIE
JIAHHBIE, YTOOBI MHOXKECTBO OIITUMAJIBHBIX PENeHnit 0618/1aJ10 HEKOTOPBIM Hallepe/1 33 aH-
HBIM CBOICTBOM MHBAPHAHTHOCTH K BO3MYIIEHUSIM UCXOIHBIX JaHHBIX? OHU OIpeIe/sdor
JIBA OCHOBHBIX HAIPABJICHUS HCCJICIOBAHUSA TPOOJIEMbI YCTONYNBOCTH 3819 JUCKPETHOI
OITUMM3AIUN: KAIeCTBEHHOE U KOJIMYECTBEHHOEe. B paMKaxX KadeCTBEHHOIO HAIPABJIECHUS
ABTOPBI KOHIIEHTPUPYIOT CBOE BHUMAHUE HA BbISBJICHUHN YCJIOBHI PA3IMIHBIX THIIOB YCTOMN-
auBocTy 3aja4u (cM. Monorpaduio [1], 0630p [2] u paborer |3, 4, [5, 6], 7, §]), ycranosiennu
CBSI3M MEsKly pasindaabiMu Bujamu ycroitansoctu [9, [10], a Tak»Kke Ha [OMCKe U OIMCAHNH
pernona ycroitunBoctu ontuMasbaoro pemterns [L1]. Kosmuecrsennoe nanpasienue, j1o0-
CTATOYHO HOIPOOHO m3s0keHHoe B MoHOrpadun [12] (cm. Takzke HemasHme 0630psr |2, [13]),
CBSI3HO C IOJIyYEHHEM KOJIMYECTBEHHBIX OICHOK JIONMYCTUMbIX M3MEHCHHH B HMCXOJHBIX
nmannbix [14] 18] 16, 17, 18| [19] 20] 21], 22] 23 24, 25] u paspaboTkoii aJropuTMOB BBIIHC-
JeHust 9TUX oreHoK [26], 27, 28].

Hacrosiiast pabora Jie2KUT B Pycjie HAIPABICHUS, CBSI3AHHOIO C UCCJIEIOBAHUEM KO-
JIMIECTBEHHBIX XapPaKTEPUCTHK YCTONYMBOCTH MHOTOKPUTEPUATIBHBIX 38189 JUCKPETHO
onruvusanuu. OJHA W3 TAKAX XapaKTEPUCTUK, Ha3blBaeMas OOBITHO DaJMyCcOM yCTORi-

YUBOCTH, OIPEACIISACTCA KaK IPEJIeIbHBI yPOBEHb BO3MYIIEHUI ITapaMeTpOB 33/1a9U B
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METPUYECKOM IIPOCTPAHCTBE, COXPAaHAIOIINX HEKOTOPOe Hallepe/, 3a/aHHOe CBOMCTBO MHO-
JKecTBa ee pernieHnil. B kadecTBe BO3MyIaeMbIX mapaMeTpoB OOBIMHO BBICTYIAIOT KO-
PUIUEHTHI CKAJIAPHOTO WJIH BEKTOPHOT'O KPUTEPHS.

[Tos ycTOWIMBOCTHIO MHOTOKPUTEPUAILHON 3812491 JTUCKPETHON OITUMU3AIIIH, COCTO-
samieil B noncke Muoxkecrsa [lapero, mornmator [I] auckpeTHblil aHAIOr CBOHCTBA HOJIY-
HEIIPEPBIBHOCTU CBEPXY 10 Xaycgopdy TOUETHO-MHOKECTBEHHOTO OTOOPAXKEHUS, 3a/1a-
IOIEro MapeToBCKyI0 (PYHKINIO BbIOOpa. Tem camMbIM, CBOWCTBO yCTOWYIHBOCTU OIIpE/ie-
JdeT HaJIM4ue TaKOW OKPECTHOCTHU JJId MCXOJAHBLIX IIapaMeTpoB 33J4a4d, BHYTPU KOTOPOH
HEBO3MOYKHO MOABJIEHNE HOBBIX onTuMyMOB [lapero. nbivu ciioBamu, MmuoxkecTBo [lapeTo
BHYTPH 3TOI OKPECTHOCTU MOXKET JIUIb Cy3uThcs. OciabeHue 3Toro TpeboBaHus ITPUBO-
JUT K TAKOMY THUILY YCTONYUBOCTHU, KOTOPBIA TPAKTYeTCA KaK CYIIeCTBOBAHUE OKPECTHOCTHU
NIEPBOHAYAJIBHBIX JIAHHBIX 33/a91, BHYTPU KOTOPOUA XOTdA M BO3MOZKHO TOABJIEHUE HOBBIX
ontumyMmoB [lapero, oiHaKO I KaXKJI0TO BO3MYIIEHUS JIOJIPKHO CYIIECTBOBATD XOTS ObI
oxuo Ilapero-onrumasibHOe perieHne UCXOIHOM 3a/aun (He 06g3aTeIbHO OJHO M TO Ke),
coxpansolee cBoo ontumaabHocTh. Crenys repmunosorun |1, 6ygem HasbiBaTh Takoi
THI YCTORYNBOCTHU 1}-yCTOINYINBOCTBIO.

Buepsoie T)-ycroitunBocth Obuta uccsepoBana B [14] mist omHOKpuTepraibHOil -
HeitHol TpaekTopHoit 3ajaqau. [lozauee B [15] [I7] nosyuenbl HuzKHAS U BEPXHsiA ONEHKU
paJjimyca 9TOro TUIa YCTOWIUBOCTH JIJIT MHOTOKPUTEPHUATILHON JTUHEHHO Oy/1eBoii 3a/1a4u,
a TakzKe HalljeHa HUXKHAA OlleHKa JIs MHOI'OKPUTEPUAJILHON 381241 [IEJIOYUCIICHHOI'O JIN-
HeitHoro nporpamyupoBanust. Crarebs [22] mocBsimena MOy IeHII0 aHAJTOTHIHBIX OIIEHOK
JIJIsT BEKTOPHOI MHBECTUIIMOHHON 3a/1a4u ¢ Kpurepusamu Basbma. OTMeruM Tak:ke pado-
1y [4], rae ycranoBsienbl HeOOXOAUMBIE M JIOCTATOYHBIE YCJIOBUsT T1-yCTONYUBOCTH MHO-
TOKPUTEPHUAJIBHBIX 33/1a9 MUHUMHU3AIIUNA ITOPOTOBBIX Oy/IeBbIX dyuKImil. [lepeduncientbie
BBIIIIE PE3YJIbTaThl COOTBETCTBYIOT CJIy4YalO, KOrJa B IIPOCTPAHCTBaX IIapaMeTpoB 3a/iad
3aJ1aHa IeObIIeBCKast HOpMa .

B nannoit pabote HaiiJleHbl HUXKHSAS U BEPXHAA OIEHKH pajmyca 1)-ycToiiunBocTu
MHOIOKPHUTEPHUAIbHON JIMHEWHON OyJIeBOil 3a/1a91 B IIPEIIIOI0KEHIN, YTO B KPUTEPHUAIb-
HOM IIPOCTPAHCTBE M IIPOCTPAHCTBE PEIIEHUil 3a/laHbl ITPOU3BOJIbLHBIE HOPMBI |esthb/iepa.
B kauectBe citeicTBUiT IpUBEIEHDBI YTBEPKIEHUS, CBUIETETLCTBYIONINE O JOCTUXKUMOCTH

IIOJIYYEHHbIX OIIEHOK.

1. IIOCTAHOBKA 3AJIAYU 1 OCHOBHBIE OIPEJAEJIEHUS

[Iyctb R™ — kpurepmajbHOe mpocTpaHcTBO, R™ — mNpOCTpaHCTBO PEIICHUII,

C = [¢ij] — marpuma pasmepa m X n co crpokamu C; € R™, i € N, := {1,2,...,m},
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m > 1,z = (v1,29,...,2,)7 € X CE",n > 2 E = {0,1} |X| > 2. Ilox m-

KpHUTEpUAIbHON JINHEWHON Oy1eBoil 3a/1a4dei

ZMC): Cax = (Cia,Cox, ..., Cpz)’ — min

weX
Oy/ieM TIOHUMATD 3aJ1ady IOMCKa MHOXKecTBa Ilapero (MuoxkecTBa 3(hheKTHUBHBIX perire-
HUI )
P*"C)={z e X : X(z,C) =0},
e
X(z,C)={'€eX:x - r'},

x>c—x/ & Cx>Cx & Cx # Ca'}.

Taxum obpaszom, X (x, C') — mHOKecTBO perennii ' 3agaan Z™(C'), KOTOpbIe TOMUHUDY-
10T peIleHue .
B cuny komeunoctu X wmuoxkectBo Ilapero P™(C') Hemycrto mpu j11060ii MaTpuiie
C E RmXTL
Boswmytenne snemerToB maTpuiibl C' OyaeM OCyIIeCTBISTD IIyTeM IPUOABICHUS K Hell
marpur, C’ u3 R™*". Takum obpazom, BosMymieHHas 3ajada 4™ (C + C') mmeer Buj
(C + C")x — min,
reX

a MHOXKeCTBO 3(h(EeKTUBHBIX perennit Takoil 3agaan — sug P™(C' 4 C").

B npocrpancrse pemrennit R™ 3a1a,1um mpoussosibiyio nopmy lenbaepa i, p € [1, 00,

T. e. 110 HOpMOii BekTOpa a = (a1, dy, - . ., a,)T € R™ Gyjaem noHuMarh 9ucyio
1/p
Z ;[P , ecm 1 <p < oo,
lally = \jex,
max |ajl, ec p = 00.

B xpurepmanbpaom npocrpancrse R™ onpesesnnm npoussosbayio nopMy lesnbaepa Iy, or-
JIMYHYI0, BooOIIIe roBops, oT HOPMBI l,. ITox HopMmoit marpunbl C' 6y1eM HOHIMATE HOPMY

BEKTOPa, KOMIIOHEHTaMX KOTOPOI'O ABJIAIOTCA HOPMbI CTPOK MaTpPHUIBI. TeMm CaMBbIM,

ICla = [[(UC s I Collps - Conlls)

’q
B mpocrpancrse R" napsany ¢ HopMoil [, O6y/ieM HCIOIb30BATh CONPAKEHHYIO K Heit

HOPpMY lp/, rjge ducjia p u p/, KaK M3BE€CTHO, CBA3aHbl PaBEHCTBOM

1/p+1/p =1.
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ITpu sToM nmostaraem p' = 1, ecoiu p = 0o, n p' = 00, ecim p = 1. TlosTomy manee canraem,
910 00JIACTBIO U3MEHEHUi Yuces p u p' dBJgeTcs OTPe3oK |1, 00], a caMu Jucsia CBA3aHbI
yKa3aHHBIM BBIIIE yCaoBHeM. B artux obozHaueHusx OyjgeMm caurarh, uro 1/p = 0 npu
p = o0.

He coxuO 3amernts, uro mas BekTopa ¢ € R™ ¢ ycnosueM |aj| = «, j € N, upn

m060M [ucie p € [1,00] cupaBe/iInBO PABEHCTBO
lal) = an'’?. 1)

Kpome Toro, n3eCTHO, 9TO JI/Is JTIOOBIX BEKTOPOB a, b € R BBINOIHACTCS HEPABEHCTBO
lenbnepa
78] < Jlall bl 2
Canenys [1], paguycom Ti-yeroitausoctu (B Tepmunosiorun [16, 17, 4, 19] — paguycom
cuIbHOM ycroitunBoctn) 3anadu Z™(C'), m € N, ¢ nopmamu lenbaepa l, u [, B mpocTpan-
crBax R™ 1 R™ COOTBETCTBEHHO HA30BEM YHCJIO

SUp Zpq,  €cim Z,y # 0,

Pm(Dsq) = _
0, ecn E,y = 0,

re
S =1{e>0:VC" € Qule) (PMC)NP™(C+C)#D)},
Qpq(e) = {Cl € R™ 1 [|C7]|pg < 5} -
MHOKecTBO BosMymiatonux marpur, C’ co crpokamu Cf, i € Np,.

Taxkum obpazom, pagauyc Ti-ycroitunsoctu 3aaauu Z™(C') — 370 IpejiebHbIi yPOBEHDb
BCEX TaKWUX BO3MYIIEHUIT 3/1eMeHTOB MaTpuilbl C' B MeTpuIecKoM poctpancrse R™*™ . st
KasKJI0ro U3 KOTOPBIX B Bo3MmyIeHHoit 3agade Z™(C' + C') coxpansiercs 3hpeKTHBHOCTE
X0Tst OBl OJTHOTO (He 00sI3aTeIHHO OJHOTO M TOTO ¥Ke) peleHust ncxoauoi 3agaqn 2™ (C').

OueBnHo, uro npu BbimojHeHnn paeHctBa P7(C) = X g KaKI0fl MaTpuUIbl
C € R"™" muoxkecrso P™(C)N P™(C'+ (") memycro npn joboif BO3MYIIAIONIEH MaTPUIle
C" € Qyy(e) u Besgkom uncite € > 0. Ilosromy pagmyc T)-ycToiiauBocTH TaKol 3a/1a49u He
orpanmyer ceepxy. 3ajgaay Z"(C), aist koropoit P™(C') # X, Gy/ieM Ha3bIBaTh HETPUBU-

aJIbHOIA.

2. OIEHKU PAJMYCA YCTONYUBOCTH

s merpusuanbHoii 3anaun Z™(C'), m € N, npu j06b1X p, ¢ € [1, 00| momoxum

(p) . N . Ci(z — 1)
= min max min ——=
PmiP z€X\Pm(C) 2'€P(z,0) i€Nm ||$ - x’”p’ ’
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- . C @ — 2],
Um0 D)= 0% cetiBre) ooy
Ci(x —2')
— pl/rp /e i e
Xm(pa Q) LB LY meXr?}gln(c) x’er%%l}((c) zrg]%r}i ||ff - l‘/Hl .
31ech
P(z,C) = X(z,C) N P™(C),
Wt = (i, v, .., uh)T — nonoxkuTenbHas cBepTKA BeKTOPA Y = (Y1, Ys, - - -, Ym) " € R™,

T. e. y;7 = max{0,y;}, i € Np,.

Teopema. IIpu aobwx p,q € [1,00] um € N das paduyca Ti-ycmotuusocmu p,(p,q)

rnempusuarvrot zadawu Z™(C) cnpasedausol caedyrousue 0UEeHKU

0 < max{@m(p), Ym0} < pm(p,q) < min{xm(p; ), [|Clpq}-

Zoxazameavcmeo. TlockosbKy cripaBeuBa (popMyia
Vi' e P"(C) Ve e X\ P™(C) JieN,, (Ci(x—2")>0),

TO CHpaBe,ILJH/IBO HepaBeHCTBO
Um(p,q) >0,

CBHJIETEJILCTBYIOIIEE O TOM, UTO HUKHsAS OLEHKa pajuyca T1-yCTORIMBOCTA U CaM OH —
HOJIOXKUTE/IbHBIE BEJTUUUHbI.

Teneph JT0KazKeM CIIPABEJIMBOCTE HEPABEHCTBA i, (P, ¢) = ¢©m(p). Bymem npenmosa-
raTh, 910 @, (p) > 0 (B IPOTUBHOM CJIydae 9TO HEPABEHCTBO OUEBHUJIHO).

I[Tycrs Bosmymaromast marpuiia C' € (. (,,(p)). Torma cormacno onpeserenuo auc-
7a pm(p) mis moboro pemterns x € X \ P™(C) cymectByer Takoe 3¢ deKTHBHOE pereHne
2% € P(z,C'), 4TO BLINOIHAIOTCS HEPABEHCTBA

CZ<I — lJ) ! ’ .
T Z¢m(D) > [|Cllpg = ICillp, € Non.
[ = '[],

Orcroma, ucnosb3yst HepaBeHCTBO [esbiiepa ([2)), Haxo M
(Ci+ C)(x —2%) = Ci(w = 2°) = |C]l,llz — 2l > 0, i€ Ny

9TO 3HAUUT

O
C+C’

T ez € X\ P"(C+ (). Pestomupysi, 3akjodaem, 4ro Jiioboe Hea(pdEKTUBHOE PelleHe
sajaun Z™(C') ocraeTcst TAKOBBIM U B JIF000# Bo3MyIieHHOM 3a1ade 2™ (C'+C"), a 3HauuT,
BepHbI coorHomternus () # P™(C + C') C P™(C).
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Caenosaresnibro, P™(C) N P™(C 4+ C') # 0 upu mo6oit BosMyIaomnieil Marpuie
C" € Qpy(m(p)), ™ €. pm(p. q) = Pm(p).

Haisee mokaxkem, 910 pp(p,q) > ¥m(p,q). Kaxk u B npeapimymem ciaydae, BbiOe-
peM IPOU3BOJILHYIO Bo3Myaronlyo Marpuily C' € R™ ™ npuHajjieKalnyo MHOKECTBY
Qg (Vi (p, q)), Tie, KaK yrKe OBLIO YCTAHOBJICHO, Y, (p, ¢) — HOMOXKHUTEIbHOE duco. s
JIOKA3aTeILCTBA HEPABEHCTBA Py (P, ¢) > U (P, q) 1ocTaTOYHO yOEIUTHCS B CYIIECTBOBA~
uuu pemenust ¥ € P™(C) N P™(C + ).

B coorBercTBUE ¢ ONpejeieHneM BeJHMYUHbL Y, (P, ) CYIIECTBYeT TAKOEe pelleHre

2% € P™(C), uro myia Bestkoro pemenns x € X \ P™(C') uMeroT MecTo HepaBeHCTBa
0 < Un(p, @l — 2%l < C(x — )], 3)
CragaJjia moKaxKem, 9To
Vo e X\ P"(C) VC' € Qpy(¥m(p,q)) (x & X(2°,C +C")). (4)

Ecau npeamonoxkurh Hagudue takoro perennsg T € X \ P™(C) u Takoil BO3MyIIAIIei
marpurpl C' € Oy (Ui (p, q)), ato T € X (2°,C + C), To ma moboro ungekca i € Ny,

BBITIOJIHAETCA HEPABEHCTBO

(C; + C)T < (C; + Cy)a®,
a, CTaJio 6bITb, 1 HEPABEHCTBO

Ci(F — 2°) < Cy(a° — 7).
OTKy,ZLa JIETKO IIPpUXO/JIUM K COOTHOIIECHUIO

(Ci(& — 2°)]F < |Cif@ — 2°)),
13 KOTOPOTO C yIeTOM HaxXOoIUM
(Co(& = 2" < | Cillpl|T = 2°,
B urore nmosyvaeM nporuBopedne HeEpaBEeHCTBY
HC@E = 2] llg < ICllpgllF = 2l < (s DT = 2°]1,

CBUJIETEJILCTBYIOIIEE O CIPABEJINBOCTH (POPMYIIbI .

Hastee ykaxkem c1iocob Bbibopa Heobxogumoro pemtennst x* € P™(C)NP™(C'+C"), rue
C" € Qpy(Ym(p, q)). Ecom 2° € P™(C'+C"), 1o monaraem z* = 2°. Ecom 2° ¢ P™(C'+ ('),
TO B cHJIy BHeIIHeil ycroiitanBoctn MuOKectBa [lapero P™(C + C') (cwm., nampumep, [29)
crp. 39) MoxkHO BBIGpaTh Takoe pemtenue ¥ € P™(C + ('), uro z* € X (2°,C + ).
[Ipunumasi Bo BHEMAaHUE JIOKA3aHHYIO (hOPMYITy , JIETKO MOHATH, uto z* € P™(C'). Tem

CaMbIM JIOKA3aHO HEPABEHCTBO Py, (D, q) = Um(p, q).
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Tenepb f0KazKeM HEPABEHCTBO P (P, q) < Xm(p,q). B coorBercTBUE € Ompe/ieenn-
eM BeJMYUHBI X,,(p,q) Haiigercs taxkoe pemenne r° € X \ P™(C), uro g KazKIo0ro

s dekrusHOTO perternst x € P™(C') u moboro nngekca i € N, BEDHO HEPABEHCTBO

X (P, @)|2° — |l = n'PmtiCi(a° — ). ()

0

[Iycts € > Xm(p,q). Daementsr C;; BO3MYINAIOIIEH MaTpPHILBL C% € R™" zagamuM 110

[IPABILILY
—0, ecma i € Ny, 29 =1,
C =
0, ecmui € Ny, .r? =0,
rje

Xm(D, @) < On*Pm'e < e, (6)

Orcrona, coracho (|1f), Haxomaum
||C?||p =6n'?, i€ Ny,

||CO||pq = on'/Pm'/e, e Qpg(e),
CHx" —x) = =§||l2° — 2|l <0, i€ N,. (7)
[Tosromy, ncnoab3ys u @, 3aKJII0YAEM, 9TO Jyist Kaxkjoro pemienns © € P™(C) n

BCAKOIO MHIeKca ¢ € N, UMeIOT MeCTO COOTHOIIEHUsT
(Ci+ C)(a® = 2) < (xom(p, ) (WP /1) ™" = §) 2 — 2y < 0.

Takum obpaszom, z & P™(C + C°) npu z € P™(C). Iosromy muas Jmo6oro
ancaa € > Xm(p,q) cymectByer Takag BosMmymatomas Marpuna CO € Q. (), uro
P™(C)YN P™C + C°% =0, 1. e. pu(p,q) < € mis Besgxoro uucia € > Xu(p, q). Cie-

JIOBATEIBHO, P (P, q) < Xom (P )
Hakomer, ybeauMcst B CHPaBeUIMBOCTH HepaBeHCTBA P (D, q) < ||C|lpg. IlycTs

20 € X\ P"(C) ue > |C|l,, 3adukcupyem ancmio § ¢ ycrosuem

0<on/? <e— 1 Clpg- (8)
Beenem B pacemorpenne BeKTop-cTpoky & = (&1, s, ..., &,) ¢ KOMIIOHEHTAMI
—0, ecmm x) =1,
§ = .
9, ecmmzj =0.
Torma, corsacao , IOJTy daeM
l€ll, = on'/2.
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Kpowme Toro, mjst moboro permenus 3agaqu Z™(C) u, B gactaoct, 1ig x € P™(C) BepHO
COOTHOIIIEHHE

£(2° —x) = —6]|2° — 2|, < 0. 9)
Crpoku C? € R", i € N,,, Bosmymatomieit marpunpt C0 € R™*™ samaum 110 npasury

E—CY, ecmmi =1,

-G, ecim i # 1.

