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AN APPROACH TO RECONSTRUCT TARGET FUNCTION OF THE
OPTIMIZATION PROBLEM WITH PRECEDENT INITIAL
INFORMATION

(© Ayder Anafiyev, Alim Abdulkhairov

TAURIDA NaTiONAL V. I. VERNADSKY UNIVERSITY
MaTHEMATICS AND COMPUTER SCIENCE DEPARTMENT

E-MAIL: anafiyev@gmail.com, alim.abdulkhairov@gmail.com

Abstract. The optimization problem with precedent (training sample) initial information is
considered. Some approaches for reconstruction of the target function of such optimization problem are
proposed. The open problems that must be solved to obtain better quality solutions of this problem are
highlighted.

1. FORMULATION OF THE PROBLEM

Let X, Y and W are the spaces of object (feature), target function value and
admissible function value respectively, f: X — Y is a target function and 2 is an
admissible set of objects. Consider the optimization problem

fla) > max (1

with initial information is represented by the set of triple X* = (z;,y;, w;)’_,, where
v, € X, y; €Y and w; € W. The triple (x;,y;, w;) will be called precedent (training
sample). If W = {0,1} then w; = 0 means that the object z; ¢ €, otherwise (w; = 1)
means that the object x; € Q. If W =0, 1] then w; € W could be interpreted as the
probability that the object z; belongs to the set €.

The problem (1) will be called the optimization problem with precedent initial
information [1, 2, 3]. This is a problem with incomplete information. For solving this
problem it’s necessary to construct an algorithm which finds in €2 the optimal object(s)
of the target function f or reduces the problem to a certain optimization problem with a
fully defined data and which allows to find an effective decision.

The optimization problem could be divided into two problems: the problem of
reconstructing of the target function f (regression problem) and the problem of
reconstructing the admissible object set  (classification problem). There are many
approaches for solving the regression and classification problems. However it’s still open
the problem of synthesis of these two problems to get the better quality solution of the

gien optimization problem.

Example 1. Lets consider the maximization problem with precedent initial information:
X =R% Y =R, W ={0,1}. The training sample X* is set as a training table:



An approach to reconstruct target function of the optimization problem 5)

Ty | T2 ||Y | W 7
212121 i

5 4 x b4
511 (31 . E .
4 14 1(4|1 3

2

6 |151]-10 : ¢ 3
8|4l -1]0 )
10 5 _ O o 2 4 6 B 10 12z

Admissible objects are marked by circles, inadmissible — by crosses. In additional the
objects with known values are labeled by the target function values.

As you can see from the figure when we come near to the imaginary border of the
space 2 the value of the target function grows. Obviously this information would be useful
for the decision making. The location of objects of different classes (“admissible” and
“inadmissible” objects) may be very important during the target function reconstruction.

2. RECONSTRUCTION OF THE TARGET FUNCTION

2.1. Linear regression. Lets consider an input space X = R" and output space Y = R.

The linear regression model ¢(x, ) is represented by

a):Zajxj, a R, j=1,n

The optimal value of parameter « is selected from solution of the optimization problem

¢

o = arg m%n L(o, x;) = arg mﬁ{n Q(a, X°) (2)
aER™
i=1

where L(a,x) is a loss function which is used to determine loss on the object z and
[

(a, X*) = E (o, x;) is an empirical risk.
=1

When deﬁnlng the loss function it must be considered the fact that we reconstruct
the target function of the maximization problem (1). In this case we need more “detailed”
study the objects on which the target function takes large values. Therefore the object
importance depends on the value of the target function for this object. Thus the loss

function will be considered as
L'Y(Oé7 QZ) = ’y(ﬂf)L(O&, 'T)

where v(x) is the weight function which defines an importance of the object = for the

optimization problem.

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



6 Ayder Anafiyev, Alim Abdulkhairov

Let us consider L(a, z) = (¢(a, ) — f(2))? and v(z) = f(x).

Introduce  the matrix notations F = (2])ixn, Y= Wi)ex1, &= (aj)nx1

and v = diag(y(z1),...,v(xe)) = diag(yr, . .., ye).
Let us write the optimization problem (2) in matrix form

Q(a, X*) = v[|Fa —y||* = min.
(0%
The standard way to solve this optimization problem is to use a necessary condition of

%0 =2F"y(Fa—y)=0.

minimum

Therefore
FTyFa = FTyy.
If FT~F is a nonsingular matrix then the solution of the system will
o = (FTyF) L F yy.

The result of the using the linear regression method for reconstruction of the target
function f of the optimization problem (1) is illustrated on the figure 1. As you can see
a more detailed learning of the optimal objects could improve the solution®.

0 2 4 6
Fig. 1. Application of linear regression method for reconstruction of a

target function of an optimization problem (bold line — with proposed loss
function)

LOf course this approach requires more detailed research.

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2
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2.2. Support Vector Regression. The SVR [4]| (Support Vector Regression) could be
used to solve the problem of reconstructing the target function. The SVM (Support Vector
Machines) method is used for the reconstruction of the admissible object set §2. The
support vector machines is one of the best classification algorithm nowadays. Learning
of SVM leads to solving a quadratic (linear) programming problem. The position of the
discriminant hyperplane depends only from a few support objects. In addition the use
of kernel functions allows the efficient using this method for both: linearly separable and
inseparable samples.

The figure 2 shows an example of the optimization problem with the precedent initial
information with six objects: two are inadmissible and marked with a cross symbol and
the other four belong to the space {2 and marked as a circle (the big radius circles have
the larger target function value).

7 \ \ \

Fig. 2. SVR and SVM for solving the optimization problem with precedent
initial information.

Line L; is the result of the solving regression problem and corresponds to the target
function. Line Lo is the result of solving classification problem on two classes: “admissible”
and “inadmissible” objects. The set D is very interesting from scientific point and needs
to be researched.

Consider the applying of SVR method to the reconstruction of the target function of
the optimization problem 1. The target function f(z) is represented as

f(x) = (o, x) + ay,

where (-, -) is the scalar product.

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



8 Ayder Anafiyev, Alim Abdulkhairov

The optimal set of parameters (aq,...,a,,qq) is the solution of the optimization

problem
.

a, Q0

¢
1
§Hoz||2 + CZLW(OC, x;) — min,
i=1
L’Y(OZ,CCZ‘) < €+ giu

\
where &; is an error on the object x;.

It’s proposed to use L, (o, z) as a loss function

0. Y(#)L(ay7) < &
Laﬂ(av x) =
v(@)L(a,x) —e, v(z)La,z) > ¢,
where y(z) is the weight function which defines the importance of the object z for
optimization problem (1).

Let us & = v(x)L(«a, z) — . Then

0, & <0,
Len(a,m) = :

&, & >0,

and

Leofon) = 5 (lea] + &),

Introduce additional variables & and & :

§;:M7 >0, & =0

&l + &
N ' 2

+
g{[‘ 2

Note that
E =& —& and &l = &5+ &5

As a result the optimization problem is got in the form below

1 2
= C T — min,
Sllal*+C Y& — min

( ¢
=1

)

which reduces to the problem of quadratic (linear) programming.

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



An approach to reconstruct target function of the optimization problem 9

CONCLUSION

The optimization problem with precedent (training sample) initial information is
considered. The open problems that must be solved to obtain better quality solutions
of this problem are highlighted. Proposed the weighted loss function which uses the
importance of the object for the optimization problem. It’s shown how to use such function
for reconstruction of the target function using linear regression and SVR methods. It
should be noted that the using of different weight loss functions (with weights depending
on an optimization problem) provide more accuracy formalize the optimization problem
and obtain better solutions.
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OPTIMIZATION PROBLEMS WITH PARTIAL DERIVATIVES AND
ALGORITHMS FOR CONSTRUCTING GENERALIZED SOLUTIONS

(© Ivan Beyko, Olesya Shchyrba

NatioNaL TEcCHNICAL UNIVERSITY OF UKRAINE “KieEv PoLITECHNIC INSTITUTE”

E-MAIL: ivan.beyko@gmail.com

Abstract. In the paper we define generalized solutions of the optimization problems for control
systems with partial derivatives and develop two types of numerical algorithms for calculating the

generalized solutions.

We consider optimization problems of control systems that are described by the partial
differential equations

Z aZij(tvs)Dijxk(t7 S) + Z Zij(tv S)Dijuk(ta S) = fn(ta S)a” = 1>m7
(k,ij)eK} (k,i,j)eK2
G+t timy, (4, 5)

Oti0sidsiz...0sim’

it g1t im
, Dy (t,s) £ 0 .Jl A jAuk(t’é)
’ Oti0sitdsiz...0sim’

DYz,(t,s) =

U = {u(t,s) € R'|Du(t,s) € [upr (¢, s); ups*(t, s)], (t,s) € D C D, (k,i,j) € K,}.
The optimal control u € U is defined as the minimizer of the criteria functional

J(z,u) & max F(z,u,d,!)
=1L,

under inequality constraints
F(.I,U,dl, l) < ai, [ = Lla L27
where

F(x,u,c,0) jj( clkij(t,s)Dijxk(t, s) + Z cl%ij(t, S)Dijuk(t,s)>dtds+

k.i,j EKZ (k,i,j)erQ

+/< Z Cékij(¢l(7)awl(T))DijfEk(gbl(T),1/)1(7’))—1—

7 (kij)EK

D @), () DY urln(r), () ) dr+

(ki g ek *

+Z Z Cl5kw(q’ Q>D2jxk(tf1’ q)+ Z Clﬁkw<q’ q)DUuk(tfﬁ q)
ki j)EK,S

9€Qi \(k,i,j)eK,® (kyij
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The continue differential functions c;kij, dﬁokij, (), Yu(T), agiy, Upys  fa, and
up®, ups are defined on the given subsets D C R*, D; C D, {(¢i(7),4i(7))|T € Ti} C D,
{(th,sh)lg € Q} € D, K", K*, g € R.

Numerical algorithms for optimal control approximations are based on the reductions
of the primary optimal control problem to linear programming. The adequate reduction
may be performed, in particular, by replacing partial derivatives D%z (t, s) and D% uy(t, s)
by correspondent difference approximations of adequate accuracy, and by implementation
of appropriate numerical procedures for computing of integrals. The obtained linear
programming problem is to be solved by interior point algorithms [1].

In general case of the nonlinear control systems

fo(t,s,x(t,s),u(tjs)’ax(twg) du(t,s) 9 x(t,s) 0" ult,s)

) =0

ot 7 Ot 777 Ot 0sE T Ot 9so¥
and the nonlinear constraints
Ox(t,s) Ou(t,s) 0 x(t,s) 0 ult,s) —
t t t dsdt <0,l=1
fjfl( 7S,LU( 78),U( 78)7 815 ; 8t 3 ; 0to‘fasa§ P @ta?(asa?) S >~ Y, y M1,

Dy

Ox(t,s) Oul(t,s) 0 x(t,s) 0"u(t,s)
ot ot 77 Ot dses T Oter 0ses

iterative gradient methods of linearization and the modified interior point algorithms are

hi(t,s,xz(t,s),u(t,s), ) <0,i=1,n,

used to built extreme controls [1, 2].
The practical example of such multidimensional optimization problem is the
following inverse river pollution problem. In mathematical model of the river pollution
transfer they denote by x (t,z) the concentration of river water pollution at the
distance coordinate z (along the river) at the time moment ¢. The value of the
concentration x (¢,z) depends on concentrationsz(t,0) = wu;(t,p) at the initial point
z = 0, on concentrations x(0,z) = us(z,p) at the initial time ¢ = 0, on the pollution
sources intensities ug (t, z,p) at points z (industrial and agricultural production, sewage
settlements, etc.), on the rate of flow v (¢, z, p) and on the coefficient of turbulent diffusion
a(t,z,p) at different points z € [0, b]. These dependences are approximately described by
differential equations with partial derivatives
2
('3x(8tt, ?) = a(t, z,p)% +v(t, z,p)

The solution of the inverse problem in search for pollution sources ug (t, z, p) is based

0x(t, z)
0z

+ US(ta Zap)

on data measurements of concentrations X (¢;,z;) of river water contaminants at the

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



12 Ivan Beyko, Olesya Shchyrba

observation points z;, j = 1,2,...,m, in the time moments ¢; and may be calculated as

minimizer of the maximum deviation J (u)

J (u) = maxmax [z (t;, 2;) — X (&, 25)|,
i J

on the given set P of admissible parameters p € P, that satisfy constraints
|U,1 (tap) - Ul (t)| S Ol(t)a |u2 (Zap) - U2 (Z)| S CQ(Z)a

la (t,z,p) —A(t,z)] <Cs(t,2),|lv(t,z,p) =V (t,2)| <Cylt,2),

du, (t, dus(2,
F(tzp) —F(t2)] < Ost.2) %' < i), | 22 p>] < D)
da(t, z,p) da(t, z,p) ou(t, z,p)
T’ < Ds(t, 2), 0 < Dy(t, 2), o < Ds(t, 2),
ov(t, z, p) f(t,z,p) of(t,z,p)
T < D6<tvz>7 T < D7(t> Z)7 —Z < Dg(t,Z)

for the observed averaged values Uj (t), Us (2), A(t,z), V (t,2), F(t,z) of unknown

ul(t7p)7 u2(27p>7 CL(t? Z7p>7 /U(tJ Z7p) and f(tJ Z7p)'
This inverse problem is a particular case of the general optimization problem in search
for unknown functions (controls) w : D — R" and x : D — R", (t,s) € D C R x R™,

that satisfy integro-differential equations and inequalities

ﬁ.’;(t,s,x,u) = f{;»(t,s,u(t,s),Ffl@(x,t, s))=0,(t,s) € D;(x,u),k =1, ki,

gﬁj(t, s, 1,u) = gij(t,&u(t,s), Fgll'ﬂ'(x,t, s)) <0, (t,s) € D;(x,u),l = 1,1,

where f and gj; are given functions on given subsets Dj(z,u) C D, j = 1,m+1,
Di(x,u) £ {ti(z,u), s (z,u)}, C D,i=1i; FF and F% are given compositions of
operators F, Iy and Fj:
Fi(z,t,s,a,B) 2 (x(t, s) 2:zs(t s) gw(t S), .. 8C¥—Jrﬂzzc(t s))
180 gt S) st ) Gragga T SN
F, is defined by the set Q(t,s) = {t'(t,s),s'(t, s), o, B 112,

FQ(Fl>xat>s7Q) é (Fl(xat + tl<x7t)7 s+ 81($at)70517ﬁl)7

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2
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Fi(z,t +t3(z,t), s + s*(x, 1), 0%, 5%),..., Fi(z, t +t"(x,t),s + s"(x, 1), Q™ 7)) =
86“1"'51

ot 9gBt

aa2+62

ot 9sP?

= (z(t +t'(t,s),s + s'(t,5)), w(t+t'(t,s),s + s (t, ),

x(t +t3(L,5), s + s%(t, s)), ot +t3(t,5),s + s%(t, 5)), ...,

0 gratpre
x(t+t"2 s+ "), —x(t + 1", s+ s"?) x(t+ "2, s+ s"?)))

ot T ot gshre
and Fj is defined by the given operator ¢ on the given set Q(t, s,x,u) C Rx R",

Fy(z,u,t,s,6,Q) 2 fj o(t, s,ult,s), Fi(z,t + 7,5+ 0,a, ))drdo.
Q(t,s,2,u)
In search for extremal solution of such generalized optimization problem we may
implement subgradient methods. In case of convex functions one use generalized gradient
algorithms to calculate approximated global optimal solutions. In this way the parameter

set Q(c,.) of all the functions (x,u), that satisfy the inequalities

;’;(t, s,xyu) < ap, ij(t,s,x,u) < a,(ts) € D;(x,u),k =1, kij,

g’ﬁj(tasal‘au) S 07<t7 S) 6 D;('T/"u)’l = 17lij’
ﬁfj L& _fki=0,m+1,i= 1,4,

139

is defined and the generalized solution is defined as a subsequence of the sequence

{(xr,u.)}2, € Qa.), that satisfy the inequalities B(xy, ug) < ( )iné( )B(x,u) + o,
x,u)ear

at a,. — 0. The generalized solution is to be calculated by numerical methods [1,2] as
a sequence of functions (z,(t,s),u,(t,s)), belonging to nested sets X" c Xna(+1,

Un() ¢ U+ of parametric functions
(212, 8), 1 (£,8)) 2 (@) B £ 8)s (01, 8)) € X720 s U0

that are defined by the parameters p, € R ¢, € R™() where for any value o > 0
there exists a number r for which the parameters p,, ¢, satisfy the inequalities

rk
max  [E(t S, T r) (Drs s )y U (0 (G, ) < k= 1, Ky
(t5)eDi () " ) (") y

max I_‘Lf-(t,s,x% Dk s )y Uny () (s - 7)) <y k=1, k;j, (1)
o o) (r) j

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



14 Ivan Beyko, Olesya Shchyrba

1
max gz(t7 87'1:7117' (pk;'a');unur (qk77)) §07l: 17li'7
(t,s)ED;(az,u) J ™) ™) J

Bz, sy )y Uny (r ,0)) < inf  B(z,u) + a.
(Tra(r) (P ) U () (@5 *5 ) (M)eg(a)( )

Numerical algorithms for calculating generalized solutions are given by the following
theorem.

Theorem 1. If for each o > 0 and for selected sequence of nested setsX”, U", r =1, 00,
convez on (p,q) functionals

B(xr(pv R ')a U’r(Qa ) ))7 gZ<t7 S, xr(pa ) ')7 ur(Q? ) ))

and for the linear functionals

;’;(ta S, $T(p7 K ')a U”I’(Qa ) ))7 k= 17 kzy
there exists a number r, for which the set of parameters p € R" and q € R", which satisfy
the inequalities (1), has an open subset, then the generalized solution is contained in the

sequence {ZTn, () (Dry )5 Uny(r) (@rs -5 ) }o2g and is calculated by the iterative algorithm:
Pry1 = Pr — hT/UT/HUTH7 r+1 = 4qr — hrwr/erH7

fg(t 85 Ty (r) (Prs s )5 Un () (G 5 +) )5 6
ff( y g, 7‘)<pru 7') Uy, (r (QTa s ))
h](t 8y Ty T)(pra a') Un, T)(QTv ) ))
(Uﬂwr) = (t Sy Tng(r (pra v') Uny(r (q7‘7 ) ))
V(P,Q)gzj<t787xnx(7‘)(pr7'7') u”u("')(Q”'J ) ))
) G5t 8, Ty (D 5 ) Un () (@ 5 7)) = 2,
Vo) fo (T ) (Prs =) Uny ) (5 +)), i 2 <0,

z =max{ max max max  max f-';-(t, S,y T (r) (Prs 5 )y Un (1) (G * 7))
J=0,m+1i=1; k=1k;; (t, s)GDZ(m u)

k
maXx Inax imax max hij(t787$nz(7“)(p7"7 ) ')aunu(r)(%“a ) ))7
J=0,m+1i=1,i; k=1,k;; (t,5)€D}(z,u)

I
max max max  max gij(t75,xnx(r)(p7“7'7‘)7unu(7’)(q“'7'))}7
§=0,m+1i=1,i; k=L k;; (t,s)€D}(w,u)

lim h, =0, lim n,(r) = oo, lim n,(r) = oo, Zhr =00, h, > 0.

T—00 =00 T—00 1
r=

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2
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In case of linear optimization problems the optimal solution may be calculated by
accelerated algorithms using interior point methods. In this way the original generalized
optimization problem is approximated by the LP problem

min ¢’ z|Az = b,z > 0
that is solved simultaneously with the dual problem
max b’y | ATy +z2=1¢, 2> 0.

By the Karush-Kuhn-Tucker theorem the solution of these LP is the solutions of the
nonlinear system (and backwards)
Ar — b= 0, ATy + 2 —c= 0, ZXe=0,2 >0, z >0,
e= (1,1,..,1), X = diag (x),Z = diag (2).
To calculate the solution (z,y, z) of the last nonlinear system the Newton’s iterative
methods may be effectively implemented starting from any interior admissible point

(2°,4°,29) ;2% > 0, 2% > 0. At the k-th iteration the solution (dx, dy, §z) of the linearized
at the point (a:k, Y, zk) Newton system

Abx =1y, AToy + 0z =1y, Z0x + X*62 =r,,
ry=0b—Axk rg= c—2F - ATy* r, = —X*ZFe

is calculated

| = (X’lZ)_1 , ACAT 6y = rp+-C(rg— X '1,), 0z = CATSy—C(rg—X"'r,), 6z = rg— ATy

To ensure the inequalities 25! > 0, 2! > 0 we calculate

o1 = min i |0z; < 0,9 = min i |02; <0,

& = min {a, @y} ,7* = (xk)Tzkﬁk = (xk + dkéxk)T (zk + &kézk) ,
~k\ 2 k
(5o ()
v n
re = pFe — A XEA ZFe — XFZFe, A XF = diag(dx), AZF = diag(dz),

ACATAy =1, + C(rg — X 'ry),
Ar = CATAy — C(rg — X 'ry), Az = rg — AT Ay,
(xk+1,yk+1,zk+1) = (xk,yk,zk) +a(Az, Ay, Az).
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The approximate solution is obtained at the iteration satisfying the three inequalities
[|Az|| < e, ||Ay|| < e,||Az|| < e. In general case of regular convex optimization problem

the polynomial convergence of this algorithm was proved.

CONCLUSIONS

Two types of numerical algorithms for calculating the generalized solutions of the
generalized optimization control systems with partial derivatives is proposed: the gradient
algorithm for calculating extremal solutions and the Newton type interior point algorithm
for calculating the global optimal generalized solutions of linear control systems.
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Abstract. In the paper we develop solve-operator methods for high order modelling, simulation and
optimization of risk controlled stochastic processes described by general graph-operator control systems

with incomplete data.

The risk management includes increasing of the likelihood and impact of favorable
events and reducing of the likelihood and impact of adverse processes. Development of
new information technologies and computer based systems for solving risk minimization
problems are based on optimization of adequate simulators of risk processes. A simulator
is said to be adequate if it’s practical implementation meets practical requirements to the
allowable time T'(p) and error E(p) of the calculations, where p is a vector-parameter of
the simulator.

To  design the optimal simulator, that minimizes the criterion
function J(p) = KT(p) + E(p) one uses available sets of mathematical models (with
different aggregation levels and different resolving power) and available sets of sources
of useful information. The optimal information sources are evaluated by “functions
of information evaluation” (FIE) and the simulators are optimized by their iterative
decomposition into optimal subsystems to perform substantiated prediction of risk
processes in limited time in uncertain environment [1, 2|. Using FIE the iterative
optimization procedures detect (on each iterative step) those of the subsystems that
ought to be decomposed and those to be aggregated.

Risk optimization problems belong to the most difficult problems of controlled
stochastic processes optimization. Their solution requires either simulation-based
stochastic quasi-gradient methods [3| dealing with a general distribution of the random
parameters, or special decomposition methods [4, 5] dealing with the distribution
approximated by finitely many scenarios. Most of the existing computational methods are
applicable only to convex problems and converge to a local minimum of multi-extremal
problems [6].

To solve global stochastic non-convex optimization problems one may use the
stochastic branch and bound algorithm based on the idea of global deterministic branch
and bound algorithms [8]. The branch and bound algorithms are designed to solve those
global stochastic non-convex problems, for which one can calculate (within a reasonable
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time) a grate amount of alternative values of the objective function on allowable control
sets.

To make it possible two optimization problems should be solved: the problem of
mathematical models/simulators optimization and the problem of decision strategies
optimization. In this way we implement solve-operator methods to design stochastic
processes simulators and risk processes optimization under parametric uncertainties. In a

rather general form the solution u* of a risk optimization problem may be defined as the

minimizer
u :argrunelgrle(u) (1)
of a risk function
Fu) = Emax f(u,q,6) 2)
q€Q

where u is the control input, ¢ is an uncertainty parameter, 6 is a random variable defined
on a probability space (0,3, P), f(u,q,0) is a random performance function, F(u) is the
expected performance indicator, () is a set of uncertainty, and §2 is a feasible control set.

We will consider time and space multidimensional interdependent risk processes where

the random performance function

f(u7 q’ 9) é f(x(u’ Q7 9)7 U? Q’ 9)

depends on the stochastic process z(u, g, 0) simulated by the graph-operator system

A(m,u,q,@) é (Al(xauaqae)a cee 7ANk(x7u7q79)) = 07 (3)

Ak(l’, u,dq, 0) £ (Akl(xkla Zk1, Uk1, Qk1, le)v s

ce Akas (Ikas’ RENyss UkNyss QkNys o 9kas))’

(2,1, q,0) 2 {(k, Why @y O) Yok 1y (Thy ks Qs O) = {(Ths, Uns, Qs Ons) Y oks.
where the ks-th subsystem
Aks(l‘ks, Zksy Uksy Qks; 9ks) =0 (4)

of the graph’s k-th knot describes interdependences between the ks-th subsystem states
Trs, subsystem controls wugs, uncertainty parameters g, random parameters 6,, and

influences z;s with the subsystem of environment,

Rks = SDkS(l‘aua(LQ))k = 1aNk78 = lkas' (5>
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The designing of adequate computational procedures for calculating

Ts(Uks, Qrs, Ors, 2xs), f(x(u,q,0),u,q,0), and for calculating optimal solutions

u* = arg rglei(rzlErglezg( f(a:(u, q,0),u,q,0)
depends on types and dimensions reducing of all the algebraic, differential, and
algebraic-integral-differential equations, that are being implemented to describe the ks-th
subsystem.

Main difficulties of the optimal solution calculation arise in cases of non-convex multi-
extremal performance function F. There are different numerical algorithms designed for
non-convex stochastic optimization. In simple cases, where calculations of F'(u) may be
done for many different alternative u, the branch and bound algorithm for stochastic global
optimization may be used, capable of solving within a reasonable time small problems
with highly non-convex functions and with a large number of local minima. The idea of
deterministic branch and bound algorithm is to subdivide the set €2 into smaller subsets
and to estimate from above and from below the optimal value of the objective within
these subsets and to delete non perspective subsets from the ) partition by using current
lower and upper bounds of the optimal value within the subsets. In the stochastic deletion
rule they do not delete subsets at each iteration, but only after carrying out a sufficiently
large number of iterations, and after deriving an independent estimate of the objective
value at the current approximate solution.

To simplify calculation difficulties we may replace too complicated subsystems
models (4), (5) by simplified subsystems for which while there is some loss of
accuracy using the simplified models, the results actually match fairly closely with
the full solution. In this way there ware many successful attempts in searching for
adequate approximations of stochastic subsystems Ags(Zks, Zks, Uks, Qrs, Oks) = 0 by some
simplified stochastic differential equation subsystems (SDE), that allow simplification of
computation procedures for calculating zys(ugs, Grs, Oks, 2ks)- For example, in many cases

the adequate simplified approximation models may be described by simple SDE:
dxllgs (t) = allgs(uksa Qks; eksa st)dt + bllgs (uk57 Qks; eksa st)dw<t>7

dl’is (t) = Z'is <t> (ais (uksa Qks, eksa st>dt + bis(uksa Gks, 9k57 st)dUJ(t)),
dxis (t) = ais(uksa ks, ‘gks’ st)xis@)dt + big(”ksa ks, 0k57 Zk:s)dw(t)7

or by more general SDE linear systems

dry (1) = (Au(t), q(t), 0(t), )2, (8) + c(u(t), q(t), 0(t),1))dt + +B(u(t), q(t), 0(t), t)dw(t)

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



20 Ivan Beyko, Petr Zinko

with Brownian movements w(t) = (w(t), ..., wn(t)),
dw;(t) £ wi(t + dt) — w;(t), E(dw}(t)) = oidt,

E(dw;(t)dw;(t)) = 0 for i # j.
The trajectories of these models are known to be:

T (t) = 24, (to) + Qpg (Uks, Qrss Ons, 22s) (t — to) + bps(Unss Qrs, Ors, 2hs )W (E — to),

xis (t) = eXp((aiS (uksy ks, 6k87 sz) - (bis)z(uksv ks, eksa ZkS)/Q) (t - t0)+
+bis(uk8a Qks; 9k57 st)w(t - to))7

xl?;s(t) = xzs (to) eXp(a25<ukS’ Gks) ek’Sa st)(t - t0)>+
t
+b25(uk37 Gks, eksa st) /eXp(ais (uk37 Gks, eksa st)(t - T))d’UJ(T),

to

t
wys(t) = @(t)7,(to) + () / W(r)(e(u(r), q(7),0(t), 7) + +B(u(1), q(7),0(7), T)dw(T),
to
where ®(-) and U(-) are the fundamental matrices of the associated homogeneous linear
system and it’s conjugate system.

In case of the nonlinear SDE
dx(t) = a(xz(t), u,q, 0)dt + b(z(t), u, g, 0)dw(t),

the appropriate subsystem’s risk increments of smooth random risk performance functions
f(t, z(t)) satisfy the Ito formula

df (t,2(t) = 01t 2(1)) + alw(t), u. g, 000, F(t, 2(t) dt-+

+0, 56 (2(t), u, g, )05, f (¢, x(t)))dt + b(x(t), u, ¢,0)0, f(t, 2(¢))dw(t)
and the probability density p £ p(z, t|zo, o, u, ¢, #) may be calculated as the solution of
the Fokker-Planck equations

— — axﬁxj

L S A NRIRRT D v peam NE TR )
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Using the calculated probability density p we calculate u* as the solution of the
significant simplified optimization problem

"= i f 0)d 9).
u argr&lgrge%/f(w,u,q, )dp(z,u,q,0)

In cases of convex optimization problems the global optimal solution u* may be
estimated by stochastic quasi-gradient methods using numerical SDE simulators. For
example, the iterative Euler-Maruyama simulator

x<ti+1) = x<t1) + a(x<t1)7 u, q, 9)(tl+1 - tl) + b($(t2)7 u, q, 9) (w(terl) - w(tl))
or more accurate Milstein simulator
z(tiv) = x(t;) + a(z(t;), u, q, 0)(tigr — t;) + b(x(t:), u, q, 0)(w(tiy1) — w(t;))+

+%b($(tz‘)a u, ¢, 0)b" (x(ti), 1, ¢, 0) (w(tir) — w(ts)* +t; — tia).

Using the Ito Formula and the stochastic Taylor expansions of functionals of SDEs
many other convergent, consistent, and strictly or marginally stable simulators are
developed and may be implemented.

