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t. In this paper the full 
on
eption of the probabilisti
ally 
ombinatorial approa
h has beenpresented. This 
on
eption is the result of previous long preliminary works. The approa
h gives thepossibility to establish the reasons of re
ognition algorithms overtraining, to de�ne the possible ways ofit redu
tion and to build the most pre
ise estimates of the re
ognition probability. The 
ombinatorialapproa
h works with determined data of the re
ognition pro
ess and the probabilisti
 one determinesthe probability of these results existen
e. The most usefulness of the 
ombinatorial approa
h 
onsistsin the possibility to determine the training set variation in�uen
e on the di�erent algorithms and sele
tthe most appropriate one from these algorithms or algorithm 
omposition. The probabilisti
 part of thisapproa
h determines the probability of results obtained on the basis of 
ombinatorial approa
h.ÂñòóïÓñi êëàñè�iêóþ÷i àëãîðèòìè ìîæóòü áóòè ïîäiëåíi íà òðè ãðóïè: àëãîðèòìè çíàâ÷àííÿì, iç ñàìîíàâ÷àííÿì òà àëãîðèòìè, ùî íå âèêîðèñòîâóþòü íàâ÷àííÿ ÿê òà-êîãî. Íàéáiëüø âàæëèâèìè i öiêàâèìè ¹ àëãîðèòìè, ùî âèêîðèñòîâóþòü íàâ÷àííÿ.Öi àëãîðèòìè ¹ îá'¹êòîì äîñëiäæåííÿ â ðàìêàõ òåîði¨ ìàøèííîãî íàâ÷àííÿ (Theoryof Ma
hine Learning), ÿêà äîâîëi øâèäêî é óñïiøíî ðîçâèâà¹òüñÿ íà ïðîòÿçi îñòàí-íiõ äåñÿòè ðîêiâ [7℄. Ó ðàìêàõ öi¹¨ òåîði¨ ðîçãëÿäàþòüñÿ òàêi âàæëèâi ïèòàííÿ, ÿêâèçíà÷åííÿ îïòèìàëüíîãî ñêëàäó íàâ÷àþ÷î¨ âèáiðêè, íàâ÷àííÿ êëàñè�iêàòîðiâ òàïîáóäîâà îïòèìàëüíî¨ êîìïîçèöi¨ êëàñè�iêàòîðiâ, ùî çàäîâîëüíÿ¹ ïåâíèì óìîâàì,à òàêîæ ãåíåðàöiÿ òà ñåëåêöiÿ íàéáiëüø ií�îðìàòèâíèõ îçíàê. Àëãîðèòìè, ùî äîç-âîëÿþòü ïåâíîþ ìiðîþ âèðiøóâàòè öi ïèòàííÿ, íîñÿòü íàçâè Bagging, Boosting òàRandom Spa
e Method (RSM). Àíàëiç öèõ àëãîðèòìiâ âñòàíîâëþ¹ îäíó ñïiëüíó ¨õðèñó, ñïðÿìîâàíó íà çìåíøåííÿ íàäëèøêîâîñòi òà íåií�îðìàòèâíîñòi ÿê ó ñàìèõäàíèõ (âèçíà÷åííÿ îïòèìàëüíîãî ñêëàäó íàâ÷àþ÷î¨ âèáiðêè òà íàáîðó íàéáiëüø ií-�îðìàòèâíèõ îçíàê), òàê i íàäëèøêîâîñòi (ñêëàäíîñòi) ñàìîãî àïàðàòó êëàñè�iêàöi¨,à, âëàñíå, êëàñè�iêóþ÷èõ àëãîðèòìiâ. Òîìó ïîòðiáíî ñïî÷àòêó âèçíà÷èòè âïëèâ íàâ-÷àþ÷èõ äàíèõ íà ïðîöåñ ðîçïiçíàâàííÿ ç òèì, ùîá ïîòiì ïðîâåñòè ãåíåðóâàííÿ òàñåëåêöiþ íàéáiëüø ií�îðìàòèâíèõ îçíàê òà íàëàøòóâàííÿ ïàðàìåòðiâ êëàñè�iêàòî-ðà òàêèì ÷èíîì, ùîá ìiíiìiçóâàòè ïåðåíàâ÷àííÿ àëãîðèòìiâ i äîñÿãòè íàéáiëüøîãîçíà÷åííÿ éìîâiðíîñòi ïðàâèëüíîãî ðîçïiçíàâàííÿ.Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ ìåòðè÷íi êëàñè�iêàòîðè. Ñåðåä óñiõ ìåòðè÷íèõêëàñè�iêàòîðiâ íàéáiëüø ÷àñòî äëÿ ïîáóäîâè ïðàêòè÷íèõ öiëüîâèõ ñèñòåì, ùî çà-ñòîñîâóþòüñÿ â ðiçíèõ ãàëóçÿõ äiÿëüíîñòi ëþäèíè, çàñòîñîâóþòüñÿ êëàñè�iêàòîðè



6 Êàïóñòié Á.Î., �óñèí Á.Ï., Òàÿíîâ Â.À.òèïó kNN, ÿêi âèêîðèñòîâóþòü iäåþ êëàñè�iêàöi¨ íà îñíîâi íàéáëèæ÷îãî ñóñiäñòâà.Ïåðåâàãè ïðîñòèõ ìåòðè÷íèõ àëãîðèòìiâ òèïó kNN ¹ òàêèìè:� Ïðîñòîòà ðåàëiçàöi¨ òà ìîæëèâiñòü ââåäåííÿ ðiçíîìàíiòíèõ ìîäè�iêàöié;� Ìîæëèâiñòü iíòåðïðåòàöi¨ ðîçïiçíàâàííÿ øëÿõîì ïðåä'ÿâëåííÿ êîðèñòóâà÷óíàéáëèæ÷îãî îá'¹êòà àáî äåêiëüêîõ. ¾Ïðåöåäåíòíà¿ ëîãiêà ðîáîòè àëãîðèòìó¹ äîáðå çðîçóìiëîþ åêñïåðòàì ç òàêèõ ïðåäìåòíèõ îáëàñòåé, ÿê ìåäèöèíà,áiîìåòðiÿ, þðèñïðóäåíöiÿ, ìåòàëî�içèêà, ðîáîòîòåõíiêà òà ií.1. Ïðîáëåìè òåîði¨ ìàøèííîãî íàâ÷àííÿ êëàñè�iêóþ÷èõàëãîðèòìiâÂ ñó÷àñíié òåîði¨ ìàøèííîãî íàâ÷àííÿ iñíóþòü äâi ñåðéîçíi ïðîáëåìè: îòðèìàííÿòî÷íèõ âåðõíiõ îöiíîê éìîâiðíîñòi òàêîãî íåãàòèâíîãî ÿâèùà, ÿê ïåðåíàâ÷àííÿ, òàñïîñîáiâ áîðîòüáè ç íèì. Íà äàíèé ìîìåíò íàéáiëüø òî÷íi ç âiäîìèõ îöiíîê çíà÷íîçàâèùåíi. Åêñïåðèìåíòàëüíî âäàëîñÿ âñòàíîâèòè îñíîâíi ïðè÷èíè çàâèùåííÿ îöiíîê.Ó ïîðÿäêó çìåíøåííÿ âïëèâó, âîíè ¹ íàñòóïíèìè:1. Íåõòóâàííÿ å�åêòîì ðîçøàðóâàííÿ àáî ëîêàëiçàöi¨ ñiìåéñòâà àëãîðèòìiâ.Äàíà ïðîáëåìà îáóìîâëþ¹òüñÿ òèì, ùî çàëåæíî âiä âèäó çàäà÷i âèêîðèñòî-âó¹òüñÿ íå âñå ñiìåéñòâî àëãîðèòìiâ, à ëèøå ïåâíà éîãî ÷àñòèíà. Êîå�iöi¹íòçàâèùåíîñòi çíàõîäèòüñÿ â ìåæàõ âiä äåêiëüêîõ äåñÿòêiâ äî ñîòåíü òèñÿ÷.2. Íåõòóâàííÿ ñõîæiñòþ àëãîðèòìiâ. Êîå�iöi¹íò çàâèùåíîñòi ñòàíîâèòü äëÿöüîãî �àêòîðà âiä äåêiëüêîõ ñîòåíü äî äåñÿòêiâ òèñÿ÷. Öåé �àêòîð çàâæäèïðèñóòíié i ìåíø çàëåæíèé âiä âèäó çàäà÷i, íiæ ïåðøèé.3. Åêñïîíåíöiéíà àïðîêñèìàöiÿ ¾õâîñòà¿ ãiïåðãåîìåòðè÷íîãî ðîçïîäiëó. Â öüîìóâèïàäêó êîå�iöi¹íò çàâèùåíîñòi ìîæå ñêëàäàòè äåêiëüêà äåñÿòêiâ.4. Âåðõíÿ îöiíêà ïðî�iëÿ ðiçíîìàíiòíîñòi ïðåäñòàâëÿ¹òüñÿ îäíèì ñêàëÿðíèìêîå�iöi¹íòîì ðiçíîìàíiòíîñòi. Êîå�iöi¹íò çàâèùåíîñòi ÷àñòî ïîðÿäêó îäè-íèöi, îäíàê ó äåÿêèõ âèïàäêàõ ìîæå äîñÿãàòè äåêiëüêîõ äåñÿòêiâ.Ïðè÷èíà å�åêòó ïåðåíàâ÷àííÿ îáóìîâëþ¹òüñÿ òèì, ùî âèêîðèñòîâóþòüñÿ àëãî-ðèòìè ç ìiíiìàëüíèì ÷èñëîì ïîìèëîê íà íàâ÷àþ÷ié âèáiðöi, òîáòî âiäáóâà¹òüñÿ îä-íîái÷íå íàëàøòóâàííÿ öèõ àëãîðèòìiâ. Ïåðåíàâ÷àííÿ áóäå òèì áiëüøèì, ÷èì áiëüøóêîìïîçèöiþ ç àëãîðèòìiâ ìè âèêîðèñòîâó¹ìî äëÿ êëàñè�iêàöi¨, ÿêùî àëãîðèòìè áå-ðóòüñÿ ç ðîçïîäiëó âèïàäêîâî i íåçàëåæíî. Ó âèïàäêó çàëåæíîñòi àëãîðèòìiâ (â ðå-àëüíié ñèòóàöi¨ âîíè, ÿê ïðàâèëî, òàêèìè i ¹) ïåðåíàâ÷àííÿ çìåíøèòüñÿ. Îòæå, ïðèâèáîði íàâiòü îäíîãî ç äâîõ àëãîðèòìiâ ìîæå âèíèêíóòè ïåðåíàâ÷àííÿ. �îçøàðóâàííÿàëãîðèòìiâ çà ÷èñëîì ïîìèëîê òà çáiëüøåííÿ ¨õíüî¨ ïîäiáíîñòi çìåíøóþòü éìîâið-íiñòü ïåðåíàâ÷àííÿ. �îçãëÿíåìî äëÿ ïðèêëàäó äóïëåò ¾âèáiðêà-àëãîðèòì¿. Êîæíèéàëãîðèòì ïîêðèâà¹ ïåâíó ÷àñòèíó îá'¹êòiâ íàâ÷àþ÷î¨ âèáiðêè. ßêùî âèêîðèñòîâó-âàòè âíóòðiøíi êðèòåði¨ [6℄ (íàïðèêëàä, ó âèïàäêó ìåòðè÷íèõ êëàñè�iêàòîðiâ), òîìîæíà îöiíèòè ñòiéêiñòü öüîãî ïîêðèòòÿ i çâóçèòè ÷èñëî ïîêðèòèõ îá'¹êòiâ çãiäíîiç çàäàíèì ðiâíåì ñòiéêîñòi. Òàêèì ÷èíîì, äëÿ òîãî ùîá ïîêðèòè áiëüøó êiëüêiñòü,ïîòðiáíî çàñòîñóâàòè áiëüøó êiëüêiñòü àëãîðèòìiâ. Öi àëãîðèòìè ìàþòü áóòè ñõî-æèìè i ìàòè ðiçíèé ðiâåíü ïîìèëîê. Îäíàê, ÿêùî âèêîðèñòîâóþòüñÿ òåñòîâi äàíi,¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöiíêà å�åêòèâíîñòi ìîäåëi íàâ÷àííÿ òà ÿêîñòi ðîáîòè ìåòðè÷íèõ . . . 7äî ÿêèõ êîìïîçèöiÿ àëãîðèòìiâ íåàäàïòîâàíà, òî ïîìèëêà êëàñè�iêàöi¨ ìîæå äî-ñèòü ñèëüíî âiäðiçíÿòèñÿ âiä ìiíiìàëüíî¨, îòðèìàíî¨ íà íàâ÷àþ÷èõ äàíèõ. Ç iíøîãîáîêó, öiêàâîþ ïðåäñòàâëÿ¹òüñÿ çàäà÷à ïî âèçíà÷åííþ êiëüêîñòi íàäëèøêîâî¨ ií�îð-ìàöi¨ ó íàâ÷àþ÷èõ äàíèõ. Äîöiëüíiñòü ó çìåíøåííi íàâ÷àþ÷èõ äàíèõ ïîëÿãà¹ â òîìó,ùî äëÿ êîæíîãî êîíêðåòíîãî âèïàäêó çìåíøó¹òüñÿ òàêîæ i êiëüêiñòü îá'¹êòiâ iíøèõêëàñiâ, ùî çàâàæàþòü êëàñè�iêàöi¨. Ïðè öüîìó ïîòðiáíî îöiíèòè ñåðåäí¹ çíà÷åííÿðîçìiðó êëàñó, ùî çàáåçïå÷ó¹ ïîòðiáíèé ðiâåíü ÷àñòîòè ïîìèëîê. Çìåíøåííÿ êiëüêî-ñòi íàâ÷àþ÷èõ äàíèõ òàêîæ îçíà÷à¹ çìåíøåííÿ ðîçìiðó êëàñiâ íà åòàïi òåñòóâàííÿ.Îöiíêà å�åêòó âiä ïîíèæåííÿ ðîçìiðó íàâ÷àþ÷èõ äàíèõ äà¹ ìîæëèâiñòü âèçíà÷èòèñòðóêòóðó öèõ äàíèõ, òîáòî ñïiââiäíîøåííÿ ìiæ åòàëîííèìè îá'¹êòàìè òà îá'¹êòàìè-âèêèäàìè, ïîðîãîâèìè àáî íåií�îðìàòèâíèìè. Êðiì òîãî, ÷èì ìåíøèé ðîçìið êëàñó,òèì ìåíøèé ÷àñ, ïîòðiáíèé äëÿ ïðèéíÿòòÿ ðiøåííÿ. Îäíàê íàéáiëüøîþ öiííiñòþ äà-íîãî ïiäõîäó ¹ òå, ùî âií äîçâîëÿ¹ äåòàëüíiøå âèâ÷èòè i ãëèáøå çðîçóìiòè ÿâèùåïåðåíàâ÷àííÿ àëãîðèòìiâ.2. Ïiäõîäè äî îöiíêè ÿêîñòi ðîáîòè êëàñè�iêàòîðiâßêiñòü ðîáîòè êëàñè�iêàòîðiâ ïðèéíÿòî õàðàêòåðèçóâàòè ÷åðåç ïîíÿòòÿ âiäñòó-ïó (margin), ùî ïðåäñòàâëÿ¹ âiäñòàíü îá'¹êòà âiä ðîçäiëþâàëüíî¨ ãiïåðïëîùèíè. ×èìáiëüøèé âiäñòóï, òèì êðàùèì ââàæà¹òüñÿ êëàñè�iêàòîð. Îäíàê ÿêùî âñi îá'¹êòè àáîïåðåâàæíà ¨õ áiëüøiñòü ìàþòü ïðèáëèçíî îäíàêîâèé âiäñòóï i ãðóïóþòüñÿ îäèí áiëÿîäíîãî, òî â öüîìó âèïàäêó ðiçêî ïàäà¹ ¨õ ií�îðìàòèâíiñòü. Öå îçíà÷à¹, ùî çàìiñòüâñiõ îá'¹êòiâ ìîæíà çàëèøèòè îäèí àáî äåêiëüêà, ùî âèêîðèñòîâóþòüñÿ äëÿ íàâ÷àííÿ.Òàêèé ïiäõiä ïîðîäæó¹ îäíó ç îñíîâíèõ ïðè÷èí, ùî îáóìîâëþþòü å�åêò ïåðåíàâ÷àí-íÿ. Îäíîái÷íå íàëàøòóâàííÿ àëãîðèòìà ðîçïiçíàâàííÿ íà îñíîâi áëèçüêî¨ çà ñóòòþíàâ÷àþ÷î¨ ií�îðìàöi¨ ïðèâîäèòü äî òîãî, ùî íà êîíòðîëüíié âèáiðöi âií ìîæå ÷àñòîïîìèëÿòèñü, íàâiòü ÿêùî âií íå ïîìèëÿâñÿ íà íàâ÷àþ÷ié âèáiðöi. Äiéñíî, éìîâiðíiñòüòîãî, ùî â óìîâàõ íàâ÷àþ÷î¨ âèáiðêè çóñòðiíåòüñÿ òàêà æ ñèòóàöiÿ, ¹ áëèçüêîþ äîíóëÿ.Òîìó äëÿ íàâ÷àííÿ ïðèéíÿòî âèêîðèñòîâóâàòè íåñõîæi i ¾âàæêi¿ äëÿ àëãîðèòìàîá'¹êòè ç ìàëèìè çíà÷åííÿìè âiäñòóïó. Öÿ iäåÿ âèêîðèñòàíà, çîêðåìà, ó ìåòîäi îïîð-íèõ âåêòîðiâ (Support Ve
tor Ma
hine) àáî ìåòîäi çâàæåíîãî ãîëîñóâàííÿ. Çàñòîñó¹ìîóçàãàëüíåíèé ïiäõiä äëÿ õàðàêòåðèñòèêè êëàñè�iêàòîðiâ íà îñíîâi ïîíÿòòÿ âiäñòó-ïó. �åçóëüòàòîì ðîáîòè ìåòðè÷íèõ êëàñè�iêàòîðiâ ¹ ðàíæîâàíi äàíi (ïîñîðòîâàíi çàñòóïåíåì ïîäiáíîñòi äî òåñòîâîãî îá'¹êòè áàçè äàíèõ). Äëÿ òàêèõ êëàñè�iêàòîðiâ ïî-íÿòòÿ âiäñòóïó ïðåäñòàâëÿ¹òüñÿ íàñòóïíèì ÷èíîì. Ââîäèòüñÿ åêâiâàëåíòíà äî êëà-ñè÷íîãî âiäñòóïó õàðàêòåðèñòèêà, ÿêà äëÿ äàíîãî îá'¹êòà ìîæå áóòè ïðåäñòàâëåíàÿê âiäíîñíà âiäñòàíü ìiæ éîãî âiäñòàíÿìè âiä òåñòîâîãî îá'¹êòà òà âiä óñåðåäíåíîãîîá'¹êòà áàçè äàíèõ àáî îñòàííüîãî îá'¹êòà ç îäíîðiäíî¨ (ñòðàòåãi÷íî¨) [3℄ ïîñëiäîâíîñòi¾ñâî¨õ¿ îá'¹êòiâ. Ïåðåäáà÷à¹òüñÿ, ùî õî÷à á ÷àñòèíà ¾ñâî¨õ¿ îá'¹êòiâ ðîçòàøîâóþòüñÿíà ïî÷àòêó ñïèñêó ìîæëèâèõ ïðåòåíäåíòiâ. Òàêèì ÷èíîì, ãàðàíòó¹òüñÿ êîðåêòíiñòüäàíîãî îçíà÷åííÿ. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



8 Êàïóñòié Á.Î., �óñèí Á.Ï., Òàÿíîâ Â.À.2.1. Õàðàêòåðèñòèêà ìåòðè÷íèõ êëàñè�iêàòîðiâ. Äëÿ áiëüø ñòðîãîãî îçíà÷åí-íÿ äàíî¨ õàðàêòåðèñòèêè ïîòðiáíî ââåñòè ïîíÿòòÿ ðîçïîäiëó âiäñòàíåé ìiæ îá'¹êòàìè.Îñêiëüêè çíà÷åííÿ âiäñòàíåé ìîæå áóòè äîâiëüíèì, òî ïðîöåäóðà íåïàðàìåòðè÷íî-ãî îöiíþâàííÿ ðîçïîäiëó íåóñi÷åíèìè ÿäåðíèìè �óíêöiÿìè áóäå êîðåêòíîþ. ßêùîîöiíåíå ìàòåìàòè÷íå ñïîäiâàííÿ íîðìàëüíîãî çàêîíó ðîçïîäiëó ðiâíå b�, à äèñïåð-ñiÿ � b�2, òî âiäíîñíà âiäñòàíü ìîæå áóòè îöiíåíà ÷åðåç ïàðàìåòð z ó âèãëÿäi bz = x�b�b� .Òîäi íîðìàëüíèé çàêîí ðîçïîäiëó âiäñòàíåé ïðåäñòàâëÿ¹òüñÿ ÿê p(bz) = 12�e� bz22 . Íàïðàêòèöi áiëüøó êîðèñòü ìà¹ íå ñàìå çíà÷åííÿ ïàðàìåòðó bz, à �óíêöiÿ ðîçïîäi-ëó P (bz) = R bz�1 p(bz)dbz. Ôóíêöiÿ ðîçïîäiëó â äàíîìó âèïàäêó ¹ îäíîçíà÷íîþ õàðàêòå-ðèñòèêîþ âiäîêðåìëåííÿ ¾ñâîãî¿ îá'¹êòà âiä ñóêóïíîñòi ¾÷óæèõ¿ îá'¹êòiâ. Îñêiëüêèãiïåðïëîùèíà ó âèïàäêó ïîðîãîâèõ êëàñè�iêàòîðiâ âèêîíó¹ ðîëü ãðàíèöi ìiæ êëà-ñàìè, òî åêâiâàëåíòíà ¨é õàðàêòåðèñòèêà äëÿ ìåòðè÷íèõ êëàñè�iêàòîðiâ âèçíà÷à¹,íàñêiëüêè äîáðå îá'¹êòè ¾ñâîãî¿ êëàñó âiäîêðåìëþþòüñÿ âiä ñóêóïíîñòi ¾÷óæèõ¿îá'¹êòiâ. Öÿ õàðàêòåðèñòèêà ìà¹ ñòðîãå ìàòåìàòè÷íå îá ðóíòóâàííÿ i ¹ �óíêöi¹þðîçïîäiëó éìîâiðíîñòåé [6℄.Çàäà÷à çáiëüøåííÿ âiäñòóïó ó âèïàäêó ìåòðè÷íèõ êëàñè�iêàòîðiâ íà îñíîâi íàâ-÷àþ÷î¨ âèáiðêè âèðiøó¹òüñÿ íàñòóïíèì ÷èíîì. Ïåðøèì ñòðàòåãi÷íèì íàïðÿìêîì ¹çìåíøåííÿ äèñïåðñi¨ ãóñòèíè ðîçïîäiëó âiäñòàíåé ìiæ îá'¹êòàìè, à òàêîæ çáiëüøåí-íÿ ñåðåäíüîãî çíà÷åííÿ öüîãî ðîçïîäiëó. Â ðàìêàõ òåîði¨ ïîñëiäîâíîãî àíàëiçó öåîçíà÷à¹, ùî ìîæå áóòè çáiëüøåíà áàçà äàíèõ, à éìîâiðíiñòü ïðàâèëüíîãî ðîçïiçíà-âàííÿ çàëèøàòèìåòüñÿ íà òîìó ñàìîìó ðiâíi. Äðóãèé ñòðàòåãi÷íèé íàïðÿìîê ïîëÿãà¹â òîìó, ùî ïîòðiáíî ïðàãíóòè, ùîá ðîçïîäië âiäñòàíåé áóâ ÿêîìîãà áëèæ÷èì äî íîð-ìàëüíîãî. Öÿ iäåÿ îá ðóíòîâó¹òüñÿ íàñòóïíèì ÷èíîì.�îçãëÿíåìî ðîçïîäië îçíàê ó ëiíiéíîìó áàãàòîâèìiðíîìó àáî âiäñòàíåé ìiæîá'¹êòàìè â îäíîâèìiðíîìó ïðîñòîði òà ïðîâåäåìî éîãî àíàëiç. Éìîâiðíiñòü ïîìèë-êè ðîçïiçíàâàííÿ äëÿ � = 0 ìîæå áóòè ïðåäñòàâëåíà ÿê Rjxj�� p(x) dx, äå � � ïîðiã.Çãiäíî ç íåðiâíiñòþ ×åáèøåâà [5℄ îòðèìà¹ìî Rjxj�� p(x) dx � �2�2 . �îçãëÿíåìî âèïàäîêðiâíîñòi ñåðåäíiõ çíà÷åíü òà äèñïåðñié ðîçïîäiëó p(x). Âåðõíÿ ìåæà äëÿ îäíîìîäàëü-íîãî ðîçïîäiëó ç ìîäîþ �0 îá÷èñëþ¹òüñÿ çà äîïîìîãîþ íåðiâíîñòi �àóñà íàñòóïíèì÷èíîì [4℄: P�jx� �j � ��� � 49�2 ; (1)äå � 2 � �2 + (�� �0)2.Íåõàé � = �0 = 0 òà � � �, òîäi ïîðiã � = ��, à � = �� . Òàêèì ÷èíîì, íåðiâíiñòü�àóñà äëÿ ïîðîãó � ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäiZjxj�� p(x) dx � 4�29�2 : (2)ßê âèäíî ç (2), îöiíêà �àóñà çâåðõó äëÿ îäíîìîäàëüíîãî çàêîíó ðîçïîäiëó ¹ â2.25 ðàçiâ êðàùîþ, íiæ îöiíêà ×åáèøåâà äëÿ äîâiëüíèõ ðîçïîäiëiâ, ùî ïiäòâåðäæó¹¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöiíêà å�åêòèâíîñòi ìîäåëi íàâ÷àííÿ òà ÿêîñòi ðîáîòè ìåòðè÷íèõ . . . 9ñóòò¹âèé âïëèâ âèäó ðîçïîäiëó îçíàê íà éìîâiðíiñòü ïðàâèëüíî¨ êëàñè�iêàöi¨. Íîð-ìàëüíèé çàêîí ðîçïîäiëó éìîâiðíîñòåé ìà¹ îäíàêîâi ìîäó, ìåäiàíó òà ìàòåìàòè÷íåñïîäiâàííÿ. Êðiì öüîãî, íà ïðàêòèöi öåé çàêîí ¹ îäíèì iç íàéïîøèðåíiøèõ. Ç ií-øîãî áîêó, íîðìàëüíèé çàêîí ðîçïîäiëó õàðàêòåðèçó¹òüñÿ ìàêñèìàëüíèì çíà÷åííÿìåíòðîï¨¨ ïðè îäíàêîâèõ çíà÷åííÿõ ïåðøèõ ìîìåíòiâ. À öå îçíà÷à¹, ùî îòðèìó¹òüñÿìiíiìàëüíà ïîìèëêà êëàñè�iêàöi¨ äëÿ íîðìàëüíî ðîçïîäiëåíèõ êëàñiâ.�îçãëÿíåìî ñïîñîáè îá÷èñëåííÿ âiäñòàíåé. Îäèí iç ñïîñîáiâ ïîëÿãà¹ â çàñòîñóâàí-íi ðiçíèõ ìåòðèê, ñåðåä ÿêèõ ó ïåðøó ÷åðãó ìîæíà âiäçíà÷èòè óçàãàëüíåíó ìåòðèêóÌiíêîâñüêîãî òà êîñèíóñíó ìåòðèêó. Iíøèé ñïîñiá îá÷èñëåííÿ âiäñòàíåé ïåðåäáà÷à¹âèêîðèñòàííÿ ÿäåðíèõ �óíêöié. Íàé÷àñòiøå âæèâàíèìè ÿäåðíèìè �óíêöiÿìè ¹ òðè.Öå � ðàäiàëüíà áàçèñíà �óíêöiÿ, ñèãìî¨äàëüíà òà ïîëiíîìiàëüíà �óíêöi¨. Íàéáiëüøïîøèðåíîþ i âæèâàíîþ ñåðåä íèõ ¹ ðàäiàëüíà áàçèñíà �óíêöiÿ. Ñïiëüíîþ ðèñîþîáîõ ñïîñîáiâ îá÷èñëåííÿ âiäñòàíåé ¹ âèêîðèñòàííÿ çâàæåíèõ îçíàê, ùî ¹ ãîëîâíîþçàäà÷åþ, ÿêó âèðiøó¹ òîé ÷è iíøèé ìåòîä îá÷èñëåííÿ âiäñòàíåé. Çâàæóâàííÿ îçíàêäîçâîëÿ¹ êîðåêòóâàòè íàïðÿì ãiïåðïëîùèíè â ãiïåðïðîñòîði òàêèì ÷èíîì, ùîá íàé-áiëüø îïòèìàëüíî ðîçäiëÿòè êëàñè. Äëÿ ïåâíîãî íàáîðó îçíàê âèáèðàþòüñÿ òàêi âàãè,ÿêi äëÿ ïåðåâàæíî¨ áiëüøîñòi îá'¹êòiâ ¹ îïòèìàëüíèìè.�îçãëÿíåìî, ÿê ïðèêëàä, ïðåäñòàâëåííÿ ìið âiäñòàíåé ìiæ âåêòîðàìè îçíàê x òày ÷åðåç ìiðó Ìàíõåòåíà � ïðîñòó ëiíiéíó ìiðó iç çâàæåíèìè êîå�iöi¹íòàìè ai :d(x; y) = nXi=1 aijxi � yij; (3)äå d(x; y) � äîâiëüíà ìiðà âiäñòàíåé ìiæ âåêòîðàìè x òà yÌiðó âiäñòàíåé Ìiíêîâñüêîãî, ÿê íàéáiëüø óçàãàëüíåíó ìiðó, ùî âèêîðèñòîâó¹òü-ñÿ â òåîði¨ ðîçïiçíàâàííÿ îáðàçiâ, ìîæíà ïðåäñòàâèòè ó âèãëÿäid(x; y) =� nXi=1 jxi � yijp� 1p= C(p) nXi=1 aijxi � yij; (4)äå C(p) =�Pni=1 aijxi � yij� 1�pp ; ai = (jxi � yij)p�1; p > 0.Òàêèì æå ÷èíîì âèçíà÷àþòüñÿ êîå�iöi¹íòè â êîñèíóñíié ìåòðèöi, ìåòðèöi Êàí-áåðà òà iíøèõ ìåòðèêàõ äëÿ êëàñè�iêàòîðiâ òèïó kNN, à òàêîæ ïàðàìåòðè òðüîõçãàäàíèõ ÿäåðíèõ �óíêöié äëÿ iíøèõ òèïiâ êëàñè�iêàòîðiâ. Öi çàäà÷i âèðiøóþòüñÿíà îñíîâi êîíêðåòíî¨ íàâ÷àþ÷î¨ âèáiðêè. Òàêèì ÷èíîì, ïðîáëåìà ïîëÿãà¹ íå ó âèáîðiíàéáiëüø îïòèìàëüíî¨ ìåòðèêè, à ó âèçíà÷åííi âàã îçíàê äëÿ òîãî ÷è iíøîãî êîí-êðåòíîãî âèïàäêó. Îäèí iç ñïîñîáiâ îá÷èñëåííÿ âàã ¹ âèêîðèñòàííÿ �óíêöié âiäñòàíió âèãëÿäi ìåòðèê àáî ÿäåðíèõ �óíêöié. Öåé ñïîñiá ¹ íàéáiëüø ïðîñòèì, ìàòåìàòè÷íîäîáðå îá ðóíòîâàíèì òà çðîçóìiëèì. Âàãîâi êîå�iöi¹íòè îçíàê äèñêðåòíî çãîðòàþòü-ñÿ ç ïåâíèì âèäîì �óíêöié (íàïðèêëàä, ÿäåðíèìè �óíêöiÿìè), ùî â ðåçóëüòàòi äà¹âiäñòàíü. ßêùî âèêîðèñòîâóþòüñÿ ÿäåðíi �óíêöi¨, òî ìåòðèêà áóäå ðåçóëüòàòîì íåïà-ðàìåòðè÷íîãî îöiíþâàííÿ âiäñòàíi ìiæ äâîìà âåêòîðàìè îçíàê. Òî÷íiñòü îöiíþâàííÿîïòèìàëüíî¨ âiäñòàíi áóäå âèçíà÷àòèñÿ êiëüêiñòþ òà íàáîðîì îçíàê. Öå ïiäòâåðäæó¹,¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



10 Êàïóñòié Á.Î., �óñèí Á.Ï., Òàÿíîâ Â.À.íàïðèêëàä, ïîðiâíÿííÿ ðåçóëüòàòiâ íåïàðàìåòðè÷íîãî îöiíþâàííÿ ãóñòèíè ðîçïîäi-ëó íà îñíîâi êëàñè÷íîãî ìåòîäó âiêíà Ïàðçåíà òà ìåòîäó îïîðíèõ âåêòîðiâ Â. Âàï-íiêà [8, 9℄, â ÿêîìó âèêîðèñòîâó¹òüñÿ ïðîöåäóðà îïòèìiçàöi¨ øëÿõîì ðîçâ'ÿçêó çàäà÷iêâàäðàòè÷íîãî ïðîãðàìóâàííÿ. Õî÷ íåïàðàìåòðè÷íå îöiíþâàííÿ âiäáóâà¹òüñÿ çà äî-ïîìîãîþ ëèøå íåâåëèêî¨ ÷àñòèíè îïîðíèõ âåêòîðiâ, îäíàê ðåçóëüòàòè îöiíþâàííÿ ¹áiëüø òî÷íèìè âiä ìåòîäó Ïàðçåíà. Çâiäñè âèïëèâà¹, ùî âèêîðèñòàííÿ ïîðîãîâèõi ìåòðè÷íèõ êëàñè�iêàòîðiâ ¹ àáñîëþòíî åêâiâàëåíòíèì, à çàäà÷à ïîëÿãà¹ ëèøå óçíàõîäæåííi âiäïîâiäíèõ ïàðàìåòðiâ, ùî ìàêñèìiçóþòü (ìiíiìiçóþòü) òîé ÷è iíøèé�óíêöiîíàë øòðà�ó çà ïîìèëêó êëàñè�iêàöi¨.2.2. Àíàëiç ïðîöåñó êëàñè�iêàöi¨ ïðè âèêîðèñòàííi ìåòðè÷íèõ êëàñè�iêà-òîðiâ. Ïiä ìåòðè÷íèì êëàñè�iêàòîðîì ðîçóìiþòü âiäîáðàæåííÿ âèäóa(u;X`) = argmaxy2Y X̀i=1 [yi;u = y℄w(i; u)| {z }�y(u;X`) :Äiÿ òàêîãî êëàñè�iêàòîðà ïðîÿâëÿ¹òüñÿ â òîìó, ùî ðiøåííÿ ïðî êëàñ ïðèéìà¹òü-ñÿ íà îñíîâi ìàêñèìàëüíî¨ ñóìàðíî¨ âàãè �y(u) � �y(u;X`). Ùå îäíîþ ïåðåâàãîþìåòðè÷íèõ êëàñè�iêàòîðiâ, êðiì ¨õ ïðîñòîòè, ¹ òå, ùî ðiøåííÿ, ïðèéíÿòå öèìè êëà-ñè�iêàòîðàìè, íå çàëåæèòü âiä ïîðîãó. �àçîì ç òèì ìåòðè÷íi êëàñè�iêàòîðè ìàþòüäîñòàòíþ êiëüêiñòü ñòóïåíiâ ñâîáîäè äëÿ ¨õ íàëàøòóâàííÿ i ¹, ÿê ïðàâèëî, áiëüøñòiéêèìè äî âïëèâó çîâíiøíiõ �àêòîðiâ, íiæ ïîðîãîâi êëàñè�iêàòîðè, çà ðàõóíîê ¨õiíòåãðàëüíîãî õàðàêòåðó. Ñåðåä ìåòðè÷íèõ êëàñè�iêàòîðiâ çà ñòóïåíåì çáiëüøåííÿñêëàäíîñòi ìîæíà âèäiëèòè íàñòóïíi:� w(i; u) = [i = 1℄ � àëãîðèòì íàéáëèæ÷îãî ñóñiäà;� w(i; u) = [i � k℄ � àëãîðèòì k íàéáëèæ÷èõ ñóñiäiâ;� w(i; u) = [i � k℄qi � çâàæåíèé àëãîðèòì k íàéáëèæ÷èõ ñóñiäiâ;� w(i; u) = K��(u;xi;u)h � � ïàðçåíîâñüêå âiêíî �iêñîâàíî¨ øèðèíè;� w(i; u) = K� �(u;xi;u)�(u;xk+1;u)� � ïàðçåíîâñüêå âiêíî çìiííî¨ øèðèíè;� ìåòîä ïîòåíöiéíèõ �óíêöié.Ó âèïàäêó àëãîðèòìó íàéáëèæ÷îãî ñóñiäà k = 1. Äëÿ àëãîðèòìó k íàéáëèæ÷èõñóñiäiâ âàãè ðiâíi 1. Äëÿ âèïàäêó çâàæåíîãî àëãîðèòìó k íàéáëèæ÷èõ ñóñiäiâ ÷èìäàëi îá'¹êò çíàõîäèòüñÿ âiä ïî÷àòêó ñïèñêó ìîæëèâèõ ïðåòåíäåíòiâ, òèì ìåíøà éîãîâàãà. Ïîñòà¹ ïèòàííÿ ïðî âiäíîøåííÿ ìiæ âàãàìè äâîõ ñóñiäíiõ îá'¹êòiâ ( wiwi+1 ) ó ñïèñ-êó ìîæëèâèõ ïðåòåíäåíòiâ. Ïîêàæåìî, ùî âîíî ïîâèííî áóòè â ìåæàõ 1 � wiwi+1 � 2.Ïðè wiwi+1 = 1 ìà¹ìî çâè÷àéíèé kNN àëãîðèòì, ïðè 1 < wiwi+1 < 2 � çâàæåíèé kNNàëãîðèòì, à ïðè wiwi+1 � 2 � àëãîðèòì íàéáëèæ÷îãî ñóñiäà àáî 1NN. ßêùî âàãàîá'¹êòà ïðîïîðöiéíà äî éìîâiðíîñòi éîãî íåçàìiùåííÿ â ñïèñêó ìîæëèâèõ ïðåòåí-äåíòiâ îá'¹êòàìè iíøèõ êëàñiâ, òî âiäáóâà¹òüñÿ ïî¹äíàííÿ ðàíãîâîãî ãîëîñóâàííÿ òà¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöiíêà å�åêòèâíîñòi ìîäåëi íàâ÷àííÿ òà ÿêîñòi ðîáîòè ìåòðè÷íèõ . . . 11ìåòîäó Ïàðçåíà, ùî â ðåçóëüòàòi ïðåäñòàâëÿ¹òüñÿ ÿê âiêîííèé ìåòîä Ïàðçåíà. Îñíîâ-íà iäåÿ ìåòîäó âiêíà Ïàðçåíà ïîëÿãà¹ â òîìó, ùî âàãà îá'¹êòà çàäà¹òüñÿ íå éîãî ðàí-ãîì, à íà îñíîâi �óíêöi¨ âiäñòàíi i îá÷èñëþ¹òüñÿ çà äîïîìîãîþ ÿäåðíèõ �óíêöié içïîñòiéíèì àáî çìiííèì âiêíîì hi, à öåíòð ÿäðà çíàõîäèòüñÿ â ñàìîìó êëàñè�iêî-âàíîìó îá'¹êòi. Îñêiëüêè ó ìåòîäi Ïàðçåíà âàãè îá'¹êòiâ âèçíà÷àþòüñÿ íå ðàíãîì,à âiäñòàíÿìè êëàñè�iêîâàíîãî îá'¹êòà âiä íàâ÷àþ÷èõ, òî âiäíîñíà âiäñòàíü, îöiíåíàçà ïàðàìåòðîì ẑ, òà �óíêöiÿ ðîçïîäiëó éìîâiðíîñòåé P (ẑ), ìiæ ÿêèìè ¹ îäíîçíà÷íàâiäïîâiäíiñòü, ïîâíiñòþ âèçíà÷àþòü äàíèé àëãîðèòì. ßêùî âèêîðèñòîâóâàòè â ÿêîñòiÿäðà ðàäiàëüíó áàçèñíó �óíêöiþ, òî äèñïåðñiÿ íîðìàëüíîãî ðîçïîäiëó âiäñòàíåé âiäi-ãðà¹ ðîëü âiêíà hi ó êëàñè÷íîìó ìåòîäi Ïàðçåíà. Ïåðåâàãà òàêîãî ïiäõîäó ïîðiâíÿíîç êëàñè÷íèì ïîëÿãà¹ â òîìó, ùî ðîçìið âiêíà àâòîìàòè÷íî çàäà¹òüñÿ ñêëàäîì íàâ÷à-þ÷î¨ âèáiðêè i ¾çàøèòèé¿ ó ïàðàìåòði ẑ, à òàêîæ �óíêöi¨ P (ẑ). Ìåòîä ïîòåíöiéíèõ�óíêöié ¹ ìîäè�iêàöi¹þ àëãîðèòìó Ïàðçåíà, îñíîâíà âiäìiííiñòü ÿêîãî ïîëÿãà¹ âòîìó, ùî öåíòð ÿäðà çíàõîäèòüñÿ íå â êëàñè�iêîâàíîìó îá'¹êòi, à â íàâ÷àþ÷èõ, òîá-òî âèêîðèñòîâó¹òüñÿ íàáið ÿäåð ç ðiçíèìè ðîçìiðàìè âiêîí hi. Ïåðåäáà÷à¹òüñÿ, ùîÿäðà â îáîõ ìåòîäàõ ¹ �iíiòíi, îñêiëüêè â ïðîòèëåæíîìó âèïàäêó äëÿ êëàñè�iêàöi¨îá'¹êòà äîâåäåòüñÿ âèêîðèñòîâóâàòè âñþ íàâ÷àþ÷ó âèáiðêó. Îñêiëüêè ðîçïîäië âiä-ñòàíåé ìiæ êëàñè�iêîâàíèì îá'¹êòîì i íàâ÷àþ÷èìè â ñèëó îïòèìàëüíîñòi ïîâèíåíáóòè íîðìàëüíèì [6℄), òî îáèäâà ïiäõîäè (êëàñè÷íèé òà éìîâiðíiñíî-êîìáiíàòîðíèé)¹ àáñîëþòíî åêâiâàëåíòíi ùîäî çàäà÷i êëàñè�iêàöi¨. Ïðèíöèïîâà âiäìiííiñòü ïîëÿ-ãà¹ â òîìó, ùî ïàðàìåòðè ÿäåð ó éìîâiðíiñíî-êîìáiíàòîðíîìó ïiäõîäi âèçíà÷àþòüñÿíà îñíîâi íàâ÷àþ÷î¨ âèáiðêè, à òàêîæ ¹ �óíêöiÿìè ïðîöåñó âiäáîðó îçíàê, ñïîñîáóîá÷èñëåííÿ âiäñòàíåé òîùî.3. Ñóòü iìîâiðíiñíî-êîìáiíàòîðíîãî ïiäõîäóÎñíîâíà ìåòà ïî¹äíàííÿ äâîõ ïiäõîäiâ ïîëÿãà¹ â òîìó, ùîá äîñÿãíóòè áiëüøî¨òî÷íîñòi òà êîðåêòíîñòi ó ïîáóäîâi îöiíîê éìîâiðíîñòi ðîçïiçíàâàííÿ ïðè çìåíøåííiðîçìiðó íàâ÷àþ÷èõ äàíèõ. Îöiíêè éìîâiðíîñòi ïðàâèëüíîãî ðîçïiçíàâàííÿ äëÿ ìàëèõâèáiðîê ðîçãëÿíóòi â [2℄.Ïðåäñòàâèìî ðåçóëüòàòè ðîçïiçíàâàííÿ ó âèãëÿäi äâiéêîâî¨ ïîñëiäîâíîñòi ïîñîð-òîâàíèõ çà ìiíiìóìîì âiäñòàíi îá'¹êòiâ, äå 1 ñòàâèòüñÿ ó âiäïîâiäíiñòü ¾ñâî¨ì¿ îáðà-çàì, à 0 � ¾÷óæèì¿. Ïðèêëàä òàêî¨ ïîñëiäîâíîñòi ïîêàçàíèé íà ðèñ. 1.1111|{z}l1 000|{z}m1 111|{z}l2 00|{z}m2 1111|{z}l3 000|{z}m3 111|{z}l4 : : : 000|{z}ln : : : 111|{z}mn| {z }fl;mg : : :
�èñ. 1. �åçóëüòàòè ðîçïiçíàâàííÿ ó âèãëÿäi äâiéêîâî¨ ïîñëiäîâíîñòi(kNN àëãîðèòì) ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