Y =

7

B pesynbrare, yaursisas ([9), a1s moGoro pemenns x € P™(C) umeenm

V2’ — z) = =§||2° — z||, — C1(2° — 2)
u 6ustarozaps (8) BbIBOIMM

1C%llpg < NlEllp + 1Cllpg = 60?4+ [|Cllpg < e

Orciona i kaxk1oro pemenns & € P™(C') nonrydaem

(Cr+CY)(a" — 2) = —d]]a” -z, <0,

(C; + O (2® —2) =0, i€ N,\{1}.
1o oznauaer, uto 2° € X (x, C+ C?). Tem cambim, ecsiu € P™(C), ro v ¢ P™(C'+CY),

4TO CBHJETENILCTBYET o Iycrore muoxkecrsa P™(C) N P™(C + C°). Urak, p,(p,q) < €
Jtst Begkoro uucia € > ||C|,,. Craegosarensno, pm,(p,q) < ||C||pq- O

3. CJIEACTBUSA

k] TEeOPEMbBI BbBITEKAIOT CJICAYIOIIUE JIBa N3BECTHBLIX PE3yJibTaTa, IIOJIYY€HHbIE COOT-

Bercreerno B [17] u [I4] (em. raksxe [1).

CrnenctBue 1. Fcau p = g = 00, mo npu ao0bom m € N dasa paduyca T -ycmotivusocmu

nempusuarvrol 3adavu Z™(C') cnpasedausol ouenKu

, Ci(x —2) _ Ci(z — ')
max min max —— = < p,(00,00) < min max max -———=.
@'€P™(C) z€X\P™(C) i€Nm ||z — 2'||1 2eX\P™(C) 2/€P™(C) i€Nm |lx — /||

CaexncrBue 2. Ecau p = 00, mo npu aobom q € [1,00] das paduyca Ty -yemotivusocmu

nempueuaavroti odnoxpumepuasvrot zadavu Z'(C') eepnv pasencmea

(00,4) = ¢1(00) = x1(00,4) = _ mi s
00,q) = p1(00) = x1(00,¢) = min ey e — 211
P1L0;q) = ¢ XSS = sexipmio) wepmic) lz — ']

OTMeTuM, 9TO CJIeJICTBUE [2| I0KA3bIBAET JOCTUKUMOCTH OIEHOK u pu
) m m )
p=o00um = 1. Jamee npeabsBuM erre HECKOTBKO KaaccoB 3agad 2" (C'), njsi KOTOPhIX

OIEHKM, YKa3aHHbIE TEOPEMOIl, TOCTUKIMBI.
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Pajimycom ycroituupoctu addextusnoro pemenns ¥ € P™(C) szamauu Z™(C),

m € N, ¢ nopmamu I'epaepa [, u [, B npocrpancrsax R" 1 R™ nazosem 4mcio

Sup Z,,, eciu O,, # 0,

pm(2°,p,q) = {

0, ecin O, = 0,
re
Op ={e>0:VC" € Qyle) ("€ P(C+C"))}.
B pabore [20] mokazano, aro npu JiobbIX p,q € [1,00] u m € N s pajuyca ycroii-
anBoctr 3¢ dexrusnoro pemenns x° € P™(C) zanaun Z™(C') cupasepmsa hopmyia

0 o C@— 2",
m(Z7,p,q) = min . 10
pul P @) = W, T (10)
OueBunno, 9T0 P (p,q) = pm(2°,p,q), ecru P™(C) = {2°}. Tosromy Ha ocHoBanumn

dbopmysiet (10)) u3 TeopeMbl BBITEKAIOT J[Ba YTBEPKIEHNsI, CBUIETEIbCTBYIONINX O JTOCTH-

KUMOCTHU HMZKHHMX OIICHOK.

Caencreue 3. Ecau PYC) = {z°}, mo npu mobwz p,q € [1,00] das paduyca T-
yemotinueocmu, Hempusuaavnoti odnokpumepuarvnoti sadawu Z(C) cnpasedauea dop-
MYAG

p1(p, ¢) = p1(p)-

CnencrBue 4. Ecau P™(C) = {2°}, mo npu mobwx p,q € [1,00] um € N daa paduyca

T -yemotivusocmu nempusuasvroti 3adawu Z™(C) cnpasedausa dopmyaa

PP, 7) = Vm (P, q)-

CaexncrBue 5. IIpu aobvix p,q € [1,00] um € N cywecmsyem maxot kaacc Hempu-
suanbHuix 3aday Z™(), wmo das paduyca yemotiuueocmu 410601 36044 U3 IM020 KAACCA

CNPasedsusa Gopmyna

Pm(pa Q> = HCHpq-

oxazamensvemeo. lanublil Kiracc 3a/ia9 MOXKHO TOCTPOUTH, HAIIPUMED, CJIEIYIONIUM 00-

0

pasom. Ilyers X = {2% 2! ... 2"} C E", rae pemenue x° — 310 Hysnesoit BekTop, a

Kazkj0e perenne 2/, j € N, — emuamanbii sekrop. U mycts C* = [¢}j] € R™*" rakas

MaTpulia C OTpulaTe/JIbHbIMA dJIEMEHTaMt, 9TO

P™(C*) = X\ {2"}.
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Torma mig TOro 4TobBl pemenue

craso >P@PEeKTUBHLIM B BO3MYIIEHHONI 3ajate
7m0 4+ "), C" = [¢;] € R™", s kaxpgoro € X \ {2} meoGxommmo BbIIOIHeE-
HUE OTHOIIICHUS

2 Y
c*+C'

[Tostomy C'x > —C*x. Orcioa mosrydaem

Taknm 06pa3oM, BEPHO HEPABEHCTBO P, (P, ¢) > ||C*||pq, KOTOPOE € yIeTOM TeOpeMbl yOeK-
JIaeT HAC B CIPABEUINBOCTU PABEHCTBA P (D, ¢) = [|C™*||pq- O

4. CPABHEHUE OIIEHOK

[TokazkeM, 4TO KaxKjiasl M3 HUKHUX (BEPXHUX) OIEHOK, MOXKET OBbITH JIydIlle JPYToii.

Hpemﬂe BCero o4eBuaHO, 9TO €CThb CJIy4dau, KOoI'da

Om(P) < Vm(p; q), (11)

HOCKOJIBKY Uy, (p, q) > 0, a 9auciio ¢, (p) MoKeT ObITh U HYJIEM.
Kpowme Toro, Taxk Kak 1npu q # oo, m > 2 u P™(C) = {2°} ana Beskoro pemenus
x # x° BepHO HepaBeHcTBO

IC(z = 2")]"]ly > min Ci(z — ),

7 m

to (11]) mmeer MecTo u npu ogHOBPeMenHoM BhinoaHenuu yeaosuit P™(C) = {2°}, m > 2,
p € [l,00], g € [1,00).
Takzke HETPY/IHO MOHATE, 4TO npu p € [1,00) 1 kiaacca 3agad Z™(C'), onucanHoro

B JIOKa3aTeJIbCTBE CJICICTBUA E], CIIpaBe€/IJINBO HEPABEHCTBO

Xm (P, q) > HCHpq- (12)

Konedno, BO3MOXKHBI 1 TPOTUBOTIOJIOXKHBIE HEpaBeHCTBa. [[ponrocTpupyeM 9T0 Ha cJre-

JYIOIIEM TTPUMeEDE.

IIpumep. Ilycrs m =2, n =38, p=q =00, X = {2t 22, 23 2},
b = (0,1,1,1,0,0,0,0)T, 2% =(0,0,0, 0,1,1,1,0)T, 3 = (0,0,0,0,0,1,1,1)T,
rt=(1,1,1,0,0,0,0,0)7,

20053005
5007 4007
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Torma
7 4

Ot = [ 2 ] ,
5
P*(C) = {a*, 2"},

X\ PXC) = {z',2%}.

C$1:C$3:[5 701_2:[3

B pesynbrare moaydaeMm po(00) = 1, 1g(00,00) = 1/2, ya(00,00) = 3/2, [|C|ccce = T
TeM CaMbIM BE€PHbBI HEpaBE€HCTBa IIPOTUBOIIOJIO2KHBIE K n .

Hasee mokazkem, 9To pajuyc 11-ycToianBoCTH TaKoil 3aja9u paseH 5/4.

Paccmorpum Bosmymarortyto matpuity C* Bujia

R 0 0 =5/4—08 5/4+d8 0 —1/2—6 —5/4—§

C* = C*(6) =
) 5/A+6 —1/2—36 0 —5/4—6 5/4+6 0 0 —5/4—65 |

rmae o — IIPOU3BOJIbHOE ITOJIO2KUTEJIbHOE YHCJIO. TOI‘,ZL& O49€BUIHbI PaBEHCTBa

”O*Hoooo - 5/4 + 0,

[ 15/4—6 | [ 15/4+6 |

O+ )zl = O+ C*)a? =

CH e =) s | CFOT =l |
[ 13/4 -6 | [ 13/4+6 |

O+ C*)a® = O+ Mt = .

(C+ )= gy g |0 CFCNT = onh s

Takum obpazom, s jiodboro o > 0 umeem
P2(C + C*) = {a*, 2%},
X\ P2C+C%) = {a®, 2"},

[Tosromy miast Besgkoro wmesia € > 5/4 cymiecTByerT Takasi BO3MYIIAIOINIAs MaTPHILA
C* € Quono(€), uro P2(C) N P*(C + C*) = . Cnenosarebro,

p2(00,00) < 5/4. (13)

C 1pyroit CTOPOHBI, UYTOOLI 0ba perrenns x° u x? mepectasu 6BITH 3(POEKTHBHBIME

/

B BO3MymIenHoii sagaue Z*(C + C'), €' = [¢j;] € R?® pemenns x' u 2° nomkusr ux

1 = 2! rombko npu ||C7]|sse > 3/2. Takoe
crer

JKe yTBEP:KJIeHHe BepHO W JId Iaphl pemenuit x2 u 3. DTo o3HadaeT, 9TO mpu 060

JoMuHEPOBaTh. Herpyano yoeaurbest, 91o

Bosmymarorieil Mmarpure C' € Qo0 (3/2) BepHBI COOTHOIEHHS

zt o 2t w2 o 2B
c+C C+C
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Takum obpazom, npu C' € Quooo(3/2) ToNBKO permenne x! Moxker joMuHEpPOBATH T2 M

TOJIbKO pPeIIeHue .CE3 MO2KET JOMHUHUDPOBaTDH 334. ,Z[J'[H 9TOro H€O6XO,ZLI/IMO OJJHOBPEMEHHOE

BBITIOJIHEHE HEPABEHCTB!

Cl(z' — 2?) < =2 = Oy (2 — ),
Cl(z® — 2*) < =3 = Cy(a* — ),
Ch(z' — 2?) < =3 = Cy(a* — 2,
Ch(z® — 2*) < =2 = Cy(a* — 2°).

OTKy/1a BBIBOJIUM

—c iy — s+ g < =5, i€ {1,2}.
[Tosromy ||C'||scce = 5/4 1, cresoBaTenbHO, po(00, 00) > 5/4, aro BMecTe ¢ yoexK 1aer
HAC B CIIPABE/[JINBOCTH PABEHCTBA po(00,00) = 5/4.

Nrax, B paccCMOTpPEHHOM IIPUMepe BEPHA IEMOYKa HEPABEHCTB

1ha(00,00) < 3(00) < pa(00,00) < X2(00,00) < [|C]|scco-

3AKJIFOYEHUE

[TockoJIbKY HMCXOJIHBIE JIaHHbIE PeaJbHBIX 33Ja4 ONTUMHU3AINKA, KaK MPaBUIO, 3314~
IOTCS ¢ HEKOTOPOW CTEIEHBIO HEOIPEIeJeHHOCTH (TOYHOCTH), BO3HUKAET IIOTPEOHOCTH B
HUCCJICIOBAHUN YCTONYUBOCTU UCKOMDBIX PENICHUA K BO3ZMYIIEHUAM I1apaMeTpPOB 3aJIa4u.

B pabote uccienoBana KoJmdecTBeHHas XapaKTePUCTUKA 1)-yCTOHINBOCTH MHOXKe-
crBa [lapeTro MHOTOKpUTEpPHAIBLHON JIMHEIHON Oy/IeBON 334 B IPEJIITOJI0KEHUN, ITO
B IIPOCTPAHCTBAX PEIIeHNl U KPUTEPHUEB 33 laHbl pa3/iMiHble HOPMbI ['ebiepa. Tlomyae-
HBI CJICJLYTOIe Pe3y/IbTaThl: 1) HailJIeHbl JIBe HUXKHUE ¥ J[Be BEPXHHUE OIEHKH Dajinyca
Ti-ycroitausoctu; 2) jloKa3aHa JOCTUKUMOCTD ITUX OIEHOK; 3) BBIABJEHBI CIydam, KO-
rja KaxkJas OIEeHKa W3 Hapbl HIDKHUX (BEPXHUX) OIEHOK JIydile Jpyroii; 4) npuseeH

WJLTIOCTPAIMOHHBIA YUCJI0BOM IIPUMED.
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OUTCOME AND RISK IN A MULTI-STEP POSITIONAL PROBLEM UNDER
UNCERTAINTY.

Zhukovskiy V. 1., Vysokos M. I. and Gorbatov A. S.

Abstract. In single-criteria problem under strategical uncertainty from the point of view
of DM tasks of decision making are examined. DM tries to increase the guaranteed outcome
with possible smaller guaranteed risk. We are based on the principle of minimax regret (Savage-
Nichans) with the help of mathematical apparatus of the method of dynamic programming for
discrete problems.

First, we examine single-criteria problem of two forms which differs by pairs: contrstrategy —
pure uncertainty and pure strategy — strategical uncertainty.

In the problem of the first type, a hierarchical procedure of formation the counterstrategies of
DM is used. The discrimination of uncertainty appears: the decision-maker learns the uncertainty
which has realized and only then he chooses his strategy, namely for example for single-criteria
problem under uncertainty

I'= <Ea Uz, Z, J(UZ7 Z, ZL‘O)>
Uz =(Uz(0),Uz(1),...,Uz(K — 1)) = (u(0,z,2),u(l,z,2),..,u(K — 1,z, 2)),
Z = (Z(O)a 2(1)7 ) Z(K - 1)) - (Z(O,QS‘), e Z(K - 1,$)),
Uy ={Uz}, Z={Z}.

K-1
J(Uz, Z,w0) = ®(x(K)) + Y Fi(k, w(k), ulk], 2[k]),
k=0
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the functions of risk are defined
R(Uz,Z,x9) = max J(Ugz,Z,x0) — J(Uz, Z,x0).
UzeUgz

In the problem of the second type strategic uncertainties are used. They are formed on the
assumption of discrimination DM, who transmits them to the researcher selected by him pure
strategy for the formation of strategic uncertainty.

In the problem about uncertainties only boundaries of changes are known (any probabilistic
characteristics are absent).

In the first case the regret function is constructed, in the second case — guarantee of outcome
and risk. Secondly, it is offered the initial single -criteria problem to set in accordance two-criteria
discrete positional problem, where the first criteria — the guaranteed outcomes, the second one —
“minus” guaranteed risk. For this two-criteria problem we construct the Pareto maximal pure
strategy, which defines the value of guaranteed outcomes and guaranteed risk accompanying the
realization of guaranteed outcome.

As the example, the explicit form of suggested solution for linear-quadratic one step variant

of single-criteria problem is obtained.

Keywords: multi-step problem, management problem strategy, multicriteria problem, guarantees,

Pareto mazimum.

1. IIOCTAHOBKA 3AJAYU

PaCCManI/IBaeM OJHOKPpUTEPpHAJIbHYIO MHOI'OIIAaroBYlO IIOSUIIMOHHYIO 3aJa4dy IIpu
HEOIIPeIeJIEHHOCTH.
®yuknusa pucka CeBumaxka—Hwuxamca.
3/1ech OrpaHUYINMCSI HHTEPBAJIBLHBIMI HeollpeeaeHHocTsaMu. s mocrpoennst pyHK-
oK1 pUCKa pacCMaTpUBacM OJHOKPUTEPUAJIBHYIO MHOI'OIIaroByrO OIITHUMH3AIIMOHHYIO 3a-
HaTy
FZ = <Z, Uz, Z7 J(Uz, Z, ZL'())>,

U3MEHEHHUEe pr&BJ’IHQMOﬁ CHCTEMBI X OIMCBLIBACTCS BEKTOPHBIM Pa3HOCTHBLIM yYpaBHEHUEM

w(k+1) = f(k,2(k), u(k, x(k), 2(k, ©(K))), 2(k, z(k))),

z(0) =2, (k=0,1,..., K — 1) (1)

(MOMEHT OKOHUYaHWs yIpaBieHus) mnocrosiaayio K > 0 durcupyem; B dazoBbIit
N—BEKTOP (BEKTODP COCTOsIHMsI) B MOMEHT Bpemenu k ectb (k) € R”, mapa (k,z(k)) —
nosuius B MoMeHT k B 3aja4e 'z, (0, z9) — Hauanbhas nosurusi; crparerust JIIIP (una,
IPUHUMAIOIIErO pPellleHus) B MOMeHT Bpemenu k, umenuo Uy (k) oroxjecTBiseTcs ¢ m-
BekTop-byuknueit u(k, r, z) € R™, sror dbakr obosnataercs Uy (k) +u(k, z, z). B reopun

muddepenrmanbubix urp Uz (k) HasbiBaeTcsi KOHTPCTpaTerneil B MOMEHT BpeMeHH k 1
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MHOKECTBO KOHTpCTpaTeruit B MoMeHT BpeMenu k obosnaunm Uy (k). Crparerueit JIITP

B ['y aBnsercs nabop
Uz = (UZ<O)7 UZ(1)7 7UZ(K o 1)) - (U(O,x,z),u(l,x,z), ,U(K - 17'T7Z))7

MHOXKEeCTBO TaknxX KoHTpcrpareruit Uy oboznauum U y.

Corytacno Teopun auddepeHnuajlbHbIX TO3UIMOHHBIX U, 33jaa4da [y orHocmTCs K
KaTeropuu murumaxcrovir. B neit npumensgem B MoMenT k = 0, ..., K —1 wucmyro neonpe-
deaermocmnv Z(k) + z(k,z), z € RS, MHOMkKeCTBO TaKUX HeOlpeie/leHHOCTeil B MOMEHT k

oboznaunMm Z(k) = {Z(k)}, a cama HeolpeIe/IeHHOCT Z TOTJIA OIPEIETUTCS HaOOPOM

Z=(2(0),Z(1),.... Z(K — 1)) = (2(0,2), 2(1, x), ..., 2(K — 1, 2)),

K—1
MHOKECTBO KOTOPBIX obosznaunm Z = [[ Z(k).
k=0
[Tpu dopmuposanun kouTperparerun Uy (k) B MOMEHT k HCIIOJIB3YEM UEPAPTUHECKYIO

uporeypy. Vimenno wa k-M xoy Heomnpesenenuocts Z (k) <+ z(k, x) nocrynaer x JITIP.
Jlumo, mpuHIMAaoIIee pereHne, Ha 3TOH OCHOBE M UCXOJs M3 HEKOTOPBIX COOOparKeHuil
(HampuMep, ONTUMU3AIMI CBOETO KPUTEPHst, 06 3TOM Jiajiee) BbIOMPaeT B MOMEHT BPEMeHH
k coto crpareruto U, (k) + u(k,x, z); kKak pa3 stu Bekrop-pyukun u(k,x,z) u z(k,x) u
dburypupyior B (1).

B sTom mposiBiisieTcst duckpuMurayus HeonpedeserHHocmu: Tpu (OPMUPOBAHIE CBOE
crparerun JITIP cranoBuTCs M3BECTHON peaM30BaBIIasICS B MOMEHT &k HEOTPEJICICHHOCTD
Z(k) + z(k, ).

[lepeitnem x dunamure 3agaun ['y. B moment k = 0 JIIIP y3naer Heomnpeie/leHHOCTh
Z(0) =+ 2(0, ) u dbopmupyer csoro crpareruto Uz (0) + u(0, xg, 2(0, zg)). C momomnipio cu-
CTEMBI npu k = 0 HaxoaUT

x(1) = f(0,zq,u(0, g, 2(0,z0)), 2(0, 20)).

B caenytomuit moment k£ = 1 JIIIP, nmomy4uns undopmalnio o peaan3oBaBIIeiics Tu-
croii meonpesiesiennoctu Z(1)+z(1, x), dopmupyer csoro crpareruto U(1)+u(1, z, z(1, x))

u onsTh-Taku ¢ nomoinpio (1) mpu k& = 1 maxomur

2(2) = f(1,2(1), u(l, (1), 2(1, 2(1))), 2(1, z(1))),

3aTeM IIponeaAypa C O9€BUJHBIMU U3MEHEHUAMU ITOBTOPACTCA 10 MOMEHTa k=K-—-1lus

stor MomenT K yxe JIIIP maxomur ma ocuose (|1

2(K)=f(K-1,z(K—-1),u(K—1,z(K —-1),2(K—1,z(K —1))),2((K — 1), z(K — 1))).
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B pesynbpraTe nmomydaeM AUCKPETHYIO TPAEKTOPHUIO
xg, (1), ..., 2 (K),
MTOPOZK/JICHHYIO el peajm3aruio BeiOpanubix JIIIP crparernii
ul0] = u(0, xg, 2(0, x9)), u[l] = u(1,2(1), 2(1,2(1))), ..., u[K — 1] =
=u(K—1,z2(K—-1),2(K —1,z(K — 1)),

1 peaJin30BaBIINXCA, ITOABUBIIINXCA HE3aBUCUMO OT ,ZLefICTBHfI HHP, IIocjie10BaTe/JIbHOCTI

HEOTIPEICJICHHOCTEN
2[0] = 2(0,z9), 2[1] = 2(1,2(1)),....2[K — 1] = 2(K — 1, z(K — 1)).
Ha nostyueHHBIX TaKuM 00pa3oM Tpex MOC/Ie0BATeTbHOCTSIX:

{z(k) iz, {ulklbias {2k}

omnpejiesieH Kpurepuii, onenupaomuii kadectso noseenus JIIIP (pesyiabrar or BoIOpaH-
noit num crparernu Uy = (Uz(0),...,Uz(K — 1))), KoTopslit 3a1aeTcst DyHKIMOHAIOM

K

J(Uz, Z,x0) = ®(x(K)) + D F(k,2(k), ulk], z[k]), (2)

k=0

[y

IIepBOE CJIaraemMoe B HA3BIBACTCA MEPMUHAAOHDIM, 8 BTOPOE — UHIMESPANOHBIM.