We develop higher order solve operator methods to calculate trajectories xyg; (¢, p, q,0)
of stochastic control processes

to = t(Urso, Qrs0, Orso, Zrs0) € R, Trso(to) = Trso(fo, Urso, Grsos Orso, 2as0) € R,
A21si(t) = Ahsi(Thsi (1), Unsiy Qusis Oksi Zhsis ty Whsi (Tsi (E0) Lis Qhsiy Oksis 2rsi> 1)) dt,  (6)
t € [ti tia],
tiv1 = T(Ths(i—1) (ti), iy Unsis Qrsis Oksin Zrsi) > i,
Ts(i+1) (tit1) = V(@rsi(tit1), Liv1, Uns(it1)s Oks(ir1)s Zhs(it1))
were 6 € R™=i are random vectors defined by adequate evaluated distribution functions

sti<éksi|(xks(i—1) (ti)s ti, Qrs(i=1)> Ons(iz1)> Zhs(i=1))- )
For the given ¢, w and for the given realization 6 of 6 the trajectory

z = x(1) £ 2(1,4,q,0) of the system (6) in the neighbourhood O(t) € [[,(t;,ti+1) of
t € [[;(ti, tiy1) may be described by the system (7)

dx(7)/dr = f(2(1),7), (7)
f(I(T), T) £ CL((L‘(T), ﬁ, (ja éu T, W(I(to, tia ﬂ) 67 6_7 7—)) (8>
The operator F is said to be an asymptotic solve operator on the interval

T € [t,t + H] C O(t) for the given function v (x(t + H)) with respect to the continue
function Z (Q(7)) on the trajectory x of the system (7) if for continue functions p from
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the neighbourhood of x holds the asymptotic neighbourhood
F(t,p, H,2,Q) =v(zt+H)) + (O(Z2@)I)+O(lp—l)) Hl|lp — |-

And the operator G(7) is said to be an s-asymptotic solve operator with respect to
the parameter h if for the function v (z(¢ + h)) holds the asymptotic equality

G(h) =v(z(t+ h)) + O(h*).G(h) =v (z(t + h)) + O(h%).

Theorem 1. [8] Ifv (x(t+ H)) £ Q(t+H)x(t+H), Z(Q(7)) 2 dQ(7)/dr+Q(7)A(T),
on the interval the functions Q(7), A(t) = £ (p(7),7) and Z (Q(7)) are continuous and
fi(p(7),7) is a Lipschitz matrices with respect to p(T), then the asymptotic solve operator
F 1s defined by the equality

t+H

F(t.p. H.2,Q) = Q(t + H)p(t + H) + / Q) (f(p(r), 7) — dp(r)/dr) dr.

t

Theorem 2. If in the conditions of the theorem 1 the functions Q(7),
A(r) = fL.(p(1),7), p(T) and z(T) satisfy on the interval T € [t,t + h| the asymptotic
equality

dQ () Jdr = =Q (1) A(r) + O(h*), p(r) = () + O(h'), p(t) = =(t),
then s-asymptotic solve operator G(h), s=k+ 1+ 1,1 <k is defined by the equality

t+H

G(h) = Q(t + W)p(t + 1) + / Q(r) (f (p(r).7) — dp(r)/dr) dr. (9)

The theorem statement follows from the given equalities

F(t,p,h, Z,Q) = Q(t + h)p(t + h) + [ Q(7) (f (p(7), ) — dp(r)/dr) dr,
F(t,p,h, Z,Q) = v (z(t+ 1)+ (O (Z@Q)]) +O(llp — =) lIp — zll|h.

Really, it follows
G(h) = F(t,p,h, Z,Q) = v (z(t +h)) + (O (| Z(Q)I)) + O (llp — =[])) [[p — =[|h.
And taking into account
dQ(r)/dr = =Q(1)A(T) + O(h"), p(r) = (1) + O('),

we obtain

G(h) = v (z(t+h) +h(O([Z@Q))+O(lp—=zl)lp ==l =
= v (z(t+ h)) + h (O(h*) + O(h')) O(RY),
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and for [ < k we obtain the required equality
G(h) = v (a(t+h)) + O ) = v (a(t + 1)) + O(h").
From the theorem 2 it follows that for any given ¢, @, and for given realization 6 of
0, the s-order approximation Z(t + h),z(t + h) = z(t + h) + O(h®*),s = k+ 1 + 1, the
trajectory x(7) £ z(7, 4, q,0) of the differential equation (7) may be calculated by the
asymptotic solver-operator formula (10)

t+h
(¢ +1) = plt+ 1)+ [ Q) (F or),7) = dp(r) ) (10

using p(-) and Q(-) that satisfy (11), (12)
p(7) = z(1) + O(R'), (11)
dQ(7)/dr = —Q(T)A(T) + O(h¥), Q(t + h) = I. (12)

Using asymptotic solve-operators (10)—(12) we construct many of the following high-
order simulators to calculate trajectories of stochastic processes realization (6) and (7).

For example, using Lagrange polynomials

_ 1 (r—t—h)...(r—t—nh)
Pr+1(T) = 77 [x(t) - (h)g)( —n) h;"
T— t (T—t—2 T—t—n
(t+h) 1).(_2) oy T

+x
(tr—t—h)...(r—t—(n—1)h
+a(t + nh) ;(n)—lg..ai( )

for the given values x(t +ih), i = 0,n we obtain the high-order simulators

o (t+ (n+Dh) = ot (t+ (0 + Dh) + [TOME — (7t = (n+1)h) x
X Jo (Pryr (84 (n 4+ 1)h) 7t + (n +DR)][f (pn+1( );7) = Pnia(7)] dT,
with simulators error O(h"*3). And using the Newton-Cotes formula we obtain a number
of numerical simulators
r(t+n+1)h) =pua (t+(n+1)h)+
+(n+ DA Cinet [f (pia(t +ih), t +ih) — p(t +ih)] —
—(n 4+ DPf] (s (4 (n+ Dh) E+ (n+ 1A) S i (i —n — 1)x
X [f (Pnsa(t +ih),t +1ih) — oy (t +ih)].
with estimated errors O(h™*3). Using the Tylor’s formula
t+mh
x(t+mh) = / [E — (1 —t —mbh)f. (p(t +mh),t +mh)] x
t

X [f (p(r),7) — p(7)] dr + p(t + mh),
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we obtain numerical simulators with the error estimate O(h*™2).

Similar high-order simulators are constructed to calculate the probability densities
using Fokker-Planck equations. Numerical experiments proved the practical efficiency of
the designed high-order simulators implementation to calculate v minimizing the risk

function
Emax f(z(u, q,0),u,q,0)
q€Q

using stochastic generalized gradient methods [9] and stochastic minimax algorihms [10].

CONCLUSIONS

The developed high order solve-operator methods may be implemented to solve
problems of the general graph-operator stochastic control systems modelling, simulation
and optimization under incomplete data.
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Abstract. The paper introduces the classification of informational situations for a zero-sum game
with incomplete information based on uncertainty level. For each case the possible ways to deal with

uncertainty are considered.

Zero-sum matrix game (antagonistic game) is one of the most popular game-
theoretical models widely used in theory and practice [1, 2|.

Game-theoretical modeling usually assumes the knowledge of all game components
such as the set of all pure strategies and values for all entries of the game payoff matrix.
However in practice not all values of payoff matrix elements for the antagonistic game
which simulate a decision-making problem are possible to know. This prevents a wide use
of game-theoretical models in decision support systems (DSS).

We will call a Partially Defined Antagonistic Game the following generalized form of

two—person Zero-sui gaimme

1. Given is the set X = {1,2,...,m} of all pure strategies of player I numbered with
natural numbers 1,2,...,m;

2. Given is the set Y = {1,2,...,n} of all pure strategies of player II numbered with
natural numbers 1,2,...,n;

3. The payoff matrix A = A,,x, = (a;;) is given partially (values for some payoff

matrix entries a;; are omitted).

Similar to the classical antagonistic game, A;; represents the winnings of player I when
player I chooses pure strategy ¢ and player II chooses pure strategy j. The winnings of
player I are equal to the loses of player II.

For a partially defined antagonistic game there are numbers ig € X and j; € Y such
that the values of correspondent payoff matrix entries A = A,,,«,, = (a;;) are unknown. In
the general case a payoff matrix may contain a lot of such elements.

Up to now the problem of getting solutions for the partially defined antagonistic games
is described very scarcely in the modern scientific literature.

Different concepts of decision search for partially defined antagonistic games are
possible under conditions of risk and uncertainty. The natural way of solution search
for a partially defined antagonistic game lies in its correct reduction to some classical
antagonistic game. The solution of such the antagonistic game with completely defined
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payoff matrix can be treated as an optimal solution of the initial partially defined
antagonistic game.

Decision-making game model is given by a triplet < XY, R >,
where X = {1,2,...,m} is a set of pure strategies for player I, Y = {1,2,...,n}
is a set of pure strategies for player II, A = A,,«, = (a;;) is a partially defined payoff
matrix of the antagonistic game. There is at least one or several elements a;; with
unknown values. Our task is to find optimal strategies (possibly mixed) for players in a
partially defined antagonistic game.

Classification of possible informational situations is given below. It is similar to the
classification of informational situations given in [3, 4] where a comparison criteria is
based on uncertainty level the Nature player encounters while choosing a possible state.

We shall call an Informational Situation (IS) the gradation level characterizing the
uncertainty of elements a;; from a partially defined payoff matrix A = A,,,x,, = (a;;).

Informational situation classification can be represented by the following gradation

1. I} — the first IS: unknown elements of payoff matrix are all random values described
by a known distribution;

2. Iy — the second IS: all unknown elements of payoff matrix are represented by
functions of one or several parameters;

3. I3 — the third IS: all unknown elements of payoff matrix are restricted by a range
of values;

4. I — the forth IS: there is no any mathematical information about unknown elements
of payoff matrix;

5. Iy — the fifth IS: all unknown elements of payoff matrix takes the worst values for
player I that is values preventing player I from reaching his/her aims;

6. Is — the sixth IS: all unknown elements of payoff matrix belong to a given fuzzy
set [4], these elements are represented by fuzzy variables with known membership
functions;

7. I — the seventh IS: IS intermediate between I; and ;.

Lets note the particular quality of I4. The situation when all the elements a;; of payoft
matrix A = A,,x, = (a;;) are unknown is forbidden only for informational situation Iy.
Indeed, if a payoff matrix is completely unknown in situation I, then the formalization of
completely undefined zero-sum game loses any mathematical meaning.

In virtually all cases of informational situations I; it is possible to evaluate unknown
elements of the payoff matrix by interpolating (or extrapolating) corresponding functions
or by using pattern recognition methods.
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Consider some possible ways to deal with uncertainty.

In case I; all unknown elements of payoff matrix are all random values given by a
distribution law. In this case it is reasonable to change all elements of the payoff matrix
(which are the given random variables) with values of numerical characteristics of the
corresponding probability distribution such as mathematical expectations, modal values,
as well as variances, standard deviations, coefficients of variance, and other numerical
characteristics of these random variables.

In case I all unknown elements of payoff matrix are represented by given functions
of one or several parameters. One approach to solving the partially defined antagonistic
game for this case is based on investigating the effect of possible values of these parameters
on the optimal solution of the corresponding game. For some cases this investigation will
lead to consideration of analytic (functional) dependencies of the optimal solution. In
other cases it will be based on the search over the finite set of the most typical (or
most important) parameter values. Moreover, it is possible that the mathematical idea
behind the partially defined antagonistic game under consideration requires either a single
optimal solution, or a number of optimal solutions which are equivalent with respect to
the chosen decision criterion. In this case the final choice of optimal solution may require
other approaches (e.g. the operation research methods or the methods of expected utility
theory).

In case I3 all unknown entries of payoff matrix are restricted by a range of values. For
example, the range of unknown elements can be defined by minimal and maximal values
with the inequalities of the form 774" < a5, < 779*. Here a;, is a payoff matrix element

with unknown true value, 7™ r™ are given numbers satisfying the strict inequality

i0jo > Ti0jo
TZE:} < e, In such cases one Jcan tiy an approach based on search among the most typical
(and/or most important) values of the corresponding elements of the payoff matrix true
values of which are unknown but should meet given restrictions. Though this approach
entails a considerable increase in computational operations needed to solve a number of
zero-sum games with completely defined payoff matrices.

In case I, we have only some elements of the payoff matrix. This enables us to say
that we have an initial information (a learning data set) which can be used for restoration
the unknown elements by the method of empirical generalization. In this case the initial
information is treated as a training set containing all necessary information about the
matrix. Assuming that there is a regularity (payoff function H : X x Y — R) exhibited
by the training set we can tackle the problem of function restoration which is incorrect in

general case H.
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In case I5 all unknown elements of payoff matrix takes the values preventing player I
(Decision Maker, DM) from reaching his/her aims. Here the economical or physical
meaning of the payoff matrix elements plays a crucial role. In case [5 uncertainty is
considerably reduced especially when the players are enabled to use mixed strategies. In
this case it is possible to create a payoff function of the zero-sum game. The unknown
elements of the payoff function can be treated as some parameters which most typical
values yield the lowest price for the game.

In case Is all unknown elements of payoff matrix are fuzzy variables with known
membership functions. According to the definition of fuzzy set each element of the payoff
function which value is unknown takes values from a definite set of numbers. These values
are the elements of the corresponding fuzzy set of known reliability. The reliability function
is defined on all elements of the set of numbers and maps it on numbers within the interval
[0,1]. In some cases, the values bringing the maximum of the reliability function can be
uniquely detected. The unknown elements of the payoff matrix are to be substituted with
these values. This replacement turns the partially defined antagonistic game into the
classical zero-sum game with all known elements in natural way.

In case I; the solution of partially defined antagonistic game assumes an approach
based on combination of above-mentioned methods of reducing partially defined
antagonistic games to classical completely defined games. This combination severely
depends on the unknown entries of the payoff matrix. For this case there are more then
two unknown elements of the payoff matrix and these elements can be divided into several

groups so that each group is represented by its own IS I;, where [ = 1, 6.
Review of possible informational situations allows to conclude the following:

1. A partially defined antagonistic game is a zero-sum matrix game with a payoff
matrix containing a number of entries with unknown values.

2. One way of solving partially defined antagonistic game is based on its reduction
to one or more completely defined zero-sum games. To evaluate the unknown
values of the payoff matrix elements one can be use the algorithms of interpolation,
extrapolation, as well as methods of pattern recognition.

3. The approach to solving partially defined antagonistic game depends on the
informational situation in hand that characterizes the type and the level of
uncertainty of the values of the the payoff matrix elements.

4. There are seven basic informational situations that characterize the level of
uncertainty of the partially defined payoff matrix of the game.

5. The optimal solution search for the partially defined zero-sum game can contain

the solutions of several completely defined zero-sum games.
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Abstract. Problem of grouping information: recovering function, represented by its observations, and
the of classification (problem) clusterization problem, — is of great importance for applied research. Choice
of math object which represent the object under investigations largely determines the effectiveness: scalars,
vectors or objects of other kinds. Such choice is determined by the richness of mathematical structures
within which “representatives” are investigated. Fuclidean spaces R"™ are common in this choosing.
Euclidean spaces of R™*™ of all m x n matrices are natural as a math structure for “representatives”, but
the handling technique for such spaces is poorer in comparison with vector space. Just the development
of the technique handling” for Euclidean space of R™*™, including SVD and Moore-Penrose inversion
for the linear operators, constructive construction of orthogonal projectors and grouping operators for
matriz spaces is the subject of the article. Important “grouping statements” about minimal ellipsoid,
which covers elements of fixed sequence of matrices in R™*™ is represented. This statement generalize
correspondent results for real valued wvectors. “Grouping statements” is proposed to be the base for

constructing correspondence distance in solving clusterization problem.

INTRODUCTION

The problem of grouping the information (grouping problem) is the fundamental
problem of applied investigations. It appears in various forms and manifestations. All of
them eventually are reduced to two forms. Namely, these are: the problem of recovering the
function represented by their observations and the problem of clustering, classification and
pattern recognition. State of art in the field is represented perfectly in [23, 25, 11, 10, 3].

It’s opportune to mark what the information regarding the object or a collection of
similar object is exposed to aggregating is. It is of principal importance that an object is
considered as a set of its main components and fundamental for the object ties between
them. Such consideration and only this one enable application of the math in object
description, namely, for math modelling. It is due the fact that after Georg Cantor
the objects of investigation in math (math structures) are the sets plus “ties” between
its elements. There are only four (may be, five) fundamental mathematical means to
describe these “ties”. Namely, these are: relations, operations, functions and collections
of subsets (or combinations of mentioned above). Thus, the mathematical description
of the object (mathematical modelling) can not be anything other than representing
the object structure by the means of mathematical structuring. It is applicable to the
full extent to that objects which indicated by the term “complex system”. A “complex
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system” should be understanding and, correspondingly, determined, as an objects with
complex structure (complex “ties”). Namely, when reading attentively manuals by the
theme (see, for example, |9, 26]) one could find correspondent allusions. It is reasonable
understanding of “complex systems” instead of the its understanding as the “objects,
consisting of numerous parts, functioning as an organic whole”.

So, math modelling is designing in math “parts plus ties”, which reproduce “part plus
ties” in reality.

So it is principal question in math modelling which math objects represents “part” of
the object and which the “ties” ones. The math object — representative should be chosen
in such a way that variety of math structuring means were sufficient to convey the object
structure.

It is commonly used approach for designing objects — representative to construct them
as an finite ordered collection of characteristics: quantitative (numerical) or qualitative
(non numerical). Such ordered collection of characteristics is determined by term cortege
in math. Cortege is called vector when its components are numerical. In the function
recovering problem objects — representatives are vectors and functions are used as a rule
to design correspond mathematical “ties”. In clustering and classification problem the
collection may be both qualitative and quantitative. In last case correspond collection is
called feature vector. It is reasonable to note that term “vector” means more, than simply
ordered numerical collection. It means that curtain standard math “ties” are applicable to
them. These “ties” are adjectives of the math structure called Euclidean space denoted be
R™. Namely these are: linear operations (addition and scalar multiplying), scalar product
and correspond norm and distance.

It is noteworthy to say, that this variant of Euclidean space R™ is not unique:
the space R™*™ of all matrices of a fixed dimension m X n represents alternative
example. The choice of the R™ space as “environmental” math structure is determined
by perfect technique developed for manipulation with vectors. These include classical
matrix methods and classical linear algebra methods. SVD-technique and methods of
Generalized or Pseudo Inverse according Moore-Penrose are comparatively new elements
of linear matrix algebra technique [24] (see, also, [1, 2|). Outstanding impacts and
achievements in this area are due to N.F Kirichenko (especially, [13, 18], see also [19]).
Greville’s formulas:forward and inverse -for pseudo inverse matrices, formulas of analytical
representation for disturbances of pseudo inverse, - are among them. Additional results
in the theme as to further development of the technique and correspondent applications
one can find in [7, 19, 20, 21, 15, 6, 14, 22, 17].
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As to technique designing for the Euclidean space R™*™ as “environmental” one see,
for example [5]. Speech recognition with the spectrograms as the representative and the
images in the problem of image recognition are the natural application area for the
correspond technique.

As to the choice of the collection (design of cortege or vector) it is necessary to note,
that good “feature” selection (components for feature vector or cortege or an arguments
for correspond functions) determines largely the efficiency of the problem solution.

As noted above, the efficiency of problem solving group, the choice of representatives
of right: space arguments or values of functions and suitable characteristics for features
vectors. This phase in solving the grouping information problem must be a special step of
the correspondent algorithm. Experience showed the effectiveness of recurrent procedures
is largely determined just by successful selection of features vector. For correspond
examples see,[12] with Ivachnenko’s GMDH (Group Method Data Handling), [25] with
Vapnik’s Support Vector Machine. Further development of the recurrent technique
one may find in [7, 20, 21, 15, 6, 14, 22|. The idea of nonlinear recursive regressive
transformations (generalized neuron nets or neurofunctional transformations) due to
Professor N. F. Kirichenko is represented in the works referred earlier in its development.
Correspondent technique has been designed in this works separately for each of two
its basic form f the grouping information problem. The united form of the grouping
problem solution is represented here in further consideration. The fundamental basis of
the recursive neurofunctional technique include the development of pseudo inverse theory
in the publications mentioned earlier first of all due to Professor N.F. Kirichenko and his
disciples.

The essence of the idea mentioned above is in the choice of the primary collection
and changing it if necessary by standard recursive procedure. Each step of the
procedure include detecting of insignificant components, excluding or purposeful its
changing, control of efficiency of changes has been made. Correspondingly, the means
for implementing the correspondent operations of the step must be designed. Methods
of neurofunctional transformation (NfT) (generalized neural nets, nonlinear recursive

regressive transformation: [7, 20, 21]).

1. DEVELOPMENT OF PSEUDO INVERSE TECHNIQUE FOR MATRICES
EUCLIDEAN SPACES

The following are results that transfer basic features of describing the basic structures
of Euclidean spaces [5] matrix Euclidean spaces. These are, first of all General Single
Valued Decomposition (SVD) theorem and then determination of Pseudo Inverse (PdI)
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and designing the constructive methods for manipulating with basic structures within
matrixes spaces on the base of the Pseudo Inverse. Such transfer make it necessary to
introduce special objects and tools for handling them. Namely, these are matrix corteges
and corteges operations.

First theorem below is the advanced form of SVD theorem for Euclidean spaces, which
one can find in [5].

2. MATRICES SPACES AND CORTEGE OPERATORS

Theorem 1. For an arbitrary linear operator between a pair of Euclidean spaces
(Ei, (,)i), i =1,2: pp : By — Es, the collection of singularities (v;, A}), (u;, A?), = 1,7,
r = rankpgr exists for the operators pLe : Ei — Ei, ppyr @ E2 — E
correspondingly, with a common for both operators pLe,pp set of Eigen wvalues
MNoi=T1,r: i1 >N >0, i =27 such that

T T
ppr = > Ni(vi, o)1, 9y = > Aivi(ui, y)a.
=1 =1
Besides, the following relations take place:
U; = Ai_lpvia 1= Wa
V; = /\l_lp*Eu“ 7 = H
3. SVD — TECHNIQUE FOR MATRICES SPACES

We denote by R™* ™K — Euclidean space of all matrices K-corteges from m x n

matrices: a = (A;1...iAg) € RU™ME with a “natural” component wise trace inner
product:
K K
(Oéa 5)cort - Z(Ak, Bk)tr = ZtTAsz,
k=1 k=1

We also denote by g, : RX — R™*"a linear operator between the Euclidean space,
determined by the relation:

K
Oy = 3 YkAr, o = (Ar..iAg) € RImME, (1)
k=1
n
Yk
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Theorem 2. Range R(p.) = L, which is linear subspace of R™*", is the subspace

R(pa) = Ly, = L(Ar, ..., Ag).

Theorem 3. Conjugate for the operator, determined by (1) is a linear operator, which,
obviously, acts in the opposite direction: of, : R™" — RE  and defined as:

trAT X trXT A
p:‘;X = PR = oo
t?“A%X tTXTAK

Theorem 4. A product of two operators ¢ : RX — RX is a linear operator, defined
by the matriz from the next equation:
t’f‘A’{Al, ceey tTATAK
Dok = e : (2)
trAL Ay tr AL Ak
Remark. Matrix defined by (2) is the 'Gram’ matrix for the elements of the cortege

a = (A1 Ag) € RU™ ™K swhich determines the operator.
Singular value decomposition for a matrix (2) is obvious, as it is the classical matrix:
symmetric and positive semi-definite, on vector Euclidean R¥. It is defined by a collection

of singularities
||Uz|| = ]_,UiJ_’Uj,i 7é'], 1,7 :ﬁ, AL > A > >\ >0,

* 2 . T
O PaVi = AU, 1= 1,7,

The operator p? o, by itself and is determined by the relation

Pafa = XT:/\?%U@T = ZT:)\?%‘(U@" +).
=1 =1

Each of the row — vectors v}, i = 1,7 will be written by their components:

U;‘F = (%‘17---7%‘}(); izﬁ;

ie vy, ¢ = 1,r, k = 1, K is the component with the number k of a vector v with a
number /.

Theorem 5. Matrices U; € R™ " : U; = +p,0; = 3 Eszl Apvin, © = 1,7, defined by the
singularities (vi, A\?), i = 1,7 of the operator g’ p. are elements of a complete collection
of singularities (U;, \?), i = 1,1 of the operator @}, : RX — R™*".
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Theorem 6. (Singular Value Decomposition (SVD) for cortege operator). Singularity of
two operators QL oa, Pafr, obviously determine the SVD for p,, @k :

payy = > _ NlUnly.y € R¥,

i=1

gJZX = ZAivi<UiaX)th - Rmxn.

=1

Corollary 1. A variant is a SVD for the operator g, is represented by the next relation:

r

Pa = Z )\kUkUl? = Z (@avk) UI?‘
k=1

k=1

4. PSEUDO INVERSE TECHNIQUE FOR MATRICES EUCLIDEAN SPACES

Basic operators of Pseudo Inverse (Pdl-operators) theory for a cortege operators are
namely pseudo inverse by itself for linear operator, orthogonal projectors on fundamental
subspaces of linear operators and grouping operators which also often called by “weighted

projection” operators.

Theorem 7. The pseudo inverse operators for p., @i are determined, correspondingly,

by the relations

PeX =D N0 (U, X), = Y A0k (o, X)), , VX € R™,
k=1 k=1

(p2) "y =Y X'Unly, vy R
i=1
The basic orthogonal projectors PdI-theory are two pairs of orthogonal projectors.
The first one is the pair of orthogonal projectors on the pair fundamental subspaces of
©as 95 * R(pa) = Ly, R(ph) = Lye — their ranges. These orthogonal projections will be

designated in one of two equivalent ways:
P<@Z> = PLm = P(Al,...,AK), LLm C R™ ", P(@O&) = PL@Z? Lp?& c RY.

The second pair is a pair of orthogonal projectors onto the orthogonal complement
L;ﬂ C Rmx™, Lég C RK of the first pair of the subspaces. The complements, namely, are
the Kernels of the correspondent operators. Each of these projectors will be denoted in

one of two equivalent ways:

Z(pa) = Pre Z(0%) = Pry, s
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obviously:
Z(pa) = Ex — P(pa), Z(95) = Emxn — P(p3)- (3)
In accordance with the general properties of PdI, the next properties are valid:
P(pa) = 04 - 9as P(03) = (03)" - 04 = 0o 04
Correspondingly:
Z(pa) = Ex — @;_ 9oy Z2(95) = Enxn — 9o @;{_

Grouping operators, denoted below as R(p,), R(p%), are also “paired” operators, and
are determined by the relations:

R(pa) = oo (p2)" = od (02)", Rlph) = (02)" ((02)7) = (pd) pd.

Theorem 8. Grouping operators for the cortege operators ¢, ¢k can be represented by
the next expression.:

= NUUk, X)ie = Y NSURrUL X =) A Urtr X Uy,

k=1 k=1

and the quadratic form (X, R(p;,) X ), is determined by the relation:

(X R pa Z)\ Uk’ tr’

where

PaX = Z Ao (Ug, X = Z A0k (Pas Xy s
k=1 k=1

(o) y=>_ AUnly.
i=1

Theorem 9. Quadratic form (X, R(p})X ) may be written as:

trATXierATX  trATXtrATX - tr ATXtrATX
(X R pa Z )\ t’f’Ag‘Xt’l“A{X t’f’AgXt’l“AgX tTAgXtTAII;X ’
trALXtrATX trALXtrATX .. trALXtrATX
- ( tTAfX 2 -
w=A0 | | = A X
i=1 | trAL X =1

Importance of grouping operators is determined by their properties, represented by
the next two theorems.
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Theorem 10. For any A;, i = 1, K of a = (Ay}... Ag) € R ™K the next inequalities
are fulfilled:
(Ai, R(pr) A <1, i=1,K, r = rankg,,.

Theorem 11. For any A;, i = 1, K of a = (Ay}... Ag) € RU™™K the next inequalities
are fulfilled:

(A, R(92) Aty < Tmin <1, i =1, K, r = rankgp,,
Pmin = min (A, R(95)Ai)ir < Tmin <7, 0= 1, K, 7 = rankg,.

i=1,n

Note. Statement of theorem 11 is equivalent to that one ellipsoid

(X7 R(p:z))tr S 1 (4)

Tmin

is minimal to cover all matrices A4;, i = 1, K of cortege a = (A;"... Ag) € RIm*nK,

Definition 1. Ellipsoid, defined by (4) we will call the minimum grouping ellipsoid for
matrices collection A4;, i =1, K.

5. GROUPING OPERATORS AND CORRESPONDENCE DISTANCES
CLASTERIZATION PROBLEMS WITH FEATURE MATRIX

The results, represented earlier one can apply to solve the grouping information
problem in applied math with matrices ‘representatives‘: matrices “feature vectors” or
simply — “feature matrices”. Indeed, in many important applied researches the objects
under investigations are naturally represented by matrices. Spectrograms in speech
recognition or digital images in image processing are appropriate examples of such
situation. Important means for solving the clasterization problem is constructing and
using of appropriate correspondence distance p(X, Kl) from a cluster Kl, represented
by learning sample of matrices 4;, i = 1, K. Such distance one can construct using
characteristics of the minimal grouping ellipsoid from theorem 10, 11, built for cortege

pP(X,Kl) =

(X7 R(@Z)X)tm T'min = mE(Au R(@Z)Az)tr S r.

T'min i=I,n
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CONCLUSION

Development of the technique for manipulating with the basic structures of Euclidean

spaces within matrices spaces is represented. This technique include General SVD theorem

and Moore-Penrose pseudo inverse technique for matrices spaces. Designing the technique

demanded introduction matrices corteges and of special cortege operators associated with

them.
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Abstract. The algorithm of reduction of the number of carrier elements of a discrete fuzzy number
with the realization of an opportunity to save the information about values is proposed in the article. It

is proposed that the information is given by the fuzzy number.

INTRODUCTION

During performing of a number of operations with fuzzy numbers [1-14|, growing of
the carrier of a discrete fuzzy number occurs. However several gradations are enough for
describing qualitative phenomena. Therefore let set the problem of the reduction of the
number of carrier elements with the realization of an opportunity to save the information
about values. It is proposed that the information is given by the fuzzy number. One of

methods is presented in the report.

FORMULATION OF A PROBLEM

Let we have a fuzzy number A = {(ay|u1), ..., (an|pn)} for describing a variable. It
is necessary to describe this variable by a fuzzy number with a carrier which has k£ < n
carrier elements.

Let us consider an example.

Let A = {(1/0,5),(2/0,8),(3]0,9), (4]0,6), (5|0,4)}. Here n = 5.

Let k = 3. Get a corresponding fuzzy number.

Split the interval [1, 3] into three intervals with the length of 3:

1 1 .2 2
1, 2= ); 2-,32); Z. 51,
b)) [

Find the middles of intervals:

1+23 2 21 + 32 32+5 1
b1 = 3 :1—, b2:—3 3 :3, b3: 3 =4—.
2 3 2 2 3
These numbers make up the carrier of the fuzzy number.
Define membership functions in such way:
1-0,54+2-0,8 30,9
My, = :Oa77 Mb22—20a97

142 3
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_4-0,6+5-0,4

5 = 0,4(8) ~ 0,49.

Hos

So, the result (see Fig. 1) is

B ={(1210.7), (310,9), (430, 4(8)}.