12 Êàïóñòié Á.Î., �óñèí Á.Ï., Òàÿíîâ Â.À.�îçãëÿíåìî âèïàäîê ENT (k2 ) + 1 � s�. Âèçíà÷èìî éìîâiðíîñòi òîãî, ùî ñåðåäïîñëiäîâíîñòi îáðàçiâ ¾ñâîãî¿ êëàñó çàäàíî¨ äîâæèíè s áóäóòü âèáðàíi êîìáiíàòîð-íèì ñïîñîáîì s� îáðàçiâ. Òàêi éìîâiðíîñòi íîñÿòü äîâið÷èé õàðàêòåð i õàðàêòåðèçó-þòü ñòóïiíü íàêðèòòÿ íåñòèñíóòîãî êëàñó ïîñëiäîâíiñòþ ç jSi `ij îáðàçiâ, ñåðåä ÿêèõâèáèðà¹òüñÿ s�. Êðiì íèõ, çíàéäåìî òàêîæ iìîâiðíîñòi òîãî, ùî íå áóäóòü âèáðàíiâiäïîâiäíèì ñïîñîáîì ïåâíi îáðàçè ç ¾÷óæèõ¿ êëàñiâ. Éìîâiðíiñòü êîðåêòíî¨ ðîáîòèkNN êëàñè�iêàòîðà ¹ äîáóòêîì öèõ iìîâiðíîñòåé. Âèçíà÷èìî éìîâiðíiñòü ïîìèëêîâî¨êëàñè�iêàöi¨, îáóìîâëåíî¨ îáðàçàìè ç ¾÷óæèõ¿ êëàñiâ:qj = 1Cs�s s�Xj=ENT ( k2 )+1CjjSi;j mi+j�1jCs��js�jSi;j mi+j�1j; j[i;j mi+j�1j > ENT (k2) + 1: (5)Îá÷èñëèìî äîâið÷ó éìîâiðíiñòü äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ç îáðàçiâ ¾ñâîãî¿êëàñó: P(qj) = 1Cs�s s�Xj=ENT ( k2 )+1CjjSi `ijCs��js�jSi `ij: (6)Éìîâiðíiñòü ïðàâèëüíîãî ðîçïiçíàâàííÿ ïðè çàñòîñóâàííi kNN êëàñè�iêàòîðàâèçíà÷à¹òüñÿ äîáóòêîì iìîâiðíîñòi (6) òà äîïîâíåííÿ äî éìîâiðíîñòi (5):Pj = P (qj)(1� qj) = 1Cs�s s�Xj=ENT ( k2 )+1CjjSi `ijCs��js�jSi `ij�� 1(Cs�s )2� s�Xj=ENT ( k2 )+1CjjSi `ijCs��js�jSi `ij�� s�Xj=ENT ( k2 )+1CjjSi;j mi+j�1jCs��js�jSi;j mi+j�1j�: (7)�îëü iìîâiðíiñíî¨ ÷àñòèíè â iìîâiðíiñíî-êîìáiíàòîðíîìó ïiäõîäi ïîëÿãà¹ ó òîìó,ùî íåîáõiäíî îá÷èñëèòè éìîâiðíiñòü iñíóâàííÿ îäíîðiäíèõ ïîñëiäîâíîñòåé âèäó f0gàáî f1g. Îá÷èñëåííÿ éìîâiðíîñòi iñíóâàííÿ ïîñëiäîâíîñòåé çìiøàíîãî òèïó íå ìà¹ñåíñó, îñêiëüêè äëÿ âåëèêèõ ðîçìiðiâ ïîñëiäîâíîñòåé âîíà îáåðíåíîïðîïîðöiéíà äîâåëè÷èíè 2j`+mj, äå j `+m j � ðîçìið ïîñëiäîâíîñòi. Éìîâiðíiñòü iñíóâàííÿ îäíîðiäíî¨ïîñëiäîâíîñòi ç îáðàçiâ ¾ñâîãî¿ êëàñó f1g îá÷èñëþ¹òüñÿ íà îñíîâi éìîâiðíîñòi çàìi-ùåííÿ îñòàííüîãî îáðàçà ¾ñâîãî¿ êëàñó ó öié ïîñëiäîâíîñòi. Öå îçíà÷à¹, ùî ðîçìiðîäíîðiäíî¨ ïîñëiäîâíîñòi âêàçàíîãî âèäó âèçíà÷à¹òüñÿ íàéáiëüø ¾ñëàáêèì¿ îáðàçîì.Îòæå, ïîòðiáíî îá÷èñëèòè éìîâiðíiñòü iñíóâàííÿ çàäàíîãî ðîçìiðó ïîñëiäîâíîñòi îá-ðàçiâ ¾ñâîãî¿ êëàñó àáî äëÿ çàäàíîãî ðiâíÿ éìîâiðíîñòi îá÷èñëèòè ìàêñèìàëüíèéðîçìið ïîñëiäîâíîñòi, ÿêèé çàáåçïå÷èòü öþ éìîâiðíiñòü. Äëÿ äâiéêîâî¨ ïîñëiäîâíî-ñòi ñóìà âàã ìîëîäøèõ ðîçðÿäiâ çàâæäè íà 1 ìåíøà âiä âàãè íàñòóïíîãî ñòàðøîãîðîçðÿäó, òîáòî çàìiùåííÿ äîâiëüíîãî îáðàçà ¾ñâîãî¿ êëàñó ó ñïèñêó åêâiâàëåíòíå ïî-÷åðãîâîìó çàìiùåííþ âñiõ ïîïåðåäíiõ. Ìiíiìàëüíèé öiëèé ïîðÿäîê ñèñòåìè ÷èñëåí-íÿ, ùî âîëîäi¹ öi¹þ âëàñòèâiñòþ, ðiâíèé 2. Îòæå, ïîòðiáíî îá÷èñëèòè âàãè ïîëîæåíü¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöiíêà å�åêòèâíîñòi ìîäåëi íàâ÷àííÿ òà ÿêîñòi ðîáîòè ìåòðè÷íèõ . . . 13îáðàçiâ ¾ñâîãî¿ êëàñó i ïîðiâíÿòè ¨õ ç äâiéêîâèìè ðîçðÿäàìè. Òàêå ïðåäñòàâëåí-íÿ äîçâîëÿ¹ ñïðîñòèòè îá÷èñëåííÿ éìîâiðíîñòi çàìiùåííÿ â ïîñëiäîâíîñòi îáðàçiâ çi¾ñâîãî¿ êëàñó îáðàçàìè ç ¾÷óæèõ¿ êëàñiâ. Ç iíøîãî áîêó, äîâiëüíi âàãè ìîæíà âèðà-çèòè ÷åðåç ïîêàçíèê ñòóïåíÿ 2, ùî òàêîæ ñïðîùó¹ ïðåäñòàâëåííÿ òà îá÷èñëåííÿ öèõiìîâiðíîñòåé. Òàêèì ÷èíîì, éìîâiðíiñòü iñíóâàííÿ îäíîðiäíî¨ ïîñëiäîâíîñòi ç îáðàçiâ¾ñâîãî¿ êëàñó îá÷èñëþ¹òüñÿ íà îñíîâi ðîçïîäiëó âiäñòàíåé i ¹ �óíêöi¹þ âiä ïàðàìåò-ðiâ àëãîðèòìó ðîçïiçíàâàííÿ. Ïðèéìà¹òüñÿ òàêà ïîñëiäîâíiñòü, äëÿ ÿêî¨ éìîâiðíiñòüiñíóâàííÿ ¹ äîñòàòíüîþ.Âiäòàê çàñòîñîâó¹òüñÿ êîìáiíàòîðíà ÷àñòèíà ïiäõîäó, ÿêà äîçâîëÿ¹ îá÷èñëèòèñòóïiíü âïëèâó ïîíèæåííÿ ðîçìiðó êëàñiâ íà éìîâiðíiñòü ïðàâèëüíîãî ðîçïiçíàâàí-íÿ. Îñêiëüêè éìîâiðíiñíà ÷àñòèíà ïiäõîäó âèçíà÷à¹òüñÿ ïàðàìåòðàìè àëãîðèòìó ðîç-ïiçíàâàííÿ, òî ïî¹äíàííÿ éìîâiðíiñíî¨ òà êîìáiíàòîðíî¨ ÷àñòèí äîçâîëÿ¹ áiëüø òî÷íîîïèñàòè å�åêò âiä çìåíøåííÿ êiëüêîñòi íàâ÷àþ÷èõ äàíèõ.Íàïðèêiíöi ðîçãëÿíåìî ïîêðîêîâî ïðèêëàä øâèäêîãî îá÷èñëåííÿ éìîâiðíîñòiçàìiùåííÿ ¾ñâîãî¿ îáðàçó ç ïîñëiäîâíîñòi, äå ñïiââiäíîøåííÿ ìiæ âàãàìè îá'¹êòiâ¹ öiëèé ñòóïiíü ÷èñëà 2. Íåõàé, íàïðèêëàä, âàãè çàäàþòüñÿ íàñòóïíèì ÷èíîì:w = f29; 26; 24; 23; 22; 21; 20g. ßê âiäîìî, éìîâiðíiñòü çàìiùåííÿ ¾ñâîãî¿ îá'¹êòà ç ïî-ñëiäîâíîñòi ¾÷óæèì¿ îá'¹êòîì, êîëè âiäîìî, ùî çàìiùåííÿ âiäáóëîñÿ, îáåðíåíîïðî-ïîðöiéíà äî âàãè îá'¹êòà ¾ñâîãî¿ êëàñó. Çíàéäåìî éìîâiðíiñòü çàìiùåííÿ îá'¹êòàç âàãîþ 29 ïîðiâíÿíî iç îá'¹êòîì ç âàãîþ 26. Îñêiëüêè íåâiäîìî, çàìiùåííÿ ÿêîãîîá'¹êòà âiäáóëîñÿ, òî ñóìàðíà âàãà òîãî, ùî öå íå áóäóòü îá'¹êòè ç âàãîþ 26 i íèæ÷å,äîðiâíþâàòèìå: 26 + 24 + 23 + 22 + 21 + 20. Ó äîëÿõ âàãè 26 öå ç òî÷íiñòþ äî 1 ðiâíå26 � (1 + 0:5) = 1:5 � 26. Ó âèïàäêó âåëèêèõ ïîñëiäîâíîñòåé öÿ 1 ìàëî âïëèâà¹ íà òî÷-íiñòü. Ñïiââiäíîøåííÿ ìiæ 29 òà 26 ðiâíå 8. Ó âèïàäêó ïîâíî¨ ãðóïè ïîäié îòðèìà¹ìî8�+ 1:5� = 1, çâiäêè êîå�iöi¹íò ïðîïîðöiéíîñòi � ïðèáëèçíî ðiâíèé 0.11. Òàêèì ÷è-íîì, éìîâiðíiñòü íåçàìiùåííÿ îá'¹êòà ç âàãîþ 29 ðiâíà 8 � 0:11 = 0:88, à îá'¹êòà çâàãîþ 26 � âiäïîâiäíî 1� 0:88 = 0:12. Îñêiëüêè ó íàøîìó âèïàäêó òî÷íî âiäîìî, ùîçàìiùåííÿ âiäáóëîñÿ, à îñòàííié îá'¹êò ìà¹ âàãó 1, òî ïîïðàâêà íà òî÷íiñòü, ðiâíà 1,âíîñèòü ïîòðiáíó êîðåêöiþ.Îñêiëüêè òàêèé ïàðàìåòð, ÿê êiëüêiñòü íàéáëèæ÷èõ ñóñiäiâ, âèçíà÷à¹ íàäiéíiñòüðîáîòè kNN ìåòðè÷íèõ êëàñè�iêàòîðiâ ÿê â iìîâiðíiñíié ÷àñòèíi çàïðîïîíîâàíîãîïiäõîäó, òàê i â êîìáiíàòîðíié, òî âií äà¹ ìîæëèâiñòü âèçíà÷èòè ðiçíèöþ ìiæ ðiçíè-ìè àëãîðèòìàìè ðîçïiçíàâàííÿ íà îñíîâi ìåòîäó kNN. Öÿ ðiçíèöÿ ìà¹ éìîâiðíiñíèéõàðàêòåð i, ÿê î÷iêó¹òüñÿ, íåñå áiëüøå ií�îðìàöi¨ äëÿ ïðîãíîçóâàííÿ å�åêòó ïåðå-íàâ÷àííÿ, íiæ âiäîìi ïiäõîäè [1℄. ÂèñíîâêèÍà îñíîâi ïðîâåäåíèõ äîñëiäæåíü âñòàíîâëåíî, ùî ïî¹äíàííÿ éìîâiðíiñíîãî òàêîìáiíàòîðíîãî ïiäõîäiâ äà¹ ìîæëèâiñòü îòðèìàòè áiëüø êîðåêòíi îöiíêè éìîâiðíîñòiïðàâèëüíîãî ðîçïiçíàâàííÿ çà ëîãiêîþ ¨õ ïîáóäîâè ïðè ñêîðî÷åííi ðîçìiðó íàâ÷àþ÷î¨âèáiðêè, íiæ âèêîðèñòàííÿ ëèøå êîìáiíàòîðíîãî ïiäõîäó.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009
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eptable zeroestimator are o�ered and proved. Bibl. 7.Ïðè èñïûòàíèÿõ îäíîãî èçäåëèÿ ïðîèçîø¼ë îäèí îòêàç.Êàêîâà âåðîÿòíîñòü áåçîòêàçíîé ðàáîòû èçäåëèÿ?Çàíàó÷íûé þìîð. Ì.: ÌÔÒÈ, 2000.Ââåäåíèå. Ïîñòàíîâêà ïðîáëåìû�àññìàòðèâàåòñÿ îöåíèâàíèå íåñëó÷àéíîé, íî íåèçâåñòíîé âåðîÿòíîñòè p îñó-ùåñòâëåíèÿ íåêîòîðîãî ñëó÷àéíîãî ñîáûòèÿ X â åäèíè÷íîì èñïûòàíèè. Â n > 0èñïûòàíèÿõ ïî ñõåìå Áåðíóëëè ñëó÷àéíàÿ âåëè÷èíà ÷èñëà óñïåõîâm 2 f 0; 1; : : : ; n gèìååò áèíîìèàëüíîå ðàñïðåäåëåíèå Bim(n; p) = �nm�pm(1� p)n�m, p 2 �,ãäå � = (0; 1) � ïðîñòðàíñòâî èçìåíåíèÿ ïàðàìåòðà p (â äàííîì ñëó÷àå � îòêðûòûéîäíîìåðíûé èíòåðâàë).Òî÷å÷íàÿ îöåíêà bpml ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ âåëè÷èíû p äà¼òñÿ ýëåìåí-òàðíîé �îðìóëîé bpml = argmaxp2� L(p; x) = 1n nXi=1 xi = mn : (1)Çäåñü�: L(p; x) = pm(1 � p)n�m � �óíêöèÿ ïðàâäîïîäîáèÿ âåëè÷èíû p äëÿ áèíîìè-àëüíîé ñòàòèñòè÷åñêîé ìîäåëè;�: x = (x1; : : : ; xn) � âûáîðêà, ïîëó÷åííàÿ â ðåçóëüòàòå ïðîâåäåíèÿ n ýëåìåíòàð-íûõ ýêñïåðèìåíòîâ ïî íàáëþäåíèþ ñîáûòèÿ X, xi 2 f0; 1g; i = 1; n, ïðè÷¼ì âx èìååòñÿ m çíà÷åíèé 1 è n�m çíà÷åíèé 0;�: � = [0; 1℄ � çàìûêàíèå ìíîæåñòâà �.Äàííàÿ îöåíêà ÿâëÿåòñÿ ÿâëÿåòñÿ íåñìåùåííîé, ý��åêòèâíîé è ñîñòîÿòåëüíîé.Íåñìåùåííàÿ �óíêöèÿ îöåíêè å¼ äèñïåðñèè åñòüm (n�m)n3 : (2)



16 �óðîâ Ñ.È.Ïðè m = 0 ãîâîðÿò, ÷òî èìååò ìåñòî 0-ñîáûòèå. Â òîì ñëó÷àå �îðìóëà (1) äà¼òíóëåâóþ òî÷å÷íóþ îöåíêó âåðîÿòíîñòè íàáëþäåíèÿ X, à �îðìóëà (2) � íóëåâîå îöå-íî÷íîå çíà÷åíèå å¼ äèñïåðñèè. Âñ¼ ýòî ïðèâîäèò ê òîìó, ÷òî íà ïðàêòèêå îöåíêà bp = 0÷àñòî íåïðèåìëåìà. Â ýòîì è ñîñòîèò îñíîâíàÿ ïðîáëåìà îöåíêè âåðîÿòíîñòè íåêî-òîðîãî íè ðàçó íå íàáëþä¼ííîãî ñîáûòèÿ. Àâòîðó íåèçâåñòíû ïóáëèêàöèè ïî äàííîéïðîáëåìå.Öåëüþ ðàáîòû ÿâëÿåòñÿ ïðåäëîæåíèå è îáîñíîâàíèå íåíóëåâîé òî÷å÷íîé îöåíêèíåêîòîðîãî ñëó÷àéíîãî ñîáûòèÿ ïðè îñóùåñòâëåíèè 0-ñîáûòèÿ.1. Äîâåðèòåëüíîå îöåíèâàíèå×àñòîòíûé ïîäõîä. Â ñëó÷àå 0-ñîáûòèÿ êëàññè÷åñêèå ìåòîäû ÷àñòîòíîãî ïîäõî-äà ê ðåøåíèþ çàäà÷ ìàòåìàòè÷åñêîé ñòàòèñòèêè [1, 5℄ îïðåäåëÿþò íèæíþþ ãðàíè-öó p�(n) äîâåðèòåëüíîãî èíòåðâàëà ïðè êîý��èöèåíòå äîâåðèÿ � êàê íóëåâóþ, àâåðõíþþ p+(n) � êàê ðåøåíèå (îòíîñèòåëüíî x) óðàâíåíèÿIx(1; n) = � :Çäåñü Ix(�; �) � îòíîøåíèå íåïîëíîé B(áåòòà)-�óíêöèè ê ïîëíîé B-�óíêöèè ñ ñî-îòâåòñòâóþùèìè ïàðàìåòðàìè. Äëÿ ïðàêòè÷åñêèõ öåëåé îáû÷íî äîñòàòî÷íî ñ÷è-òàòü � = 0:95 èëè � = 0:99. Òàêèì îáðàçîì, èìååìIx(1; n) = n xZ0 (1� t)n�1dt = 1� (1� x)n = � ;îòêóäà p+(n) = 1� np1� � :Òàê, ïðè � = 0:95 ïîëó÷àåì p+(10) = 0; 2589 è p+(100) = 0; 02951. Äëÿ n > 50 ìîæíîñ÷èòàòü p+(n) � 3=n.Èñïîëüçîâàíèå p+(n) â êà÷åñòâå òî÷å÷íîé îöåíêè p, êàê ïðàâèëî, ÿâëÿåòñÿíåîïðàâäàííûì, äàþùèì ñëèøêîì çàâûøåííîå çíà÷åíèå âåðîÿòíîñòè: ñ äîñòîâåð-íîñòüþ � áóäåì èìåòü p 6 p+. Îäíàêî îò òî÷å÷íîé îöåíêè íå òðåáóåòñÿ, ÷òîáû îò-êëîíåíèå å¼ çíà÷åíèÿ îò èñòèííîãî áûëî îäíîñòîðîííèì ïî÷òè âñåãäà.Áåéåñîâñêèé ïîäõîä. Ïðè èñïîëüçîâàíèÿ áåéåñîâñêîãî ïîäõîäà ê ðåøåíèþ ñòàòè-ñòè÷åñêèõ çàäà÷ âñòà¼ò âîïðîñ î êîíêðåòèçàöèè àïðèîðíîãî ðàñïðåäåëåíèÿ.Áóäåì ðàññìàòðèâàòü íàèáîëåå èíòåðåñíóþ ñèòóàöèþ îòñóòñòâèÿ ðåçóëüòàòîâàíàëîãè÷íûõ ýêñïåðèìåíòîâ, ïðîâîäèìûõ ðàíåå, ò.å. êîãäà èñïîëüçîâàíèå òîãî èëèèíîãî ìåòîäà âîññòàíîâëåíèÿ àïðèîðíîãî ðàñïðåäåëåíèÿ (ýìïèðè÷åñêèé áåéåñîâñêèéïîäõîä) íåâîçìîæíî. Â ýòèõ ñëó÷àÿõ îáû÷íî ïðèáåãàþò ê çàêîíó íåäîñòàòî÷íîãî1êàê îáû÷íî, çíà÷åíèÿ ïðèâîäÿòñÿ ñ òî÷íîñòüþ äî ïîñëåäíåãî çíàêà¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêà âåðîÿòíîñòè íè ðàçó íå íàáëþä¼ííîãî ñîáûòèÿ 17îñíîâàíèÿ Ëàïëàñà, êîòîðûé óñòàíàâëèâàåò, ÷òî åñëè íè÷åãî íå èçâåñòíî î ïàðàìåò-ðå è îí èçìåíÿåòñÿ íà êîíå÷íîì èíòåðâàëå, òî â êà÷åñòâå àïðèîðíîãî ðàñïðåäåëå-íèÿ ïðèíèìàþò ðàâíîìåðíîå. �àâíîìåðíîå àïðèîðíîå ðàñïðåäåëåíèå ïðåäñòàâèì Â-ðàñïðåäåëåíèåì Bep(a; b) = �(a+ b)�(a)�(b) pa�1(1� p)b�1 (3)ñ ïàðàìåòðàìè a = b = 1 (�(�) � ãàììà-�óíêöèÿ). Ïëîòíîñòü âåðîÿòíîñòè àïîñòåðè-îðíîãî ðàñïðåäåëåíèÿ áóäåò ðàâíÿòüñÿ Bep(1; n+ 1) = (n+1)(1� p)n, åãî ìàòåìàòè-÷åñêîå îæèäàíèå � = 1=(n+ 2), à ìåäèàíà � med = 1� 1= np2.Áåéåñîâñêóþ òî÷å÷íóþ îöåíêó îïðåäåëÿåìîé âåëè÷èíû îáû÷íî ïîëàãàþò ðàâ-íîé ìàòåìàòè÷åñêîìó îæèäàíèþ èëè ìåäèàíå àïîñòåðèîðíîãî ðàñïðåäåëåíèÿ, êàêäîñòàâëÿþùèå ìèíèìóìû ñðåäíåêâàäðàòè÷åñêèõ ïîòåðü è ñðåäíåãî îòêëîíåíèÿ ñî-îòâåòñòâåííî. Òàêèì îáðàçîì, èìååì äâå îöåíêèbpB�(n) = 1n+ 2 è bpBmed(n) = 1� np0:5 :Ïîñêîëüêó 1 � np0:5 ! ln 2=n ïðè n ! 1, òî bpBmed(n) ' 1=(1; 443n). Îòìåòèì, ÷òîîöåíêà ïî ìåäèàíå èìååò á�îëüøóþ ïðàêòè÷åñêóþ öåííîñòü, êàê áîëåå ðîáàñòíàÿ [7℄.Â ëþáîì ñëó÷àå ÿñíî, ÷òî îáå äàííûå îöåíêè ÿâëÿþòñÿ çàâûøåííûìè, ïîñêîëüêóîñíîâàíû íà ïðåäïîëîæåíèè î ðàâíîìåðíîì àïðèîðíîì ðàñïðåäåëåíèè p íà èíòåðâà-ëå [0; 1℄, ÷òî ìàëî ñîãëàñóåòñÿ ñ �àêòîì 0-ñîáûòèÿ ïðè íå ñëèøêîì ìàëûõ n.2. Îöåíêà bp00-ñîáûòèå èìååò ìåñòî, êîäà â ðåçóëüòàòå ïðîâåäåíèÿ n ýëåìåíòàðíûõ ýêñïåðè-ìåíòîâ ïî íàáëþäåíèþ ñîáûòèÿ X ïîëó÷àþò âûáîðêó x0 = (0; : : : ; 0) äëèíû n > 1.Ñ÷èòàåì, ÷òî ëþáàÿ äðóãàÿ èí�îðìàöèÿ î ñîáûòèè X îòñóòñòâóåò è íå ìîæåò áûòüäîïîëíèòåëüíî ïîëó÷åíà.Äàëåå äëÿ îöåíêè âåðîÿòíîñòè p ïîÿâëåíèÿ X â åäèíè÷íîì ýêñïåðèìåíòå áóäåòèñïîëüçîâàòüñÿ ïîíÿòèå êîý��èöèåíòà äîâåðèÿ � 2 (0; 1). Ïóñòü bp � âûáðàííàÿ îöåí-êà âåðîÿòíîñòè p ñîáûòèÿ X, à P (n; bp) � âåðîÿòíîñòü íåêîòîðîãî ñîáûòèÿ, ñâÿçàííîãîñ íàáëþä¼ííûì 0-ñîáûòèåì, è íà îñíîâàíèè êîòîðîãî äåëàþòñÿ òå èëè èíûå âûâîäû,îòíîñèòåëüíî X. Áóäåì ñ÷èòàòü çíà÷åíèå P = P (n; bp) ïðåâîñõîäÿùèì âûáðàííûéêîý��èöèåíò äîâåðèÿ: P > � : (4)Ïðè ýòîì áóäåò èìåòü ìåñòî íåïðèâû÷íàÿ çàâèñèìîñòü P (n; bp) ! 1 ïðè bp ! 0,÷òî ñâÿçàíî ñ íóëåâîé îöåíêîé p ïî (1). Ïîýòîìó çäåñü êîý��èöèåíò äîâåðèÿ (íå áó-äåì ìåíÿòü òåðìèíîëîãèþ) âûðàæàåò íå ñòåïåíü äîñòîâåðíîñòè íåêîòîðîãî ñîáûòèÿ,à ñòåïåíü ¾óñòóïêè¿, íà êîòîðóþ ìû ìîæåì ïîéòè äëÿ ïîëó÷åíèÿ îöåíêè, óêëîíÿþ-ùèéñÿ îò òåîðåòè÷åñêè èñòèííîãî, íî íåïðèåìëåìîãî äëÿ íàñ çíà÷åíèÿ. Â ñèëó ýòîãî,èíòåðåñ áóäåò ïðåäñòàâëÿòü îöåíêà, ìàêñèìàëüíî âîçìîæíàÿ ïðè äàííûõ ïðåäïîëî-æåíèÿõ (íàèáîëåå óäàë¼ííàÿ îò 0).Ïîñòðîèì äâå îöåíêè âåðîÿòíîñòè 0-ñîáûòèÿ, ñâîáîäíûå îò óêàçàííûõ âûøå íåäî-ñòàòêîâ è îñíîâàííûå íà ðàçíûõ èäåÿõ.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



18 �óðîâ Ñ.È.Îöåíêà bp�. Ïðè èñòèííîì çíà÷åíèè îöåíèâàåìîé âåðîÿòíîñòè p âåðîÿòíîñòü P íà-áëþä¼ííîãî 0-ñîáûòèÿ åñòü P = (1� p)n. Ïî (4) ïîëàãàåìP = (1� p)n > � ;îòêóäà p 6 bp� = 1� np� ' ln(1=�)n :Îöåíêà bpr. Ìû áóäåì ãîâîðèòü, ÷òî íåêîòîðîå ñëó÷àéíîå ñîáûòèå X, íàáëþäàåìîåâ åäèíè÷íîì ýêñïåðèìåíòå ïî ñõåìå Áåðíóëëè ñ âåðîÿòíîñòüþ p 2 [0; 1℄, îïðåäåëÿåòñëó÷àéíûé ïðîöåññ Xp ñ äèñêðåòíûì âðåìåíåì, êîòîðûé è ïîðîæäàåò âûáîðêó x0êàê ðåàëèçàöèþ ýòîãî ïðîöåññà.Èäåÿ ïîëó÷åíèÿ îöåíêè bpr(n) ñîñòîèò â çàìåíå ðàññìîòðåíèÿ ðåàëèçàöèè x0 ïðî-öåññà Xp íåêîòîðîé äðóãîé åãî ðåàëèçàöèåé x1, êîòîðàÿ ñîäåðæèò õîòÿ áû îäíî çíà-÷åíèå 1.Ïîñòðîèì òðåáóåìóþ ðåàëèçàöèþ x1. �àññìîòðèì ïðîöåññ Xq îïðåäåëÿåìûé âå-ðîÿòíîñòüþ q íàáëþäåíèÿ ñîáûòèÿ X â åäèíè÷íîì ýêñïåðèìåíòå ïî ñõåìå Áåðíóëëèè x1 � ðåàëèçàöèÿ óêàçàííîãî ïðîöåññà. Ïóñòü îáú¼ì âûáîðêè x1 åñòü N > 1, èçêîòîðûõ M > 1 çíà÷åíèé íóëåâûå. Äàëåå âîñïîëüçóåìñÿ îöåíêîé (1). Îïðåäåëèìäîïóñòèìûå çíà÷åíèÿ M è N èç äîñòîâåðíîñòè ñîâïàäåíèÿ ïàðàìåòðîâ p = q áèíî-ìèàëüíûõ ðàñïðåäåëåíèé íå ìåíåå � è åñòåñòâåííîì òðåáîâàíèè ìèíèìàëüíîñòè N .Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è âîñïîëüçóåìñÿ òî÷íûì êðèòåðèåì Ôèøåðàäëÿ ñðàâíåíèÿ âåðîÿòíîñòåé, ëåæàùèõ â îñíîâå äâóõ áèíîìèàëüíûõ ðàñïðåäåëåíèéïðè ìàëûõ îáú¼ìàõ âûáîðîê [5, ï. 4.6.7℄. Ìåòîä îñíîâàí íà àíàëèçå ò.í. òàáëèö 2� 2.Â íàøåì ñëó÷àå èìååì òàáëèöó 0 n nM N-M NM N-M+n N+nÏðèìåíåíèå äàííîãî êðèòåðèÿ âûçâàíî òåì, ÷òî èñïîëüçîâàíèÿ îáùåãî êðèòåðèÿàíàëèçà 2� 2 òàáëèö âîçìîæíî ëèøü ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ýëåìåíòîâòàáëèöû, ÷òî â íàøåì ñëó÷àå çàâåäîìî íå èìååò ìåñòà, ïîñêîëüêó îäíî èç òàêèõçíà÷åíèé íóëåâîå.Âåðîÿòíîñòü P òîãî, ÷òî òàáëèöà ïîðîæäåíà îäíèì çíà÷åíèåì âåðîÿòíîñòè, áóäåòðàâíàP = n!N !M ! (N �M + n)!(N + n)! � 1n!M ! (N �M)! = N ! (N �M + n)!(N �M)! (N + n)! = �NM��N+nM � :Èçâåñòíà (ñì., íàïðèìåð, [2℄) àñèìïòîòèêà�n�sk ��nk� � expn�s kn � s2k + sk22n2 o ;¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêà âåðîÿòíîñòè íè ðàçó íå íàáëþä¼ííîãî ñîáûòèÿ 19ñïðàâåäëèâàÿ ïðè s+ k = o(n3=4) è n!1. Â íàøåì ñëó÷àå ýòî äà¼òP = �(N+n)�nM ��N+nM � � expn� nMN + n�1 + M + nN + n �oñ ñîõðàíåíèåì óñëîâèÿ ïðåäñòàâëåíèÿ (êàê ëåãêî ïîêàçàòü, äëÿ P ! max äîëæíîâûïîëíÿòüñÿ M2 = o(N) , îòêóäà è n +M = o((N + n)3=2) ïðè N ! 1, n = 
onst).Òîãäà ïî (4) èìååì � nMN + n�1 + M + nN + n � . ln � ;à ïîëàãàÿ ïî (1), ÷òî bpr = MN è ñ÷èòàÿ N � 1, ïîëó÷èìn bpr (1 + bpr) & ln 1� : (5)Îòñþäà, ïðåíåáðåãàÿ âåëè÷èíîé bpr 2, ïîëó÷èì bpr ' ln(1=�)n = bp�.Òàêèì îáðàçîì îáå ïîñòðîåííûå îöåíêè ïðàêòè÷åñêè ñîâïàäàþò. Äàííóþ îöåíêóîáîçíà÷èì bp0: bp0(n) = 1� np� ' ln(1=�)n ' 1� �22 � n ' 1� �� n : (6)Å¼ è ïðåäëàãàåòñÿ ïðèíèìàòü êàê òî÷å÷íóþ îöåíêó âåðîÿòíîñòè 0-ñîáûòèÿ. Ïðèâå-ä¼ííûå àñèìïòîòèêè (ïåðå÷èñëåííûå â ïîðÿäêå ïîíèæåíèÿ òî÷íîñòè ñ çàâûøåíèåìîöåíêè) ñïðàâåäëèâû äëÿ ïðàêòè÷åñêèõ çíà÷åíèé � è íå ñëèøêîì ìàëûõ n.Íåñêîëüêî áîëåå ãðóáûå ðàññóæäåíèÿ, îñíîâàííûå íà �èêñàöèè îïðåäåë¼ííîãîçíà÷åíèÿ N , ïðèâîäÿò, êàê ñëåäñòâèå P ! max, êM = 1 : (7)Òîãäà P = N=(N + n). Ïî (4) èìååìN = � � n1� �� (8)è ïî (1) ñðàçó ïîëó÷àåì p 6 bp = MN = 1� �� n ;÷òî ñîâïàäàåò ñ (6).ßñíî, ÷òî äëÿ ðåàëüíûõ çíà÷åíèé � è n > 3bp0 < bpBmed < bpB� < p+ :¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



20 �óðîâ Ñ.È.3. Èíòåðâàëüíîå ñîãëàñîâàííîå îöåíèâàíèåÏîëó÷åííàÿ òî÷å÷íàÿ îöåíêà bp0 äà¼ò èíòåðâàëüíóþ îöåíêó p íà îñíîâå ïðèíöèïàñîãëàñîâàííîñòè [3, 4℄. Äàííûé ïðèíöèï, îñíîâàííûé íà èäåå Ý. Ëåìàíà [6℄, ïîç-âîëÿåò â ðàìêàõ áåéåñîâñêîãî ïîäõîäà êîíêðåòèçèðîâàòü àïðèîðíîå ðàñïðåäåëåíèåîöåíèâàåìîãî ïàðàìåòðà. Ìåòîä íàïðàâëåí èìåííî íà ìàëûå âåðîÿòíîñòè ñîáûòèé.Ïî ïðèíöèïó ñîãëàñîâàííîñòè àïðèîðíîå ðàñïðåäåëåíèå âûáèðàòüñÿ, â ÷àñòíî-ñòè, èç óñëîâèÿ ñîâïàäåíèÿ áåéåñîâñêîé è ÷àñòîòíîé òî÷å÷íûõ îöåíîê îïðåäåëÿå-ìîãî ïàðàìåòðà. Ïðè ýòîì ïîëó÷àåìîå àïðèîðíîå ðàñïðåäåëåíèå (óêàæåì ÷òî îíîåñòü fa_priori(p) = Bep(1; b), ãäå çíà÷åíèå b, îïðåäåëÿåìîå ïî ïðèíöèïó ñîãëàñîâàí-íîñòè, ñì. íèæå) â áîëüøåé ñòåïåíè, ÷åì ðàâíîìåðíîå ðàñïðåäåëåíèå, ñîãëàñóåòñÿ ñíàáëþä¼ííûì 0-ñîáûòèåì. Äàëåå, ïî ïðèíöèïó ñîãëàñîâàííîñòè, àïîñòåðèîðíîå ðàñ-ïðåäåëåíèå åñòü fa_post(p) = Bep(1; b + n) è âåðõíÿÿ ãðàíèöà p+
 äîâåðèòåëüíîãî èí-òåðâàëà (0; p+
 ) äëÿ îöåíèâàåìîé âåðîÿòíîñòè p, èìåþùåé òî÷å÷íóþ îöåíêó bp, åñòüðåøåíèå óðàâíåíèÿ Ix(1; n+ b� 1) = � :Çäåñü ïàðàìåòð b îïðåäåëÿåòñÿ èç óñëîâèÿ bp = 1=N = 1=(b + n + 1), è, òàêèì îáðà-çîì, b = N � n� 1. Òîãäà óðàâíåíèå äëÿ îïðåäåëåíèÿ x = bp+
 ïðèíèìàåò âèäIx(1; 1=bp� 2) = � èëè Ix(1; N � 2) = � (9)è â ïîñëåäíåì ñëó÷àå çíà÷åíèå N áåð¼òñÿ èç (8).Íàïðèìåð, ïðè � = 0:95 è n = 10 èìååì N = 190, bpr = 0:0053. Óðàâíåíèå (9) êîí-êðåòèçèðóåòñÿ êàê Ix(1; 188) = 0:95, îòêóäà ïî Òàáëèöå 5.2 èç [1℄ ïîëó÷èì bp+
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tions are obtained in the paper. ÂâåäåíèåÏðèìåíåíèå äèçúþíêòèâíûõ íîðìàëüíûõ �îðì (ÄÍÔ) â ðàñïîçíàâàíèè îáðàçîâñâÿçàíî ñ ïîíÿòèåì îòäåëèìîñòè (ñì. [1℄) è ñ èäååé ïîñòðîåíèÿ ïðîñòåéøåãî ëîãè-÷åñêîãî îòäåëèòåëÿ äâóõ ïîäìíîæåñòâ âåðøèí n-ìåðíîãî åäèíè÷íîãî êóáà. Çàäà÷àíàõîæäåíèÿ ïðîñòåéøåãî ëîãè÷åñêîãî îòäåëèòåëÿ ïðåäñòàâëÿåò ñîáîé ïî ñóòè çàäà÷óìèíèìèçàöèè ÄÍÔ ÷àñòè÷íûõ áóëåâûõ �óíêöèé (×ÁÔ). Èññëåäîâàíèå ìåòðè÷åñêèõñâîéñòâ òàêèõ �óíêöèé ïîçâîëÿåò îöåíèòü òðóäîåìêîñòü è êà÷åñòâî ïðîöåäóð ðàñ-ïîçíàâàíèÿ è òåì ñàìûì óñêîðèòü ïîèñê îïòèìàëüíûõ ðåøåíèé. Îáçîðû ïî îöåíêàììåòðè÷åñêèõ ïàðàìåòðîâ äëÿ ïî÷òè âñåõ �óíêöèé àëãåáðû ëîãèêè ìîæíî íàéòè âðàáîòàõ [2, 3, 4℄. Â ñòàòüå [4℄ ïîëó÷åíà íèæíÿÿ îöåíêà ñðåäíåãî çíà÷åíèÿ ñëîæíîñòèòóïèêîâîé ÄÍÔ ÷àñòè÷íîé áóëåâîé �óíêöèè. Â ðàáîòå [5℄ áûëè ðàññìîòðåíû ÷àñòè÷-íûå áóëåâû �óíêöèè f , ïðèíèìàþùèå êàæäîå èç çíà÷åíèé 0; 1;� ñ âåðîÿòíîñòüþ 1=3.Äëÿ òàêèõ �óíêöèé áûëè íàéäåíû âåðõíèå è íèæíèå àñèìïòîòè÷åñêèå îöåíêè ÷èñëàk-ìåðíûõ èíòåðâàëîâ, äëèíû è ñëîæíîñòè êðàò÷àéøèõ è ìèíèìàëüíûõ ä.í.�. Â äàí-íîé ðàáîòå ïîëó÷åí áîëåå îáùèé ðåçóëüòàò â ïðåäïîëîæåíèè, ÷òî ÷àñòè÷íàÿ áóëåâàÿ�óíêöèÿ ïðèíèìàåò çíà÷åíèÿ 0 è 1 ñ âåðîÿòíîñòÿìè p è q ñîîòâåòñòâåííî.1. Âñïîìîãàòåëüíûå ðåçóëüòàòû è îïðåäåëåíèÿÏóñòü A = fa1; : : : ; asg � êîíå÷íîå ìíîæåñòâî, � � �óíêöèÿ, ñòàâÿùàÿ â ñîîòâåò-ñòâèå êàæäîìó a 2 A íåîòðèöàòåëüíîå ÷èñëî �(a). Áóäåì îáîçíà÷àòü ÷åðåç�� = ��(A) = 1sXa2A �(a)ñðåäíåå çíà÷åíèå �óíêöèè � íà ìíîæåñòâå A.Ëåììà 1. Ïóñòü � > 0 è Æ� � äîëÿ òåõ a 2 A, äëÿ êîòîðûõ �(a) � � ��. Òîãäà Æ� � 1� .