Ha codeporcamenvrom yposne nens JIIIP cocrour B BhIOOpE crparernu Uy € Uy,
npu KOTOpoii Kpurepuit ([2) mpuanMaeT Kak MOXKHO GoJiblee (MaKCHMAJIbHOE) 3HAYCHUE;
pu 3roM JIITP yauTbiBaeT BO3MOXKHOCTD peau3alii JI000H IUCTOi Heolpe e IeHHOCTH
Z el

Haxkowery nepeiijiem K moctpoennto camoii dyukiwm pucka Casmmzka—Huxanca [2) 3].
st TOTO CIeyeT HAWTH

*
max ‘](UZ? Z> 330) = J(UZ7 Z> 330) = J[Z> .’L’o]
UzeUy
npu Jobbix Z € 7, xo € R". [lanee, dpopMupoBarh yKazaHHYIO (PYHKIUIO PHUCKa I10
dopmyite

R(U, Z,xo) = J|Z,xo] — J(U, Z, o). (3)

l'apanTum ncxosia m pucka
[Ipu nmocrpoenun rapantuit OyjieM cje0BaTh OJIXOMY, HPEIJIOKEHHOMY B HEJIABHO
onybmkoBarHoil cepun pabor [5], [6]. st sToro B 3aj1a9e MPUXOUTCS UCIIOIB30BATH TakK

Ha3bIBa€MbIC cmpamezuvecKue Heonpedenennocmu ZU; a CaMa FZ U3MEHHUTCA Ha

FU = <2,U, ZU,J(U, ZU,xO)). (4)
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Bech ynorpebrsiemas cucrema X takzke umeer sug (1)), o Bmecro Uy nenomnssyem Muo-
JKECTBO YHCTBIX MO3UIMOHHBIX cTpareruii B MoMenT k, umenno suja U (k) + u(k, x), muO-

xKecTBo ux ecth U(k), a caMa MOBUIMOHHAS CTPATErHsl CTAHOBUTCS
U=U(0),...UK —-1)) + (u(0,z), ... u(K — 1,2)),

MHOYKECTBO TaKHX YUCTBIX crpareruii B (4)) obosnaueno gepes U. Crparerndeckue Heompe-
JleJleHHOCTH B MOMeHT k yke OynyT Zy (k) + z(k, x,u). Onu dopMupyroress B mpemnosio-
xeraun duckpumunayuu JIIIP, koTopoe Ha mepBoM xo1y mepemaer st (hopMUPOBaHUsT
HeompeseaeHuocTH Zyy(k) B MoMenT k BoiOpanHyio uMm crpareruio U(k) + u(k,z). Cama

cTparermyeckas HeOUpeIeJIeHHOCTh Z jiist citydas (4]) mpenacrasisiercs psiom
Zy = (ZU(O)a XS] ZU(k - 1)) - (Z(O,ZE, U’(Ov IL’)), ) Z(K -1, LL',U(K - ]_,I)))

MHoKecTBO TaKMX CTpaTernvdecKux HeorpejeseHHocTeil B 3amade (4f) obosnaueno we-

pes3 ZU. ﬂaﬂee rapanTHi UCXOJa W PHUCKa CTPOUM JIJIA FU u3 7 a TaK2Ke JIJId
FU - <E,U,ZU,_R(U, ZU7I0>>7 (5)

riae X, U, Zy e xke, uro B (4), a “munyc” kpurepuit B3ar u3 ((3)).

[Tepeiiiem K juHAMEKE 33189 u . B moment k& = 0 JIIIP nepetaet BoIOpanHyto
um gucryio crpareruio U(0) <+ u(0, x) uccrenoBaresto, GOpMUPYIOIMIEMY CTPATEITIECKY IO
HeoupeseaeHuocTs npu k = 0, mmenno Zy(0) =+ 2(0, 2, u); Tor oupenensier z(0, z, u(0,x)) n
nojcrasisier B cucremy (1)), samenss z(0, z) na z(0, z, u(0,z)), a u(0, z, (0, x)) Ha u(0, x).

B pesymnbrare nomydaeM u3 npu k =0

z(1) = f(0, 2o, u(0, x0), 2(0, xg, u(0, z9))),

AHAJIONMYHO Ha BTOpOM Inare (mpu k = 2)
#(2) = F(L, (1), u(1, 2(1)), 2(1, 2(1), u(1, 2(1)).
Dra nporesypa npogosnkaercd 10 k = K — 1 u Ha mocjieaaeM mmare moJryaeM

[Mosrygaem Tpu TOC/IEI0BATEIBLHOCTH: BeKTOPOB cocrosuust {x(k)}E  nociemosares-
HOCTH peasmsanmii BHIGpaHHbX wmnethix crparermit {ulk] = u(k, z(k))}i_, u mocmemo-
BaTe/ILHOCTD cTpaTernyecknx neonpeenennocreit {z[k] = z(k, z(k), u(k, z(k))) .

Ha nux no dopmyite onpeensiercsa kpurepuii J(U, Z, zg) (3HaYeHEE KOTOPOrO Ha-
3bIBaeTcs ucrodom) u o dopmyse (3) dyukuus pucka o Cesuxky—Huxancy (3nHadenme

KOTOPOii HA3BIBAIOT PUCKOM).
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Torja rapanTust o ucxoy, ¢ yuerom (4)), 6ymer

JIU, xg) = min J(U, Zy, xo), (6)

Zu€ldy
a 10 pucky, ¢ yuerom (3)), Gyzer
— R[U, zo] = min [—R(U, Zy, o)) (7)

Zy€ldy

2. DOPMAJIN3AILINS TAPAHTUPOBAHHOI'O PEIIIEHUSA

Hasmrane neonpenenennoctn B ' gocrasiiger “00/bInoii mpocTop”’ st OIIpeIe/IeHus
rapaHTUPOBAHHBIX pereHuii 3a aqu [

Bo-nepsvix, npumenenne o0IIEnCob3yeMbIX IPUHIIAIIOB: MAKCUMUHA, MUHIMAKCHOTO
coxastenns, ['ypsuna, Jlammaca u r. . (em. [1]).

Bo-émopvix, 0ITHOBpEMEHHO € yKa3aHHBIMU NPUHITUIAMI YIUTHIBATH U COOCTBEHHOE
3HavueHne Kpurepus (2) U TeM caMbIM [EPEXOJUTh K JIBYX-, TPEX- U T.JI. KPUTEPUATHLHBIM
3aJIa9aM.

B nacrosieit pabote 6y1em cie1oBaTh BTOPOMY MOJIXO/LY, 3aKII0Ia0NeMycsd B 100aB-
JIEHUU K erre ojiHOrO Kputepus — “munyc” dyukiwn prcka Cesnzxka—Huxanca [2) 3],
U MOUWCKEe MAaKCUMaJIbHOM 110 [lapeTo crparernn B mo/iydeHHO# B pe3ysbTare JIBYXKPUTE-
puabHON 3ajade.

[Ipu 5TOM OCHOBBIBaeMCs Ha “Tpex KuTax :

1. crrocobe mokazaTeIbCTBA METO/IA IMTHAMUIIECKOTO TTPOrPAMMUPOBAHUST I INCKPET-
HBIX cucTeM, TpejiozkeHrnoM Bonrsaekum B. I B kaure [4];

2. JAByX crocobax IOCTPOECHHSI TapaHTHl W3 HEJABHO OIYOJUKOBAHHON Cepum pa-
6or [5, 16];

3. MaTeMaTnueckoii Teopun ontumymoB 1o [lapero u3 kaurn [7].

Urak, mpexe Bcero mepeitjieM K HoOpMaIu3alul cuisbHO 2GPAHMUPOSAHHO20 MO UC-
x0dy u pucky makcumasvrozo no Ilapemo pewenus (CTUPII) zamaqu T

Canenys nogaxony u3 |2, 3], mocrpoum s kpurepus (2) dyukiumio pucka mo CeBu Ky —
Hwuxancy B jBa srana.

Bo-nepswix, naiinem B 3a1aqe 'y crpareruto U}, € Uy, U} = (U3(0),..., UL(K — 1)),
U (k) € Ug(k), ynoBaeTBOpSIOINLYIO YCIOBUIO

Jnax J(Ugz, Z,x0) = J|Z, 20| VZ € L, 19 € R,
zZ Z

IIPU 3TOM HCIIOJIB3Yd KJIACC YHUCTBIX HeOHpe,ZLeJIeHHOCTeﬁ

Z = (Z(0),... Z(K — 1)), Z(k) + 2(k,z), Z(k) € Z(k), Z

I
—

N
=
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Bo-emopuix, mocTpouM ¢ yueTom camy pyuKImoO prucka mo Casumky-Huxancy
R(U, Z,xo) = J[Z, x| — J(U, Z, xp),

3HaveHne KoTopoii st Kaxkoil mapel (U, Z) € U X Z Kak pa3 u Onpejiessier PucK, Co-
IIPOBOXKJIAIONINI ncnoib3oBanue uuctoit crparerun U. Ecrecrsenno, uro JIIIP xemaer
3a CcYer MOoAXoJdmero Beibopa coeit crparernu U € U ymenbuurs puck R(U, Z, xg)
U OJITHOBDEMEHHO YBeAuums ucrod, T.e. suadenne kpurepus J(U, Zy, xy). B pesyiabrare
HPUXOJAUM K ABYXKPUTEPUAJIHLHON MHOI'OIIAIOBON IIO3UIIMOHHON 3a/a4e 1IpU cTpareruye-

CKOM HEONpeJIeJJeHHOCTHU
<27 Ua ZU?{J<U7 ZU7$0)7_R<U7 ZU7$O)}‘ (8)

B , kKak u B [, ympaBiagemMas cuTeMa X OIHUCBIBAETCA  Pa3HOCT-
ueiM  ypaBaenwem (1), U — MHOXKeCTBO YHCTBIX IIO3UIMOHHBIX — CTPATErHit
U=+ (u(0,2),...,u(K — 1,z)), Zy — MHOKECTBO CTpaTernyeCKuxX MO3UIMOHHBIX HEOMpe-
nesennnocreit Zy + (2(0,x,u), ..., 2(K — 1, x,u)). Crpemienue yBeIuduTh 06a KpUTEPUsT
OJTHOBPEMEHHO, GJiarojiaps “mMuHycy’ mepeji BTopbiM KpurepueM ((byHKus prucka mo Cs-
BUJKY ), 9KBHBAJIEHTHO CTPEMJICHUIO YBEJIMIUTH ucxos (nepsbiit kpurepuii J (U, Zy, xg))
U OJIHOBPEMEHHO YMeHbINUTh BTopoii (puck) R(U, Zy, xg). [Ipu srom JITIP BbIHY K IEHO
OPUEHTHPOBATHLCSA Ha BO3MOXKHOCTDH PeaJu3aiyn Joboii Heonpeaenennoct Zy € Zy.

[Tosxon, npenokennstit B |5, (6], mo3Bossier yaects “neiicrBust” HeolpeeIeHHOCTH
B (8]) 3a cuer onenku neiictBus rapanTuit 060ux Kpurepuen. s 9TOrO permM J1Be BCIo-
MoraTe/IbHble 3a/[a4n: HaiiTu Z((]l) € Zy (I =1,2) rakue, 9T0o

min J(U, Zy, x0) = J(U, ZV, 20) = J[U, x0),
Zy €y (9)

min [—R(U, Zy, z)] = —R(U, Z, 24) = —R[U, ]
Zy €y
upn V U € U, zy € R". Haiinennete cornacuo (9) xpurepun J{U, 2] u —R[U, zo] neit-

CTBUTEJILHO OY/yT rapaHTUsiMu, ubo u3 @ caejryer

J(U, Zy, xo) > JU, x0),

—R(U, Zy, 20) > —R[U, x| (10)

nmpu V U € U, xg € R", u mostomy umeror mMecto nipu V Zy € Zy.
Uraxk, or 3amaun (4) nepeiijiemM K JBYXKpUTEpUABHON MHOTOMIATOBO MO3UIIMOHHO

“zajtave rapaHTuit’

<27 U7 {J[U, xO]v_R[U7xO]>7 (11)

HO y2Ke oe3 HEeOoIIpe/1e/JICHHOCTH.
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Torna B kadectse pemenns (CI'MPIIT) 3amaun (1)) npenmaraercs Tpoiika

(UPv JP["EO]’RP[J:O]) (12)
Taxas, uTo nosunuonHag crparerns U € U makcnmansna 1o Iapero s (11)), T.e. mpn

V xo € R" u VU € U necoBMecTHa cucreMa HEPaBEHCTB

J[U,l‘o] Z J[UP,QTO] = JP[QT()],
R[U, .To] S R[UP,.To] = RP[.T()],

13 KOTOPBIX XOT4d Obl O/IHO CTporoe.

Sameuanue 1. [louemy ke Tpoiika ((12)) BeIOpana B KauecTBe rapaHTUPOBAHHOTO Pellie-
Hud 3amaqn ['7

Bo-nepsuix, (12)) orBeuaer ma Bompoc: “Uro merars?” OTBET — NCIOJB30BATD YKA3AH-
HyIO BBIIIE MakcuMasbHyIo 110 [lapero crparternio UL

Bo-smopuix, senencrsue (10), crparerms UP rapamrupyer ucxon J(UP, Z,xq) ne
MeHbIuit rapanTuposantoro J¥[xg], a Tax ke puck ne Gombmmit R [xq] mpu V zy € R™,

TOOBIX HeompeieIeHHoCTAX Zy 1 Beakux crparernsax U € U, me cosmagatonmx ¢ UL

Bosee Toro, yeesmvenue ucxona (3a cuer ucnosnb3opanus U # U P ) aBTOMATHIECKN
IPUBEJIET K YBEJIMYEHUIO PUCKA U OOpaTHO, YMEHBbIIIEHHE PUCKA BBI30BET YMEHbIIICHUE
ucxoya (1esb xke JIITP — yBemauTh UCXOJL IPH OJHOBPEMEHHOM yMEHbBIIEHUN PUCKA).

[IepeiizemM K cTPOroMy OIpEJIC/ICHUIO.

Omnpenenenne 1. Tpoiiky (UF, JF[xg], R [x]) HazoBeM cHILHO rapaHTUPOBAHHBIM IO
ucxonaMm u puckam Ilapero-makcumasbubiM periennem (CIMPIT) zamaqau 'y, ecom:

1°. B zayaue I'y cymecrByer koutperpaterus Uy, € Uy, g KoTopoit

max J(Uy, Z,x0) = J(US, Z,20) = J|Z, 0] (13)

UzeUgz
upu VZ € Z, vy € R";
20, (nanee ucnosbzyem dbyHkimio pucka 1o CaBuiKy U UCXOJT ) B 3aj1a4e [y cyie-
CTBYIOT JIB€ CTPATEIMYeCKUe HEOIIPEIeJIEHHOCTI Z((Jl) (I =1,2) rakue, yro ipu ¥V U € U n

Vxg€R"

min J(U, Zy, x) = J(U, 2, 20) = J|U, zq),
Zy€ly
min [~ R(U, Zy, )] = —R(U, Z?, x4) = —R[U, z);

ZEZy

(14)

3°. yncras nosunuonnas crparerns UP € U maxcumanbia 1o [lapero B IByXKpUTEpH-

aJBHON 3a1a4e
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(2, U, {J[U, x|, —R[U,x0|}) (15)
mpu V x¢ € R". Torga ans Vay € R™ mmeem JF[xo] = J[UT, 4], RF[20] = R(UT, x0).

3. JIOCTATOYHBIE YCJIOBUSI

B s1oM pasjiesie craThbl UCHOJIB3YEM CJIJyOle 0003HAUCHNSL:
k

Vi )(a:, z) — byskius Besvana 11 BCXOJI0B,
k

v )(m, z) — byskius Besuimana 1 pUCKOB,

Wk, @, 2,0, VED (f(k, 2, 2,0), 2)) = Fk, o, 2,0) + VD (f(k, 2, 2,0),2) (16)

oas 3adavu Iz ocTponm

Vi (. 2) = Walk, 2, 2] = max{Wa(k, 2, 2,0 V"V (f k2, 2,0),2))} =

17
= Idem{u — u*(k,z,2)} Ve e R", ze R™ (k=K —1,...,1,0); 17)

spech u janee Idem{u — u*(k,x,z)} o3nauaer, 4To B BhIpaxkeHuu B (PUIYPHBIX CKOOKAX
samensiercsa u Ha u*(k,x, z), T.e. MmakcumyMm jocturaercst npu u = u*(k,z,z) Vo € R",

z € R?®; coctaBum

R(k,xz,z,u) = Wylk, z, z] — Wu(k, z, z, u, VH('“’Ll)(f(k, T, zZ,u),2)); (18)

oan 3adavu Iy naiinem

Rlk,z,u] = max{R(k,z, z,u)} = Idem{z — 2@ (k,z,u)},
Walk, @, u) = min{Wy(k, 2, 2,0, Vi (f (k2. 2,0), 2))} = (19)
= Idem{z — 2 (k,z,u)}.

l
B,ZLGCI) ondarb-Taku Idemi{z — Z(l) k,xz, u O3Ha4YaeT 3aM€EHy < Ha 25) COOTBETCTBEHHO
5

(1=1,2).
CripaBe yIMBOCTD CJIEJTYIONIETO MOJIOKEHIS TEOPETHIeCKN 000CHOBAHA yTBEPK ICHUEM
1 crIocob0M JI0KA3aTeIbCTBA METO/Ia JITHAMIYECKOT'O TTPOTPAMMUPOBAHUS, ITPUMEHEHHBIMU

B. I. Boarsiackum B monorpadun [4].

YrBepxkaeaue 1. [lycmo dan 3adayvu 'y cywecmsyem nocaedosamenvrocmv GyHruu
Bearmarna {Vu(k)(:v, 2) YK, onpedenernvx na R™™™ u maxuzx, wmo

10, v (x,2) = ®(x) Vo eR™;

20, npu xaoicdom k = K — 1,...,0 nocaedosamenvro cyuecmeyem KoHMpempamezus, 6
momenm k, m.e. Uk(k) + u*(k,z,2), U(k) € Ug(k), ydosaemsoparowasn (17) npu
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VaxeR"” zeR™ 6 szadave I'y;
3%, ¢ yuemom (16) u (18) dnn sadawu Tz npu xasrcdom k = K — 1, ..., 0 cywecmeyrom no
dse cmpamezuveckue HEONPedeseHHoCmu Z((Jl)(k), Z((Jl)(k) + 20k, 2, u), Z((Jl)(k) € Zy(k)

(I =1,2), das komopovix umerom mecmo oba mooscdecmsa (19) npu Ve € R™, u € R™;

49 6 pesysvmame dan k = 0 noayuaem Odse cmpamezuueckue HEONpPeOeAeH-
nwocmu ZW € Zy, onpedeasowue dee eaparnmuu  J(U,ZW xo) = J[U, x0],
~R(U, Z®¥ x4) = —R[U, 0], s3amem 6 sadaue (1) cmpoum marcumarvryio no Iapemo

wucmylo cmpame2uro, nanpumep, natios wucmyto cmpameewo UP € U, pearusyrouyro

MAKCUMYM

I(?SGC{J[U, xo] — R[U, 2]} = Idem{U — UT}.

Hazodum 2apanmuu J¥[xg) = JUT 4], R [xg] = R[UT, z0).
Tozda npu ar060m 6vi60pe HavarvbHo20 cocmoanua to € R™ CI'UPII o6pasyem mpotika
(U, JP[x0], R [x0)).

4. JINMHEMHO-KBAJIPATUYHAS OJHOIIIATOBASI 3AIAYA IIPU
HEOIIPEIEJIEHHOCTU

[Ipenmonaraem, aro B I'z, ynpasisemas cucrema (1) ofHoImarosast, JuHeHa 1 ©MeeT

BUJI

(1) = Az(0) + u + z, x(0) = xo, (20)
n-BeKTopa T, u, z € R™ u moment okonvanust K = 1, n X n-marpurna A nocrosinua (jaee
MHOKECTBO TakKuX Marpuil obosnadaem R ™). Hucryio crparernto U + Px, ux MHOXKe-
crpo U" = {U + Pz | VP € R™ "} ucnoib3yeM Takzxe MHOXKECTBO KOHTPCTpaTErwit
Uy = {Uz + Pix + Poz | VP, € RV (i = 1,2)}, MHOXKECTBO YHCTBLIX HEOIPE/IEJICH-
nocreit Z" = {Z + Qx | VQ € R™"}, MHOXKECTBO CTPATErHIECKUX HEOIPEIeTIeHHOCTEN
Z0 = {Zy +~ Quz + Qau | VQ; € R™™ (i = 1,2)}; mTpux cBepxy O3HAYACT OHEPAIIIIO
TPAHCIIOHUPOBAHHS.

Torna I'; npespartaercs B

I, = (X +(20),U%,Z", J(Uy, Z, xp)),
a FU B
]‘—W(} = <E - (20>7Un7 7(}7 J(U7 ZU7'Z‘0)>7

e
J(U, Zy,x0) = —x (1)Cz(1) — u [1]Du[l] 4 2 [1] M 2[1].

HqueM IpearoJiaracM BbIITOJTHEHHBIM
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Ycaoue 1. Mampuuw C, D, M € R™"™ cummempuuns, u keadpamuyrvie Hopmol
y' Cy, vy Dy, y My onpedeaerio noaoscumersio (o6o3navaem amom ¢gaxm, C > 0,
D>0, M>0).

Bagaga: nocrpouts CI'MPIIL s I

YrBepxkaenue 2. Ilycmv n X n-mampuuywe C > 0, M > 0, D > 0. Toeda
npu  A000M 6v00pe HAUAALHO20 HEHYAEB020 Pasosozo eexmopa xo CIUPII 6ydem
(U, JP[xg], RT) = (0,,0,0).

Joxazameavcmeo. B coorBercTBun ¢ yreepxaenneM 1 pasaeanm nocrpoenne CI'MPII na
/ .
gerbipe dramna. Nmem dynkiun Besvana B Buse kBagparudasix opm © O;(k)z (i = ).

1 sran: Vcnosnb3yem ToXKiecTBa
Vi(l,z,2) =20;()z = —2' C'z Yz e R",
OTKY/Ia
0,1)=-C(i=,).

2 sram: Jyid 3aga4au 1'%, cormacuo (16), (17), mocrpoum Uy + Pz + Pyz ucxonsd us

YCJIOBUS
max W, (0, x, z, u, Vm(l)(Ax +u+ 2,2)) = max{—u Du + 2’ Mz—
—(Ax —i—Z +2)' C(Ax +u + 2)} = Idem{u — u*(E)L, x,z) = Pf(0)z + P2(0)z}.
JlocTaTOYHBIME YCIOBUSAMHE 371€Ch OY/IyT
{ —2Du* (0,2, z) — 2C(Ax + u(0,z, 2) + 2) = 0Oy,
—-2(D+C) <.

Bropoe Tpebosanue BbinosHeno (160 D > 0 u C' > 0), a U3 mepBOro TOXKJIECTBA

TOJTyTaeM
u*(0,2,2) = =D 'C(Ax + 2).
Torna, mopcrasisiga u = u*(0,x, z) B Wy(...), npuxoaum K
max Wal..) = —(Az + 2) M(Az + 2) + 2 Mz,
rJe CHMMETPUYHAsS HOCTOSHHAS 1 X 1 MATPUIIA
M=C(D+C)'DID'+C DD+ C)'C > 0. (21)
Ucnonb3ys (18), nmeem

R(0,z,u,2) = —(Azx + 2) M(Ax + 2) + 2’ Mz + v Du — 2’ M2+
+(Az + 2+ u)O(Az + 2+ u) = u' (D + C)u+t (22)
+(Az + 2) (C — M) (Az + 2) + 2u C(Az + 2).