0.9 1

1 S W—-
07 —— —
0.6 _? ®

0,5 —8 __(_?
l
|
|

04

Y

by bs by !
i ) 3 45

Fig. 1. Fuzzy number after the reduction

Describe this procedure by reduction A to B in a general view.

Let A= {(ai|p1),-.-, (an|in)}, without restricting the generality, consider
a; < as < ... < ay. It is necessary to get the reduction of the number A down to
the number B (corresponding A) with & elements.

Denote B = {(b1|m), .., (b|nx) }-
Split the interval [a;, a,] into k intervals

Ai:[al—i—h(i—l), a1+hi), i:1,2,...,/{5,

where
an — a1

k
For ¢ = k the right end of interval is included:

h:

[a; + h(k — 1), a1 + hk].

Find their middles:

o1 a, —ay,. 1
bi:a1+h(z—§):a1+ ? 1(1—5),

i=1,2, ..k
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Find the value 7; of membership function for each b;:

i = Z aj,uj/ Z aj, 221,2,,]{3

JrajEN; Jraj;EA;

Thereby B is defined.

CONCLUSION

It is proposed to investigate the properties of the operation of reduction in further

researches.

10.
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Abstract. The first part of the paper designs a deterministic model to describe cancer prevalence
and mortality in a population. Next the asymptotic properties of the model are investigated. In the second
part, the model is applied to real-world data. For selected model data, a numerical solution is found to
the differential equations describing the model, a long-term prediction is made with its results compared
with those of predictions made by regression analysis, which are often used to model the prevalence and
mortality in the present literature. It is shown that, although for short-term predictions (up to 10 years)
both approaches are nearly equivalent, there is a major difference between them if a longer-term prediction
is made and finding a reliable prediction for a period longer than 10 years based on short time series seems

to be unlikely.

INTRODUCTION

Today, cancer is one of the major health risks of our civilisation. The statistics of the
cancer prevalence and mortality related to the geographical distribution of such variables
is a subject that has been receiving much attention in the present literature (3, 4, 6, 7.
The objective is to design good mathematical models that can be used to describe the
changes in the prevalence numbers with respect to their prediction and to the prediction
of mortality.

This paper is concerned with the design of a mathematical model based on differential
equations for making reliable short-term predictions for a given population with the
possibility of a long-term perspective. The model is then tested on real-world data and the
resulting predictions are compared with the predictions obtained by regression analysis.

1. MODEL

We will use the following denotations in a population with cancer occurrence:

ni(t) number of people suffering from cancer (prevalence) at time t,
no(t) number of deaths from cancer (mortality) at time t.

The time interval in which the prevalence ny(t) and mortality ns(t) is to be modelled is
(0,T) with T being a time horizon and, denoting by n(t) the population size at time t,
n(T) gives the size of the observed population at the time horizon 7.
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When constructing the model, we assume the prevalence change over a time interval At

to be proportional to the length of this interval next to the prevalence at ¢t and, finally,
Zl(%;)) Thus, as t increases and t is close to the time horizon 7', the

change in the growth rate d"d;t(t) is slower and, when the time horizon n(T") is reached, it

almost vanishes. Similarly, we assume that the change in mortality over a time interval

to the logarithm of

At is proportional to the length of this interval and to the mortality no(t), and, finally,

to the logarithm of Z;Eg Thus, when describing the prevalence behaviour, we see that it

does not change in the limit case if the mortality reaches the value of prevalence.
The given considerations lead to the following system of differential equations for

prevalence n; and mortality ns :

d”dlft) — am(f)hn (n(T))’ (1)

P2 (i) o (Z;é)) (2)

These equations should be solved in terms of n; and ns, subject to initial conditions

ni(tg) = nip and no(ty) = ngo. The model has two parameters, a; and as, which affect
the shape of n; and ns, respectively. When fitting the model to a particular population
data, the initial conditions are given, while the parameters o and as are to be estimated.
The constant n(7") in equation (1), as mentioned above, denotes the size n of the whole
population (e.g. of a given country) at time 7" - the horizon of the intended prognosis.

This quantity should be estimated or based on an expert judgment.

2. THE PHASE ANALYSIS OF THE MODEL EQUATIONS

It can be shown that the solutions of (1) have the form
ni(t) = exp {Inn(T) — cexp (—ayt)}. (3)

Inserting this into (2) yields an equation in ny and t only, which is however nontrivial.
Therefore we shall accomplish phase analysis of the autonomous two-dimensional system
(1), (2) in the first quadrant of the phase space of (1), (2). It can be easily seen that,
for the right-hand sides of (1) and (2), it holds that a;n;In (@) >0 (< 0) iff

Hence the direction field of (1), (2) looks as in Figure 1. The nulclines of (1), (2) are lines
ny = ny and ny = n(7T). From the direction field we infer that any trajectory of (1), (2)

0<ny <n(T) (ng >n(T)) and agnyIn ("1> >0 (<0)iff ny >mny >0 (0 < ng < ny).

starting in the interior R2 of the first quadrant R? remains in R% for ¢ — oo and any
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trajectory is bounded. Taking into account the practical meaning of nq, ns, it is obvious
that only trajectories lying in the interior of the shaded triangle T" are admissible in our
model.

N9

n(T) \

6 n(‘T) ny
Fig. 1. Direction field of the system (1), (2).

Theorem 1. The autonomous system (1), (2) has a wunique stationary point
S = (n(T),n(T)) in the interior of the first quadrant. The trajectory starting at a point
(n(T),n9) different from the stationary point S is a part of a straight line ny = n(T).

Any trajectory starting in the interior T of the triangle T' remains in T for increasing t
and tends to the point S ast — oo (see Figure 2).

Proof: Any stationary point of (1), (2) is an intersection of nulclines of (1), (2).

Clearly, there is the unique intersection of the nulclines ny = ny, ny = n(7T) in Ri
at the point S = (n(7),n(T)). The solution with the initial point (n(7"),ng), where
ngo € (0,n(7)) U (n(T), 00), is of the form

(n1(t),na(t)) = (n(T), n(T) exp {ln nTZE)) explag(to — t)]}) .

The corresponding trajectory is a part of a straight line ny = n(7"). The Jacobi matrix of

(n1,n2) = (aml = (nff)) anzin (Z_))

o (—1+ln %?) 0

0422—3 Qg (an—; — )

the mapping

is

J(nl, ng) =

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2
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—a; 0

ay  —ag|
Since the eigenvalues of the matrix J(n(T),n(T)) are A} = —ay < 0, Ay = —ap < 0, the
stationary point S = (n(7),n(7)) is a stable node. With respect to the direction field

Thus
J(n(T),n(T)) =

of (1), (2), we observe that any trajectory starting in the interior T' of the triangle T
remains in T for ¢ — oo. In view of the Poincaré-Bendixson theory (see e. g. Hartman [2],

Chapter VII), the w-limit set 2(C*T) of any trajectory CT starting in T is the set
2(CT) = {(n(T),n(T))}. This implies (ny(t),na(t)) — (n(T),n(T)) as t — oo for any
solution (nq(t), na(t)) of (1),(2) corresponding to the considered trajectory. O

n2

0 ’fl(T) ny

Fig. 2. Phase trajectories corresponding to the solution (n(t),ns(t)).

Theorem 2. If oy > «y, then infinitely many trajectories of (1), (2) starting in T
approach the stationary point S = (n(T),n(T")) ast — oo with the characteristic direction
(g — a1, 9) and there is at least one trajectory of (1), (2) starting at T such that it

approaches the point S with the characteristic direction (0,1). Moreover,

ny (t)
%) (t)

n(T)+e " [(ag — 1)+ 0o(1)] ast— oo,

n(T) + e *"ags +o(1)] ast — oo

for infinitely many solutions (nq(t),n2(t)) of (1), (2) starting in T, where 3¢ is a nonzero
real constant dependent on the solution (ny(t),na(t)).

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



48 J. Kalas, J. Novotny, J. Michalek, O. Nakonechny

Proof: Denote " = 4. The transformation 21 = ny — n(T), x5 = ny — n(T) converts
the system (1), (2) into the system (written in a vector form)

! n
T —Q1 0 T Oél(l'l + TL(T)) In :m+(—171?7’) + a2y
T Qo s | \ 29 ag(zy +n(T))In Trtn(T) — 0271 + Q2

with the singular point (z19,220) = (0,0) corresponding to the singular point S of (1),
T2 a2 Y2
' 0
-
Y2 0 —ai| \v

g
F(yi,y2) = |37

(2). The transformation

yields

where

Fi((ag — o)y, y1 + aya),

0

as—aq
F being defined by

ap (.1'1 + n(T)) In a:17-l|—(’r];()T) + o1

(2o +n(T)) In ﬁiiﬁg; — Ty + a2x2> '

Fi(21,29) = (
Notice that the inverse transformation to (4) is given by
) _ lamar L [
Y2 a;al 0] \z2

It can be easily verified that ||F(y1,y2)|l/||(y1,y2)||*™ — 0 as (y1,y2) — (0,0) for
some ¢ > 0, where || - || denotes the Euclidean norm in R?. The transformations used are

regular affine, the triangle T is converted to a new triangle 7" and 7" is an invariant set
with respect to the system (5). Combining this with Theorem 3.1 from Chapter VIII of [2],

we get that infinitely many solutions (y1(t), y2(t)) of (5) with (y1(to),y2(t0)) € T satisfy

(11(1),92(1)) — (0,0) and (y1(2), 42(£))/[I(w1.(8), y2(1))|| — (0,1) as ¢ — oo. Moreover,
Theorem 3.5 from Chapter VIII of [2] provides the equations

() = e “o(1) ast— oo,

Ya(t)

e “(x+0o(1)) ast— o0
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for these solutions, where s is a nonzero real constant. Using the transformation (4),
the characteristic direction (0,1) of (5) is converted to the characteristic direction
(v — aq, ) and the relations ny = n(T) + (ae — aq)ye, no = n(T) + y1 + Yo
yield the desired results. Note that the trajectory corresponding to the solution
(n1(t),na(t)) = (n(T),n(T) exp {1n mGs) explaz(ty — t)]}) tends to the singular point S
with the characteristic direction (0,1) as t — co. O

The case ay < « is analogous and from our data point of view is not important.

3. PARAMETER ESTIMATION

This section is concerned with parameter estimation a; and as. To estimate the
parameters a; and «s, we propose to minimize the L2 distance between the predictions
and the real-world data. Consider real-world data for the years ¢y .. .t,, denoting them by
110, - - -, N1 and Nag, . . ., Nay,. Also denote the solution to (1), (2) by nq (a1, t), na(aq, as, t)
where the dependence on the parameters a; and «y is stressed. The optimization problem
can then be expressed as

C{Ill’i(g[cl ; (n1; — na(ou, ti))Q + ¢ ; (n9; — na(au, ag, ti))Q]a (6)
st. ap > 0,
(6% Z 07

where ¢; and ¢ are suitable weighting coefficients (in the basic setting ¢; =1, co = 1).

As mentioned in the previous section, the solutions to (1) have the form (3).
Substituting (3) into (2) yields a non-trivial equation in ny and ¢ only. Thus it is better,
using computer, to integrate the equations (1), (2) numerically and use a black-box type
solver for the problem (6). In this case, the solver requires that the objective function of
(6) is evaluated on a sequence of points («, ay). For each such point, the equations (1),

(2) are solved and subsequently the value of (6) is obtained.
By this approach, satisfactory results on the given data were achieved. We used

Octave with the 1sode ODE solver [5] to integrate the equations (1), (2), and the
NOMAD [1] solver for the optimization.
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The model was tested for functionality using the data shown by Table 1. In processing
prevalence the numbers of colon cancers were used (the cancer type being C18) in the
Czech Republic’s male population from 1989 to 2005, see [3]. The table is completed by
further demographic data on the numbers of new born and deceased men as well as the

4. DATA

total size of the Czech male population during the years in question.

Table 1. Men’s population — C18 cancer type.

Since the total population of the Czech Republic is steady, we estimate the value
of n(T") to be approximately 5 000 000. The estimated parameters of the model (1) and (2)

are

(651

(8%

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2

= 0.0111
0.0119

diseased total
year | prevalence | incidence | mortality | births | deaths | population
(1) (n2)
1989 3853 1505 1101 n.a. n.a. n.a.
1990 4075 1476 1153 n.a. n.a. n.a.
1991 4416 1730 1258 | 129354 | 63342 5006002
1992 4807 1710 1193 | 121705 | 61767 5013413
1993 5231 1756 1205 | 121025 | 59180 5019297
1994 5578 1835 1294 | 106579 | 58609 5020464
1995 6091 1886 1214 | 96097 | 58925 5016515
1996 6525 1951 1255 | 90446 | 56709 5012085
1997 7149 2234 1308 | 90657 | 56692 5008730
1998 7602 2163 1354 | 90535 | 55139 5005435
1999 8267 2325 1389 | 89471 | 54845 5001062
2000 8821 2323 1437 | 90910 | 54882 4996731
2001 9511 2459 1467 | 90715 | 53772 4967986
2002 10268 2603 1415 | 92786 | 54377 4966706
2003 10938 2559 1488 | 93685 | 55880 4974740
2004 11569 2460 1414 | 97664 | 54190 4980913
2005 12273 2622 1414 | 102211 | 54072 5002648
5. RESULTS
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and the fitted time dependencies are shown in Figure 3. It can be seen that the short-time
predictions obtained from this model are reasonable, especially for prevalence.

x 10
2 ; ; . . 2000 T T T T T T T T T T

estimated 1 estimated
O data 1800 - O data 1

1600 -

1400 -

prevalence
T
.
mortality

1200 -

1000 - 1

1 1 1 1 800 I I I I I I I I I I
1990 1995 2000 2005 2010 1988 1990 1992 1994 1996 1998 2000 2002 2004 2006 2008 2010
years years

(A) Prevalence. (B) Mortality.

Fig. 3. Estimates.

In the event of a long-term prediction, the model achieves an equilibrium close to
n(T) — see Figure 4. It is obvious however, that the model does not give a satisfactory
description of reality in the long term. It is clear from the pictures that, for a short time
horizon (of up to ten years) the predictions obtained seem to be realistic. Predictions for
a long time horizon, however, are rather debatable.

x 10 x 10
5 T T T T T 5 T
451 1 451
4 4 4+
3.5 1 3.5F
o 3f — 3F
o >
5 B
S 25 p S o5l
3 g
S 2t 4 2t
1.5F 1 1.5F
1r i 1k
0.5F q 0.5
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ oim ‘ ‘ ‘ ‘ ‘ ‘
2000 2100 2200 2300 2400 2500 2600 2700 2800 2000 2100 2200 2300 2400 2500 2600 2700 2800
years years
(A) Prevalence. (B) Mortality.

Fig. 4. Long term estimates.
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6. COMPARISON WITH THE REGRESSION MODEL

In the medical community, linear regression models prevail nowadays. We present a
regression model of both mortality and prevalence, based on the data of Table 1, which
is to be compared with the model based on differential equations (DE model) developed
in the previous section.

A linear dependence for mortality and a quadratic one for prevalence are the
appropriate polynomial choices, as indicated by statistical tests of their coefficients

differences from zero.

Mortality: m = Sy + [1(y — 1989)
Prevalence: p = Sy + Bi(y — 1989) + Bo(y — 1989)2

The regression coefficients are summarized in tables (3) and (2), and the fitted
dependencies are depicted in Figure 5.

Table 2. Regression coefficients — mortality.

parameter | estimate || conf. interval (95%)
Bo 1144 1096 1190
51 214 16.4 26.4

Table 3. Regression coefficients — prevalence.

parameter | estimate || conf. interval (95%)
Bo 3792 3714 3870
3, 299 270 315
Ba 15.2 13.8 16.6

Figure 6 shows a comparison of the regression and DE models. The models will
differ by more than 50 percent by 2040 in the case of mortality, and by 2070 in the
case of prevalence. This considerable difference may be accounted for by the regression
model dependent variables growing at a polynomial while those of the DE model at an
exponential rate. Because of this, the use of either of these models for long-term predictions
is considerably limited. However, the graphics give an outline of the behaviour of the
observed quantities. Based on the comparison of the models, it may be concluded that the
regression predictions, used quite often nowadays, are applicable to short-term predictions
(of up to ten years). The values predicted by the regression approach are similar to those
obtained from the dynamic DE model. For long-term predictions extending beyond 10
years, however, the methods differ considerably thus making a reliable prediction for this
period based on the short data series rather unrealistic.
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Fig. 5. Regression model.
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Fig. 6. Model results comparison.
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Abstract. In this paper consider the optimal control problem on infinite time interval with quadratic
cost functional. State of this problem is defined by the evolutionary inclusion of reaction-diffusion type.
We prove the solvability of such a problem. In the case of rapidly oscillating coefficients in coefficients of
differential operator and multivalued interaction function we prove the convergence of e-dependent optimal

process to optimal process of the corresponding averaged problem.

INTRODUCTION

One of the main problems in the study of processes in micro-inhomogeneous media
is the correctness of passing to the averaged problem [1]. Works [2] - [4] are devoted to
the research on convergence in optimal control problems for distributed systems with
perturbations in coefficients. In this paper we consider the optimal control problem
on the solutions of reaction-diffusion type inclusion. Moreover, such an inclusion has
perturbations in the differential operator coefficients and multivalued interaction function
which has power growth. We investigate the issue of the solution dependence on the
parameter for mentioned problem. However as opposed to [3, 4| the averaged problem is

not degenerate into linear-quadratic one.

1. PROBLEM SETTING

We consider the optimal control problem
% e div(a®(z)Vy) — Fe(z,y) + h*(2)u(t), 2 € Q, t >0,
y(o,1) = 0, = € o0, (1)
y(‘rv O) = ?JS;
u(t) € U C L*(0, +00), (2)
+00 +oo

J(y,u) = [ g{yQ(x,t)dxdt +~ [ w*(t)dt — inf, (3)

0 0
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where 2 C R" is bounded domain, ¢ > 0 is a small parameter, matrix a*(r) = {aj;(z)} is

measurable, symmetric and satisfies the condition of uniform ellipticity
A >0, Ay >0Ve >0V eR”
U 4
MIEE < 35 a5 (@6 < Alel? W

ij=1

Multivalued interaction function F.(z,y) has a form

Fo(x,y) = [be(2) f-(y), do(2) g: (y)]-

Here b., d. are measurable, bounded functions in L>(€), for which the following condition
holds
A6 >0Ve e QVe>00b(x) >f, d(x) > p. (5)

Functions f., g. are bounded functions in C'(R), which satisfy the next conditions

4C1 >0, da >0, 3p >0, Vy e RVe >0
|fe)] + lg=()] < CL(1+ |y[P~), (6)
yf-(y) = alylP, yge(y) > alyl?.

Functions /¢, y§ are bounded in L?((2), set of admissible controls U is closed, convex
and 0 € U.

Definition. For fixed u € U a functiony € W = L2 (0, +o0; H}(Q2)) (N LY. (0, +00; LP(£2))

loc loc

is called the solution of the problem (1) if this function is such that y(0) = 5, and for some
function [ = I(t,z) € L} (0, 4o00; LI(£2)), % + 5 = 1 it holds that [(t,z) € F.(x,y(t,x))

almost everywhere (a. e.) and Vv € HJ () LP(2), Vn € C5°(0,T)

T T

Jwomat— [ (@ V.V + 0.0) = u(o)7,0)) e = 0. 1)
0 0
Here and below || - || and (,-) indicate a norm and a scalar product in L?*(£2).

By the conditions (5), (6) the global solvability of the problem (1) follows from [5] for
Vu € U, y5 € L*(Q), if in the right-hand side we put a continuous selector of the mapping
F.. However from the results of [6] it implies that the set of the solutions of (1) is not
exhausted to the solutions of equations for continuous selectors of F.. It greatly increases
the set of admissible processes in the problem (1) - (3).

The main aim of this paper is to prove convergence of optimal process of the problem
(1) - (3) to optimal process of corresponding averaged problem.
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2. EXISTENCE OF SOLUTIONS OF THE OPTIMAL CONTROL PROBLEM

From [3] - [6] it follows that any solution of the problem (1) belongs to class
C([0,+00); L*(Q2)) and for almost all (a. a.) t > 0 next energy equality holds
1d . .
5 7 WOIF + (@*Vy(@), Vy(©) + (L y(0) = u() (B, y(1)), (8)
where [(t,x) € F.(z,y(t,z)) a. e.
Moreover, by (4) - (6) Yt > s > 0 we have

1d

5 7 WO+ Xyl + aBly@IL, < @Ry @] (9)

From the Poincare inequality [5] one can obtain
d £
O + Mlly @l + 208lly(ON < Callh|Plu(), (10)

Applying the Gronwall inequality, we finally have V¢t > s > 0
+o0o
Ly < lly(s)|1? exp™ =) +-Cy | / [u(t)[*dt. (11)
0

Using the Poincare inequality again, by (10) Vt > s > 0 we have

/ lu)lds < 3 (o)1 + l(s) P + Calle / fu(s) [ds). (12)

Herefrom, in particular, this implies that J(y,u) < oo.
The next lemma is needed for passing to the limit in the problem (1) and it follows
from The Mazur Theorem |[7].

Lemma 1. Let Q) be a bounded set, ¢ > 1 and functions f,, qn, l, € LYQ) satisfy

(@) <l (z) < gul(z) for a. a. x€Q,
fo—= f, La—= 1, go — g weakly in LI(Q).
Then
flx) <l(x) < g(x) for a. a. x€Q.
Theorem 1. Under (4) - (6) for Ve > 0, Vy5 € L*(Q2) the optimal control problem (1) -

(3) has at least one solution.

Jlokasameavcmeo. Let J. be a value of the problem (1) - (3). We choose {u,} C U such
that Vn > 1

I (Yn, up) < Je +

S
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Then
—+o00

~ 1
v [P < T4
n
0
so {u,} is bounded in L?*(0, +0c) and for some u € U on subsequence

u, — u weakly in L*(0, +00).
From the estimates (10), (11) for V1" > 0
{yn} is bounded in L*(0,T;L*(Q)) () L*(0,T; Hy () () LP(0, T; LP()).  (13)
By the condition (6) we have
{f-(n)}, {9-(yn)} are bounded in L(0,T; LI()).
For 1,,(t,x) € F.(x,y(t,x)) I\, = Au(t,z) € [0,1] such that for a. a. (¢, x)
b(t, @) = Anbe(2) [ (yn (L, ©)) + (1 = An)d:(2) gz (yn(t, ))-
And since b., d. are bounded in L*(f2), then
{l,} is bounded in L%(0,T; L(Q)). (14)
This implies that
{%} is bounded in L*(0,T; H*(Q)) + L(0,T; L1(Q)). (15)
From the Compactness Theorem [5] for some function y € W on subsequence

yn =y in L*(0,T; Hy(Q)),
yn =y in L*(0,T; L*(92)),
Yn(t) = y(t) in L2(Q) V t >0,
yn(t) — y(t) in L*(Q) for a.a.t >0,
yn(t,x) = y(t, x) a. e.,

l, = 1 in L0, T; LY(S2)).
Passing to the limit in (7) at n — oo, we have that {y,u, [} satisfies (7).
By Lions Lemma [5] b.fo(yn) — befe(y), dege(yn) — deg-(y) at n — oo weakly in

L((0,T) x §2) and a.e. In this case for a. a. (¢, )

be fe(yn(t, 7)) < 1n(t, ) < dege(yn(t, 7).

Then from the Lemma 1 [(t,z) € F.(z,y(t,x)) a. e.
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Hence, {y,u} is the admissible process in the problem (1) - (3), and inequality

ﬂ%m&Zh@mw%j/mﬁW%+v/wwwﬁ
0 0

implies that V1" > 0
Js 2 h_m J(ynaun> 2 h_Hl JT(yrwun) Z

n—oo n—oo
T T
>t [ (It + Jim [ Jun (0Pt = Jr(y. )
— n—0o0
0 0
It follows that J. = J(y,u), so {y,u} is the optimal process of the problem (1) - (3).
0
3. CONVERGENCE TO OPTIMAL PROCESS OF AVERAGED PROBLEM
Let us consider now a limit averaged problem
g’g = div(a®(z)Vy) — Fo(x,y) + ho(z)u(t), z € Q, t >0,
y(x,t) =0, z € 09, (17)
y(:z:, 0) = Yo
u(t) € U C L*(0, +oo) (18)
J(y,u) f fy x, t)dxdt + f t)dt — inf, (19)
where Fy(z,y) = b(z) f(y) and for e—0
a® — a®, h® — hy in L*(Q),
ye — yo weakly in L*(Q),
b. — b, d. — b *-weakly in L(€), (20)
VR >0 ‘Sg(\fe(y) —fW)l +1g-(y) = fF(W)]) = 0
Y=

By (20) this implies that the matrix a(x) is symmetric and satisfies (4), b(x) satisfies
(5) and f € C(R) satisfies (6). Hence, by Theorem 1 the optimal control problem (17) -
(19) has solutions and we can consider the problem (1) as the perturbed problem (17).
Such a situation naturally arises when modeling of complex evolutionary processes in
micro-inhomogeneous media.

The following condition is supposed to satisfy:

Vu € U Yyo € L*() the problem (17) has the unique solution. (21)
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The following condition [5] is sufficient to carry out the condition (21):
f€CR), f'(u)>—CyVucR.
Theorem 2. Let the conditions (4) - (6), (20), (21) hold. Then
ll_I}(l) |J5 — J0| = 0,
where J. is the value of the problem (1) - (8), Jy is the value of the problem (17) - (19).

Jloxazameavcmeo. Let {y°,u®} be an optimal process of the problem (1) - (3). Note that
for any admissible process {y,u} in the problem (1) - (3) the estimates (10), (11) are
valid. Therefore if z¢ is the solution of (1) with control u = 0 € U, then by the optimality

of u® we have
400 1 +o00 . +oo H 8”2
0/! (t)] 7OH Ol 7OHOH S (22)

Hence {u°} is bounded in L?(0,+00) and for some @ € U on subsequence
u* — U weakly in L*(0,+o00).

Let I¢ corresponds to J°, I5(t,z) € F.(x,7(t, %)) a. e. Then we can repeat thinking of
the Theorem 1 and obtain the convergence (16) for some § € W, 1 € L1((0,T) x ().
Let’s argue the passing to the limit in the equality (7). Since a® — a° in L*(Q) then
T T
/(a5V§€, Vo)ndt — /(CLV?], Vo)ndt Yo € Hy(Q),¥n € C(0,T).
0 0
Due to strong convergence a® — a®, h® — hgy in L?(2), we can pass to the limit in
the equality (7) and obtain that {7, @, [} satisfies (7) for VT > 0.
Prove that I(t, z) = b(z) f(§(t, z)) a. e. In fact, f.(7°) — f(7) weakly in L2(0, T'; L%(S))
and a. e., b. — b *-weakly in L>°(Q2). Then

be f- () — bf () = b-(f-(FF) — F(@)) + (b = b) f () = IV (t, 2) + 1P (¢t ).

Since b, is bounded in L*(€), then IIV(t,2) — 0 ae. and it is bounded in
L9(0,T; L9(12)). Hence, by Lions Lemma Ig(l)(t, x) — 0 weakly in L9(0,T; LY(S2)).
On the other hand, V0 € LP(0,T; LP(Q2)) f(y)-60 € L*((0,T) x Q), therefore

/ / (b () — b)) F@i(t, 2))B(t, ) — 0,

i e. IP(t,x) — 0 weakly in LI(0,T; LI(RQ)).
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Thus, N
be () f-(y(t, 2)) < U(t,2) < de(x)g:(y(t, 2)) a. e.,

moreover,

be - fo(y7) = 0- f(y), dege(y) = b- f(y) weakly in L9(0, T L7(S2)),
I° — 1 weakly in LI(0,T; L(<2)).
Then by the Lemma 1 we have that {(¢,z) = b(z)f(3(t, z)) a. e.
Moreover, 3¢ — § in C([r,T]; L*(©2)) V7 > 0. So VT >0
lim J. > lim Jr (5, @) 2 Jr (7, @),
e—0 e—0

hence
lim J, > J(y, w). (23)

e—0

Using Bellman optimality principle, we can argue [4] that {y,u} is an optimal process of
the problem (17) - (19).
Let’s prove that
lim J. < J(7, ). (24)
From Bellman optimality principal we obtain that the process {¥%,u®} is optimal for
the problem (1) — (3) on [T, +o0) with initial data (7',y°(7")). Then for every 7" > 0 by
(12) the following inequality holds

/H ol dt+7/\ |dt</np WPt < T 29)

where p° is the solution of the problem (1) with control v = 0 € U and initial data
(T, y°(T)).

Let w® be a solution of the problem (1) with control u. Then from (21) we have that
w® — ¥ in the sense of (16). Moreover, we obtain the following estimates:

/||y ]dt+7/| D2dt <
<7/\u ]dt+/Hw ) dt+/Hw V2t < (26)
Hw H2+’y/]u 2dt+/\|w )P+ S /| D2t
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Then

+o00 +oo
2
~c 2 ~ 2 2 2
v;gg/m @Fd < [ faoPd+ SIEDI + /| i
0

and for T — oo we get

+oo +oo
E%i/|ﬁ%ﬂfdt§(/ﬂa@ﬂ%ﬁ, (27)
e—
0 0
which together with weak convergence guarantees strong convergence u® — u in
L*(0, +00).
Further from inequalities (25), (26) we obtain the following inequality
- _ 1
Jo < Jp(W) + —17° (1) 2.
A
Then

— ~ » 1
lim J. < J7 (@) + —[9(T)[*
e—0 )\1
and for T'— oo we get (24), which means together with (23) that on some subsequence
lim J. = J(7,7).
e—0
Assuming by contradiction that this convergence goes on not all sequence ¢ — 0, we can

repeat previous thinking and under uniqueness of optimal process {y,u} we obtain the

contradiction.

O

CONCLUSION

In this paper the following results were obtained:

— we proved the solvability of optimal control problem (1)—(3),

— we proved convergence of the optimal process of the problem (1)-(3) to optimal
process of corresponding averaged problem (17)—(19).
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Abstract. In the article the theoretical and practical results of researches are generalized on the
problem of intellectualization of decision-making in the conditions of global informatively-communication
environment. Results are got within the framework of implementation of the proper scientific programs
and realization of the different (including international) applied projects.

Under the decision-making the choice of the best (on some criterion) alternative is understood from
the finite set of possible variants for permission of problem situation. The term “intellectualization”
is examined as process of integration in the mechanisms of decision-making innovative knowledge,
providing the competitive edges for the states, companies and having a special purpose groups of
population. Innovative knowledge (further are knowledge) are the structured information giving the
maximal competitive edges at the decision of concrete practical tasks. The specialized complexes of the
programs, known as systems of support of decision-making, are the basic mean of intellectualization.