22 Ìàõèíà �.À.Äîêàçàòåëüñòâî. �� = 1sXa2A �(a) � 1s Xa : �(a)�� �� �(a) � 1ssÆ�� �� = Æ�� ��;îòêóäà è ïîëó÷àåì óòâåðæäåíèå ëåììû. �Îáîçíà÷èì ÷åðåç �F (v) ÷èñëî ðåáåð èç F , ñîäåðæàùèõ âåðøèíó v.Ëåììà 2. Ïóñòü H = (V; E ) � ãèïåðãðà� ñ n âåðøèíàìè. Ïóñòü F � E , F � m, àY � V � ìíîæåñòâî âñåõ âåðøèí v, äëÿ êîòîðûõ �F (v) � s. Ïóñòü � � 0 òàêîâî,÷òî jY j � (1 � �)n. Òîãäà äëèíà âñÿêîãî ãðàäèåíòíîãî ïîêðûòèÿ ãèïåðãðà�à H íåïðåâîñõîäèò 1 + �n + ms ln nsem :Äîêàçàòåëüñòâî äàííîé ëåììû ìîæíî íàéòè â [3℄.2. Îöåíêè ñðåäíåãî çíà÷åíèÿ è äèñïåðñèè èíòåðâàëîâðàçìåðíîñòè kÏóñòü �óíêöèÿ f : Bn ! f0; 1;�g íà êàæäîì íàáîðå ïðèíèìàåò íåçàâèñèìî åäè-íè÷íîå çíà÷åíèå ñ âåðîÿòíîñòüþ p è íóëåâîå çíà÷åíèå � ñ âåðîÿòíîñòüþ q. Êëàññòàêèõ �óíêöèé îáîçíà÷èì ÷åðåç ePnpq.Èíòåðâàëîì �óíêöèè íàçûâàåòñÿ ãðàíü êóáà, íå ñîäåðæàùàÿ íóëåé, íî ñîäåðæà-ùàÿ ïî êðàéíåé ìåðå îäíó åäèíèöó. Îáîçíà÷èì ÷åðåç ik(f) ÷èñëî èíòåðâàëîâ ðàçìåð-íîñòè k �óíêöèè f , à ÷åðåç �ik =M [ik(f)℄ � ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû ik(f).Óòâåðæäåíèå 1. Ñïðàâåäëèâî ðàâåíñòâî�ik = �nk�2n�k �(1� q)2k � (1� q � p)2k� :Äîêàçàòåëüñòâî. Ïóñòü G nk = nIj; j = 1; �nk�2n�ko � ìíîæåñòâî âñåõ ãðàíåé ðàçìåð-íîñòè k êóáà Bn. Ïóñòü P (I) � âåðîÿòíîñòü òîãî, ÷òî íåêîòîðàÿ ãðàíü I 2 G nk ÿâëÿ-åòñÿ èíòåðâàëîì �óíêöèè f 2 ePn. Èç îïðåäåëåíèÿ èíòåðâàëà ñëåäóåò, ÷òîP (I) = (1� q)2k � (1� q � p)2k :Òàê êàê jG nk j = �nk�2n�k, òî�ik = �nk�2n�k �(1� q)2k � (1� q � p)2k� ;÷òî è òðåáîâàëîñü äîêàçàòü. �¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêè ÷èñëîâûõ ïàðàìåòðîâ â ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõ áóëåâûõ �óíêöèé 23Óòâåðæäåíèå 2. Ïóñòü Dik(n) = M [i2k(f)℄ � (M [ik(f)℄)2 � äèñïåðñèÿ ïàðàìåò-ðà ik(f). ÒîãäàDik = t2k+1�nk� kXj=0 2n�j�kj��n� kk � j� � �1� qt �2k+1 �(1� q)�2j � 1��� 2�1� qt �2k �(1� q)�2j � 1�+ t�2j � 1!;ãäå t = 1� p� q.Äîêàçàòåëüñòâî. Ïóñòü G nk � ìíîæåñòâî k-ìåðíûõ ãðàíåé êóáà Bn.Äëÿ òîãî ÷òîáû îöåíèòü ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû i2k(f), íàéäåì âåðî-ÿòíîñòü P (I; I 0) òîãî, ÷òî äâà èíòåðâàëà I è I 0, òàêèå ÷òî I; I 0 2 G nk , îäíîâðåìåííîïðèíàäëåæàò �óíêöèè f 2 ePnpq. Èìååì äâà ñëó÷àÿ.1. Åñëè jI \ I 0j = 2j, òîP (I; I 0) = (1� q)2k+1�2j � 2(1� p� q)2k(1� q)2k�2j + (1� p� q)2k+1�2j = Pj;2. Åñëè jI \ I 0j = 0, òîP (I; I 0) = (1� q)2k+1 � 2(1� p� q)2k(1� q)2k + (1� p� q)2k+1 = P?Íàéäåì M [i2k(f)℄. Èìååì:M [i2k(f)℄ = kXj=0 �nj�2n�j�n� jk � j��n� kk � j�Pj++ ��nk�2n�k�2 � kXj=0 �nj�2n�j�n� jk � j��n� kk � j�!P? == kXj=0 �nj�2n�j�n� jk � j��n� kk � j�(Pj � P?) + ��nk�2n�k�2 P? == �nk� kXj=0 2n�j�kj��n� kk � j�(Pj � P?) + ��nk�2n�k�2 P?Çäåñü áûëî èñïîëüçîâàíî ðàâåíñòâî �nj��n�jk�j� = �nk��kj�.Çàìåòèì, ÷òî��nk�2n�k�2 P? = ��nk�2n�k�2 �(1� q)2k � (1� q � p)2k�2 = (M [ik(f)℄)2Îáîçíà÷èì ÷åðåç t = 1� p� q è ïðåîáðàçóåì âûðàæåíèåPj � P? = (1� q)2k+1�2j � 2 t2k(1� q)2k�2j + t2k+1�2j�¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



24 Ìàõèíà �.À.� (1� q)2k+1 � 2 t2k(1� q)2k + t2k+1 = t2k+1��1� qt �2k+1 �(1� q)�2j � 1��� 2�1� qt �2k �(1� q)�2j � 1�+ t�2j � 1�:Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ, ïîëó÷àåìDik = �nk� kXj=0 2n�j�kj��n� kk � j�(Pj � P?) == t2k+1�nk� kXj=0 2n�j�kj��n� kk � j� � �1� qt �2k+1 �(1� q)�2j � 1��� 2�1� qt �2k �(1� q)�2j � 1�+ t�2j � 1!;÷òî è òðåáîâàëîñü äîêàçàòü. �Òåîðåìà 1. Ïóñòü 	(n)!1 ïðè n!1. Òîãäà äëÿ ïî÷òè âñåõ �óíêöèé f(~xn) èçêëàññà ePnpq ÷èñëî k-ìåðíûõ èíòåðâàëîâ óäîâëåòâîðÿåò íåðàâåíñòâàì:�nk��2n�k �(1� q)2k � t2k�� 	(n)q2n�k �(1� q)2k � t2k�� < ik(f) << �nk��2n�k �(1� q)2k � t2k� +	(n)q2n�k �(1� q)2k � t2k�� (2.1)ãäå t = 1� p� q.Äîêàçàòåëüñòâî. Ïóñòü t = 1 � p � q. Âîñïîëüçóåìñÿ íåðàâåíñòâîì ×åáûøåâà, ïî-ëîæèâ � = 	(n)�nk�q2n�k �(1� q)2k � t2k�. Íåîáõîäèìî ïîêàçàòü, ÷òî Dik(n)�2 ! 0 ïðèn!1.Çàìåòèì, ÷òî Dik(n) = t2k+12n�nk�Pkj=0 �kj��n�kk�j�aj, ãäåaj = 2�j��1� qt �2k+1 �(1� q)�2j � 1�� 2�1� qt �2k �(1� q)�2j � 1�+ t�2j � 1�:Âåëè÷èíà aj > 0, òàê êàê aj � 2�j �(1� q)�2j � 1� �1�qt � 1�2.Ïîêàæåì, ÷òî aj âîçðàñòàåò ïî j.aj+1aj = 12 0�(1� q)�2j + 1 + �t�2j � (1� q)�2j��t�2j � 1�aj 2j 1A :Ò.ê. �t�2j � (1� q)�2j��t�2j � 1� > 0, òî aj+1aj > 1, à çíà÷èò aj âîçðàñòàåò ïî j.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêè ÷èñëîâûõ ïàðàìåòðîâ â ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõ áóëåâûõ �óíêöèé 25Ñëåäîâàòåëüíî,Dik � �nk�2nak kXj=0 �kj��n� kk � j� � �nk�22n�k �(1� q)2k � t2k� :Îòñþäà Dik(n)�2 � 1	2(n) ! 0 ïðè n!1, ÷òî è òðåáîâàëîñü äîêàçàòü. �Ñëåäñòâèå 1. Ó ïî÷òè âñåõ �óíêöèé f(~xn) èç ePnpq íåò èíòåðâàëîâ ðàçìåðíîñòèáîëüøåé, ÷åì dlog2(nlog1=(1�q) 2)e:Ïîëîæèì k0 = dlog2(nlog1=(1�q) 2)e è ïóñòü 	(n) = n Òîãäàik0+1 << � nk0 + 1��2n�k0�1 �(1� q)2k0+1 � t2k0+1� +	(n)q2n�k0�1 �(1� q)2k0+1 � t2k0+1��< � nk0 + 1��2n�k0�1(1� q)2k0+1 +	(n)q2n�k0�1(1� q)2k0+1�Äàííîå âûðàæåíèå ñòðåìèòñÿ ê íóëþ ñ ðîñòîì n. Ñëåäîâàòåëüíî, ó ïî÷òè âñåõ�óíêöèé f(~xn) íåò èíòåðâàëîâ ðàçìåðíîñòè dlog2(nlog1=(1�q) 2)e; à çíà÷èò, è èíòåðâà-ëîâ áîëüøåé ðàçìåðíîñòè.Ñëåäñòâèå 2. Äëÿ ïî÷òè âñåõ �óíêöèé2n p� np2n p � jNf j � 2n p+ np2n pÇàìåòèì, ÷òî jNf j = i0(f). Òîãäà óòâåðæäåíèå âûòåêàåò èç Òåîðåìû 1, åñëè ïî-ëîæèòü â íåé 	(n) = n.Ñëåäñòâèå 3. Ïóñòü k1 = dlog2 log1=(1�q) n + log2 log2 log1=(1�q) ne, à Qk1(f) � ÷èñëîâåðøèí ~� 2 Nf , ñîäåðæàùèõñÿ õîòÿ áû â îäíîì èíòåðâàëå �óíêöèè f ðàçìåðíîñòè,áîëüøåé ÷åì k1. Òîãäà ó ïî÷òè âñåõ �óíêöèéQk1(f) � n�(1�Æn) log2 log1=(1�q) n � 2n;ãäå Æn ! 0 ïðè n!1.Â ñàìîì äåëå, ïóñòü Q0k1(f) � ÷èñëî âåðøèí ~� 2 Nf , ñîäåðæàùèõ-ñÿ õîòÿ áû â îäíîì èíòåðâàëå �óíêöèè f ðàçìåðíîñòè, ðàâíîé k1 + 1. ßñíî,÷òî Qk1(f) = Q0k1(f) � 2k1+1ik1+1(f), íî ó ïî÷òè âñåõ �óíêöèéik1+1(f(~xn)) < �ik1+1(n)0�1 + 	(n)q2n�k1�1 �(1� q)2k1+1 � t2k1+1�1A :Ïîëàãàÿ 	(n) = n, ïîëó÷èì äëÿ ïðîèçâîëüíîãî " è äîñòàòî÷íî áîëüøèõ nQk1(f) � 2k1+1� nk1 + 1�2n�k1�1 �(1� q)2k1+1 � t2k1+1� (1 + ") �¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



26 Ìàõèíà �.À.� 2n� nk1 + 1�(1� q)2k1+1(1 + ") �� (1 + ")2nnk1+1(1� q)2 log1=(1�q) n log2 log1=(1�q) n � 2nn�(1�Æn) log2 log1=(1�q) n;ãäå Æn ! 0 ïðè n!1.Ñëåäñòâèå 4. Ïóñòü k2 = blog2 log1=(1�q) n
, i(f) � ÷èñëî âñåõ èíòåðâàëîâ �óíêöèèf . Òîãäà äëÿ ïî÷òè âñåõ �óíêöèé f(~xn)i(f) =  �nk2�2n�k2 �(1� q)2k2 � (1� q � p)2k2�++ � nk2 + 1�2n�k2�1 �(1� q)2k2+1 � (1� q � p)2k2+1�!(1 + Æn);ãäå Æn ! 0 ïðè n!1.�àññìîòðèì îòíîøåíèå�k = �ik+1(n)�ik(n) = (n� k)2(k + 1) �(1� q)2k + (t)2k� = (n� k)2(k + 1)(1� q)2k  1 + � t1� q�2k! ;ãäå t = 1� q � p.ßñíî, ÷òî �k ! 1 ïðè k < k2 è �k ! 0 ïðè k > k2. Äëÿ äîñòàòî÷íî áîëüøèõ nèìååì �k > 1 ïðè k < k2 è �k < 1 ïðè k � k2. Ïîýòîìó maxk �ik(n) äîñòèãàåòñÿ ëèáîïðè k = k2 ëèáî ïðè k = k2 + 1.Ïîëàãàÿ â (2.1) 	(n) = n, ïîëó÷èì, ÷òî äëÿ ïî÷òè âñåõ �óíêöèé f(~xn)è k < dlog2(n log1=(1�q) 2)e�ik(n)(1� Æn) < ik(n) < �ik(n)(1 + Æn);ãäå Æn ! 0 ïðè n!1.Ñóììèðóÿ ýòè íåðàâåíñòâà ïî k, 0 � k � dlog2(n log1=(1�q) 2)e è ó÷èòûâàÿ,÷òî �k > n
, 
 > 0 ïðè k < k2 è �k < (log2 log1=(1�q) n)�1 ïðè k � k2, ïîëó÷èì,÷òî äëÿ ïî÷òè âñåõ �óíêöèé��ik2(n) +�ik2+1(n)� (1� Æ0n) < i(f) < ��ik2(n) +�ik2+1(n)� (1 + Æ0n);ãäå Æ0n ! 0 ïðè n!1.Ñëåäñòâèå 5. Äëÿ ïî÷òè âñåõ �óíêöèé f(~xn)i(f) = n(1�Æn) log2 log1=(1�q) n 2n;ãäå Æn = O � 1log2 n�.Âûòåêàåò èç ïðåäûäóùåãî ñëåäñòâèÿ.Ñëåäñòâèå 6. Äëÿ ïî÷òè âñåõ �óíêöèé f(~xn) ÷èñëî ìàêñèìàëüíûõ èíòåðâàëîâ íåïðåâîñõîäèò n(1�o(1)) log2 log1=(1�q) n 2n. ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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�èñ. 1. Çàâèñèìîñòü �in(k) îò k.Íà ðèñóíêå 1 ïîêàçàíà çàâèñèìîñòü �in(k) îò k. Èç òåîðåìû 1 âûòåêàåò, ÷òî äëÿïî÷òè âñåõ �óíêöèé f(~xn) ïàðàìåòð ik(f) çàâèñèò îò k ïîäîáíûì æå îáðàçîì.Ñëåäñòâèå 7. Ïóñòü lM(f), l(f) � äëèíû, à L(f), LK(f) � ñëîæíîñòè ìèíèìàëü-íîé è êðàò÷àéøåé ä.í.�. �óíêöèè f ñîîòâåòñòâåííî. Òîãäà äëÿ ïî÷òè âñåõ �óíê-öèé f(~xn) lM(f) = l(f)(1 + Æn); Lk(f) = L(f)(1 + Æ0n); L(f) = n l(f)(1 + Æ00n);ãäå Æn; Æ0n; Æ00n ! 0 ïðè n!1.Â ñèëó ñëåäñòâèÿ 1 èìååì:(n� dlog2(nlog1=(1�q) 2)e) l(f) �� (n� dlog2(nlog1=(1�q) 2)e) lM(f)) � L(f) � Lk(f) � n l(f):Îòñþäà è âûòåêàåò óòâåðæäåíèå.Òàêèì îáðàçîì, äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ îöåíîê ïàðàìåòðîâ lM (f), l(f),L(f), LK(f) äîñòàòî÷íî íàéòè àñèìïòîòè÷åñêóþ îöåíêó îäíîãî èç ýòèõ ïàðàìåòðîâ,íàïðèìåð, l(f).Òåîðåìà 2. Äëÿ ïî÷òè âñåõ �óíêöèé f(~xn)L(f) � 
 n2nplog1=(1�q) n log2 log1=(1�q) n; l(f) � 
 2nplog1=(1�q) n log2 log1=(1�q) n;ãäå 1=2 < 
 < 1. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



28 Ìàõèíà �.À.Äîêàçàòåëüñòâî. �àññìîòðèì ìíîæåñòâî eP 0n �óíêöèé f 2 ePn, îáëàäàþùèõ ñëåäóþ-ùèìè ñâîéñòâàìè:1. jNf j � 2n p� np2n p;2. Qk1(f) � n�(1+o(1)) log2 log1=(1�q) n 2n.Èç ñëåäñòâèé 1�3 âûòåêàåò, ÷òî limn!1 jP 0nj2�2n = 1.Ïîêàæåì, ÷òî äëÿ âñÿêîé �óíêöèè f 2 P 0n ëþáîå ïîêðûòèå ìíîæåñòâà Nfèíòåðâàëàìè èìååò ìîùíîñòü, áîëüøóþ 
 2nplog1=(1�q) n log2 log1=(1�q) n . Â ñàìîì äåëå,èç ñâîéñòâ (1) è (2) âûòåêàåò, ÷òî ïî ìåíüøåé ìåðå 2np(1 � o(1)) âåð-øèí ìíîæåñòâà Nf ïîêðûâàþòñÿ ëèøü èíòåðâàëàìè ðàçìåðíîñòè íå áîëüøåé,÷åì k1 = dlog2 log1=(1�q) n+ log2 log2 log1=(1�q) ne. Îòñþäàl(f) � jNf j �Qk1(f)2k1 � 
 2nplog1=(1�q) n log2 log1=(1�q) n �Îöåíèì ñâåðõó äëèíó êðàò÷àéøåé ä.í.�. äëÿ ïî÷òè âñåõ �óíêöèé f 2 ePnpq.Ïóñòü ePnpq(e�) � ìíîæåñòâî âñåõ �óíêöèé f 2 ePnpq, òàêèõ, ÷òî f(e�) = 1,è ïóñòü G nk (e�) � ìíîæåñòâî k-ìåðíûõ ãðàíåé êóáà Bn, ñîäåðæàùèõ âåð-øèíó e�. Îáîçíà÷èì ÷åðåç vk(e�; f) ÷èñëî k-ìåðíûõ èíòåðâàëîâ �óíêöèè fèç ePnpq(e�), ñîäåðæàùèõ âåðøèíó e�, ÷åðåç �vk(n) � ìàòåìàòè÷åñêîå îæèäàíèå âåëè-÷èíû vk(e�; f), �vk(n) = M [vk(e�; f)℄, è ÷åðåç Dvk(n) � äèñïåðñèþ ïàðàìåòðà vk(e�; f),Dvk(n) =M [v2k(e�; f)℄� (M [vk(e�; f)℄)2.Óòâåðæäåíèå 3. �vk(n) = �nk�(1� q)2k�1;Dvk(n) � �v2k(n) k3n(1� q) + k�nk�(1� q)2k�1! :Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî âåðîÿòíîñòü P (I) òîãî, ÷òî íåêîòîðàÿãðàíü I 2 G nk (e�) ÿâëÿåòñÿ èíòåðâàëîì �óíêöèè f 2 ePnpq(e�), ðàâíàP (I) = (1� q)2k�1:Ïîñêîëüêó îáùåå ÷èñëî ãðàíåé ðàíãà n � k â Bn, ñîäåðæàùèõ çàäàííóþ âåðøèíó,ðàâíî �nk�, òî ïîëó÷àåì, ÷òî �vk(n) = �nk�(1� q)2k�1:Îöåíèì ñâåðõó äèñïåðñèþ Dvk(n) = M [v2k(e�; f)℄ � (M [vk(e�; f)℄)2. ×òîáû îöå-íèòü M [v2k(e�; f)℄, íàéäåì âåðîÿòíîñòü òîãî, ÷òî ãðàíè I; I 0 èç G nk (e�) îäíîâðåìåííîÿâëÿþòñÿ èíòåðâàëàìè �óíêöèè f èç ePnpq(e�). �àññìîòðèì äâà ñëó÷àÿ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêè ÷èñëîâûõ ïàðàìåòðîâ â ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõ áóëåâûõ �óíêöèé 291. jI \ I 0j = fe�g: P (I; I 0) = (1� q)2k+1�2;2. jI \ I 0j 6= e�:Ïóñòü èíòåðâàëû I; I 0 èç G nk (e�) ïåðåñåêàþòñÿ ïî ãðàíè ðàçìåðíîñòè j, òîãäàP (I; I 0) = (1� q)2k+1�2j�1:Îáîçíà÷èì ÷åðåç S1 = �nk��n� kk �(1� q)2k+1�2è S2 = kXj=1 �nj��n� jk � j��n� kk � j�(1� q)2k+1�2j�1:Ïîñêîëüêó S1 � ��nk�(1� q)2k�1�2 = �v2k(n), òî èìååìDvk(n) = S1 + S2 � �v2k(n) � S2:Ïðåîáðàçóåì S2S2 = �nk�(1� q)2k+1�1 kXj=1 �kj��n� kk � j�(1� q)�2j :Ïîëîæèì aj = �kj��n�kk�j�(1� q)�2j . �àññìîòðèì îòíîøåíèåd = aj+1aj = (k � j)2(1� q)�2j(j + 1)(n� 2k + j + 1) :Èìååì d < 1 ïðè j < blog2 log1=(1�q) n
 è d > 1 ïðè k > j � blog2 log1=(1�q) n
. ÏîýòîìókXj=1 aj � k(a1 + ak) � k�k�n� 1k � 1�(1� q)�2 + (1� q)�2k� :Òàêèì îáðàçîì, ïîëó÷àåìS2 � �nk�(1� q)2k+1�1k�k�n� 1k � 1�(1� q)�2 + (1� q)�2k� == �nk�2(1� q)2k+1�2 k3n(1� q) + k�nk�(1� q)2k�1! == �v2k(n) k3n(1� q) + k�nk�(1� q)2k�1!è Dvk(n) � �v2k(n) k3n(1� q) + k�nk�(1� q)2k�1! : �¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



30 Ìàõèíà �.À.Ñëåäñòâèå 1. Åñëè k � k1 � 1 = dlog2 log1=(1�q) n + log2 log2 log1=(1�q) ne � 1,òî Dvk(n) � 
 log2 nn �v2k(n), ãäå 
 � êîíñòàíòà.Óòâåðæäåíèå 4. Ïóñòü 1 � k � k1 � 1. Òîãäà äîëÿ Æn òåõ �óíêöèé f 2 ePnpq(e�),äëÿ êîòîðûõ jvk(e�; f)� �vk(n)j � 1log2 n�vk(n), íå ïðåâîñõîäèò 
 log32 nn .Äîêàçàòåëüñòâî. Â ñèëó íåðàâåíñòâà ×åáûøåâà äîëÿ Æn �óíêöèé f 2 ePnpq(e�),äëÿ êîòîðûõ jvk(e�; f) � �vk(n)j � �, óäîâëåòâîðÿåò íåðàâåíñòâó Æn � Dvk(n)�2 . Ïîëî-æèâ � = �vk(n)log2 n , ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. �Óòâåðæäåíèå 5. Ïóñòü f 2 ~Pnpq è bk(f) � ÷èñëî òåõ âåðøèí ~� 2 Nf , äëÿêîòîðûõ jvk(e�; f) � �vk(n)j � 1log2 n�vk(n). Ïóñòü Æ0n � äîëÿ òåõ �óíêöèé, ó êîòî-ðûõ bk(f) � log42 nn 2n. Òîãäà Æ0n � 1� 
log2 n .Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç P (e�) � âåðîÿòíîñòü òîãî, ÷òî âåðøèíà e� 2 Nf ,ãäå f 2 ePnpq, è jvk(e�; f) � �vk(n)j � �vk(n)log2 n . Òîãäà ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷è-íû bk(f) ðàâíî �bk(n) = Pe�2Bn P (e�). Çàìåòèì, ÷òî P (e�) = p Æn � p 
 log32 nn . Îòñþäàïîëó÷àåì bk(f) � 
 log32 nn 2n.Â ñèëó ëåììû 1 äîëÿ òåõ �óíêöèé f 2 ePnpq, äëÿ êîòîðûõ bk(f) � log42 nn 2n, íåïðåâîñõîäèò 
log2 n . Çíà÷èò, äîëÿ òåõ �óíêöèé f , äëÿ êîòîðûõ bk(f) � log42 nn 2n, áîëüøå,÷åì 1� 
log2 n , ÷òî è òðåáîâàëîñü äîêàçàòü. �Òåîðåìà 3. Äëÿ ïî÷òè âñåõ �óíêöèé f 2 ePnpq ñóùåñòâóåò ä.í.�. D äëè-íû l(D) � 
2nlog1=(1�q) n è ñëîæíîñòè L(D) � 
n2nlog1=(1�q) nÄîêàçàòåëüñòâî. �àññìîòðèì ïîäìíîæåñòâî eP 00npq � ePnpq âñåõ �óíêöèé f(~xn), îáëà-äàþùèõ ñëåäóþùèìè ñâîéñòâàìè:1. jNf j � 2n p+ np2n p;2. bk(f) � log42 nn 2n äëÿ âñåõ k � k1 � 2;3. ik1�2(f) = � nk1�2�2n�k1+2 �(1� q)2k1�2 � (1� q � p)2k1�2� (1 + Æn); ãäå Æn ! 0 ïðèn!1.Èç ñëåäñòâèÿ 1 è óòâåðæäåíèÿ 5 âûòåêàåò, ÷òî ïî÷òè âñå �óíêöèè îáëàäàþò ñâîé-ñòâàìè 1 è 2.Ñâÿæåì òåïåðü ñ êàæäîé �óíêöèåé f 2 eP 00npq ãèïåðãðà� Hf = (V; E ), â êîòî-ðîì V = Nf , à E ñîâïàäàåò ñ ìíîæåñòâîì âñåõ èíòåðâàëîâ �óíêöèè f . Ïóñòü F �ìíîæåñòâî âñåõ èíòåðâàëîâ ðàçìåðíîñòè k = dlog2 log1=(1�q) n+log2 log2 log1=(1�q) ne�2,¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Îöåíêè ÷èñëîâûõ ïàðàìåòðîâ â ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõ áóëåâûõ �óíêöèé 31à Y � ìíîæåñòâî òåõ e� 2 Nf , äëÿ êîòîðûõ vk(e�; f) � �vk(n)�1� 1log2 n�. Ïîëî-æèì � = log42 npn . ßñíî, ÷òî óñëîâèÿ Ëåììû 2 âûïîëíÿþòñÿ. Ïîýòîìó äëèíà âñÿêîãîãðàäèåíòíîãî ïîêðûòèÿ ãèïåðãðà�à H íå ïðåâîñõîäèò1 + log42 nn 2n + 2n�k1+2(1 + Æn) ln�1p e 2k1�2(1 + Æ0n)� � k12n�k1+2 � 
2nlog1=(1�q) n:Îòñþäà è âûòåêàåò óòâåðæäåíèå òåîðåìû. �Òàêèì îáðàçîì, ó ïî÷òè âñåõ �óíêöèé f(~xn) èç êëàññà ePnpq äëèíà êðàò÷àéøåéä.í.�. óäîâëåòâîðÿåò íåðàâåíñòâàì
 p 2nlog1=(1�q) n log2 log1=(1�q) n � l(f) � 
2nlog1=(1�q) n:Çàêëþ÷åíèåÂ ðàáîòå ïîëó÷åíû íèæíèå è âåðõíèå îöåíêè êðàò÷àéøèõ äí� ïî÷òè âñåõ ÷à-ñòè÷íûõ áóëåâûõ �óíêöèé, ïðèíèìàþùèõ çíà÷åíèÿ 0 è 1 ñ âåðîÿòíîñòÿìè p è qñîîòâåòñòâåííî.Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü ïðî�. Ñàïîæåíêî À. À. çà ïîñòàíîâêó çàäà÷èè âíèìàíèå ê ðàáîòå. Ñïèñîê ëèòåðàòóðû1. Æóðàâëåâ Þ. È. Îá îòäåëèìîñòè ïîäìíîæåñòâ âåðøèí n-ìåðíîãî åäèíè÷íîãî êóáà. // ÒðóäûÌÈÀÍ, 1958 ã., òîì LI, 143-157.2. Âàñèëüåâ Þ. Ë., �ëàãîëåâ Â. Â. Ìåòðè÷åñêèå ñâîéñòâà äèçúþíêòèâíûõ íîðìàëüíûõ �îðì. Ñá.Äèñêðåòíàÿ ìàòåìàòèêà è ìàòåìàòè÷åñêèå âîïðîñû êèáåðíåòèêè. Ì.: Íàóêà, 1974, C. 99-206.3. Ñàïîæåíêî À. À. Äèçúþíêòèâíûå íîðìàëüíûå �îðìû. - Ì.: Èçä-âî Ìîñêîâñêîãî óíèâåðñèòå-òà, 1975.4. Ñàïîæåíêî À. À., ×óõðîâ È. Ï. Ìèíèìèçàöèÿ áóëåâûõ �óíêöèé â êëàññå äèçúþíêòèâíûõíîðìàëüíûõ �îðì // Èòîãè íàóêè è òåõíèêè, Òåîðèÿ âåðîÿòíîñòåé, ìàò. ñòàòèñòèêà, òåîðåòè-÷åñêàÿ êèáåðíåòèêà, ò. 25, Ì.: ÂÈÍÈÒÈ, 1987, 68-116.5. Ìàõèíà �. À. ×èñëîâûå õàðàêòåðèñòèêè ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõ áóëåâûõ �óíêöèé. // Òà-âðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. Ñèì�åðîïîëü, ÒÍÓ, 2008. òîì 2, Ñ. 68-79.6. �àâðèëîâ �.Ï., Ñàïîæåíêî À.À. Çàäà÷è è óïðàæíåíèÿ ïî äèñêðåòíîé ìàòåìàòèêå. - Ì.: Ôèç-ìàòëèò, 2004 ã. 416 ñ.7. Ñàïîæåíêî À.À. Ïðîáëåìà Äåäåêèíäà è ìåòîä ãðàíè÷íûõ �óíêöèîíàëîâ. - Ì.: Èçä. îòäåë�-òà ÂÌèÊ Ì�Ó, 2005. 124 ñ.8. O'Connor L. A new lower bound on the expe
ted size of irredundant forms for Boolean fun
tions //Information Pro
essing Letters, Volume 53, Number 6, 24 Mar
h 1995 , pp. 347-353(7).Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 19.09.2009
¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009
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hod di�erential equations in spa
e of Hilbert.ÂñòóïÀñèìïòîòè÷íi çàäà÷i äëÿ ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâíÿíü âèíèêàëè iðîçâ'ÿçóâàëèñÿ îäíî÷àñíî ç âèíèêíåííÿì òåîði¨ ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâ-íÿíü, îñêiëüêè çàñíîâíèê öi¹¨ òåîði¨ É.I. �iõìàí ðîçãëÿäàâ çàäà÷i ïðî àñèìïòîòè÷íóïîâåäiíêó ÿê ïåðâèííi. Ñàìi ñòîõàñòè÷íi äè�åðåíöiàëüíi ðiâíÿííÿ áóäóâàëèñÿ É.I.�iõìàíîì äëÿ òîãî, ùîá ìîæíà áóëî íå òiëüêè ñòðîãî ñ�îðìóëþâàòè àñèìïòîòè÷íiçàäà÷i, àëå é ¨õ ðîçâ'ÿçóâàòè. Ìîæíà âèäiëèòè òàêi íàïðÿìêè äîñëiäæåííÿ àñèìïòî-òè÷íèõ âëàñòèâîñòåé äèíàìi÷íèõ ñèñòåì ç âèïàäêîâèìè çáóðåííÿìè:1) äîñëiäæåííÿ ïîâåäiíêè äèíàìi÷íî¨ ñèñòåìè ïðè t!1;2) äîñëiäæåííÿ ñèñòåìè, ùî çàëåæèòü âiä ìàëîãî ïàðàìåòðó " > 0 ïðè éîãî ïðÿ-ìóâàííi äî 0;3) äîñëiäæåííÿ ñèñòåìè ïðè îäíî÷àñíîìó ïðÿìóâàííi " äî 0, à t äî +1.Ïðè ðîçãëÿäi àñèìïòîòè÷íî¨ ïîâåäiíêè äèíàìi÷íî¨ ñèñòåìè äîñëiäíèêiâ öiêàâèòüñòàáiëiçàöiÿ öi¹¨ ñèñòåìè. Òåðìiíîì "ñòàáiëiçàöiÿ"ñèñòåìè ìîæíà õàðàêòåðèçóâàòèäåÿêó çàêîíîìiðíiñòü, ÿêà ïðèòàìàííà ïîâåäiíöi ñèñòåìè. Íàéáiëüø ãðóáèì õàðàê-òåðîì òàêî¨ ñòàáiëiçàöi¨ ¹ îáìåæåíiñòü çà éìîâiðíiñòþ, ç ÿêî¨ âèïëèâà¹ åðãîäè÷íiñòüäèíàìi÷íî¨ ñèñòåìè. Öÿ âëàñòèâiñòü íàéáiëüø òî÷íî õàðàêòåðèçó¹ ïîâåäiíêó ñèñòåìèíà ïðîìiæêó [0;+1). Ïðè âèâ÷åííi ïîâåäiíêè äèíàìi÷íèõ ñèñòåì íà [0;+1) ïðè-ðîäíî âèíèêàþòü ïèòàííÿ ïðî àñèìïòîòè÷íó ñòiéêiñòü öi¹¨ ñèñòåìè â îêîëi ñòàíóðiâíîâàãè ÷è ¨¨ íåñòiéêiñòü. Äëÿ ñòîõàñòè÷íèõ ñèñòåì ïðè ïåâíèõ ïðèïóùåííÿõ içñòiéêîñòi âèïëèâà¹ àñèìïòîòè÷íà ñòiéêiñòü. Îñîáëèâó çàöiêàâëåíiñòü ïðåäñòàâëÿþòüñîáîþ ëiíiéíi ñèñòåìè, äëÿ ÿêèõ �àçîâà íóëüîâà òî÷êà ¹ ¹äèíîþ òî÷êîþ ðiâíîâàãè.Òàêi ñèñòåìè àáî ñòiéêi, àáî íåñòiéêi, ïðè öüîìó ñèñòåìà àáî ïðÿìó¹ äî áåçìåæíîñòi,àáî îñöèëþ¹. Ïåðåíåñåííÿ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ ñòîõàñòè÷íèõ äè�åðåíöiàëü-íèõ ðiâíÿíü ó ñêií÷åííîâèìiðíèõ ïðîñòîðàõ íà áåçìåæíîâèìiðíèé âèïàäîê äàëåêîíå òðèâiàëüíå. Âèâ÷åííÿ ñòîõàñòè÷íèõ ëiíiéíèõ ñèñòåì ïðèçâåëî äî ïîíÿòòÿ ñòîõà-ñòè÷íî¨ ïiâãðóïè, ÿêå ââiâ À.Â. Ñêîðîõîä. Ñåðåäíüîêâàäðàòè÷íà ñòiéêiñòü ðîçâ'ÿçêiâëiíiéíèõ ëiíiéíèõ ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâíÿíü ïîâ'ÿçàíà çi ñòiéêiñòþ âæåíåâèïàäêîâèõ ïiâãðóï ó áàíàõîâîìó ïðîñòîði ëiíiéíèõ îïåðàòîðiâ, ùî äiþòü ó ãiëü-áåðòîâîìó ïðîñòîði. Äàíà ðîáîòà ïðîäîâæó¹ öi äîñëiäæåííÿ i ïðèñâÿ÷åíà àíàëiçó



34 Íiêiòií À.Â.ñòiéêîñòi ñèñòåì ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâíÿíü ç ïóàññîíîâèìè çáóðåííÿìèó ãiëüáåðòîâîìó ïðîñòîði ó íåñêií÷åííîâèìiðíîìó âèïàäêó.1. Ïåðøèé ðîçäiëÍåõàé X � ãiëüáåðòîâèé ïðîñòið íàä R iç ñêàëÿðíèì äîáóòêîì (�; �)X i íîð-ìîþ k � kX ;. �îçãëÿíåìî âèïàäêîâèé ïðîöåñ fx(t) � x(t; !); t � t0g � Rn, çàäàíèéíà éìîâiðíiñíîìó ïðîñòîði (
; F; P ) ÿê ñèëüíèé ðîçâ'ÿçîê ñèñòåìè ñòîõàñòè÷íèõ äè-�åðåíöiàëüíèõ ðiâíÿíü âèãëÿäódx(t) = Ax(t)dt + 1Xi=1 [Bix(t)dWi(t) + ZU Ci(u)x(t)~�i(dt; du)℄; t > t0; (1)x(t0) = x0; (2)äå fW1(t)g; fW2(t)g; ::: � ñòàíäàðòíi âiíåðiâñüêi ïðîöåñè; ~�1(dt; du); ~�r(dt; du); ::: �öåíòðîâàíi ïóàññîíiâñüêi ìiðè; A;Bi; i = 1; 2; ::: � äiéñíi ìàòðèöi ðîçìiðó n � n;fCj(u)g; j = 1; 2; ::: � ìàòðèöi-�óíêöi¨ òàêi, ùî1Xj=1 ZU jCj(u)j2�j(du) < +1:Âèâ÷èìî ïèòàííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêó ñèñòåìè (1), (2) íà íåñêií-÷åííîìó iíòåðâàëi ÷àñó.Òåîðåìà 1. (êðèòåðié àñèìïòîòè÷íî¨ ñòiéêîñòi ó ñåðåäíüîìó êâàäðàòè÷íîìó)Òðèâiàëüíèé ðîçâ'ÿçîê x(t) � 0 çàäà÷i (1), (2) àñèìïòîòè÷íî ñòiéêèé ó ñåðåäíüî-ìó êâàäðàòè÷íîìó òîäi i òiëüêè òîäi, êîëè âèêîíóþòüñÿ íàñòóïíi óìîâè:1) ìàòðèöÿ À ãóðâiöåâà;2) iñíó¹ ðîçâ'ÿçîê H � HT > 0n�n óçàãàëüíåíîãî ìàòðè÷íîãî ðiâíÿííÿ Ñiëüâå-ñòðà ATH +HA+ 1Xi=1 [BTi HBi + ZU CTi (u)HCi(u)�i(du)℄ = �G; (3)äå G � GT > 0n�n.Äîâåäåííÿ. Îñêiëüêè ñèñòåìà (1) ëiíiéíà i àâòîíîìíà, òî ïîòðiáíó �óíêöiþ Ëÿïóíîâàñëiä øóêàòè ñåðåä äîäàòíî âèçíà÷åíèõ êâàäðàòè÷íèõ �îðì âèãëÿäóv(x) = xTHx; (4)äå íåâiäîìó ìàòðèöþ H � HT > 0n�n âèçíà÷èìî äàëi.Ïåðåâiðèìî óìîâè, ÿêèìè ïîâèííà âîëîäiòè �óíêöiÿ Ëÿïóíîâà, ùîá ðîçâÿçîêñèñòåìè áóâ àñèìïòîòè÷íî ñòiéêèì ó ñåðåäíüîìó êâàäðàòè÷íîìó:�min(H)jxj2 � v(x) = xTHx � �max(H)jxj2;Îá÷èñëèìî îïåðàòîð Lv(x) íà ðîçâ'ÿçêàõ ñèñòåìè (1):¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ñòiéêiñòü ðîçâ'ÿçêiâ ëiíiéíèõ ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâíÿíü ... 35Lv(x) = (rv(x); Ax) + 12sp 1Xi=1 r2v(x)Bix(Bix)T++ ZU v(x+ 1Xi=1 Ci(u)x)� v(x)� (rv(x); 1Xi=1 Ci(u)x(t))�i(du) == xTATHx+ xTHAx+ 1Xi=1 [xTBTi HBix + ZU xTCTi (u)HCi(u)x�i(du)℄ == xT [ATH +HA+ 1Xi=1 [BTi HBi + ZU CTi (u)HCi(u)�i(du)℄℄x:Îïåðàòîð Lv(x) áóäå âiä'¹ìíèì òîäi i òiëüêè òîäi, êîëè ìàòðèöÿATH +HA+ 1Xi=1 [BTi HBi + ZU CTi (u)HCi(u)�i(du)℄áóäå âiä'¹ìíî âèçíà÷åíîþ, ùî, ó ñâîþ ÷åðãó, ìîæëèâî òîäi i òiëüêè òîäi, êîëè ìàòðèöÿH � HT > 0n�n çíàõîäèòüñÿ ÿê ðîçâ'ÿçîê (3). Òåîðåìó äîâåäåíî. ��îçãëÿíåìî �óíêöiþ Ëÿïóíîâà ó âèãëÿäi êâàäðàòè÷íî¨ �îðìèv(x) = xTH0x; (5)äå H0 � HT0 > 0n�n � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ ËÿïóíîâàATH0 +H0A = �G; (6)äå G � GT > 0n�n. �iâíÿííÿ (6) âèíèêà¹ ç ðiâíÿííÿ (3) ïðè âiäñóòíîñòi âèïàäêîâèõçáóðåíü.Òåîðåìà 2. Äëÿ ãóðâiöåâî¨ ìàòðèöi A ðîçâ'ÿçîê x(t) � 0 çàäà÷i (1), (2) àñèìïòî-òè÷íî ñòiéêèé ó ñåðåäíüîìó êâàäðàòè÷íîìó òîäi, êîëè âèêîíó¹òüñÿ íåðiâíiñòüATH0 +H0A+ 1Xi=1 [BTi H0Bi + ZU CTi (u)H0Ci(u)�i(du)℄ < 0n�n;äå H0 � HT0 > 0n�n � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ Ëÿïóíîâà (6).Äîâåäåííÿ òåîðåìè 2 çäiéñíþ¹òüñÿ ïîâòîðåííÿì õîäó äîâåäåííÿ òåîðåìè 1 ñòî-ñîâíî �óíêöi¨ Ëÿïóíîâà (5).Òåîðåìà 3. �îçâ'ÿçîê x(t) � 0 çàäà÷i (1), (2) ç íåâèðîäæåíèìè ìàòðèöÿìè Biòà Ci(u), i = 1; 2; ::: àñèìïòîòè÷íî ñòiéêèé ó ñåðåäíüîìó êâàäðàòè÷íîìó, ÿêùîìàòðèöÿ A ãóðâiöåâà i âèêîíó¹òüñÿ ìàòðè÷íà íåðiâíiñòü1Xi=1 [BTi (H00 � I)Bi + ZU CTi (u)(H00 � I)Ci(u)�i(du)℄ � 0n�n;¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