«Taspuuecruli secmnur unpopmamuru u mamemamuru», N 1 (30)’ 2016



76 B. U. 2Kyxosckuti, M. U. Bwicoxoc, A. C. I'opbamos

3 sram: j1a 3a1a4u 1, OCTpoUM rapaHTHH IO pUCKaM U ucxojaM. Vcnomesysa mnpn

stoM (19), it rapaHTUH IO PUCKY MMEEeM
max{R(0,z,u,z)} = {z — 2%(0,z,u)}.
z
Ho 310 coorHomenne nmeer mecto, ecyu npu Ve, u € R™ Oyner

% ~(00u) = —2M[Ax + 2(0,z,u)] + 2C(Azx + u + 2(0,z,u)) = 0,

(23)

3 (23) rakxke
Az +u+ 20, 2,u) = CT'M(Az + 2*(0, 7, u)),
u Torja Js (22) mostydaeMm
R(0,z,u, 2*(0, 2,u)) = v Du + (Az + 2*(0, z,u)) MO — C~HM(Az + 2*(0, z,u)).
[TosToMy ¢ ydeToM SKBUBAJIEHIINT
D<C<Mes0<M! <O

IPpUXOJIUM K

2*(0,z,u) = —Ax

1 TOTJIA
max R(0, z,u, z) = R[0,z,u] = u Du. (24)

[lepeiigem K rapanTum 1O UCXOAM
min{—u Du+ 2 Mz — (Az +u+ 2) C(Az +u + 2)} = Idem{z — 2°(0,z,u)}.
ToXKIeCTBO UMEET MeCTO, eC/In
2M2°(0, 2z, u) — 2C(Az + u + 2°(0, 2o, u)) = 0
2(M - C)>0] & [M > (],

U3 IIepBOTI'0 TOXKJAECTBa TaK2Ke MMeeM

Az +u+2(0,2,u) = C'Mz(0,2,u).

CiietoBaTesIbHO,
W (0, 2, 2°(0, 2, n), u, Vi (Az + 20(0, 2, u) + u)) = Wu[0, 2, u] =
= —u' Du + [2°(0, 2, u)] M2°(0, 2, u) — 2°(0, 2, u) MC~*M2°(0, z,u) = (25)

= —u' Du+ 2°(0, 2, u) M(M~" — C~YM2°(0, 2, u).

4 sram: u3 (24) u (25) cpasy ciaegyer, uro B 3aade (11) makcumasbroit o [lapero

ABJIAETCA YUCTasd CTpaTerud UP - On
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O

WccitetoBannst BBIIOJIHEHBI B paMKaxX IPOEKTa Kadeaphbl ONTUMAIbHOIO YIIPABICHUS
MI'Y nmm. M. B. JlomonocoBa: «MeTosbl perenns JUHAMAYECKUX 3a/1ad YITPABJIEHUS, OIl-

TUMU3allul 1 I/I,[LeHTI/ICbI/IKaL[I/H/I ».

CIINCOK JINTEPATYPBI

1. Mymek, 9. Merozp! npunsaTust Texundeckux pemternit / . Mymex, IT. Muiep. — M.: Mup, 1990. —
208 c.

MUSCHICK, E., MULLER, P. (1990) Methods of technical decisions. Moscow: Mir.
2. SAVAGE, L. Y. (1954) The Foundation of Statistics. New York: Wiley.

3. NICHANS, J. (1951) Zur Preisbuldung bei undewissen Erwartungen. Schweizerische Zeitschrift
Assotiation. Vol.46 (No 253). p. 55-67.

4. Bourauckuii, B. I. Ourumasbuoe yupasienue auckperabivu cucremamu / B. I. Bosranckuit. — M.:
Hayxka, 1973. — 488 c.
BOLTYANSKII, V. G. (1973) Optimal control of discrete systems. Moscow: Nauka.

5. ZKykosckuit, B. I. VYpasnoBemuBanne KOHMDIUKTOB HpHU HeompemaeaeHHocTH. 1. Anasor cejo-

Boit Toukm // Maremarndueckue OCHOBBI Teopuu wurp u mupwmiaoxkenust / B. . 2Kykosckwuii,
K. H. KyapsiBues. — 2013. — T. 5. — Ne 1. — C. 27-44.

ZHYKOVSKY, V. 1., KUDRYAVTSEV, K. N. (2013) Balancing conflicts uncertainty. I. An analogue
of the saddle point. Mathematical foundations of the theory of games and applications. 5 (1). p. 27-44.

6. ZKyxosckuii, B. 1. ¥Ypasuosemusanue KouGIUKTOB 11pu Heoupeaeaennocru. 1. Anasor makcumuna /
B. 1. 2Kykosckuii, K. H. Kyupsasues // Maremarudyeckue OCHOBBI TEOPUHM UI'D U IIPUJIOXKEHUS. —
2013. — T. 5. — Ne 2. — C. 3-45.

ZHYKOVSKY, V.1, KUDRYAVTSEV, K. N. (2013) Balancing conflicts uncertainty. II. The

analogue maximin. Mathematical foundations of the theory of games and applications. 5 (2). p. 3-45.
7. llommnosckwuii, B. B. ITapeTo-onTuMmabHBIE peleHus MHOT'OKPUTEPUATBHBIX 3aj1a4 /

B. B. Ilogunosckuit, B. 1. Horuan. — M.: Hayka, 1982. — 256 c.

PODINOVSKII, V. V., NOGIN, V. D. (1982) Pareto-optimal solutions for multiobjective problems.

Moscow: Nauka.

«Taspuuecruli secmnur unPopmamuru u mamemamuru», M 1 (30)’ 2016



VIIK: 519.833.2
MSC2010: 91A10

CPABHEHUE PABHOBECHUI I10 HIIIIY 1 BEP>KY B MOJEJIN
AYOIIOJINNN BEPTPAHA

© B. U. XKykoBckwnii

MOCKOBCKUI I'OCYJAPCTBEHHBIN YHUBEPCUTET UM. B. M. JJoMmOHOCOBA
DAKVYJIBTET BBIUYMCJIMTEIBHON MATEMATHUKU U KUBEPHETUKU
JIEHMHCKME ropPbl, MI'YV, BMK, 2-o11 Y4EBHBII KoPIyc, MockBa, I'CII-1, 119991, Poccuiickass @EIEPALIMSA

E-MAIL: zhkvlad@Qyandex.Tu

© T. B. MakapkuHa

I'OCYIAPCTBEHHBIN 'VMAHUTAPHO-TEXHOJIOTUYECKUN YHUBEPCUTET
©®AKYJIBTET UHO®OPMATHUKU
vi1. BEAEHAS, A.22, 1 VYEBHBII KOPIIYC, I'OPEXOBO-3VEBO, MOCKOBCKASI OBJIACTb, 142600,
Poccurickass @EAEPALIUA
E-MAIL: tatmak147Q@Qyandex.ru

CoOMPARE NASH EQUILIBRIA AND BERZH IN A MODEL OF BERTRAND DuoPOLY.
Zhukovskiy V. I. and Makarkina T. V.

Abstract. In mathematical game theory, recent years are characterized by active studying
of the concept of Berge equilibrium as antipode to widely used Nash equilibrium. Difference is
in the fact that the concept of Nash equilibrium has “egoistic character” — every player tries to
increase his payoff only. On the contrary, Berge equilibrium has altruistic character: its goal is
to increase payoffs of all other players. The Golden rule of morality forms the basis of it: Do
as you would be done by. Such approach obviously excludes “hard” measures of balancing of
conflict — wars, conflicts, bloodshed. In the article offered to the reader we prove that the Berge
equilibrium can be used in economics. So, let two firms producing the same product function on
the market. The strategy of the firm (player) let be the price fixed by the firm for its product.
Thus we consider that every firm declares its price p; = const > 0 (i = 1, 2).

After that the situation (set price) is created — vector p' = (p1,p2). The demand on the
product of i-player (i € {1,2}), appeared on the market we offer as linear concerning declared
prices, namely

Q1(P) = ¢ — lip1 +lap2,  Q2(P) = g — lip2 + lap1.

Here g — the initial demand, the coefficient of elasticity l1 = const > 0 shows how much the
demand on the offered product under raising of the price per unit is reduced. In turn, coeflicient
of elasticity lo = const > 0 shows how much the demand under extention per unit of the price
of substitute goods is increased. If we set the cost price of unit of the product by ¢ > 0, so the

profit of i-firm (called payoff function of i-player ¢ € {1,2}) will be

f1(P) = [g — lupr + l2p2](p1 — ©),
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f2(p) = [q — lip2 + lap1](p2 — ©).
As a result the mathematical model of interaction among firms-sellers described above one
can suppose as ordered triple

I'= <{1,2}, 1P = (c, 5]}1‘:1,2 ) {fi(ﬁ}¢:1,2> :

We note the following peculiarities of the game I':

first, it is supposed that maximal price 5 and the cost price ¢ for both players are equal (it’s
naturally for the market of one product);

secondly, the coalition {1,2} is prohibited by the rules of the game (in particular the “non-
cooperative character” of the game is appeared in that);

thirdly, the price p; > ¢ (i = 1,2) for otherwise the i-player hardly may appear on the
market.

For the game I" Berge and Nash equilibriums are formalized.

The relations among coefficients are found, under the realization of them the Berge

equilibrium delivers the players more payoffs than the Nash equilibrium.

Keywords: Nash equilibrium, Berge equilibrium, mathematical game theory, mathematical model

of Bertran duopoly.

BBEJIEHUE

Haitiensl orpanmdenust Ha mapaMeTpbl MaTeMaTUIeCcKO MoJiesin Jyonoanun beprpa-
Ha, IPU KOTOPBIX YYaCTHUKN KOH(MIINKTA B CUTYAIINH PaBHOBecHs MO BeprKy moJrydaroT

OOJIBITTNE BBIUTPLIIIN, Y€M B CUTYyaIluu paBHoBecus 1o Hamry.

1. MATEMATUYECKAS MO/IEJIb

[IpuBoauTCs Mosie/ib B Bujie OECKOATUITMOHHON UT'PHI JIBYX JIAIL, BBISB/IEHBI €€ 0COOeH-
HOCTH.

B 1883 r. dpanmysckuit maremaruk 2Kozed Jlyn @pancya Beprpan (1822-1900) mo-
crponst MoJiesib [1] 1eHOBOIT KOHKYPEHIINK Ha OJIMTOIIOIBHOM PBIHKE, Ha KOTOPOM (DHPMBI
KOHKYPHUPYIOT M€Ky cO0O¥, MeHsisl TIeHy MPOIYyKINU. 3aMEeTHUM, UTO TaKas MOJIeIb He
“osmmcrasna mousHoil; maremaruk Autyan Orroct Kypro (1801-1877) B “UcciienoBanum
MaTeMaTHIeCKUX IIPUHIIUIIOB Teopuu OoraTcTBa’ B pasjesie 7 “O KOHKYypPEHIIUH IIPOU3BO-
mureneit” [2] pacemoTpen 9acTHBI CIydaii OJUrOMOINE — JIyOIOIHIO (YIacTBYIOT TOJBKO
JIBa MPOM3BOUTENs). B Hellt yxKe MaTeMaTHdecKasi MOJIe/b OCHOBBIBAJIACH HA TOM, 9UTO
00a MPOU3BOJIUTEJI BLIONMPAIOT 00bEM ITOCTABJ/ISEMON MTPOJIYKINH, ICHA YKE BAPHUPYETCs
B pe3yJIbTaTe PaBHOBECUS MEKIy CIIPOCOM W IIPeJJIOYKeHneM. PhIHovYHAS TeHa yCTaHaABIIM-
BaeTCs Ha TOM Ke YPOBHE, Ha KOTOPOM IOKYTIATE/IsIMIA OY/IeT MPeIbsBJIEH CIIPOC Ha BECh

“BBIKUHYTHIN Ha pbIHOK ToBap. OmaHako Beprpan ocHOBBIBajiCsS Ha 0o0Jiee €CTECTBEHHOM
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IIOBEeJIEHNN IIPOJIaBIla, UMEHHO Ha BBIOOpE UM IIeHBbI, a He KOJMYIeCTBa ‘BBIOPOIIEHHOIO”
ToBapa, Kak y Kypno.

3aMeTuM, ITO MOKYIATeTNn OOBITHO PACCMATPUBAIOT IPOJLYKIIMIO OJIMHAKOBOTO HA3HA~
JeHUs pa3HbIX (PUPM KakK pas3Hble TOBapbl. [loaToMy Oy/ieM cUuTaTh, 9TO HA PHIHOK KarK-
Jast puUpMa BBIXOIUT CO CBOUM TOBApOM, IIPUYEM BCE 3TU TOBAPBI B3ANMO3aMEHSIEMBbI.

Urak, myctb HA pbiHKe (DYHKIIMOHUPYIOT JB€ (DUPMBI, ITPOU3BOJIAIINE OJUH U TOT YKe
tosap. Crparerueit pupmbl (Mrpoka) mycrsb OyzeT neHa, HazHadaemas hUpMoit 3a CBOit TO-
Bap. Takum oOpasoM, cauTaeM, 9To KazK ias pupMa o0bAB/IsAeT CBOIO IieHy p; = const > 0
(1 = 1,2). Iocae obbsiBiaeHUs TeH BceMu (bUpPMaMU CKJaJjblBaeTcs curyarws (Habop
neH) — BekTop p = (p1,pe). Cupoc ma ToBap i-ro urpoka (i € {1,2}), Bo3HUKaONTHIt

Ha PpbIHKeE, IIpeallojaraceM JIMHEAHBIM OTHOCUTEJILHO OObABICHHBIX neH, TMeHHO

Ql(ﬁ) = q — lip1 + lapo, Q2(ﬁj =q — lips + lap1.

311ech ¢ — HAYAJIbHBIN CIIPOC, KOIMMUIMEHT 371aCTUIHOCTHU [; = const > () yKa3bIBaeT
HACKOJIbKO CHI2KAETCS CIIPOC Ha MpeJjlaracMblil TOBAp IIPH MOBBIINEHUH [IEHbI Ha €/INHU-
my. B cBoto odepesib, KoadduimenT sacTuaHoCTH lo = const > () MOKa3bIBaeT HACKOJIBLKO
YBEJIMYUUBACTCS CIIPOC MIPU YBEJIMYCHUN Ha €JIMHUILY [IEHbI TOBapa-3amenuteisd. Eciun 06o-
3HAYUTH CeO6ECTOMMOCTD €JIMHUIIbI ToBapa depe3 ¢ > 0, 1o npubbLib i-0ii hupmbl (j1anee

HasbIBaeMoil dyHKIwell Beurpeiiia urpoka ¢ € {1,2}) Gymer

f1(D) = g — lipr + Lapa] (p1 — ¢,

f2(D) = g — lipa + lLapa](p2 — ©). (1)

B pe3yJjibTaTe MaTeMaTU4IeCKYI0 MOJICJ/Ib OIIMCaHHOI'O BBIIIE BBaI/IMO,HefICTBI/IH MEXKIY

dpupMaMu-1IpoIaBIaMi MOYKHO IIPEJICTABUTE YIOPI0UEHHON TPOIKOii

D= ({121 4P = (@ Blhmr - (A (Dimi)-

B sroit GeckoaqunnorHoil urpe AByX JHIl B HopMaJsbHOiT (hopme depes {1, 2} obosHatueHo
MHOKECTBO TOPAIKOBLIX HOMEPOB UI'POKOB; 3 = const > ¢ — MaKCUMaJIbHasl JIJIsi KTPOKa, 1
IleHa, YCTaHOBJIEHHAsI PBIHKOM (U COBECTBIO IPOJABIIOB!) MOPOil HE3ABUCHMO OT YKEJIAHUS
UTPOKA; cTpaTerueil nrpoka i siBJIsgeTcst BbIOpaHHasi UM TieHa p; = (¢, 5] B CKIIaIpIBaIOIIeii-
csl Ha PBIHKE “TIeHOBO# nosmtuke” — curyarun p = (py, po). Kagecrso dbyHKIIMOHNPOBaHs
UTPOKA i OIEHUBAETCsI €ro BuIUrpbieM f;(p) — 3unadenueMm (byHKIUU BbUrpbiia f;(p) B
cozzaBieiicst curyaruu p = (p1,pe) € P = Py X Py; nonubiit Bug, f;(p) npusesen Bbiie B
(1) (mosromy u ucnosbzoBano obozuadenue f;(p) + (1)). Ormernm ciemyrorme 0cobeHHO-
ctu urpbr [

60-NEPEHLT, IPEIIOIArAETC, YTO MaKCUMaJIbHas IeHa 5 1 ceBeCTOMMOCTD ¢ J1J1st 000X

UTPOKOB OJIMHAKOBBI (UTO €CTECTBEHHO JIJI PHIHKA OJIHOTO TOBapA);
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60-6MOPLIT, TIPABUJIAMEI UI'PHI 3amperena Koaaunusa {1,2} (B aroMm mposiBiisiercsi, B
YaCTHOCTH, “DECKOAJIUIIMOHHBIN XapakTep” UIPHI);
s-mpemvuz, ieHa p; > ¢ (i = 1,2), ubo B IPOTUBHOM CJIydae i-My UTPOKY HOSBJISTHCSI

Ha, PBIHKE BP&AJI JIX 11€JIeCO00PA3HO.

2. OCHOBHBIE IIOHSTUSI

Qopmamzyiores paBHoBecus 110 bepxky n Hamry s myononun bBeprpana.

B 1849 r. aBajiaTroiHOIETHA aMEPUKAHCKUI MaTeMaTHK 1 SKOHOMHCT /[2xkoH Popbe
Hosrmir (1928-2015) — rorma acriupanT [lpucranckoro yHuBepcuTeTa, a depes 45 jet jaype-
at HobesieBckoit peMu 1o SKOHOMUKe — npetoxku [3| monsTue “paBroBecne”; KOTOpoe

Ju1s urpbl ' mpuMeT BUIL:

Onpenenenue 1. Iapy (7%, f(7°) = f°) € P x R* naszosem pasrosecuem no Howy s

uepo, I', ecau
max £ ) = H7°) (1=1,2) (2)
3/1ech U J1ajiee UCIOJIb3YETCsA OOIENPUHATOE B TEOPUU OECKOAJMIIMOHHBIX UI'D 000-
suavenue (p° ||p1) = (p1,05), (% ||p2) = (PS5, p2), KpOMe TOTO, NIPUMEHSETCST TAKXKE BEKTOD
[=(F) € R
[IpuBejiennoe paBHoOBeCHe 0Ka3a/I0Ch HACTOIBKO IIPUBJIEKATEIBHBIM B 9KOHOMUKE, CO-
IIUOJIOTUHU, BOEHHOM JIeJIe U BO MHOTUX JIDYTHUX 00JIACTSAX Y€JI0BEYECKOI JIeATeTbHOCTH, YTO
HPSAMO-TaKM BhI3BAJIO 3Be310mna 1 HobesleBecKux mpemuii 1o SKOHOMUKE, KCTATH, He IPeKpa-
marornuiics ;10 cux mop. OaHako u “Ha COJIHIE OBIBAIOT MSITHA' — ¢ HaIleil TOYKN 3PEHUsI,
TpeGoBanue (2) oTBedYaeT “SroMCTHYECKOMY XapakTepy’, nbo, coryiacHo (2), KazKJIblil ur-
POK CTPEMUTCA yBEJIMYUTH TOJIHKO CBOI COOCTBEHHBIN BBIUI'PHIII, 3a0bIBas 00 nHTEpecax
OCTaJIbHBIX, U, B YaCTHOCTH, 3a0bIBas JazKe O 30JI0TOM IPABUJIE HPABCTBEHHOCTHU: “TIOCTY-
Taif Mo OTHOIIEHWIO K JIPYTOMY TaK, KaK Obl Thl XOTeJI, YTOOBI OH ITOCTYTHJI IO OTHOIIIEHUIO

K Tebe”. IMeHHo TaKoil aJIbTPYUCTUIECKU [TOJIXO0/T ITPOSBIIAETCS B paBHOBECHH 110 Bepiky.

—

Onpenenenune 2. [lapy (p_é, f(pB) = fB) € P x R? nasosem pasHosecuem no Beporcy
oas uepwt I, ecau

gggﬁ(ﬁ\\pf) = fi(p”) (i=1,2). (3)

a cumyavuro (pP) = (pP,p¥), ydosaemsopaowyro (3) — pasnosecroti no Bepoicy.

Hamomuum 06 ncropun nosisjieHusi papaoBecus 110 bep:ky. [Tongrue “paBHOBecHast 1Mo

Bepxy curyarus” Bosuukiio B Poccun [4], 5], [6] 8 1994 r. B guccepranun Koncranruna

«Taspuueckuli secmnur unpopmamuru u mamemamuru», M 1 (30)’ 2016



82 B. U. >Kyxoseckuti, T. B. Maxapxuna

CemenoBnva Baiicmana (toryma actmpanra OpexoBo-3yeBCKOrO IearorniecKoro MHCTH-
TyTa, CKOPOIIOCTUYKHO CKOHYABIIEr0Cs, He JOKUBIIEro u J0 36 jier). CaMo IOHsITHE MOsTBY-
J0ch B 1iporiecce usydenns kauru Kioga Bepxa [7] u “mo3roBoii ataku” Ha J0CTOMHCTBA
U HeJOCTAaTKM paBHOBecHO# 110 Hamry curyarmmm p°. Torarue “paBroBecue mo Bepiky” B
camoii kuure [7] orcyrcTByer, Ho oHO camo “Hanparnusaercs’ (ubo (3) ommaaercs or (2)
TO/IbKO 3aMenoit p¥ Ha PP u p; na pP). OHaxo UMeHHO yKe Takas 3aMeHa “CHUMAET STOU-
cruyeckuii xapakrep’ paBHoBecus 1o Hamry. /leiicrBuTe/ibHO, Ciiegyst CBOUM CTPaTErusiM
I3 PaBHOBECHOH 10 Bepiky cutyanum pP, nrpokn 3a0bIBaoT o cebe, 0 CBOMX MHTepecax H
HAIIPaBJISIOT CBOM YCHUJIUS Ha YBEJIUUEHNE BBINTPBINIEH BCEX OCTABIINXCSA UIPOKOB. Taxoii
AJBTPYUCTUIECKUN TIO/IXO0J] CBOICTBEHEH POJICTBEHHBIM OTHOIIECHUSIM (KOHEYHO, B JPY K-
HBIX ¥ JIOOAMINX CeMbsix!), PETMIHMO3HBIM COODIIECTBAM, 3JIEMEHThI TAKOrO aJbTPYU3Ma
MIPUCYTCTBYIOT MPK OJIATOTBOPUTEIHHOCTH, B CIIOHCOPCKON TOIEP:KKe. 3aMeTHM, 9TO B
cuy (3), IpUMeHEHne PABHOBECHBIX 1O Bepxky curyanuii 3aBeloMO MCK/IIOYAET BOODY-
JKEeHHbBIE CTOJIKHOBEHUSI, KPOBOIIPOJIMTHUSI, BOMHBI. DTa CUTYyallisl TAKZKEe PeIraeT mpobieMy
Takkepa B 3HAMEHHUTON Urpe “IHaeMMa 3aKJIIOUYeHHBIX .