The problems of intellectualization are formulated in the directives documents of guidance of the
largest countries of world. Interesting results which touch the economic and social aspects of problem
mainly are got. The questions of design and a algorithmization of process of intellectualization are
investigational, unfortunately, it is not enough, that hampers his realization in practice. In particular,
magjor questions tied-up are opened: (1) with the choice of form of knowledge representation for their
effective use; (2) with construction of stage providing access to knowledge of different categories of users
(from the presidents of the states to the having a special purpose groups of population); (3) with integration
of the knowledge got from local sources, in the global systems of accumulation; (4) with diminishing of
speed of obsolescence of knowledge, i.e. by providing of their permanent competence; (5) with the choice
of knowledge in most degree proper appropriate to preferences and level of provisioning of users.

The complex decision of tasks (1-5) is represented in the article based on the synthesis of elements
of theory of decision-making, theory of organization and possibilities of modern communications and
programmatic technologies. This decision of problem of intellectualization of decision-making is in-process
considered on the basis of synthesis of elements of expert knowledge and cognitive resources the Internet.
Conception of intellectualization is developed on the basis of the innovative knowledge represented in the
form of subject collections. The models of subject collection and stage of realization of its life cycle are
offered. The charts of algorithms of construction, choice, estimation and actualization of subject collections
are represented. The variant of the system, realizing algorithms on the basis of multi agent approach in
the form of portal, and experience of his application, is described for the decision of practical tasks.
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BBEIEHUE

B crarbe 0000I1IEHBI TEOpPETUYECKHE U IPAKTUIECKUE Pe3y/IbTaTbl MCCJIEI0Ba-
HUii 110 1pobjieMe MHTE/IEKTYaJIu3alui IPUHATHA PEIICHU B yCIOBUAX IIODAILHOMN
uHMOPMAIMOHHO-KOMMY HUKAIIMOHHON cpeibl. Pe3yabTaThl MoJIyd9eHbl B paMKaxX BBIIOJ-
HEHUA COOTBETCTBYIOIUX HAYYIHbIX IIPOI'PAMM U PEaJIM3allUU Pa3JINIHBIX (B TOM 4YHCJIE "N
MEK [y HAPOJIHBIX ) TPUKJIAIHBIX IPOEKTOB.

[Toj npuHSATHEM pellleHuii TOHUMAeTCsi BHIOOD JIydiined (10 HEKOTOPOMY KPHUTEPHIO)
aJbTEePHATUBLI N3 KOHEYHOIO MHOXKECTBA BO3ZMOYXKHBIX BAPHUAHTOB JJIA Pa3peIIeHus IIpo-
6aemuoii curyarmn [1]. Tepmun “maTesutekTyanusanms’’ paccMaTPUBAETCS KaK IIPOIECC
nHTEerpanuu B MEXaHU3MbIl IIPUHATHUA peH_IeHI/HU/I MHHOBaIIlMOHHDBIX 3HaHI/HU/I, O6eCHeqHBaIO—
IIMX KOHKYPEHTHBIE MPEUMYINecTBa /I FOCYAAPCTB, KOMIIAHUN U IIEJEBBIX IPYIIII HACE-
nenusi |2, 3, 4|. VnnoBanmonnble 3HaHust (jajiee — 3HAHUS) — 9TO CTPYKTYDPUPOBAHHAS
nHMOPMAIH, JAIOIasd MaKCUMaJIbHble KOHKYPEHTHBIE IPEUMYIIECTBA TIPU PEIeHn KOH-
KPETHBIX MPaKTUIeCKuX 3a71a4 [3]. OCHOBHBIM CPEJICTBOM UHTEJLIEKTYATU3AINHA SIBJISTIOTCS
CIIeIUAIM3UPOBAHHbLIE KOMILICKCHI IIPOIPAMM, M3BECTHBIC KAK CHCTEMbI MOICPKKN IIPH-
uatus permenuit (CIIIIP) [1, 4].

[Ipobiembl nHTELIEKTYa N3N C(HOPMYIUPOBAHDBI B JIMPEKTUBHBIX JIOKYMEHTAaX PY-
KOBOJICTBa KpyIHeHnx crpad Mupa |5, 6] u uccsenyores B paborax M3BECTHBIX YIEHBIX
Saaty |2, Schilling [3], Kuszesa, IIpy6enko [4] u ap. [Toaydensl unTepecHble pe3yabTaThl,
KOTOpbI€ KaCaloTCd B OCHOBHOM 9KOHOMMUYECKHUX M COIIUMAJIBHBIX aCIIEKTOB Hp06ﬂel\/[bl. BO—
POCHI MOJIECJIUPOBAHUS U AJITOPUTMHU3AIUY [TPOIECCa MHTEJIEKTYAIU3aIuN UCCIIeI0BAHbI,
K COKAJICHUIO, HEJOCTATOYHO, YTO 3aTPYAHAET €ro peaju3aluio Ha IpakTuke. B gact-
HOCTHU, OTKPBITBIMU OCTAIOTCS BaKHeHIne BOIpOCkl, csizanubie: (1) ¢ BeiGopom dhopmbl
[peJICTaBICHNsT 3HAHWH J71s1 UX 3D PEKTUBHOIO UCIIOIB30BaHu; (2) ¢ TTIOCTPOEHUEM CIIEHBI,
obecreanBaoIeil J0CTYI K 3HAHUSAM Pa3/IMIHbIX KATEropuil nojb3oBaTeieii (0T mpesu ieH-
TOB TMOCYJIAPCTB JI0 HEJIEBBIX TPYII Haceaenus ); (3) ¢ uarerparueii 3HaHuii, 0Ty IeHHBIX
U3 JIOKAJIHHBIX UCTOYHUKOB, B IVIOOAJBHBIE CHCTEMbI aKKyMyJsiiui; (4) ¢ yMeHbIIeHneM
CKOPOCTH yCTapeBaHWsl 3HAHUIA, T.e. 0OeCIedeHrneM UX MOCTOSTHHON KoMIleTeHTHOCTH; (5) ¢
BBIOOPOM 3HAHUM, B HAMOOJIBIIEH CTEIEHU COOTBETCTBYIONIUX IIPEIIOYTEHUSIM U YPOBHIO
HOJIMOTOBKH I0/Ib30BATEIEH.

B crarbe npe/icraBieno KomiekcHoe perenne 3a1a4 (1)—(5), ocHoBaHHOE Ha CHHTE3E
9JIEMEHTOB TEOPUU MPUHATHSA PEIICHUN, TEOPUKM OPTraHU3aIMA 1 BO3MOXKHOCTEH COBpeMeH-

HbIX KOMMYHUKaIUN U IPOrPaMMHBIX TE€XHOJIOTHIA.
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1. IIOCTAHOBKA 3AJIAYU

B nmureparype onmcanbl pa3jinyHble BADUAHTHI IIOCTAHOBKHU 331891 WHTE/IJICKTY A T34~
i ipuasitus pertennii (3UIIP), kotropsie B GoJbineii crenenn XxapakTepHbI JJisl TEOPETH-
geckux ucciaenopanuit [1-4|. Huxke npemiaraercs BapuaHT, KOTOPbIH U3HAYATBHO OPUEH-
TUPOBAH HA TEXHOJOTMYECKOE TIPUMEHEHUE U TIPOIIIE]T allpodaIuio B Ka4eCTBE OCHOBBI JIJIsd
apromarusaiuun 3UIIP B obactu Meunnubl, KPUMUHAJTUCTUKI U IPOTPAMMUPOBAHUS.

Bagaay npunsitus pemenunii (311P) dopmanbro onmiem B Buje KopTexka:
Z=(S,X,G,V,L Kr, {V, {V {fEs fCh,V), (1)

rje: S — npobsieMHasi CUTyalus; X — HPU3HAKU, XapaKTepusyloriue 3Ty curyaruio; G —
1eJTb Pa3peIlenns cuTyaryn; V — ajbTepHATUBBI (BO3MOXKHbBIE BADHAHTOB perienns); L —
YCJIOBHUsI, KOTOPBIM JIOJI?KHO YIOBJIETBOPATH perenne; Kr — kpurepun BoiOopa; fV, fEs
u fEs — cooTBercTBEHHO MEXaHU3MBI TOCTPOECHUS, OICHUBAHUS AJHTEPHATHB U BHIOODA
Jydieii ajgbrepHaTuBbl; V. — BhIOpaHHas ajJbTepHATHBA.

B coorercrBun ¢ (1), MHTEUIEKTYAJN3AIMI0 MOXKHO PACCMATPUBATL KaK IPOIECC
pa3paboTKu (IOUCKA), UCIOJIb30BAHUS U TIO/JIEPKKN KoMmIiteTeHTHOCTH 31eMeHToB fV, fEs,
fCh, V. Ilox KOMIIETEHTHOCTBIO HMOHUMAETCSI IIOJHOTA, TOYHOCTH M aKTYyaJbHOCTH BCEX
9JIEMEHTOB MOJIEIN IPUHSATUS PEIIeHU.

AsbrepHaTuBbl V B KJIACCHIECKOM ITOHUMAHIH, KAK [IPABHIIO, IPEJICTABICHBI OTHOPO/I-
HBIMI (TOMOT€HHBIME) CTPOKOBBIME IepeMeHHbIME [1]. OnHako B HOCIeAHIE TOALI CHTY-
anus U3MEHUJIACh: AJIbTePHATUBbBI CTAJIU PAcCMATPUBATHL KaK (DOPMAaIN30BaAHHBIC CJIOXK-
HO CTPYKTYDPHPOBAHHbIE DA3HOPOJHBIE (MeTePOreHHbIE) 3HAHUS, MPEICTABJISIONNE Pa3-
JIMYHbIE BAPDUAHTHI TIOJHOTO (TEOPETUIECKOTO U MPAKTUIECKOTo) perneHus 3agadu. J1is
obecrieveHnsi KOHKYPEHTOCIIOCOOHOCTH aIbTepHATHBA V JIO/IKHA HOCUTH WHHOBAITHOHHBIIT
xapakTtep. Mcxojsa 3 sTux coobpazkenuii, mpejiaraercs nocranoska SUIP, koropast mos-
XOJUT JIJIT MHOTUX THIIOB OPTaHU3AIMOHHBIX CUCTEM.

[Tycts nmeercs oprarusarius C, KOTOpasi IEPUOINIECKE pernaeT 3a1aan Z. KoHkypen-
TOCIIOCOOHOCTH PEIIeHUs OIPEIe/IAI0T NHHOBAIIMOHHBIE 3HAHUS V, SJIeMEHTaMI KOTOPBIX
Vi, Vo, ..., V, obinagator pacipegenerabie sxcueptsl Ky, Eo, ... E,. Suanug V ucnomis-
3YIOTCS PACIPEJIEIEHHBIMEI ydacTHUKaMu opranuszanuu (nosb3osaressivu) U. Tpebyercs
paspaborars CIIIIP, obecrieqnBarorniyo HHTE/LIEKTYAJTA3AIIIO PEIeHUsT Z.

[Ipumensist TPUHITUT JIEKOMIIO3UIIUHU, BBIJCTUM TPU OCHOBHBIX TOJI3aIaYH:

— MOCTPOEHUE MOJIeJiel MpeICTaBIeHus 3HaHuil (aabTepHaTHB) V ¥ CIEHBI PEIIeHHUs]
3aJ1a49n 4

— pazpaboTKa aJrOPUTMOB IOCTPOEHUSI CIEHBI U PeAJTM3allui KU3HEHHOI'O IIHK-
sna SUTIP;

- pa3pa60TKa COOTBGTCTByIOH_lef/'I APXUTEKTYPbI U CUCTEMbBI MHTEJIJICKTYaJIU3allN.
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OcHoBHOe TpeboBaHMe K PE3yJIbTaTy CBA3aHO C UCIOJb30BAHUEM CTaHIAPTHOTO IIPO-

rpammMHoro obecriedenusi (110), KoMMyHUKAIMIT ¥ CPEJICTB JIOCTYTIA.

2. Moagean

[lepBBIit BOIIPpOC, BOSHUKAIONMINI NP peau3allii IIpoIecca WHTEIEKTYaTN3aIiN,
CBdA3aH € BBIOOPOM (DOPMBI IIpeJ/ICTaBICHUS 3HAHUSA, KOTOpas obecrieumyiia ObI X -
deKTuBHOE HCIOIb30BaHue. B KorHmTmBHBIX cucTteMax kommanumit — IBM, CISCO,
Microsoft — 3HaHus TpeCTaBIEHBI B OJHOM WK JABYX dhopMaTax (Hampumep, B msdn —
TEKCT + BHUJIEO), YTO 3HAYUTEBHO CyzKaeT cdepy UX mpuMenenns. Kpome Toro, B HUX
OTCYTCTBYET YJIOOHBIE MEXaHU3MbI OIIEHKH ITOJIE3HOCTU, aKTYaJIbHOCTH U YJIyUIIEeHUs 3HA-
unit. /[y yerpaneHust 9TuX HEJOCTATKOB MIPEJJIAraeTCst BApUaHT (hOPMBbI IIPEICTaABIEHUS
3HAHMIT, OCHOBAHHBIN HA KJIACCHYECKON MOJIE/IN Ye0BedecKoil AedrenbHoctu L. Mises [9),

aJIAaITUPOBAHHON K OCOOEHHOCTSM MTOCTUH/LYCTPHAIBHON SITOXN:

n
mV; = U (nZ, Z,n7;,7Z;, Alg;, Tech;, Exp, ind, A), (2)

i=1
rjie: N7 u Z — Ha3BaHUe U MOCTAHOBKA 3aJ1a491; N U 1 — KOJIMIECTBO U HOMED Toj3a1a4; Alg
u Tech — anroput™m u cpesctBo pertennsi; Exp — pykoBoJicTBo nosib3oBareio; ind u A —
He3aBHCHMbIe OIleHKA (MHJIEKC) TT0JIE3HOCTH KOHTEHTA 1 PEJJIOXKEHHS 110 €10 YJIy IIIeHHO.
Mozenb (2), B oTmdme OT OIMCAHHBIX B JIATEPATYPE BAPUAHTOB IPEJICTABIICHUS
3HaHuil, obecreunBacT MHOTO(GYHKITMOHAIBHOE UCIOIL30BaHNEe KOHTEHTa (Harmpumep, Z,
Alg — ny1a kopriopaTuBHO# 6ub/IMOTEKN aaropuTMoB; Z, Tech — mj1st TOKAJIBLHOTO THPAXKU-
posanus Ha CD; Z, ind — st peksamer 1 .71.). [Tosp30Baresn MOryT OIEHUTD MTOJIE3HOCTh
ind KoHTeHTa Ha OCHOBE COOCTBEHHOI'O OIBbITa €ro InpuMeHeHusi. KOHTeHT MOryT OIEeHUTH
YJIEHBI HE3aBUCUMBIX ITPOMECCHOHAIBHBIX COOOIECTB B COIMUATLHBIX CETAX, UX K€ MOXKHO
paccMaTpuBaTh KaK HCTOYHUK Marepuasa A st ycopepinencreoBanus Alg, Tech, Exp [7].
Jst mpakTHYecKoro npuMeHeHus Mojies (2) HeoOXoauma COOTBETCTBYOIas ciieHa. B
Heill J1oJiKHBI yaacTBoBaTh: 1neHTp (C), uHUIMUpYyomuii pertenue 3aa4u; sxkciueprsl (E),
dbopmupyrornue 3Hanust (KOHTEHT aJIbTepHATHB); M0Jb30Bare i KouTeHTa (U); YieHbl mpo-
dbeccronanbubix coobmects (SocNet) B conmanpubix cetsax Twitter, Facebook (s nesa-
BUCHMOIi OIIEHKN KOHTEHTA) W JIp.; CPEJICTBA ODECIIeUeHNUsT JIUAIOra MEXK/IY yIaCTHUKA-
mu (dp) u persiamMeHTaIUu JOCTyIa YIacTHUKOB K KoHTeHTy (Valid); riobaibHbie KoMMY-

aukanuu (com). CooTBETCTBYIOIIAs CIIEHA OMUCHIBAETCH KOPTEIKEM:

Scene = (C, E, U, SocNet, dp, Valid, com). (3)
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[ mocTpoeHust YHUBEPCATBHONW MOJIETH YIACTHUKOB CIIEHBI (AKTOPOB), TIpejiara-
eTCsl UCHOJIb30BaTh MOJIesIb pedeBoro akrta J. Austin [10], aganTupoBanHyIo K yCJIOBUSIM

nHMOPMAIMOHHO-KOMMYHUKATUBHON CpeJIbl:
Actor = (e_adr, Name, p_adr, Status, inf, Role, Dlg(Q, R)), (4)

rae: e adr — azgpec akTopa B cerr; Name — uMs; p_adr — aJIMIHICTPATUBHBIN aJIpec;
Status — craryc; inf — gonosauTenbHas urdopmanust; Role — posb; Dlg — nuasor (Q —
Bonpoc, R — oreer).

CorytacHo (4), OJlyIlIeBJIEHHBII WM UCKYCCTBEHHBI AKTOP PACCMATPUBACTCS Kak
YYaCTHHK CIIEHBI, KOTOPBII NMEEeT OIIPEeIe/IEHHbII CTaTyC U peajin3yeT CBOIO POJIb U JIHaJIor
B MH(MPACTPYKType r100aIbHON CeTH.

Jls mpakTHaeckoro nmpuMeHeHust Mojiesin (2) B paMKax CrieHbl (3) ee HeOOXO MO J10-
[OJIHUTH aTpubyTaMu, 0OECIeInBAIOIIMMI UICHTUMUKAIMIO KOHTEHTA B PA3JIUIHBIX Cpe-
nax. Kak munumym, 910 arpuby sl riobasbuoit (idG), npeamernoit (idD) u koprioparus-
noit (idC) cpespr:

mV2 = (idG, idD, idC, mV1) (5)

Jist moSTHOTHI KapTUHBI KOpTexK (5) JIONOJHSIeTCs] yIACTHUKAME CIEHBL:

SC = (Scene, idG, idD, idC, mV1) (6)

[IpejicraBiieHne MHHOBAIIMOHHBIX 3HaHUI B (hopMe (6) HA3BaHA HAMU IIPEJIMETHOMN KOJI-
neknueii (IIpK). B ommame ot cymecTByonmx Mojiesieit OHa 00ecrnednBaeT MojIepKKY
nostHoro 2Ku3HenHoro nukia naaoBanuii (K11 IIpK), koTopsiii BKItoUaeT B cebst cTaum
COBJIAHU, TIOUCKA, IPUMEHEHNUs, OIIEHKU U yCOBEPIIIEHCTBOBAHNS KOHTEHTA.

st marerparun [TpK ¢ riiobanbabivu cucremamu (BK/I04Yas Semantic web systems)
B crpykrypy IIpK Brirouena onrosorus SWO (Semantic Web Ontology), koropas omu-
CbIBaeT KOHTEHT Ha OIHOM 13 crienuansupoBadubix s36ikoB (OWL, KIF, DAML, RDF):

SC = (SWO, Scene, idG, idD, idC, mV1) (7)

B pesysibraTe y BHENTHUX CHCTEM MOSABJISIETCS BO3MOXKHOCTH OBICTPOrO MOUCKA U BKJITIO-
genust KoHTeHta [IpK B cobcTennbie 6a3nr 3nanuit. s unrerpanun [IpK ¢ Buenmanmun
JIOKAJIbHBIME crcTeMaMu JgocTtaTouHo coxpaHuThb [IpK kaxk XML-daiin n ncmnosb3oBars
ero Kak BXOJHYIO mHMopMaImio st BHemHeil cucrembl. Obmas cxema peamsarun 2K
[IpK mpejcrasiena na puc. 1.

Hns peanuzanuu 2KIL [IpK B pamkax jgannoit cxembl HEOOXOIMM COOTBETCTBYIOITHUIT

KOMIIJIEKC aJI'OPUTMOB.
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+ ¥
—+ Semantic web systems Network professional groups
v —
dRolC dRolE dRolU

l¢—m*ll

indG|indD|indC |C|E|U|SocNet[nZ | Z| content Network indy,....indy| Ap...d
I |

L SWO |0z|Z| Z......Z, | Algy.... Alg, | Techy,... Tech, |Expy.... Exps

XML [ Local

i systems

Puc. 1. Cxema B3auMOJeiiCTBUsI aKTOPOB CIIEHbI

3. AJITOPUTMBI

Pazpaborka asropurmon mist peasusarun 2KI[ IIpK sasastercss ciaoxkuoi 3amaqeii.
Bxo/1-BbIX0/1 TAKUX &JITOPUTMOB TIPEICTAB/IEH COTHIMEI TEPPUTOPUATIBLHO PACIIPE/IeIEHHBIX
y3JI0B, COOTBETCTBYIOIINX YUACTHUKAM CII€HbI, KOTOPbIE BBIIOJIHSIIOT PA3JIMIHbIE POJU U
UCIOJIB3YIOT JIJIsi 9TOrO pa3Hble TUMBI JuajaoroB. PaKTUYECKH 3TO HOBBIA KJIACC AJIrO-
PUTMOB, KOTOPBIM OOJIbIIIE TOJIXOJIUT TEPMUH ‘MEXaHU3MBbI ;, T.K. OHU YKECTKO CBABAHBI C
“BHENTHUMU COCTABJIAIONIMMU PEIIEHUsI, BK/IIOUAs alllapaTHYIO YacTh, KOMMYHUKAIIUA U
cuUCTEeMHOE TJI0DaIbHOE ITPOrpaMMHOe o0ecIieveHue.

Coruacuo (6), HeoGx0UMO pa3paboTaTh aJrOPUTM TOCTPOEHUS CHEHbI U AJTOPUTMBbI
dopmupoBanus, BbibOpa, oneHuBanud n akryaaunsanun [IpK. Huke npusejennt obime
CXEMBbI TAKUX AJTOPUTMOB.

AsaropurMm 1: nocrpoenmne ciienbl (aktop C).

[Tar 1. Ananus 3agauun Z;

[Tar 2. Oupenenenne ygacraunkos crenbl pemennsi: C, E, U, SocNet;

[MTar 3. Sarpyska pekpuzutoBC, E, U, SocNet 8 BJI CIIIIP;

[MTar 4. 3arpyska B Valid maposeit mysa C, E, U, SocNet;

B pesynbrare dpopmupyercsa BJI akTOpOB CIeHBI, U CO3/IAI0TCS YCJOBUS JIJI PeaT3a-
mun 2KI1 TIpK.

Agropurm 2: moctpoenne IIpK (akropsr C, E).

Mlar 1: Mnumranusaius madsaona [TpK cormacuo (2);

[Ilar 2: OropaBka mabsona sxcuepTam E;

[[Tar 3: PopmupoBanue KcrepTamMu KoHTeHTa mV 1;

[lar 4: Orupaska kouTenta mV1 B nenrp C;

[MTar 5: ®Popmuposanue SC.

B pesynbrare popmupyercsa 6aza IpK u nossiisiercss BO3MOXKHOCTH UX TPUMEHEHUS

JJId pelieHrd IIPpaKTUYIeCKUX 3aJa9 Pa3/IMYHbIMUA KaTeTrOpUusaMnu II0JIb30BATEJIEN.

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



70 Victor Krasnoproshin

Anropurm 3: npunsitue pemennii Ha ocHoBe IIpK (akTopsl

[MTar 1. Maununasmsanus npobJieMbl Z;

[MTar 2. ITouck SC, peneBanTubix mpobseme: SC1, SC2, ..., SCn;

[Mlar 3. Pamxuposanue SC 1o WHIAEKCY MOJe3HOCTH ind;

[MTar 4. Beibop:

— asibrepHaTuBbl SCi ¢ MAKCUMAaJIbHBIM 3HAMEHUEM WHIEKCA M0JIe3HOCTH ind;

— asbrepHaTuBbl SCj ¢ MEHBIIMM 3HAYEHHEM YPOBHs MOJIE3HOCTH, HO DOJiee COOTBET-
CTBYIOIIEH BO3MOKHOCTSIM U YPOBHIO TIOJI'OTOBKH IT0JIb30BATEIS;

[Ilar 5: mpumenenune BeiOpannoit SC /i1 peneHus MpakTUIecKux 3a,1ad.

Takum obpazom, obecrieanBaeTCst BLIOOP PEIeHMs, COOTBETCTBYIOIIETO MIPEIIIOYTEHU-
AM Pa3JUYHBbIX KATErOPU IIOJIb30BaTEIIEH.

Anropurm 4: onenka IIpK (akropsr U, SocNet).

[Tar 1. ITouck SC;

[Tar 2. Onenka noJsibzoBaressamu U mosie3noctu ind KOHTEHTa HA OCHOBE COOCTBEHHOTO
OTIBITA;

[Mlar 3. Ilpemmoxkenne A jyist yaydiieHus KOHTEHTA.

[Ipu GostbIIIOM KOJIMYEeCTBE OTIEHOK KOHTEHTa MOXKHO FOBOPUTH 00 OO bEKTUBHOCTH 3HA~
genus uHjekca ind. Huzkoe 3navenme wHjeKca MOJIE3HOCTU TOBOPUT O HEOOXOIUMOCTHU
AKTya/IM3alui KOHTCHTA.

Anropurm 5: akryanusamust IIpK (akropsr C, E).

[Tar 1. ITouck SC ¢ MUHEMAJIBLHBIMEI 3HAYCHUSIMA MHJIEKCA II0JIe3HOCTH ind;

[Mlar 2. Anaym3 wajgekca ind u npeoxeruit A;

[Mlar 3. [Ipuasarue nan orkiaoHeHnEe A;

[Mlar 4. Koppexkrmus koateaTa SC.

Haubosiee spdexkTuBHbIM cunTaeTCs BapuaHT KOPPEKIIUU, KOTOPBIi obecriednBaeT
KOHCEHCYC MEKJIy MHEHUSIMHU SKCIEPTOB U yYACTHUKAMU TPO(ECCUOHATBHBIX COODIIECTB
B COIUAJIBHBIX CETSX.

OrnrcanHbIe BBIIIE MOJIEN U AJITOPUTMbI SIBJIAIOTCS 6301, HA OCHOBE KOTOPOIt TIOCTPO-

€Ha apXHUTEKTYypPa KOMIIbIOTepHOﬁ CUCTEMbI MHTEJJIEKTYAJIU3allul ITPUHATUA peH_[eHI/II';I.

4. CUCTEMA

Crena unTe UIeKTYam3anun (3) HOCUT pacIpe/Ie/IeHHbIH XapaKTep, II09TOMY JJisl [0~
CTPOEHUSI apXUTEKTYPhI TEJIeBON CHCTEMbI MCIOJIb30BAJICS MHOIOAreHTHBIN mojxof [11].
Ha ocnoBe kitaccmuaeckoii apxuTekTypbl (sensor-effector-processor-memory) moctpoeHst

geTbipe arerTa. Arent Center peajim3yer MpOIECChl, COOTBETCTBYOMINE ajaropurmam 1, 2;
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--------------- JIOQUIEHEIH PRCYpPC )=

E OnepamgoEsas TTporpamas Basa | o || Tpmcmazemsie
: CHCTEMa mnatdopma TAHHBIX GHONHOTEXH :
S (Vlacrinti pecype ) i
; l Azenm Center | IndG IndD g
: | IndG, IndD, Sensor Effector Processor | Memory | :
il IndC,nZ, Z IndCnZZ !
: C — | MonyIs fuanora Moy Mopyne | IndG,IndD, | !
F dRoleC HHHIHATH3AIER SC | sammmer |IndC, nZ, Z | :
N i
: | i
d Azenm Expert | !
: | 0z 7 Sensor Effector Processor | Memory : :
H S T 8C E
: J-E *— |Momyns qmanora | Mogyns HocTpoeHrs | Moy SC | E
iy E. dRoleE H aKTya/IH3alEH SC 3AMIHTEL e i
.l sC
: | _Azerim User | :
: | sC Sensor Effector Processor | Memory | ] ind, A :
. — m :
' 'fU n MoJyib THa%oTa MoZIyiIs NOHCKA H Momyne ind. A i
: | IndD.. dRoleU HCTIONB30BaHHA SC JAIIHTEL ’ | E
¢ | IndC,nZ I :
: | ind, A Azenm Validator | F10, ctatye !
: IC Sensor Effector Processor | Memory | - i
: FIO i :
. lE — |Monym muanora| Mogymb paoTsl ¢ Momyns FIO, . i
: IU -— dRoleValid AETOpanMH JAMHTE | CTaTyc | i
i |U| cratye :
S J :
s I I | g
: Tiposdiidep | OOMATHELH pecype O6nagHbIE pecype OO6magHbIH pecype E
Leeeenmmeceesasasnessrmrrerssessfors e S P : i
[ 1 1
Humeprem Be{ Gpaysep Bef Gpayzep Bef Gpayzep
Axmapl C E J[
- [MO0AIBHEL PECYPE =~ == == == o= o = - HacTHBIH pecype

Puc. 2. ApxurekTypa CHCTEMbl HHTE/LJIEKTYAJTA3AIIH

Expert — amropurmam 2, 5; User — anropurmam 3, 4; Validator ocyrmiecTsiager KoH-

Tposb goctyna akTpoB K [IpK. [Ijs ymeHbIIeHUsT pacxoa0B Ha MOAJIEPKKY KU3HEHHOTO

IIHNKJIa CHUCTEMDbI BCE 110 pasMenICcHO KaK YaCTHBINA pecypc B 00/1aTHOM pecypce KOMIla-

nnn Byelex. [docryn x npukimaanomy 11O u IIpK ocymecrsiisiercsa gepe3 cranmapTHBIT

6paysep (MS Explorer, Chrome, Opera u ap.). CoorBeTcTByIOIIas apXUTEKTypa Mpe/-

cTaBJIeHA Ha puUC. 2.
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Skemepr 1 OxenepT 2 ..o DKCIEPT N

Y4yeOHHKH : l l 1‘ JlasepHEIe THCKH
# € Qubsncanemggneeinali e
8 - gt g gyl | (5 o e gy toseten | Feoah 805, e

=
s l Huteprer l@ i
IPHITOKEHHA

Puc. 3. Tlopras na peammzanun 2K [IpK

ApxurekTypa cucTeMbl peajn3oBaHa B popMe HopTajia, KOTOPO MPOIIesT SBOJIIOIIIO
OT CTaHJAPTHOTO caiiTa jJjisi cOopa mHMOPMAIMU 110 3aJaHHONH TeMaTHUKe JI0 XPaHUJIN-
ma [IpK s cdeper UT (¢ mupokumM CrieKTpoM CpeJicTB BU3YATU3AINH, IyOJNKAINN 1
akTyasm3anun). Jljisi KazxKJ10ro HOBOTO IIPOEKTa CTPOUTCs opuruHasibibie IIpK, KoTopbie
IIOCJIe 3aBePINeHUs TPOEKTa MHTEIPUPYIOTCS B YaCTHBIE PECYPChl 3aKa3unKa WU IIPaBO-
obramarens (puc. 3).