36 Íiêiòií À.Â.äå H00 � HT00 > 0n�n � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ ËÿïóíîâàATH00 +H00A = � 1Xi=1 [BTi Bi + ZU CTi (u)Ci(u)�i(du)℄: (7)Äîâåäåííÿ. Îñêiëüêè ó âèïàäêó íåâèðîäæåíîñòi ìàòðèöü Bi òà Ci(u), i = 1; 2; :::,âèêîíóþòüñÿ íåðiâíîñòi1Xi=1 BTi Bi > 0n�n; 1Xi=1 ZU CTi (u)Ci(u)�i(du) > 0n�n;òî �óíêöi¹þ Ëÿïóíîâà äëÿ çáóðåíî¨ çàäà÷i (1), (2) ìîæå áóòè êâàäðàòè÷íà �îðìà�àçîâèõ çìiííèõ v(x) = xTH00x; (8)äå H00 � HT00 > 0n�n � ðîçâ'ÿçîê ìàòðè÷íîãî ðiâíÿííÿ Ëÿïóíîâà (7).Îñêiëüêè âèìàãà¹òüñÿ âiä'¹ìíiñòü Lv(x) íà ðîçâ'ÿçêàõ çàäà÷i (1), (2), òî âèêî-íó¹òüñÿ íåðiâíiñòüATH00 +H00A+ 1Xi=1 [BTi H00Bi + ZU CTi (u)H00Ci(u)�i(du)℄ < 0n�n;çâiäêè, âðàõîâóþ÷è (7), îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 3. �Òåîðåìà 4. Äëÿ ñòiéêî¨ ìàòðèöi A i íåâèðîäæåíèõ ìàòðèöü Biòà Ci(u), i = 1; 2; :::, äîñòàòíüîþ óìîâîþ àñèìïòîòè÷íî¨ ñòiéêîñòi ó ñåðåä-íüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó x(t) � 0 çàäà÷i (1), (2) ¹ âèêîíàííÿ äëÿ ñëiäóìàòðèöi H00 íåðiâíîñòi trH00 < 1: (9)Äîâåäåííÿ. Çãiäíî òâåðäæåííÿ òåîðåìè 3, äîñòàòíüîþ óìîâîþ àñèìïòîòè÷íî¨ ñòié-êîñòi ó ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó x(t) � 0 çàäà÷i (1), (2) ¹ âèêîíàííÿíåðiâíîñòi 1Xi=1 [BTi (H00 � I)Bi + ZU CTi (u)(H00 � I)Ci(u)�i(du)℄ � 0n�n;ÿêà ñïðàâåäëèâà òîäi i òiëüêè òîäi, êîëè âiä'¹ìíî âèçíà÷åíîþ ¹ ìàòðèöÿ H00 � I.Çâiäñè âèïëèâà¹, ùî âñi âëàñíi çíà÷åííÿ äîäàòíî âèçíà÷åíî¨ ìàòðèöi H00 ïîâèííiáóòè ìåíøi çà îäèíèöþ, òîáòî �(H00) < 1. Äîñòàòíüîþ óìîâîþ òîãî, ùîá �(H00) < 1¹ íåðiâíiñòü (9) äëÿ ñëiäó ìàòðèöi H00 [3℄. Òåîðåìó 4 äîâåäåíî. �Çàêëþ÷åííÿÓ ðîáîòi îäåðæàíi íàñòóïíi ðåçóëüòàòè: âñòàíîâëåíi íåîáõiäíi i äîñòàòíióìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ó ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêiâ ËÑÄ�Iòî-Ñêîðîõîäà ó ãiëüáåðòîâîìó ïðîñòîði.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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t. Conservative �nit-di�eren
e solution's s
heme of an equation of di�usion with a freeboundary is adapted for a software realization in MathCAD. Developed program allows to resear
hsolutions for arbitrary fun
tion whi
h determines a free boundary.ÂñòóïÌåòîä êiíöåâèõ ðiçíèöü � íàéáiëüø ðîçïîâñþäæåíèé ÷èñëîâèé ìåòîä ðîçâ'ÿçàííÿðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Êëàñè÷íèì ïðèêëàäîì ¹ çàñòîñóâàííÿ öüîãî ìåòî-äó äëÿ ðîçâ'ÿçàííÿ ðiâíÿííÿ äè�óçi¨ � îäíîâèìiðíîãî ïî ïðîñòîðîâié êîîðäèíàòiðiâíÿííÿ ïàðàáîëi÷íîãî òèïó. Çàäà÷i êðèñòàëiçàöi¨ âèìàãàþòü ïîáóäîâè àëãîðèòìóðîçâ'ÿçàííÿ òàêèõ ðiâíÿíü, çà óìîâè âiëüíî¨ ìåæi, ùî âèçíà÷à¹òüñÿ äåÿêîþ �óíê-öi¹þ, òà ãðàíè÷íèõ óìîâ òðåòüîãî ðîäó [1℄. Ñïåöè�iêà ìîâ ïðîãðàìóâàííÿ ñó÷àñíèõìàòåìàòè÷íèõ ïðîãðàì Maple, MathCad, Matlab òà iíøèõ ïîòðåáó¹ àäàïòàöi¨ âiäîìèõàëãîðèòìiâ êiíöåâî-ðiçíèöåâèõ ñõåì ó âiäïîâiäíîñòi ç ¨õ ñåìàíòèêîþ ç óðàõóâàííÿìîñîáëèâîñòåé íàêîïè÷åííÿ ïîõèáêè îá÷èñëåíü [2℄. Áåçïåðå÷íi ïåðåâàãè çàñòîñóâàííÿöèõ ïðîãðàì âèçíà÷àþòüñÿ øâèäêiñòþ ïðîãðàìóâàííÿ òà íàî÷íiñòþ ïîäàííÿ îòðè-ìàíèõ ðåçóëüòàòiâ i êîìïåíñóþòü âèòðàòè ÷àñó íà ðîçðîáêó òàêèõ àëãîðèòìiâ. Òèìíå ìåíøå áåçïîñåðåäí¹ ïðîãðàìóâàííÿ ó öèõ ïðîãðàìàõ â áiëüøîñòi âèïàäêiâ âèÿâ-ëÿ¹òüñÿ áiëüø å�åêòèâíèì, íiæ âèêîðèñòàííÿ âáóäîâàíèõ �óíêöié.1. Çàäà÷à Ñòå�àíà ó çàãàëüíîìó âèãëÿäiÎñîáëèâiñòþ çàäà÷i (1)-(4) ¹ âiëüíà ìåæà, ùî âèçíà÷à¹òüñÿ �óíêöi¹þ s(t) òà ãðà-íè÷íi óìîâè òðåòüîãî ðîäó (êîìáiíàöiÿ øóêàíî¨ �óíêöi¨ òà ¨¨ ïîõiäíî¨ ïî ïðîñòîðîâiéêîîðäèíàòi) çà íàÿâíîñòi ïîõiäíî¨ ds/dt �óíêöi¨, ùî âèçíà÷à¹ âiëüíó ãðàíèöþ. Òàêèì÷èíîì, ìà¹ìî çàäà÷ó òèïó Ñòå�àíà:a2�2u�x2 � �u�t = f(t); s (t) < x < L; t > 0; (1.1)ãðàíè÷íi óìîâè: ��u (s (t) ; t)�x + �u (s (t) ; t) = '0 (t) ; x = s(t); t > 0; (1.2)
�u (L; t)�x + Æu (L; t) = 'L (t) ; x = L; t > 0; (1.3)ïî÷àòêîâi óìîâè: u (x; 0) =  (x) ; s (0) � x � L; t = 0: (1.4)



40 Ñëàâêî �.Â.�ðàíè÷íi óìîâè çàäà÷i äîçâîëÿþòü ïîáóäóâàòè ÿâíó êiíöåâî-ðiçíèöåâó ñõåìó. �¨ ïå-ðåâàãîþ áåçóìîâíî ¹ ìîæëèâiñòü îòðèìàííÿ çíà÷åíü øóêàíî¨ ñiòêîâî¨ �óíêöi¨ íàíàñòóïíîìó ÷àñîâîìó øàði ÷åðåç âiäîìi çíà÷åííÿ ïîïåðåäíüîãî øàðó, à òîìó ïðîã-ðàìíà ðåàëiçàöi¨ ïðîñòà (áåç ðîçâ'ÿçàííÿ ñèñòåì ëiíiéíèõ ðiâíÿíü). Àëå, ÿê âiäîìî,çàñòîñóâàííÿ öi¹¨ ñõåìè îáìåæó¹òüñÿ âèìîãîþ óìîâî¨ ñòiéêîñòi a2�.�hk�2 � 1/2 , ÿêàâèçíà÷à¹ ìîæëèâi êðîêîâi õàðàêòåðèñòèêè ñiòêè �; hk. Íàÿâíiñòü âiëüíî¨ ìåæi îáóìî-âëþ¹ çìiíó äëÿ ÷àñîâèõ êðîêiâ ïðîñòîðîâèõ êðîêiâ, à öå â ñâîþ ÷åðãó íàêëàäà¹ áiëüøæîðñòêi âèìîãè äî ñiòêè. Òàêèì ÷èíîì, ÿâíó ðiçíèöåâó ñõåìó çà êðèòåðiÿìè çáiæíîñòiñëiä ââàæàòè íåïðèéíÿòíîþ äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i. Òîìó áóäóâàòèìåìî íåÿâíóñõåìó, ÿêà õî÷ i ïðèçâîäèòü äî íåîáõiäíîñòi ðîçâ'ÿçàííÿ ñèñòåìè ëiíiéíèõ ðiâíÿíü,àëå ¹ àáñîëþòíî ñòiéêîþ, ùî îñîáëèâî âàæëèâî äëÿ çìiííî¨ ñiòêè. Çàçíà÷èìî òóò, ùîäëÿ íåÿâíî¨ ñõåìè ÷èñåëüíèé ðîçâ'ÿçîê ó ðàçi éîãî çðîñòàííÿ ¹ çàâèùåíèì, à ó ðàçiñïàäàííÿ � çàíèæåíèì. Öå âiäáóâà¹òüñÿ çà ðàõóíîê òîãî, ùî ÷èñëîâèé ðîçâ'ÿçîê çàíåÿâíîþ ñõåìîþ âèçíà÷à¹òüñÿ çíà÷åííÿìè ñiòêîâî¨ �óíêöi¨ íà âåðõíüîìó ÷àñîâîìóøàði. 2. Ïîáóäîâà êîíñåðâàòèâíî¨ ðiçíèöåâî¨ ñõåìèÄëÿ ïîáóäîâè ðiçíèöåâî¨ ñõåìè äëÿ çàäà÷i (1)-(4) ñêîðèñòà¹ìîñÿ ìåòîäèêîþ ðî-áîòè [3℄. Ïîáóäó¹ìî äëÿ îáëàñòis (t) < x < L; 0 � t � T; T <1êiíöåâî-ðiçíèöåâó ñiòêó tk = k � �; k = 0;M; j = 0; N;!h� = �xkj = sk + j � hk; hk = �L� sk�ÆN; sk = s �tk� 	 :Íàâåäåìî äåÿêi ïîÿñíåííÿ. Êðîê çà ÷àñîì � ¹ íåçìiííèì äëÿ âñiõ øàðiâ ñiò-êè � = T/M , äåM � êiëüêiñòü ÷àñîâèõ iíòåðâàëiâ, à ïðîñòîðîâèé êðîê hk çìiíþ¹òüñÿó âiäïîâiäíîñòi ç âèðàçîì hk = �1� sk�ÆN , äå N � êiëüêiñòü ïðîñòîðîâèõ iíòåðâàëiâ.Çìiíà ïðîñòîðîâîãî êðîêó íà êîæíîìó ÷àñîâîìó êðîöi ïðèçâîäèòü äî çàëåæíîñòiïðîñòîðîâèõ êîîðäèíàò xkj âóçëiâ ñiòêè âiä ÷àñîâîãî øàðó. ×àñîâi øàðè âèçíà÷àþòü-ñÿ âèðàçîì tk = k � � . Òàêèì ÷èíîì, áóäåìî ìàòè ñiòêó, ÿêà àäàïòó¹òüñÿ äî çìiíèìåæi ÷àñîâî-ïðîñòîðîâî¨ îáëàñòi. Ó âóçëàõ ñiòêè âèçíà÷àòèìåìî øóêàíó �óíêöiþçàäà÷i ukj = u �xkj ; tk� . Äè�åðåíöiéíi îïåðàòîðè àïðîêñèìó¹ìî âiäíîøåííÿì êiíöåâèõðiçíèöü äëÿ k -ãî òà k + 1 ÷àñîâèõ øàðiâ:�u�t ����k+1j = uk+1j � ukj� +O (�) ; (2.1)�2u�x2 ����k+1j = uk+1j+1 � 2uk+1j + uk+1j�1(hk+1)2 +O ��hk+1�2� : (2.2)Ïiäñòàâèìî (5),(6) â (1), îòðèìà¹ìî äëÿ âíóòðiøíiõ âóçëiâ ñiòêè:uk+1j � ukj� = a2uk+1j+1 � 2uk+1j + uk+1j�1(hk+1)2 + f �tk+1�+O �� + �hk+1�2� : (2.3)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Êîíñåðâàòèâíà êiíöåâî-ðiçíèöåâà ñõåìà çàäà÷i Ñòå�àíà 41ßêùî ïîõiäíi ïåðøîãî ïîðÿäêó, ùî ïðèñóòíi â ãðàíè÷íèõ óìîâàõ àïðîêñèìóâàòèâiäíîøåííÿìè ïðàâèõ i ëiâèõ êiíöåâèõ ðiçíèöü:�u�x ����k+1j=0 = uk+11 � uk+10hk+1 +O �hk+1� ; �u�x ����k+1j=N = uk+1N � uk+1N�1hk+1 +O �hk+1� ; (2.4)òî àïðîêñèìàöiÿ áóäå íàáëèæåííÿì ïåðøîãî ïîðÿäêó i çàãàëüíèé ïîðÿäîê àïðîêñè-ìàöi¨ ñõåìè áóäå ïåðøèì, íå çâàæàþ÷è íà òå, ùî â iíøèõ âóçëàõ ïîðÿäîê àïðîêñèìà-öi¨ ïî ïðîñòîðîâèì çìiííèì äðóãèé. Òàêèì ÷èíîì, äëÿ çáåðåæåííÿ äðóãîãî ïîðÿäêóàïðîêñèìàöi¨, â ãðàíè÷íèõ âóçëàõ ðîçêëàäåìî uk+11 â îêîëi òî÷êè x = s �tk+1� â ðÿäÒåéëîðà çà çìiííîþ x äî òðåòüî¨ ïîõiäíî¨ âêëþ÷íî, à uk+1N�1 â òàêèé æå ðÿä â îêîëiòî÷êè x = L . Çà óìîâè, ùî �óíêöiÿ u (x; t) â ãðàíè÷íèõ âóçëàõ ìà¹ ïåðøi ïîõiäíi çà÷àñîì i äðóãi ïî x , ìàòèìåìî:uk+11 = u �sk+1 + hk+1; tk+1� = uk+10 + �u�x ����k+10 hk+1 + �2u�x2 ����k+10 �hk+1�22 +O ��hk+1�3� ;(2.5)uk+1N�1 = u �L� hk+1; tk+1� = uk+1N ��u�x ����k+1N hk+1+ �2u�x2 ����k+1N �hk+1�22 +O ��hk+1�3� : (2.6)Ç (9) i (10) îòðèìà¹ìî:�u�x ����k+10 = uk+11 � uk+10hk+1 � �2u�x2 ����k+10 hk+12 +O ��hk+1�2� ; (2.7)�u�x ����k+1N = uk+1N � uk+1N�1hk+1 + �2u�x2 ����k+1N hk+12 +O ��hk+1�2� : (2.8)Iç (1) ìàòèìåìî: �2u�x2 = 1a2 ��u�t + f(t)� : (2.9)Ïåðåõîäÿ÷è â (13) äî ãðàíè÷íèõ âóçëiâ, îòðèìà¹ìî:�2u�x2 ����k+1j=0;N = 1a2  �u�t ����k+1j=0;N + f �tk+1�! : (2.10)Âðàõîâóþ÷è àïðîêñèìàöiþ (5) çàïèøåìî (14) ó âèãëÿäi:�2u�x2 ����k+10 = 1a2 uk+10 � uk0� + f �tk+1�a2 +O (�) ; (2.11)�2u�x2 ����k+1N = 1a2 uk+1N � ukN� + f �tk+1�a2 +O (�) : (2.12)Ïiäñòàâèìî (15) i (16) ó (11) i (12), âiäïîâiäíî:�u�x ����k+10 = uk+11 � uk+10hk+1 � hk+12a2 uk+10 � uk0� � f �tk+1� hk+12a2 +O ��hk+1�2 + �� ; (2.13)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



42 Ñëàâêî �.Â.�u�x ����k+1N = uk+1N � uk+1N�1hk+1 + hk+12a2 uk+1N � ukN� + f �tk+1� hk+12a2 +O ��hk+1�2 + �� : (2.14)Òàêèì ÷èíîì, îòðèìàëè àïðîêñèìàöiþ äðóãîãî ïîðÿäêó i áóäåìî âèêîðèñòîâó-âàòè ¨¨, à íå àïðîêñèìàöiþ (8) ïåðøîãî ïîðÿäêó. Çàçíà÷èìî òiëüêè, ùî øàð (j = 0)âiäïîâiäà¹ ëiâié (âiëüíié) ìåæi îáëàñòi �xk0 = sk�, à (j = N) � ïðàâié �xkN = L�. Ïiä-ñòàâèìî (17) ó (2), îòðèìà¹ìî äëÿ ãðàíè÷íèõ âóçëiâ ñiòêè:�uk+11 � uk+10hk+1 � �hk+12a2 uk+10 � uk0� � �f �tk+1�hk+12a2 + �uk+10 = '0 �tk+1� :Ïiñëÿ ïåðåòâîðåíü:��hk+12a2� + �hk+1 � �� uk+10 +� ��hk+1�uk+11 = �hk+12a2� uk0 � '0 �tk+1�� �f �tk+1�hk+12a2 ; àáî� 2a2hk+1 + hk+1� � 2a2�� � uk+10 + ��2a2hk+1 � uk+11 = hk+1� uk0 � '0 �tk+1� 2a2� � f �tk+1�hk+1:Ââåäåìî ïîçíà÷åííÿ:a0 = 0; b0 = 2a2hk+1 + hk+1� � 2a2�� ; 
0 = �2a2hk+1 ;d0 = hk+1� uk0 � '0 �tk+1� 2a2� � f �tk+1�hk+1; (2.15)òîäi b0uk+10 + 
0uk+11 = d0; j = 0: (2.16)Òåïåð ïiäñòàâèìî (18) ó (3) i âèêîíà¹ìî àíàëîãi÷íi ïåðåòâîðåííÿ:� �
hk+1� uk+1N�1 + � 
hk+1 + 
hk+12a2� + Æ� uk+1N = 'L �tk+1�+ 
hk+12a2� ukN � 
 f �tk+1�hk+12a2 ;��2a2hk+1 �uk+1N�1 + � 2a2hk+1 + hk+1� + 2a2Æ
 � uk+1N = 2a2
 'L �tk+1�+ hk+1� ukN � f �tk+1�hk+1:Ââåäåìî ïîçíà÷åííÿ:aN = �2a2hk+1 ; bN = 2a2hk+1 + hk+1� + 2a2Æ
 ; 
N = 0;dN = 2a2
 'L �tk+1�+ hk+1� ukN � f �tk+1�hk+1: (2.17)Ç óðàõóâàííÿì ïîçíà÷åíü, îòðèìà¹ìî:aNuk+1N�1 + bNuk+1N = dN ; j = N: (2.18)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Êîíñåðâàòèâíà êiíöåâî-ðiçíèöåâà ñõåìà çàäà÷i Ñòå�àíà 43Òàêèì ÷èíîì, ìà¹ìî àïðîêñèìàöiþ ãðàíè÷íèõ óìîâ òðåòüîãî ðîäó íà âiëüíié i ïðàâiéãðàíèöÿõ ç òèì æå ïîðÿäêîì, ùî é àïðîêñèìàöiÿ (7) äè�åðåíöiéíîãî ðiâíÿííÿ (1).Ïåðåïèøåìî (7) ó âèãëÿäi:� �a2(hk+1)2� uk+1j�1 + �1� + 2a2(hk+1)2� uk+1j + � �a2(hk+1)2� uk+1j+1 = ukj� + f �tk+1� :Ïiñëÿ ââåäåííÿ ïîçíà÷åíü, áóäåìî ìàòè:aj = �a2(hk+1)2 ; bj = 1� + 2a2(hk+1)2 ; 
j = �a2(hk+1)2 ; dj = ukj� + f �tk+1� (2.19)ajuk+1j�1 + bjuk+1j + 
juk+1j+1 = dj; j = 1; N � 1 (2.20)Îñòàòî÷íî, îòðèìà¹ìî øóêàíó íåÿâíó ðiçíèöåâó ñõåìó:u0j =  �x0j� ; j = 0; N; (ïî÷àòêîâà óìîâà);b0uk+10 + 
0uk+11 = d0; j = 0; (âiëüíà ãðàíèöÿ);ajuk+1j�1 + bjuk+1j + 
juk+1j+1 = dj; j = 1; N � 1; (âíóòðiøíiâóçëè);aNuk+1N�1 + bNuk+1N = dN ; j = N; (ïðàâà ãðàíèöÿ);!h� = �xkj = sk + j � hk; hk = �L� sk�ÆN; sk = s �tk� 	 ;j = 0; N ; tk = k � �; k = 0;M ;a0 = 0; b0 = 2a2hk+1 + hk+1� � 2a2�� ; 
0 = �2a2hk+1 ;d0 = hk+1� uk0 � '0 �tk+1� 2a2� � f �tk+1�hk+1;aj = �a2(hk+1)2 ; bj = 1� + 2a2(hk+1)2 ; 
j = �a2(hk+1)2 ; dj = ukj� + f �tk+1� ;aN = �2a2hk+1 ; bN = 2a2hk+1 + hk+1� + 2a2Æ
 ; 
N = 0;dN = 2a2
 'L �tk+1�+ hk+1� ukN � f �tk+1�hk+1:Ìà¹ìî ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü ç òðüîõ äiàãîíàëüíîþ ìàòðèöåþ, ÿêàìîæå áóòè ðîçâ'ÿçàíà, íàïðèêëàä, ìåòîäîì ïðîãîíêè.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



44 Ñëàâêî �.Â.3. Ïðîãðàìíà ðåàëiçàöiÿ ðiçíèöåâî¨ ñõåìèÎòðèìàíó êiíöåâî-ðiçíèöåâó ñõåìó ðåàëiçó¹ìî çàñîáàìè ïðîãðàìóâàí-íÿ MathCad (ðèñ.1). �åçóëüòàòîì îá÷èñëåíü áóäå äâîìiðíèé ìàñèâ Z, ÿêèéâiäïîâiäà¹ çíà÷åííÿì øóêàíî¨ �óíêöi¨ ukj = u �xkj ; tk� ó âóçëàõ ñiòêè.

�èñ. 1. Ïðîãðàìà ðiçíèöåâî¨ íåÿâíî¨ ñõåìè (MathCad)Çàóâàæèìî, ùî ðåàëiçàöiÿ íåÿâíî¨ ñõåìè, îáóìîâèëà âèêîðèñòàííÿ êâàäðàòíî¨ñiòêè (N =M), ùî íå âïëèâà¹ íà çáiæíiñòü òà ñòiéêiñòü àëãîðèòìó. Çáiëüøåííÿ êiëü-êîñòi êðîêiâ ñiòêè çáiëüøó¹ òî÷íiñòü îòðèìóâàíîãî ðåçóëüòàòó. Íàäàìî ïîÿñíåííÿ âè-êîðèñòàíèì (ðèñ.1) ïîçíà÷åííÿì: N� ÷èñëî êðîêiâ ñiòêè ïî ïðîñòîðîâié êîîðäèíàòi(äîâæèíi);M� ÷èñëî êðîêiâ ñiòêè ïî ÷àñîâié êîîðäèíàòi (N =M); L� ìåæà îáëàñòi ïîïðîñòîðîâié êîîðäèíàòi (x = L); T� ìàêñèìàëüíå çíà÷åííÿ ÷àñó (t � T <1); A� êî-å�iöi¹íò a â ðiâíÿííi äè�óçi¨ (âèçíà÷à¹òüñÿ âëàñòèâîñòÿìè ñåðåäîâèùà); � = T/M�ïîñòiéíèé ÷àñîâèé êðîê ñiòêè; f (t)� �óíêöiÿ ïðàâî¨ ÷àñòèíè ðiâíÿííÿ (1); S (t)��óíêöiÿ âiëüíî¨ ëiâî¨ ìåæi;  (x)� �óíêöiÿ ïî÷àòêîâî¨ óìîâè (4); �0 (t)� �óíêöiÿ'0 (t) ïðàâî¨ ÷àñòèíè óìîâè íà âiëüíié ìåæi (2); �L (t) � �óíêöiÿ 'L (t) ïðàâî¨ ÷àñòè-íè óìîâè íà ïðàâié ìåæi (3); �; �� âiäïîâiäíi êîå�iöi¹íòè ãðàíè÷íèõ óìîâ (2); 
; Æ�âiäïîâiäíi êîå�iöi¹íòè ãðàíè÷íèõ óìîâ (3).¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Êîíñåðâàòèâíà êiíöåâî-ðiçíèöåâà ñõåìà çàäà÷i Ñòå�àíà 454. Ïðèêëàä çàñòîñóâàííÿ ïðîãðàìèÓ ÿêîñòi ïðèêëàäà, ðîçâ'ÿçóâàòèìåìî íàñòóïíó çàäà÷ó:�2u�x2 � �u�t = 0; s (t) < x < 1 ; t > 0;�u (x; t)�x = � (u1 � u) dsdt ; x = s(t); s (t) = 0:5� t2Æ8; t > 0; u1 = 1;�u (1; t)�x = 0; x = 1; t > 0; u (x; 0) = 0; s (0) � x � 1; t = 0:Ó âiäïîâiäíîñòi ç ïîçíà÷åííÿìè ó ïðîãðàìi, äëÿ öüîãî ïðèêëàäó ìàòèìåìî:f (t) = 0; L = 1; T = 2; A = 1;  (x) = 0;S (t) = 0:5� t2Æ8; � = 1; � = � (t) = dS (t)/dt; �0 (t) = dS (t)/dt;
 = 1; Æ = 0; �L (t) = 0:Íà ðèñ.2 íàâåäåíî ðåçóëüòàòè ðîçðàõóíêiâ ç óðàõóâàííÿì íîðìàëiçàöi¨ çíà÷åíü äëÿïðîñòîðîâî¨ ñiòêè. Ñëiä çàóâàæèòè, ùî ìîæëèâîñòi ñèñòåìè MathCad äîçâîëÿþòüïîáóäóâàòè êîìáiíàöiþ ëiíié ðiâíÿ òà ïðîñòðîâî¨ ñiòêè, ùî ïiäâèùó¹ íàãëÿäíiñòüïîäàííÿ îòðèìàíèõ ðåçóëüòàòiâ. Êðiì íàâåäåíèõ çàëåæíîñòåé, âáóäîâàíi ìîæëèâîñòiMathCad äîçâîëÿþòü ïîáóäóâàòè âiäïîâiäíi ïîâåðõíi òà �óíêöiîíàëüíi çàëåæíîñòi.Ïðîãðàìà äîçâîëÿ¹ øâèäêî çìiíþâàòè �óíêöiþ, ùî âèçíà÷à¹ õàðàêòåð âiëüíî¨ ìåæi,îòðèìóâàòè âiäïîâiäíi ðîçïîäiëè òà êîíòðîëþâàòè çáiæíiñòü îòðèìàíîãî ðîçâ'ÿçêó.Íàâåäåíà íà ðèñ.1 ïðîãðàìà, ìîæå áóòè ðåàëiçîâàíà áóäü ÿêîþ ìîâîþ ïðîãðàìóâàííÿ,çà óìîâè ïðîãðàìíî¨ ðåàëiçàöi¨ �óíêöi¨ ðîçâ'ÿçàííÿ ñèñòåìè ðiâíÿíü.

�èñ. 2. Ëiíi¨ ðiâíÿ íà ðiçíèöåâié ñiòöi¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



46 Ñëàâêî �.Â.ÂèñíîâêèÊiíöåâî-ðiçíèöåâó ñõåìó äëÿ çàäà÷i Ñòå�àíà ïîáóäîâàíî òàê, ùî ïîðÿäîê àïðîê-ñèìàöi¨ ðiâíÿííÿ çáåðiãà¹òüñÿ i äëÿ àïðîêñèìàöi¨ ãðàíè÷íèõ óìîâ. Òàêèé ïiäõiä íåòiëüêè âèðiâíþ¹ òà ïiäâèùó¹ ïîðÿäîê àïðîêñèìàöi¨ (îäíîðiäíà àïðîêñèìàöiÿ), àëåé ðîáèòü êiíöåâî-ðiçíèöåâó ñõåìó êîíñåðâàòèâíîþ. Òàêèì ÷èíîì, âðàõîâóþòüñÿ óñiâèäè åíåðãi¨, ùî âèêîðèñòîâóâàëèñÿ ïiä ÷àñ îòðèìàííÿ ðiâíÿííÿ. Ïîáóäîâàíèé àë-ãîðèòì, äîçâîëÿ¹ çíàõîäèòè ðîçâ'ÿçîê äëÿ ðiçíèõ �óíêöié, ùî âèçíà÷àþòü âiëüíóãðàíèöþ. �åçóëüòàòè îá÷èñëåíü ëåãêî âiçóàëiçóâàòè äëÿ áóäü-ÿêèõ çàëåæíîñòåé. Çà-çíà÷èìî äîäàòêîâî, ùî âèêëàäåíèé ìåòîä ìîæå áóòè çàñòîñîâàíèé äî ðiâíÿííÿ (1)çà íàÿâíîñòi êîíâåêòèâíèõ ÷ëåíiâ (ïðîïîðöiéíèõ ïîõiäíié �u/�x ) òà ÷ëåíiâ ïðîïîð-öiéíèõ øóêàíié �óíêöi¨. Ñïèñîê ëèòåðàòóðû1. Â.À. Êóäèíîâ, Ý.Ì. Êàðòàøîâ, Â.Â. Êàëàøíèêîâ. Àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷ òåïëîìàññîïå-ðåíîñà è òåðìîóïðóãîñòè äëÿ ìíîãîñëîéíûõ êîíñòðóêöèé: ó÷åáíîå ïîñîáèå.- Ì.: Âûñøàÿ øêîëà,2005.� 429ñ.2. �óðñêèé Ä.À., Òóðáèíà Å.Ñ. Âû÷èñëåíèÿ â Math
ad 12. � ÑÏá.: Ïèòåð, 2006. � 544 ñ.3. Ôîðìàëåâ Â.Ô., �åâèçíèêîâ Ä.Ë. ×èñëåííûå ìåòîäû. - Ì.: ÔÈÇÌÀÒËÈÒ, 2004. � 400ñ.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 30.11.2008
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sThe Chair of E
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 Cyberneti
sZhukovsky str., 66, Zaporizhzhya, 69600, Ukrainee-mail: buenasdiaz�gmail.
omAbstra
t. The arti
le ta
kles the strongly N P-hard permutation �ow shop problem. Thefragmentary stru
ture of the problem is pointed out. The evolutionary fragmentary approa
h foroptimal solution is proposed. The testing of evolutionary fragmentary algorithm on instan
es' set fromthe ORLib [1℄ library is 
ondu
ted. Introdu
tionIn 1954 Selmer Martin Johnson proposed an algorithm for �nding optimal solution toa problem [2℄, whi
h has been known sin
e as �ow shop problem.Suppose that n jobs Ji(i = 1; : : : ; n) are to be exe
uted on mma
hines Mj(j = 1; : : : ; m). Ea
h job 
onsists of m operations Oi1; : : : ; Oim. Ea
hoperation Oij is asso
iated with the pro
essing time pij. Every job is pro
essed on allma
hines in the order of the ma
hine indexing. It means that the exe
ution of theoperation Oij+1 is not allowed until the exe
ution of the operation Oij is �nished. By thes
hedule we mean the mapping from the set of the job numbers (i; j) to the 
ompletiontimes set Cij. In the given problem, we are supposed to �nd su
h a s
hedule in whi
h
omletion time of the last job on the last ma
hine is minimized. Preemption, pro
essingmore than one job on one ma
hine at a time, and exe
ution one job on more than onema
hine at a time are not allowed.A

ording to the notation [3℄ the problem under 
onsideration is denoted F jjCmax.The problem has (n!)m feasible solutions, hen
e, in the literature the easier 
ase is studied,whi
h admits n! s
hedules with the same order of pro
essing on all ma
hines (permutations
hedules) and is denoted F jprmujCmax. The latter 
ase is 
onsidered in the following.The exa
t algorithm proposed by Johnson solves the problem to optimality for m = 2
ase and for spe
ial 
ase with m = 3. All the e�orts to �nd exa
t polynomial algorithmform > 2 were unsu

essfull. With the advent of the �rst results in the early 70-s [4, 5, 6℄ in
omputational 
omplexity theory that fa
t had obtained an explanation. N P-hardnessin the strong sense was proved in [7℄. Sin
e then resear
hers' e�orts have been fo
used onapproximation and heuristi
 algorithms design.Some time after that it has be
ome 
lear that some problems are hard not only forsolving to optimality but are hard for approximating. It was proved [8℄ for 
onsideredproblem there is no (1 + �)-approximation algorithm for 1 + � < 5=4. Furthermore, so farthe problem whether there exist polynomial approximation s
heme for FmjjCmax wherem



48 Bondarenko O.S., Kozin I.V.is �xed is open. Hen
e, the design of algorithms with no theoreti
al bounds and worst-
ase ratios, whi
h solve 
omplex pra
ti
al problems, is now urgent. As su
h we 
onsidersto
hasti
 lo
al sear
h [9℄ algorithms: evolutionary algorithms, taboo sear
h, simulatedannealing, ant 
olony systems, variable neighbourhood sear
h.The survey of lo
al sear
h algorithms for �ow shop problem 
an be found in [10℄. The
omparative analysis of the most e�
ient lo
al sear
h methods from the literature, 
alledalso metaheuristi
s, was 
ondu
ted in [11℄.The goal of the paper is the inquiry of the new solution approa
h to 
ombinatorialproblems based on the 
ombination of the evolutionary and the fragmentary approa
hes.1. The Fragmentary Stru
tureDe�nition 1. Fragmentary stru
ture [12℄ is tuple (X ;Y ;R), where X � a �nite set ofthe fragments, Y � a family of subsets of X , R � a 
ombining rule, i.e. the de
ision rulefor re
ognizing whether a union of subsets of X is a feasible set of Y .F jjCmax 
an be 
onsidered as the fragmentary stru
ture. By fragmments we will haveany tuples of jobs, respe
tively by the elementary fragments we will mean jobs. The ruleof 
ombination � no job repetition in the 
ombined tuples. Maximal by in
lusion fragmentwill be a feasible solution the problem under 
onsideration. So the feasible solution 
anbe 
onsidered as 
ertain �xed permutation of jobs.In the papers [12, 13℄ it has been showed that the sear
h of feasible solutions
an 
onsidered in the fragmentary stru
ture framework. For the 
ostru
tion of feasiblesolutions the fragmentary algorithm F is applied. In the general 
ase, the input of Falgorithm are a tuple I = (i1; : : : ; in) and the empty solution set S . The input is lookedthrough by F in the ma
hine indexing order. On every step in the tuple I the �rstelement is looked for whi
h the 
ombining rule is ful�lled. The found elementary fragmentis added into S . The pro
edure is repeated until the maximal by in
lusion fragment isbuilt. 2. The Evolutionary Fragmentary AlgorithmThe fragmentary algorithm allows to obtain only some feasible solutions for theoptimization problem. For �nding optimal solution of F jprmujCmax the 
ombinationevolutionary and fragmentary approa
hes is proposed. A few analogous approa
hesgrounded on the evolutionary me
hanism and performan
e evaluation of su
h approa
hesare 
onsidered in [14, 15℄.The des
ription of evolutionary fragmentary algorithm (EVF algorithm), exploredin the work, is the following. The feasible solutions of the problem are presented by jobnumber permutations, whi
h form the set of all permutations I1; : : : ; In!. Ea
h permutationwill be treated as 
hromosome. The sear
h 
an be des
ribed as the following.Stage 1. Initialization.The initial population, 
onsisting of N 
hromosomes, is generated at random.Stage 2. Sele
tion.Sele
t K pairs of parents from the 
urrent population for reprodu
tion. The sele
tionis random without repla
ement. ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



EVF algorithm for permutation �ow shop problem 49Stage 3. Re
ombination.The re
ombination in the EVF algorithm is implemented by the following n-steppro
edure. All the pairs of 
hromosome-parents' I-tuples are being looked through. Onevery step the minimal element from the �rst two elements of I-tuples' pair is 
hosen andis inserted into tuple-o�spring. The inserted element is deleted from both tuples-parents.For instan
e, in the 
ase with m = 5 
hromosome-parents [12543℄ and [53142℄ yield the
hromosome-o�spring [12534℄.Stage 4. Mutaion.The mutation is implemented by transposition of jobs' indexes from two randomlysele
ted positions in 
hromosome.Stage 5. Repla
ement.The 
hromosomes-o�springs are added in the 
urrent population. The shrinking of the
urrent population to prede�ened size is provided by sequential deletion of 
hromosomeswith maximal 
riterion's values, where the 
riterion's value is 
omputed by the followingre
ursive formula: Ci;j = maxfCi�1;j; Ci;j�1g+ pi;jStage 6. Termination.If prede�ened termination 
riterion is a
hieved, then stop the algorithm, otherwisego to the se
ond stage. The termination 
riterion, used by authors, is the number ofgenerations in evolution, i.e. the number of the sear
h stages repetitions.3. The Test ResultsThe ne
essity of test 
ondu
tion is explained by the di�
ulties and, sometimes, byimposibility of theoreti
al estimation of sto
hasti
 lo
al sear
h algorithms performan
ederivaton in general, and of evolutionary algorithms, in parti
ular.For the EVF algorithm performan
e veri�
ation the test was being 
ondu
ted onwell-known in the Taillard's [16℄ problem set. The problem set 
omprises twelve groups
onsisting of ten instan
es ea
h with the numbers of jobs from 20 to 500 and the numberof ma
hines from �ve to 20. It is the most used in the literature for F jprmujCmax testing.Thus, there appears an opportunity for the 
omparison of the proposed algorithm withalready existing and tested ones on the given set.EVF algorithm was tested against random sear
h (RS) algorithm as well as NEHalgorithm [17℄, whi
h is 
urently 
onsidered the best performing deterministi
 heuristi
.All the three algorithms were implemented in Visual Basi
 for Appli
ations andrun on 
omputer with Celeron pro
esor 1800 Mhz and 256 MB of the main memory.The termination 
riterion was 
hosen to be the number of generations. a
hieved by thealgorithm during its run.The algorithms' performan
e was measured by relative devian
e (RD) from optimum(OPT) or the least known upper bound [18℄ of the value (A) found by given algorithm:RD = A�OPTOPT � 100:In Table 1 ea
h group of problems is denoted as n�m, where n is the number of jobs,m is the number of ma
hines. In it RD for ea
h instan
e is averaged on the group size. ForEVF algorithm in the table in the parentheses the number of generations during whi
h it¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



50 Bondarenko O.S., Kozin I.V.Group of problems RS NEH EVF20� 5 6.95 2.46 1.25 (300)20� 10 10.29 4.88 2.86 (300)20� 20 8.52 3.72 3.28 (300)50� 5 5.18 0.81 0.92 (300)50� 10 14.39 5.23 4.51 (300)50� 20 16.71 6.21 5.85 (300)100� 5 4.14 0.67 0.73 (500)100� 10 10.74 2.45 2.4 (500)100� 20 16.85 5.72 6.08 (500)200� 10 8.74 1.8 1.52 (1000)200� 20 15.66 4.66 4.95 (1000)500� 20 11.79 2.41 3.74 (1000)Average 10.83 3.42 3.17Òàáëèöà 1. The Test Results for F jprmujCmaxwas run is pointed out. From Table 1 it 
an be 
on
luded that in the average evolutionaryfragmentary algorithm has showed the higher results than other two tested algorithms.Con
lusionThe basi
 result of the paper is the new approa
h to s
heduling problems solution. Thefragmentary stru
ture has been showed whi
h allows the appli
ation of EVF algorithm.The testing of the algorithm on the standard problem set is ful�lled.From the test results, represented in Table 1, it appears promising to apply theproposed aproa
h to s
heduling problems solution.Ñïèñîê ëèòåðàòóðû1. Beasley J. E. ORLib - Operations Resear
h Library.http://people.brunel.a
.uk/�mastjjb/jeb/orlib/�les/�owshop2.txt, 2008.2. Johnson S. M. Optimal Two and Three-Stage Produ
tion S
hedules with Setup Times In
luded //Naval Resear
h Logisti
s Quarterly. � 1954. � Vol. 1, No. 1. � P. 61�68.3. Graham R. L. Optimization and approximation in deterministi
 sequen
ing and s
heduling:A survey / R. L. Graham, E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan // Dis
reteOptimization II / P.L. Hammer, E.L. Johnson and B.H. Korte (eds.). � Amsterdam : North-Holland,1979. � (Annals of Dis
rete Mathemati
s ; Vol. 5.). � P. 287�326.4. Cook S. A. The 
omplexity of theorem-proving pro
edures / Stephen A. Cook // STOC '71:Pro
eedings of the third annual ACM symposium on Theory of 
omputing. � New York : ACM,1971. � P. 151�158.5. Karp R. Redu
ibility among Combinatorial Problems // Complexity of Computer Computations /R. E. Miller and J. W. That
her (eds.). � New York : Plenum Press, 1972. � P. 85�104.6. Ëåâèí Ë. À. Óíèâåðñàëüíûå çàäà÷è ïåðåáîðà / Ë. À. Ëåâèí // Ïðîáëåìû ïåðåäà÷è èí�îðìà-öèè. � 1973. � Ò. 9, � 3. � Ñ. 115-116. ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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Ùåðáèíà Î.À.University of ViennaFakultaet fuer MathematikNordbergstr., 15, Vienna, 1090, Austriae-mail: oleg.sh
herbina�univie.a
.atAbstra
t. The applying lo
al elimination algorithms (LEA) for pro
essing queries in relationaldatabases is 
onsidered. The spe
ial features of realization of lo
al algorithm using only a forward partare dis
ussed. ÂâåäåíèåÈñïîëüçîâàíèå ëîêàëüíîé èí�îðìàöèè [1℄ ïðè èçó÷åíèè ñëîæíûõ äèñêðåòíûõñèñòåì, ïðè ðàçðàáîòêå ìåòîäîâ äåêîìïîçèöèè äëÿ ðåøåíèÿ áîëüøèõ ðàçðåæåííûõäèñêðåòíûõ çàäà÷ ÿâëÿåòñÿ âåñüìà àêòóàëüíûì, ïðè÷åì óïîìÿíóòûå çàäà÷è ïðèíàä-ëåæàò êàê îáëàñòè äèñêðåòíîé îïòèìèçàöèè (ÄÎ) [2℄, [3℄, òàê è îáëàñòè èñêóññòâåí-íîãî èíòåëëåêòà (ÈÈ) [4℄, áàç äàííûõ [5℄, ëèíåéíîé àëãåáðû (ìóëüòè�ðîíòàëüíûåìåòîäû ðåøåíèÿ ðàçðåæåííûõ ñèñòåì ëèíåéíûõ óðàâíåíèé [6℄, [7℄, èìåþùèå äåêîì-ïîçèöèîííûé õàðàêòåð).Ïðè èçó÷åíèè ñëîæíûõ äèñêðåòíûõ ñèñòåì íå âñåãäà âîçìîæíî ïîëó÷èòü (èëèâû÷èñëèòü) ãëîáàëüíóþ èí�îðìàöèþ îá îáúåêòå, ïîýòîìó ïðåäñòàâëÿåò èíòåðåñ ïî-ëó÷åíèå èí�îðìàöèè îá îáúåêòå, ðàññìàòðèâàÿ åãî ïî ÷àñòÿì, ò.å. ëîêàëüíî, èñïîëü-çóÿ ïðåäëîæåííûå Þ.È. Æóðàâëåâûì ëîêàëüíûå àëãîðèòìû âû÷èñëåíèÿ èí�îðìà-öèè [1℄.Âàæíîé îñîáåííîñòüþ ëîêàëüíûõ àëãîðèòìîâ ÿâëÿåòñÿ âû÷èñëåíèå è èñïîëüçîâà-íèå èìåííî ëîêàëüíîé èí�îðìàöèè (ò.å. èí�îðìàöèè îá ýëåìåíòàõ îêðåñòíîñòè ýëå-ìåíòà) ïðè ðåøåíèè ðàçðåæåííûõ äèñêðåòíûõ çàäà÷. Â [8℄ ïðåäëîæåí îáùèé êëàññëîêàëüíûõ ýëèìèíàöèîííûõ àëãîðèòìîâ âû÷èñëåíèÿ èí�îðìàöèè äëÿ ðåøåíèÿ äèñ-êðåòíûõ ðàçðåæåííûõ çàäà÷, ïîçâîëÿþùèõ îñóùåñòâëÿòü âû÷èñëåíèå ãëîáàëüíîé èí-�îðìàöèè î ðåøåíèè çàäà÷è ñ ïîìîùüþ ëîêàëüíûõ âû÷èñëåíèé íà îñíîâå àíàëèçàîêðåñòíîñòåé ýëåìåíòîâ çàäà÷è. Ëîêàëüíûå ýëèìèíàöèîííûå àëãîðèòìû (ËÝÀ) âû-÷èñëåíèÿ èí�îðìàöèè îòíîñÿòñÿ ê ãðà�îâûì äåêîìïîçèöèîííûì ïîäõîäàì. Àëãî-ðèòìè÷åñêàÿ ñõåìà ËÝÀ ïðåäñòàâëÿåò ñîáîé áåñêîíòóðíûé îðãðà�, âåðøèíàìè êî-òîðîãî ÿâëÿþòñÿ ëîêàëüíûå ïîäçàäà÷è, ñîîòâåòñòâóþùèå îêðåñòíîñòÿì ýëåìåíòîâ, àäóãè � âûðàæàþò èí�îðìàöèîííóþ çàâèñèìîñòü ïîäçàäà÷ äðóã îò äðóãà. Â [9℄ ïî-êàçàíî, ÷òî óêàçàííûé îðãðà� ÿâëÿåòñÿ ýëèìèíàöèîííûì äåðåâîì [10℄. �ðà�îâîéèíòåðïðåòàöèåé ËÝÀ ÿâëÿåòñÿ ýëèìèíàöèîííàÿ èãðà (Parter [11℄).Â [12℄ ðàññìîòðåíî ðåøåíèå (íåîïòèìèçàöèîííîé) çàäà÷è óäîâëåòâîðåíèÿ îãðà-íè÷åíèé, ñòðóêòóðà êîòîðîé çàäàåòñÿ ãðà�îì âçàèìîñâÿçåé ïåðåìåííûõ, ñ ïîìîùüþËÝÀ [8℄.1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå àâñòðèéñêîãî �îíäà FWF, ãðàíò No. P20900-N13