Cynp6a monorpadun [7], K coxanenuio, HesapuHa. e mybamKanus Boi3Baia K AKu3-
HU PE3KYI0 PEIeH3UI0 U3BECTHOI'O CIIENUAIUCTa B MAaTeMaTHIecKoit Teopun urp Mapruna
[Iy6uka [8], B KoTOPOii yKa3bIBAIOCH (KAK MBI CIMTAEM COBEPIIEHHO CIPABEJIUBO), U4TO B

7

kuure [7] ... HHKAKOrO BHUMaHUsI He YJIeJIeHO TPUJIOKEHUIO K SKOHOMUKE. . .” (HO OlsITh-
TaKH, 110 HAIIIEMY MHEHUIO, HECIIPABe/JINBO) “. . . KHUTA MaJIO HHTEePECHa SKOHOMUCTAM. . . .
Kaxk pa3s mocsieiHue cjioBa 1 BBI3BAJIN K yKU3HU cTaThio [9], rie mposeiero moapobHoe nc-
cJIeJIOBaHUE CUTyallnii paBHOBecus 1o bep:ky m 1mo Hsmry, m Takke BBIABJIEHBI CJIydaw,
KOTJIa OJ[HA M3 HUX JOCTaBJIET BCEM UIDOKAM BBIUI'PBININ OOJIbINNE, YeM JIpyras B W3-
BECTHOI MOJIeJIN KOHKYpPeHTHOo osuromnoiann KypHo [2] Takoit ke 3ajade, HO yxKe JJIsd
MOJIeJIH JTyorto/inu bepTpaHa, IMOCBSIEHA U IIpe/ijiaracMasi YnTaTesIio cTaTbsd. B Hell BbIsB-
JIeHa BO3MOYKHOCTB BCEX NTPOKOB, CJIejIyd PaBHOBECHOIT o Bepxky curyarmu po, nocTndnb
BBIUI'PBIIIEH 60JIbIKnX, YeM paBHOBecHble 10 Hamry Beurpeimu. [Ipudem sTo mpowucxo-
JIAT B TOI OOIIEN3BECTHON SKOHOMHUYECKON 3ajade — JIyolojnu beprpaHa, ¢ KOTOPOI
IPaKTHIECKU HAYaINCh OOJIBIMMHCTBO UCC/IEI0OBAHUN MATEMATHIECKIX BOIIPOCOB IIEHOBOI

KOHKYpPEHIUU.

3. dBHBI B PABHOBECUN I10 BEPXKY U1 HDIITY

Nraxk, zamana urpa I'. B sToMm pasaerne HaiieMm sBHBIN B paBHOBecuil 1o Hamry u
o Bep:xky nyis urpst I, BBeJIEHHBIX oIpejieieHuaMU 1 1 2 COOTBETCTBEHHO.

PasuoBecue o Bepxy. [Ipumenss onpesenenne 2 x (1) u (3), momydaem

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1



Cpasnenue pasnosecuti no Haowy u Bepotcy 8 modeau dyonoauu Bepmpana &3

YrBepxkaeune 3. Fcau koapduyuenmo. snacmuunocmu by u ly us (1) ydosaemesopsarom
YCAOBUAM.:
ll > lg > ll — g, ll = const > 0 (Z = 172), (4)
c

mo pasnosecue no Bepowcy uepw I' umeem eud

B. t(. B [q+clla = 1)) [q+c(la = 1)
(7 f(p7)) = Q3ﬁ, i —h) A — D) >,

(la—1
2de B = q+c—21) — MAKCUMAALHAA UEHA MO6APa, YCMAHOGUSULAACA Ha DPYIHKE.
2(l1—12) ’

()

Joxazamensvemeo. Hanomunm, kak ce6€CTOMMOCTD ¢, TAK U MaKCUMAJIbHYIO 1eny [ s
000MX UIPOKOB CIATAEM COBIAIAIONIECH, YTO XapaKTepHO JIJIs PhIHKA OHOro ToBapa. Torma
dbyHKIMK BBIMIPHIIa 060uX UIpoKoB, cortacHo (1), mpu p; = B (i = 1,2) coBmazaior,

MMEHHO C

filBl=la+ B =W](B—c) = (=lL)(B—)* +la+clla—L)(B—c), (i=12). (6)

Tak Kak

J%W]|w =2l —1)(B =) + g+ c(la = 1)] =0,
L 1 I
d(ﬁ — c>2) 2([2 ll) < O,

To dbyukiws f;[3] crporo BorayTa npu > | JOCTUTAET MAKCUMYMa (Omgx filB] = fi [ﬂ*])
<p—c
upu

q+C(l2 —ll) q—l—C(ll —lg)
. = -+t = tec="————""">0.
Be=(6-) 2(ls — 1y) 2(l1 — 1y)
filB]
ol gtet-b g+l — ) -
26— -1, 0 fc
Puc. 1. Tpadux f;[B] mpm Iy >l > 11 — 1.
Oyukuus  f;[5] nepecekaer oce [ — ¢ B aByx Toukax: (B — ¢); = 0 m
(B—c)y = —% == % > 0 (3mech yUITEHO BTOpOE HEPaBEHCTBO U3 (4)).
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Puc. 2. Muoxecrso | = (I1,ly) € {(I1, )|y > 1o > 1L — 4N > 00 =1,2)}.

[Mostomy rpaduk f;[5] umeer Buj, npejcraBiennblii Ha pucynke 1. B pesysbrare mosry-

4aeM, 9TO JJId JH0ObIX
g
l—(ll,lg) c {(ll,lg)‘ll >12>l1 C}

(cM. puc. 2), Jiexkaiux BHYTPH 3aIIPUXOBAHHON Ha PHC. 2 “TYHUKOBON” JIOPOXKKU, U MAK-
. Ll lo—11)]2
CUMaJIbHOI 1ene [, = %, BBIMTPBINI 000UX UIPOKOB OyayT fi[B.] = %

(i=1,2). O

PasHoBecue no H»amry.
[Ipumenssa onpenesnenue 1 x (1) u (2), moayvaem

—

YrBepxkaenue 4. Pasrosecue no Howy uepv I' umeem eud (%, f(p¥) = (fi(
2de

=y
e
=y

—£ (4 (4 e q + l & .
p :<p17p2)7 D; :—1:pH (22172)7 (7>
21 — Iy
a KOMNOHEHMDBL BEKMOPA PABHOBECHBIL TO Hawy 6bLU2prUI,6’L7,
. +[ly — Lle\®
[ = (N — o2 =1y (L2200 2 = L] (i=1,2). 8)
21 — s

9 fi(p°llpi)
Bpf
roit Borayroctu f;(p) mo p; moaydaem, 4ro, HampuMmep, max fi(pi, p§) mocturaercs Ha ps,

p1EP

Jloxazameavcmeo. Uz (1) u = —2[; < 0, a TakKe U3 CJEAYIONIEH 0TCIOIa CTPO-

ecn o )
D1, D5 e e
% |p1:p§ =q — 2l1p{ + lps + l1c = 0, 9)
P1
AHAJIOTUIHO
af2<p§7p2

) . .
Opa ‘pzipg =q+ lzp1 - 2l1p2 +liec=0.
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B pesyubrate j1si moctpoenusi paproBecHoit mo Hamry curyanum p* = (p§, p§), npuxo-

JAUM K CHUCTeMe U3 JIBYX JIMHEHHBIX ypaBHEHUI

—20pf +lops = —(q+lic),
lapt —2Lip5 = —(q+ lic).

Pemenunem ee Oyiyt

e e __ q—l—llc_ H
pl_p2_2l1—l2_p .

I3 (9) Takzke nosydaem, ¢ yaerom obosnadenuii u3 (7),
q — lipy + lps = Li(pf — )

u nosromy f;(p¥) = I1(p — ¢)?. Orcrona u us (7) cpasy cieayer cupaseusocts (8). [

4. VICIIOJIb30BATH PABHOBECHUE 110 BEP>KY MHOTJA BBIIT'OJHEE, YEM
IIPUMEHATH PABHOBECHUE I10 H>IIIyY

Haiiienbl orpannyenus: Ha mapaMeTpbl B MOJIEJIM Jiyoriojinu bepTpaHa, pu BBITIOJI-
HEHUM KOTOPBIX PaBHOBECHBIE 110 Bep:Ky BBIUTPBINIHM Jijig 000UX HI'POKOB OKA3BIBAIOTCS
OoJIbIlle, Y€M UX BBIUTPBLININ B cuTyarnuu paBHoBecus 1o Harry. U3 yreepxkiaenuit 1 u 2,

1oJIy 4aeM

YrBepxkaenuune 5. [lycms 6 uepe I' daa xospduyuenmos snacmuunocmu l; = const > 0
(1 =1,2) svinoanenvs oepanuserus,

l1>l2>l1—g.
C

Tozda 6 cumyauuy pasHoBeCUSA MO Bepo*cy pB oba uepora noAY1arom boavwue 6vile-

PO, YeM 6 CumMyayuy pasrosecus no Hawy, m. e.
L) > F() (=1,2). (11)
Jloxaszameavcmeo. B niepByto odepesib OTMETHM TETOYKY UMILTAKAITH I
[ll > lg] = [2[1 > lz] = [2[1 — 1y > O]

U TOTJIa, COTJIACHO YTBEDPXKJEHWIO 2, cylnecTByeT paBHoBecue o Hamry (5%, f(p*)), onpe-
neqenroe B (7) u (8). HamomumMm takxke ae mmmutukarmu [l > o] = [l — 1l > 0] u
[lo > 1y —q/c] = [q+c(la— 1) > 0]. Cormacno um B I' cymiecTByer paBHOBecue 110 Bepiky,
onpesesnentoe B (5). Cpasuusas (5) ¢ (8), moayuum

lg+tclla—0)? | lg+clle =W  [g+cll—0L)P5 o
k) @hhe A bk —he 0 U=k

Orcrofa cpa3y mpuxouM K crpaseiuBocta (11). O

fi(pB)_fi(pe) =
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3amedyanue 1. MoXHO TOBOPHUTH O JBOSIKOM IPUMEHEHUHN YTBEP:KICHUSA 3: 60-nep-
6bLT, K UCCJIEJIOBAHUIO Y2Ke (DYHKIIMOHUPYIOMNX KOHKYPEHTHBIX SKOHOMUK, OIMUCHIBAEMbBIX
MaTeMaTHIeCKO MOJIE/IBIO yOIoIun 110 BepTpany, 60-6mopsix, IpH aHATUTHIECKOM KOH-
CTPYMPOBAHUU TAKUX PHIHKOB.

Ilepssbriit cnocob.

HTar 1. /s yxe GpyHKIMOHUPYIOMEr0 KOHKYPEHTHOIO PBIHKA WJICHTU(MUIINPOBATD
YHUCIEHHBIE 3HAYEHUS D IapaMeTPOB:

1,15 — Ko3pduUIMEnTHI 3/1ACTHYHOCTH,

¢ — cebecTONMOCTb,

¢ — BEJMYMHA HAYAILHOTO CIIpOCca,

[ — MakcuMaJsibHasl IeHa.

Tar 2. C momombio HaliIeHHBIX Ha MPEBIIYINEM Iare JBYX JYHCEN ¢ U ¢ TIOCTPOUTH
B 1epBoit derBepru miaockoctu {li,ls} pucyHok 2.

IMTar 3. OTBeTuTh Ha JIBa BOIPOCA:

a) “Tlpunagiexxut jau Touka [* = (I}, [3) BHYTPEHHOCTH 3alITPUXOBAHHON HA PUCYHKE

JIOpoKKe?”

Q+C(lf_l2)7>7

2i5-13) -

HTar 4. Ilpu yrBepauTeIbHOM OTBeTe Ha 00a BOIPOCA UIDOKAM  JIyd-

b) “CoBnajiaer i MakcuMaJibHasl IeHa [3 ¢

e HCIIOJIB30BaThb CBOH CTpaTeruu us3 cuTyanumn paBHOBeCHA 110 Bepmy

PP = (P pP) = (B,8) = (q;(clgflig);),q;(clgi;;)@) U IOJIy9UTHb IIPU 9TOM CBOU BBLIWI-
et B

poimn fi(p?) = T—l;) = 1,2), KOoTOpble OKa3bIBAIOTCS OOJIBINE BBIUTPHIIIEi

2
e) qte(li—1% - e — (atlic gtljc
filp?) =1l <—2(l1‘—l§)2 (1 =1,2) B curyanuu paBaoBecust 1o Hamry p¢ = T

BTopoii criocob Bo3HuKaeT mpu MPOEKTUPOBAHIE KOHKYPEHTHBIX SKOHOMUK.

Ilar 1. ITo xkeaTebHBIM YUCIOBBIM 3HAUEHUSIM Ce0ECTOUMOCTH M HAYAJIHLHOT'O CIIPO-
ca ¢ TIOCTPOUTD B TIEPBOIi YeTBepTH II0CKOCTH {11, I3} BuccekTpucy Iy = ly u apasiesbHo
nepenecTn (CABUHYTH) ee BIPaBo Ha ¢ (cM. puCyHOK 3).

ITar 2. C nmoMoIp0 5KOHOMIIECKUX, TOCYIAPCTBEHHBIX U IPOYHNX ‘PhIYIaroB’ JI0BECTH
ate(li—la)

2([1—[2)
IMTar 3. Torpma juist Beex | = (I, 1y), Jexkamux BHYTPU “TYIHUKOBON JOPOKKU’ (06-

PA30BAHHOM JBYMA HOTyIpAMBIMA ly = Iy, Iy = Iy — 2 mpu [; > 0 (¢ = 1,2) u oxamin-

MaKCUMAaJIbHYIO TIeHY [ /10 BeJTMIHHBI

satomefica “rymkom” [0, Z] ma ocu [}, 3amTpUXOBaHHON Ha PUCYHKe 2), HI'DOKaM Oyjer
q+c(li—12)
2([1—l2)

% boublne, ueM [y (

13 paBHOBeCHOIT 110 Bep:ky curya-

(1+C(l112)>2
2(11—12)?

BbIT'OZJHEEC UCIIOJIB30BaTh CBOU CTpaTeruu ﬁ =

muu p? = (3, 8), ubo onu obecrevaT BHIUTPHIITIT

MM)

(mocTuraemble B cuTyalmu papHoBecus o Hamry pf = -l 2l -0,
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Puc. 3. Muoxecrso [ = (I1,ly) € {(I1,)|lh > 1o > 1L —4A1; > 00 =1,2)}.

S3AKJIFOYEHUE

B pabote mostydensr cieyrorie pe3yabTaThl: HaileHbl KO3 @UIIMEHThI B MaTeMa-
TUYECKON MOJIeJIN JIyoloJinu beprpana, Ipu KOTOPBIX paBHOBecHe 110 Bep:Ky JgocTaBiseT

UTPOKaM OOJIBITINE BBIUTPHIIIN, YeM paBHOBecue 1o Harry.
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MixED BOUNDARY VALUE TRANSMISSION PROBLEMS.
Kopachevsky N. D., Radomirskaya K. A.
Abstract.

A common approach to the abstract boundary value problems is considered on the basis
of an Abstract Green’s Identity. Some examples of areas docked configurations for interfacing
problems are considered on the basis of the generalized Green’s Identity for the Laplace operator
(in particular the configuration of "three sliced watermelon" is considered). The initial non-
homogeneous problem interface is divided into four auxiliary problems. Heterogeneity exists
only in one place in these tasks, i.e., at the equation or in the boundary condition. We find a
weak solution of every problem with the help of the corresponding Green’s Identity. Theorems
on existence and uniqueness of each solution are proved. At the end of the article we get the
conclusion that the solution of the original problem is the sum of the solutions of four auxiliary
problems.

We consider the solution of the transmission problem

ur —Aup = f1 (in 1), yiw =1 (onT'),
uz — Aug = fo (in Q2), 7Y20uz =2 (on '),
uz — Aug = f3 (in€3), 7ys3uz =3 (onIl's3).
Jumps of functions and derivatives of the external boundaries of the normals are defined on
the joint boundary

Y21U1 — Y12U2 = P12, Oo1u1 + O1aug = 1 (on I'ip = o),
Y32U2 — Y23U3 = P23, O32u2 + Og3uz = 3 (on I'az = I'sy),
Y13U3 — Y31U1 = ¥31, O13u3 + J31u1 = Y31 (on I'zy = I'13).
The solution to this problem is found in the form of a sum of solutions of auxiliary problems.
We consider auxiliary problems of Zaremba, Steklov, the first and second Krein problems. We

find a weak solution of each problem with corresponding Green’s formula.

Keywords: Green’s Identity, weak solutions, boundary value problems, transmission problem,

auxiliary problem, Lipschitz domain, derivative with respect to the outer normal.
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BBEIEHUE

Pabota siBiisieTcst n3ioxkeHueM JI0Kaa1a aBropos B [12| u jgeknnu, npounrannoit B [13].
WcxonubiM TOJTYIKOM It aBTOPOB 3aHSATHCS HCCJIEIOBAHUEM KPAEBBIX U CIHEKTPAIbHBIX
3aJ1a9 B JIMIIIHUIEBLIX 00JIACTAX, a TaKyKe COOTBETCTBYIOIINX 3a/1aYd COMPSKEHUs CTaIn
paborsr M. C. Arpanosnda (cm. [10]-[3]) u ero sexrmu B exxeroanoit «Kpbimckoit ocemnmei
maremaruaeckoii mkose — KPOMII» (Jlacnu—Barumuman). C apyroit CTOPOHBI, MHOTO-
YHCJIEHHBIE TPUJIOXKEHNUST, B 9aCTHOCTH, B 33/1a9aX TUIPOJINHAMUAKY (KOJIEOAHWS YKUTKOCTH
B YACTUYHO 3aIIOJTHEHHOM COCYyJle, KoJlebaHus KIUJIKOTO TOILINBa B OaKe KOCMUYECKO pa-
KETBI), KOTOPBIMI MHOT'O JIeT 3aHUMAJICs [IepBbIil u3 aBTopos crarbu (M. [4]-[2]), Tpebosa-
JIN JIETAJIbHOTO PACCMOTPEHUsI KPAEBBIX 3a/1a1 B HETVIAKUX, B YaCTHOCTH, B JIMIIIIUAIIEBBIX
o0J1acTsX.

O61ue 11o/1X0/1bI, KOTOPbIE TPUMEHSAINCH TIPU UCCJICIOBAHUT ITUX IPOOJIEM, MO0y XK 18-
JI PACCMATPHUBaTh UX Ha 6aze abcrpakTHON dopmyiiel ['puHa (aHasor mepBoit hopmyIbl
[puna jmia omeparopa Jlamraca) u Teopun cjiabbix (BapHAIMOHHBIX) PEIIEHUN KPAEBBIX
zasiad. OTciofa BO3HUK MHTEpeC K Pa3sBUTUIO Teopuu abcTpakTHOil dhopmystsl ['puna.

JlaHHas cTaThs MOCBIIIEHa MPUMEHEHUIO OOITEro MOIX0a K N3y YeHHI0 a0CTPAKTHBIX
CMEITaHHBIX KPAEBBIX U CIIEKTPAJIBHBIX 381249 CONPSIKEHUsT K PA3IUIHBIM KOHMUTypaIm-
sIM TIPUCTHIKOBAHHBIX O0OJIacTeil B 3a/lavuaX CONPSZKEHUs ¢ UCHOJIb30BaHUEM ODOOIEHHO
dopmysbl ['puna, B ocHoBHOM 1151 ottepaTopa Jlamnnaca. Ipyrue anajgornvanblie 3aa4m Ma-
TeMaTUIeCKON (DU3UKU, TUIPOINHAMUKI, TEOPUU YIPYTOCTH U T. J. UCCIAEAYIOTCA TI0 ITOM
npe yraraeMoit oormeit cxeme. llpuBojggarcsa dopmynuposku 060b6mennoit popmysint ['puna
Ha ocHoBe orepaTopa Jlammaca. Obias cxema paccMOTpeHusi aOCTPAKTHBIX KPAaeBbIX 3a-
Jlad COTPSIzKEHUs MPUBOJUTCH Ha IPUMepe KOHMUI'YpaIuu TPUCTHIKOBAHHBIX 00JIACTeld,
KOTOPYIO aBTOPBI JJIsI TIPOCTOTHI HA3BIBAIOT “TPHZK/IbI paspe3anublii apbys” (Puc. 1).

Asropsr 6arogapsar M. C. ArpanHoBuda 3a MHOTOYUCICHHBIE OOCYXKICHUS JTAHHOTO
Kpyra 1mpobJieM U T0JIe3HbIE COBETHI.

UccneioBanne BBIMOJHEHO 3a cdyer IpaHTa Poccuiickoro maydnoro domma (mpoekt

Ne14-21-00066, BBIOTHSIEMBIIT B BOpOHEKCKOM rocyHUBEpCUTETE).

1. OCHOBHBIE ®O0PMVYJIbI I'PUHA

Bynewm cunrars, uro sumnmmnesa rpanuna ' obmactu 2 € R™ onnocsssaa. Pazobbem
eé Ha OJTHOCBSI3HBIE OTKPBITHIE YacTi 'y, k = 1,1, ¢ mummuessivn rparnmamu O1'y,. Takoe
pasbueHne Ha3bIBAIOT pa30MeHNEeM Ha JIUIIIUIEBbI KYCKU.

Kak usBectno, dyuknum ¢ € H 1/ %(T'y) me Bcerja MPOJOKUMBI HyJaeM Ha BCio [
B ktacce HY2(T) (em. [1], c. 78). BresieM BaskHbIe TOHATHSA, CBS3aHHBIE C 9THM 0OCTOSI-

resibeTBOM. [lyets (), © € Iy, — rnankas ynknus B 'y, crporo nomoxurenbHast B 'y,
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IOJIOZKUTEIBHO OlpE/IeIeHHasi BHE HEKOTOPO OKpecTHOCTH TpaHuibl Oy, a B OKpecT-
HOCTH 9TOji IPAHUIBI S9KBUBAJICHTHAs (B CMBICIIE JBYCTODOHHUX OIICHOK) PACCTOSIHUIO OT
toukn r € ', no O}

O6osuauny wepes H*(Iy), |s| < 1, muomectso (mmean) s H*(I'), cocrosmee u3
(0606mennbix) dynkuuii ¢ nocutenem B . Kak ykasano s [8], ¢. 76, H*(I'y) — 10 10-
nosiaenye Muoxkectsa Gyukumit u3 C§°(T'y), 1t KOTOPBIX UMEETCs IPOJIOJIKEHHE HYIIEM

Bue 'y, B xitacce H*(T).