B nepuos 2000-2013 rr. 661 HAKOIJIEH 3HAYUTEIbHBIN ONBIT SKCILUIYATAIIMH TIOPTa-
Ja. B gacTHOCTH, OH HCIIOIBL30BAJICS JIJIS Pean3allii Psijia MeXKIyHAPOIHBIX ITIPOEKTOB,
Bryodas “Orthopedishe Casuistiek”, “Atlasvande Parodontale Diagnostic”, “AtlasMond-
&Kaakziekten” (st mpunsaTust pemienuit B obsactu oproneaun), “Atlasof Forensic
Medicine” (mist cymebuoit memunuubl) u ap. IlocrpoeHHble B paMKax JAHHBIX IIPOEK-
toB [IpK 6buin omy6mkoBanbl Ha OyMayKHBIX HOCHTEJNSIX (KHUIHM), JIA3EPHBIX JIMCKAX
1 pa3MelleHbl B ceTeBbIX pecypcax. /lo macrosmmero Bpemenn IIpK “Atlas of Forensic
Medicine” sBJsieTcss KpylHeiieii B Mupe KOJJIEKITel 1o jtannoii remaruke. B mporecce
peain3aIyy IPOoeKTOB CTPYKTYPa MPEJIMETHON KOJLIEKIIUN HE IIpeTepIiesia CyIeCTBeHHBIX
U3MEHEHH, 9TO TOBOPHUT O €€ COOTBETCTBUM COBPEMEHHBIM TpeboBaHusM. B 1esoM, orsiT
[IPUMEHEeHHUsI TOPTaJIa IOATBEP/INII KU3HECIIOCOOHOCTD 1 3(HEKTUBHOCTD Pa3pabOTaAHHOTO

[IO/IX0/Ia K PEIeHHIO TTPO0IEMbl NHTE/JIEKTYAJTU3AINNA TPUHATAS PEIIEHUIA.
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S3AKJIFOYEHUE

B pabore paccMoTpeHo KOMILJIEKCHOE pelieHne 1IpodieMbl HHTE/LICKTYaIn3alliy [TPHU-

HATNA peIHeHI/Iﬁ Ha OCHOBE CHHTE3a I3JIEMEHTOB IKCIIEPDTHBIX 3HAHUII 1 KOTHUTHUBHBIX pe-

cypco Unrepner. Pazpaborana KOHIENNA WHTEIIEKTYaIU3AIMN HA OCHOBE WHHOBAIIMOH-

HBIX 3HAHUM, MPEJICTABICHHBIX B (hopMe TpeIMEeTHBIX KoJuteKIiuil. [Ipeamoxensr Moaen

Hpe,ZLMeTHOfI KOJIJIEKIIUU U CHHEHDbI peaJin3allun €€ 2KU3HEHHOI'O ITUKJIa. Hpe,ZLCTaB.HGHbI CcXe-

MbI aJI'OPUTMOB IIOCTPOCHNA, BI)I60pa, OIIEHKU 1N aKTyaJIM3allu IIPEIMETHDBIX KOJIJIGKHI/Iﬁ.

Omnmcan BapuaHT CHUCTEMBbI, peaﬂnsyfommﬁ AJITOPUTMBI Ha OCHOBE€ MHOI'OareHTHOI'O I10/1X0-

da B (bopMe IIopTaJia, 1 OIIBIT €ro IIpUuMEHCHUA JIJId PEHICHUA IIPaKTUICCKUX 3a/1a4.

9.
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Abstract. The concept of languages similarity of Petri nets is introduced. It is determined, that
mapping of languages similarity of Petri nets is a surjective homomorphism. The similarity of languages
of component Petri net and original detailed Petri model of the investigated parallel distributed system
is considered. The work reveals that the language of the original detailed Petri net model can always be

restored using the language of its component model.

INTRODUCTION

Currently, the development of research in the field of theoretical computer science
is caused by the necessity of development of formal methods of modeling and analysis
of parallel distributed systems having complex structural organization and operating in
real time. The establishment of adequate systems of this type is not a trivial task. The
solution to this problem depends on the nature of the problems under consideration,
class of simulated systems, the level of their structure detailing and behavior, and
requires complex fundamental research of various formal methods and tools. Petri
nets are one of the most popular and convenient modern formalisms for modeling
and analysis of parallel distributed systems. This formalism has several important
advantages, such as visibility, availability of simple structures to describe concurrency
structures (sequential composition, choice, parallel merging) and the solubility of many
behavioral properties |1, 2|. Petri nets allow, with sufficient detailing level, to model the
computational processes, management processes in parallel systems and communication
protocols. The main advantage of Petri nets is the ability to display the interaction of
multiple parallel sequential processes as a single structure. This formalism has several
drawbacks. High ability of Petri nets modeling and complexity of the simulated systems
can lead to larger nets [3|, [4] and as a result — to the “state explosion” problem [4]. Petri
nets do not describe explicitly the dynamics of states change (behavior), and in analyzing
the behavior of Petri nets we have to simultaneously monitor the situation and several
points to remember these situations. In the case of errors localization, the route (path)
to error site is not indicated. These circumstances are essential for the analysis of Petri
nets, errors identifying and eliminating in the real system. In this connection there is a
need to find trails that lead to the suspicious or erroneous state in the net operation. Such
an analysis is logical to perform by constructing the relevant languages. As for significant
reduction of verification efficiency in this formalism due to the “state explosion” problem,
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preliminary reduction of Petri net is required, which models system. The way to solve the
problems formulated is in studying languages of component Petri nets (C'N-net) |5, 6] and
the establishment of links between languages of the original detailed Petri net model and
the reduced C'N model — component Petri net. The purpose of this work is to continue
studies |7, 8, 9] of language connections of detailed and component Petri models of parallel
distributed system and to establish the possibility of language recovery of detailed Petri
net model of investigated parallel distributed system by its reduced model language —
component Petri net.

1. PRELIMINARY INFORMATION

Component Petri net, introduced in works [5, 6], is a directed graph, described by the
ordering quinary:

CN = (P, T,F,W, M),

where P = P, U P, is a finite set of places (P; is a finite set of component-places,
P, — a finite set of places that are left after the separation of component-places);
T = Ty UT, — final set of transitions (77 is a finite set of components-transitions

and T, — a finite set of transitions that are left after the separation of the component
transitions); F' C P x TUT x P — the incidence relation between places and transitions;
W :F — N\ {0} — the multiplicity function of arcs; My — the initial marking of net.

It is stated in work [10] that allocation procedure in the initial detailed Petri net
model of the system under consideration with concurrency of composite components
(component places C, and component transitions C;) is a structural transformation
that can significantly reduce the number of nodes of the net N while preserving its
behavioral properties. This means that C'N-net, built as a result of such transformations,
is adequate, and hence preserving the description expressiveness of the original system
under consideration. The proof of the correctness of such transformations is justified by
defining component x; ratio at the set of nodes of reachable markings of detailed Petri net
model [11], establishing homomorphism of graphs of reachable markings of investigated
Petri N and C'N models, and proof of bisimular equivalence of N and C'Nnets.

In works |7, 8, 9] the following languages of component Petri net were introduced:
language L;(CN) of component Petri net containing only components-transitions Cj,
language L,(CN) of component Petri net containing only components-places C,,
language L,;(CN) of component Petri net containing components-places C, and
components-transitions Cy. In this case when determining the languages L,(C'N) and
L,:(CN), operation of nets N and C'N is described in terms of the set of net reachable
markings, and in determining the language L;(C'N) — in terms of sequences of transitions
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firing. It is connected with the structures of respective composite components [12]| and
with the fact that composite component information, accumulated in the nodes of the
component net, should be reflected in the words of the language of the corresponding

component net.

2. SIMILARITY OF PETRI NETS LANGUAGES

An important concept of the theory of formal systems is the notion of equivalence of
behaviors. Equivalence of this type provides an opportunity to compare the parallel and
distributed systems, taking into account certain aspects of their functioning. One type of
behavioral equivalences for parallel systems and programs is language equivalence [13],
i. e. the equivalence of languages, generated by systems. Language equivalence allows us
to compare the behavior of both serial and parallel systems. Analytical representation
is convenient for Petri net models of these systems, using a formula in algebra nets |14,
15, 16]. Net formula is constructed from symbols that define some basic net from net
operations. With the help of these operations, the net described is built from elementary
nets. In this way it is possible to verify the equality or inclusion of generated languages [1].
And what if languages are ‘similar’? What does it mean — “similar”, by how much?

For languages of Petri nets we introduce the concept of similarity of languages.

Definition 1. Similarity of Petri nets languages is understood as such transformation of
Petri nets languages, defined over the same alphabet, which allows recovering one Petri
net language by means of language of the other.

Statement 1. Languages Li(N) and Ly(CN) are similar.

Argument. Consider languages L;(N) and L;(CN) [7]| of some Petri net N and its
component C'N-net in which only components-transitions C; are allocated, respectively,
over a finite alphabets A and B (let’s recall that the functioning of nets N and CN,
when allocating only component-transitions, is described in terms of sequences of firing
transitions). Then A* is a set of all words in the alphabet A, B* = (AU{T}, Ty, .. T })* —
a set of all words in the alphabet B = AU{T},T5,...T}, where T} (k = 1,2,...n) are the
names of the various components-transitions Cy, (k= 1,2,...n) in the C'N-net.

Let some word 7 € A* have a form 7 = abt tscdtstsh, where the symbols a, b, ¢, d, h
denote the names of transitions of detailed model N, outside of any components-
transitions Cy, and symbols 1, t9, t3,t4 are the names of transitions, which are elements
of the components-transitions ;. Making notations in the word 7:

ab = 11, tita = T1,cd = Ty, t3ty = To, h = 73,
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we have a record of the original word 7 as a concatenation of the words 7,71, 7o, T2, T3, SO
that 7 = 7171727273 . In the transition from words of the language L;(N) to the words of
the language L,(CN), the word 7 is converted into word 7" from B*: 7 =Ty Ty 73. At
the same time, for the names 7} and 75 of the component net C'N, their record is known
as subwords of words of language L,;(/N). Taking into account [7], that the language, as
described in terms of sequences of transition firing, of identical and single-type components
is congruent, it is enough to remember the word(s) of one representative from identical
and single-type components to substitute its record instead of the appropriate symbol for
the component-transition in words of component C'N net language and get the words of
original detailed Petri N model. Languages L;(N) and L;(C'N) are similar.

Let’s consider free languages L and L' of two Petri nets N and N, over the same
alphabet W. Let this alphabet represents the grouping of the alphabets A and B,
respectively, of the languages L and L' under consideration. And also let there be mapping
“onto” of one language onto another, for example, L onto L. Let’s mark this mapping by S.
Then for each word 7" € L’ there should be a word 7 € L so that the equation S(7) =7’
takes place. And because words of the language L (L) are written as a sequence of
characters of the corresponding alphabet A (B), the mapping S generates mapping ¢
that translates the characters of each word of the language L into the characters of
words of the language L'. Given that the original mapping is “onto”, mapping, then
mapping ¢ is also “onto” mapping. Then when mapping ¢ the image of each character in
the alphabet A (letter of the alphabet B) has at least one prototype in the alphabet A.
This means that some of the letters of the alphabet B may be images of several letters of
the alphabet A. Then, having the words of the language L' C B* (B* is a set of all words
in the alphabet B) and knowing the prototypes of the letters from B being the letters
of words of the language L, you can always restore the word from A* (A* is a set of all
words in the alphabet A). And this means that the considered language L of Petri net N.
Theorem 1 holds:

Theorem 1. Similarity of Petri nets languages is surjective mapping.

Thus, the mapping S of words in the language L of Petri net N on the set of words in
language L’ of Petri net N is completely determined by the values on the letters of the
alphabet W so, that each character a € A is an image of at least one character b € B,
that is, at mapping S for any b € B there is a € A so that b = ¢(a). Then we can draw

the following conclusions regarding mapping S:

1. S(tu) = S(7)S(n) holds for all words 7 and p in concatenation of word Tu
over A C W,
2. S(e) = e, where e is an empty word;
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3. S(r) = ¢(ar)P(az)...p(ax) for words 7 € A* of any length. Then for L(N)
of net N language and L'(N') of net N  language such equation is true:
L'(N'") = S(L(N)) = {r' /7 = S(r), where 7€ L(N)}.

Theorem 2 follows.

Theorem 2. Similarity of Petri nets languages is a homomorphism.

3. SIMILARITY OF LANGUAGES OF COMPONENT PETRI NET, CONTAINING
COMPONENTS-PLACES AMONG THE ALLOCATED COMPOSITE COMPONENTS

Consider the possibility of language recovery of detailed Petri net model by
its component Petri net language, which contains components-places C, among its
constituent components. This can be a component Petri net, containing only the
components-places, or component Petri net, containing both types of components:
components-transitions C; and components-places C,. In this case, when among the
constituent components of the net components-places are allocated, operation of the net
has to be described in terms of the set of net reachable markings (8, 9.

Statement 2. Languages L,(N) and L,,(CN) are similar. Languages L,(N)
and L,(CN) are similar.

Argument. Consider only one variant of net. Let it be a net with both types of
constituent components. Words of the language L, ;(N) of detailed Petri net model, with
allocated constituent components C,, and Cy, and the language L, () of its component
Petri model, represent sequences obtained by writing out symbols of nodes along the
paths in the graph of reachable markings of respectively nets N and CN, starting
at the initial marking and leading to each reachable net markup. Let A be a finite
alphabet for the detailed model N language. It consists of a set of names, for example,
s-dimensional vectors. Let B be a finite alphabet of component net C'N with two types of
composite components consisting of a set of names, for example, r-dimensional vectors.
Then r = s—k+1, where k is total number of places occurred in the allocated components,
[ is a number of components-locations. Then A* is a set of all words in the alphabet A,
B* = (Y(A) U {a}, ay,...,a,})" is a set of all words in the alphabet B = ¢(A) U {a],
ay, ..., a,}, where a,(k = 1,2, ...,n) are the names of the nodes of the graph of reachable
markings of component Petri net C'N, in which the nodes have moved or different parts of
the graph of reachable markings of detailed Petri net IV encapsulated. Hereat 1) — mapping
that converts s-dimensional vectors of the graph of reachable markings of detailed Petri
net in the r-dimensional vectors of the graph of reachable markings of component Petri
net is surjective mapping [9].
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Consider a word 7 € L,;(N). Let the word be of the form 7 = ayb1byarash byay.
Symbols ai, a1, as,as mark the names of nodes of the graph of reachable markings of
detailed net N, which are not nodes of any sections of the net, reflecting the operation
of composite components. Symbols bl,bg,bll,b'2 are the names of nodes of the graph of
reachable markings of detailed net N, which are nodes of such sections. At the transition
from words of the language L,;(N) to the words of the language L,;(C'N), the word 7
is converted in the word 7 from B*: 7= t(a1)aj¥(az2)v(as)aytp(ay). In the word 7,
symbol ¥(a;) (i = 1,2,3,4) denotes the image of the corresponding node a;of the
graph of reachable markings of net N, which is not a node of any of the sections of
the net, reflecting the operation of the composite component. This image is determined
in a one-to-one manner. Symbol a;» (j = 1,2,3) in the word 7 denotes the name of
the node-encapsulent. Such a node is the image of all nodes from the sections of the
graph of reachable markings of detailed Petri net N, which reflects the dynamics of the
functioning of the composite components. For the names a; of the language L,;(CN)
of the component net C'N, their record as subwords of words of the language L, (V)
is known by the construction of net component. Then, knowing all image prototypes of
characters of any word from L,,(N), the language L, (V) is easy to recover according
to the words of language L, (CN) and get the language of original detailed Petri net
model N, with allocated constituent components (components-places and components-
transitions). Languages L,:(N) and L,;(CN) are similar. To establish the similarity of
languages L,(CN) and L,(CN), the argument is similar.

CONCLUSION

When modeling thoroughly functioning of parallel distributed systems, we have to deal
with so-called problem of “state explosion”, when the full system model becomes immensely
large. This is the problem of building detailed models of real systems. Application of the
component Petri nets for modeling of parallel distributed systems allows us to build
smaller — reduced models. Study of languages of such networks allows us to investigate
their behavioral properties. Proceeding with the problem of how “similar” languages of
detailed model of the system under consideration and its component model are, we show
that the language of the reduced model (component Petri nets) can restore the language of
detailed Petri net model of the system in question. Languages of detailed and component
models of parallel distributed systems are similar. The concept of language similarity of
Petri nets, introduced in this work, allows to determine surjective homomorphism of the
languages of such networks, and on this basis to carry out the qualitative analysis of the
considered Petri nets languages.
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Abstract. In this paper, we discuss a method of auxiliary controlled models and the application
of this method to solving some problems of robust control for differential equations. As objects for the
approbation of the method, a system of nonlinear differential equations describing some ecological and
economic processes is used. A solving algorithm, which is stable with respect to informational noises and

computational errors, is presented.

1. INTRODUCTION. STATEMENT OF THE PROBLEM

A dynamical model connecting main economic and climatic indices was suggested
in [5]. This model is oriented to developing an economic strategy directed to deceleration
of global warming. The main goal of the model analysis is to provide the means for tackling
the following question: whether the reduction of emissions of greenhouse gases is justified
from the economical viewpoint or not. The model takes into account global processes: it
is assumed that the structure of economy is the same for all countries; the climate change
is characterized by the average value of the temperature on Earth’s surface and so on.
This model contains three types of parameters.

1) Constant parameters (their list is presented in tables 2.3 and 2.4 on page 21, [5]).

2) Functions that are considered (for simplicity of the analysis) as exogenous with
respect to the model and are a priori given.

3) Inner functions that are connected to one another and to exogenous parameters by
means of some algebraic and differential equations. The list of these functions is
presented in table 2.3. (see [5]), and the model equations are presented in table 2.2.
Let us give the list of functions:

: u(t) is a rate of emissions reduction with respect to uncontrollable emissions,
: E(t) is an amount of emissions of greenhouse gases, below GHGs (C'O; (carbonic
acid gas) and chlorine-fluorine carbons only),
: Mi(t) = (M(t) — 590) is an excess of the mass of GHGs in the atmosphere in
comparison with the pre-industrial period,
: To(t) is an average atmospheric temperature (on Earth’s surface),
“Work was supported in part by the RFBR (project 12-01-00175a), by the Program of Basic Research of

the Presidium of the Russian Academy of Sciences 38P (project 12-P-1-1038P), and by the Program for
support of leading scientific schools of Russia (6512.2012.1).
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: T1(t) is an average deep-ocean temperature,

: I(t) is a gross investment,

: K(t) is a capital stock,

F(t) is an atmospheric radiative forcing from GHGs,

: O(t) is a forcing of exogenous GHGs (i.e., of gases, which are considered
as uncontrollable; there are all GHGs, besides CO, (carbonic acid gas) and
chlorine-fluorine carbons),

: A(t) is a level of technology,

: o(t) is the ratio of GHGs emissions to global output,

: L(t) is a population at time ¢, also equal to labor inputs,

: (1) is a gross world product.

Schematically, the connections between the inner functions can be pictured in the

following way:
5 — Q

1 TN\
F 7 Q
T v TN

M} <«— F K* «— 1T
Here the functions marked by asterisk are solutions of linear differential equations of the
first order, the function Ty(t) is a solution of a linear differential equation of the second
order.
If we pass from the discrete model suggested by the authors to the “continuous” one,
then the equations of the model ¥ take the form:

To(t) = aTo(t) +cTi(t) + csF(t), te (0,9

T.l (t) = caTo(t) —Ti(1)) )
Mi(t) = PBE({) — omMi(t)

K(t) = —6xK(t)+1(1),

where t is time, ¢ is a terminal time moment,
F(t) =4,1log, <1 + ]\§9(0)) + O(t),
E(t) = (1 = pu(t))o(H)Q(1),
Qt) = (1= bipu(t))/ (1 + O To(H)*) AR K () L(t)'
An initial state of ¥, x(0) = {T5(0),71(0), M,(0), K ( ))}, is assumed to be known
and a priori given. It is natural to set Tp(0) > 0, 77(0) > 0, and K(0) > 0. Functions pu(-)
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and I(-) are considered as control parameters determining a strategy of global control of
climate and economy. The numerical analysis of the model is performed in [5]. At that, the
direct problem is solved, namely, possible strategies (rules of forming p(-) and I(-)) are
specified, and system’s dynamics is computed. The comparative analysis of simulation
results for different structures is performed. In addition, the analysis of sensitivity of
results with respect to some model parameters is fulfilled.

In what follows, values p and I, according to [5], are treated as controls and are
denoted by the symbol u, i.e., u = {p, I }. We transform system (1) to the form (neglecting
small values (b = 0,0686, ¥; = 0,00144))

To(t) = aTo(t) + coTi(t) + 4, 1cs - log, (1 + Aﬁf?) +c30(t), te]|0,9]
Ti(t) = eTo(t) - Ta(h))

Mi(t) = Ei(t)(1— p(t) — o My(t)

K@) = —0gK(t)+1(t),

)
)

where
Ei(t) = Ei(t,K) = Bo(t)A(t)K(t)"L(t)' .

Hereinafter, we consider the system 3 of form (2). The symbol z(-) = x(+; 2(0), u(+))
stands for the solution of system (2) with an initial state x(0) and a control
u(-) ={n(-), I(-)}.

Our aim differs from the aim of [5]. We consider an “inverse” problem;
its essence consists in the following. Some system’s dynamics, i.e., a function
u(4) = {T0:(), T1x(+), Ki(+), M14(+)} generated by some unknown controls p = pu.(-) and
I = I.(-) is given. These controls may be program or feedback controls; the latter is
formed, for example, by the rule u.(t) = p(t, z.(t)), L.(t) = I(t, x.(t)). Thus, the functions
Tu(+) = {T0:(), T1u(+), Ki(+), M1.(-)} satisfy the system of equations
M. (t)

590

T, (t) = c1Tou(t) + coTh.(t) + 4, 1es - log, <1 +
Th(t) = ca(Tou(t) = Tha(t))
My (t) = Bu(t, K)(1 = pa(t) = 0 M. (1)

K.(t) = —0xK.(t)+ L(t),

) ) +c30(t), telo,V]
) (3)

where, emphasize once again, the functions p.(-) and I,(-) are unknown. It is known only

that they are subject to restrictions of the form

]*(t) < []—7]+]7 M*(t) S [f—7f+] upu ¢ € [0719] (4)
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Here
—o< fo< fi<+4oo, 0 <1, <+4o0.
The initial state of system (3), 2.(0) = {70.(0), T1.(0), M1.(0), K.(0)}, is assumed to be
x(0).
The problem under consideration may be formulated in the following way. At frequent

enough time moments
neA=A{n}lty, Tiy1=7T+0, T=0, T,=7,

values of Ty(7;), T1(7;), and K(7;) are inaccurately measured. Results of measurements
(vectors {&f, &b ¢hY € R3) satisfy the inequalities

[ To(7:) = &5l + T (m) — &if* + [K(m) — &f* < 12, (5)
where h € (0,1) is a level of informational noise. Here and below, the symbol | - | stands
for the absolute value of a number, whereas the symbol || - ||, the Euclidean norm of a

vector. Denote by Z(z(+), h) the set of admissible measurements, i.e., the set of all piece-
wise constant functions &"(-) — R3, "(t) = & for t € [, Ti1), Ti = Tin, satisfying
inequalities (5). Here

fzh = {éﬁ’ggwggz}? fh(t> = {fﬁafgwggz} for a.a. t € [Tin, Tiv1n)-

The control problem under discussion in the paper is as follows. A number ¢ > 0 is
given. It is required to construct an algorithm for forming a feedback control

w=u"(t) = u(t;z"(-), 2.(-),€"(")
of system (2) providing fulfilment of the following condition. Whatever unknown possible
Lebesgue measurable functions ., (-) and I,(-) with properties (4) may be, the distance
between z"(t) and z.(t) at all moments ¢ € [0, 9] should not exceed the value of ¢ provided

the values of h and ¢§ are sufficiently small.
Here

) = 5t () = {TEO TR, M), K ()}
is the trajectory of X generated by the control
ult) = u"(t; 2", 2., 6") = {"(t) = p(t; 2" (), 2.(-), € (), I"(t) = I(t;2"(-), 2.(), €" ()} €
€ U(t,a"(),au(-),6"()) C [I-, L] = [f-, f],

which is formed according to the feedback principle. Thus, z"(-) is the solution of
system (2) with the feedback controls pu(-) = pu"(-) and I(-) = I"(-).
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Hereinafter, the symbol % stands for the set of admissible controls, i.e., the set of
Lebesgue measurable functions u(-) = {u(-), ()} such that u(t) € [f-, fi], I(t) € [I-, 1]
for a.a. t € [0,].

One of the approaches to solving the problems of guaranteed control (they are
also called positional differential games) for dynamical systems described by ordinary
differential equations was developed in |2, 6, 7|. In all the works cited above, the cases
when the full phase state of a system is inaccurately measured at frequent enough time
moments are considered. In the present work, from the position of the approach described
in |2, 6, 7|, the problems of guaranteed control under the measurement of a “part” of
system’s phase state (a “part” of coordinates) are investigated.

To form a control u providing the solution of the problem, along with the information
on the “part” of coordinates of the solution of the system X (namely, on the values &"
satisfying inequalities (5)), it is necessary to obtain some additional information on the
coordinate M (-), which is missing. To get such a piece of information during the control
process, it is reasonable, following the approach developed in |2, 6, 7|, to introduce an
auxiliary controlled system M. This system is described by a differential equation (the
form is specified below). The equation has an output w”(t) and an input v"(¢). The input
v"(-) is some new auxiliary control; it should be formed by the feedback principle in
such a way that v"(-) “approximates” the unknown coordinate M, (+) in the mean uniform
metric. Thus, along with the block of forming the control in the real system (it is called
a controller), we need to incorporate into the control contour one more block (it is called

a identifier) allowing to reconstruct the missing coordinate M;(-) in the real time mode.

The scheme of algorithms for solving the problem is given in Figure 1.

_at) 0 s &
I"(t)
V" (t)
Iv; V(1) v
| w'(?) ]
Figure 1.

In the beginning, an auxiliary dynamical system M (a model) is introduced. This model
functioning on the time interval [0,9] has an input v"(#) and an output w"(t). The
model M with its control law V forms the identifier. Before the algorithm starts, the
value h and the partition A with the step §, as well as the model M, are fixed. The
process of synchronous feedback control of the systems Y and M is organized on the
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interval [0,]. This process is decomposed into (m — 1) identical steps. At the ith step
carried out during the time interval é; = [, 7,11 ), the following actions are fulfilled. First,

at the time moment 7; according to the chosen rules U and V' the functions

" (t) = ol € Vi, & w(r)), t e, (6)
uh(t) = u? < U(Tiavzh’ zh’ x*(Ti))7 (7>

are calculated by measurements " and w"(7;). Then (till the moment 7,,;) the control
u=u"(t), ; <t < 7,41, is fed onto the input of the system ¥ and the control v = v (t),
7i <t < T;41, onto the input of the model M. The values £, and w"(7;41) are the results
of the work of the algorithm at the ith step. The procedure stops at the moment .

Thus, all complexity of solving these problems is reduced to an appropriate choice of
a model M and functions U and V.

So, the problem may be formulated as follows. In the sequel, a family of partitions

Ap=A{mintptes  Tivrn =Tin +0(h), Ton =0, Tpn=1
of the interval [0, J] is assumed to be fixed.

Problem of robust control. 1t is required to specify differential equations of the model M
W' (t) = fulf w"(m), o), t € Ohi = [Tins Toern),  Ti = Tin, (8)
w"(0) = wl,  w'(t) € R,

and the rule of choosing controls v? and u!' at the moments 7; being a mapping of form
(6), (7) such that the inequality

mmax 2" () — . ()| < e (9)
holds for h € (0,h,(c)) and 6 = §(h) € (0,5(hs(€)). Let the symbol X(-) denote the
bundle of solutions of system (2), i.e.,

X() =A{2() 1 2() = 2(52(0),u()) = {To(-), T1(), Ma(-), K ()}, () € %}

We assume that the following condition is fulfilled:

Condition 1.

d, = inf{tg[%%] (1 + A?T(Ot)) cx() = {To(), Th (), My (), K ()} € X(-)} > 1.

In addition, the functions o(t), A(t), L(t), and Q(t) are considered as known and

continuous.
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2. ALGORITHM FOR RECONSTRUCTING M;(-)

First, we specify the algorithm for reconstructing M;(-), which will be applied for
solving the problem in question. Namely, we describe the identifier (see Fig. 1). To
substantiate this algorithm, we use ideas from [6, 7, 1, 3|.

Introduce the notation

T(t)={To(t), T:(t)}, [t T(t)) = ciTo(t)+coTi(t)+csQ(t), u(t) = logy (1 +

)

Here z(-) = {To(-), T1(-), M1(-), K(-)} is an arbitrary element of the set X (-). In this case,
the first equation of system (2) is rewritten in the form

To(t) = f(t, T(t)) + 4, Lestu(t).

Note that one can specify a number M, > 0 such that the following inequalities are

valid:
|7(t)|| < M, for almost all ¢ € [0,9)], (10)

£ (&, T(8) = f (73, €I < M8+ b+ w(9)) for t € 6 = [73, Tiy1). (11)

Here 7; = 75, w(6) is the continuity modulo of the function ¢t — O(t), t € [0,9], i. e.,
w(0) = sup{|O(t) — O(t — )| : t € [§,I]}.

Inequality (11) is a consequence of (5) and (10).

We fix a family Aj, of partitions of the interval [0,4] and some auxiliary function
a(h):(0,1) — (0,1).

As the model M, we take a linear system described by a scalar differential equation
of the form

W'(t) = f(73, &M 4+ 4, 1ego"(t)  for a.a. t € 0 = [73, Tiv1), (12)
iel0:m—1], 7,=mp, m=my, with the initial condition
w"(0) = Tp(0).
Let
() = vt € V(m, & wh(m)) = —é4, Lol () — €] for tes.  (13)

The control v"(t) in equation (12) is found from (13). Thus, the model control is specified
by the feedback principle (see (6)). Consequently, equation (12) takes the form

i

W (t) = f(r, €)= é(zx, Les2[wh(m) — €] for aa. £ € 6 (14)
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Let us describe the algorithm for reconstructing the unmeasured coordinate M;(-)
in the real time mode. Before the algorithm starts, we fix a value h € (0,1) and a
partition Ay. The work of the algorithm is decomposed into m — 1 identical steps. At the
ith step carried out during the time interval 6; = [7;, Ti41), 7i = Ti.p, the following actions
are fulfilled. First, at the moment 7;, the control v"(¢) is calculated by (13). This control is
fed onto the input of model(12) on the interval [7;, 7;41). Under the action of this control,
the model passes form the state w”(7;) to the state w"(7iy1) = w" (754 1; 75, w"(73), v1). The

work of the algorithm stops at the moment 4.
Lemma 1. Let the conditions

a(h) =0, 6(h) =0, §(h)a"'(h) = 0, ha*(h) =0 ash — 0 (15)
be fulfilled. Then, uniformly in all z(-) € X(-), h € (0,1), &"() € E(x(),h),

i € [0:my, — 1], the inequalities
Ti+1
/ i ()] ds < C, (16)

are valid. Here C' = const > 0, 6 = 6(h), and 7, = ;.