54 Ùåðáèíà Î.À.Â íàñòîÿùåé ñòàòüå àíàëèçèðóþòñÿ âîçìîæíîñòè ïðèìåíåíèÿ ëîêàëüíûõ ýëèìè-íàöèîííûõ àëãîðèòìîâ ê ðåøåíèþ çàäà÷ îáðàáîòêè çàïðîñîâ â ðåëÿöèîííûõ áàçàõäàííûõ (ÁÄ).1. Îñíîâíûå ïîíÿòèÿ ðåëÿöèîííîé òåîðèè óïðàâëåíèÿ áàçàìèäàííûõÒåîðèÿ ÁÄ âêëþ÷àåò øèðîêèé êðóã âîïðîñîâ, îòíîñÿùèõñÿ ê òåîðåòè÷åñêèì ïðî-áëåìàì ÁÄ è ñèñòåìàì óïðàâëåíèÿ ÁÄ (ÑÓÁÄ), â òîì ÷èñëå ñîçäàíèå ÿçûêîâ çàïðî-ñîâ, òåîðèþ �èíèòíûõ ìîäåëåé, òåîðèþ ïðîåêòèðîâàíèÿ ÁÄ, òåîðèþ çàâèñèìîñòåéè äð. ÑÓÁÄ ïðåäíàçíà÷åíû äëÿ îðãàíèçàöèè õðàíåíèÿ, ïîèñêà è ìàíèïóëèðîâàíèÿáîëüøèìè îáúåìàìè äàííûõ.1.1. �åëÿöèîííûå áàçû äàííûõ. Îñíîâû ðåëÿöèîííîé ìîäåëè äàííûõ áûëè âïåð-âûå èçëîæåíû â ñòàòüå Êîääà [13℄ â 1970 ã. Ýòà ðàáîòà ïîñëóæèëà ñòèìóëîì äëÿáîëüøîãî êîëè÷åñòâà èññëåäîâàíèé, â êîòîðûõ ðåëÿöèîííàÿ ìîäåëü ïîëó÷èëà äàëü-íåéøåå ðàçâèòèå. Ñàì òåðìèí ¾ðåëÿöèîííîå ïðåäñòàâëåíèå äàííûõ¿, âïåðâûå ââåäåí-íûé Êîääîì [13℄, ïðîèñõîäèò îò òåðìèíà relation � îòíîøåíèå, ïîñêîëüêó â îñíîâåâñåé ðåëÿöèîííîé òåîðèè áàç äàííûõ ëåæèò ïîíÿòèå îòíîøåíèÿ, à ÁÄ â ýòîé ìîäåëèÿâëÿåòñÿ êîíå÷íûì ìíîæåñòâîì îòíîøåíèé.Ââåäåì íåîáõîäèìûå ïîíÿòèÿ. Èìååòñÿ êîíå÷íîå ìíîæåñòâî àòðèáó-òîâ U = fx1; : : : ; xmg ñ ñîîòâåòñòâóþùèìè äîìåíàìè D1; : : : ; Dm. �åëÿöèîííîéñõåìîé R íàçûâàåòñÿ ïîäìíîæåñòâî U . Ñõåìîé ÁÄ íàçûâàåòñÿ ìíîæåñòâî ðåëÿöè-îííûõ ñõåì D = fR1; : : : ; Rng. Îòíîøåíèåì ri ñ ðåëÿöèîííîé ñõåìîé Ri íàçûâàåòñÿìíîæåñòâî Ri-êîðòåæåé, ãäå Ri-êîðòåæ � îòîáðàæåíèå àòðèáóòîâ èç Ri íà èõ äîìå-íû. Áàçà äàííûõ d ñî ñõåìîé D � ìíîæåñòâî fr1; : : : ; rng îòíîøåíèé. �åëÿöèîííóþñõåìó R (ò.å. ìíîæåñòâî àòðèáóòîâ) îòíîøåíèÿ r áóäåì íàçûâàòü òàêæå äèàïàçîíîìîòíîøåíèÿ r.Îòíîøåíèå ìîæíî îïèñàòü ðàçëè÷íûìè ñïîñîáàìè, îäíàêî â ðåëÿöèîííûõ áàçàõäàííûõ ëó÷øå âñåãî èñïîëüçîâàòü òàáëè÷íûé ñïîñîá. Îòíîøåíèå r ìîæåò áûòü çàäà-íî â âèäå òàáëèöû, â êîòîðîé êàæäûé ñòîëáåö îçàãëàâëåí àòðèáóòîì. Êîëè÷åñòâîàòðèáóòîâ íàçûâàåòñÿ ñòåïåíüþ îòíîøåíèÿ. Ôàêòè÷åñêè äàííûìè ÿâëÿþòñÿ ñòðî-êè òàáëèöû (êîðòåæè). Êîëè÷åñòâî êîðòåæåé îòíîøåíèÿ íàçûâàåòñÿ ìîùíîñòüþîòíîøåíèÿ. Ïîðÿäîê ñòîëáöîâ è ñòðîê â òàáëèöå íåñóùåñòâåí.Êàæäîìó îòíîøåíèþ r ñòåïåíè n, îïðåäåëåííîìó íà äèàïàçîíå R, ìîæíî ïî-ñòàâèòü â ñîîòâåòñòâèå íåêîòîðûé n-ìåñòíûé ïðåäèêàò p(R), îïðåäåëÿþùèé, áóäåòëè êîðòåæ ïðèíàäëåæàòü îòíîøåíèþ (ýòîò ïðåäèêàò ïðèíèìàåò çíà÷åíèå ¾èñòèíà¿äëÿ âñåõ êîðòåæåé r). Ýòîò ïðåäèêàò íàçûâàþò ïðåäèêàòîì îòíîøåíèÿ. �îâîðÿò,÷òî êîðòåæ f íà äèàïàçîíå R óäîâëåòâîðÿåò p(R), åñëè p(R) ïðèíèìàåò çíà÷åíèå¾èñòèíà¿ äëÿ ýòîãî êîðòåæà. Ýòî çàïèñûâàåòñÿ â �îðìå f j= p(R). Â ñâîþ î÷åðåäü,êàæäûé n-ìåñòíûé ïðåäèêàò p(R) çàäàåò íåêîòîðîå n-àðíîå îòíîøåíèå íà äîìåíå R,ñîñòîÿùåå èç âñåõ êîðòåæåé, äëÿ êîòîðûõ p(R) èñòèíåí, ò.å. ff 2 ER : f j= p(R)g(ER � ìíîæåñòâî âñåõ R-êîðòåæåé).Òàêèì îáðàçîì, ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó n-àðíûìèîòíîøåíèÿìè è n-ìåñòíûìè ïðåäèêàòàìè.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ëîêàëüíûå ýëèìèíàöèîííûå àëãîðèòìû îáðàáîòêè çàïðîñîâ â áàçàõ äàííûõ 55Åñëè ïîëüçîâàòåëþ íåîáõîäèìî íàéòè îïðåäåëåííûå äàííûå èç ÁÄ, îí çàïðàøè-âàåò èõ ñ ïîìîùüþ çàïðîñà, â êîòîðîì âûðàæåíû óñëîâèÿ, ñâÿçûâàþùèå àòðèáóòûîòíîøåíèé, âõîäÿùèõ â ÁÄ. ÑÓÁÄ îáðàáàòûâàåò çàïðîñ, íàõîäèò òðåáóåìûå äàííûåè ïîñûëàåò èõ ïîëüçîâàòåëþ. Ïðîöåññ çàïðàøèâàíèÿ äàííûõ è ïîëó÷åíèÿ ðåçóëüòàòàíàçûâàåòñÿ çàïðîñîì ê áàçå äàííûõ.Ïðèìåð 1 ([15℄). �åëÿöèîííàÿ ÁÄ ñîñòîèò èç ñëåäóþùèõ îòíîøåíèé.Òàáëèöà 1.Îòíîøåíèå r1(a; i)àâòîð a ìåñòî æèòåëüñòâà iEdmonds WaterlooCook Toronto
Òàáëèöà 2.Îòíîøåíèå r2(a; p)àâòîð a ïóáëèêàöèÿ pEdmonds PCook NPShakespeare P èëè NPÒàáëèöà 3.Îòíîøåíèå r3(p; s)ïóáëèêàöèÿ p òåìà sP àëãîðèòìûNP ñëîæíîñòüP èëè NP äðàìà
Òàáëèöà 4.Îòíîøåíèå r4(p; j; y)ïóáëèêàöèÿ p æóðíàë j ãîä yP Can. J. Math. 1965NP Am. J. Math. 1971Ïðèìåð 2 (�åëÿöèîííàÿ àëãåáðà è ðåëÿöèîííîå èñ÷èñëåíèå). Èçâåñòíû äâà ýêâèâà-ëåíòíûõ ñïîñîáà ìàíèïóëèðîâàíèÿ ðåëÿöèîííûìè äàííûìè � ðåëÿöèîííàÿ àëãåáðàè ðåëÿöèîííîå èñ÷èñëåíèå.Ôàêòè÷åñêèì ñòàíäàðòîì äîñòóïà ê ðåëÿöèîííûì äàííûì ñòàë ÿçûê çàïðîñîâSQL (Stru
tured Query Language), êîòîðûé ïðåäñòàâëÿåò ñîáîé ñìåñü îïåðàòîðîâ ðå-ëÿöèîííîé àëãåáðû è âûðàæåíèé ðåëÿöèîííîãî èñ÷èñëåíèÿ, èñïîëüçóþùèé êëþ÷å-âûå ñëîâà íà àíãëèéñêîì ÿçûêå è ðàñøèðåííûé äîïîëíèòåëüíûìè âîçìîæíîñòÿìè,îòñóòñòâóþùèìè â ðåëÿöèîííîé àëãåáðå è ðåëÿöèîííîì èñ÷èñëåíèè.Ôóíäàìåíòàëüíûé ðåçóëüòàò, èçâåñòíûé êàê òåîðåìà Êîääà [16℄, óñòàíàâëèâàåòýêâèâàëåíòíîñòü ðåëÿöèîííîé àëãåáðû è ðåëÿöèîííîãî èñ÷èñëåíèÿ â òîì ñìûñëå, ÷òîäëÿ ëþáîãî çàïðîñà, çàäàííîãî â òåðìèíàõ îäíîãî ÿçûêà, ìîæíî ý��åêòèâíî ïîñòðî-èòü (çà ïîëèíîìèàëüíîå âðåìÿ) çàïðîñ íà äðóãîì ÿçûêå, êîòîðûé ýêâèâàëåíòåí, ò.å.ïðîèçâîäèò òîò æå îòâåò äëÿ ëþáîãî íàïîëíåíèÿ ÁÄ.Ýòîò ðåçóëüòàò ïî ñóòè äåëà îçíà÷àåò, ÷òî ìû ìîæåì äåêëàðàòèâíî çàäàòü, ÷òîìû õîòèì íàéòè, à ÑÓÁÄ àâòîìàòè÷åñêè íàõîäèò, êàê âû÷èñëèòü çàïðîñ ñ ïîìîùüþðåëÿöèîííûõ îïåðàòîðîâ.1) �åëÿöèîííîå èñ÷èñëåíèå ïîõîæå íà èñ÷èñëåíèå ïðåäèêàòîâ ïåðâîãî ïîðÿäêà.Ôîðìóëû çäåñü ñòðîÿòñÿ èç ýëåìåíòàðíûõ �îðìóë âèäà x1 = x2 è p(Ri(x1; : : : ; xm))(ãäå xi � ïåðåìåííûå èëè êîíñòàíòû èç ñîîòâåòñòâóþùèõ äîìåíîâ), èñïîëüçóþùèåîïåðàòîðû ^; _; : áóëåâîé àëãåáðû è êâàíòè�èêàòîðû 8; 9. Ôîðìóëà ' ñî ñâî-áîäíûìè ïàðàìåòðàìè y1; : : : ; yk çàäàåò çàïðîñ fy1; : : : ; yk j '(y1; : : : ; yk)g; äëÿ äàííîé¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



56 Ùåðáèíà Î.À.ÁÄ d ðåçóëüòàòîì âûïîëíåíèÿ çàïðîñà ÿâëÿåòñÿ k-àðíîå îòíîøåíèå, ñîäåðæàùåå âñåêîðòåæè a1; : : : ; ak òàêèå, ÷òî '(a1; : : : ; ak) èñòèííà â d.Íàïðèìåð, çàïðîñ â îïèñàííîì âûøå ïðèìåðåfj j (9a)(9p) p(R1(a; Waterloo)) ^ p(R2(a; p)) ^ p(R4(p; j; 1965))gçàïðàøèâàåò æóðíàëû, â êîòîðûõ îïóáëèêîâàëèñü àâòîðû èç Waterloo â 1965 ã.(Çäåñü p(Ri) � ïðåäèêàòû, ñîîòâåòñòâóþùèå îòíîøåíèÿì ri (i = 1; 2; 4)).�åëÿöèîííîå èñ÷èñëåíèå ÿâëÿåòñÿ äåêëàðàòèâíûì, òî åñòü îíî çàäàåò, ÷òî ìûõîòèì âû÷èñëèòü, íî íå çàäàåò, êàê ýòî ñäåëàòü.2) �åëÿöèîííàÿ àëãåáðà ïðåäñòàâëÿåò ñîáîé íàáîð îïåðàòîðîâ, èñïîëüçóþùèõ îò-íîøåíèÿ â êà÷åñòâå àðãóìåíòîâ, è âîçâðàùàþùèõ îòíîøåíèÿ â êà÷åñòâå ðåçóëüòàòà.Òàêèì îáðàçîì, ðåëÿöèîííûé îïåðàòîð âûãëÿäèò êàê �óíêöèÿ ñ îòíîøåíèÿìè â êà-÷åñòâå àðãóìåíòîâ è îïðåäåëÿåòñÿ ñ ïîìîùüþ ýëåìåíòàðíûõ îïåðàöèé íàä îòíîøå-íèÿìè.�åëÿöèîííàÿ àëãåáðà ÿâëÿåòñÿ çàìêíóòîé, ò.ê. â êà÷åñòâå àðãóìåíòîâ â ðåëÿöè-îííûå îïåðàòîðû ìîæíî ïîäñòàâëÿòü äðóãèå ðåëÿöèîííûå îïåðàòîðû, ïîäõîäÿùèåïî òèïó. Òàêèì îáðàçîì, â ðåëÿöèîííûõ âûðàæåíèÿõ ìîæíî èñïîëüçîâàòü âëîæåííûåâûðàæåíèÿ ñêîëü óãîäíî ñëîæíîé ñòðóêòóðû.Ñîãëàñíî Êîääó [13℄, îïðåäåëÿþò âîñåìü ðåëÿöèîííûõ îïåðàòîðîâ, îáúåäèíåí-íûõ â ñëåäóþùèå äâå ãðóïïû.Òåîðåòèêî-ìíîæåñòâåííûå îïåðàòîðû: îáúåäèíåíèå, ïåðåñå÷åíèå, âû÷èòàíèå,äåêàðòîâî ïðîèçâåäåíèå.Ñïåöèàëüíûå ðåëÿöèîííûå îïåðàòîðû: âûáîðêà, ïðîåêöèÿ, ñîåäèíåíèå, äåëåíèå.Íå âñå ýòè îïåðàòîðû ÿâëÿþòñÿ íåçàâèñèìûìè, ò.ê. îïåðàòîðû ñîåäèíåíèÿ, ïå-ðåñå÷åíèÿ è äåëåíèÿ ìîãóò áûòü âûðàæåíû ÷åðåç äðóãèå ðåëÿöèîííûå îïåðàòîðû.Îñòàëüíûå ðåëÿöèîííûå îïåðàòîðû (îáúåäèíåíèå, âû÷èòàíèå, äåêàðòîâî ïðîèçâåäå-íèå, âûáîðêà, ïðîåêöèÿ) ÿâëÿþòñÿ ïðèìèòèâíûìè îïåðàòîðàìè � èõ íåëüçÿ âûðàçèòüäðóã ÷åðåç äðóãà.�àññìîòðèì íåêîòîðûå îïåðàòîðû ðåëÿöèîííîé àëãåáðû.(1) âûáîðêà èëè ñåëåêöèÿ, îáîçíà÷àåìàÿ �F (r), íàõîäèò êîðòåæè îòíîøåíèÿ r, óäî-âëåòâîðÿþùèå çàäàííîìó óñëîâèþ F . Ñìûñë îïåðàöèè âûáîðêè � âûáðàòü êîð-òåæè îòíîøåíèÿ, óäîâëåòâîðÿþùèå íåêîòîðîìó óñëîâèþ. Òàêèì îáðàçîì, îïå-ðàöèÿ âûáîðêè äàåò ¾ãîðèçîíòàëüíûé ñðåç¿ îòíîøåíèÿ ïî íåêîòîðîìó óñëî-âèþ.(2) ïðîåêöèÿ �X(r) îãðàíè÷èâàåò îòíîøåíèå r ïîäìíîæåñòâîì X àòðèáóòîâ. Îïå-ðàöèÿ ïðîåêöèè äàåò ¾âåðòèêàëüíûé ñðåç¿ îòíîøåíèÿ, â êîòîðîì óäàëåíû âñåâîçíèêøèå ïðè òàêîì ñðåçå äóáëèêàòû êîðòåæåé.(3) åñòåñòâåííîå ñîåäèíåíèå r1 ./ r2 îáðàçóåò îòíîøåíèå íàä îáúåäèíåíèåì àòðè-áóòîâ äâóõ îòíîøåíèé r1 è r2 ïóòåì ñî÷åòàíèÿ êàæäîãî êîðòåæà t1 îòíîøåíèÿr1 ñ êàæäûì êîðòåæåì t2 îòíîøåíèÿ r2, êîòîðîå ñîãëàñóåòñÿ ïî îáùèì àòðèáó-òàì îòíîøåíèé. Çàìåòèì, ÷òî åñëè R1 = R2, òî r1 ./ r2 = r1 \ r2. Åñëè âñå Riðàçëè÷íû, òî ./ ri = �ri.(4) ñîåäèíåíèå ïî óñëîâèþ F : r ./F s = f(x; y) 2 r � s : F (x; y) = èñòèíàg.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ëîêàëüíûå ýëèìèíàöèîííûå àëãîðèòìû îáðàáîòêè çàïðîñîâ â áàçàõ äàííûõ 57(5) ïåðåèìåíîâàíèå %AjB(r), èçìåíÿþùåå èìÿ àòðèáóòà A íà B.(6) îáúåäèíåíèå r1 [ r2 è ðàçíîñòü r1 � r2 äâóõ îòíîøåíèé íàä îäíèì ìíîæåñòâîìàòðèáóòîâ (â îáû÷íîì òåîðåòèêî-ìíîæåñòâåííîì ñìûñëå).Îòìåòèì ñëåäóþùèå ñâîéñòâà îïåðàòîðîâ ðåëÿöèîííîé àëãåáðû: êîììóòàòèâ-íîñòü è àññîöèàòèâíîñòü ñîåäèíåíèé, êîììóòàòèâíîñòü âûáîðêè è ïðîåêöèè, êîì-ìóòàòèâíîñòü âûáîðêè è åñòåñòâåííîãî ñîåäèíåíèÿ [14℄.Ïðèìåð 3. Çàïðîñ î æóðíàëàõ, â êîòîðûõ îïóáëèêîâàëèñü àâòîðû èçWaterloo â 1965 ã., çàïèñàí íèæå ñ ïîìîùüþ îïåðàòîðîâ ðåëÿöèîííîé àëãåáðû:�j�i=Waterloo�y=1965(r1 ./ r2 ./ r4). Îáðàáîòêà ýòîãî çàïðîñà ñ ïîìîùüþ îïåðàòîðîâðåëÿöèîííîé àëãåáðû âîçìîæíà ðàçëè÷íûìè ñïîñîáàìè, õàðàêòåðèçóþùèìèñÿ ðàç-ëè÷íîé ý��åêòèâíîñòüþ. ¾Àëãåáðàè÷åñêàÿ¿ îïòèìèçàöèÿ çàïðîñîâ [14℄ èñïîëüçóåò, â÷àñòíîñòè, ïðàâèëî êàê ìîæíî áîëåå ðàííåãî âû÷èñëåíèÿ âûáîðêè (äî ñîåäèíåíèÿ),ïîñêîëüêó âû÷èñëåíèå ñîåäèíåíèÿ òðåáóåò áîëüøîé âû÷èñëèòåëüíîé ðàáîòû.Òàê, áîëåå ý��åêòèâíî âûïîëíèòü âûáîðêó y = 1965 äëÿ îòíîøåíèÿ r4 ïåðåäñîåäèíåíèåì åãî ñ r2 (ýòî ñîïðÿæåíî ñ ìåíüøèì îáúåìîì âû÷èñëåíèé!). Âûáîðêà�i=Waterloor1(a; i) äîñòèãàåòñÿ ïóòåì âû÷åðêèâàíèÿ èç òàáëèöû îòíîøåíèÿ r1 ñòðîê,â êîòîðûõ i 6=Waterloo.Òàáëèöà 5.r4(p; j; 1965): Âûáîðêà îòíîøåíèÿr04(p; j; y) = �y=1965r4(p; j; y)ïóáëèêàöèÿ p æóðíàë j ãîä yP Can. J. Math. 1965
Òàáëèöà 6.r1(a; 'Waterloo'): Âûáîðêà îòíîøå-íèÿ r01(a; i) = �i=0Waterloo0r1(a; i)àâòîð a ìåñòî æèòåëüñòâà iEdmonds Waterloo2. Çàïðîñû â áàçàõ äàííûõÎïòèìèçàöèÿ çàïðîñîâ ÿâëÿåòñÿ îäíèì èç íàèáîëåå âàæíûõ è èíòåðåñíûõ íà-ïðàâëåíèé èññëåäîâàíèé â òåîðèè áàç äàííûõ. Âàæíîñòü ýòîãî íàïðàâëåíèÿ îïðå-äåëÿåòñÿ òåì, ÷òî îò êà÷åñòâà îïòèìèçàöèè çàïðîñîâ ñóùåñòâåííî çàâèñèò îáùàÿïðîèçâîäèòåëüíîñòü ÑÓÁÄ. Îáðàáîòêà áîëüøèíñòâà çàïðîñîâ â ðåëÿöèîííûõ áàçàõäàííûõ ìîæåò áûòü âûïîëíåíà ñ ïîìîùüþ äâóõ îïåðàòîðîâ: ïðîåêöèè è ñîåäèíåíèÿ.2.1. Çàäà÷è óäîâëåòâîðåíèÿ îãðàíè÷åíèé è áàçû äàííûõ . Çàäà÷è óäîâëå-òâîðåíèÿ îãðàíè÷åíèé (ÓÎ), èçâåñòíûå â àíãëîÿçû÷íîé ëèòåðàòóðå êàê 
onstraintsatisfa
tion problems (CSP) [12℄, øèðîêî èñïîëüçóþòñÿ ïðè ðåøåíèè ðÿäà ïðàêòè÷åñêèâàæíûõ çàäà÷ ÈÈ, òàêèõ êàê ñîñòàâëåíèå ðàñïèñàíèé, ïðîåêòèðîâàíèå ýëåêòðîííûõñõåì, ïîääåðæêà ïðèíÿòèÿ ðåøåíèé.Îïðåäåëåíèå 1 ([12℄). Çàäà÷à ÓÎ (ÇÓÎ) îïðåäåëÿåòñÿ ìíîæåñòâîì äèñêðåòíûõ ïå-ðåìåííûõ x1; : : : ; xn, äëÿ êàæäîé èç êîòîðûõ çàäàíà îáëàñòü îïðåäåëåíèÿ èëè äîìåíDj = fd(1)j ; : : : ; d(pj)j g (j = 1; : : : ; n), è ìíîæåñòâîì îãðàíè÷åíèé. Îãðàíè÷åíèåì íà-çûâàåòñÿ ïàðà (r; s
ope(r)), ãäå r � îòíîøåíèå, îïðåäåëåííîå íà äèàïàçîíå s
ope(r).¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



58 Ùåðáèíà Î.À.�åøåíèåì ÇÓÎ íàçûâàåòñÿ ïðèñâîåíèå çíà÷åíèé âñåì ïåðåìåííûì, êîòîðîå óäîâëå-òâîðÿåò âñåì îãðàíè÷åíèÿì. Öåëüþ ðåøåíèÿ ÇÓÎ ìîæåò áûòü íàõîæäåíèå îäíîãîèëè âñåõ ðåøåíèé.Óêàæåì íà âåñüìà òåñíóþ ñâÿçü ìåæäó çàäà÷àìè óäîâëåòâîðåíèÿ îãðàíè÷åíèé èáàçàìè äàííûõ, ÷òî ïîêàçàíî â ñëåäóþùåé òàáëèöå [17℄:Òàáëèöà 1.Òåðìèíîëîãèÿ óäîâëåòâîðåíèÿ îãðàíè÷åíèé è ÁÄÒåðìèíîëîãèÿ óäîâëåòâîðåíèÿ îãðàíè÷åíèé Òåðìèíîëîãèÿ ÁÄçàäà÷à óäîâëåòâîðåíèÿ îãðàíè÷åíèé � áàçà äàííûõïåðåìåííàÿ � àòðèáóòäîìåí � äîìåí àòðèáóòàîãðàíè÷åíèå � îòíîøåíèåäèàïàçîí îòíîøåíèÿ � ðåëÿöèîííàÿ ñõåìàìíîæåñòâî ðåøåíèé � ñîåäèíåíèå âñåõ îòíîøåíèéÈòàê, ïîèñê îòâåòà íà çàïðîñ â áàçå äàííûõ ìîæåò áûòü ñâåäåí ê ðåøåíèþ çàäà÷èÓÎ, êîòîðàÿ ìîæåò áûòü ðåøåíà ñ ïîìîùüþ ëîêàëüíîãî ýëèìèíàöèîííîãî àëãîðèòìà(ËÝÀ) [12℄.2.2. �ðà�îâûå è ãèïåðãðà�îâûå ìîäåëè çàïðîñîâ. �ðà�û è ãèïåðãðà�û [18℄èñïîëüçóþòñÿ äëÿ ïðåäñòàâëåíèÿ ñòðóêòóðû çàïðîñîâ. Ñòðóêòóðà çàïðîñà â ðåëÿ-öèîííîé ÁÄ ïðåäñòàâëÿåòñÿ â âèäå ãèïåðãðà�à, âåðøèíû êîòîðîãî ñîîòâåòñòâó-þò àòðèáóòàì, à ðåáðà � ñîîòâåòñòâóþò ðåëÿöèîííûì ñõåìàì îòíîøåíèé Ri â îä-íîì çàïðîñå (ñì. ðèñ. 1 a)). Êëàññ ãèïåðãðà�îâ, íàçûâàåìûõ àöèêëè÷åñêèìè, ñî-îòâåòñòâóåò ñõåìàì ñî ìíîãèìè æåëàòåëüíûìè ñâîéñòâàìè [5℄. Áûëî äîêàçàíî åùåâ 1981 ã. (Yannakakis [19℄), ÷òî äëÿ ðåøåíèÿ ðàçëè÷íûõ NP -ïîëíûõ çàäà÷ íà ñõåìàõÁÄ ñ ¾ïðîñòûìè¿ (àöèêëè÷åñêèìè) ãèïåðãðà�àìè èìåþòñÿ ïîëèíîìèàëüíûå àëãî-ðèòìû.×àñòî âìåñòî ãèïåðãðà�îâîãî ïðåäñòàâëåíèÿ ñòðóêòóðû çàïðîñà â ðåëÿöèîí-íîé ÁÄ èñïîëüçóåòñÿ áîëåå íàãëÿäíîå ïðåäñòàâëåíèå ñ ïîìîùüþ ïåðâè÷íîãî è äâîé-ñòâåííîãî ãðà�îâ. Ïåðâè÷íûé ãðà� íàçûâàåòñÿ îáû÷íî ãðà�îì âçàèìîñâÿçåé [20℄èëè ãðà�îì �àé�ìàíà (Gaifman [21℄) çàïðîñà ÁÄ. Â ãðà�å �àé�ìàíà âåðøèíûñîîòâåòñòâóþò àòðèáóòàì çàïðîñà è íåîðèåíòèðîâàííîå ðåáðî ìåæäó äâóìÿ âåð-øèíàìè ñîîòâåòñòâóåò íàëè÷èþ îòíîøåíèÿ â çàïðîñå, ñîäåðæàùåãî ýòè àòðèáóòû(ñì. ðèñ. 1 b)). Áóäåì íàçûâàòü òàêèå àòðèáóòû âçàèìîñâÿçàííûìè. Â äàëüíåéøåìíàì ïîòðåáóåòñÿ ïîíÿòèå îêðåñòíîñòè àòðèáóòà: ìíîæåñòâî àòðèáóòîâ, âçàèìîñâÿ-çàííûõ ñ àòðèáóòîì x â ãðà�å âçàèìîñâÿçåé G, íàçûâàåòñÿ îêðåñòíîñòüþ Nb(x)àòðèáóòà x â ãðà�å G. Äâîéñòâåííûì ãðà�îì ãèïåðãðà�à H = (V; S) ñ ìíîæåñòâîìâåðøèí V è ìíîæåñòâîì ðåáåð S íàçûâàåòñÿ ãðà�, âåðøèíû êîòîðîãî ñîîòâåòñòâóþòðåáðàì ãèïåðãðà�à, ïðè÷åì ïàðà òàêèõ âåðøèí ñîåäèíÿåòñÿ ðåáðîì â äâîéñòâåííîìãðà�å, åñëè îíè èìåþò îáùèå âåðøèíû èç V (ñì. ðèñ. 1 
)).¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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�èñ. 1. Ïðåäñòàâëåíèå ñòðóêòóðû çàïðîñà èç ïðèìåðà 1: a) â âèäå ãè-ïåðãðà�à; b) â âèäå ãðà�à �àé�ìàíà (âçàèìîñâÿçåé àòðèáóòîâ); 
) ââèäå äâîéñòâåííîãî ãðà�à.2.3. Îáðàáîòêà çàïðîñîâ â áàçàõ äàííûõ ñ ïîìîùüþ ëîêàëüíîãî ýëèìèíà-öèîííîãî àëãîðèòìà. �àññìîòðèì ðåëÿöèîííóþ ÁÄ d, ñîñòîÿùóþ èç ìíîæåñòâàîòíîøåíèé fr1; : : : ; rng ñ ðåëÿöèîííûìè ñõåìàìè R1; : : : ; Rn. Çàïðîñ ñîñòîèò â íà-õîæäåíèè âûáîðêè �F îò ñîåäèíåíèÿ îòíîøåíèé, ñîïðîâîæäàþùåéñÿ ïðîåêöèåé íàíåêîòîðóþ îáëàñòü S �S(�F (r1 ./ : : : ./ rn)): (2.1)Îòìåòèì, ÷òî çàïðîñû òàêîãî âèäà ýêâèâàëåíòíû òàê íàçûâàåìûì êîíúþíêòèâíûìçàïðîñàì [22℄, êîòîðûå ÿâëÿþòñÿ íàèáîëåå ÷àñòî âñòðå÷àþùèìñÿ òèïîì çàïðîñîâ.�àññìîòðèì ìåòîä ïîèñêà îòâåòà íà çàïðîñ âèäà (2.1), îñíîâàííûé íà ïîñëåäîâà-òåëüíîé ýëèìèíàöèè àòðèáóòîâ ñ ïîìîùüþ ËÝÀ, êîòîðûé âû÷èñëÿåò èí�îðìàöèþî ëîêàëüíûõ ýëåìåíòàõ (àòðèáóòàõ) çàäà÷è íàõîæäåíèÿ îòâåòà íà çàïðîñ â ðåëÿöè-îííîé ÁÄ, çàäàâàåìîé ñòðóêòóðíûì ãðà�îì, çàïèñûâàÿ ëîêàëüíóþ èí�îðìàöèþ îáýòèõ ýëåìåíòàõ â âèäå íîâûõ îòíîøåíèé, äîáàâëÿåìûõ ê çàäà÷å, çàòåì ýëèìèíèðóÿïðîñìîòðåííûå ýëåìåíòû è èñïîëüçîâàííûå îòíîøåíèÿ. Ïðè ýòîì ðàññìàòðèâàþòñÿâñå îòíîøåíèÿ, ñîäåðæàùèå íåêîòîðûé àòðèáóò. Ïîñëå íàõîæäåíèÿ ñîåäèíåíèÿ (./)ýòèõ îòíîøåíèé [12℄, àòðèáóò ýëèìèíèðóåòñÿ ñ ïîìîùüþ ïðîåêöèè ïîëó÷åííîãî îò-íîøåíèÿ íà ìíîæåñòâî îñòàâøèõñÿ àòðèáóòîâ. Ýòè îïåðàöèè ïðîäåëûâàþòñÿ äàëååäî òåõ ïîð, ïîêà íå îñòàíåòñÿ ëèøü îäíî îòíîøåíèå, êîòîðîå è ÿâëÿåòñÿ ðåøåíèåìçàäà÷è � îòâåòîì íà äàííûé çàïðîñ. Åñëè ïîñëåäíåå îòíîøåíèå íåïóñòî, òî îòâåò íàçàïðîñ èìååòñÿ, åñëè æå ïóñòî � òî îòâåòà íåò.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



60 Ùåðáèíà Î.À.Äëÿ ðåøåíèÿ çàäà÷è âûïîëíåíèÿ çàïðîñà, îïèñûâàåìîãî ñèñòåìîé îòíîøåíèér1; : : : ; rn ñ àòðèáóòàìè x1; : : : ; xm, ïðè çàäàííîì óïîðÿäî÷åíèè A� àòðèáóòîâ, ËÝÀâûãëÿäèò ñëåäóþùèì îáðàçîì:1. Âûáðàòü î÷åðåäíîé àòðèáóò x èç ñõåìû ÁÄ ñîãëàñíî óïîðÿäî÷åíèþ A�. Íàé-òè ñîåäèíåíèå îòíîøåíèé, ñîîòâåòñòâóþùèõ îêðåñòíîñòè Nb(x) ýëåìåíòà x âòåêóùåì ñòðóêòóðíîì ãðà�å, ñ�îðìèðîâàâ íîâîå îòíîøåíèå r ñ äèàïàçîíîì(x; Nb(x)).2. Ñïðîåêòèðîâàòü ïîëó÷åííîå îòíîøåíèå íà ìíîæåñòâî àòðèáóòîâ, ñîîòâåòñòâó-þùèõ îêðåñòíîñòè Nb(x) àòðèáóòà x. Â ðåçóëüòàòå ïîëó÷èòñÿ íîâîå îòíîøåíèår0 = �Nb(x)r(x) ñ äèàïàçîíîì Nb(x), äîáàâëÿåìîå ê îòíîøåíèÿì çàäà÷è. Åñëèîòíîøåíèå ñ òåì æå íàáîðîì ïåðåìåííûõ óæå èìååòñÿ, íàéòè èõ ïåðåñå÷åíèå.Åñëè ïåðåñå÷åíèå ïóñòî, òî çàäà÷à âûïîëíåíèÿ çàïðîñà ðåøåíèÿ íå èìååò.3. Ýëèìèíèðîâàòü àòðèáóò x âìåñòå ñ ñîîòâåòñòâóþùèìè îòíîøåíèÿìè. Èç ýëå-ìåíòîâ åãî îêðåñòíîñòè Nb(x) ñîçäàåòñÿ êëèêà â ñòðóêòóðíîì ãðà�å (ýòà êëè-êà ñîîòâåòñòâóåò îòíîøåíèþ r0). Ñîçäàíèå êëèê èçìåíÿåò ñòðóêòóðíûé ãðà� èîêðåñòíîñòè ýëåìåíòîâ.4. Ïðîäîëæàòü äî òåõ ïîð, ïîêà íå îñòàíåòñÿ íåðàññìîòðåííûõ îòíîøåíèé.�àññìîòðèì ïîäðîáíåå äåòàëè ðåàëèçàöèè ËÝÀ ïðè ðåøåíèè çàäà÷è âûïîëíå-íèÿ çàïðîñà â ÁÄ â ñëó÷àå, êîãäà ñòðóêòóðíûé ãðà� ÿâëÿåòñÿ ãðà�îì âçàèìîñâÿçåéàòðèáóòîâ [20℄, èñïîëüçóÿ îïèñàííûé âûøå ïðèìåð.Ïîñëå èñïîëüçîâàíèÿ ïðàâèëà âîçìîæíî áîëåå ðàííåãî âû÷èñ-ëåíèÿ âûáîðîê, îïèñàííûé â ïðèìåðå çàïðîñ ïðèîáðåòàåò âèä:�j((�i=Waterloor1(a; i)) ./ (r2(a; p) ./ (�y=1965r4(p; j; y)))). Âûáîðêè �y=1965r4(p; j; y)è �i=Waterloor1(a; i) ÿâëÿþòñÿ îòíîøåíèÿìè, çàäàííûìè ñîîòâåòñòâåííî òàáëèöàìè 5è 6.�àññìîòðèì óïîðÿäî÷åíèå A� = fp; ag äëÿ ýëèìèíàöèè àòðèáóòîâ. Äëÿ ýëèìèíà-öèè àòðèáóòà p âûäåëèì âçàèìîñâÿçàííûå ñ íèì àòðèáóòû: Nb(p) = fag (ðèñ. 1 b))è îòíîøåíèÿ, ñîäåðæàùèå p: r2(a; p) è r04(p; j; y) = �y=1965r4(p; j; y). Âû÷èñëèì ñîîò-âåòñòâóþùåå ñîåäèíåíèå r2;4(a; p; j; y) = r2(a; p) ./ r04(p; j; y) (ñì. òàáë. 7) è ïðîåêöèþåãî íà fa; j; yg: r024(a; j; y) = �fa;j;ygr2;4(a; p; j; y) (òàáë. 8). Äëÿ ýëèìèíàöèè àòðèáó-òà a âû÷èñëèì ñîîòâåòñòâóþùåå ñîåäèíåíèå r124(a; i; j; y) = r01(a; i) ./ r024(a; j; y)(òàáë. 9), à çàòåì íàéäåì ïðîåêöèþ r0124(i; j; y) = �fi; j; ygr124(a; i; j; y) (òàáë. 10).Îòâåò íà çàïðîñ �jr0124(i; j; y) ïîêàçàí â òàáë. 11.Òàáëèöà 7.Îòíîøåíèå r24(a; p; j; y)àâòîð a ïóáëèêàöèÿ p æóðíàë j ãîä yEdmonds P Can. J. Math. 1965 Òàáëèöà 8.Îòíîøåíèå r024(a; j; y)àâòîð a æóðíàë j ãîä yEdmonds Can. J. Math. 1965Òàáëèöà 9.Îòíîøåíèå r124(a; i; j; y)àâòîð a ìåñòî æèòåëüñòâà i æóðíàë j ãîä yEdmonds Waterloo Can. J. Math. 1965¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî�àêóëüòåò ìàòåìàòèêè è èí�îðìàòèêèïð-ò Âåðíàäñêîãî, 4, ã. Ñèì�åðîïîëü, 95007, Óêðàèíàe-mail: svp54�mail.ruAbstra
t. Stationary 
hara
teristi
s of a single-server queueing system, alternating betweentwo Poisson streams are obtained. Ïîñòàíîâêà çàäà÷è�àññìàòðèâàåòñÿ ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ, ñîñòîÿùàÿ èç îäíîé ëèíèèè äâóõ áóíêåðîâ íàêîïëåíèÿ êîíå÷íûõ åìêîñòåé, ïðåäíàçíà÷åííûõ äëÿ çàÿâîêñîîòâåòñòâóþùèõ òèïîâ. Íà ñèñòåìó ïîñòóïàþò äâà íåçàâèñèìûõ ïðîñòåéøèõïîòîêà çàÿâîê ñ èíòåíñèâíîñòÿìè �1 è �2. Âðåìåíà îáñëóæèâàíèÿ çàÿâîê: w1 è w2 �ïðîèçâîëüíûå íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû ñ êîíå÷íûì ìàòåìàòè÷åñêèìèîæèäàíèÿìè, èíòåíñèâíîñòè êîòîðûõ ðàâíû ñîîòâåòñòâåííî �1(x) è �2(x). Òðåáóåòñÿíàéòè âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñîñòîÿíèé ñèñòåìû.Ïðàâèëà îáñëóæèâàíèÿ ïðåäïîëàãàþò:1. Ïîñòóïàþùàÿ íà ñâîáîäíóþ ñèñòåìó çàÿâêà ëþáîãî èç äâóõ òèïîâ íà÷èíàåòîáñëóæèâàòüñÿ íåìåäëåííî.2. Ïðè íåïóñòûõ áóíêåðàõ â ìîìåíò îêîí÷àíèÿ îáñëóæèâàíèÿ ëèíèåé çàÿâêè îä-íîãî òèïà íà îáñëóæèâàíèå íåìåäëåííî ïîñòóïàåò îäíà èç î÷åðåäíûõ çàÿâîê,ïðè ýòîì ïðèîðèòåòíîå ïðàâî ïðèíàäëåæèò çàÿâêå äðóãîãî òèïà.3. Ñèñòåìà �óíêöèîíèðóåò ñ ïîòåðÿìè; ïîñòóïàþùèå íà ñèñòåìó çàÿâêè â ìî-ìåíò çàíÿòîñòè ëèíèè è çàïîëíåííîñòè ìåñò â áóíêåðàõ, ïðåäíàçíà÷åííûõ äëÿïðèåìà çàÿâîê ñîîòâåòñòâóþùåãî òèïà, òåðÿþòñÿ.Â ðàáîòå ïîëó÷åíû âåðîÿòíîñòè ñîñòîÿíèé ñèñòåìû, à òàêæå âåðîÿòíîñòèïîòåðè çàÿâîê â ñòàöèîíàðíîì ðåæèìå.1. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèåÌåòîäèêó ðàññóæäåíèé ïðîâåäåì äëÿ ñëó÷àÿ îäíîìåñòíûõ áóíêåðîâ íàêîïëåíèÿçàÿâîê.Îáîçíà÷èì ÷åðåç 
k; k = 1; 2 � âðåìÿ îæèäàíèÿ çàÿâêè k�ãî òèïà â ñîîòâåòñòâó-þùåì áóíêåðå.Ââåäåì ñëó÷àéíûé ïðîöåññ �(t) (t � âðåìÿ), �àçîâîå ïðîñòðàíñòâî êîòîðîãî ñî-ñòîèò èç âîçìîæíûõ ñîñòîÿíèé ñèñòåìû:1. (0) � ñèñòåìà ñâîáîäíà îò çàÿâîê