Jlemma 1. Cnpasediuso coomnowerue
HY2(T}) = {p € H2(T}) : v 20 € Ly(T4)}.

IIpu smom caedyrowsasn HOPMA IKEUBAAEHMHA CMAHIGPMHOT, HOpme (Komopas Hacaedy-
emes uz HY?(T)) na waacce HY?(T},):

1%,y = Mol + 1720l ).
0J

Jlemma 2. IlIpu mobom s € R, |s| < 1, npocmpancmea H*(Ty) v H*(Tx) dyanvio
omnocumenvro cnapusarus 6 Lo(T'y). B wacmmocmu,

(HY>(Dp))* = H- V2T, (HY2(Dp)* = H Y20y, k=1,1. (1)
O

Kak xoporio uzsectno, npoctpanctso H'(§2) co crammapTHoii HOpMOi UMeeT opToro-

HaJbHOE PA3JIOXKEHHe, KOTOPOe HAa3BIBAIOT pa3JjoxkeHueM Beits:

HY(Q) = Ho(Q) & H,, (), (2)
Hy(Q) ={ue H(Q):yu=0}, HY(Q) :={ve H(Q) :v— Av =0} (3)
Jns mpocrorsl HJ (Q) GyemM Ha3blBaTh OMIPOCTPAHCTBOM TapMOHUYECKHX 3JEMEHTOB

s H'(Q).

[Ipu uccsieoBaHUN JIMHEHHBIX CMEIIAHHBIX KPAeBbIX 3aJ1ad, COJEPIKAIINX 33 aHHbIE
dyHKIMM KaK B yPABHEHUSIX, TAK U B KPAEBBIX YCJIOBHAX Ha PA3HBIX YaCTAX TPAHUIIBL,
€CTECTBEHHO PEICHNs TAKUX 33189 PA3bICKUBATH B BH/JIC CYIICPIIO3UIUN PEIICHUIT BCIIOMO-
raTesibHbIX KPaeBbIX 33/1a4, B KOTOPBIX 3aJaHHble (DYHKIMY (HEOIHOPOJIHOCTH ) COJEPIKAT-
Csl JIMIIb B OJTHOM MeCTe, T.e. B ypaBHeHUH Jinb0O B OJHOM U3 KPAaeBbIX yCJoBHil. B cBsa3u
C 9TUM TIPH UCIOJIb30BaHMK 00001eHHbIX dhopMysr ['prHa cireyeT BBIIEIATH TAKUE MHO-
»ecta (mojmpocTpancTa) uz H'(§)), 1yig KOTOPHIX yKa3aHHOE CBOHCTBO CYIepIIO3UIIAN

nmMmeeT MeCTO.
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[Tepexo/isi K PACCMOTPEHUIO STOTO TOJIX0/Ia, BBEJIEM CJIeIYIONINe KIaCChl (DYHKITHIL:

H'2(T) = {p € H*T) : prp € HVX(Ty), k=T1,1} C H'*(T), (4)
Y (Q) == Hy(Q) @ {(Him Hir, ()} € H'(Q), (5)
Hyp, (Q) = {u e Hy(Q) : yu=0mna\I'y} = ker((I — py)y), k=1,1. (6)

Omnpenenenne 1. Hazosém cien yu snementa u € HY(Q)) peeyasaprvim caedom nepeozo
muna no omuoweHuo ¥ pazbuenuro I' = 0 na aunwuuesor kycku Uy, k = 1,1, ecau

oas 1106020 k asemenm ypu = prpyu € ﬁl/Q(Fk), m. e. oH npodoadxctm wysem wa ecro I' 6
kaacce HY?(T). O

Herpyaao BusieTh, yuntbiBas csoiictia (|1)), 94To peryssipHbIM CJIeJIOM MEPBOTO THIIA

obsasiatoT ciaabwle pemenns w € H} () cmemannoii Kpaesoit 3a1aun

w—Aw=0(BQ), w=0 (mal\I), =, € HY2(T}).

on lr,,

OrmMeTuM erre, 9To, COIJIACHO OIPEIeICHIM f@, sseMenthl u3 H'(Q) umeror pery-

JIAPHBII cJle]] IepBoro Tuma: Jyis jioboro u € H'()) moaydaem npejcrapiienne

W=t Y s o € HYE), we € L, @), k=T

k=1

yug =0, yeup = @, € HP(Ty), ywu; =0 (k#j), j. k=11
[Ipu sTOM 3/1eMEHTHI YU € HY 2(T) umerot cyxkenus na 'y, IPoo/EKUMbIE HYJIEM Ha BCIo [
B kmacce H'Y/2(T).

HToroM mpoBeIeHHBIX PACCMOTPEHUN SABJIACTCS CJIEIYIONee YTBEPXK ICHHE.

Teopema 1. Jlas mpotixu npocmpancms Ly(Q2), HY(Q), Ly(T), T = 09, u onepamopa
creda vy 2 HY(Q) — Lo(T), yn == nlr, n € HY(Q), 6 obnacmu Q@ C R™ ¢ aunwuye-
6oti epanuyeti I, paszbumoti na sunwuyeens kycku Ly, k = 1,1, cnpasedausa caedyrowas

obobwernan popmyaa I'puna 0rs cMewannvr Kpaesur 3a0a4:

!
(n,u—Au)r,0) = Z W)y Okt) Ly(ryy, Y1, uw € HY(Q), (7)
k=1
u—Au € (H(Q), wn=nlr,€ H/* (),

ou —

— 2= HYXT), k=1,1.
ak;u on I, S ( k)7 ) (8)
O

Pacemorpum apyryio dopmy abcrpakTHOit popmysbl ['puna ¢ TeM, 9T0OBI MOXKHO

OBLIO UCIIOIBL30BaThH U KpaeBble yciopusa Heitmana jimbo HuroTona.
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[Tepexo/isi K pacCMOTPEHUIO STOrO BOIpoca B abCcTpakTHO# (opMme, OyIeM CUNTATh,

9TO BBIIIOJIHEHBI CJIEJIYIOIINE CBOMCTBA:

l
G=EGCr (G = Gr— (G k=11 (9)
k=1

U 1711 o1epaTopos py 1 G — (G4), uMeeM COOTHOIIEHUS

I
pr=wipk, k=11 pror = (I, k=11, Y pp =1, (10)

rie (I1)g — eauumanstii onepatop B (G ). Ilpu sTom pp — omeparop cyzxkenns ¢ G Ha
(G1)g, a wy — oueparop npomposkenust ¢ (G )y Ha @k, HO He 00A3GMeNvHO HYNAEM.
[Ipeamonaraercsa Takxke, 9o pg : G4 — (G4 1 wy @ (G4 ) — (G/Jr\)k — HeIIPepPLIBHbIE
OIIEPaTOPBHI.

Bamernm, 9TO B C(OOPMYTUPOBAHHBIX ITPEJIITOIOXKEHUIX

P = oiis P (G = (G)', wi (G = (Go)i, k=11, (11)
IJie W; — OIPAaHUYEHHBIN ONEPATOp CYZKEHUS C @ . Ha (G4)}, a p; — OrpaHHYEHHBI

oneparop npogoikenus ¢ (G)r wva (G1)*.

Teopema 2. Ilycmwv das mpotiku npocmpancms E, F, G u onepamopa cieda vy 6vinoa-
HenvL yeaosus cywecmeosanua abemparmuoti gopmyav I'puna, yeaosue (9), a marorce
Ycaosue (@) AUO0 YCA0BUE . Toz0a umeem mecmo abcmparmmuasn popmyaa I'pura ors
CMEULGHHBIT KPAESHLT 3a0a4 6 cAedyroweli opme:

!
<777 Lu)E - 777 Z P)/knaaku G vnau € F
k=1
Wi = pryn € (G)k, Opu = widu € (G )y,
2de p, U Wy — ONEPamMOopPdvL CO CE0TUCMBAMU (@,. 0
Bepuémcss cHoBa K Tpoiike mpocrpaHcTB Lo(Q), HY(Q) u Ly(T), T = 09Q,
rge Q C R™ — obmactb ¢ JjummnuneBoii rpanuneii I, pasOouToil Ha JIMIIIMIEBLHl KyC-
ki Iy, k = 1,1. BeemeMm ofHO BaKHOE IOHSTHE, OTHOCAIIEECS K BO3MOYKHOCTH IIPO-
nomxenust snemerToB w3 H*(Ly), |s| < 1, mo smemenros u3 H*(I'). OkaseiBaercs, npu

c(POPMUPOBAHHBIX BBIIIE IIPEIIOJIOKEHIAX TAKOE IPOIOJIZKEHIAE BO3MOXKHO MHOI'MMHE CIIO-
cobaMu, OJIHAKO OJIMH U3 HUX $BJISIETCsI YHUBEPCATIBHBIM, U OH TIpeJJIozKeH B pabore [0]
It caydast, Korma dyukiun u3 H*(Q) npomomkatores g0 dyukmumit uz H*(R™). Kak

ykazano B pabore [I1], anamornanerit hbakT mMeeT MeCTO U JJIsd IPOJIOJIKEHUs (DYHKITHI
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w3z H*(I'y), |s| < 1, no dyukmuit uz H*(I"). Ilpu 970M B 060uX CIydasx omepaTtop mpogosi-
»kerus He 3aBucutT ot §. ChopMympyeM UTOroBOe yTBEPK/IEHUE B BUJIE JIEMMbI, KOTOPAast

[IOHAIOOUTCS B JIA/IbHEMIIIEM.

Jlemma 3. (cm. B. C. Puukos [6], a maxoce M. C. Aeparosuy [11]). ITyemv aunwuyesa
eparuna I = 0 obaacmu Q C R™ pazbuma na aunwuesv. xycku L'y, k= 1,1. Tozda cy-
wecmeyem aunelnvl onepamop wy (onepamop B. C. Pvuxosa) npodosscernua dynruui

us H*(T'y) ¢ Ty na scro T pynryuamu uz H*(I'). IIpu smom

S
lwiprll ey < crllorllmsry), Vor € H(Ty), [s| <1,
npuMeM Cp He 3a8UCUM OM S. O
Beemem  Temeph  omepaTopbl  CyKeHUS U IPOJOJIKEHUsI — TaKue,  9ITO
TSI HUX  BBIIOJIHEHBI ~ o0Iume  TpebOBaHUS U3 Teopembl  [2] [IycTn

pr : HY2(T') — HY?(T) — orpammaennstii oneparop cyzxennst (|| pell /2y mizm,) < 1),
a p 1 (HY2(T))) = HY2(Ty) — (HYXT))* = HY2T) — conpsxennniii emy

OTPaHUYIEHHBI 0Nepamop npodosAHCeHUs HYAEM:

= Ui, (maly), ¢ € H V(D) k=11
PEPE=0 0 (ma T\

BBejieM Takyke orpaHHueHHbIi orepaTop npojosikenus (oneparop Porukosa, cu. [6])
wy : HY2(T'y) — HY2(T'). Torma

Wi (HYAT)) = HOVAT) = (HY(T,) = B2

OTPAHUYEHHBIN ONepamop CyYHCeHUus.

Bsemem erié nmpocTpaHCcTBO
H'2(T) o= () HV2(0) € HVA(D), (12)
H7V2(Ty) o= {pje = e € H7V(Ty)} € HTVA(D),

a TaK2Ke OI'paHUYCHHbIEC OIIepaTOPbLI
x ok ok —-1/2 —-1/2
pi. = piwi - H7V2(0) — HVA(T).
OueBnIHO, OIEPATOPHI Pi 00JIAIAIOT CBOICTBAME

wipiby = Uy € HY2(Ty), k=1,1,

a oromy B pocrpancrse H—1/2(T) mmeem
l
pr = (1) kel =0 (k#4), > _pp = (1),
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rie (I_) — eaummunsiit oneparop 8 H~Y2(T).
Takum o6pasoM, B npocrpancrse H 1/ 2(T") BbinostHEHBI 06MIMe TPeGOBAHUST @7,
rie

(Gy)p = HY2(T)), Gy = Lo(Ty), (G)p = H VA(Ty), k=T1,1.

Bsemem Tenepnb mo aHajorum c —@ KJIacchl (PYHKIINHI, CBA3aHHBIX He ¢ 3ajadeit
Hupuxie, a ¢ 3anadeit Heitmana. Vmenno BBesiem npocrpanctso ((12)), a Takke mpocTpan-

HY(Q) := Hy () ® {(+)jmy i r, ()} € HY(), (13)
Hyp, (Q) = H(2) N Hyyp, (), (14)
Hpp, (Q) == {u e H'(Q) : % . 0}. (15)

Omnpepenenne 2. Hazosém cien yu snementa u € H(Q) peayasaprvim caedom 6mopozo

muna, ecm i mo6oro k € 1,1 3mement
O = widu = (du/On)r, € H2(T}),

T. €. OH HPOJIO/KAM HyseM Ha Beio I B kmacce H™Y2(T) = (HY/2(I))*. O

Cornacno onpenenenusam ((13)—(15) smementsr u3 H L(Q) umeror perynspHbIil ciej
BTOPOro THIHA: st joboro u € H'() mMeeT MecTo mpeacTaBieHue
l
U = Ug + Zuk, Uy € H&(Q), U € HflL,I‘k(Q>7 k=11,
k=1
yug = 0, Opuy = (Qug/On)r, € H’l/Q(Fk),
B kauecTBe ciieacTBUS U3 TEOPEMBI [2] 1 IPOBEIEHHBIX BBIIIE IOCTPOCHMI IPUXOIUM K

TaKOMY BBIBOJLY.

Teopema 3. Jlaa mpotixu npocmpancms Ly(Q), HY(Q) € HY(Q), Ly(T), T = 09, u
onepamopa caeda vy 1 H'(Q) — HY?(T), yn := nlp, 6 obracmu Q@ C R™ ¢ aunwuye-
6oti epanuyeti I, pazbumoti na sunwuyesn xycku L'y, k = 1,1, cnpasedausa caedyrowas

obobwennan popmyaa I'puna 0ri cMEWAHHDIT KPALGHIT 36044

!
(W) ) = (0 = D)ooy + (W, ) oryy, ¥, w € HY(Q), (16)
=1

Ve =1 |Fk€ H1/2(Fk), Opu = (8u/8n)pk S ﬁ_l/Q(Fk), k=1,1. (17)
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Paccmorpenne storo nmaparpada mokasbBaeT, 9T0 BU 00001ennoit dpopmystsr ['puna
JIJIsT CMEIaHHBIX KPAEBbIX 33J1a49 IIPU UCCIEOBAHNN KIACCHIECKUX MIPODOJIEM CJIE/IyeT BbI-

buparh, ucxoisd u3 Buja obsactu 2 C R™ u xapakTepa KpaeBbIX YCJIOBHUil, 3a/JAaHHBIX HA

I' = o0.
2. OBILIASI CXEMA PACCMOTPEHUSA 3AJAY CONPSI?KEHISI

2.1. K mocranoBke 3ajmadu. B sroii pabore Oyaer paccMOTpeH IPOCTOH IpUMEp 3a-
Jaqy COTMPSYKEHUsT JIJIs TIPOOJIEMbl MaTeMaTHIeCKON (PU3NKM, TOPOKICHHON OIIepaTopoOM
Jlammaca, Toanee auddepeHnraabHbIM BhIpazkenneMm u — Au. Bymem canrarh, 9T0 KOH-
duryparus obgacteil, B KOTOPBIX PACCMATPUBAECTCS Ta 3ada4a, MPEICTABISIET « TPUZKIbI

paspesanmbiit apoys» (Puc. 1).

Puc.1

O6osznaunm uepes I';;, j = 1,3, BHennue cBoGoHbIE rpanuIpl, a depes [y (k # j) —
Ty 4acThb rpanuisl I'; = 0€2;, koropas crbIKyeTcs ¢ 4acTbio I'j; rpanunst 'y = 0. Ilpn
sToM odesuano, uto I'jy = I'y;. Ilomaraem, uro obmactu €2, C R™ nmeror jummmuie-
BbI IPaHUIBI, Pa30OUThIe Ha JIMHIIUIEBEl KycKu I'y;. Bynem obosnauaTh depes vju; cies
dbyukIun u;, 3a1auH0i B obactu ), Ha rpanute I'y;, a yepe3 Oy;ju; — COOTBETCTBYIOILYIO
[IPOM3BO/IHYIO 10 BHEIIHEH HOPMAJIN.
Cdopmynupyem Terepb MOCTAHOBKY 3aJIa4U COIPSIYKEHUs JIJIs TAHHONH COBOKYITHOCTH
obnacreit 5, j =1, 3.
Tpebyercs naitru Takue dbyukiuu u;(z) € H'(Q;), j = 1,3, 9T0 j1j1s HUX BBIIOJHEHDI
ypaBHEHHA
ur—Auy = fi (BQ1), yw =¢1 (maln),
Uy — Dug = fo (B82), Yoouz =2 (naTl9), (18)
us — Dug = f3 (BQ3), vssuz =3 (nalss).
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Ha rpanumax cTbika 3a/1aHbl CKAYKNA (PYHKIUH 1 HOPMAJIBHBIX ITPOU3BOJIHBIX:

Y21U1 — Y12U2 = P12, Oo1uy + Or2ug = () (Ha [ = F21)7
Y32U2 — 7Y23U3 = P23, Osoug + Og3ug = %3 (Ha ['y3 = F32), (19)
Y13U3 — Y31U1 = P31, Orug + O31u1 = @/J31 (Ha I's; = 1113)-

Bnecw f; — sanannbe dyukipu B Q;, j = 1,3,¢; — 3aganuble GYHKINN Ha BHENTHAX

rpannnax [, j = 1,3, GyHKIUE 021, @30 U 013 38J8I0T Pa3PbIBBI CIEJI0B, & a1, 3y 1

113 — pa3PbIBBI MPOU3BOIHBIX 110 BHEITHAM HOPMAJISM Ha IPAHMIAX CTHIKA 00JIacTeil.
Byzem uckars ciaboe pemenne sagaan (18)—-(19) B sune

u = (u1;ug;uz) € HY(Q) 1= @Hl(Qk)

B cuny smmneitnocTn 3a1a4u OyjieM UCKATh 9TO PEIIeHUEe B BUJE CYMMBbI PEIICHUi Je-
TBHIPEX BCIIOMOTATEIbHBIX 33184, COJIePKAIUX HEOTHOPOJIHOCTH! JIUITb B OJTHOM MECTe, T. €.

Jinbo B ypaBHEHUH, JUOO B KPAEBOM yCJIOBUU.

2.2. IlepBas BCIIOMOTaTeJIbHas 3a7a4va (3amaga Bapem6s1). Ilycrs
Uy 1= (un; U19; u13)7 — pelleHue CJaeAyIoeil 3a1a4u
up — Auyp =0 (BLy), yunn =91 (maly),
Uy — Auypa =0 (B Q2), Y22U12 = P2 (Ha F22)7 (20)
Uz — Augg =0 (B Q3), Y33U13 = ¥3 (Ha F33),
Oo1up; =0 (Ha ' = F21), 3317111 =0 (Ha I's; = F13),
O12u12 =0 (Ha I = F21), 05212 = 0 (Ha I'sy = F23)>
O13urz = 0 (Ha I's = F31), Oozu1z = 0 (Ha ['y3 = F32)-
B »r1oit 3ajade ypaBHenuss u yciaosug HeifiMaHa Ha CTbIKe OJHOPOJHBIE, a YCJIOBHUS Ha

BHENTHUX T'PAHUIAX HEOTHOPOTHDIE.
Mpb1 mmeeM TpH pacraJaolipecs 3a1a9u 3apeMObl. Pemmmm nmepByto 3agady s 1.

U — Augp =0 (B Ql), Y11U11 = 1 (Ha I‘11>7

(21)
Oa1ugp =0 (Ha 'y = F21), O31u11 =0 (Ha I's; = F13)-

Byznem cunrarh, 9To U1 € F[l(Ql), Torma yiuyy € HY2(Ty), Onuy € ﬁ_l/g(f‘n).
Bsejiem nogmpocTpaHCcTBO

ﬁ%n(Ql) = {Ull - Hl(Ql) . 8211111 = 0 (Ha FQ]_), 831’&11 = 0 (Ha Fgl)}. (22)
s 3aaqan €CTeCTBEHHO BOCIOJIL30BATLCs (hopMmyJioil ['puna B cieyioneM Bujie

(771,U11)H1(Ql) = (M, w11 — AU11>L2(Ql) + <717717311U11>L2(F11)+
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+ (Y2171, 821UII>L2(F12) + (V3111 831U11>L2(I‘31)7 Vi, un € H%H(QJ
Bynem uckarh perienne g1 B BUJie CyMMBI U117 = ¥1 + wq. 3amumeM 3agady Jupuxie s

V1.

vy — Avy =0 (Ql), Ul’@ﬂl =P =8p (891),
rje & — yHuBepcasbHbIil oneparop npogoskenus B. C. Perakosa (cum. [6]),
& HY?(Ty) — HY3(T), &p, € HY2(05),), npuaem
||@1||H1/2(am) < Cl||901||H1/2(F11)'

Tak kak B Teopun abcrpakTHOil hopmysibl ['puHa cyiecTByeT B3anMHO-0/IHOZHATHOE CO-

v
orBercrBue G —m1> M, To cymecTByer perieHue
Ym

v =901 =71 ' Epr, v € Hy ()

u HUlHH;(Ql) < C2H5801HH1/2(391)~
Pacemorpum 3ajauy Heiimana jirs wy, KoTopas HOJIydaeTcs U3 C y4eTOM ypaB-

HEeHUsI ¥ TPAHUIHBIX YCIOBUI JJIs U1
w; — Awy = 0 (BQ), 1w = O~(Ha I'yy),
Og1wy = =0y vy = Y1 (Ha g =T'), Onwy = —03101 = ¥z (ma Iz = T3),
rie 1521 € ]Tl_l/z(r21), 12;31 € f:j_l/Q(Fgl) — m3BecTHbIEe (DYHKIMU. 3anumem (GopMyJry
Ipuna st 1y, wy € HII‘11<Ql) :
(N1, w1) () = (’72177177221&2@21) + (y31m1, 7Zm)m(rgl)- (23)
OuernM 110 MO0 QYHKIMOHAT (Yo17)1, 2221> Lo(Ta1); IMEEM
(o111, 1) ooy | < Iv2rmll vz HJﬂHf{'*W(Fm) < (24)
<almlm@) - 1ol 12

Ou snneiinpiit u orpanndenusiii. s (3171, 1231> Lo(I'3;) MOJKHO HPOJIE/IATh aHATOIMIHbIE
BBIKJIQ K.