Lemma 2. Let conditions (15) be fulfilled. Let 57 (h)a=(h) — 400 (for some v € (0,1))

as h — 0 and )
uh(t):{ w(0), t€10,07)
v (t), te s,

€

Then, the inequality

sup [ug (t) — a(t)| <
tel0,9]

< dja(h) + d3(h + 6(h))a" (k) 4 d3w(5(h)) + dja(h)6 7 (h) + dgd7 (h)
is valid. Here the constants dj, j € [1: 5], do not depend on h € (0,1).

Introduce the notation
ul'(t) = 590(24® — 1),
The following Theorem is true.

Theorem 1. Under the conditions of Lemma 2, the inequality

o i (t) = My(6)] < w(h, 8(R), (D)) =

= dya(h) + do(h + 5(h))a (h) + dsw(5(h)) + dya(h)d™7 (R) + d567 (h)
holds. Here the constants d;, j € [1: 5], do not depend on h € (0,1).
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The Theorem follows from Lemma 2 and the inequality

3. ALGORITHM FOR SOLVING CONTROL PROBLEM

Let us turn to the description of the algorithm for solving the control problem in
question. From the above, it is necessary to specify model (8) and strategies U and V' (6),
(7) providing inequality (9).

We fix a family Aj, of partitions of the interval [0,9] and some function
a(h) : (0,1) — (0,1). Let the family Aj, and function «(h) be such that the following
condition holds:

Condition 2. The convergences
a(h) =0, 6(h) =0, §(h)a'(h) =0, ha *(h) =0, a *(h)d?(h) = +oo as h—0
take place for some v € (0,1).
Let model (8) be of form (12), i.e.,
W'(t) = f(73,&M) 4+ 4, 1eg” () for aa. t € 6; = [3, Tiv1), (17)
i€l[0:m—1], 7, =mn m=my, with the initial condition
w"(0) = Ty(0).

Let rules U (6) and V' (7) for forming the controls u and v} be as follows:

ol = V(s € () = —— 4, Lesfu () — €], (15)
ul = {p" (1), I"(1;)} = U(r;, 0!, €0 (1)) for t €6,
Here
I'(r) = axgmin{ (€, — K.(m)] T € [1,1,]}, (19)
,Uh(Ti> = argmin{El(Ti,K*)(uf(Ti) - Ml*(Ti))M TpE [f—7f+]}7 (20)

log, <1 + M‘,J%ét)» if 7, <97(h)
h

7

uy () =

) otherwise.

In what follows, we need
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Lemma 3. [4]| Let the function e(t) be nonpositive for t € T and, for all i € [0:m — 1],
satisfy the inequalities

Ti+1

E(ri1) < e(m)(1+ ) + / o(t) dt,

Ti

where 7, € A, f = const > 0, and ¢(-) € L(T; R). Then,
() < (st0) + [ 000 dt) exp(B(r: ~ o).

Introduce

Condition 3. The inequalities
0<CY <K, (t) < C? < 400 forte|0,9]

are valid.

Theorem 2. For any e > 0, one can specify h.(e) € (0,1) such that, for all h € (0, h.())
and §(h) € (0,6(h.())), inequality (9) holds, if the model M is given by equation (17),
the strategies V' and U are taken in form (6), (7), (18)—(20).

The proof of the theorem is performed by the scheme of the proof of corresponding
statements from [2] and is based on Theorem 3 and Lemma 4. In the process, the variation
of the values

ei(t) = |K.(t) - K"(t)P, telo],
ex(t) = [Ma(t) = MY (t)]?, t € [0,9]
is estimated and the inequalities
51(t> S C*((s + h),
ea(t) < Cuu(h? + 6% + v(h,6(h), a(h))), t € [0,Y]
are established. Here the function v(h,d, «) is defined in Theorem 3.

In the conclusion, we describe the algorithm of the problem under consideration.
Thus, we have system (2) with the control u = {p, I'} and system (3) with the unknown
control u, = {p, L. }. We choose a family A, = {7, };*% of partitions of the interval [0, 9]
with a step 0(h) = Tiy15 — 7ip and a function a(h) : (0,1) — (0,1) depending on the
parameter h. The family A;, and function «(h) satisfy Condition 2. Before the algorithm

starts, we fix some value of measurement accuracy h, the partition A = A, and number
a = a(h). The work of the algorithm is decomposed into m — 1, m = my,, identical steps.
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At the ith step carried out during the time interval §; = [7;, Ti41), 7 = Tin, the following
actions are fulfilled. First, at the moment 7;, using the state w"(7;) of model (17), the
result & (satisfying inequality (5)) of calculating the state of system (2), we calculate
three numbers, namely, v and uf = {u"(7;), I"(7:)}, by formulas (18)—(20). Then, during
the time interval ¢;, the constant control u"(t) = ul is fed onto the input of model (17).
After these operations, at the moment 7;,; the model state is recalculated (instead of
the number w"(7;), the number w"(7;,1) = w"(7i11; w"(7;), v") is found; in addition, the
vector £, is determined). The analogous actions are performed till the moment 7, 1 .

As follows from Theorem 1, if the fixed measurement accuracy h is sufficiently small,
then the described above algorithm for forming the control u(-) in system (2) provides
“tracking” (in uniform metric) the solution () of system (3) by the solution z"(-) of

system (2). Thus, the algorithm solves the problem of robust control.
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Abstract. The creation and justification of the methods for guaranteed estimation of linear
functionals from solutions to the boundary value problems for linearized stationary Navier-Stokes equations

in bounded open Lipschitzian domains are considered.

INTRODUCTION

Problems of optimal reconstruction of solutions of linearized stationary Navier-Stokes
equations under incomplete data are investigated. These problems play an important role
in mathematical physics. Depending on a character of an apriori information, stochastic or
deterministic approach are possible. The choice is determined by nature of the parameters
in the problem, which can be random or not. Moreover the optimality of estimations
depends on a criterion with respect to which a given value is evaluated.

We assume that right-hand sides of linearized Navier-Stokes equations are unknown
and belong to the given bounded subsets of the space of all square integrable functions
in the considered domain and for solving the estimation problems we must have
supplementary data (observations) depending on solutions of these equations. We suppose
that observation errors (noises) are realizations of the stochastic fields, with unknown
moment functions of the second order also belonging to certain given subsets.

Our approach is as follows. We are looking for linear with respect to observations
optimal estimates of solutions of linearized Navier-Stokes equations from the condition of
minimum of maximal mean square error of estimation taken over the above subsets.

We consider constructive methods for obtaining such estimates, which is expressed in
terms of solutions of special variational equations.

Guaranteed estimation problems for some other types of ordinary and partial
differential equations are investigated in [1]-[5].

1. PRELIMINARIES AND AUXILIARY RESULTS

If X is a Hilbert space over R with inner product (-,-)x and norm || - ||x, then by
Jx € ZL(X,X’) we will denote an operator, called a canonical isomorphism from X
onto dual space X', and defined by the equality (v,u)x = < v, Jxu >xxx Yu,v € X,
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where < z, f >xyx:= f(z) forz € X, f € X', and Z(X,Y) is the set of bounded linear
operators mapping X into a Hilbert space Y.

Further we use the following notations: z = (z1,...,z,) denotes a spatial variable
that is varied in a bounded open Lipschitzian domain D C R", with boundary I’;

dr = dxy - - - dx, is a Lebesgue measure in R";

2(D) is the space of infinitely differentiable functions with compact support contained
in D.

A continuous linear form on Z(D) is called a distribution on D. We denote by 2'(D)
the set of distributions on D. If T' € 2'(D) we denote by < T,¢ > its value on the
function ¢ € 2(D).

If T'e 2'(D) the derivative D;T = g—i which coincides with the usual differentiation
of continuously differentiable functions, is defined by < g—;, o >=—<T, g—i >,

We denote by L?(D) the space of the real functions defined on D with the second
power absolutely integrable for the Lebesgue measure dx. This is a Hilbert space with the

norm
1/2

Jullioy = | [ u(o)P ds
D

and inner product

(u,v)2(py = /u(x)v(x) dx.
D
The Sobolev space H!(D) is the space of functions in L?(D) with derivatives of order
1 also belonging to L*(D). This is a Hilbert space with the norm

. 1/2
|wll 7 py = (”U”%Q(D) Y ”DJ'“”%Q(D))
j=1

and inner product

()1 (py = (w,0)12(p) + Y _(Djut, Djv) 12y,
j=1
The closure of (D) in H'(D) is denoted by H}(D).

We will also use the notation L*(D)={L*D)}*, HY(D)={H'(D)}",
H{(D) = {HND)}*, 92(D) = {2(D)}", 2'(D) = {2'(D)}" for the product spaces
consisting of vector functions u = (u,...,u,) whose componets belong to one
of the spaces L*(D), H'(D), H)(D), 2(D), 2'(D) respectively, and we suppose
that these product spaces are equipped with the usual product norm and inner

product (except Z(D)" and 2'(D)" which are not normed spaces). For example, if
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u=(up,...,u,),v=(vy,...,v,) € L*(D) then

1/2
(1, v)r2(p Zu,,vz Vo Il = (), = {ZHUZHLQ(D}

For every v € (D) we put
o ov
dvi=(—, ..., —
gra v (ax17 7axn> )

which defines the linear differential operator denoted by grad from 2'(D) to 2'(D).
We define the linear differential operator denoted by div from 2’(D) to 2'(D) by

divv —Zgﬁ;l Vv = (vy,...,u,) € D'(D)

and the Laplace operator A from 9'(D) — 2'(D) b

0%, "L 9%,
Av = o — .
VvV = ( 8 2 ) ) pa axlz )
Let ¥ = {u € 2(D), divu= 0} and V be the closure of ¥ in H}(D). In [8] it is shown
that
V = {u e H}(D), divu = 0}.
The space V is a Hilbert space with the inner product

n n

(u,v)y = Z(Diu, Div)r2(py = Z(grad u;, grad v;)12(p)
i=1 i=1
and norm |lully = (u, u)%//Q, where Dyu = (D;uy, . .., Diuy,).
We will also apply the generalized Schwarz’s inequality (see, for example, [10],
page 186):

(z,9)% < (R'w,2)x(Ry. y)x  Va,y € X, (1)
where R : X — X is a linear bounded self-adjoint positive definite operator in Hilbert
space X over R, and inequality (1) is transformed to an equality on the element
y= ARz, VAeR.

Let H be a separable Hilbert space over R. By L?(€), H) we denote the Bochner space
composed of random* variables £ = {(w) defined on a certain probability space (2, 4, P)

*Random variable ¢ with values in Hilbert space H is considered as a function £ : £ — H mapping
random events E € £ to Borel sets in H (Borel o-algebra in H is generated by open sets in H).
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with values in H such that

€l = [ 16GIEPE) < . ©)
Q
In this case there exists the Bochner integral
B¢ :— / ¢(w)dP(w) € H (3)
Q
called the expectation or the mean value of random variable {(w) which satisfies the
condition
(B = [ (h&)ndPw) Ve . @
Q

Being applied to random variable ¢ with values in R this expression leads to a usual
definition of its expectation because the Bochner integral (3) reduces to a Lebesgue
integral with probability measure dP(w).

In L?(2, H) one can introduce the inner product

(& m)r2(@,m) = /(S(w),n(w))H dP(w) V&€ L*(Q, H). (5)
Q

Applying the sign of expectation, one can write relationships (2), (4), (5) as

€112 .y = ENE@) 17, (6)
(h,E§)w = E(h,§(w))n Vh € H, (7)
(& Mz = E(E(W),n(w)r VEn e L*(Q,H). (8)

L3(2, H) equipped with norm (6) and inner product (8) is a Hilbert space.

The Stokes problem consists of finding a vector function v = (vy,...,v,) : D — R”
and a scalar function p : D — R from equations

In this paper we focus on the estimation problems for linearized Navier-Stokes

equations
—vAv +gradp=f B D, 9)
divv=0 B D, (10)
v=0 mna I, (11)

that simulate the motion of a viscous incompressible fluid in the domain D. Here vector-
functions v = (vq,...,0,),f = (f1,..., fn) : D — R" and scalar function p : D — R
represent the velocity, body force, and the pressure fields, respectively, and the positive
constant v is the coefficient of kinematic viscosity.
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It is known that in the case, when f € L?(D), vector function v can be found from
the following equations
velV, (12)

n

VZ(DZ'V, Diu)Lz(D) = (f, u)Lz(D) YueV. (13)
i=1
Problem (12)—(13), called the variational statement of the Stokes problem (9)—(11), is
uniquely solvable [6]-]9].
Since in this paper, from observations of velocity v only the linear functionals of the
form [(v) will be evaluated, in future we will deal only with the variational statement
(12)— (13) of the Stokes problem (9)- (11).

2. SETTING OF THE ESTIMATION PROBLEM

The estimation problem consists in the following: from the observations
y=0Cv+¢, (14)

find optimal in a certain sense estimate of the functional

I(v) = (1o, V)r2py = /(lo(m),v(x))Rn dx (15)

in the class of estimates linear w.r.t. observations (14),

—

[(v) = (u,y)u + ¢ (16)

under the assumption that errors £ = {(w) in observations (14) are realizations of random
variables defined on a certain probability space (€2, &, P) with values in a separable Hilbert
space H over R, belong to the set G, and f € G, where

Go={F:F € L(D), (QF — £, — fo)ram) < &0} (17)

Gr={¢:€€ L H), E€ =0, E(Q:&,&u <c1}. (18)
Here ¢, > 0, k = 0,1, are given constants; u € H; ¢ € R; (-,-)y is inner product
in H; lp,fy € L*(D) are given real-valued functions; C' € Z(L*(D),H) is linear
continuous operator; and Q, @, are self-adjoint positive definite operators in L?(D) and
H, respectively, for which there exist bounded inverse operators Q' and Q;'. Further,
without loss of generality we may set ¢, =1, k=0, 1.

Definition 1. An estimate
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is called a minimax (or a guaranteed) estimate of [(v) if element & € H and a number ¢ € R
are determined from the condition

ueg}geR o(u,c) =o(a,c),

where

o(u,c) = sup E[F) —I(¥)>
?EGo,EEGl
v is a solution to problem (12) —(13) when f = f, l(/{/\) = (u, ) + ¢, §=Cv+E.
The quantity o := [o(, ¢)]'/? is called the error of the minimax estimation of I(v).
Thus, the minimax estimate is an estimate minimizing the maximal mean-square

estimation error calculated for the “worst” implementation of perturbations.

3. REDUCING OF THE ESTIMATION PROBLEM TO THE OPTIMAL CONTROL
PROBLEM

To find representations for minimax estimates, we first reduce this problem to certain
optimal control problem.
For every fixed u € H introduce a function z(x;u), as a solution to the following

variational problem:
z(-;u) €V, (19)

VZ (Diz(-;u), Diu)repy = (o — C*Jgu,u)r2(py Yu eV, (20)

where C* : H' — LQ(D) is an operator adjoint of C' defined by
(P, C*9)r2p) =< Cp,g >uxmw  Vp € L¥(D),g € H'.
Then the following assertion is valid.

Lemma 1. The problem of minimaz estimation of [(v) (i.e. the determination of 4 and
¢) is equivalent to the problem of optimal control of the system described by equation (19),
(20) with a cost function

I(u

Proof. From relation (15) and (16) at v = v , we have

) = (Q 25 u), 25 w)ea) + (@1 s w) — ink (21)
(

))rs dx — /(C’*JHu(x),\?(x))Rn de — (u,&)g — ¢

D

I(v

u\

= VZ(DZ-Z(.; w), Div)2(py — (u, )i — c. (22)
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Taking into account the fact, that v is a solution of problem (12) —(13) at f = f, and
setting in (13) u = z(-;u), we come to the equality

VZ(DN, Dyz(;u))12(py = /(f’(a:),z(x;u))Rn dz.

From (22) and the latter formula, we obtain

(%) — (%) = / (F(@), 2 u))gn do — (u, &)y — c. (23)
D
Applying to the right hand side of (23) the generalized Schwarz’s inequality and (6)—
(8), (17), (18), we find

inf sup E[l(v-— l(/f7)]2 = inf sup{/(f'(x),i(x; u))gn dx — 0}2

1~ p =
ceER feGo, et ceRl fea

+sup Bf(w&)ny = [ (Q "2l )(w),a(oi w)e do + (@1 )

£eGy b

with ¢ = [ (z(x; u), fo(x))rndz. The lemma is proved. O

4. REPRESENTATION OF GUARANTEED ESTIMATES OF FUNCTIONALS FROM
SOLUTIONS OF STOKES PROBLEM

Solving the optimal control problem (19) — (21) and applying arguments completely
analogous to that used in the proof of Theorem 2 on page 62 from [2] , we prove the

following.

Theorem 1. The minimaz estimate of [(v) has the form

where

o= [ @)t de a-QiCp, (25)
D
the functions p(x) and z(x) are determined as a solution of the following problem:

zeV, (26)

VZ<D12; Diu)Lz(D) = (10 — C*JHQle, u)L2(D) Yu € ‘/, (27)
=1

pevV, (28)
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VZ(DiP, Diu)iz(py = (Q'2,u)2(py Yu eV, (29)
i=1
and the function v is determined from solution of the problem

pevV, (30)

VZ(Difh D) py = (C*JgQi(y — CV),u)2(py Yu eV, (31)
i=1

velV, (32)

1% Z(DZ\A/, Diu)Lz(D) = (Q_lf) + fo, u)LQ(D) YueV. (33)

i=1
Problems (26)-(29) and (30)-(33) are uniquely solvable.
The error of estimation o is given by an expression

1/2

o= [U(p)]"? = / (o), p(a))ge de| . (34)

D

Note that the function z(z) = z(z;a), where z(x;u) is a solution of problem (19),
(20), and u = @ € H is optimal control of the system governed by these equations with
cost function (21) (see Lemma 1).

Also, as one can see from equations (30)—(33), the function v entering into the

—
p———

representation [(v) = [(Vv) does not depend on the concrete functional ! and, hence,
can be taken as a good estimate of an unknown solution v of the problem (12)—(13).

5. APPROXIMATE GUARANTEED ESTIMATES OF LINEAR FUNCTIONALS FROM
SOLUTIONS OF STOKES PROBLEM. THEOREMS ON CONVERGENCE

Using the Galerkin method for solving problems (26)-(29) and (30)—(33), we obtain
approximate guaranteed estimates via solutions of linear algebraic equations and show
their convergence to the optimal estimates.

Introduce a sequence of finite-dimensional subspaces V" in the space V, defined by
an infinite set of parameters hq, ho, ... with limy_,o hy = 0.

We say that sequence {V"} is complete in V| if for any v € V and € > 0 there exists
an i = h(v,€) > 0 such that inf,cyn [|v — Wy < ¢ for any h < h. In other words, the
completeness of sequence {V"} means that any element v € V may be approximated with
any degree of accuracy by elements of {V"}.

Such finite-dimensional subspaces V" are constructed, for example, in [8], Ch 1, §4.
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Take an approximate minimax estimate of I(v) as

h(v) = (a",y)u + ",

where
&= [@ @)t dr. = QP (35)
D

and functions p"(x), 2"(x) are determined from the following system of variational

equations:
e vh (36)
v (Diz", Dia")pepy = (lo — C*Jp@QiCp", u")p2p)  Vu" € V7, (37)

i=1

p' eV, (38)
VZ(Diph, Diuh)lg(p) = ( _lih,uh)Lz(D) Vuh c Vh. (39)

The unique solvability of this system (and system (40)—(43)) follows from the proof of
Theorem 1 in which V is replaced by V.

Theorem 2. Approximate minimaz estimate "(v) of I(v) tends to a minimax

——

estimate I(v) of this expression as h — 0 in the sense that

lim sup ]E|lh(/\7\) - T\NT)|2 =0
0%cqy, éecy
and

—
— p———

lim sup E|I"(¥)—I(¥)?= sup E|F)—I(¥)

h=0%cqy, éecn feGo, EeGy

o~

where ¥ is a solution of problem (12) ~(13) at f = £, I"(¥) = (u", §)u + ¢, § = CV + £

Now, we formulate an analogous result for the case when an estimate v of v is directly
determined from solution to the problem (30)—(33). Namely, the following result holds.

Theorem 3. Let v € V" be an approzimate estimate of the vector-function v € V

determined from the solution to the variational problem

pte Vv, (40)

VZ(Diﬁh, Dia")i2p) = (C*JpQi(y — CV"),u")12py VU € V", (41)
=1

Ve v (42)
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VZ(Di\A/'h7 Dzu L2 (D) = (Q 1p + fg, )LQ(D) \V/uh S Vh. (43)

Then
v =¥y =0 as h—0

and the approximate minimax estimate I"(v) of [(v) has the form

F(v) = 1(3") = / (Io(z), " () (44)

The proofs of Theorem 2 and Theorem 3 are similary to the proof of Proposition 3.2
on page 32 from [1].

Introducing the basis in the space V", problems (36)—(39) i (40)—(43) can be rewritten
as a systems of liner algebraic equations. To do this, let us denote the elements of the
basis by & (i = 1,...,N) where N = dim V". The fact that 2" p”, p", v" belong to the
space V" means the existence of constants Z;, p; and p;, 9; such that

N N
=%, p"=> i (45)
=1 j=1
and
N N
= pg. V=) 0%, (46)
=1 j=1
Setting in (37) and (39) and in (41) and (43) u"* =&; (i = 1,..., N), we obtain that

h

finding z", p* and p", ¥" is equivalent to solving the following systems of linear algebraic

equations with respect to coefficients 2;, p; and p;, 0; of expansions (45) and (46):

Zaﬂzj—i—Zalp]— , l=1,...,N, (47)

N N
STamp;+Y Pz =0, 1=1,... N (48)
j=1 j=1

and

Mz

a]lpj+2a]l vj—b I=1,...,N, (49)

7=1 7=1

N
ZZUJ—FZ ap;=b", 1=1,...,N, (50)

Mz

Jj=1
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where .
ajl:VZ(DifjaDié-l)LQ(D)? jalzla"'aN7 (51>

=1
@S) = (C"JuC&;,&)12py,  J,1=1,...,N, (52)
CLE?) = _(Qilgjvgl)LQ(Dﬁ jal = 17"'7N7 (53)
b= (1o,&)r2py, 1=1,...,N, (54)
bl(l) = (C*JHQlyagl)L%D)a I=1,...,N, (55)
bl(2) = (Qilf(bﬁl)LQ(D)a [ = 17 s 7N' (56)
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Abstract. This paper contains the substantiation of the scheme of partial averaging for one class of
hybrid systems where one equation is a differential equation with Hukuhara derivative and the other one

is an ordinary differential equation.

INTRODUCTION

In practice there often appear the so-called hybrid systems — systems which contain
equations of different nature: for example, one of the equations is a partial differential
equation and the other one is an ordinary differential equation, or one of the equations
is a discrete one and the other is a differential equation, etc. In this paper we consider
the case of a hybrid system, when one of the equations is a differential equation with
Hukuhara derivative and the other one is an ordinary differential equation. The interest
in such systems follows from the fact, that some parameters of the model can be accurate,

while the rest may contain the noise, errors and inaccuracies.

1. MAIN DEFINITIONS

Development of the theory of multivalued mappings led to the question what should
be understood as a derivative of a multivalued mapping. The main cause of difficulties
for the inducting of such definition was the nonlinearity of the space comp(R™), which
led to the absence of the concept of difference. There are several approaches to define the

difference of two sets, one of them is the Hukuhara difference.

Definition 1. [see [6]] Let X,Y € conv(R"™). The set Z € conv(R"), where X =Y + Z,
h
is called the Hukuhara difference of sets X and Y and is designated as X — Y.

Along with the inducted difference there appeared the concept of derivative.

Definition 2. [see [6]] A multuvalued mapping X : I — conv(R"),I C R,
is called differentiable in the sense of Hukuhara at point ¢ € I if there

h
exists such DyX(t) € conv(R") that the limits lim (X(t—i—At)—X(t)) and

li
At—0 At

h
Al%moﬁ <X(t) — X(t - At)> exist and are equal to Dy X (t). The set Dy X(t) is called
—

the Hukuhara derivative of the multivalued mapping X : I — conv(R"™) at point ¢.
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In 1969 F.S. de Blasi and F. Iervolino first considered the differential equation with
Hukuhara derivative [4, 2, 3, 1|, which solution was a multivalued mapping. After that
various existence, uniqueness theorems were proved, stability of solutions for this type of
equations was investigated, integro-differential equations, impulse differential equations,
differential equations with fractional derivatives, controlled differential equations with
Hukuhara derivative were considered. The possibility of using some averaging schemes for
such type of equations was studied in [5, 13, 11, 7, 12, 8, 9, 10].

Consider the hybrid system

DyX = F(t,X,vy),

y=g(t, X,y),
X (to) = Xo, M)
y(to) = Yo,

where I = [ty,T] € R; X : I — conv(R") is a multivalued mapping; y : I — R™
is a vector function; F' : I X conv(R™) x R™ — conv(R") is a multivalued mapping;
g: I xconv(R") x R™ — R™ is a vector function; X, € conv(R"), yo € R™.

Consider a class S of pairs (X(-),y(:)), where X (-)— is a continuously differentiable
on [ in a sense of Hukuhara multivalued mapping, y(-)— is a continuously differential on I

vector-function.

Definition 3. A pair (X(-),y(-)) € S is called a solution of system (1), if it
satisfies the system for all ¢ € I (e.g for all ¢ € I the following equalities fulfill

DpX(t) = F(t, X(1),y(1)), 9(t) = g(t, X (t), y(1))) and X(to) = Xo, y(to) = vo-

Theorem 1. Let in the domain
Q={tX,y): to <t <ty+a, (X, Xo) <b, |ly —wol <c}

the multivalued mapping F(t, X,y) and the vector function g(t,X,y) be continuous and
satisfy the Lipschitz condition in variables X and y, i.e. there exists such constant A > 0
that
h(F'(t, X1, y1), F(t, Xo,y2)) < A[A(X1, Xa) + [lyr — el
lg(t, X1,51) — g(t, Xa, 92)[| < A[R(X1, Xz) + [ly1 — w2ll] -
Then system (1) has the unique solution defined on the interval [to,to + d] where

d = min (a, =, %), constant M satisfies inequalities |F(t, X,y)| < M, |lg(t, X, y)|| < M

in the domain Q).
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2. MAIN RESULTS

Consider the hybrid system with a small parameter

DyX =eF(t, X,y),

y=eg(t,X,y), ©)
X (0) = Xo,
y<0) = Yo,
where t > 0 is time, X € Dy C conv(R"), y € Dy C R™, € > 0 is a small parameter.
With system (2) the following partially averaged system is assigned:
DuyX =cF(t, X, ),
y=eg(t, X, 9), )
X(0) = X,
g(o) = Yo,
where
T T
Ylim —h /Fth F(th)d =0, (4)
—o0 T’
0
T T
hm— /thydt— g(t, X, y)dt|]| =0 (5)
T—o0 T’
0 0

Theorem 2. Let in the domain Q = {(t,X,y): t >0,X € Dy,y € Dy} the following
conditions hold:

1) the multivalued mappings F(t,X,y),F(t,X,y) and vector functions
9(t, X, y),g(t, X,y) are continuous in t, uniformly bounded with constant M and
satisfy the Lipschitz condition in X and y with constant A\, i.e.

[F(t, X, y)| < M, h(F(t, X1,11), F(t, X2,92)) < A[R(X1, X2) + [ly1 — w2l
|F(t, X, y)| < M1 (F(t, X1, 31), F(t, Xa,40)) < A(X1, Xo) + [y — wll]
lg(t, X, )|l < M, |lg(t, X1, 1) — g(t, Xo, ) || < M[A(X1, X2) + [Jy1 — w2]l]

19, X y) |l < M |g(t, Xv,91) = g(t, X, )| < A[A(X1, X2) + [lyr — ]

2) limits (4) and (5) exist uniformly with respect to X € Dy and y € Ds;

3) the solution (X(t),y(t)) of system (3) with the initial condition
X(0) = Xo € D} C Dy, 4(0) = yo € Dy C Dy is defined for all t > 0, ¢ € (0,0]
and X (t) belongs with some p- neighborhood to the domain Dy, 4(t) belongs with some &-
neighborhood to the domain Ds.
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Then for any n > 0 and L > 0 there exists such eo(n,L) € (0,0] that for
varepsilon € (0,&o] and t € [0, Le™'] the following inequalities fulfill:

( (1), X)) <, lly(t) —g@®)] <n,

)
where (X () and (X(-),y(")) are the solutions of systems (2) and (3) with the initial
conditions X( ) X(0) y(0) = g(0) € Dj.

Proof. From conditions 1) and 2) of the theorem it follows that systems (2) and (3) have
unique solutions that are defined for ¢t > 0 if X (¢) and y(¢) (accordingly X (t) and %(t))
belong to the domains Dy, Dy. That is why for Dy = conv(R"), Dy = R™ condition 3)
follows from 1) and 2).

Replace systems (2) and (3) with the equivalent system of integral equations:

(

X(t) = Xo +50ftF(s,X(s),y(5))ds,

y(t) = o + efg<s,X<s>, y(s) ds,

\

( X(t)=Xo+e ft y(s))ds,
? (7)
\ = of ),7(s)) ds

Then

b
2D
ﬁ
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S~—
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teh ( / F(s, X(s), 5(s))ds, / F(S,X(S),y(s))ds) <

< e / [h(X (5), X(5)) + ll9(s) — g(s)]]] ds+

0

e (/ F(S,X(s),y(s))ds,/F(S,X(s),y(s))ds) . (8)
Similarly 0 :
ly(t) —g(t)| <

<ox [ [ (6), X6 + ly(s) — (5] s+

(9)

Divide the interval [0, Le '] in p equal intervals by the points ¢; = %,i = 0, p. Define
by (Xi, 7)) = (X(t;),5(t;)) the solution of system (2) in division points.
t

t
Let us estimate the expressions eh (f F(S,X(s),gj(s))ds,fF(s,X(s),gj(s))ds) and
0 0

3 in the interval [ty, tg11], where 0 < k < p—1.

[ [o(s. X(5).9(6)) = 905, X(5)9(6))] ds
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Lk 173
k1 tit1 tit1
<o | (0| [ Fex@Laends, [ Fe X +
=0 ti i

t t

+h (/ F(S,X(s),y(s))ds,/F(S,Xk,yk)ds> +h (/F(S,Xk,yk)ds,/F(S,Xk,yk)ds> +

tr tr Lk tr
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k1 tit1 tit1 t t
+Zh (/ F(Sathi)dS? / F(Sinayi)d'S) + I (/F<37Xk7yk)ds7/F(San7yk)dS>] :
1=0 t

Similarly

E—1 || ti2 t
+ / (g(saX'ng) _g(SaX'ugZ)) ds|| + / (g(Sanagk) _g<S7Xk)gk>) ds
=0 t t

Notice that

S

(s),)?(ti)) < a/h (F(U,X'(v),gj('u)), {O}) dv < eM(s —t;),

t;

)

h(X(S)aXl) - h‘(

15(s) = wll = llg(s) — gt < 8/ 19(v, X (), 5(0))|| dv < eM(s = t,).