64 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.2. (k;m; n) � ëèíèÿ îáñëóæèâàåò çàÿâêó k�ãî òèïà(k = 1; 2) è â áóíêåðàõ ñîäåðæèòñÿ ñîîòâåòñòâåííîm� çàÿâîê 1-ãî òèïà (m = 0; 1) èn� çàÿâîê 2-ãî òèïà (n = 0; 1):Òàêèì îáðàçîì, äëÿ ñèñòåìû âîçìîæíû 9 ðàçëè÷íûõ ñîñòîÿíèé.�ðà� ïåðåõîäîâ ñîñòîÿíèé âûãëÿäèò ñëåäóþùèì îáðàçîì:
(1,0,0) (2,0,0)

(0)

(1,1,0) (2,0,1)(1,0,1) (2,1,0)

(1,1,1) (2,1,1)

�èñ. 1. �ðà� ïåðåõîäîâ ñîñòîÿíèéÂâåäåì �óíêöèè:P0(t) = Pf�(t) = (0) ; Pk;m;n(t) = Pf�(t) = (k;m; n)g;Qk;0;0(t; x) = Pf�(t) = (k; 0; 0); wk < xg; k = 1; 2; qk;0;0(t; x) = �Qk;0;0�x ;Qk;1;0(t; x; y) = Pf�(t) = (k; 1; 0); wk < x; 
1 < yg; qk;1;0 = �2Qk;1;0�x�y ;Qk;0;1(t; x; z) = Pf�(t) = (k; 0; 1); wk < x; 
2 < zg; qk;0;1(t; x; z) = �2Qk;0;1�x�z ;Qk;1;1(t; x; y) = Pf�(t) = (k; 1; 1); ak < x; 
1 < y; 
2 < zg; qk;1;1(t; x; y; z) = �3Qk;1;1�x�y�z :¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Èññëåäîâàíèå íàäåæíîñòè îäíîëèíåéíîé ñèñòåìû 65Ââåäåì îáîçíà÷åíèÿ äëÿ �óíêöèé â ñòàöèîíàðíîì ðåæèìå:P0 = limt!+1P0(t); Pk;m;n = limt!+1Pk;m;n(t)gk;0;0(x) = limt!+1 qk;0;0(t; x); gk;1;0 = limt!+1 qk;1;0(t; x; y);gk;0;1(x; z) = limt!+1 qk;0;1(t; x; z); gk;1;1(x; y; z) = limt!+1 qk;1;1(t; x; y; z)Çàìåòèì, ÷òî èìåþò ìåñòî ñîîòíîøåíèÿ:Pk;0;0 = 1Z0 gk;0;0(x)dx; k = 1; 2; P1;1;0 = 1Z0 dy 1Zy g1;1;0(x; y)dx;P2;1;0 = 1Z0 dx 1Z0 g2;1;0(x; y)dy; P1;0;1 = 1Z0 dx 1Z0 g1;0;1(x; z)dzP2;0;1 = 1Z0 dz 1Zz g2;0;1(x; z)dx; P1;1;1 = 1Z0 dy 1Zy dx 1Z0 g1;1;1(x; y; z)dzP2;1;1 = 1Z0 dz 1Zz dx 1Z0 g2;1;1(x; y; z)dy

9>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>;
(�)

Ïðîâåäÿ âåðîÿòíîñòíûå ðàññóæäåíèÿ è ïðåäåëüíûå ïåðåõîäû, ïîëó÷èì ñèñòåìóèíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé, íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ ê íèì:(�1 + �2)P0 = 1Z0 g1;0;0(x)�1(x)dx+ 1Z0 g2;0;0(x)�2(x)dx (1.1)g01;0;0(x) + (�1 + �2 + �1(x))g1;0;0(x) = 0 (1.2)g1;0;0(0) = �1P0 + 1Z0 dy 1Zy g1;1;0(x; y)�1(x)dx + 1Z0 dy 1Z0 g2;1;0(x; y)�2(x)dxg02;0;0(x) + (�1 + �2 + �2(x))g2;0;0(x) = 0 (1.3)g2;0;0(0) = �2P0 + 1Z0 dz 1Z0 g1;0;1(x; z)�1(x)dx + 1Z0 dz 1Zz g2;0;1(x; z)�2(x)dx�g1;1;0�x + �g1;1;0�y + (�2 + �1(x))g1;1;0(x; y) = 0; 0 � y � xg1;1;0(x; 0) = �1g1;0;0(x) (1.4)�g2;1;0�x + �g2;1;0�y + (�2 + �2(x))g2;1;0(x; y) = 0; 0 � x; 0 � y¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



66 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.g2;1;0(x; 0) = �1g2;0;0(x); g2;1;0(0; y) = 1Z0 dz 1Zy g1;1;1(x; y; z)�1(x)dx (1.5)�g1;0;1�x + �g1;0;1�z + (�1 + �1(x))g1;0;1(x; z) = 0; 0 � x; 0 � zg1;0;1(x; 0) = �2g1;0;0(x); g1;0;1(0; z) = 1Z0 dy 1Zz g2;1;1(x; y; z)�2(x)dx (1.6)�g2;0;1�x + �g2;0;1�z + (�1 + �2(x))g2;0;1(x; z) = 0; 0 � z � xg2;0;1(x; 0) = �2g2;0;0(x) (1.7)�g1;1;1�x + �g1;1;1�y + �g1;1;1�z + �1(x)g1;1;1(x; y; z) = 0; 0 � y � x; 0 � zg1;1;1(x; 0; z) = �1g1;0;1(x; z); g1;1;1(x; y; 0) = �2g1;1;0(x; y) (1.8)�g2;1;1�x + �g2;1;1�y + �g2;1;1�z + �2(x)g2;1;1(x; y; z) = 0; 0 � z � x; 0 � yg2;1;1(x; 0; z) = �1g2;0;1(x; z); g2;1;1(x; y; 0) = �2g2;1;0(x; y) (1.9)Äàëåå âûïèñûâàåì ðåøåíèå ñèñòåìû è ïîëó÷àåì àëãåáðàè÷åñêóþ ëèíåéíóþ ñèñòåìóóðàâíåíèé îòíîñèòåëüíî âåðîÿòíîñòåé ñîñòîÿíèé â ñòàöèîíàðíîì ðåæèìå. Èç (1.2)è (1.3) èìååì:g1;1;0(x) = g1;0;0(0)e�(�1+�2)x�1(x); g2;0;0(x) = g2;0;0(0)e�(�1+�2)x�2(x) (1.10)ãäå �k(x) = e� xR0 �k(t)dt� �óíêöèè íàäåæíîñòè ñëó÷àéíûõ âåëè÷èí wk; k = 1; 2:Ââåäåì îáîçíà÷åíèÿ äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà: ��k(s) = 1R0 e�sx�k(x)dx; k = 1; 2:Ó÷èòûâàÿ (�), ïîëó÷àåì:Pk;0;0 = gk;0;0(0)��k(�1 + �2); k = 1; 2 (1.11)Èç (1.4)�(1.7) èìååìg1;1;0(x; y) = �1g1;0;0(x� y)e��2ye� xRx�y �1(t)dt; 0 � y � x (1.12)
g2;1;0(x; y) = 2664�1g2;0;0(x� y)e� xRx�y �2(t)dte��2y; 0 � y � xg2;1;0(0; y � x)e� xR0 �2(t)dte��2y; 0 � x � y (1.13)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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g1;0;1(x; z) = 2664�2g1;0;0(x� z)e� xRx�z �1(t)dte��1z; 0 � z � xg1;0;1(0; z � x)e� xR0 �1(t)dte��1x; 0 � x � z (1.14)g2;0;1(x; z) = �2g2;0;0(x� z)e��1ze� xRx�z �2(t)dt; 0 � z � x (1.15)Äëÿ ñîîòâåòñòâóþùèõ ïîñòîÿííûõ ïîëó÷àþòñÿ âûðàæåíèÿP1;1;0 = �1g1;0;0(0) 1Z0 e��2ydy 1Z0 e�(�1+�2)x�1(x + y)dx (1.16)P2;1;0 = �1g2;0;0(0) 1Z0 e��2ydy 1Z0 e�(�1+�2)x�2(x + y)dx++ ��2(�2) 1Z0 dy 1Z0 dz 1Zy g1;1;1(x; y; z)�1(x)dx (1.17)P1;0;1 = �2g1;0;0(0) 1Z0 e��1zdz 1Z0 e�(�1+�2)x�1(x + z)dx++ ��1(�1) 1Z0 dz 1Z0 dy 1Zz g2;1;1(x; y; z)�2(x)dx (1.18)P2;0;1 = �2g2;0;0(0) 1Z0 e��1zdz 1Z0 e�(�1+�2)x�2(x+ z)dx (1.19)Èç (1.8)�(1.9) èìååì:g1;1;1(x; y; z) = 2664�2�1g1;0;0(0)�1(x)e�(�1+�2)(x�y) � e��2(y�z); 0 � z � y � x�1�2g1;0;0(0)�1(x)e�(�1+�2)(x�z) � e��1(z�y); 0 � y � z � x�1g1;0;1(0; z � x)�1(x)e��1(x�y); 0 � y � x � z (1.20)

g2;1;1(x; y; z) = 2664 �1�2g2;0;0(0)�2(x)e�(�1+�2)(x�z) � e��1(z�y); 0 � y � z � x�1�2g2;0;0(0)�2(x)e�(�1+�2)(x�y) � e��2(y�z); 0 � z � y � x�2g2;1;0(0; y � x)�2(x)e��2(x�z); 0 � z � x � y (1.21)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



68 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.Ó÷èòûâàÿ (�), âû÷èñëÿåì P1;1;1 è P2;1;1:P1;1;1 = �1�2g1;0;0(0) 1Z0 1Z0 (e��1z + e��2y)dz dy 1Z0 e�(�1+�2)x�1(x+ y + z)dx++ �1A2 1Z0 dy 1Z0 e��1x�1(x+ y)dx (1.22)P2;1;1 = �1�2g2;0;0(0) 1Z0 1Z0 (e��1z + e��2y)dz dy 1Z0 e�(�1+�2)x�2(x+ y + z)dx++ �2A1 1Z0 dy 1Z0 e��2x�2(x + y)dx; (1.23)ãäå A1 = 1Z0 g2;1;0(0; y)dy = 1Z0 dy 1Z0 dz 1Zy g1;1;1(x; y; z)�1(x)dxA2 = 1Z0 g1;0;1(0; z)dz = 1Z0 dz 1Z0 dy 1Zz g2;1;1(x; y; z)�2(x)dxÄëÿ A1 è A2 èìåþò ìåñòî ñîîòíîøåíèÿ:A1 = �1�2g1;0;0(0) 1Z0 1Z0 (e��1z + e��2y)dz dy 1Z0 e�(�1+�2)xf1(x+ y + z)dx++ �1A2 1Z0 dy 1Z0 e��1xf1(x+ y)dx (1.24)
A2 = �1�2g2;0;0(0) 1Z0 1Z0 (e��1z + e��2y)dy dz 1Z0 e�(�1+�2)xf2(x+ y + z)dx++ �2A1 1Z0 dz 1Z0 e��2xf2(x + y)dx; (1.25)ãäå fk = �k(x)�k(x), k = 1; 2 � ïëîòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí w1 è w2.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Èññëåäîâàíèå íàäåæíîñòè îäíîëèíåéíîé ñèñòåìû 69Íàêîíåö, ïîëó÷àåì ñîîòíîøåíèÿ äëÿ g1;0;0(0) è g2;0;0(0):g1;0;0(0) = �1P0 + �1g1;0;0(0) 1Z0 e��2ydy 1Z0 e�(�1+�2)xf1(x + y)dx++ �1g2;0;0(0) 1Z0 e��2ydy 1Z0 e�(�1+�2)xf2(x + y)dx+ A1f �2 (�2) (1.26)g2;0;0(0) = �2P0 + �2g2;0;0(0) 1Z0 e��1ydy 1Z0 e�(�1+�2)xf2(x + y)dx++ �2g1;0;0(0) 1Z0 e��1ydy 1Z0 e�(�1+�2)xf1(x + y)dx+ A2f �1 (�1) (1.27)Ïîñòîÿííûå âåëè÷èíû: P0; P1;0;0; P2;0;0; P1;1;0; P2;1;0; P1;0;1; P2;0;1; P1;1;1; P2;1;1; A1;A2; g1;0;0(0); g2;0;0(0) ìîæíî íàéòè èç àëãåáðàè÷åñêîé ñèñòåìû ëèíåéíûõ îäíîðîäíûõóðàâíåíèé (1.11), (1.16)�(1.19), (1.22)�(1.27), äîáàâèâ ê íèì íîðìèðîâî÷íîå ñîîòíî-øåíèå P0 + P1;0;0 + P2;0;0 + P1;1;0 + P2;1;0 + P1;0;1 + P2;0;1 + P1;1;1 + P2;1;1 = 1 (1.28)Ïîëó÷åííîå èç (1.1) ñîîòíîøåíèå(�1 + �2)P0 = g1;0;0f �1 (�1 + �2) + g2;0;0(0)f �2 (�1 + �2)ìîæíî èñïîëüçîâàòü äëÿ ïðîâåðêè.Âåðîÿòíîñòè ïîòåðè çàÿâêè k-ãî òèïà Pk; k = 1; 2 â ñòàöèîíàðíîì ðåæèìå âûðà-æàþòñÿ ñëåäóþùèì îáðàçîì: P1 = P1;1;0 + P1;1;1 + P2;1;1P2 = P2;1;0 + P1;1;1 + P2;1;1Çàêëþ÷åíèåÂ ðàáîòå ïîëó÷åíû âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñîñòîÿíèé ñèñòåìû â ñòàöèî-íàðíîì ðåæèìå, à òàêæå âåðîÿòíîñòè ïîòåðè çàÿâîê 1-ãî è 2-ãî òèïîâ.Ñïèñîê ëèòåðàòóðû1. Àíèñèìîâ Â.Â., Çàêóñèëî Î.Ê., Äîí÷åíêî Â.Ñ. Ýëåìåíòû òåîðèè ìàññîâîãî îáñëóæèâàíèÿ èàñèìïòîòè÷åñêîãî àíàëèçà ñèñòåì. � Êèåâ: ¾Âûùà øêîëà¿, 1987. � 246 ñ.2. Áåëÿåâ Þ.Ê. Ëèíåé÷àòûå ìàðêîâñêèå ïðîöåññû è èõ ïðèëîæåíèÿ ê çàäà÷àì òåîðèè íàä¼æíî-ñòè // Òðóäû VI Âñåñîþçíîãî ñîâåùàíèÿ ïî òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ñòàòèñòèêå �Âèëüíþñ. 1962 � C. 309-323. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



70 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.3. Êîâàëåíêî À.È., Ñòðûãèíà Í.Ç. Âû÷èñëåíèå ñòàöèîíàðíûõ õàðàêòåðèñòèê íàä¼æíîñòè ÷åòû-ð¼õýëåìåíòíîé èåðàðõè÷åñêîé ñèñòåìû ñ âîññòàíîâëåíèåì // Àâòîìàòèêà è òåëåìåõàíèêà �Ì: �îññèéñêàÿ ÀÍ, 1992. � �1. � C. 156-164.4. Êîâàëåíêî À.È., Ñìîëè÷ Â.Ï. Àíàëèç íàä¼æíîñòè äâóõýëåìåíòíîé ñèñòåìû, îáñëóæèâàåìîéäâóìÿ íàëàä÷èêàìè // Äèíàìè÷åñêèå ñèñòåìû. � 2000. � Âûï. 16 � C. 137-142.5. Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï. Èññëåäîâàíèå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿM/G/1/1. // Ó÷¼íûå çàïèñêè ÒÍÓ, 2002, ñåðèÿ ¾Ìàòåìàòèêà. Ìåõàíèêà. Èí�îðìàòèêà è êè-áåðíåòèêà¿, �2, C. 40-42.6. Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï. Ñòàöèîíàðíûå õàðàêòåðèñòèêè ñèñòåìû M/G/2/0ñ ïîî÷åð¼äíûì îáñëóæèâàíèåì çàÿâîê äâóìÿ ëèíèÿìè // Äèíàìè÷åñêèå ñèñòåìû. � ÒÍÓ, 2008. �Âûï. 24 � C. 69-82. Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 02.06.2009
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ÓÄÊ 004.6TOWARDS EASIER QUERYING OF XML-BASED LINGUISTICCORPORA

 Gladkova G.P., Drozd A.A.Kiev National Taras Shev
henko UniversityInstitute of PhilologyDepartment of English Philology01601 Taras Shev
henko Boulevard 14 Kiev, Ukrainee-mail: anna.gld�gmail.
omMos
ow State University (Sevastopol Bran
h)Programming Department99000 Geroev Sevastopolya 9, Sevastopol, Ukrainee-mail: alexander.drozd�gmail.
omAbstra
t. The paper is devoted to evaluation of general-purpose XML querying tools in respe
t tolinguisti
 
orpora. A spe
ialized pattern-based query language is suggested and implemented in XCorpsoftware. Introdu
tionCorpus linguisti
s is one of the most a
tively developing trends in applied linguisti
s.Corpora are widely understood to be merely a "large bodies of ma
hine-readable text
ontaining thousands or millions of words" [6, p.48℄, and many popular tools for 
orpusanalysis like Antony Lawren
e's AntCon
 [2℄ presuppose the input to be simple plaintext �les. But 
urrent tasks in the spheres of phonology, semanti
s or syntax of a naturallanguage require more 
omplex annotation of linguisti
 data, not to mention issues inpragmati
s and 
ognitive analysis of language. This leads to the problem of in
orporatingadditional data in the text and 
omplex querying of this information.Corpora may be stored in a variety of formats, in
luding the so-
alled verti
al formatand SGML. While these formats may be more advantageous for 
ertain kinds of tasks,the most �exible solution remains to be XML, whi
h is proved by the fa
t that many
orpus proje
ts have developed their own XML-based formats optimized for storage oftask-spe
i�
 information (well-known examples are generi
 TEI XML, TigerXML et
).Moreover, a great many utilities for tagging of the text on the levels of syntax andmorphology 
an produ
e XML output. Yet while the XML format itself is �exible andmay be tailored to meet the needs of a parti
ular study with some basi
 knowledge ofapplied linguisti
s, querying the resulting data poses a more serious problem. The aim ofthis paper is to analyse the data model used in 
orpus linguisti
s and the appli
ability ofthe standard XML querying tools in this sphere, as well as to suggest a more 
onvenientspe
ialized querying tool.The general issues of data retrieval from XML databases are dis
ussed in variety ofsour
es [4,5,11,12℄, but one 
an judge of the appli
ability of general XML queries for
orpus linguisti
s by the fa
t that all major 
orpus proje
ts generally develop their owntools for querying their data (e.g. Xaira for British National Corpus [3℄). Therefore thereexist a number of solutions developed for spe
ialized annotation sets (e.g. TigerSear
hfor TigerXML). The problem of general appli
ability of standard tools is aggravated by



72 Gladkova G.P., Drozd A.A.the fa
t that they are all developed for spe
ialists in IT and may be di�
ult to use forlinguists. 1. General purpose tools for quiering XMLXML is 
laimed to be the universal format for data representation, and a great manyuniversal solutions has been developed for querying XML data. However, as often isthe 
ase, universal solutions may be less suitable for spe
i�
 tasks. First of all, XMLitself, as well as the default XML querying tools, has been developed for usage in otherinformation pro
essing paradigm: its main purpose is storage and retrieval of stru
tureddata of database-like type, where all elements of the same level are 
onsidered equal and noimportan
e is given to their 
onse
utive order (employee pro�les or movie 
olle
tions arethe typi
al examples in XML tutorials). In fa
t su
h XML �les are merely an alternativeformat to a database, and typi
al queries for su
h �les mu
h resemble database requests(e.g. "�nd all the employees with salaries higher than 1000$").However, linguisti
 
orpora possess 
ertain 
hara
teristi
s that make the standardXML querying tools less suitable for them. Elements of a text in a natural languageare sequen
es of words that 
ombine into phrases, senten
es and paragraphs. The order ofthose elements is important for the resear
her, and so is the distan
e between the elements.Sometimes linguists need to 
ombine the annotation data with the patterns present in theplain text data in their sear
h requests. For example, a study in alliteration may involvesear
hing for sequen
es of words starting with the same 
onsonant at a parti
ular distan
e.A study in word-formation may require sear
hing for roots and words derived from themo

urring within one senten
e or one paragraph. The register of letters may be importantor not for a given task. Some of these di�
ulties may be solved by means of standardXML querying tools, but this might pose some di�
ulties even for an expert in IT sphere,while for an average linguist they turn into an unsolvable problem.The standard means of querying XML data is XQuery language, developed by W3Consortium as well as XML itself. However, the 
urrent version of XQuery is poorly suitedfor use with XML-annotated text 
orpora: typi
al tasks involving sear
h for sequen
esof elements in a given order are very di�
ult or impossible to solve. The ne
essity ofaugmenting XQuery with text querying fun
tionality is a
knowledged by the fa
t thatW3 Consortium itself started the work on development of XQuery tor better support oftext sear
hing (XQuery and XPath Full Text [12℄). The suggested 
hanges partly solvethe problem of querying the XML data as a text in a natural language. However, theproblem of 
omplexity of XQuery for an expert in humanities is even aggravated by furthersophisti
ation of the language. Besides that, the aforementioned 
hanges to XQuery arestill in the draft stage, and it is hard to predi
t the time of new release of XQuery, not tomention the development of software tools to support the new sear
h me
hanisms.Besides XQuery there exist a number of less well-known XML querying languages,but none of them meet the two aforementioned requirements at a time (simpli
ity andsupport for full-text sear
h). For example, XML-QL [4℄ is simpler than XQuery, but it¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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 Corpora 73o�ers no support for regular expressions or sear
hing for elements that o

ur at a givendistan
e.There also exist spe
ialized software tools developed for spe
i�
 
orpus proje
ts. Themost famous example is Xaira [3℄, the su

essor of SGML-based SARA tool distributedwith the British National Corpus. While its ar
hite
ture is general, the drawba
ks in
lude
omplexity of 
orpus 
ompilation, ne
essity of huge indi
es (sometimes �ve times as bigas sour
e XML �les with heavy annotation), as well as instability in work. Alinea [7℄ isa parallel 
orpus tool whi
h is somehow more di�
ult to use for single-language 
orpora.The problem with many programs of the type of UAM 
orpus tool [9℄ is that they havebeen implemented in s
ript languages and are rather instable in work with large-s
ale
orpora. Therefore this paper suggests a general tool for querying XML-based 
orporathat has been developed in view of the most 
ommon tasks in analysis of linguisti
 datathat 
an be easily automated.2. Sample Task in Corpus AnalysisIt is worth stressing that even if parti
ular a parti
ular resear
h proje
t in linguisti
shas seemingly nothing to do with applied or 
omputer linguisti
s, it is always based ona 
orpus of text data. Using ele
troni
 texts may 
onsiderably shorten the time spenton retrieving eviden
e of linguisti
 fa
ts. The general s
heme of a resear
h proje
t inlinguisti
s is the following: at �rst a 
lassi�
ation s
heme or typology for some languagephenomenon is developed. It is then applied to analysis of text data and then statisti
sis drawn to prove the preliminary hypothesis. Traditional approa
h with index 
ards forexample is not only sus
eptible to mistakes, but is also di�
ult to follow in 
ases whenea
h item to be analyzed has more then two parameters to be 
lassi�ed with (whi
h is the
ase with all 
omplex studies involving, e.g. analysis on the levels of semanti
s, syntaxand pragmati
s).Let's analyze a sample task posed in a resear
h on pe
uliarities of English abstra
tnouns ending in -ness [1℄. While it is relatively easy to �nd su
h nouns in a text withregular expressions (though odd words like witness or governess have to be eliminated),the task involves analysis of semanti
s as well as synta
ti
 and pragmati
 behavior ofsu
h nouns in a 
orpus of 
lassi
al British novels. Semanti
 analysis is brought down tode�ning of semanti
 domain of a parti
ular noun (a

ording to the nature of referent �vegeneral domains have been spe
i�ed, four of whi
h des
ribe various qualities of people(physi
al, psy
hologi
al, qualities, states of mind, and qualities denoting so
ial behaviorand attitudes) and one is reserved for other kinds of referents). Words belonging to thesedomains are further subdivided into a number of themati
 groups. Synta
ti
 behavior isanalyzed in terms of the most 
ommon distribution models of synta
ti
 groups in
ludingnouns ending in -ness. Pragmati
s is studied in terms of who is the speaker and whi
h
hara
ter is the quality denoted by the -ness noun attributed to, as well as whether thequality denoted by the -ness noun is evaluated positively or negatively in the 
ontextof a novel. Therefore 5 units of information are to be added to ea
h -ness noun in the
orpus. Besides that, the 
orpus has to be tokenized, and part-of-spee
h information is¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



74 Gladkova G.P., Drozd A.A.to be added to every word in order to enable the distribution analysis. Thus a senten
efrom "Pride and Prejudi
e" by Jane Austen 
ontained in a single line and in
orporatingall this information in XML format would look like this (the pos-tag information has beensimpli�ed for viewing purposes):<paragraph id="40"><senten
e id="78"><w pos="noun">Mr.</w><w pos="noun">Dar
y</w><w pos="link_verb">is</w> <w pos="adje
tive">all</w><w pos="noun" semanti
s="so
ial\_polite" evaluation="$+$"speaker="Elizabeth" qualified="Dar
y">politeness</w><w pos="verb">said</w> <w pos="noun">Elizabeth</w> <w pos="parti
iple">smiling</w></senten
e></paragraph>Performing su
h annotation enables the linguist to perform 
omplex queries to 
he
kif some 
hara
ter is more likely to use words from a 
ertain semanti
 domain, how heevaluates other 
hara
ters and is 
hara
terized by them, whether words from one semanti
domain are more likely appear more often in 
ertain synta
ti
 models and not in the others.It is possible to learn if several su
h nouns appear in 
onse
utive senten
es or in the sameparagraph (whi
h is of interest be
ause -ness nouns used in groups in the same 
ontextor together with the words they are derived from produ
e stylisti
 e�e
t).3. XCorp Query LanguageSin
e one of the problems of the standard XML querying languages is its ex
essive
omplexity for an average linguist, we suggest a query language based on patterns. It wasdeveloped in view of typi
al tasks and situations that professional linguists fa
e whenworking with text 
orpora. The proposed tool o�ers a general querying fun
tionality forXML 
orpora that 
overs and simpli�es su
h typi
al tasks, that in
lude �nding segments oftext mat
hing 
ertain 
riteria and gathering statisti
s. Suggested routines are implementedin a program 
alled XCorp, 
urrently released at http://sour
eforge.net/proje
ts/x
orp/.XCorp runs under Mi
rosoft .NET framework, and 
an be used on any operating systemsupporting .NET framework.First thing to be determined is the types of 
orpora to be supported. XML-basedlinguisti
 
orpora generally store text as an hierar
hy of stru
tures like 
hapterparagraphsenten
e, and on the bottom level as a sequen
e of elements representing words withattributes for di�erent linguisti
 
ategories, su
h as part of spee
h, word lemma, semanti

lass et
. This is the output model supported by the majority of tokenizers, lemmatizers,part-of-spee
h taggers and other 
orpus utilities. Sin
e this is the most frequently usedtype of annotation, XCorp was developed primarily in its view. (More 
omplex XMLs
hemas with data model di�erent from the aforementioned one are generally developedfor spe
ialized 
orpora like TigerCorpus that usually develop a spe
ialized querying toolfor their data). The level of nesting and names of spe
i�
 nodes may be di�erent invarious 
orpora and thus need to be spe
i�ed in the sear
h request. Corpus texts are to¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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 Corpora 75be stored in simple xml �les, no indexing is required. The 
urrent version of X
orp has
ommand-line interfa
e with the program �le being exe
uted on the request �le, and thedevelopment of GUI with graphi
al query 
onstru
tor is s
heduled.As sear
h request 
an 
ontain many parameters and 
an be rather 
ompli
ated,we 
hose to represent it in XML format as well. The root element of thequery 
on�guration �le is <
on�g> that 
ontains three se
tions. The �rst se
tionof request (< sear
h_s
ope >) spe
i�es the stru
ture of 
orpus �les and thesear
h s
ope within them, i.e. how elements are nested and what elements 
ontaintarget information. Target elements 
an be spe
i�ed with XPath notation. Se
ondse
tion (< sear
hrequest >) spe
i�es sear
h 
riteria. As text is presented as asequen
e of elements with words and 
ertain attributes, XCorp software is developedto retrieve subsequen
es of those elements, mat
hing 
ertain 
riteria. User 
an spe
ify asubstring or regular expression for ea
h element in 
hain as well as for ea
h attribute.Also maximum distan
e between elements 
an be set. The last se
tion of sear
hrequest (< sear
h_target >) 
ontains des
ription of what kind of output is expe
tedand how it is to be presented. Therefore sear
hing an XML-annotated text �le is redu
edto �lling in a template form, whi
h should make the task 
onsiderably easier for linguistswith no prior training in programming.Currently XCorp enables the user to obtain information of four kinds. 1) basi
statisti
s for retrieved items. XCorp 
omputes the number of hits of target patternfor all the levels in whi
h they are nested (e.g. those may be senten
es or paragraphs
ontaining the target item). This feature may be useful for 
he
king the "density" oftarget sequen
e, for example, in texts of di�erent genres, or in di�erent se
tions of thesame text. It simpli�es sear
hing for stylisti
 phenomena based on repetition, su
h asanaphora or epiphora. 2) KWIC (keyword-in-
ontext) lists 
ontaining all the o

urren
esof the target item in the 
ontext in whi
h they o

ur. The 
ontext may be spe
i�ed to bea 
ertain amount of 
hara
ters to the right and to the left of the target pattern, whi
his the traditional way for 
on
ordan
er software, or the 
ontext may be understood asthe element within whi
h the target pattern is found (e.g. senten
es or paragraphs orsynta
ti
 groups within whi
h the target pattern o

urs). 3) wordlists, or rather, lists ofo

urren
es of target pattern in every �le 
onstituting the 
orpus, and a general wordlistfor the whole 
orpus. The default setting for wordlist order is the order in whi
h theyo

ur in the �le, whi
h may be useful for resear
h involving linguisti
 analysis of �
tion ornewspaper dis
ourse. The wordlist 
an also be sorted alphabeti
ally. There is an option ofgenerating a frequen
y list, in whi
h all similar o

uren
es of target pattern are mergedand general statisti
s is given. 4) other information 
hara
terizing the target pattern andstored in xml format. This feature makes XCorp useful not only for hypothesis-drivenresear
h where one needs only to 
he
k for availability of prede�ned patterns, but also fordis
overing "
lusters" of linguisti
 information that the user may not be aware of at thetime of request. For example, if the 
orpus has morphologi
al and semanti
 annotation,this feature may help the resear
her to dis
over semanti
 patterns that 
orrespond to thetarget synta
ti
al pattern. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



76 Gladkova G.P., Drozd A.A.Let us 
onsider a query designed for the above example from "Pride and Prejudi
e".To des
ribe the way the author 
onstrues the relationship between Elizabeth and Dar
ywe need to know what the two 
hara
ters think of ea
h other. To learn that we 
an sear
hfor -ness nouns uttered by Elizabeth and 
on
erning Dar
y, together with their attributes.The request mat
hing the above example will look like this:<sear
h_s
ope><element name="//paragraph"><element name="senten
e"><element name="w"></element></element></element></sear
h_s
ope><sear
h_request><item mask="" distan
e="0"><attribute name="pos">adje
tive</attribute></item><item mask="\\wness" distan
e=""><attribute name="speaker">Elizabeth</attribute><attribute name="qualified">Dar
y</attribute></item></sear
h_request><sear
h_target><
ontent sort="frequen
y" order="des
ending"/></sear
h_target>The adje
tive in the above example serves to in
rease the degree of Dar
y's politenessso as to exaggerate it and let us feel the irony of Elizabeth, who in fa
t thinks himextremely rude. On the other hand, Mrs. Bennet talks of his "sho
king rudeness", whi
his also an exaggeration, and this time it is the author who speaks ironi
ally of her
hara
ter. But as the novel progresses we witness Elizabeth starting to like Dar
y andeven a
knowledging his "utmost politeness" in earnest.Con
lusionThe presented paper analyses the appli
ability of general-purpose XML queryingtools in the sphere of 
orpus linguisti
s. Two main problems have been identi�ed: thestandard querying tools do not 
urrently support full-text sear
h fun
tionality, and thedefault querying language is too di�
ult for experts in humanities with no programmingexperien
e. Therefore the proposed query language is pattern-based. It is implemented insoftware program XCorp and 
an be applied for querying XML 
orpora with various kindsof annotation. The proposed solution is universal enough to work with di�erent kinds oflinguisti
 data, and at the same time it is as simpli�ed as possible. XCorp has beensu

essfully applied for solving some pra
ti
al tasks in 
orpus linguisti
s. Further workin
ludes the development of graphi
al user interfa
e and inviting the linguisti
 
ommunityto produ
e more requirements, so as to make XCorp a more universal solution and to makethe suggested query language more expressive.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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 Àäæèâåëèåâà Ç.Ä., Àíà�èåâ À.Ñ., Çàèðîâà Ñ.È.Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî�àêóëüòåò ìàòåìàòèêè è èí�îðìàòèêèïð-ò Âåðíàäñêîãî, 4, ã. Ñèì�åðîïîëü, 95007, Óêðàèíàe-mail: ana�yev�gmail.
omAbstra
t. The basi
 features of Crimean-Tatar Language morphology for the purpose of 
onstru
tionthe morphologi
al analysis subsystem for the Crimean-Tatar Language understanding system are
onsidered in this arti
le. ÂâåäåíèåÀâòîìàòè÷åñêàÿ îáðàáîòêà åñòåñòâåííî-ÿçûêîâûõ (Åß) òåêñòîâ � îäíî èç ïðèî-ðèòåòíûõ íàïðàâëåíèé â îáëàñòè íîâûõ èí�îðìàöèîííûõ òåõíîëîãèé. Îáëàñòü ïðè-ìåíåíèÿ ñèñòåì àíàëèçà Åß-òåêñòîâ äîâîëüíî ðàçíîîáðàçíà. Ñþäà ìîæíî îòíåñòèïîèñêîâûå ñèñòåìû, âîïðîñíî-îòâåòíûå ñèñòåìû, ñèñòåìû àâòîìàòè÷åñêîãî ìàøèí-íîãî ïåðåâîäà.Â ñâÿçè ñ èçìåíåíèåì â ïîñëåäíåå âðåìÿ äåìîãðà�è÷åñêîé ñèòóàöèè â Êðû-ìó, ïîÿâëåíèåì êðûìñêîòàòàðñêèõ øêîë, ÂÓÇîâ, îáúåêòîâ êóëüòóðû, ñ ó÷å-òîì ðàçâèòèÿ êðûìñêîòàòàðñêîé íàóêè è èñêóññòâà, à òàêæå äëÿ ïîïóëÿðèçà-öèè êðûìñêîòàòàðñêîãî ÿçûêà è êóëüòóðû ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûì ïðè-ñòóïèòü ê ñîçäàíèþ ìîäåëåé è èí�îðìàöèîííûõ ñèñòåì ïîíèìàíèÿ êðûìñêîòà-òàðñêîãî ÿçûêà è àâòîìàòè÷åñêîãî ïåðåâîäà ñ êðûìñêîòàòàðñêîãî è íà êðûìñêî-òàòàðñêèé ÿçûê. Â ÷àñòíîñòè, ¾êðûìñêîòàòàðñêî-óêðàèíñêèé-êðûìñêîòàòàðñêèé¿ è¾êðûìñêîòàòàðñêî-ðóññêèé-êðûìñêîòàòàðñêèé¿ ñèñòåìû àâòîìàòèñåêîãî ïåðåâîäà.Êàæäûé ÿçûê íà çåìëå, ýòî íàèáîëüøàÿ öåííîñòü, êîòîðóþ íóæíî íå òîëüêîîáåðåãàòü, íî è ðàçâèâàòü â ïðàâèëüíîì íàïðàâëåíèè äëÿ åå ñîõðàíåíèÿ â ñîâðåìåí-íîì ìèðå.Öåëüþ äàííîé è ïîñëåäóþùèõ ðàáîò â ýòîì íàïðàâëåíèè ÿâëÿåòñÿ ïîñòðîåíèåìàòåìàòèêî-èí�îðìàöèîííîé ìîäåëè ïîíèìàíèÿ êðûìñêîòàòàðñêîãî ÿçûêà ñ öå-ëüþ äàëüíåéøåãî ïðèìåíåíèÿ å¼ â èí�îðìàöèîííûõ ñèñòåìàõ ðåãèîíàëüíîãî óïðàâ-ëåíèÿ äëÿ àâòîìàòè÷åñêîãî ïåðåâîäà äîêóìåíòîâ èç êðûìñêîòàòàðñêîãî è íà êðûì-ñêîòàòàðñêèé ÿçûê. 1. Ëèíãâèñòè÷åñêèé ïðîöåññîðÊàê èçâåñòíî ÿäðîì ëþáîé åñòåñòâåííî-ÿçûêîâîé ñèñòåìû ÿâëÿåòñÿ ëèíãâèñòè÷å-ñêèé ïðîöåññîð � êîìïîíåíòà ñèñòåìû, ðåàëèçóþùàÿ �îðìàëüíóþ ëèíãâèñòè÷åñêóþìîäåëü è ñïîñîáíàÿ ðàáîòàòü ñ Åß âî âñåì åãî îáúåìå [1℄.Îñíîâíûìè �óíêöèÿìè ëèíãâèñòè÷åñêîãî ïðîöåññîðà (ËÏ) ÿâëÿþòñÿ:1. ìîäåëèðîâàíèÿ ïîíèìàíèÿ (àíàëèç);2. ìîäåëèðîâàíèÿ ïðîèçâîäñòâà òåêñòîâ (ñèíòåç).