Takum obpaszom, 1o TeopeMe Pucca o6 obieMm Bujie JimHeiHOro hyHKIMOHAJIA TpaBast
JacTh B dopmyste I'puna — JIMHEHHBIA OrpaHuYeHHbIH (YHKIIMOHAJ OTHOCUTEILHO
m B HE (Q1). Bnadnt, cymectsyer eauncrsentoe perenne w; € HE ().

Paccmorpum Hapsay ¢ CJIeJTYIONITY IO BCIIOMOTaTeIbHYO 3a1ady Hefimana:

upn — Auyp =0 (B 91)7 Onui = wl (Ha Fll); Ooug; =0 (Ha 1121), (25)
831u11 =0 (Ha F31)-
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E€ ciiaboe pernienue omnpejiesisieM U3 TOXKJIECTBA, Cieyomero u3 (23)):

(M1, ) gy = (s, Y1) Loy, ¥ € Hi (S4). (26)

Tak Kak JijIst 3JIEMEHTOB 7); U3 Hllll(Ql) BBINIOJIHEHO CBOHCTBO 1111 € HY 2(Tyy), To
npasas 4acTb B {} Oy1eT TMHEHHBIM OIPaHUYCHHBIM (DYHKIMOHAJIOM B H%u(Ql) TOr A

N TOJIBKO TOI‘,ZL&, Koraa
Y € HY2(Ty).

B srom ciayuae 3amaqa uMeeT eJIMHCTBEHHOE CJ1aboe pelieHue
uyy =: Ty, T € «g(H_l/g(Fll); H%n,h(Ql)% (27)
Hyy, () = Hy, (1) 0 H ().
Bseiem Tenepn omeparop
Ci1i=yu1Tn € g(ﬁflﬂ(rn); HI/Q(FH))? (28)
KOTOPBIi HazbIBaIOT omepaTopoM CTeKoBa.
Jlemma 4. Onepamopuoi
CHE () — HY?(Dyy), Ty - HYA(D (9 2
Y11 ru,h( 1) — (I'11), Tha (1) — Fu,h( 1) (29)
63AUMHO COnpAdcensl, a onepamop us (28 obaadaem ceoticmeom noioKHCUMEALHOCTIU:
(Ciathr, V1) Loy = ||u11||§{1(91)7 upn = T11vs. (30)
ITpu smom onepamop
S HYA(Dy) — HOVA(T) (31)
asasemcs onepamopom 2uavbepmosoti napv, (HY/?(T11); Ly(T'11)).
HokazareabcTBo. CBOICTBO B3aUMHOI CONPSAZKEHHOCTH cJlelyeT HelocpeICTBeHHO
u3 (20)):
(1, Tt gy = (am, ¥1) Loy, Vi € Hp (1), Vb € H™V2(Tyy). (32)
Orcroma noay4aeM cBOHCTBO moyioxKuTeabHOCTH Cfy':
(Cr1v1, 1) Loy = (Tudn, Tuthn) man) = HullH?{I(Ql)-
O

Bnaunr, ormeparop C1; nMeeT obpaTHbii oneparop Ci;', 38 aHHbIT Ha 06IacTH 3HAYE-

it Z(Chy) = H1/2(F11). Torna v; = Cj,'¢1, U pelienne nMeeT BH:
U1 = anl = T110ﬂ1901 = T11(71711T11>71(101 = T11T171171711(101 = 7;11901' (33)
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YauTbiBas UPebLAYIINE BBIKJIAIKH, [MOJydaeM, 9To cjaaboe pertenue 3agadn  ([20))

Hpe,H,CTaBﬂﬂeTCH B BI/I,ILe
un =5, € L(HYATh); ﬁ%n(Ql))-

Tak Kak npasast 9acTh (23) — cyMMa JUHEHHBIX OrPAHUIEHHBIX (DYHKIIMOHAJIOB, & CJIEI0-
BaTEJILHO JIMHEHHBINH OrpaHMYeHHbIH (DYHKIIMOHAJ, TO CYIIECTBYET €IUHCTBEHHOE PeIIeHIe
uy € H%n(Ql) s Voo, € HY?(Iy1). Anamormanble BHIKIAIKHA MOYKHO IIPOJEIATh s

pelennii Uy, 13 U NOJYyIUTh (pUHAIBLHYIO (hopMyITy
~71 =
Utk = Vep Pk, K =1,3.

[Tonyuaem ciieayromniuii pe3yabrar.

Teopema 4. Kaotcdas uz 3aday 3apembov. umeem eduncmeentoe caaboe pewerue u3 nood-

npPoOCMParcmea ﬁ%kk (), k =1,3, mozda u moavko mozda, kozda
YL € H1/2(Fkk>, k= m

IIpu amom pewenue umeem 6ud
a1
Utk = Vg Pk

2de Y, € L(HY?(Tip), H%kk(Qk)), k=1,3. ]

2.3. Bropasi BcnomoraresibHas 3aja4a (3agaua Creksiosa). Chopmynupyem Bero-
MoraTesIbHyIo 3aady THia CTekoBa ajist Habopa QYHKIHIT w(2) i= (Ugr; Usg; Usg)” B Clle-
JIYIOIIEeM BHJIE

Uy — Augy =0 (B Ql); M1ugr =0 (Ha F11)7

Ugy — Nugo =0 (B Qy), ~oouge =0 (ma Ta), (34)

Ugs — Augy =0 (B Q3), 7s3us =0 (maI's3),

Yo1lol — Yi2Uz2 = P12 1= P12 — V21Ul + Y12U12,
Oa1Ug1 + O1aUge = 0 (Ha 'y = Iyy),
V32U — Y23U3 = P23 1= Pz — Y32U12 + Y2313,
O32Ugo + Oa3Upz = 0 (Ha I'y3 = I'go),
Y13U3 — V31Ul = P31 i= P31 — Y13U13 + Y31U11,
O13us3 + O31u91 = 0 (ma I's; = I'y3).
31ech Bce ypaBHEHHs OJHOPOIHLIC, BHELIHHE YCJIOBUA JUpuX/ie oJHOPOIHDIE, IPOU3BOI-
HbIe 110 HOPMaJIA Ha TPAHMIE CThIKa IPOTHUBOIOJIOMKHO HallpaBjeHbl. VIMeercss paspbib
JINIIb B yCI0BUAX Jlupuxjie Ha BHYTPEHHUX I'DAHUIAX CTBIKA, KOTOPBIN 3ajaeTcd (PyHK-

IUAMHU Q;; C YIeTOM HOCTPOEHUS PeIeHHs! Ha [IEPBOM STalle.

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1



CmewarHvie Kpaesvie 3a0a4U CONPAHCEHUS 101

Bresiem Bciomorarenbubie yciousd Hefimana:

Oo1ug = —012Ugg =: X12 (Ha ' = F21),
OsoUgg = —Oagllag =: X23 (Ha ['y3 = F32),
O13Ugs = —Os1ug1 =: X3 (Ha '3y =T'y3).

Eciun dbynxiun x i € HY %(Tjx) UBBECTHBI, TO JJIsl HAXOK JICHUS

Usok, k = 1,3 BOBHUKAIOT TPH 3aaM:

L. ugr — Augy =0 (B Ql), Y1ugr =0 (Ha Fll)a Op1Uz1 = X12 (Ha [y = F12)7
Os1uz = —xa1 (ma Lgp = Di3), u € HE ()

2. Ugy — Augy =0 (B 92)7 Y2tz = 0 (Ha F22), O12Uz2 = —X12 (Ha Ig1 = F12)7
D32y = Xo3 (Ha 'z = I'oz), gy € ]:[%22(92);

3. ugg — Augg = 0 (B €23), y33u23 = 0 (ma I's3), Oizugs = x31 (ma '3y = I'3),
Oa3in3 = —Xo3 (Ha I'sy = ['y3), U3 € H%33(Q3)-

Hasee pazobbem Kaxkioe u3 g, k = 1,3, Ha 1Ba ciaaraeMbix (CM. JJOKa3aTeIbCTBO

TeopeMbl 2.1), onpeiesiuM ux cyiabble PEIIeHHs U MOy IUM, ITO

ug = T (x12) + Ts1(—x31),
gy = Tha(—x12) + T32(x23), (35)
Uup3 = Thiz(x31) + Ta3(—x23),
rpe T;; — coorsercrsyomue oneparopsl, 1 € X(ﬁ_l/2(Fij); H'()). Teneps
Xij, ©,J = 1,3, HaXo UM U3 CHCTEeMbl ypaBHEHUIl, KOTOpasl SBJSCTCS YCAOBUAMHU COIPSI-
xenng /upuxie B 3a/1ade :
Yor(Torxaz — Taixs1) — Yia(=Ti2xaz + ThaXas) = Do,
732(—T12X12) + T32X23) - 723(T13X31 - T23X23) = (P23,
—v31(T21x12 — Ta1x31) + M13(Ti3x31 — Tozx2s) = Pa1-

IIycrs x = (X125 X23: X31)7, @ = (P12; P23; 31)7- [lomyuaem cucremy ypaBHeHuit s
onepaTopuoit Marpunbl Tuna Crekinosa: Cx = @,

C:H — H,,
Cnn Crn Ci3
C=|[Cn Cp Coyu|,
Cs31 Oz Csg

riae Chi = y21To1 + 112112, Cra i= —v12T52, Ciz = —y21 151, Co = —¥32T12,
Cao 1= Y32T39 + Ya3Tn3, Coz := —ya3Th3, Cs1 1= —y31101, Csa := —Y131 03,
033 = ’}/31T31 + ")/13T13. I/I3yLII/IM CBOMCTBA orepaTopa C.
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1°.

2°.

3°.

Onepatoper ;5 1 Tj; B3aNMHO CONPAZKCHEL.

HokazaTeabcTBO. JloKazare/sbcTBO 3TOr0 hakTa ClIelyeT U3 OIpeesIeHns Cla-
boro pemrennsi. Hampumep, mist ug; mosrydaem ciiaboe perienne u3 MpOCTPAHCTBA
H' () na ocrose dbopmysmst ['puna:
(N5 u21) 510y = (M, Ua1 — AUa1) py00) + (V21715 X12) Lo (M12) +
F{¥31M15 —X31) Lo (Ts1)s X12 € H_l/Q(Fm), X31 € H_l/Q(Fsl)-
B gactHOCTH, J171 c/1aboro pereHus s Mpu Y3; = 0 uMeeM:
(771,U21)g1(91) = <'7217717X12>L2(F12)7 Vi, u2 € H%U(Qﬂ-

CrietoBaTeIbHO, CYIIECTBYET €IMHCTBEHHOE Us1 = 151X 12:

(7]1, T21X12)H1(Ql) = (721771, X12>L2(F12)-
Taxum o6pazoM, (To1)* = Yo1. AHATIOTUYHO JiJIs APYTUX codeTanuil. Boobire nmeem,
KaK U B O0IIeil cxeme, CBA3AHHON C BBIBOJIOM a0OCTpakTHOW (opmysbl ['puna s
TPOHKHI MUILOEPTOBBIX TPOCTPaHCTB, (V)" = T = (O%) . O
Ecau caurars, aro C geiictByer B Lo(I') := Lo(T'1o UT'93 UT'3;), TO
C =C* € 64 (Ly(T)). Ilpusenennoe Boime C' ecTh €ro pacimpeHne Mo HelpepbIB-
noctu na H_ := H=Y2(T'1y) x H/?(Ty3) x H'/%(T3)), a
R(C) = Hy = H'Y?(I'1y) x HY?(Ty3) x HY?(T'sy).

Omneparop C obirajaeT ¢BOMCTBOM IOJIOKUTETHHOCTH

3
(Cx XD rary = D lwskllFr ) = 0,Vx € H-.
k=1

okazareabcTBo. PaccMoTrpuM BhIpazkeHue

Vo151 + V12112 —712132 —v21131 X12 X12
—¥32112 V32130 + Y2313 —7231 13 X233 | Xes | =
—7317%1 —713153 Y3151 + 7137113 X31 X31

= (721721 + m2T12) x12 — Y1232 X23 — Y21T51X31, X12) Lo (Tro) + (—32T12X12 +
(v32T52 + 723T23) X253 — V23113 X315 X23) Lo (Tas) + (—¥31T21X12 — 113723 X23 +
(731T31 + 713T13)X31, X31>L2(F31) = <721U21, 821U21>L2(F12) - <712U22, _812U22>L2(F12) +
(Y32u22, a32U22>L2(1“23) — (723u2s, —823U23>L2(F23) — (=311, 631u21>L2(F31)+
+(713U23, O13U23) Ly(T's:)-

Pacemorpum dopmyny I'puna jijisd pereHus us;:
(11, u21)H1(s21) = (11, uz1 — AU21>L2(91) + (Y1171, 311U21)L2(r11) +
+ (Y2111, O21U21) Ly (1) + (V31115 O31U21) Lo(1y1)> VI € Hl(Ql)-
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OueBnIHO, YTO IEPBOE W BTOPOE CjaraeMble B MpaBoii dactu (opmysnl ['puna 006-

pamarorcs B HOJIb. Crie/iaeM 3aMeHy B OCTABIIMXCS CJIaraeMbIX 1)) = ugp. 1losryuaem

_ 2 _
(U21,U21)H1(91) = ||U21||H1(Ql) = <'7217717821u21>L2(F12) + (7317717631U21>L2(F31)-
A 3HAYUT, ¢ yIETOM aHAJOTHIHBIX (POPMYJT IS Uog, Uss,

3
(OX X 12r) = D uzill g,y = 0,Vx € H-.
k=1

Orciona ciretyet, uto oneparop C' orpanutento jgeiicryer u3 H_ wa H,, u noromy

(110 Teopeme Banaxa) cymecrsyer orpanndennbiii oneparop C1 € Z(H,; H_). [
B urore jyisa ucxoanoit 3ajgaau Crexsosa (34) nmoydaem cieyromuii pesyibrar.

Teopema 5. Cghopmyaruposannas ecnomozamenvras 3adava Cmexsosa 6 Ycao6UAT Meo-
pemwi |4 umeem eduncmeennoe caaboe pewenue wey € H'(Qy) moeda u moavko mozda,

K020a 6LINOAHEHDL YCAOBUSA
p12 € H'?(T'13), oz € H'?(T'a3), 31 € H'*(T'31).
Pewerusa amoti 3adavu umerom 6ud , 2de X;j maxodamcs no dopmyse

x=C""%.

JloKa3aTeIbCTBO 3TOr0O YTBEPIKJIEHHUS IIPOBEICHO B PACCYKICHUSX BBIIIIE.

2.4. Anajior mnepsoii BcrnomoraresabHoit 3amauum  C. I'. Kpeitna. Cdopmynupy-
eM aHaJor TepBoit BcromorarenbHoit 3ajgadu  C. I Kpeitna mgia wabopa dyHkIumit
u(3) = (us1; use; us3)’:

uzr — Augy = fi (BQ1), ymusn =0 (naly),

uzp — Auzg = fo  (B2), 7oouse =0 (may), (36)

uzz — Augz = f3 (B83), 733usz =0 (maI's3),

Yoruss — Yi2usz = 0, Oaugt + Orouge = 0 (ma I'ip = T'yy),
YaoUzz — Yo3uzz = 0, Ospuizy + Oogizg = 0 (Ha [ag = F32)7
Yi3uzz — 31Uz = 0, Oizuzz + O3uz; =0 (Ha I3 = F13)-
B »Toit 3aa1e Bce rpaHUYHbBIE YCIOBHSI OJHOPOJHBIE, & YPaBHEHMSI HEOIHOPO/IHBIE.

BBesieM B paccMOTpPEHUE TIOIPOCTPAHCTBO
HL(Q) = {u = (ur;u;uz) € H'(Q) : yju; =0 (maly), j=1,3;
Yirur — Yeju; =0 (ma Ty), j,k=1,3} C H'(Q).
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Bamumiem dhopmyiy ['puna st 3amgaan (36)):
3

3
(0, w) () = Z(ﬁka Usk) 11 () Z M, Uske — DUsk) Lo(0,)F (37)
k=1 =1

{72171, Oa1uzt + O12Us2) 1y (1) + (V32725 O32Us2 + O23Uss) 1y (ry)
+<713773, O13us3 + 331U31>L2(r13)7 V., usy, € H%(Qk)

Craboe periieHne ompeessieM COrIaCHO TOXKIECTBY

3

> ks usk) ey = (s fid o) ¥ e € HH (). (38)

k=1 k=1

w

Ha ero ocuose mis 3amaqn (36]) mokazkeM cieyiomiee yTBEpK/ICHHUE.

Teopewma 6. [lepsas scnomozamesvhas 3adava C. I. Kpetina umeem eduncmeenmoe caa-

boe pewenue ugy € HE(Q;) mozda u moavko mozda, koeda 6vinonneno ycaosue
fo= (fi; fa; f3) € (Hp(2))".
B amom cayuae pewenue daemcs dopmyaot
=A"'f,

ede A — onepamop euavbepmosoti napw (HE(Q), La(2)),
HL(Q) — Ly(Q) — (HE(Q))*. B wacmnocmu, ecau

f f17f27f3 @LQ Qk (Q))*7
mo ama 3a0a4a umeem eduHcmeerHoe 0506’1146%%06 pewerue.

HokazareabcTBo. [Ipn mobeix 7, € HE(Q) npasas wacts toxkmecrsa (38) — smmeii-
HbII OrpaHuYeHHblll (byHKIMOHaX B npocTpancTse HE(§)) Torma u TobKO Tora, Korja
[ € (HE(2))*. B atom cayuae o emme ®. Pucca 06 obrmem Buie JIMHEHHOTO OrpaHnyeH-
Horo (pyHKIMOHATA B TUILOEPTOBOM NpocTpaHcTBe st Jjoboro f € (HE(Q))* maiiner-
Csl eJJUHCTBEHHBIN d7eMeHT w3 € H () Takoi, npu KoTopoM GyAeT BBIIOJIHEHO PABEH-

crBo (38). B kypce sekrit [7] (mpumvernTesbHO K 9T0i 3a1ate) ObLIH JOKA3aHbI (GOPMYJIBI

(n,ue) ) = (A0, AVug) @) = (0, Au) o),

rie A — oneparop runbeprosoit mapbr (HE(Q), Ly(Q)). Tlosromy us (37) momydaem

3 3
Z<nk7fk>L2(Qk Z Mk, U H1 Q) = (Al/QnaAm 3))La(@) =
k=1 k=1
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= (0, Au) 1o, V1= (3 m2: m3) € Hp ().
Caeposarensro, (1, f — Aug))r, = 0, V n € HL(Q). Taxk xak 1 npoberaer Bee
HE(Q), ro (f — Aus)) — nynesoit dynxumonan us (HE(Q))* u Aug) = f.

Ecan
3

f € 6P La(),

k=1
TO hopmya IIPUHUMAET BU/I,

(777 f)LQ(Q) = (777 u(3))H111(Q)7

U B 9TOM CJiydae CyHieCTByeT € IMHCTBEHHOE O606H.[€HHO€ pelienue

— A°f 0

2.5. Amagor BTopoii BcnomoraresbHOoil 3amadn C. I'. Kpeiina. Paccmorpum ana-
JIOI' BTOPOii BcriomoraTe ibHo 3aa4un Kpeitaa jijis1 Habopa dpyHKITUiT

Ugay 1= (Ua1; a2 Uag)”

Uy — Dugyy =0 (B Ql), Yi1ar = 0 (Ha F11)7
Ug2 — AU42 =0 (B QQ), Y22U42 = 0 (Ha FQQ), (39)
gy — Augz =0 (B Q3), 7Y33ua3 =0 (ma [3),

Y2141 — Yi2ta2 = 0, Oo1ug1 + OrUyn = (D3P (Ha ' = F21)7

Yaolaz — Yotz = 0, Osplign + Ooztiyz = o3 (Ha [og = F32),

Yi3Usz — YarUar = 0, Oizuag + Og1ua1 = Vg1 (ma Iy = T'yg).
31ech ypaBHEHUs OJIHOPOJIHBIE, HA BHEITHUX I'paHuIaX ycaoBus Jupuxie oJHopoaHbe, Ha
BHYTPEHHHUX I'DAHUIAX CJie/Ibl (DYHKIUH COBIAIAIOT, & IIPOU3BOHbIE TI0 HOPMaJIU TEPIIAT
3a/laHHbIA Pa3phIB.

Bamumiem dhopmyiy ['puna st 3agaan (39):

|Mw
[M]

(Mo ary — DUk 1(04) + Z(%kﬁk, Ok Uak) Lo(Nyr) T
1 k=1

( 217717821U41>L (Ta1) T <712772, (912U42>L2(F12) + <’7317717 a31U41>L2(F31) +

(nk:» U4k>H1(Qk) =

B
Il

<7137]37 a13U43> Ly(Ty3) T <V32772, a32U42>L (Ts2) T <7237737 (923U43>L2(r23)7

Vnk7u3k € H%‘(Q)v 9023 S H1/2( l]) 1% S H 1/2(F1J) Zaj = m
C nomomsio opmysibl ['puna omnpeesium ciaboe perterue 3a1aan ([39)):

3
> (e war) i (@) = (271, U21) o) + (V32702 ¥32) Lo(ran) + (40)
k=1

+<713773, (—¢13)>L2(r13),V77 = (?71; M2, 773) € H1£<Q)
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B urore paccmoTpenus 3Toil 3a/1a9u MMOJIydaeM CJIeIYIONIN pe3yIbrar.

Teopema 7. Bmopas eécnomozamenvrasn 3adava C. I'. Kpetina umeem edurncmeentoe caa-

boe pewenue uyy € HE(Q) moeda u moavko mozda, kozda 6uinoanenbL Yeao6UA
o1 € H V2 (Ta1), thse € H™V2(T'3), this € HV2(I'y3).
Omo pewenue umeem 6ud

u(gy = Warthar + Waathza + Wizt (41)
2de VVij : ﬁ’l/Q(Fij) — H%(Qz), 1, = m

HokazarenbcTBo. Bocnosnbayemest HepasercTBoM (eM. [7])
el g2y = g}g}) ull ) < llullgr)-

Orciofa mostydaem, aro npu V n € HE(Q) npasasg uwacts B (40) saBisercs uHeitHbIM
orpanndenubiM dyHaKimonanoM Ly (n) B HE(Q) Torma u ToIbKO TOrA, KOT/a BBIIOJTHEHI

YCJIOBHSI 1;; € [Tlfl/Q(Fij), i,7 =1,3. B camom jieite,

|<'721771777Z)21>L2(F21)| < ||721771||H1/2(F21) ’ ||¢12||ﬁ—1/2(r21) < ||¢21||1§—1/2(r21) : ||77||H1£(Q)-

Anajtorndso s 1ByX Apyrux ciaydaes. 11 motomy [, (7)), T. e. mpaBas 9acTh TOXKJIECTBA
(40), — nmueiinblii orpannuennwiit bynkiuonan B HE(£2).