Then

& tit1

<eY [ A %) + o) - al]ds <

k tit1
§6A-2€MZ /(s—ti)ds:

=0 t
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k o 1.)2 2 2
oy Gy (L) <22
i=0

k tit1

k tit1

<eY [ A5 +las) - al]ds <

1=0 t

L\? ML?
SSQAM-(k+1)-<—) <A

em m

& tit1

=3 [ late, X360 - gt Kol <

1=0

t;
Using condition 2) of the theorem there exist such monotone decreasing functions
f1(t) and fy(t) that tend to zero as t — oo , that for all (X,y) € D; x Dy we have:

t t

h /F(S,X,g)ds,/F(s,X,g)ds <t h(D)

0 0
t

/(g<57X>g) _9(57X7g)) ds|| <t - f2<t>

0
Then
tiy1 tiv1
eh F(s, Xy, 5:)ds, | F(s,X;,9;)ds | =
t; t;
tit1 t; tit1 ti
_ h _ — _ h _ _
=ch /F(S,Xi,gi)ds—/F(S,Xi,gi)ds,/F(S,Xi,gji)ds—/F(S,Xi,gji)ds <
0 0 0 0
tit1 tit1 17} 17}
Sc‘: h /F(S7Xi,gi)d8, / F(S,Xi,gi)dS +h /F(S,Xi,gji)ds,/F(S,Xi,y_i)ds
0 0 0 0

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



The scheme of partial averaging for one class of hybrid systems 111

< eltivr - filtivr) + - f1(t:)] <2 sup 7fy <Z> = n(e),
T€[0,L] €

tit1 t;
=& (g<saXzagz) _9(87X17g2)> ds—/(g(*S?XZ:yZ) _9(87)217@1)) ds S
0 0
tiy1 t;
S € (g(SJX”L?gl) _g(saX”L?gZ)) dS + / (g(sangl) _g(st“gl)) dS S
0 0

< etipr - foltivr) + i - fo(ts)] < 2721[%%] /2 (g) = Y2(e),

where 7 = et, a lim v, () = 0, limy»(¢) = 0. Similarly
e—0 e—0

t t
h /F(87Xk’ayk)d87/F(S7Xk7yk>ds S
ti 173
-
Selt- i)+t At <2 swp 7h(Z) =26
T€[0,L] €

t

< /(9(57Xkagk)_g(sanagk))dS <

<elt- f:gw o (b)) <2 sup 7, (£) = ).
So
ch /tF(s,X(s),g(s))ds,/tF(s,X(s),g(s))ds < mﬂfp + (k4 D) <
< PV L i (e) = dnlem) (10
: / 905, X(5),5(5) — g5, X(5), 7)) ds|| < 222 4 vnoe) = nfesm). (11)

If we substitute (10) in (8) and (11) in (9), we will get
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t

h(X(1), X(1) < gA/ [h(X(s), X(5)) + ly(s) = 5(s)l] ds + pu(e,m),

ly(@) — gl < €>\/ [h(X(5), X(s)) + Ily(s) — 4(s)[]] ds + pa(e, m).

0
Adding these two inequalities and applying Gronwall-Bellmann lemma we get

B (X, K@)+ ly@) — g0 < (ga(e,m) + dole,m)) =

ANM L?
= M (— + myi(e) + m’yg(e)) <

ANML?
< et ( (e + mvz(e)) .

Then for every summand the inequality holds:

ANM L2

(X0 X(0) < (P ) 4 mne))

ly(t) = g()]] < e**

Let 71 = min{n, p, £}. Choose m to satisfy the inequality

(P2 s e + (@),

2
e AMLT <
m 12

Then fix m and choose ¢y € (0, 0] such that for € € (0,¢] the inequalities hold

ey (e) < %emmvz(&) < %
Then h (X (¢), X(t)) < m and [Jy(t) — 5(t)|| < m if the solution (X (t),y(t)) belongs to
the domain D; x Dsy. And it follows from condition 3) of the theorem as 7; = min{n, p, £}.
So, we get that for any 7 > 0 and L > 0 there exists such ¢, that for ¢ € (0,¢0] and

t € [0, Le7!] the following inequalities fulfill

h (X (), X(1) <, ly®) =gl < n.
The theorem is proved. O
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3. CONCLUSION

This paper contains the substantiation of the scheme of partial averaging for one class

of hybrid systems where one equation is a differential equation with Hukuhara derivative

and the other one is an ordinary differential equation. In case when the right-hand sides

are periodic in time one can obtain a better estimate. Namely one can show that for any
L > 0 there exist C(L) > 0 and ¢¢(L) > 0 such that the conclusion of the theorem holds
with n = Ce.

10.

11.

12.

13.
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Abstract. Estimates for the convergence speed models isotropic random fields on the sphere in the
norms of Orlich space. The resulting estimates are used to construct models of random fields on the

sphere. Models approximate the random field with given accuracy and reliability.

INTRODUCTION

This paper continues investigation of convergence rate of the random series [3]-[7]. We
obtain estimates for sub-Gaussian trigonometric series in Orlicz spaces. Same estimations
of Gaussian series were obtained at [3]-[5], and on the uniform metric [6]. The results are
used to model homogeneous and isotropic random fields on the sphere. Methods for the

random modeling fields can be found in [2].

1. BASIC DETERMINATIONS

Let (2, A, P) — be a standard probability space.

Definition 1. A random variable ¢ is sub-Gaussian, if F¢ = 0 and a > 0 exists, such

that for every A € R! following estimate occurs
/\2 2
Eexp{\¢} < exp{Ta}.

A space of sub-Gaussian variables Sub(§2) is Banach relative to the following norm

(€)= sup {QIHEeXp{Af}] 5‘
A£0 A2

Definition 2. A family of random variables Sy C Sub(f2) called strictly sub-Gaussian,
if every finite or countable set of random variables {&;,i € I} C Sy for every A € R!

TZ(ZAZ-@)Z E(ZAf)

il i€l

performs

Let (T, ,p), (T) < oo — be some measurable space, Ly (T) — Orlicz space, that
was generated from C-function U = {U(x),z € R'}.
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Definition 3. Orlicz space, generated by U(x), called a function family {f(¢),t € T},
and for each function f(t) exists constant r, that [, U (@) du(t) < oo

Space Ly(T') is Banach relative to norm || f||., = inf{r >0: [, U<@) du(t) < 1}.

Norm || f]|z,, called the Luxemburg norm.

Definition 4. Let f = {fi(t),t € T,k = 1,2..} — be a family of functions
from the space Ly(T). This family belongs to the class Dy(c), if numeric sequence
¢c = ek = 1,2,..1,0 < ¢ < ¢y exists, such that for every sequence
r={ri, k=1,2,...} following inequality holds

Zrkfk(t) Z'f’kfk(t)

Definition 5. Isotropic in the broad sense field will be called linear isotropic field, if the

< ¢y
Ly

Lo

random variables ¢ are independent.

2. SIMULATION RANDOM FIELDS ON THE SPHERE

Let S; sphere in d — be a measurable space. A random continuous in mean-square
homogeneous and isotropic field on the sphere £(z) can be represented as [9]

oo h(m,d)
=2 D> &uSula
m=0 I=1
where &! independent  strictly sub-Gaussian random  variables, FE¢ =0,
E¢ &8 =a26r07, m=0,1,..., l=1,...,h(m,d), S (v) — Spherical harmonic of m
degree, h(m,d) — harmonic count and Zm 00 h(m,d) <
Field model construct as
M h(m,d)
=D D &uSul@)
m=0 I=1

Number of summand M chosen in such way, where 6 > 0 and 0 < a < 1 and inequality
holds P{|| £(x) — &xr() [|> 6} < 1 - o
Next results were proved in papers [4, 5.

Lemma 1. Let &1,&s,...,&, — be an independent strictly sub-gaussian random variables,
E¢ =021 =1,2,...n. Then, for each 0 < u <1 and N = 1,2, ... following inequality
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holds

n

n l
u 2 1 1 uZl
_E < _E il Bl
Eexp{QZN — i }_ exp{Q ! (ZN> }’

z|~

where Zy = ( Yoy UfN)

Lemma 2. Let &1,&,...,&,, ... — independent strictly sub-gaussian random variables. If
Sooe 0f < 00, then for each 0 <u <1 and N =1,2,... and following inequality holds

- 11 /uZ)\!
E — 28 < -y o=
ov{oz e eol3 () |

1=l

z|~

where Zy = ( > O'ZZN)

Lemma 3. Let &,&,...,&,, ... — be an independent strictly sub-Gaussian random
variables. If > 0 02 < 0o, then for such 0 <wu <1 and N = 1,2, ... following inequality
holds
— 1
Eexp{—QZN iZﬁ?}S exp{§vN(U) + IUN(U)};
where

Have similar lemma

1

~
Lemma 4. If ( > h(i,d)o? | < oo, for N = 1,2,... then for each 0 < u < 1 and
m > 1 following inequality holds

Eexp{m | &m(z) |12, }g exP{%vN(m +wN(u)},

1

where J(N,m) = ( S b, d)agN)

Using these results we obtain the following theorem.
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1

N
Theorem 1. If (ZOO h(i,d)o? ) < 00, for N =1,2,... then for each 0 <u <1 and
e > 0 following inequality holds

2
PR — (o) > 2 p< o] = 7 hond Sont) + uwto)
where wy(u) and vy(u) defined in Lemma 3, J(N,m) — defined in Lemma 4.

Proof. Compute || &(x) — &r(x) 2,= 05 yyy S0 (€L,)2. According to Lemma 4 for
0 <wu <1 holds

U 1
s 160 -~ €ua) 1, }< exnd Gunta) +wvt .
where J(N, M) :(Z;’ZMH h(i,d)afN) and N =1,2, ...

Then, according to the Chebyshev inequality

PL€() — Enr(a) s> e}: P &) — eule) [2,> 52}§

) ue?
< B gt 1660~ ) I, Joof - 5
Theorem proved. -

When N =1 we have
P66 6o > e} = —Eren{ - s b1,

where J(M) = ( % e hli, d)az). . When N = 2 we have
Pl — o) > << (S + 1)56@{ R

where J(2, M) = ( > i nig M, d)Uf‘) -
Let

h(m,d)

Z €S
z) = ZPs(x)
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Ry (1,b) = bPy(w),

where {b; > 0} — be a monotonically non-decreasing sequence. R (x) — that
trigonometric polynomial of (d — 1) — variable of order m = (m, m, ..., m). that’s why for
p > 2 holds (Nikolskii inequality [8])

_n(i_1 .
| B0 o< 3 () @G5 | Rr(2,0) |, -

Theorem 2. Let a monotonically non-decreasing sequence exists {by > 0}, by — oo,
k — o0, that following series convergent

> e(J(s) < 00
s=1
where )
J(s) =Y h(k,d)bio}
k=1
and ( ) ) .
d-1( Nd-D(5-3) [ £ _
Cg = 3 (5) <bs bs+1>,
Then, for each
e> Y alJ(s)?
s=M+1

estimate holds

Pl -6t I, <h< i end - oo e 3}
where DOM) = 532y e T(5)

Proof. Write Abel’s transformation

r—1
. 1 1 1
m(x) = R, (z,0) — — +R, (x,b .
Unml2) ;n ( )(bz bz’+1) ( )br+1

Then
1

bit1

r—1
r % 1 T 1
Q) = 3 | Rl (5 = 5 )+ 1 o) 40

br+1
> cill Rin(@,b) .,
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l\?\b—l

where ¢; = 3771(i) " vs-3) (l - ) by m <i <, and ¢, = 391 ()4~ v (-

bi b1+1
by i =r.
Therefore, for some y > 0 holds

Eexp{zf Q) |2, )< Eexp{ (yzci | B (2.5 e ) }

According to Jensen’s inequality d;,4 = m, ..,r such that > . §; = 1, holds

Eexp{(g:n(%éici | R (x,b) |\L2) }< Eexp{Zé( ¢ || B (x,b) |yL2)2}.

According to the Holder inequality

Bexp{y? | Qo) |2, 1< Hn(Exp{ (52 | B ,b) Il )})

Mark wu; = 2y*c25; 2J(N,m, 1), where

1

J(N,m,1) (th d) 2Nb2N)

If 0 < u; = 2y%c25; ' J(N,m, i) < 1, then by Lemma 4

Ep{( i || iy, b) HL2)2}=

202¢2672J (N, m, i) , 2
E 771 7 b <
exp{ DO () ) ) <

exp{%vN(ui) + wN(ui)}.

ol

2
If N =1, then Eexp{ <6%c,- | R (x,0) ||, ) } (1 —uy)z.

Then

Bep{y? || (0) 2, }< q(u - u»-%)&: e - %Zma i1 - )}

1
Set §; = w, where V' >0and ), 0; =1.
Then

\/_cz m,1 \/_
Z yv( ) quﬁmz

i=m

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



120 Anatoliy Pashko

or
V = ﬁchZJ%(m,i).

And therefore,
2
u; = 2y*c;6; 2 J (N, m, 1) (ch ) = V2
If V <1, then

Eexp{y® | Q% (x) ||%p }<exp{ — %Z& In(1—u;)}=

exp{ . %ln(l . V2) Z \/iyci<‘]/2(m7i) }: (1 B V2)7%.

i=m

2
Let set 3% = VTQ (Z::m ciJé(m,i),) , then

V2 ") |2 ERTCIeE
Eexp{z(zz o ) Qo) I, b 1= v2)

Consequently, according to the Chebyshev inequality,

2.2
P{ | Qr. (z HL > 62}< exp{ Ve 2}(1 —VHe,
2<Z;mciﬁ(m,z’),)

o0 T
If the series of converges ZCiJ%(l,i), then ZCiJ%(m,i) — 0 where m — oo,
r — 00. = =

Consequently, P{ || Q7 (z) ||%p> e2}— 0 where m — oo, — oo. If we set m = M +1
and direct r — 0o, then we will get following estimate

9 V282 o1
P{ || Q3i(x) I7,> e*} < expq — ; 1=V
Q(Z;ZMH ciJé(M+1,z'))

If we optimize right part by V', i.e., when

e> > 3 (M+1,i)

i=M+1

set V=1- % > ciJ%(M + 1,4), then we get estimate. Theorem proved. O
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With a similar argument we can prove a next theorem.

Theorem 3. If sequence convergence

2
1=1 Zk =17 (k’ d)U%)Q

where C; = 371 (7)™ n(3- ) then for each ¢ > G(M + 1) holds next estimate

PLleto) ~ o) s, > <<

3

m“‘p{ - WZU}GXI}{%}’

> h(i,d)o?
G*(M +1) = (1+V?2) C; _.
i%l (Yop2, h(k,d)o?)?

where

Proof. For chosen sequence {b;} get

J7(M +1,4) :( Z hkdaﬁb2> +

k=M+1

1+ ﬂ((ih(k,d)ai)‘l—l)

and
N CuE(M 1) < Z Ci( )<1+\/§<(Zh(k,d)ag)‘l—1)2)g
i=M+1 i=M+1 bi biva k=i
<1+¢§) S o Mol
izt (20 bk, d)op)”
Theorem proved. ]

In modeling of random fields ask the modeling accuracy € > 0 and reliability 1 — «,
0 < a < 1. For space Ly number of summand M in model (1) we found as minimum

value, where inequality when N =1

WP{ - Q;(jm }exp{g}g I —a,

And when N = 2 inequality
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For functional space L,,p > 2 number of summand M in model (1) we found from
inequality

5 g2 1
S R S
<D<M+1>>6Xp{ 2D2<M+1>}6Xp{2}— §
Left-side depends on the sequence {by}. As Y .o, h(i,d)o} < oo, then, without

any loss of generality, we can assume that > .- h(i,d)o} = 1 and choose
-1

b, = 1+((Z;’Zkh(i,d)ai) —1>

Consequently, number of summand in model &y;(z) we can calculate from inequality

With a similar argument we can prove a next theorem

Theorem 4. Let U(z) = {U(z),z € R be a C-Orlicz function, those function
GU(z) = exp{ (U U (z — 1)) )} e >1

convezr at x > 1, UV (x) - mverse function to U(x). Then for every z such
x> max(u(T),1)7(2+ (UCY(1))~ ) following inequality holds

PLI 6 - @) > ¢} <
eUD(1) { e2(UN(1))? } {1}
expq — expq = ¢,
max(1, u(T))7 2(max(1, u(T))7)? 2
Theorem 5. Let £(x) — be a strictly Orlicz ﬁeld En(z) — those field model. If some
%) then for any 6 > 0 following

p > 2 sequence convergence y_ - h(m, d)o2m'*™
inequality holds

P( [1e-cutora) ' s}<(v(#e,cmy mé bl 03]

Proof. Let use Nikolskii inequality. We have

(- (15 ot

m=M+1

- -1

< U((SZ[C SN2 (] 18k @)Pda) i} )) .
( m=M-+1 /

As the S! (z) — a trigonometric polynormal of (d — 1) variables, then for p > 2
inequality holds ||S% ||z, < 3d_1m(d_1)(2_%) 15 112,, a ||SL (2)||, = 1. Therefore, when

b
2
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1
p > 2 we have ( [ |S!,(2)[Pdz)? < 3d_1m(d_1)(2_%) and [|S}, |2 < Cop,. In that case
following inequality holds

o0 h(m d

o 35 I [ 150 < O S bt
m=M+1 I[=1 ' vl
Theorem proved. -

When p = 2 holds following theorem

Theorem 6. Let £(x) - be a strictly Orlicz field, {p(x) - those field model. If such sequence
convergence »_~_, h(m, d)o2 m\ =V then for each § > 0 holds inequality

{(/ [€(@) = & ()] daf)éz 6}§(U (62 [Cupcm:iﬂ;ﬂh(m,d)g;m(d—1>}))_l_

CONCLUSION

The paper constructed a model of random fields on the sphere. The models of linear
isotropic fields from Orlicz space were observed. The models approximate the field with

given accuracy and reliability.
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Abstract. Parameter estimation for Lévy processes has generated much research effort lately with
a strong injection of interest coming from finance. Within this context the problem can be framed as
estimation using increments from an infinitely divisible distribution, for which empirical characteristic
functions (ecf) are convenient tools. However convergence of ecf’s to Gaussian processes has not been
exploited as fully as it might have been. In this paper we go back to strong convergence results derived
from the Hungarian construction and use Brownian bridge approzimations to construct new estimators.
In particular we study one integrated square error estimator tailored to show deference to the variance
structure of the corresponding Gaussian process. We prove some of its nice statistical properties and

present simulation results obtained through its use.

1. INTRODUCTION

The flexibility offered by Lévy processes for use in modeling has been acknowledged
in various fields within the natural sciences, notably physics and chemistry, and in the
applied science, with special mention in meteorology and geology. In more recent years
applications in finance and insurance have given a big boost in the study and use of
Levy processes. The possibility of including distributions with heavy tails as well as
paths with jumps were two features which made these processes so attractive. Parameter
estimation for Lévy processes progressed a lot with a large number of estimation
techniques being proposed and developed over a number of papers. In this paper we are
specifically interested in methods using the characteristic function. The Levy-Khinchine
representation motivates the interest these methods have aroused. In particular the class
of infinitely divisible distributions assume an important role seeing that the independent
increments of Lévy processes belong this class. However, lately the interest runs deeper
than that as researchers are trying to reconstruct Lévy measures through spectral methods
applied to characteristic functions as in Belomestny (2010)[1].

Parzen’s (1965)[16] idea of using the the empirical characteristic function for
estimation was first used for stable distributions by Press (1972)[18]. Notable contributions
to the area are those provided by Paulson, A. S., Holcomb and E. W., Leitch,
(1975)[17], Heathcote (1977)[10], Koutrouvelis (1980)[14], Kogon and Williams (1998)[12],
Feuerverger and McDunnough (1981a, 1981b)[8, 9].
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2. PARAMETER ESTIMATION OF THE CHARACTERISTIC FUNCTION

2.1. Uses of the Empirical Characteristic Function. The search for good
estimators of parameters within the Lévy context has been heavily influenced by
earlier research on stable distributions. A characteristic function is defined by
o(t) = [e"™dF(z) = ¢"(t) + i’ (t) and is associated uniquely with some distribution F.
The class of characteristic functions for stable distributions happens to be parametrized
by € a 4-dimensional vector as in ¢(t,0). In cases where an explicit formula for the
distribution function is not known, characteristic functions are most useful. However the
advantages of characteristic function methods in statistics, like robustness and smoothness
of the functions involved, have been shown to be considerable in Paulson et al (1975)[17],
Yu (2004)[19]. Their use has been quite extensive in model-based hypothesis testing and
goodness-of-fit statistics.

In general readings from a Lévy process will give us increments which form a sequence

of iid random variables X7, ..., X,, from an infinitely divisible distribution function F'. The
n
empirical characteristic function (ecf) is defined by: ¢f = L 37 /%5,
j=1

Glivenko-Cantelli assures us that we have strong convergence of this sum of random
variables to the characteristic function uniformly in ¢. Following the development of

empirical process theory, a stochastic process Y," can be constructed out of the iid sample:
n

V= /n| 23 €™ —(t) | which is called the normalized empirical characteristic
j=1

function. The behaviour of this process was studied extensively from mid-1970’s starting
with Kent (1975)[11] onwards. The major result was that it converges weakly to a complex
Gaussian process under certain conditions. These conditions were refined and related to
a number of properties of the limit complex process which we denote by Z;, = U, + iV,
with U and V being both real processes. Z; has mean 0 and covariance function given by:
K(s,t) = o(t —s) = o(t)p(—s).

One important property, which leading researchers were insisting on, was continuity
of sample paths for Z; , or rather the existence of a version of the limit process which does
have continuous paths. This condition guarantees that convergence occurs with reference
to the measure generated by the paths of the stochastic process viewed as random elements
in the space of continuous functions on some compact subset of R, say € ([—1,1]). The
insistence that the limit measure has support on this Banach space had deep theoretical
implications as discussed in Marcus (1981)[15]. However it is well known that there are

Gaussian processes whose sample paths are not continuous in the sense above.
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2.2. Strong Approximations. In practice one might well be happy working with an
empirical characteristic function whose limiting Gaussian process might have paths in
the space of right-continuous functions Z(R). Path continuity might not be needed in
some applications. There are a lot of interesting properties still around. This can be
appreciated by the fact that by construction, Y;" has p(t—s) —¢(t)¢(—s) as its covariance
function. One particularly fruitful way of studying the asymptotic behaviour of Y," is
provided by recourse to the Hungarian construction of the Brownian bridge and Kiefer
process sequence approximations as first set up in Komlos, Major, Tusnady (1975) [13].
This technique was perfected, generalized and applied to many situations to obtain more
manageable results by Csorgo (1981)[4].

The starting point is the empirical process /n(F,(t) — F(t)) which can be
approximated strongly by a sequence of Brownian bridges B (to which we limit ourselves)
at the following rates:

Pluo: s [VA(F(0) = (1) = By = O(25)| =1 (1)

where we assume the sufficient condition given in Csorgé (1981)[5], namely:

Condition 4. For some a > 0, x*F(—x) + z*(1 — F(z)) = O(1) when z — oo

holds. These Brownian bridges live on the same probability space and thus can be
used to approximate the empirical process on a set of probability 0.

Under this same condition, following Csorgd, we have a similar result for empirical
characteristic functions. For an underlying probability space which is large enough to
allow suitable constructions of the various processes involved, there exists a sequence
of Brownian bridges B}’ defined on the same probability space for which we define the
corresponding Fourier transform, written as a stochastic integral: Z}' = f_oooo eit”de]’;(x)
such that:

(log n)(a+1)/a+2
na/(2a+d)

Plw: sup |Y)" = Z}| = O( | =1 where —0o < T}y <Tp <oo. (2)

T1<t<Th
2.3. The Gaussian Limit Process. It is not hard to see that the Csorgo perspective
gives us another expression for the limit process Z;, which is of course the same process

introduced earlier on:

00 1
7, = / €mdBF(z) _ /eitF—l(y)dBy = U, + iV, (3)
—00 0

Having an explicit form of the limit process, we can do a lot of computations with it for
estimation purposes. We can experiment through simulation to get a good picture of the
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more probable paths of the process. The plots in Figure 1 shown give an idea of how the
paths more likely to be generated by the normalized ecf look like for a process whose

increments gave gamma distributed random variables.

Paths of the Real Part of Gamima Incremments Process Paths of the Imaginary Part of Gamma Increments Process.
2

Fig. 1. Paths of a Gaussian Limit Process

We can treat the characteristic empirical function, P almost surely and hence
distributionally , as O(%—ZZ;H) close to the stochastic integral with respect to a
Brownian bridge. If the distribution function F' or its inverse is not known, computation-
wise we are still not defeated. We could approximate F~! by the empirical quantile process
obtained from F, ! whose approximation by Brownian bridges runs parallel to the one
above and has been extensively studied by another Csoérgd, Miklos (1983)(6]

If we only know the functional form of the characteristic function, as in the case
of stable distributions, then we could apply the inverse Fourier transform on the

characteristic function.

2.4. Estimation using the Characteristic Function. There are quite a few
estimation techniques that have been developed to obtain estimates of parameters of
the characteristic function proper using the ecf. We mention briefly two important ones
and concentrate more on the technique which is closest in spirit to the ones we are
proposing here.

The natural idea for using the ecf in estimation is to define some distance d between the
empirical characteristic function ¢} and any characteristic function ¢(8), call it d(c}, p(8))
or some suitably defined functional of the difference between the two functions, and
measure this distance cumulatively over some subset O of the set over which ¢ varies.
For instance if O is finite, O = {t,,ts, ...tx } we could use G(0) = 31, d(c , o(ty,0)) as
the discrepancy measure between the ect and a particular characteristic function over O.
Then we compute the values of the parameter vector #; which minimizes this discrepancy
and declare the corresponding vector to be our estimate: 6 = arg;an 9).

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



128 Lino Sant

This technique was developed quite a bit in Feurverger and Mureika (1977) [7] and was
even analyzed through the GMM perspective by various authors Yu (2004) [19]. Within the
GMM paradigm discrepancies are expressed vectorially as dBd'for some suitably selected
weighting matrix B. Carrasco et al (2007)[2] take this idea further by proposing to take as
B a suitably selected operator working on a Hilbert space and also to go from summation
over time instants to integration over time into what they call a continuum of moment
conditions CGMM. The intimate dependence of these methods on characteristic functions
can best be appreciated in Carrasco and Kotchoni (2010) [3] but it is the integrating
moment conditions over ¢ which is the more interesting to us. However, we shall not take
this point further.

Of direct interest to wus is the use of the related integrated square error
function for parameter estimation technique successfully underpinned by a theory
Heathcote (1977)[10]. A distance function between the ecf and a characteristic function
is defined as the weighted integral of the square of the modulus of the difference. Its
minimum gives the estimator: § = argmm I e (0) — ¢(0)[?dG(t). The development

of the theory parallels that of the maxnnum likelihood method. But it has well-known
problems of poor efficiency in comparison with this same method Yu (2004) [19] . Usually
the weighting function is blamed on the choice of the weighting function. And this is
where we strike. The choices of weighting functions were made to be dependent only on
t with absolutely no consideration of the characteristic functions itself.

2.5. A New Type of Estimators. We propose a class of estimators which are designed
to exploit the strong Brownian bridge approximations. Such approximations can be useful
for proving statistical properties of the estimators as well as for providing ways to compute
associated asymptotic distributions through simulation. We shall define functionals of the
type J"(6 fo 0, », Y, )dt, which when suitably normalized, will converge strongly to
a functlonal J of the Gaussian limit process. Furthermore, passage to the asymptotic limit
can be made to proceed through estimators of the type 0 given by J”( ) = me"( ) and

will lead to J(fp) the value at the true parameter vector fp. In contrast with the squared
integrated error type estimators our estimator involves ¢ more intricately in the integrand
C.

As examples we give:

T

L (U7 (0)?
10~ | T a0 oy 2

0

And for our estimators we define: 8, = argmin Ji(6)
0
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The form of ¢ has been purposely constructed so as to reflect the variance structure
of the limit processes ( real and imaginary ). The integrand converges to a x? distributed
random variable at the true value of the parameter. It can be suitably selected according
to the type of distribution under investigation or to capture the features considered
important. Besides appropriate statistical properties which may be needed to ensure
the required asymptotic convergence, n could be chosen so that simulation techniques
can be applied on the corresponding stochastic integral of Brownian bridges to obtain
numerical values for the required distributions. These estimators are more general than
the integrated square error estimators in including directly the characteristic function
in the "weighting"function for the integral. From now onwards we shall work with the

minimizing function:

)P
0= [ e <4>

which has been designed to penalize mismatches between the variance of the normalized
ecf and the variance given by the 6 choice. In some sense we are forcing on our choice of
estimates a variance structure on the normalized empirical characteristic function which
is close to that of the limit process. As an extension of this idea we propose another
estimator, which enforces the covariance structure more rigorously as follows, while it seeks
for the minimum of the functional: J"(@ fo 0 o ‘SY; té)ﬂ(g ) dsdt Working with
this estimator may be a bit cumbersome but from some 81mulat10n work we conducted,

the results obtained were very encouraging. We shall revert to proving results for the
simpler estimator 4. We prove a number of results about its statistical properties most of
which should apply to similarly defined estimators along the lines indicated above.

2.6. Basic results. First a few definitions and elementary results:
Let Y;* = /n(U* +iV;") so that /nU=Re(Y;*) and /nV;"=Tm(Y;").
The following equations hold:

E[Y;"(60)] = 0 and E[Y;"(60)Y.*(6o)] = o(t — 5,80) — (t,80)0(~s.60)) (5a)
E[[Y;"[*(80)] = 1 — |o(t, o) (5b)
éz_}ngoc? = ¢(t,60p) P a.s. uniformly in ¢ (5¢)
éingon(Ho) =0= 7{2_}7730‘/15”(00) P a.s. uniformly in ¢ (5d)
Pa.s. — 7{1_)7730}/;"(00) = Z (5e)
nVarlU7 (60)] = 5(1 -+ ©"(21,60)) — "1 60’ (51
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nVar(V;'(60)] = (1~ ¢"(21.60)) — o' 60)’ (58)
WE[UF (60) V7" B0)] = 3 (¢'(21,60) — 1) — £"(t,60)¢ (1, 6) (5h)
VarY7 (6)) = 1 — [o(t.00) (5i)
ouy  0pR(t) ovyr 9o (t) .
90 ~ o8 ' 08 o (53)

2.7. Consistency of BB Estimator. We denote our estimator by 6 = argmin J"(0),
0

with J as in 4 from now onwards, and we shall refer to it as the
BB estimator. To simplify our proofs parametrization will involve only one

variable. The generalization to vector @ will be straightforward. We write:

Ly o) = [y n(t,0)dt = [ etOlar = [T UDHCE gt Note that Efy(6)] = L and

limn(t, o) = 0 P a.s. uniformly in ¢ € [0, 7T].
n—oo

We shall need some other conditions which ensure that the integrals we use exist:

T
. 26512 + |22 )2
Condition 5. / dt < oo

1 — [oo(t )I2
0
’ 1
Condition 6. /—dt < 0.
/| = TeOPy

Condition 7. The usual reqularity conditions, allowing the interchange of the integral
and the differential operators, hold for integrands used.