80 Àäæèâåëèåâà Ç.Ä., Àíà�èåâ À.Ñ., Çàèðîâà Ñ.È.Â ËÏ ðàçëè÷àþò òðè óðîâíÿ ïî�ðàçíîãî ïðåäñòàâëåíèÿ òåêñòà � ìîð�îëîãè÷å-ñêèé, ñèíòàêñè÷åñêèé è ñåìàíòè÷åñêèé. Êàæäîìó óðîâíþ ñîîòâåòñòâóåò ñâîé �îð-ìàëüíûé îáðàç � ñòðóêòóðà. Òàêèì îáðàçîì, âûäåëÿþò ìîð�îëîãè÷åñêóþ, ñèíòàêñè-÷åñêóþ è ñåìàíòè÷åñêóþ ñòðóêòóðó ïðåäëîæåíèÿ.Ïîä ìîð�îëîãè÷åñêîé ñòðóêòóðîé ïîíèìàþò ïîñëåäîâàòåëüíîñòü ñëîâ, âõîäÿùèõâ àíàëèçèðóåìîå ïðåäëîæåíèå, ñ óêàçàíèåì ÷àñòè ðå÷è è ìîð�îëîãè÷åñêèõ õàðàê-òåðèñòèê (ïàäåæà, ÷èñëà, ðîäà, îäóøåâëåííîñòè, âèäà è ò.ï.); ïîä ñèíòàêñè÷åñêîéñòðóêòóðîé � äåðåâî çàâèñèìîñòåé, â óçëàõ êîòîðîãî ñòîÿò ñëîâà äàííîãî åñòåñòâåí-íîãî ÿçûêà ñ óêàçàíèåì ÷àñòè ðå÷è è ãðàììàòè÷åñêèõ õàðàêòåðèñòèê, à äóãè ñîîòâåò-ñòâóþò ñïåöè�è÷íûì äëÿ äàííîãî åñòåñòâåííîãî ÿçûêà îòíîøåíèÿì ñèíòàêñè÷åñêî-ãî ïîä÷èíåíèÿ; ïîä ñåìàíòè÷åñêîé ñòðóêòóðîé � äåðåâî çàâèñèìîñòåé, â âåðøèíàõêîòîðîãî ñòîÿò ëèáî ïðåäìåòíûå èìåíà, ëèáî ñëîâà óíèâåðñàëüíîãî ñåìàíòè÷åñêîãîÿçûêà, à ðåáðà ñîîòâåòñòâóþò óíèâåðñàëüíûì îòíîøåíèÿì ñåìàíòè÷åñêîãî ïîä÷èíå-íèÿ, òàêèì, êàê àðãóìåíòíîå, àòðèáóòèâíîå, êîíúþíêöèÿ, äèçúþíêöèÿ, ðàâåíñòâî,íåðàâåíñòâî, áîëüøå, ìåíüøå, ïðèíàäëåæèò è ò.ï. Äëÿ ñåìàíòè÷åñêîé ñòðóêòóðû ñó-ùåñòâåííîé èí�îðìàöèåé ÿâëÿåòñÿ èí�îðìàöèÿ î êîðå�åðåíòíîñòè óçëîâ � èí�îð-ìàöèÿ î òîì, â êàêèõ ñëó÷àÿõ ðå÷ü èäåò îá îäíîì è òîì æå îáúåêòå, à â êàêèõ � îðàçíûõ.Â öåëîì ëèíãâèñòè÷åñêèé ïðîöåññîð äîëæåí îáåñïå÷èâàòü âûïîëíåíèå ñëåäóþ-ùèõ ïðåîáðàçîâàíèé:ïðåäëîæåíèå íà Åß !Ìîð�Ñòðóêò ! ÑèíòÑòðóêò! ÑåìÑòðóêò (àíàëèç);ÑåìÑòðóêò ! ÑèíòÑòðóêò !Ìîð�Ñòðóêò ! ïðåäëîæåíèå íà Åß (ñèíòåç),ãäå Ìîð�Ñòðóêò � ìîð�îëîãè÷åñêàÿ, ÑèíòÑòðóêò � ñèíòàêñè÷åñêàÿ è ÑåìÑòðóêò �ñåìàíòè÷åñêàÿ ñòðóêòóðû ïðåäëîæåíèÿ.Òàêèì îáðàçîì, äëÿ ïîñòðîåíèÿ ËÏ, íåîáõîäèìî ðàçðàáîòàòü:1. �îðìàëüíûå ÿçûêè äëÿ çàïèñè (îáðàçîâ) ïðåäëîæåíèé íà ìîð�îëîãè÷åñêîì,ñèíòàêñè÷åñêîì, ñåìàíòè÷åñêîì óðîâíÿõ ïðåäñòàâëåíèÿ;2. �îðìàëüíîå ïîíÿòèå ñòðóêòóðû ïðåäëîæåíèÿ äëÿ êàæäîãî èç ýòèõ óðîâíåé;3. ìàññèâû ïðàâèë äëÿ ïðåîáðàçîâàíèÿ ñòðóêòóð ñìåæíûõ óðîâíåé äðóã â äðóãà;4. ìîð�îëîãè÷åñêèé, ñèíòàêñè÷åñêèé è ñåìàíòè÷åñêèé ñëîâàðè, âêëþ÷èâ â íèõâñþ èí�îðìàöèþ î êàæäîé ëåêñåìå, íåîáõîäèìóþ äëÿ îñóùåñòâëåíèÿ ñîîòâåò-ñòâóþùåãî ïðåîáðàçîâàíèÿ.2. Ìîð�îëîãè÷åñêèé àíàëèç êðûìñêîòàòàðñêîãî ÿçûêàÑòàäèÿ ìîð�îëîãè÷åñêîãî àíàëèçà (ÌÀ) ÿâëÿåòñÿ íàèáîëåå ïðîðàáîòàííûìëèíãâèñòè÷åñêèì ýòàïîì ïðîöåññà îáðàáîòêè åñòåñòâåííîãî òåêñòà. Öåëüþ ÌÀ ÿâ-ëÿåòñÿ îïðåäåëåíèå ìîð�îëîãè÷åñêîé èí�îðìàöèè ñëîâî�îðì äëÿ èñïîëüçîâàíèÿ ååíà ïîñëåäóþùèõ ýòàïàõ îáðàáîòêè Åß òåêñòà.Êðûìñêîòàòàðñêèé ÿçûê ÿâëÿåòñÿ àããëþòèíàòèâíûì [2℄, ò.å. ñëîâî�îðìû îá-ðàçóþòñÿ òîëüêî ïðè ïîìîùè à��èêñîâ (ñó��èêñîâ), ÷òî äåëàåò, ó÷èòûâàÿ ïðàâè-ëà ñëåäîâàíèÿ (ïîðÿäîê â ñëîâå) à��èêñîâ ðàçëè÷íîãî òèïà, èíòåðåñíûì ïîñòðîåíèå¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ôîðìàëèçàöèÿ ìîð�îëîãè÷åñêîãî àíàëèçà êðûìñêîòàòàðñêîãî ÿçûêà 81èåðàðõèè êëàññîâ à��èêñîâ, êîòîðóþ áóäåò óäîáíî èñïîëüçîâàòü äëÿ ïðîãðàììíîéðåàëèçàöèè ìîð�îëîãè÷åñêîãî àíàëèçàòîðà.Â äàííîé ðàáîòå áóäåò ðàññìîòðåí ìîð�îëîãè÷åñêèé àíàëèç èìåí ñóùåñòâèòåëü-íûõ. Êàê óæå îòìå÷àëîñü, â êðûìñêîòàòàðñêîì ÿçûêå íåò ïðèñòàâîê è îêîí÷àíèé è,êðîìå ýòîãî, ñóùåñòâèòåëüíûå â èìåíèòåëüíîì ïàäåæå åäèíñòâåííîãî ÷èñëà ÿâëÿþò-ñÿ êîðíåì ñëîâà.Îáðàçîâàíèå ñëîâî�îðì ïðîèñõîäèò ïî ñëåäóþùåé ñõåìå:1. êîðåíü, ò.å. ñàìî ñëîâî2. ñëîâîîáðàçóþùèå à��èêñû3. �îðìîîáðàçóþùèå à��èêñû1:� ÷èñëî� óìåíüøèòåëüíî-ëàñêàòåëüíûå� îáëàäàíèÿ/ëèøåíèÿ4. ñëîâîèçìåíÿþùèå à��èêñû2:� ïðèíàäëåæíîñòè� ñêàçóåìîñòè� ïàäåæíîñòèÔîðìîîáðàçóþùèå à��èêñû [3℄:� ×èñëî. Äëÿ âñåõ ÷àñòåé ðå÷è â êðûìñêîòàòàðñêîì ÿçûêå ìíîæåñòâåííîå ÷èñëîõàðàêòåðèçóåòñÿ íàëè÷èåì à��èêñîâ -ëàð, -ëåð (ïðàâèëî ñèíãàðìîíèçìà [2℄).Íàïðèìåð, áàëàëàð � äåòè, åëëåð � âåòðà.� Óìåíüøèòåëüíîå-ëàñêàòåëüíûå. Äëÿ ñóùåñòâèòåëüíûõ â êðûìñêîòàòàðñêîìÿçûêå óìåíüøèòåëüíî-ëàñêàòåëüíàÿ êàòåãîðèÿ õàðàêòåðèçóåòñÿ íàëè÷èåìà��èêñîâ -÷ûêú, -÷èê (ïðàâèëî ñèíãàðìîíèçìà).Íàïðèìåð, áàëà÷ûêú � ðåáåíî÷åê, åëü÷èê � âåòåðî÷åê.� îáëàäàíèÿ/ëèøåíèÿ. Äëÿ ñóùåñòâèòåëüíûõ â êðûìñêîòàòàðñêîì ÿçûêå êàòå-ãîðèÿ îáëàäàíèÿ (ëèøåíèÿ) õàðàêòåðèçóåòñÿ íàëè÷èåì à��èêñîâ -ëû (-ñûç),-ëè (-ñèç) (ïðàâèëî ñèíãàðìîíèçìà).Íàïðèìåð, áàëàëû (áàëàñûç), åëëè (åëüñèç).Ñëîâîèçìåíÿþùèå à��èêñû [3℄:1Ôîðìîîáðàçóþùèå à��èêñû ìîãóò èñïîëüçîâàòüñÿ êàê ïî îòäåëüíîñòè, òàê è âìåñòå, ïðè÷åìïîðÿäîê çàâèñèò îò êîíòåêñòà2Â äàííîì ñëó÷àå ïîðÿäîê âàæåí è à��èêñû ïðèíàäëåæíîñòè ñ à��èêñàìè ñêàçóåìîñòè âìåñòåíå èñïîëüçóþòñÿ. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



82 Àäæèâåëèåâà Ç.Ä., Àíà�èåâ À.Ñ., Çàèðîâà Ñ.È.� Ïðèíàäëåæíîñòè. Â çàâèñèìîñòè îò ÷èñëà è ëèöà èñïîëüçóþòñÿ ðàçëè÷íûåà��èêñû:×èñëî Ëèöî À��èêñû ïðèíàäëåæíîñòèÅä. 1 -ì, -ûì, -èì, -óì, -þì2 -íú, -ûíú, -èíú, -óíú, -þíú3 -ñû, -ñè, -è, -ó, -þÌíîæ. 1 -ìûç, -ìèç, -ûìûç, -èìèç, -óìûç, -þìûç,(-ëàð)-ìûç, (-ëåð)-èìèç2 -íúûç, -íúèç, -ûíúûç, -èíúèç, -óíúûç, -þíúèç(-ëàð)-íúûç, (-ëåð)-èíúèç3 -ñû, -ñè, -û, -ó, -þ, (-ëàð)-û, (-ëåð)-è� Ñêàçóåìîñòè. Â çàâèñèìîñòè îò ÷èñëà è ëèöà èñïîëüçóþòñÿ ðàçëè÷íûå à�-�èêñû:×èñëî Ëèöî À��èêñû ñêàçóåìîñòèÅä. 1 -ì, -ûì, -èì2 -ñûíú, -ñèíú3 -äûð, -äèð, -òûð, -òèðÌíîæ. 1 -ìûç, -ìèç, (-ëàð)-ìûç, (-ëåð)-ìèç2 -ñûç (-ñûíúûç), -ñèç (-ñèíúèç)3 -(ëàð)-äûð, -(ëåð)-äèð, -òûð, -òèð� Ïàäåæíîñòè.Ïàäåæ À��èêñûÈìåíèòåëüíûé - -�îäèòåëüíûé -íûíú, -íèíúÄàòåëüíûé -ãúà, -êúà, -ãå, -êåÂèíèòåëüíûé -íû, -íèÌåñòíûé -äà, -äå, -òà, -òåÈñõîäíûé -äàí, -äåí, -òàí, -òåíÓ÷èòûâàÿ àããëþòèíàòèâíîñòü êðûìñêîòàòàðñêîãî ÿçûêà, ïðåäñòàâëÿåòñÿ èíòå-ðåñíûì ñ�îðìèðîâàòü èåðàðõèþ êëàññîâ à��èêñîâ (ñó��èêñîâ), êîòîðàÿ èìååò âàæ-íîå çíà÷åíèå äëÿ ìîð�îëîãè÷åñêîãî àíàëèçà ñëîâ â ïðåäëîæåíèè. Õîòÿ è íå âñåãäà,îñíîâûâàÿñü òîëüêî íà èí�îðìàöèè îá à��èêñàõ è èõ èåðàðõèè, ìîæíî îäíîçíà÷íîïðîâåñòè ìîð�îëîãè÷åñêèé àíàëèç ñëîâ, îäíàêî, ìîæíî ïîïûòàòüñÿ ñóçèòü îáëàñòüíåîïðåäåëåííîñòè [4℄ è ïðèìåíèòü èìåþùóþñÿ èí�îðìàöèþ î ìîð�îëîãèè ñëîâà äëÿäàëüíåéøåãî ñóæåíèÿ íà ïîñëåäóþùèõ ýòàïàõ îáðàáîòêè ïðåäëîæåíèé.Íèæå ïðèâåäåì îäèí èç âàðèàíòîâ êîäà íà ÿçûêå Visual Prolog âûøå îïèñàííûõèäåé äëÿ ìîð�îëîãè÷åñêîãî àíàëèçàòîðà èìåí ñóùåñòâèòåëüíûõ êðûìñêîòàòàðñêîãîÿçûêà: ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ôîðìàëèçàöèÿ ìîð�îëîãè÷åñêîãî àíàëèçà êðûìñêîòàòàðñêîãî ÿçûêà 83
lass fa
tsaffixType : (string TypeName, string ParentTypeName, string Caption, integer Priority).affix : (string Title, string Morpho).word : (string Word).
lauses% Îïèñàíèå èåðàðõèè òèïîâ à��èêñîâaffixType("aftKelishlik", "", "Kelishlik", 0). % à��èêñà ïàäåæíîñòèaffixType("aftBashKelishi", "aftKelishlik", "Bash Kelishi", 1). % èìåíèòåëüíûé ïàäåæaffixType("aftSaiplikKelishi", "aftKelishlik", "Saiplik Kelishi", 1). % ðîäèòåëüíûé ïàäåæaffixType("aftDogrultuKelishi", "aftKelishlik", "Dogrultu Kelishi", 1). % äàòåëüíûé ïàäåæaffixType("aftTushumKelishi", "aftKelishlik", "Tushum Kelishi", 1). % âèíèòåëüíûé ïàäåæaffixType("aftErKelishi", "aftKelishlik", "Er Kelishi", 1). % ìåñòíûé ïàäåæaffixType("aftChikishKelishi", "aftKelishlik", "Chikish Kelishi", 1). % èñõîäíûé ïàäåæaffixType("aftMulkiyet", "", "Mulkiyet", 0). % à��èêñ ïðèíàäëåæíîñòèaffixType("aftMulkiyetTeklik", "aftMulkiyet", "Teklik", 1). % à��èêñ ïðèíàäëåæíîñòè åä. ÷.affixType("aftMulkiyetTeklik1Shahis", "aftMulkiyetTeklik", "1 Shahis", 2). % 1-å ëèöî.affixType("aftMulkiyetTeklik2Shahis", "aftMulkiyetTeklik", "2 Shahis", 2). % 2-å ëèöî.affixType("aftMulkiyetTeklik3Shahis", "aftMulkiyetTeklik", "3 Shahis", 2). % 3-å ëèöî.affixType("aftMulkiyetChokluk", "aftMulkiyet", "Chokluk", 1). % à��èêñ ïðèíàäëåæíîñòè ìí. ÷.affixType("aftMulkiyetChokluk1Shahis", "aftMulkiyetChokluk", "1 Shahis", 2). % 1-å ëèöî.affixType("aftMulkiyetChokluk2Shahis", "aftMulkiyetChokluk", "2 Shahis", 2). % 2-å ëèöî.affixType("aftMulkiyetChokluk3Shahis", "aftMulkiyetChokluk", "3 Shahis", 2). % 3-å ëèöî....% Îáó÷åíèå: êàêèå à��èêñû ó êàêèõ òèïîâaffix("", "aftBashKelishi").affix("íûíú", "aftSaiplikKelishi").affix("íèíú", "aftSaiplikKelishi")....affix("òèð", "aftHaberlikChokluk3Shahis").% Ñëîâàðüword("àçáàð")....word("áàõûò").
lass predi
atesdivider : (string Word, list List) nondeterm anyflow.root : (string Root, list AffixList) nondeterm anyflow.analysis : (string Name, list Result) nondeterm anyflow.
lauses% ðàçáèåíèå âõîäíîãî çíà÷åíèÿ (ñëîâà) íà âñåâîçìîæíûå êîìáèíàöèè à��èêñîâ è êîðåíü ñëîâàdivider(_, [℄).divider(Word, [Affix|List℄) :-ListAffix = toCharList(Affix), % ïðåîáðàçóåì ñòðîêó â ñïèñîê ñèìâîëîâListWord = toCharList(Word),
on
(ListWordPart, ListAffix, ListWord),list(ListWordPart, ListWordPart1),PartWord = 
on
atList(ListWordPart1) % ïðåîáðàçóåì ñïèñîê â ñòðîêó stringdivider(PartWord, List).divider(Word, [Word|List℄) :-divider(Word, List), !.% âûäåëåíèå êîðíÿ èç ïîëó÷åííîé êîìáèíàöèè ââîäèìîãî ñëîâàroot(Root, List) :-lastElement(List, Root). ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



84 Àäæèâåëèåâà Ç.Ä., Àíà�èåâ À.Ñ., Çàèðîâà Ñ.È.% àíàëèç ñïèñêà à��èêñîâ, îïðåäåëåíèå ìîð�îëîãè÷åñêèõ ïðèçíàêîâanalysis(_, [℄).analysis(Name, [R1|Result℄) :-affixType(Name, Name1, R1, Pri),analysis(Name1, Result).% ïåðåáîð âñåõ à��èêñîâ áàçû è âûäåëåíèå êîððåêòíûõ,% èñïîëüçóÿ analysis ïîëó÷àåì êîí÷åíîå ìîð�îëîãè÷åñêîå ïðåäñòàâëåíèå ñëîâà
on
lusion(_, [℄).
on
lusion([L|List℄, [Res|Result℄) :-affix(L, Name),analysis(Name, Res),
on
lusion(List, Result). Çàêëþ÷åíèåÂ íàñòîÿùåå âðåìÿ íå ñóùåñòâóåò òåîðåòè÷åñêèõ ðàçðàáîòîê è ïðèêëàäíèõïðîåêòîâ ïî ïîñòðîåíèþ èí�îðìàöèîííûõ ñèñòåì àâòîìàòè÷åñêîãî ïîíèìàíèÿêðûìñêîòàòàðñêîãî ÿçûêà. Â äàííîé ñòàòüå äåëàåòñÿ ïîïûòêà íà÷àòü ïîñòðîå-íèÿ ìàòåìàòèêî-èí�îðìàöèîííîé ìîäåëè òàêèõ ñèñòåì. Ïåðâûì ýòàïîì ÿâëÿåòñÿìîð�îëîãè÷åñêèé àíàëèç, êîòîðûé ÿâëÿåòñÿ ÷àñòüþ ëèãâèñòè÷åñêîãî ïðîöåññîðà, èêîòîðîìó (ÌÀ), â îñíîâíîì, ïîñâÿùåíà äàííàÿ ñòàòüÿ.Â ðàáîòå ðàññìîòðåíû îñíîâíûå îñîáåííîñòè ìîð�îëîãèè êðûìñêîòàòàðñêîãîÿçûêà è ñäåëàíà ïîïûòêà èõ �îðìàëèçàöèè íà îñíîâå èåðàðõèè à��èêñîâ ñ öåëüþïîñòðîåíèÿ àâòîìàòèçèðîâàííîé ñèñòåìû ìîð�îëîãè÷åñêîãî àíàëèçà. Â ñðåäå ëî-ãè÷åñêîãî ïðîãðàììèðîâàíèÿ Visual Prolog áûëà îïèñàíà èåðàðõèÿ îñíîâíûõ òèïîâà��èêñîâ è ðàçðàáîòàíû ïðåäèêàòû äëÿ âûäåëåíèÿ ìîð�îëîãè÷åñêîé îñíîâû ñëîâêðûìñêîòàòàðñêîãî ÿçûêà. Ñïèñîê ëèòåðàòóðû1. Åâäîêèìîâà È.Ñ. Åñòåñòâåííî-ÿçûêîâûå ñèñòåìû: êóðñ ëåêöèé. � Óëàí-Óäý: Èçä-âî ÂÑ�ÒÓ,2006. � 92 
.2. Ìåìåòîâ À.Ì. Çåìàíåâèé êúûðûìòàòàð òèëè. � Ñèì�åðîïîëü, 2006. � 320 ñ.3. Ñåéäàìåòîâà Í.Ä. Ñîïîñòàâèòåëüíàÿ ãðàììàòèêà. � Ñèì�åðîïîëü, 2007.4. Àíà�èåâ À.Ñ. Òåîðèÿ øàáëîíîâ â çàäà÷àõ îáó÷åíèÿ ïî ïðåöåäåíòàì è âûáîðà ìîäåëåé. Äèññåð-òàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà �èçèêî-ìàòåìàòè÷åñêèõ íàóê. � 2007. � 135 ñ.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 01.06.2009
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 Ñíiãóð Í.Ì.Íàöiîíàëüíèé Òåõíi÷íèé Óíiâåðñèòåò Óêðà¨íè �Êè¨âñüêèé Ïîëiòåõíi÷íèé Iíñòèòóò�Ôàêóëüòåò åëåêòðîíiêè12 êîðïóñ, âóë. àê. ßíãåëÿ 16/9, ì. Êè¨â, 03056, Óêðà¨íàe-mail: nastena_sss�mail.ruAbstra
t. This paper is devoted to studying 
ertain properties of primitive program algebra ofn-ary fun
tions de�ned for the set of �nite grafs. The generating set for the partially re
ursive funtionsalgebra is found. The results presented are the 
ontinuation of the previously 
arried out resear
h forve
tor, matrix, relation and table fun
tions. ÂñòóïÑåðåä äèñöèïëií òà ìåòîäiâ äèñêðåòíî¨ ìàòåìàòèêè òåîðiÿ ãðà�iâ (à îñîáëèâîàëãîðèòìiâ íà ãðà�àõ) çíàõîäèòü íàéáiëüø øèðîêå çàòîñóâàííÿ â ïðîãðàìóâàííi [1℄.Äàíà ðîáîòà ïðåäñòàâëÿ¹ ñîáîþ êîðîòêå âèêëàäåííÿ ðåçóëüòàòiâ, ùî ñòîñóþòü-ñÿ äîñëiäæåííÿ îá÷èñëþâàíèõ �óíêöié òà ïðåäèêàòiâ íàä ãðà�àìè. Îá÷èñëþâàíiñòüââîäèòüñÿ çãiäíî íóìåðàöiéíîãî ïiäõîäó [2℄. Â ÿêîñòi iíñòðóìåíòó äîñëiäæåííÿ âèáðà-íî àïàðàò ïðèìiòèâíèõ ïðîãðàìíèõ àëãåáð (ÏÏÀ). Îñíîâíà óâàãà ïðèäiëåíà ïîøóêóïîðîäæóþ÷èõ ìíîæèí. Çàçíà÷èìî, ùî îòðèìàíi â ðîáîòi ðåçóëüòàòè äîïîâíþþòü ðå-çóëüòàòè äëÿ âåêòîðíèõ, ìàòðè÷íèõ, ðåëÿöiéíèõ òà òàáëè÷íèõ �óíêöié [3, 4, 5℄.Óñi âèêîðèñòàíi òà íåâèçíà÷åíi â ðîáîòi ïîíÿòòÿ òà ïîçíà÷åííÿ ðîçóìiþòüñÿ âñåíñi [5℄. 1. Oñíîâíi ïîíÿòòÿÍîñié ÏÏÀ ìîæóòü ñêëàäàòè àáî �óíêöi¨, çàëåæíi âiä çìiííèõ [3℄, àáî n-àðíi�óíêöi¨ i ïðåäèêàòè [4℄. Äàëi ÏÏÀ ðîçóìiþòüñÿ â äðóãîìó ñåíñi, òîìó ïiä �óíêöiÿìè(ïðåäèêàòàìè) ìàþòüñÿ íà óâàçi n-àðíi �óíêöi¨ (ïðåäèêàòè) äëÿ n = 1; 2; : : :, õî÷àïðè ¨õ ïîçíà÷åííi ïåðåâàãà âiääà¹òüñÿ íå îïåðàòîðíié, à òåðìàëüíié �îðìi çàïèñó,çâàæàþ÷è íà ¨¨ êîìïàêòíiñòü [2℄ (ï. 2.1).Ñèãíàòóðó ÏÏÀ ñêëàäàþòü îïåðàöi¨ ñóïåðïîçèöi¨, ðîçãàëóæåííÿ òà (n+1)-àðíîãîöèêëþâàííÿ, ùî ïðåäñòàâëÿþòü ñîáîþ àäåêâàòíi óòî÷íåííÿ ñòàíäàðòíèõ ñòðóêòóðóïðàâëiííÿ àëãîëîïîäiáíèõ ìîâ ïðîãðàìóâàííÿ. Äëÿ çðó÷íîñòi ïîäàëüøîãî âèêëà-äåííÿ òà ðîçóìiííÿ ðîáîòè âèäà¹òüñÿ êîðèñíèì äàòè �îðìàëüíå âèçíà÷åííÿ öèõîïåðàöié (áiëüø äåòàëüíî äèâ. [6℄).1. Ïiä ñóïåðïîçèöi¹þ ìà¹òüñÿ íà óâàçi (m+ 1)-àðíà îïåðàöiÿ Sxi1 ;:::;xim :hf; f1; : : : ; fni ! g, äå g = f(x1; : : : ; xi1�1; f1; : : : ; xim�1; fm; : : : ; xn), m � n.2. �îçãàëóæåííÿ ïðåäñòàâëÿ¹ ñîáîþ (m + 1)-àðíó îïåðàöiþ òàêó, ùî }m+1 :hh; f1; : : : ; fmi ! g, äå h(x1; : : : ; xn) � �óíêöiÿ, iç ñêií÷åííîþ ìíîæèíîþ çíà-÷åíü fh1; : : : ; hmg òà g(x1; : : : ; xn) = fi(x1; : : : ; xn), ÿêùî h(x1; : : : ; xn) = hi.



86 Ñíiãóð Í.Ì.3. Íàðåøòi öèêëþâàííÿ çàäà¹òüñÿ òàê: �y1;:::;yn : hp, f1, : : :, fni ! g, äå p � ïðå-äèêàò, à fi; g � �óíêöi¨. Çíà÷åííÿ g(x1; : : : ; xn) âèçíà÷à¹òüñÿ íàñòóïíèì ÷è-íîì. �îçãëÿíåìî ïîñëiäîâíiñòü êîðòåæiâ f(ó1i ; :::; óni ), i = 0, 1, : : :g, äå ój0 := xj,yji+1 := fj(y1i ; : : : ; yni ), i = 0; 1; : : : ; j = 1; n. Çíàéäåìî ïåðøèé êîðòåæ (y1k; : : : ; ynk )òàêèé, ùî p(y1k; : : : ; ynk ) = Õ. Ïîêëàäåìî g(x1; : : : ; xn) = y1k. (ßêùî òàêîãî êîð-òåæó â ïîñëiäîâíîñòi íå iñíó¹, òî g(x1; : : : ; xn) ââàæà¹òüñÿ íåâèçíà÷åíèì).Ïåðø íiæ ðîçãëÿíóòè �óíêöi¨ íàä ãðà�àìè ñïî÷àòêó ââåäåìî ïîíÿòòÿ ñàìîãîãðà�à. Òóò ìà¹ ñåíñ çðîáèòè çàñòåðåæåííÿ, ùî iñíóþòü ðiçíi ñïîñîáè âèçíà÷åííÿãðà�à, â çàëåæíîñòi âiä éîãî ïîäàëüøîãî çàñòîñóâàííÿ. Íàäàëi áóäåìî ïðèòðèìóâà-òèñü òåðìiíîëîãi¨, âæèâàíî¨ ó äæåðåëi [1℄.Îçíà÷åííÿ 1. Ïiä (ñêií÷åíèì) îði¹íòîâàíèì ãðà�îì g áóäåìî ðîçóìiòè ñóêóïíiñòüäâîõ ìíîæèí � íåïîðîæíüî¨ çëi÷åíî¨ ìíîæèíè V (ìíîæèíè âåðøèí) òà ìíîæèíè Eâïîðÿäêîâàíèõ ïàð ðiçíèõ åëåìåíòiâ V (ìíîæèíè ðåáåð àáî äóã), ÿêà, âçàãàëi êàæó÷è,ìîæå áóòè é ïîðîæíüîþ: g = hV;Ei; V 6= ;; E � V � V:Ïðè öüîìó ÿêùî v1; v2 2 V òà e = (v1; v2) 2 E, òî âåðøèíè v1 òà v2 ãðà�à g íàçè-âàþòüñÿ ñóìiæíèìè, à êîæíà ç íèõ â ñâîþ ÷åðãó íàçèâà¹òüñÿ òàêîæ iíöiäåíòíîþäóçi e.ßêùî e = (v1; v2), òî êàæóòü, ùî äóãà e íàïðàâëåíà âiä âåðøèíè v1 äî âåðøèíè v2.Äóãà e ââàæà¹òüñÿ äîäàòíî iíöiäåíòíîþ ¨¨ êiíöåâié âåðøèíi v2. Êiëüêiñòü äóã, ÿêi ¹äîäàòíî iíöiäåíòíèìè âåðøèíi v1, íàçèâà¹òüñÿ äîäàòíèì ñòóïåíåì v1 i ïîçíà÷à¹òüñÿ÷åðåç Æ+(v1). Âiä'¹ìíèé ñòóïiíü v1 âèçíà÷à¹òüñÿ àíàëîãi÷íî i ïîçíà÷à¹òüñÿ Æ�(v1).Çàóâàæåííÿ 1. Íèæ÷å áóäåìî ðîçãëÿäàòè ñêií÷åííi îði¹íòîâàíi ïñåâäîãðà�è(ò. á.ãðà�è ç ïåòëÿìè � äóãàìè, ÿêi ç'¹äíóþòü âåðøèíó ñàìó ç ñîáîþ). Ìíîæèíóâñiõ òàêèõ ãðà�iâ ïîçíà÷èìî ÷åðåç G .Äàëi ïiä �óíêöiÿìè ðîçóìi¹ìî ÷àñòêîâi �óíêöi¨ ç àðãóìåíòàìè i çíà÷åííÿìè iç G ,à ïiä ïðåäèêàòàìè � òàêîæ ÷àñòêîâi ïðåäèêàòè íà G . ×åðåç AG ïîçíà÷èìî ÏÏÀ, íîñiéÿêî¨ ñêëàäàþòü âñi áàãàòîìiñíi ÷àñòêîâî-ðåêóðñèâíi �óíêöi¨ i ïðåäèêàòè íà G . Ïî-ðîäæóþ÷ó ìíîæèíó àëãåáðè AG íàçâåìî ¨¨ ïîâíîþ ñèñòåìîþ, ïîâíó ñèñòåìó ÏÏÀ �Inm áàçèñîì, ÿêùî áóäü-ÿêà ¨¨ ïiäñèñòåìà, ùî îòðèìó¹òüñÿ âèäàëåííÿì ÿêîãî-íåáóäüïðåäèêàòà àáî ÿêî¨-íåáóäü �óíêöi¨, âiäìiííî¨ âiä ñåëåêòîðíî¨, âæå íå áóäå ïîâíîþ.Â ñèëó çëi÷åííîñòi ìíîæèíè V íå áóäå ñóòò¹âèì îáìåæåííÿì, ÿêùî ïîêëà-ñòè V = N . Ïðè öüîìó íà ìíîæèíi âåðøèí ãðà�à ââîäèòüñÿ öiëêîì ïðèðîäíà âïî-ðÿäêîâàíiñòü. Îñêiëüêè ðîçãëÿäàþòüñÿ ñêií÷åíi ãðà�è ç âåðøèíàìè, ùî íàëåæàòüçëi÷åíié ìíîæèíi N , òî î÷åâèäíî, ùî ìíîæèíà âñiõ òàêèõ ãðà�iâ òàêîæ ¹ çëi÷åíîþ,à îòæå ïîâèííà iñíóâàòè ¨¨ å�åêòèâíà íóìåðàöiÿ �G : N ! G (âèçíà÷åííÿ â ñåíñi [7℄).Îñíîâîþ âñüîãî ïîäàëüøîãî âèêëàäåííÿ ¹ íàñòóïíi âiäîìi òåîðåìè (òåîðåìà ïðîiçîìîð�içì òà òåîðåìà ïðî áàçèñ ÏÏÀ), ÿêi â äàíié ðîáîòi ìîæóòü áóòè ñ�îðìóëüî-âàíi íàñòóïíèì îáðàçîì: ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ïðèìiòèâíà ïðîãðàìíà àëãåáðà îá÷èñëþâàíèõ �óíêöié íà ìíîæèíi ãðà�iâ 87Òåîðåìà 1 (ïðî içîìîð�içì ÏÏÀ). Ái¹êòèâíå âiäîáðàæåííÿ �� : A÷ðG ! A÷ðN , ÿêå ñïiâ-ñòàâëÿ¹ êîæíié �óíêöi¨ íà G ïåâíó àðè�ìåòè÷íó �óíêöiþ (â çàäàíié íóìåðàöi¨ �G ),çàäà¹ içîìîð�içì ÏÏÀ A÷ðG íà ÏÏÀ A÷ðN , äå A÷ðN � ÏÏÀ óñiõ ÷ð-�óíêöié òà -ïðåäèêàòiâíàä N .Òåîðåìà 2 (ïðî áàçèñ ÏÏÀ). Iñíó¹ Inm-áàçèñ àëãåáðè A÷ðG , ùî ñêëàäà¹òüñÿ ç òî÷íiñòþäî ñåëåêòîðíèõ �óíêöié ç äâîõ �óíêöié òà îäíîãî ïðåäèêàòà.Ïðè ïîáóäîâàõ â ÏÏÀ ÷àñòî ¹ çðó÷íèìè ëîãi÷íi çâ'ÿçêè äëÿ ïðåäèêàòiâ; âîíèëåãêî ìîäåëþþòüñÿ â ÏÏÀ çà äîïîìîãîþ âñþäè iñòèííîãî i âñþäè õèáíîãî ïðåäè-êàòiâ (pi, põ), íàïðèêëàäp(x1; : : : ; xn) _ q(y1; : : : ; ym) = �(p(x1; : : : ; xn); pi(x1);�(q(y1; : : : ; ym); pi(x1); põ)):Äëÿ ñïîëó÷åíü : òà & àíàëîãi÷íî.Ïîçíà÷èìî ÷åðåç [�℄B çàìèêàííÿ ìíîæèíè � îïåðàöiÿìè ñóêóïíîñòi B, à 
 �ñóêóïíiñòü ââåäåíèõ âèùå îïåðàöié ÏÏÀ.2. ÏÏÀ ÷ð-�óíêöié i ÷ð-ïðåäèêàòiâ íà ìíîæèíi ñêií÷åííèõîði¹íòîâàíèõ ãðà�iâÁóäü-ÿêîìó ãðà�ó ïîñòàâèìî ó âiäïîâiäíiñòü âåêòîð íàñòóïíèì ÷èíîì:1. Ïåðøèì åëåìåíòîì ïîñòàâèìî íîìåð ïåðøî¨ âåðøèíè (êîðåíÿ ãðà�à).2. Äàëi ïåðåðàõó¹ìî óñi ñóìiæíi ç ïåðøîþ âåðøèíè, ÿêi âiäïîâiäàþòü ¨¨ âiä'¹ìíîiíöiäåíòíèì äóãàì.3. Ïîñòàâèìî íóëü.4. ßêùî âåðøèíà íå ìà¹ âiä'¹ìíî iíöiäåíòíèõ äóã, òî ¨¨ ïðîïóñêà¹ìî.5. Ïîâòîðþ¹ìî òîé ñàìèé ïðîöåñ äëÿ óñiõ âåðøèí ãðà�à.6. Â êiíöi ïåðåðàõó¹ìî íîìåðè óñiõ içîëüîâàíèõ âåðøèí, òàêîæ ðîçäiëÿþ÷è ¨õíóëÿìè.Ïîçíà÷èìî öå âiäîáðàæåííÿ ÷åðåç � : G ! N� , N� = S1i=0 N i , äå N0 = f�g � ïîðîæíiéâåêòîð. Î÷åâèäíî, � � ií'¹êöiÿ, àëå íå ñþð'¹êöiÿ. Ïîçíà÷èìî, V := �(G ). Âî÷åâèäü,öÿ ìíîæèíà ¹ ðåêóðñèâíîþ â íóìåðàöi¨ �G .Òîäi äëÿ áóäü-ÿêî¨ ãðà�-�óíêöi¨ F : G n ! G iñíó¹ ¨¨ âåêòîðíèé îáðàç F : N� ! Nòàêèé ùî F (�(g1); : : : ; �(gn)) ' �F (g1; : : : ; gn) äëÿ óñiõ g1; : : : ; gn. Äëÿ ïðåäèêàòiâàíàëîãi÷íî.�îçãëÿíåìî íàñòóïíi �óíêöi¨ íà ìíîæèíi ãðà�iâ (ãðà�-�óíêöi¨):1. CG0 � êîíñòàíòíà �óíêöiÿ: CG0 (g) = g10;2. SG � çáiëüøåííÿ íà îäèíèöþ íîìåðà ïåðøî¨ âåðøèíè ãðà�à;3. [ � îá'¹äíàííÿ ãðà�iâ (îá'¹äíàííÿ ìíîæèí âåðøèí òà äóã);4. n � ðiçíèöÿ ãðà�iâ (ðiçíèöÿ ìíîæèí);5. Ee � âèäiëåííÿ ïåðøî¨ äóãè (ïiäãðà�à ç äâîõ âåðøèí òà äóãè);6. R � óòîòîæíåííÿ êîðåíÿ ãðà�à ç ïåðøîþ âiä'¹ìíî iíöiäåíòíîþ âåðøèíîþ: ;7. A � ñòÿãóâàííÿ ïåðøî¨ âåðøèíè ç òi¹þ âiä'¹ìíî iíöiäåíòíîþ ¨é, ÿêà ìà¹ íàé-ìåíøèé íîìåð (íîâà âåðøèíà ìà¹ íîìåð âiä'¹ìíî iíöiäåíòíî¨);¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



88 Ñíiãóð Í.Ì.8. [� � îá'¹äíàííÿ ãðà�iâ g1 òà g2 iç äîäàâàííÿì äóãè iç êîðåíÿ ãðà�à g1 â êîðiíüãðà�à g2;9. Ev � âèäiëåííÿ ïåðøî¨ âåðøèíè ãðà�à;Ïîêëàäåìî �G := fCG0 ; SG ;[; n; Ee; R; A;[�; Ev;=G ; Inmgn=1;2;:::m=1;n :Ç ìåòîþ ìîäåëþâàííÿ âåêòîðíèõ �óíêöié ãðà�-�óíêöiÿìè ïîáóä¹ìî êîäóþ÷åâiäîáðàæåííÿ � : N� ! G íàñòóïíèì ÷èíîì�(�) = �G ;�(v) = f(1; v1); : : : ; (n; vn)gÒàêèì ÷èíîì îòðèìà¹ìî, ùî äëÿ äîâiëüíî¨ âåêòîðíî¨ �óíêöi¨ F (x1; : : : ; xn) �óíê-öiÿ F (�1; : : : ; �n) ¹ ¨¨ ãðà�-ìîäåëëþ, ÿêùî F (�(v1); : : : ;�(vn)) ' �(F (v1; : : : ; vn)) äëÿâñiõ v1; : : : ; vn � N� . Àíàëîãi÷íî äëÿ ïðåäèêàòà.Ëåìà 1. Äëÿ áóäü-ÿêèõ âåêòîðíèõ ÷ð-�óíêöié òà ÷ð-ïðåäèêàòiâ iñíóþòü ¨õ ãðà�-ìîäåëi, ÿêi íàëåæàòü çàìèêàííþ [�G ℄
.Íåõàé  := � � �. Î÷åâèäíî, ùî  : G ! �(V ) � ái¹êöiÿ. ×åðåç � ïîçíà÷èìî ÿêå-íåáóäü ðîçøèðåííÿ âiäîáðàæåííÿ  �1. �ðà�-�óíêöi¨  òà � ãðàþòü ðîëi êîäóþ÷î¨òà äåêîäóþ÷î¨ �óíêöié âiäïîâiäíî.Iñòèíà íàñòóïíà ëåìà.Ëåìà 2. Íåõàé F (�1; : : : ; �n) � ÷ð-ãðà�-�óíêöiÿ, à H (�1; : : : ; �n) � ãðà�-ìîäåëü âåê-òîðíîãî îáðàçà �óíêöi¨ F (�1; : : : ; �n). Òîäi
F (A1; : : : ; An) = �(H ( (A1); : : : ;  (An)))äëÿ óñiõ Ai, i = 1; n.Àíàëîãi÷íî, íåõàé P(�1; : : : ; �m) � ÷ð-ãðà�-ïðåäèêàò, à K (�1; : : : ; �m) � ãðà�-ìîäåëü âåêòîðíîãî îáðàçà öüîãî ïðåäèêàòà. Òîäi

P(A1; : : : ; An) = K ( (A1); : : : ;  (An))äëÿ óñiõ Ai, i = 1; n.Ñïðàâåäëèâà òàêà òåîðåìàÒåîðåìà 3. �G ¹ ïîðîäæóþ÷îþ ìíîæèíîþ àëãåáðè A÷ðG .Iäåÿ äîâåäåííÿ. Ñêîðèñòà¹ìîñü ðåçóëüòàòîì, îòðèìàíèì äëÿ âåêòîðíèõ �óíêöié â [5℄,à ñàìå, ìíîæèíà �N� = f�; Æ; C0; S;=N� ; Inmgn=1;2;:::m=1;n ¹ áàçèñîì ÏÏÀ A÷ðN� , äå �(au) = u,u1 Æ u2 = u1u2, C0(u) = 0; S(au) = (a+ 1)u.Çà äîïîìîãîþ ãðà�-�óíêöié �G ìîæíà ïîáóäóâàòè ãðà�-ìîäåëi óñiõ âåêòîðíèõáàçèñíèõ �óíêöié, à îòæå, é ãðà�-ìîäåëi óñiõ ÷àñòêîâî-ðåêóðñèâíèõ âåêòîðíèõ �óíê-öié.Îêðiì òîãî, òàêîæ ñïðàâåäëèâå âêëþ÷åííÿ  ; � 2 [�G ℄. À îòæå, â ñèëó ëåìè 2,òâåðäæåííÿ òåîðåìè äîâåäåíî. �¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Ïðèìiòèâíà ïðîãðàìíà àëãåáðà îá÷èñëþâàíèõ �óíêöié íà ìíîæèíi ãðà�iâ 89ÂèñíîâêèÂ ïðåäñòàâëåíié ðîáîòi äàíî êîðîòêèé îãëÿä ðåçóëüòàòiâ àâòîðà, ÿêi ñòîñóþòüñÿâèâ÷åííÿ ÏÏÀ ÷ð-�óíêöié íàä ãðà�àìè A÷ðG . Çîêðåìà, çíàéäåíî ïîðîäæóþ÷ó ìíî-æèíó àëãåáðè A÷ðG .Â ÿêîñòi íàñòóïíîãî êðîêó çäiéñíþâàíîãî äîñëiäæåííÿ ïëàíó¹òüñÿ çíàéòè Inm-áàçèñ âêàçàíî¨ ÏÏÀ, â ìiðó ìîæëèâîñòi ñêîðîòèâøè êiëüêiñòü áàçèñíèõ �óíêöié.Òàêîæ âèäà¹òüñÿ êîðèñíèì ðîçãëÿíóòè òàêó ñàìó çàäà÷ó äëÿ iíøèõ êëàñiâ÷àñòêîâî-ðåêóðñèâíèõ �óíêöié ç îãëÿäó íà ðiçíi ïðàêòè÷íi çàñòîñóâàííÿ.Ñïèñîê ëèòåðàòóðû1. Íîâèêîâ Ô. À. Äèñêðåòíàÿ ìàòåìàòèêà äëÿ ïðîãðàììèñòîâ. � ÑÏá: Ïèòåð, 2000. � 304 ñ.2. Ìàëüöåâ À. È. Àëãîðíòìû è ðåêóðñèâíûå �óíêöèè. � Ì.: Íàóêà, 1965. � 391 ñ.3. Áóé Ä. Á., �åäüêî Â. Í. Ïðíìèòíâíûå ïðîãðàììíûå àëãåáðû öåëî÷èñëåííûõ è ñëîâàðíûõ �óíê-öèé // Äîêë. ÀÍ ÓÑÑ�. Ñåð. À. � 1984. � �10. � Ñ. 69�71.4. Áóé Ä. Á., Ìàâëÿíîâ À. Â. Ê òåîðèè ïðîãðàììíûõ àëãåáð // Óêð. ìàò. æóðí. � 1984. � 36, �6. �Ñ. 761�764.5. Áóé Ä. Á., �åäüêî Â. Í. Ïðèìèòèâíûå ïðîãðàììíûå àëãåáðû. 1, II // Êèáåðíåòèêà. � 1984. ��5. � Ñ. 1�7; � 1985. � �1. � Ñ.28�33.6. Áóé Ä. Á. Ïðèìèòèâíûå ïðîãðàììíûå àëãåáðû: Àâòîðå�. äèñ. êàíä. �èç.-ìàò. íàóê. � Êèåâ,1985. � 22ñ.7. Åðøîâ Þ.Ë. Òåîðèÿ íóìåðàöèé. � Ì. : Íàóêà, 1977.� 416 ñ.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 09.10.2009
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t. We study the �-algebra whi
h generated by two selfadjoint elements a; b satisfying thealgebrai
 relations: mXi=1 fi(a)bgi(a) = h(a); lXj=1 pj(a)brj(a)bqj(a) = �(a);where fi; gi; h; i = 1;m; pj ; rj ; qj ; � j = 1; l are polynomials on R; m; l 2 N: We investigate propertiesof polynomials fi; gi; h; i = 1;m; pj ; rj ; qj ; � j = 1; l for whi
h this �-algebra is �-tame. The results areillustrated by examples. 1. ÂâåäåíèåÂîçíèêàþùèå â çàäà÷àõ ìàòåìàòèêè è �èçèêè �-àëãåáðû ñòèìóëèðóþò èíòåðåñê èçó÷åíèþ òàêèõ àëãåáð è èõ ïðåäñòàâëåíèé ñ ðàçëè÷íûõ òî÷åê çðåíèÿ (ñì. íà-ïðèìåð [4, 3℄ è äð.). Âàæíûì êëàññîì �-àëãåáð ÿâëÿþòñÿ �-àëãåáðû ïîðîæäåííûåîáðàçóþùèìè x1; x2; : : : ; xk è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:Pi(x1; x2; : : : ; xk; x�1; x�2; : : : ; x�k) = 0; i = 1; w; w 2 N ;ãäå Pi ïîëèíîìû îò íåêîììóòàòèâíûõ ïåðåìåííûõ x1; x2; : : : ; xk; x�1; x�2; : : : ; x�k: (ñì. íà-ïðèìåð [4℄)Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ �-àëãåáðà, ïîðîæäåííàÿ äâóìÿ ñàìîñîïðÿæåí-íûìè îáðàçóþùèìè a; b è óäîâëåòâîðÿþùàÿ ñëåäóþùèì ñîîòíîøåíèÿì:mXi=1 fi(a)bgi(a) = h(a); (1.1)lXj=1 pj(a)brj(a)bqj(a) = �(a); (1.2)ãäå fi, gi, h, i = 1; m, pj, rj, qj, �, j = 1; l, ïîëèíîìû íà R, m; l 2 N .Ñòàíäàðòíûé ïóòü îïèñàíèÿ �-ïðåäñòàâëåíèé �-àëãåáðû ñîñòîèò â îïèñàíèè âñåõíåïðèâîäèìûõ ïðåäñòàâëåíèé ñ òî÷íîñòüþ äî óíèòàðíîé ýêâèâàëåíòíîñòè, à çà-òåì ðàçëîæåíèå ïðîèçâîëüíîãî ïðåäñòàâëåíèÿ â ïðÿìóþ ñóììó èëè ïðÿìîé èíòå-ãðàë íåïðèâîäèìûõ. Òàêîå ðàçëîæåíèå âîçìîæíî, è ïðèòîì åäèíñòâåííûì îáðà-çîì, åñëè W �-àëãåáðà, ïîðîæäåííàÿ ëþáûì îãðàíè÷åííûì �-ïðåäñòàâëåíèåì, ñîäåð-æèò ëèøü �àêòîðû òèïà I. Â ýòîì ñëó÷àå ñîîòâåòñòâóþùóþ �-àëãåáðó áóäåì íàçû-âàòü �-ðó÷íîé. Â ñëó÷àå åñëè çàäà÷à îïèñàíèÿ âñåõ �-ïðåäñòàâëåíèé �-àëãåáðû ñîäåð-æèò ïîäçàäà÷ó, çàäà÷ó îïèñàíèÿ âñåõ �-ïðåäñòàâëåíèé ñâîáîäíîé �-àëãåáðû ñ äâóìÿ