Ob6patrno, ecam ly(n) — JHHEHHBIH OTrpaHHYeHHBIH (QYHKIMOHAT OTHOCHTEIHHO
m. € HE(Q), To copokynmocTs smementos {v;m;}3,_; npoGeraer Bee HY2(Iy;), Korma
n; npoberator Bee HE (). Tosromy amement 1 = (t)g1; 139; 913) JO/DKEH MPUHAJIEIKATE
npocrpancrsy (HY2(Ly;))* = H-Y2(Ty;), i,j = 1, 3. Hockombky Ly(n) — mumeitnsiit orpa-
Huuennbiit pynxuuonan B HE (), To no nemme @. Pucca cymecTByer eJIMHCTBEHHOE pe-
uenne gy € Hi () Takoe, 9T0 CHPABELIHBO TOXKIECTBO .

Hokazkem renepb, uro pemenue umeer bug (41). s sroro pasobbem ncexos-
HYIO 3aJady Ha TPU BCIOMOraTesbHble (OCTABUM HEOJHOPOJHOCTH B ycjoBusx Heii-
MaHa JIMIh B OJHOM MecTe). PaccMOTpuM pellieHre TepBoii BCIIOMOTAaTeIbHON 3a/1aun

uqy € HE(Q) € HY(Q). Uz bopmysel puna mostydaeM ToxKIeCTEO J1jist ¢1aboro pereHus

(771,U411)H1(Ql) = (721n1,¢21>L2(F21), Vn € H%(Q)

Orcro/1a, Kak U BBIIIE, [OJIyYaeM, 9TO CYIIECTBYET eIMHCTBEHHOE Cj1aboe perreHne

gy = Warthay, Woy - ﬁfl/Q(le) — H}{(Q)

“Taurida Journal of Computer Science Theory and Mathematics”, 2016, 1



CmewanHvie Kpaesvie 3a0a4u CONPAHCEHUS 107

ABaJOruIHO /1A ABYX JAPYTHX PeNIeHn BCIIOMOTaTeIbHBIX 33/a4. Tak Kak perrenue )

€JMHCTBEHHO, TO OHO UMEET BH]L

U(g) = Ugr1 + Ug2r + Ugzr = Warthar + T321030 — T13713.
O

Hrorom paccMoTpenust MCXOTHOM cMmertannoii Kpaesoit 3aaaan (18)—(19)) conpskermst

ABJIAETCA CieAyroniee yTBep2K/IeHue.

Teopema 8. Hcxrodnas 3adaua @f@ umeem eQuUHCMBEHHOE CAGDOE PEWEHUE U3 NPO-
CMParcmea

H'Y(Q) = D H" (%)
k=1

mozda u Mmoavko mozda, Ko20a 6uNOAHEHDBL Ycaosus meopem 2.1-2.4. Pewenue 3sada-
YU @f@ ABAACNCA CYMMOT PEWEHUT, BCTLOMOAMEALHIT 30004, PACCMOMPEHHHLT
6 nn. 2.1-2.4. O]

C moMOIIBIO JAHHOIO IOJX0/Ia MOYKHO PACCMATPUBATHL 3a1a9M CONPSIZKEHUs I Pas-

JIMYHBIX KOoH(puUryparmuit obmacreit. O0IMe BHIBOABI OCTAIOTCST HEM3MEHHBIMMU.
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Zhukovskiy V. 1., Kirichenko M. M. and Boldyrev M. V. 2016. Garanteed
Outcomes and Risks in Multicriteria Problem. Taurida Journal of Computer
Science Theory and Mathematics, 1, pp.[7]-[18|

MSC2010: 91A06

B nannoii cratbe npesaraercs crocod MOCTPOSHNST CTPATEI M B MHOTOKPUTEPUATHLHOM 3a-
Jlade IpU HEeolpeIeIeHHOCTH, obecriednBalomieil ogHoBpemMento Ilapero-makcnmaibHOCTD
rapaHTHPOBAHHOTO MCXO/a C MITHIMAJIbHBIM PUCKOM. B KadecTBe MPUIOXKEHNsT PACCMOTPe-
HBI JIBa BapuaHTa 3aJia49u O JIMBepCUMUKAIMN BKJIAJA 110 JIBYM Jerno3utaM (pyb/ieBoMy u
BAJIIOTHOMY ). 3aMeTUM, 4TO TI0I00HOI 3a/1aue nocssieHa crarbsa 2Kykosekoro B. 1., Mo-
sgocreoBa B. C. u Torraumsmim A. JI. “Problem of multicurrency deposit diversification —
three possible approaches to risk accounting”, onmybsmmkoBannas B 2014 r. B KypHaJe
“International Journal of Operations and Quantitative Management”, T. 20 (1), c. 1-15,
re MOJIyYeHbl pe3yJIbTaThl, OTJUYHBbIE OT IPUBEJIECHHLIX B HacTosdmeir padore. [leno B
TOM, 9YTO IAapPETOBCKUE PeIleHrsi 00pa3yioT MHOXKECTBO, 3JIeMEHThI KOTOPOIro, BOOOIIE ro-
BOps, pazinaHbl. M Kak B ykaszaHHO# paboTe, TaK U B HACTOLIIEH cTarbe (PUTypUPYIOT

Pa3Hbl€ 9JIEMEHTBI OJHOT'O U TOI'O K€ ITapeTOBCKOI'O MHOXKECTBA.

Karouesnvle caosa: maxcumym no [lapemo, cmpamezus, HeonpedeseHHocmsy, 6EKmMopHasA 2aPAH-

musa, puck no Creudacy, NPUHUUN MUHUMGKCHOZ0 COHCANEHUS.

Zhukovskiy V. I. and Smirnova L. V. 2016. Berge-Vaisman equilibrium for
one linear-quadratic differential game. Taurida Journal of Computer Science
Theory and Mathematics, 1, pp.[19—[29]

MSC2010: 91A06

Jlo HacTosIIEero BpeMeHn MCC/Ie0BaHns PaBHOBeCHUs 110 Bep:Ky B OCHOBHOM ObLIU Or'pa-
HUYEHBI JINIIh KOHEYHBIMU OECKOAJUIIMOHHBIME UrpaMu. B pabore mpeanpuHaTa Iep-
BOHaJaJbHASA TOMBITKA MTPUMEHEHNS PAaBHOBeCUs 10 Dep:Ky K JUHaAMHYIECKOMY BapHUaH-
Ty OECKOAJUITMOHHONW WIPBI, a UMEHHO JJIs TO3WITMOHHONW OECKOAJMITMOHHON JIMHEIHO-
KBaJIpaTUYIHON UIPBI JABYX JIMI[ C MaJIbIM IapamerpoM. cronb3ysa pesyibTaTbl TEOPUN
MeTO/Ia MaJIOro IrapaMeTpa, B 4aCTHOCTHU, TEOPEMY O HEIIPEPBbIBHOI 3aBUCUMOCTH PEIIEeHUS
CUCTEMbI OOBIKHOBEHHBIX JT(pdepeHImaabHbIX YpaBHEHUN OT mapaMerpa, a TaK:Ke Teope-

My Ilyankape 06 aHAJTUTHUIHOCTHU PEIIECHUS 110 TAPAMETPY, BBIABIECHBI KOIMDDUITNEHTHBIE



110 Pegepamut

KPHUTEPUU CYIIECTBOBAHMS CHUTyallun paBHOBecud 10 Beprky-Baiicmany, a Tak:xke ycta-
HOBJIEHBI YCJIOBUSI CYIIIECTBOBaHUS paBHOBecus 110 Bepxky—Baiicmany B ykazauuoit aud-
depenruanibioit urpe. PakTHIECKU CTATHs SABJIETCS IEPBOHAYAIBLHON 110 JBYM HAIPaB-
JIEHUSIM B TEOPWUH JIMHEHNHO-KBAIPATUYHBIX Ju(dEPEeHITNaTbHBIX TO3UIIMOHHBIX Urp. Bo-
[IEPBBIX, BBIABIEHUSA KOI(DMDUIIMEHTHBIX YCJIOBUI CYIIECTBOBAHUS paBHOBecHsd 10 BepKy—
Baiicmany; BO-BTOPBIX, 110 MPAKTUYECKOMY IMOCTPOEHUIO TAKMX PABHOBECUN B BHJIE PaB-

HOMEPHO CXOAAINUXCA pAJ0B II0 CTEIIeHdM MaJloro IapaMeTpa.

Karouesvle caosa: 6eCkoaiuyuonHaA NO3UUUOHHAA SUHETHO-KEAIPAMUNHAA U2pa, JuHaMUe-
cKoe npozpammuposarue, pasrosecue no beporcy—Baticmany, pasnosecue no Hawy, nenpepvienas

3A8UCUMOCTND U GHAAUTMULYHOCTID pewenuﬁ no napamempy.

Banamosa I. C. O mpunnunax coiaiin-skcrpanosnsimuu / I'. C. Banamosa //

TaBpudeckuii BecTHuK nHdopmatuku nu maremaruku. — 2016. — Nel (30). —

C. [29-137
YAK: 517.518.23

B pabote ucciemayercss paspenuMmocTsb 3aa4u Jdupuxiie s HenuHeiinoro guddepeHiim-
aJIbHOTO ypaBHEHUsT OECKOHETHOro MopsaKa. PaHee Jjisi 9TOro paccMarpuBajiach IOC/Ie-
JIOBATEILHOCTD YCEUEHHBIX 3a/1a4 TOPSIIKA 2M U C TOMOIIBIO IPeIeIbHOIO Mepexoia Mpu
CTPEMJIEHUN 1M — OO YCTAHABJINBAJIOCH CyIIEeCTBOBaHME 0OOOIEHHOTO PeITeHnsT NCXOTHOM
3aj1a4u. B mpejicraBieHHON cTaThe MPEeJJIOZKEeH HOBBIH TOJIX0, & MMEHHO JIjIS Pa3pennMo-
ctu 3ajaqn Jupuxite s HesmHeiiHoro Aud hepeHnnaabHOro ypaBHeHns: 66CKOHETHOrO
opsijiKa Ipejiaraercs auddepeHaabHblii orrepaTop 66CKOHETHOIO MOPSIIKa YPpaBHEHUST
IIPEJICTABUTH B BUJIE CYMMeE JIBYX OIEPATOPOB OECKOHEYHOI'O TOPsJIKa, OJIMH U3 KOTOPBIX
IVIABHBIN, a JIPYTOil eMy HOJIYMHEHHBIN. B 0CHOBY MX cpaBHEHUS TTOJIO2KEHBI COOTHOIIECHUS
COOTBETCTBYIOIINX UM 3HepreTndeckux mnpoctpancts CobosieBa 6ECKOHETHOIO MOPSIIKA.
Torma npu BBIOJHEHNN psijia YCJAOBHI ISl TVIABHOTO M ITOJYMHEHHOTO OIIEpaTOpPOB yia-
eTCsl YCTAHOBUTH CYIIECTBOBaHUE OOOOIEHHOTO PEIeHHs /I NCXOIHOTO YPaBHEHUs TIPU

JII000M TIPaBOit YacTH U3 COIPSZKEHHOI'O IIPOCTPAHCTBA JIJIs TJIABHOT'O OIlepaTopa.

Karouesnle cao8a: paspetusumocmsp, Meopemvl BAOHCEHUA, NPOCMPAHCMBE, DeCKOHEUWHbLT NOPA-

0%, NOOUUHEHHBIT ONEPATNOP.
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Bpyk B. M. O rpanm4HbIX 3ajJia4ax /IJiss MHTErPAJIbHbIX ypaBHEHUii ¢ omnepa-

topabimu Mepamu / B. M. Bpyk // TaBpudeckuii BecTHUK WH(MOPMATUKU U

maTemaruku. — 2016. — Ne1(30). — C. [38]-[48]
VIK: 517.983

[Tosry4yennbl qocTaTovnble YCJIOBUSA PABHOMEPHON CXOJIMMOCTH PENIeHUil TPaHUYHbIX 33/1a4
JJ1d MHTerpaJbHbIX YPaBHEHUII C OIIEPATOPHBIMHU MEpaMU, 3HAUCHUAMU KOTOPBIX ABJIAIOT-

cd JIMHEWHbIe OrpaHmYeHHbIE ONEPATOPHI B cenapabe/IbHOM THIBOEPTOBOM MTPOCTPAHCTRE.

Karouesnvle c08a: unmezpasbhoe YpasHEHUE, ONEPAMOPHAA MEPG, 2PEHUYHAA 360a4a, 2UAbOED-

MOBO NPOCMPAHCMEO, NUHETHBIT ONEPATNOP.

Emenunues B. A. O pamuyce 7Ti-ycTOMYMBOCTA MHOTOKPUTEPUAJILHON JIMHE-
HOI1 OysieBoii 3azaumn ¢ HopMamu [esibepa B IPOCTpPAHCTBAX MapamMeTpoB /

B. A. Emenuues, K. I'. Ky3spmun // TaBpudeckuii BecTHUK MHMOPMATUKU U
maTtemaruku. — 2016. — Ne1(30). — C.[49]-[64

YAK: 519.8

PaccmatpuBaercss MHOrOKpUTepHuaibHas JUHelHas OyJieBa 3aja4a, COCTOSAIIAsd B ITOUCKE
muokectBa [lapero. [losrydennr HUKHsAS U BEepPXHAA ONEHKH pajiuyca 1)-yCTONYINBOCTH
3aJa4u B LPEIIIOJIOXKEHUU, YTO B IIPOCTPAHCTBAX PELICHUN M KPUTEPUEB 3aJaHbl IIPO-
n3BOJIbHBIE HOpMBI ['enbiiepa. Kak ciejicTBue, nmpuBegeHbl M3BECTHBIE OIEHKU PaInyca
T1-yCTOWYMBOCTU 3aJIa9U B IPOCTPAHCTBAX C YEOBIINIEBCKONH METPHUKO, a TaKKe yTBep-

KAeHUd, CBUACTC/JILCTBYIOIIKE O JOCTU2KMUMOCTH YKa3aHHbIX OIICHOK.

Katouesnvle cao68a: MHO20KPUMEPUGALHAA bYaesa 3adana, mHosxcecmso Iapemo, paduyc ycmod-

wusocmu, Th-yemotivusocms, nopma Ieavdepa

2Kykosckuii B. I. Ucxon m pucK B MHOTOINIArOBO# MO3UITMOHHON 3a/1a4e IIpu
neonpeiiennoctu / B. M. 2Kykosckuii, M. 1. Beicokoc, A. C. T'opbaros //

TaBpudeckuii BecTHuK nHdopmatuku nu maremaruku. — 2016. — Nel(30). —

C. 6577l
VIK: 517.977.54

PaccmoTpenbl BOmpochkl IPUHATHUS PEIICHUS B OJHOKPUTEPHAJILHON 3aja4de Ipu cTpaTe-
ruueckoii veonpeiesiernoctu (O3H) ¢ mosunuu JIIIP, crpemsiierocst 0 JHOBpeMEHHO yBe-
JINYUTH TaPpaHTUPOBAHHBIN MUCXO/T C BO3MOXKHO MEHBIITNM I'apaHTUPOBAHHBIM puckoM. [Ipu

9TOM OCHOBBIBaeMCsdA Ha IITPUHIIUIIE MUHUMAKCHOI'O COXKaJICHU I (HO CSBI/I'Z[‘}KY*HI/IXaHCy)
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112 Pegepamut

C IIPUBJIEYEHUEM MaTeMaTUUYECKOI'o allllapara MeTo/a JUHAMUYECKOI'O IIPOrpaMMUpPOBa-
HUsl JIJIs JIMCKPETHBIX 3ajad. 3/1eCh, BO-11epBhIX, paccmarpuBaercs O3H nByx BuioB, or-
JITIAIONINUXCS TTapaMu: KOHTPCTPATerns — YHUCTasl HEOIPEJIEIEHHOCTh U YUCTasl CTpaTe-
I'Usi — CTpaTernydeckas HEOlpeJIeJIeHHOCTh. B mepBoM ciiydae cTpouTcs (DyHKIASA COXKa-
JIEHUsI, BO BTOPOM — TapaHTUU UCX0Ja W pucKa. Bo-Bropsix, ncxoanoit O3H craBurcsa B
COOTBETCTBUE JIBYXKpUTEpUaAJIbHAA JUCKPETHas IO3UIIMOHHAaA 3ajlada, IJe IepBblil Kpu-
Tepuil — rapaHTUPOBAHHBINA UCXOJ, a BTOPOil — “MuHYC’ TapaHTUpPOBaHHBLINA puck. s
9TON JIBYyXKPHUTEPUAIbHON 3aJia4i CTPOUTCH MakcuMmaJjbHasg 1o [lapero umcras crpare-
I'usl, KOTOpas U OlpejiesisieT BeJUUYNHY IapaHTUPOBAHHOI'O UCXOJd, M TapaHTUPOBAHHBIHI
PHCK, COIPOBOXKJIAIONINI peau3alio TapaHTUPOBAHHOTO UCXOoJa. B KadecTBe IpuMepa
MOJIyY€eH SIBHBIN BU/I IIPEJJIATaeMOTO peleHns JJIsl JTUHENHO-KBaJIPATUIHOT'O OJTHOIIAIO-

Boro Bapuanta O3H.

Karouesnvie caosa: mHozowazosas 3a0aya, 3a0a4a Ynpasiehus, CMpameaus, MHo20KpUmMepu-

aavraa 3adava, 2apanmui, makcumym no Ilapemo.

2Kykosckuii B. I. ¥YpaBHeHnue paBHoBHOBecuit mo Hamy u Bepxkxy B mMozesnnu
nyononun Beprpana / B. U. 2Kykosckwuii, T. B. Makapkuna // TaBpudeckwuii
BeCTHUK uHOpMaTUKu 1 MaTtemMaTuku. — 2016. — Ne1(30). — C.[78—[38]

VIK: 519.833.2

Jlnsg MaTeMaTHUecKOil TEOpUU UTD B IOCJIE/IHeEe BPEMs XapaKTePHO aKTHUBHOE U3YyUeHUe
KOHIIETIIINN PaBHOBECHS 110 BeprKy, Kak aHTHUIIO/A IITUPOKO IPUMEHSIEMOTI'0 PABHOBECHUS 110
Hsmy. Pazyiimame B TOM, 4TO KOHIENIMA paBHOBecus 10 Hamry mmeer ‘“SromcTUdecKwmii
xXapakTep’ — KaXK/Iblil YYaCTHUK UI'PBI CTPEMUTCH YBEJUYUTDH JIAIIb CBOI BBIMIPHIIL. B
IIPOTUBOIOJIOZKHOCTH paBHOBecuio o Hamry, myist paBHOBecus 1o Bepiky xapakTepeH ajlb-
Tpyn3M — “3a00Ta” O BBINTPHINIAX BCEX OCTAJIBHBIX UTPOKOB. OCHOBa 371€Ch — 30JI0TOE
paBuUIo HpaBcTBeHHOCTH: «OTHOCUCH K JPYTUM TaK, KAK Obl Thl XOTEJ, YTOObI OHU OT-
HOCWIHNCH K Tebes. Takoil 1mo/ixo | 3aBeIOMO UCKIIOYAET “2KeCTKHUE MEPhI’ YPaBHOBEITNBA-
HIsI KOH(PJIMKTOB — HCKJIIOYAET BOIHBI, BOOPYKEHHBbIE CTOJTKHOBEHUS, KPOBOIIPOJIUTHUSI.
B npenaraemoit auTaTesio craThe MoKas3aHo, 9TO paBHOBecHeE 10 Bep:Ky MOKHO mpuMe-
HATH B 9KOHOMUKe. B gacTHOCTH, HaileHbl KOIMDMUIMEHTH B MATEMATUIECKON MOJIEN
nyonosinu Beprpana, mpu KoTopbIx paBHOBecue 110 Bepiky focrasiisier urpokam OoJIbIliie

BBIUT'PBIIIH, YeM paBHOBecue 1o Hamry.

Karouesvie caosa: beckouruyuonnan uepa, pasrosecue no Howy, pasnosecue no Bepoicy,

dyonoaus Bepmpana.
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KomnaueBckuii H. /I. Cmemanuble  KpaeBble  3aJa4dM  CcoOmpsi>KeHust  /
H. 1. Konauesckwnii, K. A. Pagomupckasi // TaBpuueckuii BecTHUK UH-
dopmaTuku n maremaruku. — 2016. — Ne1(30). — C. [89-[108]

VIK: 517.95, 517.98

Ha 6a3e abcTpakTHoit dpopmyrsl ['pura pacecMorpen obmmumii moixo 1 K aOCTPaKTHBIM Kpa-
€BBIM 3ajadaM colpsiKenus. Pazobpan mpumMep KoH(MUIYPaAIMH TPUCTHIKOBAHHBIX 00J1a-
cTelt NI 3ajlad CONPSI?KeHUs Ha OCHOBe 00001IeHHol dhopmybl ['puna s omeparopa
Jamnaca (kordurypanus “Tprzkapl pazpesanubiii apbys”). McexonHas HeoJHOpOIHAS 3a-
Jlada, CONPsizKeHUsT Pa30MBAETCs Ha YeThIPe BCIOMOIaTeIbHbBIE, COJIEPKAIIUE HEOTHOPO/I-
HOCTD JIMIIIb B OJHOM MecTe — Jiub0 B ypaBHEHHUH, JTUOO B KpaeBoM ycsioBuu. C IOMOIIBIO
orpe;iesleHHbIX GopMy/T ['prHa HAXOAATCA perteHns Kaxk 10l 13 BCIIOMOraTeIbHbIX 38,144,
JIOKA3BIBAIOTCSA COOTBETCTBYIOIINE TEOPEMbI O CYIIECTBOBAHUN U €INHCTBEHHOCTH TaKOI'O
peueHunsd. B KOHIIE CTaTbU II0JIy9a€M BbIBO/I, YTO pCIIECHUEC HCXO,Z[HOIZ 3aa91 — 9TO CyYMMa

peHIeHI/Iﬁ YeThbIpeX BCIIOMOT'aTeJIbHbIX 3a/a4.

Karouesovie caosa: gopmysra I'puna, 3a0avu conpancenus, AUNWUYESE 2PAHUUG, CAaboe peule-

nue, meopema Pucca, caed pyrnrxyuu, npoussodnas no HEWHET HOPMAAL.
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