Theorem 1. Under conditions 4, 5, 6 and 7 the BB estimator in 4 is a strongly consistent

estimator of 6.

Pmof. Firstly We observe that, assuming continuity of ¢ with respect to @,

(t,00) — @(t,0) 1
lim E J"(0 /|('0 0) ) dt. Pa.s. giving us lim —J(6y) = 0,Pa.s., which

e = 9>|2 wloen

minimum value 1s achieved only at 6y by the properties of characteristic functions. So
that this minimum has to become isolated as n increases. The nature of the functions,
whose minima we are chasing, and the above allow us to conclude that the values of 6
giving us the minimum are random variables which have to converge to the value of 6 for
which the ultimate limit 0 is achieved. In other words the estimator 4 converges strongly
to 6. O
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2.8. Asymptotic Distribution of the BB estimator. We next set about proving the
main result of this paper. We set the arguments in the sequel and present the theorem at
the end of the section.

To make the notation a little less cumbersome we shall take our vector of parameters
0 as one-dimensional. Generalizing all our results to the multi-dimensional case is
elementary.

Applying Taylor’s theorem:

99(9) = 21(6y) + (8 — 6o) B2 (6 + A\ — 90)) for some |A| < 1

Also by the definition of the estimator: 0 5 (H)dt =0

For the derivations which follow we are evaluatlng all functions at 0 = 6.

T
Un&p Vnaso
an(ﬁo)dtQ/ e 89dt—|—2/ 1@ +89‘pdt
0 0

90 1—[e@)? — e

Both integrands in the RHS tend P almost surely to 0. The first term’s asymptotic

0

behaviour is given by:

f/Uﬁagi, Vt”%% %/Ut‘”’é’e + Vil
1 — oo 1— !w( )7

877:| . 90 + 39 90

a0 (1 — le(®)1*)

and it dominates the second term by an order

of n'/2. Also E {

Furthermore

I

e T opR\2 | ol n 0p" n ol
angd_ (89)+(69) + U e + V" e
5 (0o)dt =2 g dt
9 1— ()]

0 0

T Un8<p Vnago
+4/(t89 tae)( 90+6090)dt
/ 1—[p)? 1 —p(t)?
TE)
n 90 +3990
—|—2/— dt
90 1—1p()?
0
T 2,1 2 1 R I
i 2/778392 pf + GE)T%‘PI + (%)2 + (%)th
1 — ()2
0
e o
o [ e
[T TR )
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T
T o(t)P
so that sz_@oE[ 002 (Qo)dﬂ /Wdt

0
where all the terms on the right hand side are evaluated at 8 = 6.

So going back to the result derived from Taylor’s theorem and using the results above
and denoting the first term by Kn, we have:
0= K, + (0 —00) %28 + \(@ — o)) so that /(0 — ) = 5% Under the

329 280+ (6—60))

dt while the numerator

regularity assumptions, the denominator tends Pa.s. to fOT T SD Ol Ol

I
is dominated by W = f T Uiy Vg +Vt 69 dt which is the sum of two centred normal random

IO
R
variables with covariance C' = fo (Q(tl)fa(tﬁz)(;) ()%%dt But coming from U;* and

V)" we can use the strong approximations using Brownian bridges we mentioned before.

Vectorizing our parameters, we have random vector W and matrix C:

U, +Vt 1) — ()" (t) 0pf 0!\,
W = / 90 9 dt and C = / dt
T To) e G

We comment again on the ability to work out numerically to excellent accuracy all the
quantities we may require from random vector W. The integrand can be simulated through
the use of simulated paths from Brownian bridge. The parts needed from the characteristic
function can be obtained as the corresponding quantities in @(t,a). Generating lots of
proxy values for this random vector will allow us to approximate its variance, for instance,
or obtain values for its distribution function. This same approximation ¢(t, 9\) can give us
values for the entries of C.

We state in generality the relevant theorem :

Theorem 2. Given iid sequence X, ....,X,, from a distribution with characteristic
function ¢(t,0p), and T > 0, under assumptions 1, 2, 3, 4 and :

Condition 8. %“Q—R and %2052—1 are dominated by a Lebesque integrable functions over [0, T

) 2
the estimator: 6 = m’gmm/ %dt 15 an asymptotically unbiased , consistent
0 — 1P,

estimator of @y for which the random vector \/ﬁ(é — 6y) converges P almost surely to a
centred normally distributed random vector which has the same distribution as random
vector W with covariance matrixz C.
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A comment at this stage should be made about the efficiency of the estimator under
consideration. The rate of convergence given in the theorem above is clearly of the order of
maximum likelihood, which asymptotically goes towards the optimal Cramér-Rao bound.

We are technically in the same situation here.

3. SIMULATION STUDIES

Having obtained reassuring resultsabout our estimator, we next present results
involving simulations using estimator 4. As a general guide, we tried to compare results
from BB with those from maximum likelihood. MLE is the best there is in the business on
a number of issues for a wide spectrum of distributions. So the comparison should be a stiff
test for the viability of BB. Of primary importance, at this stage of preliminary testing,
was the size of bias and of sampling variance. We should also mention the frequency of the
data points, which naturally depend on the application, should also somehow come into
the picture. Financial time series and climate statistics usually have data with very high
frequency. But there are many other applications with more meagre datasets. Here we do
just a preliminary exercise to check whether it is worthwhile to work further with BB. The
choices of the parameters were not guided by some deep considerations and consequently
they should be digested with caution.

We took samples with size varying in the medium range, 100 in steps of 100 to 500.
Simulations with 5000 strong sample were also conducted to have a feel for how fast
the convergence studied above moves in practice. Having started our discussion from a
Lévy context , it makes only sense that we look at infinitely divisible distributions where
MLE works well : normal and gamma. Tables 1 and 2 show clearly that as far as bias is
concerned it is minimal for both estimators, in many cases the BB estimate being better.
The situation with variance as expected is slightly in favour of MLE but not by much and

furthermore as the sample dize increases the discrepancy in favour of MLE diminishes.

Table 1. Normally Distributed RV’s

True parameters are = —1.32 , 0> = 3.2 and T = 2

Sample | MLE means of | BB means of | MLE variance of | BB variance of
Size m o2 M o2 M o2 M o2

100 -1.2851 3.1813 | -1.2966 3.1985 | 0.1150 0.0467 | 0.1215 0.0724
200 -1.3122 3.1770 | -1.3150 3.1658 | 0.0563 0.0315 | 0.0624 0.0544
300 -1.2789 3.1813 | -1.2834 3.1949 | 0.0345 0.0169 | 0.0393 0.0248
400 -1.3112 3.1722 | -1.3142 3.1884 | 0.0217 0.0122 |0.0271 0.0168
500 -1.3093 3.1791 | -1.3038 3.1811 | 0.0211 0.0129 |0.0266 0.0181
5000 -1.2982 3.1970 | -1.3016 3.2011 | 0.0018 0.0013 | 0.0020 0.0018
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Table 2. Gamma Distributed RV’s

True parameters are a = 5.3, 0> =4.2 and T = 2
Sample | MLE means of | BB means of | MLE variance of | BB variance of

Size a B a B a B a B

100 5.3403 4.2770 | 5.3256 4.3063 | 0.6331 0.4170 | 0.8207 0.5412
200 5.3560 4.2033 | 5.3866 4.2137 | 0.3008 0.1794 |0.5121 0.3207
300 5.3633 4.1724 | 5.3125 4.2146 | 0.2010  0.1326 | 0.2598 0.1836
400 5.3461 4.1600 | 5.3329 4.1793 | 0.1080 0.0691 |0.1820 0.1133
500 53210 4.2144 | 5.3232 4.2213|0.1006 0.0634 | 0.1583 0.1001
5000 | 5.3057 4.2012 | 5.3157 4.1944 | 0.0129 0.0085 | 0.0195 0.0133

We also repeated the exercise with a stable distribution. The picture is very similar
to the one we have just described for the other two distributions, though in this case the
passage to the limit is more rough! Again the choice of parameters was casual as these
results are preliminary in nature. The comparison here cannot be made with the MLE
of course! So we used a method described in Koutrouvelis (1980)[14] to provide us with
estimates from the same data for comparative purposes. Results can be seen in Table 3.

Table 3. Stable Distributed RV’s

True parameters are a =13, =02 ,y=15,0=22and T =2
Sample | Koutrouvelis Method means of BB means of

Size a B o 5 a 3 o 5

100 1.3134 0.1868 1.4677 2.1716 | 1.3017 0.2002 1.4800 2.2098
200 1.2997 0.2039 1.4873 2.2951 | 1.2746 0.2028 1.4839 5.9524
300 1.2814 0.2039 1.4913 2.3515 | 1.2784 0.1844 1.4974 2.3635
400 1.2932 0.2158 1.4802 2.2910 | 1.2920 0.2127 1.4877 2.3354
500 1.2927 0.2121 1.4885 2.2734 | 1.2846 0.2151 1.4905 2.2883

Koutrouvelis method variance of BB variance of

a B o 5 a B o 5

100 0.0237 0.0719 0.0346 0.7752 | 0.0223 0.0791 0.0311 0.9740
200 0.0139 0.0461 0.0175 0.6410 | 0.0146 0.0437 0.0167 0.7981
300 0.0077 0.0260 0.0104 0.3785 |0.0106 0.0236 0.0112 0.9468
400 0.0059 0.0209 0.0071 0.1878 | 0.0069 0.0202 0.0077 0.2971
500 0.0044 0.0119 0.0070 0.1416 | 0.0058 0.0173 0.0071 0.1956
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4. CONCLUSION

Starting from a literature review of clever ecf uses in estimation problems for Lévy
processes, one could well have a look at the integrated squared error method with two

ideas in mind:

e The Brownian bridge approximation to the empirical characteristic functiom can
be put to use more effectively.
e particular features of the type of characteristic function at hand could be

incorporated suitably in the function whose mimnimum gives us the estimator

This strategy has worked well with our choice of estimator. The BB estimator has a
variance-proxy term built out of the characteristic function embedded within the error
function. Results obtained theoretically for this estimator give us an asymptotic behaviour
close to that of the maximum likelihood. A few preliminary exercises using simulated data
also gave promising results. More work needs to be done with the latter numerical efforts.
Moreover, the ideas can be extended and particularized to specific distributions and Lévy
process contexts so that more efficient and numerically stable methods can be devised.
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Abstract. In this paper we analyze the stability of the two-parametric secant type method to errors
calculations for solving nonlinear equations and estimate the total error.

1. INTRODUCTION

We consider the equation
F (I) =0, (1)
where F' is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space Y. Studying solving methods for the equation (1) does
not always take into account all the errors that arise during equation solving with the
help of numerical methods. These issues were researched by certain authors. The stability
and the error perturbation of the Newton-Kantorovich method and its modification are
investigated in [5]. The evaluation of the total error of the simple iteration method is
obtained in the work [3]. The paper [4] studies conditions of convergence and evaluation
of the total error of the two-step iterative-differential method. The stability analysis of
the accelerated Newton method to calculation’s errors is carried out in [8].
In this paper we investigate convergence conditions of the two-parametric secant type
method with regard to the rounding errors. The two-parametric secant type method,
proposed in [6], has the form

Tyl = T — [F(uk,vk)]’lF(xk), k = 0, 1, 2, ceey (2)

where F'(ug,vy) is divided difference of the first order of the operator F' at the points wy
and vy, up = T + ak(xk_l - xk), Vi = T + bk(:ck_l — $k), ap € [—1, 1], by, € [O, 1]. In the
work [7] the semilocal convergence of the method (2) is examined.

Definition 1. Let F' be a nonlinear operator defined on a subset D of a linear space X
with values in a linear space Y and let x, y be two points of D. A linear operator from
X into Y, denoted as F'(z,y), which satisfies the condition

F(z,y)(x —y) = F(z) — F(y).

is called a divided difference of F' at the points x and y.
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2. CONVERGENCE CONDITIONS OF THE PERTURBED METHOD

Let us assume that the divided difference F'(x,y) is calculated with an error, the

operator F'is calculated exactly. Let us consider the perturbed iterative process
Thir = Tp — [F(ug, ve) + Tl ' F(xy), k=0, 1, 2,.... (3)

Here {I';} € L(X,Y) is a sequence of linear operators. For the iterative process (3) the
following theorem is valid.

Theorem 1. Let x_1, 29 € D be initial approzimations, So = {x € D : ||z — x¢|| < R}.
Assume that the following conditions hold

1) lz—1 — @oll = o;

2) there exist Ay" = [F (ug,v0)] ™" and || Ag"|| < Bo;

3) | F (o)l < o, mo = BoCo;

4) 1Tkl < pnr, Bopmo < 1, k=0, 1, 2, ..., where {nx} is a numerical sequence;

5) divided differences of the first order of the operator F' satisfy Lipschitz condition

1 (z,y) = F(w,0)| < L([le —ull +ly =2ll), 2,9, u,veD, L>0

Let us denote
m = [oL max { o

1 — Bopmo
suppose that |ag| < a, by, < b and the equation
m o
O e T EErE e rEa ) R rrried
has at least one positive zero, let R be the minimum positive one.
If BoL((24+a+b) R+ (a+b) o) + BopR < 1,
B m
1 —BoL((24+a+b) R+ (a+b)a) — BouR <
and Sy C D, then the sequence {xy}, given by the iterative process (3) is well defined,

+(&+b)0{, (1+a+b)1 Tg)ﬂn}ﬂLﬁoW?O»
— MOMT]o

M 1

remains in Sy and converges to a unique solution x, € Sy of the equation (1). Moreover,
the following inequality holds
1

TR 9

ok — =l <
Bo L(1~|—a+b)—|—,u]
d_, =0, &y=1,

1—6oL((2+a+b) R+ (a+b)a)— fouR
®k:¢k71+q>k727 kzl, 2,

where h =
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Proof. Let us denote A, = F (ug,vy). By (3), we have

Tr1 = Tog — [A() + Fo]_lF (Qfo) =Ty — [AD(I + Aalro)]_lF (33'0) =
=Xy — [] + Aalro]ilAglF (l’o) .

1
Since ||[I 4+ Ag'To] ™Y — , then, taking into account the theorem’s
. 1= [[Ag [Tl
conditions, we get
_ A | IF (o) |
Jox —z0ll = |17+ 45T 457 P (a)| < AL LIE GOl
) o 1= [[Ag [[ITo]]
< _ _(hL) <R
L= Bopno  h\' 1= Bopuno

So, 1 € Sp.
Using the condition 5) of the theorem, we obtain
17— A A < [[AGH|| 1[40 — Aull < BoL ([luo — wil + [lvo — wnl]) -

Since

[uo — ukl| = [lzo + ao (-1 — 20) — x — ar (w1 — 1) || <

< llwo — il + laol lz -1 — oll + law| lzx— — il

[vo = vill = l|lwo + bo (21 — o) — @k — by (wp—1 — i) || <
< |lwo — will + bo lz—1 — oll + b [|lwe—1 — ]
and |ay| < a, by < b, then
HI - AglAlH < BoL((2+a+0b)||zo —x1|| + (a +b) ||[x_1 — z0]]) <

< BoL {(2+a+b) o +(a+b)a] <50L[(2+a+b)R+(a+b)a < 1.
1 — Bopro
By the Banach lemma, A;" exists and

Bo
1—5L(2+a+b) R+ (a+b)a)

AT <
Let us denote:

Bo | L llow = wa |+ Lla+b) lzn1 = aisll + o |

Mk—lz 7k21’
1—50L[(2+a+b)R+(a+b)a]
c 1—50L[(2+a+b)R+(a+b)a} . ]
_1—50L[(2+a+b)R+(a+b)a]—ﬁwR’ " 1= Bopmo’
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It can be easily seen that CoMy < M and CMy < M, k > 1.
From the definition of the first divided difference and (3) we can obtain
F(z1) = F(x9) — F (zg, 1) (x0g — 1) = (Ao + Lo — F (z0, 1)) (w0 — 21) .
Taking into account the theorem’s condition 4) and Lipschitz condition 5), we get
IF @)l < [ 140 = F (o, 20)]| + [Tol| s — zoll <
< L (luo = ol + llvo = 21l) + o] llz = o]l <

< [L((a+) lleo = w-all + a1 = 2o ) + pmo| 12 = ol
Thus,

1 Bo(L(a+0b)|lxg—zal| + Lllzy —zoll + o)  nm0
HAl HHF(%)H < 1—BoL((24+a+b) R+ (a+b)a) 1 — Bopny

= MyCono = 1.

Let us show that n; < 1. In fact,

BoL ((a +b)a+ > + Botno

Tlo
1 — Bopno

ME ARt at ) Bt (atb)a)(d—Bom) =

< o <

" 1—-FL((24+a+b) R+ (a+b)a)— Boune —

< T = Mny < 1.
1—BL((2+a+b)R+ (a+0b)a)— fouR

Above this we have

. _CMy, o <M m_ 1 ( 1o )q“
1 — - - e - .
C 1—=pBouny C1—=PFouny Ch \ 1= Bounoy

Therefore x5 is well defined and

oy — x| < ||=[ + AT AT ITF ()] <

-1 d,
ST (. N

T L= ATl 1 — Bopro
In addition, ||z — x1| < M—""_ Since R is a solution of the equation (4), then
1 — Bopno
Iz = o]l < llzz = |+l = o]l < (M + 1) < R

and x5 € 5.
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Let us suppose that the following conditions are valid for ¢ = 2, k — 1:

e linear operators A; are invertible,
1 ®;
o [|ATIE @)l < mi = MiaCopy < o (hr— ) i < i,

Ch\' 1= Bopno

1 2 1
o ||z —xi]| <Cn; < —(hL> < EMCI)" and z;41 € Sp.

h\"1— Bouno

Then, for i = k£ we also obtain

17— A5 Axl| < |45 140 — Axll < BoL (luo — ]| + llvo — wil]) <

1 — Bopno

< BoL [(2+a+b)¢+(a+b)a} <BoL[2+a+b)R+ (a+b)a] <1

and || A" <

Bo

1—BL((2+a+b) R+ (a+b)a)

From the definition of the first divided difference and (3) we can obtain

F(xy) = F(zp-1) = F (g1, 2p) (251 — 1) =
= (Akfl + szfl - F (-kal,l'k)) (ikal — :L‘k) .

Taking into account the condition 5) of the theorem, we receive the following

[ (z)ll = [[(Ag—1 + D1 — F (2p-1, 21)) (21 — 1) || <

Then

AL HIE (@l <

=My 1Cnj—1 =i, <

<

<

<

|4kt = F (@, 2ll + [Tl low = 2| <

L (s = @il + ok = 2il) + -] llzw = 2] <

Lz =zl + La + 0) [|wp—1 — zp—2| + l“?k—l] |2 — @1 ]|

Bo | L llew = wia |+ Lla+0) llzr = zicsl) + ot | Oy
1—BL((2+a+b)R+ (a+0b)a)

1

h

1—BL((2+a+b)R+ (a+0b)a)

M‘I)k—Q + N%Mq)k_l] qu)k—l

1
Bo| L3 M*=1 + L{a+ ) -

h <

< iM¢k71+¢)k72 — LM‘bk_

Ch

Ch

Since M;_1C' < M < 1, then n < 1.

Thus,

1
||.Tk+1 — .TkH < OT]k < EMq)k
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Mo

L — Popuro
account that R is the solution of the equation (4), we get

Obviously that for i = 1,k ||x;41 — x4]| < M? is valid. Therefore, taking into

@1 — 2ol < lwnsr — @l + loe — weaall + - + [lzr — @ol| <

To :1_Mk+1 To < ]- Mo :R
1 — Bopno 1-M 1—=pBouny 1—=M1— Bouno

< (MF+ MEL 4+ 4+ 1)

and xpy 1 € Sp.
Let us show that {z}} is a Cauchy sequence. In fact,
[@hrp = Tl| < | Thap = Trap—rll + o+ lznsr — x| <

_ _ 1 o o
<Mp1+MP2+...+1—<h—) —
( 7\ — Bopno (6)

—_ MP Dy, Dy
“aan ) < ()
h(1 = M) \' 1= Bopno h(1— M) \''1— Bopuno

Therefore, {23} is a Cauchy sequence and converges to x, € Sp.

Now let us prove that z, is a unique solution of the equation (1). Since

Mo

F(z)| < |L(1 b) —o ] —
[E (@)l < |[L(+a+ )1_50w70+/mo 2k — @]

and ||z — zg_1]| — 0 if & — oo, then F (x,) = 0.
Suppose that there exists 7., € Sy, Tus # T4 1 F (24,) = 0. Let us denote F (T4, z,) = H.
From the definition of divided difference of the first order we get

H (2w — ) = F (T4i) — F ().

If the operator H is invertible, then z,, = x,. Indeed,
[Ag T H —I|| = ||Ag* (H — Ao)|| < [|AGH||I1H = Aol < BoL [[|2ae — wol| + [ — woll] <
< BoL [[|#xx — @ol| + [lz — zol + (a + b) [[z-1 — @o|] < BoL (2R + (a+b) o) < 1.

So, the operator H ! exists. From (6) we can obtain the following estimation

1

Mt
(1 — M)

g — .| <

O
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3. EVALUATION OF THE TOTAL ERROR OF THE METHOD (2)

Let us assume that the operator F' is calculated approximately, i.e. we have perturbed
equation
Fi(z) = 0. (7)
We assume that the operator F; is "close” to operator F' in the sense that the following
condition is valid
[Fz(z) — F(a)]] < d(e, 2), (8)
where d(e,2) = 0,if ¢ - 0, z € D.
Let us apply the method (2) for solving the equation (7)

25 = a5, — [Fe(u, o)) ' E(ag), k=0, 1, 2,.... 9)
For the iterative process (9) the following theorem is true.

Theorem 2. Let us suppose

1) conditions of Theorem 2 hold for the operator F_;

2) the equation (1) has at least one solution;

3) |I[F(z,y)] || < B, for all z,y € D;

4) the condition (8) holds.

If k — oo and ¢ — 0 then iterative process (9) converges to the solution x, € Sy of
the equation (1) and the following inequality holds

M®s + BS(e, ). (10)

g — .| <

h(1 — M)
Let us suppose that the divided difference F(z,y) and F' are calculated with errors.

Then the following iterative process is studied
LTp+1 = T — [F(Uk, Uk) + Fk]_l[F(l‘k) + \I/k], k= 0, 1, 2, ceey (11)

where {I'y} € L(X,Y) is a sequence of linear operators, {U;} : X — Y is a sequence of

operators.

Theorem 3. Let x_1,x9 € D be initial approzimations, So = {x € D : ||x — x| < R}.
We assume that the following conditions hold

1)z = ol =

2) there exists Ayt = [F (ug,v)]™! and HAalH < Bo;

S) |1 F (o)l < Cos mo = Boo;

4) 1Tkl < pne, Bopmo < 1

5) | Woll < g, 19kl < ywr—1, k> 1;
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6) divided differences of the first order of the operator F' satisfy Lipschitz condition
[E (2, y) = F (u,0)|| < L ([l —ul + [ly = l]),

where x, y, u, ve D, L > 0.
Let us denote

1+ 1+
1 — Bopmo 1 — Bopno
o Bovo

T 1-BL(2+atb) R+ (a+b)a)
suppose that |ag| < a, by, < b and
u <1_ m(1+C") )_ mo(1 + Bovmo)
1= PoL((2+a+b)u+(a+bd)a)— Fopu 1 — Bopno
has at least one positive zero, let R be the minimum positive one.
If BoL((2+a+b) R+ (a+b) o) + fouR < 1,
m

T 1-BL((2+a+b) R+ (atb)a)—BouR
and Sy C D, then the sequence {xy}, given by iterative process (11), is well defined,

-0 (12)

M

(1+C") <1

remains in Sy and converges to a unique solution x. € Sy of the equation (1). Moreover,
the following inequality holds

1 70

|zr — 2.]] < m ;

60<L(1+a+b)+u+7>(1+0*)
1—BoL((2+a+b)R+ (a+0b)a)— BopR’
By =Py + P, k=1,2,....

where h = ¢ =0, o5 =1,

CONCLUSION

In this paper we analyze the stability of the two-parametric secant type method to
errors calculations for solving nonlinear equations and estimate the total error. It indicates
that the iterative process (2) is resistant to the rounding errors and does not change the
convergence order if conditions of Theorems are true.
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Donchenko, V. and Zinko, T. 2013. Solve-operator methods for optimization
of risk controlled stochastic processes. Taurida Journal of Computer Science
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Problem of grouping information: recovering function, represented by its observations,
and the of classification (problem) clusterization problem, — is of great importance for
applied research. Choice of math object which represent the object under investigations
largely determines the effectiveness: scalars, vectors or objects of other kinds. Such choice
1s determined by the richness of mathematical structures within which “representatives”
are investigated. Fuclidean spaces R™ are common in this choosing. Euclidean spaces of
R™™ of all m x n matrices are natural as a math structure for “representatives”, but the
handling technique for such spaces is poorer in comparison with vector space. Just the
development of the technique handling” for FEuclidean space of R™*", including SVD and
Moore-Penrose inversion for the linear operators, constructive construction of orthogonal
projectors and grouping operators for matrix spaces is the subject of the article. Important
“grouping statements” about minimal ellipsoid, which covers elements of fixed sequence
of matrices in R™ ™ 1is represented. This statement generalize correspondent results for
real valued vectors. “Grouping statements” is proposed to be the base for constructing

correspondence distance in solving clusterization problem.

Kalas, J., Novotny, J, Michalek, J. and Nakonechny, O. 2013. Mathematical
model for cancer prevalence and cancer mortality. Taurida Journal
of Computer Science Theory and Mathematics, 2, pp. 44—54.

The first part of the paper designs a deterministic model to describe cancer prevalence and
mortality in a population. Next the asymptotic properties of the model are investigated.
In the second part, the model is applied to real-world data. For selected model data, a
numerical solution is found to the differential equations describing the model, a long-term
prediction s made with its results compared with those of predictions made by regression
analysis, which are often used to model the prevalence and mortality in the present
literature. It is shown that, although for short-term predictions (up to 10 years) both
approaches are nearly equivalent, there is a major difference between them if a longer-term
prediction is made and finding a reliable prediction for a period longer than 10 years

based on short time series seems to be unlikely.
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of Computer Science Theory and Mathematics, 2, pp. 55—63.

In this paper consider the optimal control problem on infinite time interval with
quadratic cost functional. State of this problem is defined by the evolutionary inclusion of
reaction-diffusion type. We prove the solvability of such a problem. In the case of rapidly
oscillating coefficients in coefficients of differential operator and multivalued interaction
function we prove the convergence of e-dependent optimal process to optimal process of

the corresponding averaged problem.

Krasnoproshin, V. 2013. The mechanisms of decision-making intellectualiza-
tion based on distributed cognitive resources. Taurida Journal of Computer
Science Theory and Mathematics, 2, pp. 64-73.

This paper describes a comprehensive approach to the problem of intellectualization
of decision-making based on a synthesis of expert knowledge and Internet cognitive
resources. Models of a global scene and representation of innovative knowledge in the
form of subject collections are offered. Algorithms of construction, application, assessment
and updating of subject collections are developed. A multi-agent system architecture and
implementation option intellectualization in the form of an Internet portal that is used to

perform a number of international projects.

Lukyanova, E. 2013. On similarity of Petri nets languages. Taurida Journal
of Computer Science Theory and Mathematics, 2, pp. 74-80.

The concept of languages similarity of Petri nets is introduced. It is determined,
that mapping of languages similarity of Petri nets is a surjective homomorphism. The
similarity of languages of component Petri net and original detailed Petri model of the
wnvestigated parallel distributed system is considered. The work reveals that the language
of the original detailed Petri net model can always be restored using the language of its

component model.
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Maksimov, V. 2013. On realizing prescribed quality of a controlled system’s
process under uncertainty. Taurida Journal of Computer Science Theory
and Mathematics, 2, pp. 81-91.

In this paper, we discuss a method of auziliary controlled models and the application
of this method to solving some problems of robust control for differential equations. As
objects for the approbation of the method, a system of nonlinear differential equations
describing some ecological and economic processes is used. A solving algorithm, which is

stable with respect to informational noises and computational errors, is presented.

Nakonechny, O. and Podlipenko, Yu. 2013. Guaranteed estimates of linear
functionals on velocity of a viscous incompressible fluid under uncertainties.
Taurida Journal of Computer Science Theory and Mathematics, 2, pp. 92—102.

The creation and justification of the methods for gquaranteed estimation of linear
functionals from solutions to the boundary wvalue problems for linearized stationary

Navier-Stokes equations in bounded open Lipschitzian domains are considered.

Osadcha, O. and Skripnik, N. 2013. The scheme of partial averaging for
one class of hybrid systems. Taurida Journal of Computer Science Theory
and Mathematics, 2, pp. 103-113.

This paper contains the substantiation of the scheme of partial averaging for one
class of hybrid systems where one equation is a differential equation with Hukuhara

derivative and the other one is an ordinary differential equation.

Pashko, A. 2013. A simulation of sub-Gaussian random fields on a sphere of
orlicz spaces. Taurida Journal of Computer Science Theory and Mathematics,
2, pp. 114-123.

Estimates for the convergence speed models isotropic random fields on the sphere
in the norms of Orlich space. The resulting estimates are used to construct models of
random fields on the sphere. Models approximate the random field with given accuracy
and reliability.
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Sant, L. 2013. Harnessing empirical characteristic function convergence
behaviour. Taurida Journal of Computer Science Theory and Mathematics,
2, pp- 124-136.

Parameter estimation for Lévy processes has generated much research effort lately
with a strong injection of interest coming from finance. Within this context the problem
can be framed as estimation using increments from an infinitely divisible distribution, for
which empirical characteristic functions (ecf) are convenient tools. However convergence
of ecf’s to Gaussian processes has not been exploited as fully as it might have been. In this
paper we go back to strong convergence results derived from the Hungarian construction
and use Brownian bridge approximations to construct new estimators. In particular we
study one integrated square error estimator tailored to show deference to the variance
structure of the corresponding Gaussian process. We prove some of its nice statistical

properties and present simulation results obtained through its use.

Shakhno, S. and Yarmola, H. 2013. Convergence conditions of the two-
parametric secant type method for solving nonlinear equations taking
into account errors. Taurida Journal of Computer Science Theory
and Mathematics, 2, pp. 137-145.

In this paper we analyze the stability of the two-parametric secant type method to

errors calculations for solving nonlinear equations and estimate the total error.
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