92 Îìåëü÷åíêî Ï.Â.ñàìîñîïðÿæåííûìè îáðàçóþùèìè, òî òàêóþ �-àëãåáðó áóäåì íàçûâàòü �-äèêîé (áî-ëåå ïîäðîáíî ñì. [4℄). Çàìåòèì, ÷òî â îòëè÷èå îò òåîðèè ïðåäñòàâëåíèé â ëèíåéíûõïðîñòðàíñòâàõ, ñóùåñòâóþò åùå ïðîìåæóòî÷íûå êëàññû �-àëãåáð, õàðàêòåðèçóþùèåñëîæíîñòü îïèñàíèÿ âñåõ �-ïðåäñòàâëåíèé �-àëãåáðû. Â äàííîé ðàáîòå íàñ áóäóòèíòåðåñîâàòü ëèøü íåïðèâîäèìûå ïðåäñòàâëåíèÿ è óñëîâèÿ íà �-àëãåáðû ïðè êî-òîðûõ îíè ÿâëÿþòñÿ �-ðó÷íûìè.Ñ ïîëóëèíåéíûì ñîîòíîøåíèåì (1.1) ìîæíî ñâÿçàòü ïðîñòîé íåîðèåíòèðîâàí-íûé ãðà� �, ïî âèäó êîòîðîãî ìîæíî ñóäèòü î ñëîæíîñòè çàäà÷è îïèñàíèÿâñåõ �-ïðåäñòàâëåíèé ñ òî÷íîñòüþ äî óíèòàðíîé ýêâèâàëåíòíîñòè, ñîîòâåòñòâóþ-ùåé �-àëãåáðû. Êàê ïîêàçàíî â [4, 7, 11℄, �-àëãåáðà ñîîòâåòñòâóþùàÿ ïîëóëèíåéíîìóñîîòíîøåíèþ (1.1) ÿâëÿåòñÿ �-ðó÷íîé, òîãäà è òîëüêî òîãäà, êîãäà ñâÿçíûå êîìïî-íåíòû ãðà�à � èìåþò âèä: q, q , q q. Åñëè � ñîäåðæèò â êà÷åñòâå ïîäãðà�à îäèíèç ãðà�îâ q q, q q q, òî ñîîòâåòñòâóþùàÿ �-àëãåáðà ÿâëÿåòñÿ �-äèêîé. Ïîýòîìóâïîëíå åñòåñòâåííî ðàññìàòðèâàòü ïðåäñòàâëåíèÿ ïîëóëèíåéíûõ ñîîòíîøåíèé ñ äî-ïîëíèòåëüíûìè ñîîòíîøåíèÿìè. Â äàííîé ðàáîòå â êà÷åñòâå äîïîëíèòåëüíîãî ñîîò-íîøåíèÿ ðàññìàòðèâàåòñÿ ïîëóêâàäðàòè÷íîå (êâàäðàòè÷íîå ïî b) ñîîòíîøåíèå (1.2).Â ðàáîòå ïîëó÷åíû óñëîâèÿ íà ïîëèíîìû fi; gi; h; i = 1; m; pj, rj, qj, �, j = 1; l,ïðè êîòîðûõ ñèñòåìà ñîîòíîøåíèé (1.1), (1.2) ÿâëÿåòñÿ �-ðó÷íîé. Òàêæå â ðàáîòåïîêàçàíà ñâÿçü ìåæäó ïðåäñòàâëåíèÿìè ñîîòíîøåíèé (1.1), (1.2) è îðòîñêàëÿðíûìè�-ïðåäñòàâëåíèÿìè ãðà�îâ [14, 13, 16℄ è ñâÿçàííûìè ñ íèìè �-àëãåáðàìè [1, 5, 15℄.Ïðèâåäåíû ïðèìåðû.2. Ïîñòàíîâêà çàäà÷è. Îñíîâíûå îïðåäåëåíèÿÎãðàíè÷åííûì ïðåäñòàâëåíèåì ñîîòíîøåíèé (1.1), (1.2) áóäåì íàçûâàòü ïàðóîãðàíè÷åííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B); äåéñòâóþùèõ â ãèëüáåðòîâîìïðîñòðàíñòâå H è óäîâëåòâîðÿþùóþ ñîîòíîøåíèÿì:mXi=1 fi(A)Bgi(A) = h(A) (2.1)lXj=1 pj(A)Brj(A)Bqj(A) = �(A); (2.2)ãäå fi; gi; h; i = 1; m; pj; rj; qj; � j = 1; l ïîëèíîìû íà R; m; l 2 N :Íåîãðàíè÷åííûì ïðåäñòàâëåíèåì ñîîòíîøåíèé (1.1), (1.2) áóäåì íàçûâàòü ïàðóñèììåòðè÷íûõ îïåðàòîðîâ (A;B); äåéñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâå H; åñ-ëè ñóùåñòâóåò òàêîå ïëîòíîå ïîäìíîæåñòâî K � H, ÷òî� K èíâàðèàíòíî îòíîñèòåëüíî A;B;EA(�); � 2 B(R);� K ñîñòîèò èç îãðàíè÷åííûõ âåêòîðîâ îïåðàòîðà A, K � HB(A) � D(A);� ñîîòíîøåíèÿ (2.1),(2.2) âûïîëíÿþòñÿ íà K.Äëÿ îïèñàíèÿ ñòðóêòóðû ïàð òàêèõ îïåðàòîðîâ óäîáíî ââåñòè ñëåäóþùèå òðèîáúåêòà (ïîäîáíî ðàáîòàì [4, 7, 11℄)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Î ïðåäñòàâëåíèè ñèñòåìû ïîëóëèíåéíûõ è ïîëóêâàäðàòè÷íûõ ñîîòíîøåíèé 93� Õàðàêòåðèñòè÷åñêèå �óíêöèè:�(t; s) = mXi=1 fi(t)gi(s);	(x; y; z) = lXj=1 pj(x)rj(y)qj(z):Çàìåòèì, ÷òî â [4, 7, 11℄) èçó÷àëèñü ïàðû ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B),êîòîðûå óäîâëåòâîðÿþò òîëüêî ñîîòíîøåíèþ (2.1) è ñîîòâåòñòâåííî òîëüêî�óíêöèÿ �(t; s): Äëÿ èçó÷åíèÿ ïàð îïåðàòîðîâ (A;B), êîòîðûå óäîâëåòâîðÿ-þò òàêæå ñîîòíîøåíèþ (2.2), ìû ðàññìîòðèì åùå è �óíêöèþ òðåõ ïåðåìåí-íûõ 	(x; y; z):� Ïðîñòîé ãðà� �; ìíîæåñòâîì âåðøèí êîòîðîãî ÿâëÿþòñÿ âñå äåéñòâèòåëüíûå÷èñëà R; à âåðøèíà t 2 R ñâÿçàíà ðåáðîì ñ âåðøèíîé s 2 R òîãäà è òîëüêîòîãäà, êîãäà �(t; s) = 0:Â ñëó÷àå, åñëè �(A) = f�1; �2; : : : ; �ng; n 2 N [ f1g; è H�1 ; H�2; : : : ; H�n ñîîò-âåòñòâóþùèå ñîáñòâåííûå ïîäïðîñòðàíñòâà îïåðàòîðà A; òî îòíîñèòåëüíî ðàçëîæå-íèÿ H = H�1 �H�2 � : : :�H�n îïåðàòîðû A è B ìîæíî ïðåäñòàâèòü â âèäå áëî÷íûõìàòðèö: A = 0BB� �1 0 � � � 00 �2 � � � 0� � � � � � . . . � � �0 0 � � � �n 1CCA ; B = 0BB� B11 B12 � � � B1nB21 B22 � � � B2n� � � � � � . . . � � �Bn1 Bn2 � � � Bnn 1CCA ; (2.3)ãäå Bij : H�j ! H�i ; B�ij = Bji; i; j = 1; n:Óòâåðæäåíèå 6. Â ñëó÷àå äèñêðåòíîãî �(A) âûïîëíÿþòñÿ ñëåäóþùèå ýê-âèâàëåíòíîñòè �(t; s) = 0, �(s; t) = 0, 	(x; y; z) = 0, 	(z; y; x) = 0, äëÿâñåõ t; s; x; y; z 2 �(A).Äîêàçàòåëüñòâî. Åñëè ñîîòíîøåíèÿ (2.1) è (2.2) âûïîëíÿþòñÿ, òî âûïîëíÿþòñÿ è ñî-ïðÿæåííûå ñîîòíîøåíèÿ, ó÷èòûâàÿ ñàìîñîïðÿæåííîñòü îïåðàòîðîâ (A;B) ïîëó÷èìòðåáóåìîå óòâåðæäåíèå. �Ïîäñòàâèâ áëî÷íûå ìàòðèöû (2.3) â ñîîòíîøåíèÿ (2.1) è (2.2), ó÷èòûâàÿ ñàìîñî-ïðÿæåííîñòü îïåðàòîðîâ (A;B), ïîëó÷èì ñëåäóþùóþ ñèñòåìó ðàâåíñòâ:8>>>>>>>>>>><>>>>>>>>>>>:
�(�i; �j)Bij = 0; ïðè i 6= j�(�i; �i)Bii = h(�i);Pk2M�i�j 	(�i; �k; �j)BikBkj = 0; ïðè i 6= jPk2M�i 	(�i; �k; �i)BikBki = �(�i); (2.4)
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94 Îìåëü÷åíêî Ï.Â.ãäå M�i � ïîäìíîæåñòâî âåðøèí ãðà�à �; ñîåäèíåííûõ ðåáðîì ñ âåðøèíîé i, M�i�j �ïîäìíîæåñòâî òàêèõ âåðøèí ãðà�à �; êîòîðûå ñîåäèíåíû ðåáðîì è ñ âåðøèíîé i è ñâåðøèíîé j. Èç ñèñòåìû (2.4) âèäíî, ÷òî äëÿ òîãî, ÷òîáû ðàññìàòðèâàòü íåòðèâèàëü-íûå ïðåäñòàâëåíèÿ ñèñòåìû ñîîòíîøåíèé (1.1), (1.2), íåîáõîäèìî íàëîæèòü íà íèõñëåäóþùèå óñëîâèÿ: 8<: �(�i; �k) = 0;�(�k; �j) = 0; ) 	(�i; �k; �j) = 0;	(�i; �k; �i) 6= 0; �(�i) 6= 0; äëÿ âñåõ �i; �k; �j 2 �(A): (2.5)Çàìåòèì, ÷òî ñóùåñòâóþò íåòðèâèàëüíûå ïîëèíîìû �(t; s);	(x; y; z), êîòîðûåóäîâëåòâîðÿþò ñîîòíîøåíèÿì (2.5), íàïðèìåð, �(t; s) � ïðîèçâîëüíûé ïîëèíîì äâóõïåðåìåííûõ íà R2 ; à 	(x; y; z) = �(x; y)� �(z; y)x� z .3. Ïðåäñòàâëåíèÿ ïîëóëèíåéíûõ è ïîëóêâàäðàòè÷íûõñîîòíîøåíèéÏðåäñòàâëåíèå ñîîòíîøåíèÿ (1.1) ìîæíî ðàññìàòðèâàòü êàê ïðåäñòàâëåíèå ñîîò-âåòñòâóþùåãî åìó ãðà�à �, ïðè÷åì çàäà÷à îïèñàíèÿ âñåõ íåïðèâîäèìûõ ïàð ñàìîñî-ïðÿæåííûõ îïåðàòîðîâ (A;B), óäîâëåòâîðÿþùèõ ïîëóëèíåéíîìó ñîîòíîøåíèþ (1.1)ñî ñïåêòðîì �(A) ñ òî÷íîñòüþ äî óíèòàðíîé ýêâèâàëåíòíîñòè, ýêâèâàëåíòíà çàäà÷åîïèñàíèÿ âñåõ íåïðèâîäèìûõ ïðåäñòàâëåíèé ñîîòâåòñòâóþùåãî ñâÿçíîãî ïîäãðà�àãðà�à � (ñì. [14, 13, 16℄), à ñîîòíîøåíèå (1.2) çàäàåò äîïîëíèòåëüíûå óñëîâèÿ íàîïåðàòîð B. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.Òåîðåìà 1. Ñèñòåìà ñîîòíîøåíèé (1.1),(1.2), õàðàêòåðèñòè÷åñêèå �óíêöèè êîòî-ðîé óäîâëåòâîðÿþò ñîîòíîøåíèÿì (2.5) ÿâëÿåòñÿ �-ðó÷íîé, åñëè êàæäàÿ ñâÿçíàÿêîìïîíåíòà ãðà�à � ÿâëÿåòñÿ îäíèì èç ãðà�îâ Äûíêèíà (An, Dn, E6, E7, E8) èëèðàñøèðåííûõ ãðà�îâ Äûíêèíà ( ~An, ~D4, ~E6, ~E7, ~E8).Äîêàçàòåëüñòâî. Ïóñòü ïàðà ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B); ñî ñïåêòðîì�(A) = f�1; : : : ; �ng áóäåò ïðåäñòàâëåíèåì ñîîòíîøåíèé (1.1), (1.2) â ãèëüáåðòîâîìïðîñòðàíñòâå H: Îòíîñèòåëüíî ðàçëîæåíèÿ H = H�1 � : : : � H�n áëî÷íûå ìàòðè-öû A;B èìåþò âèä (2.3). Ââåäÿ îáîçíà÷åíèå 	(�i; �k; �i) :=  ik, ïîëó÷èì ñëåäóþùèåñîîòíîøåíèÿ íà áëîêè áëî÷íîé ìàòðèöû B = jjBijjjni;j=1:Pk2M�1  1kB1kBk1 = �(�1);Pk2M�2  2kB2kBk2 = �(�2);� � � � � � � � � � � � � � � � � � � � � � � � � � �Pk2M�n  nkBnkBkn = �(�n); (3.1)ãäå Bij : H�j ! H�i ; i; j = 1; n;  ik 2 R; çàìåòèì, ÷òî  ik 6=  ik:¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



Î ïðåäñòàâëåíèè ñèñòåìû ïîëóëèíåéíûõ è ïîëóêâàäðàòè÷íûõ ñîîòíîøåíèé 95Ëåììà 1. Åñëè ãðà� � ÿâëÿåòñÿ äåðåâîì, òî ñóùåñòâóåò îáðàòèìîå ïðåîáðàçîâà-íèå ïåðåâîäÿùåå ïàðó ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B) â ïàðó ñàìîñîïðÿæåííûõîïåðàòîðîâ (A; eB), êîòîðûå ÿâëÿþòñÿ ïðåäñòàâëåíèåì òîé æå ñèñòåìû ïîëóëè-íåéíîãî è ïîëóêâàäðàòè÷íîãî ñîîòíîøåíèÿ ñ íîâîé �óíêöèåé � (îáîçíà÷èì åå ~�)è  ik = 1.Äîêàçàòåëüñòâî. Ïîñêîëüêó ãðà� � � äåðåâî, òî åãî ìîæíî ðàçäåëèòü íà ïîäãðà-�û òèïà öåïî÷êè Aw, êîòîðûå áóäóò ïåðåñåêàòüñÿ íå áîëåå ÷åì â îäíîé òî÷êå, èçàíóìåðîâàòü ñëåäóþùèì îáðàçîì:s1 s2 s3 q q q s(w � 1) swÏîñòðîèì òðåáóåìîå ïðåîáðàçîâàíèå äëÿ êàæäîé òàêîé öåïî÷êè ñëåäóþùèì îá-ðàçîì: ~B1k1 =p 1k1B1k1 ; ~Bk11 = ~B�1k1; k1 2 ~M1; ~�(�1) = �(�1);~B2k2 =r 2k2  12 21B2k2 ; ~Bk22 = ~B�2k2; k2 2 ~M2; ~�(�2) = �(�2) 12 21 ;� � � � � � � � � � � �~Bwkw =s wkw  (w�1)w w(w�1)Bwkw ; ~Bkww = ~B�wkw ; kw 2 ~Mw; ~�(�w) = �(�w) (w�1)w w(w�1) ;ãäå ~Mk � ïîäìíîæåñòâî âåðøèí ãðà�à �, ñîåäèíåííûõ ðåáðîì ñ âåðøèíîé k çà èñêëþ-÷åíèåì òåõ âåðøèí, äëÿ êîòîðûõ óæå ïîñòðîåíî ïðåîáðàçîâàíèå. Ïðÿìàÿ ïðîâåðêàïîêàçûâàåò, ÷òî ïîñòðîåííîå ïðåîáðàçîâàíèå óäîâëåòâîðÿåò óñëîâèÿì ëåììû. �Çàìå÷àíèå 1. Çàìåòèì, ÷òî äàííîå ïðåîáðàçîâàíèå ñïðàâåäëèâî è äëÿ ãðà�îâ ñöèêëàìè äëèíû 1 (ïåòëÿ), 2.Äàëåå, âîñïîëüçîâàâøèñü èçâåñòíûìè [14, 13, 16℄ ðåçóëüòàòàìè òåîðèè îðòîñêà-ëÿðíûõ �-ïðåäñòàâëåíèé ãðà�îâ è ðåçóëüòàòàìè ðàáîò [10, 6, 9℄ (äëÿ ãðà�à ~An) èñäåëàâ îáðàòíîå ïðåîáðàçîâàíèå, ïîëó÷èì óòâåðæäåíèå òåîðåìû. �4. ÏðèìåðûÏðèìåð 1. Çàäà÷à êëàññè�èêàöèè âñåõ, ñ òî÷íîñòüþ äî óíèòàðíîé ýêâèâàëåíòíîñòè,ïàð îãðàíè÷åííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B), óäîâëåòâîðÿþùèõ ñëåäóþ-ùåé ñèñòåìå ñîîòíîøåíèé, ÿâëÿåòñÿ �-ðó÷íîãî ïðåäñòàâëåí÷åñêîãî òèïàA3B +BA3 � (A2B +BA2) + A2BA+ ABA2 + ABA +B = 0;B2A2 +BA2B + A2B2 +B2ABAB +B2A2B2 +BABAB2 � B2A+BAB � AB2 = 0;Â ýòîì ñëó÷àå õàðàêòåðèñòè÷åñêèå �óíêöèè èìåþò ñëåäóþùèé âèä:�(t; s) = t3 + s3 � (t2 + s2) + t2s+ ts2 + ts + 1 = 0;	(x; y; z) = �(x; y)� �(z; y)x� z = x2 + y2 + z2 + xy + xz + yz � x+ y � z = 0;¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



96 Îìåëü÷åíêî Ï.Â.h(t) � 0; �(x) � 0;Âñå ñâÿçíûå êîìïîíåíòû ãðà�à äàííûõ ñîîòíîøåíèé èìåþò âèäs s ss è ëèøü îäíà s s s ,ñëåäîâàòåëüíî ñîîòâåòñòâóþùàÿ �-àëãåáðà �-ðó÷íîãî òèïà.Ïðèìåð 2. Ïóñòü õàðàêòåðèñòè÷åñêèå �óíêöèè ñèñòåìû (1.1),(1.2) èìåþò ñëåäóþ-ùèé âèä: �(t; s) = t2 + 2a11ts+ s2 + a0; a0 2 R; a11 = �q + q�12 ; q 2 R [ T;	(x; y; z) = �(x; y)� �(z; y)x� z = z + 2a11y + x;h(t) � 0; �(x) = �a0x;òîãäà ïðåäñòàâëåíèå äàííîé ñèñòåìû (A;B) óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå óðàâ-íåíèé: A2B + 2a11ABA+BA2 = �a0B;B2A+ 2a11BAB + AB2 = �a0A;çàìåòèì, ÷òî ïîñòðîåííàÿ �-àëãåáðà ïðè a0 = 1 ÿâëÿåòñÿ àëãåáðîé Ôàðëè [2℄,ïðè a0 = a11 = 1 � óíèâåðñàëüíîé îáåðòûâàþùåé àëãåáðîé àëãåáðû Ëè so(3);ïðè a0 = a11 = �1 � ãðàäóèðîâàííûì àíàëîãîì àëãåáðû Ëè so(3). Î ïðåäñòàâëåíèÿõýòîé àëãåáðû ñì. [4, 6, 9, 10, 12℄.Ïðèìåð 3. Çàäà÷à êëàññè�èêàöèè âñåõ, ñ òî÷íîñòüþ äî óíèòàðíîé ýêâèâàëåíòíî-ñòè, ïàð ñàìîñîïðÿæåííûõ îïåðàòîðîâ (A;B) óäîâëåòâîðÿþùèõ ñëåäóþùåé ñèñòåìåñîîòíîøåíèé ÿâëÿåòñÿ �-ðó÷íîãî ïðåäñòàâëåí÷åñêîãî òèïàA2B + 2a11ABA+BA2 + 2a1(AB +BA) + a0B = h(A);B2A+ 2a11BAB + AB2 + 2a1B2 = �(A);Â ýòîì ñëó÷àå õàðàêòåðèñòè÷åñêèå �óíêöèè èìåþò ñëåäóþùèé âèä:�(t; s) = t2 + 2a11ts+ s2 + 2a1(t + s) + a0; a0 2 R; a1 6= 0;	(x; y; z) = �(x; y)� �(z; y)x� z = z + 2a11y + x + 2a1;êàê ïîêàçàíî â [6℄ êàæäàÿ ñâÿçíàÿ êîìïîíåíòà ãðà�à äàííûõ ñîîòíîøåíèé îäíà èçñëåäóþùèõ: s ; s s s s : : : ; s s s : : : ; : : : s s s : : : ;ïðè ýòîì îïåðàòîð A ÿâëÿåòñÿ íåîãðàíè÷åííûì, à ñîîòâåòñòâóþùàÿ �-àëãåáðà �-ðó÷íîãî òèïà. ¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009
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�ÅÔÅ�ÀÒÛ ÈÍÔÎ�ÌÀÒÈÊÀ È ÌÀÒÅÌÀÒÈÊÀÊàïóñòié Á.Î., �óñèí Á.Ï., Òàÿíîâ Â.À. Îöiíêà å�åêòèâíîñòi ìîäåëiíàâ÷àííÿ òà ÿêîñòi ðîáîòè ìåòðè÷íèõ êëàñè�iêàòîðiâ // Òàâðè÷åñêèéâåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. � �2. � C. 5-14.ÓÄÊ 004.93Ó ðîáîòi íàâåäåíà ïîâíà êîíöåïöiÿ éìîâiðíiñíî-êîìáiíàòîðíîãî ïiäõîäó, ùî ¹ðåçóëüòàòîì òðèâàëèõ ïîïåðåäíiõ äîñëiäæåíü. Ïiäõiä äà¹ ìîæëèâiñòü âñòàíîâèòèïðè÷èíè ïåðåíàâ÷àííÿ àëãîðèòìiâ ðîçïiçíàâàííÿ, âèçíà÷èòè ìîæëèâi øëÿõè éîãîçìåíøåííÿ, à òàêîæ áóäóâàòè ìàêñèìàëüíî òî÷íi îöiíêè éìîâiðíîñòi ðîçïiçíàâàííÿ.Êîìáiíàòîðíèé ïiäõiä ïðàöþ¹ ç äåòåðìiíîâàíèìè ðåçóëüòàòàìè ðîçïiçíàâàííÿ, àéìîâiðíiñíèé � âèçíà÷à¹ éìîâiðíiñòü iñíóâàííÿ öèõ ðåçóëüòàòiâ. Îñíîâíà öiííiñòüêîìáiíàòîðíîãî ïiäõîäó ïîëÿãà¹ â òîìó, ùî âií äà¹ ìîæëèâiñòü âèçíà÷èòè âïëèâçìiíè ðîçìiðó íàâ÷àþ÷èõ äàíèõ íà ðiçíi àëãîðèòìè, âèáðàòè íàéáiëüø îïòèìàëüíèéiç íèõ àáî êîìïîçèöiþ îïòèìàëüíèõ àëãîðèòìiâ. Éìîâiðíiñíà ÷àñòèíà âèçíà÷à¹éìîâiðíiñòü ðåçóëüòàòiâ, îòðèìàíèõ íà îñíîâi êîìáiíàòîðíîãî ïiäõîäó.Â ðàáîòå ïðèâåäåíà ïîëíàÿ êîíöåïöèÿ âåðîÿòíîñòíî-êîìáèíàòîðíîãî ïîäõîäà, ÿâëÿ-þùàÿñÿ ðåçóëüòàòîì äëèòåëüíûõ ïðåäâàðèòåëüíûõ èññëåäîâàíèé. Ïîäõîä äàåò âîç-ìîæíîñòü óñòàíîâèòü ïðè÷èíû ïåðåîáó÷åíèÿ àëãîðèòìîâ ðàñïîçíàâàíèÿ, îïðåäåëèòüâîçìîæíûå ïóòè åãî óìåíüøåíèÿ, à òàêæå ñòðîèòü ìàêñèìàëüíî òî÷íûå îöåíêè âå-ðîÿòíîñòè ðàñïîçíàâàíèÿ. Êîìáèíàòîðíûé ïîäõîä ðàáîòàåò ñ äåòåðìèíèðîâàííûìèðåçóëüòàòàìè ðàñïîçíàâàíèÿ, à âåðîÿòíîñòíûé � îïðåäåëÿåò âåðîÿòíîñòü ñóùåñòâî-âàíèÿ ýòèõ ðåçóëüòàòîâ. Îñíîâíàÿ öåííîñòü êîìáèíàòîðíîãî ïîäõîäà ñîñòîèò â òîì,÷òî îí äàåò âîçìîæíîñòü îïðåäåëèòü âëèÿíèå èçìåíåíèÿ ðàçìåðà îáó÷àþùèõ äàííûõíà ðàçëè÷íûå àëãîðèòìû, âûáðàòü íàèáîëåå îïòèìàëüíûé èç íèõ èëè êîìïîçèöèþîïòèìàëüíûõ àëãîðèòìîâ. Âåðîÿòíîñòíàÿ ÷àñòü îïðåäåëÿåò âåðîÿòíîñòü ðåçóëüòàòîâ,ïîëó÷åííûõ íà îñíîâàíèè êîìáèíàòîðíîãî ïîäõîäà.�óðîâ Ñ.È. Îöåíêà âåðîÿòíîñòè íè ðàçó íå íàáëþäåííîãî ñîáûòèÿ //Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. � �2. � C. 15-20.ÓÄÊ 519.233.22, 519.233.24Ïðîïîíóþòüñÿ òà îá ðóíòîâóþòüñÿ òî÷êîâà é èíòåðâàëüíà îöiíêè éìîâiðíîñòi ïîäi¨,ùî æîäíîãî ðàçó íå ñïîñòåðiãàëîñÿ â ñåði¨ âèïðîáóâàíü çà ñõåìîþ Áåðíóëëi, äëÿÿêîãî êëàñè÷íi ñòàòèñòè÷íi ìåòîäè äàþòü íà ïðàêòèöi ÷àñòî íåïðèéíÿòíó íóëüîâóîöiíêó.Ïðåäëàãàþòñÿ è îáîñíîâûâàþòñÿ òî÷å÷íàÿ è èíòåðâàëüíàÿ îöåíêè âåðîÿòíîñòè ñîáû-òèÿ, íè ðàçó íå íàáëþäàâøåãîñÿ â ñåðèè èñïûòàíèé ïî ñõåìå Áåðíóëëè, äëÿ êîòîðîãîêëàññè÷åñêèå ñòàòèñòè÷åñêèå ìåòîäû äàþò íà ïðàêòèêå ÷àñòî íåïðèåìëåìóþ íóëå-âóþ îöåíêó.



100 �å�åðàòûÌàõèíà �.À. Îöåíêè ÷èñëîâûõ ïàðàìåòðîâ â ÄÍÔ ñëó÷àéíûõ ÷àñòè÷íûõáóëåâûõ �óíêöèé // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. ��2. � C. 21-31.ÓÄÊ 519.766, 519.768�ÿä çàäà÷ ðîçïiçíàâàííÿ îáðàçiâ çâîäèòüñÿ äî ïîáóäîâè òóïèêîâèõ, ñêîðî÷åíèõ àáîìiíiìàëüíèõ ÄÍÔ ÷àñòêîâèõ áóëåâèõ �óíêöié. Ií�îðìàöiÿ ïðî ìåòðè÷íi âëàñòèâîñòiòàêèõ �óíêöié ìîæå çíà÷íî ïðèñêîðèòè ïîøóê îïòèìàëüíèõ ðiøåíü. �îáîòà ïðè-ñâÿ÷åíà îöiíêàì ÷èñëîâèõ ïàðàìåòðiâ ÷àñòêîâèõ áóëåâèõ �óíêöié, ùî ïðèéìàþòüçíà÷åííÿ 0 i 1 ç iìîâiðíiñòþ p i q âiäïîâiäíî. Äëÿ òàêèõ �óíêöié îòðèìàíi íèæíi òàâåðõíi îöiíêè íàéêîðîòøèõ ä.í.�., âèâiä ÿêèõ ïðèâîäèòüñÿ â äàíié ñòàòòi.�ÿä çàäà÷ ðàñïîçíàâàíèÿ îáðàçîâ ñâîäèòñÿ ê ïîñòðîåíèþ òóïèêîâûõ, ñîêðàùåííûõèëè ìèíèìàëüíûõ ÄÍÔ ÷àñòè÷íûõ áóëåâûõ �óíêöèé. Èí�îðìàöèÿ î ìåòðè÷åñêèõñâîéñòâàõ òàêèõ �óíêöèé ìîæåò çíà÷èòåëüíî óñêîðèòü ïîèñê îïòèìàëüíûõ ðåøåíèé.�àáîòà ïîñâÿùåíà îöåíêàì ÷èñëîâûõ ïàðàìåòðîâ ÷àñòè÷íûõ áóëåâûõ �óíêöèé, ïðè-íèìàþùèõ çíà÷åíèÿ 0 è 1 ñ âåðîÿòíîñòüþ p è q ñîîòâåòñòâåííî. Äëÿ òàêèõ �óíêöèéïîëó÷åíû íèæíèå è âåðõíèå îöåíêè êðàò÷àéøèõ ä.í.�., âûâîä êîòîðûõ ïðèâîäèòñÿâ äàííîé ñòàòüå.Íiêiòií À.Â. Ñòiéêiñòü ðîçâ'ÿçêiâ ëiíiéíèõ ñòîõàñòè÷íèõ äè�åðåíöiàëü-íèõ ðiâíÿíü ó ãiëüáåðòîâîìó ïðîñòîði // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêèè ìàòåìàòèêè. � 2009. � �2. � C. 33-37.ÓÄÊ 519.21Ó ðîáîòi îòðèìàíi íåîáõiäíi i äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ó ñåðåäíüîìóêâàäðàòè÷íîìó ðîçâ'ÿçêiâ ëiíiéíèõ ñèñòåì ñòîõàñòè÷íèõ äè�åðåíöiàëüíèõ ðiâíÿíüIòî-Ñêîðîõîäà ó ãiëüáåðòîâîìó ïðîñòîði.Â ðàáîòå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé ñõîäèìîñòèâ ñðåäíåì êâàäðàòè÷åñêîì ðåøåíèé ëèíåéíûõ ñèñòåì ñòîõàñòè÷åñêèõ äè��åðåíöè-àëüíûõ óðàâíåíèé Èòî-Ñêîðîõîäà â ãèëüáåðòîâîì ïðîñòðàíñòâå.Ñëàâêî �.Â. Êîíñåðâàòèâíà êiíöåâî-ðiçíèöåâà ñõåìà çàäà÷i Ñòå�àíà äëÿðiâíÿííÿ äè�óçi¨ // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. ��2. � C. 39-46.ÓÄÊ 519.6Êîíñåðâàòèâíà êiíöåâî-ðiçíèöåâà ñõåìà ðîçâ'ÿçàííÿ ðiâíÿííÿ äè�óçi¨ ç âiëüíîþìåæåþ àäàïòîâàíà äëÿ ñòâîðåííÿ ïðîãðàìè ó ñèñòåìi MathCad. �îçðîáëåíà ïðîãðà-ìà äîçâîëÿ¹ äîñëiäæóâàòè ðîçâ'ÿçîê äëÿ áóäü-ÿêî¨ �óíêöi¨, ùî âèçíà÷à¹ âiëüíó ìåæó.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



�å�åðàòû 101Êîíñåðâàòèâíàÿ êîíå÷íî-ðàçíîñòíàÿ ñõåìà ðåøåíèÿ óðàâíåíèÿ äè��óçèè ñî ñâîáîä-íîé ãðàíèöåé àäàïòèðîâàíà äëÿ ïðîãðàììíîé ðåàëèçàöèè â ñèñòåìå MathCad. �àç-ðàáîòàííàÿ ïðîãðàììà ïîçâîëÿåò èññëåäîâàòü ðåøåíèÿ äëÿ ïðîèçâîëüíîé �óíêöèè,îïðåäåëÿþùåé ñâîáîäíóþ ãðàíèöó.Bondarenko O.S., Kozin I.V. Evolutionary fragmentary algorithm forpermutation �ow shop problem // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìà-òèêè. � 2009. � �2. � C. 47-51.ÓÄÊ 519.8�îçãëÿäà¹òüñÿ N P-âàæêà â ñèëüíîìó ñåíñi çàäà÷à Äæîíñîíà. Âñòàíîâëåíî �ðàã-ìåíòàðíó ñòðóêòóðó çàäà÷i. Çàïðîïîíîâàíî åâîëþöiéíî-�ðàãìåíòàðíèé ïiäõiä äëÿïîøóêó îïòèìàëüíîãî ðîçâ'ÿçêó. Ïðîâåäåíî òåñòóâàííÿ åâîëþöiéíî-�ðàãìåíòàðíîãîàëãîðèòìó íà íàáîði òåñòîâèõ çàäà÷ ç áiáëiîòåêè ORLib [1℄. Êëþ÷îâi ñëîâà: çàäà÷àÄæîíñîíà, �ðàãìåíòàðíà ñòðóêòóðà, åâîëþöiéíî-�ðàãìåíòàðíèé ïiäõiä, N P-âàæêiñòü.�àññìàòðèâàåòñÿ N P-òðóäíàÿ â ñèëüíîì ñìûñëå çàäà÷à Äæîíñîíà. Óñòàíîâëåíà�ðàãìåíòàðíàÿ ñòðóêòóðà çàäà÷è. Ïðåäëîæåí ýâîëþöèîííî-�ðàãìåíòàðíûé ïîä-õîä äëÿ ïîèñêà îïòèìàëüíîãî ðåøåíèÿ. Ïðîâåäåíî òåñòèðîâàíèå ýâîëþöèîííî-�ðàãìåíòàðíîãî àëãîðèòìà íà íàáîðå òåñòîâûõ çàäà÷ èç áèáëèîòåêè ORLib [1℄.Êëþ÷åâûå ñëîâà: çàäà÷à Äæîíñîíà, �ðàãìåíòàðíàÿ ñòðóêòóðà, åâîëþöèîííî-�ðàãìåíòàðíûé ïîäõîä, N P-òðóäíîñòü.
Ùåðáèíà Î.À. Ëîêàëüíûå ýëèìèíàöèîííûå àëãîðèòìû îáðàáîòêè çà-ïðîñîâ â áàçàõ äàííûõ // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. �2009. � �2. � C. 53-62.ÓÄÊ 519.68�îçãëÿíóòî âèêîðèñòàííÿ ëîêàëüíèõ åëiìiíàöiéíèõ àëãîðèòìiâ (ËÅÀ) äëÿ îáðîáêèçàïèòiâ â ðåëÿöiéíèõ áàçàõ äàíèõ. Îáãîâîðþþòüñÿ îñîáëèâîñòi ðåàëiçàöi¨ ëîêàëüíîãîàëãîðèòìó, ùî âèêîðèñòîâó¹ ëèøå ïðÿìó ÷àñòèíó.�àññìîòðåíî èñïîëüçîâàíèå ëîêàëüíûõ ýëèìèíàöèîííûõ àëãîðèòìîâ (ËÝÀ) äëÿ îá-ðàáîòêè çàïðîñîâ â ðåëÿöèîííûõ áàçàõ äàííûõ. Îáñóæäàþòñÿ îñîáåííîñòè ðåàëèçà-öèè ëîêàëüíîãî àëãîðèòìà, èñïîëüçóþùåãî ëèøü ïðÿìóþ ÷àñòü.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009



102 �å�åðàòûÊîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï. Èññëåäîâàíèå íàäåæíîñòèîäíîëèíåéíîé ñèñòåìû, îáñëóæèâàþùåé äâà ïîòîêà çàÿâîê, ñ êîíå÷íîéî÷åðåäüþ // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. � �2. �C. 63-70.ÓÄÊ 519.873Ó ðîáîòi çíàéäåíi ñòàöiîíàðíi iìîâiðíiñíi õàðàêòåðèñòèêè ñòàíiâ ÑÌÎ, ùî ñêëàäà¹ç îäíi¹¨ ëiíi¨ é äâîõ áóíêåðiâ íàãðîìàäæåííÿ êiíöåâèõ ¹ìíîñòåé, ïðèçíà÷åíèõ äëÿçàÿâîê äâîõ òèïiâ.Â ðàáîòå íàéäåíû ñòàöèîíàðíûå âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñîñòîÿíèé ÑÌÎ, ñî-ñòîÿùåé èç îäíîé ëèíèè è äâóõ áóíêåðîâ íàêîïëåíèÿ êîíå÷íûõ åìêîñòåé, ïðåäíàçíà-÷åííûõ äëÿ çàÿâîê äâóõ òèïîâ.Gladkova G.P., Drozd A.A.Towards Easier Querying of XML-based Linguisti
Corpora // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. � �2. � C. 71-77.ÓÄÊ 004.6Ó ðîáîòi äîâåäåíî, ùî áóäü-ÿêå òóïèêîâå äîâèçíà÷åííÿ ÷àñòêîâî¨ áóëåâî¨ �óíêöi¨ç êëàñó (n; 1; k) ìà¹ íóëüîâó îáëàñòü íåâèçíà÷åíîñòi. Âèäiëåíi óìîâè, ïðè ÿêèõäîâèçíà÷åííÿ �óíêöi¨ ç êëàñó (n; 1; k) ¹ îäíîçíà÷íèì.Â ðàáîòå äîêàçàíî, ÷òî ëþáîå òóïèêîâîå äîîïðåäåëåíèå ÷àñòè÷íîé áóëåâîé �óíêöèèñ êëàññà (n; 1; k) èìååò íóëåâóþ îáëàñòü íåîïðåäåëåííîñòè. Âûäåëåííûå óñëîâèÿ, ïðèêîòîðûõ äîîïðåäåëåíèè �óíêöèè ñ êëàññà (n; 1; k) ÿâëÿåòñÿ îäíîçíà÷íûì.Àäæèâåëèåâà Ç.Ä., Àíà�èåâ À.Ñ., Çàèðîâà Ñ.È.Ôîðìàëèçàöèÿ è ïîñòðî-åíèå ñèñòåìû ìîð�îëîãè÷åñêîãî àíàëèçà êðûìñêîòàòàðñêîãî ÿçûêà //Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. � �2. � C. 79-84.ÓÄÊ 519.766, 519.768Ó äàíié ñòàòòi ðîçãëÿäàþòüñÿ îñíîâíi îñîáëèâîñòi ìîð�îëîãi¨ êðèìñüêîòàòàðñüêî¨ìîâè ç ìåòîþ ïîáóäîâè ïiäñèñòåìè ìîð�îëîãi÷íîãî àíàëiçó äëÿ ñèñòåìè ðîçóìiííÿêðèìñüêîòàòàðñüêî¨ ìîâè.Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ îñíîâíûå îñîáåííîñòè ìîð�îëîãèè êðûìñêîòàòàð-ñêîãî ÿçûêà ñ öåëüþ ïîñòðîåíèÿ ïîäñèñòåìû ìîð�îëîãè÷åñêîãî àíàëèçà äëÿ ñèñòåìûïîíèìàíèÿ êðûìñêîòàòàðñêîãî ÿçûêà.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2009



�å�åðàòû 103Ñíiãóð Í.Ì. Ïðèìiòèâíà ïðîãðàìíà àëãåáðà îá÷èñëþâàíèõ �óíêöié íàìíîæèíi ãðà�iâ // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. � 2009. ��2. � C. 85-89.ÓÄÊ 517.98Äàíà ñòàòòÿ ïðèñâÿ÷åíà âèâ÷åííþ äåÿêèõ âëàñòèâîñòåé ïðèìiòèâíèõ ïðîãðàìíèõàëãåáð áàãàòîìiñíèõ �óíêöié íàä ìíîæèíîþ ñêií÷åíèõ ãðà�iâ. Çíàéäåíî ïîðîäæó-þ÷ó ìíîæèíó àëãåáðè ÷àñòêîâî-ðåêóðñèâíèõ �óíêöié. Âèêëàäåíi ðåçóëüòàòè ¹äîïîâíåííÿì ðåçóëüòàòiâ, îòðèìàíèõ ðàíiøå äëÿ âåêòîðíèõ, ìàòðè÷íèõ, ðåëÿöiéíèõòà òàáëè÷íèõ �óíêöié.Äàííàÿ ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ íåêîòîðûõ ñâîéñòâ ïðèìèòèâíûõ ïðîãðàììíûõàëãåáð ìíîãîìåñòíûõ �óíêöèé íàä ìíîæåñòâîì êîíå÷íûõ ãðà�îâ. Íàéäåíî ïîðîæäà-þùåå ìíîæåñòâî àëãåáðû ÷àñòè÷íî-ðåêóðñèâíûõ �óíêöèé. Èçëîæåííûå ðåçóëüòàòûÿâëÿþòñÿ äîïîëíåíèåì ðåçóëüòàòîâ, ïîëó÷åííûõ ðàíåå äëÿ âåêòîðíûõ, ìàòðè÷íûõ,ðåëÿöèîííûõ è òàáëè÷íûõ �óíêöèé.Îìåëü÷åíêî Ï.Â. Î ïðåäñòàâëåíèè ñèñòåìû ïîëóëèíåéíûõ è ïîëóêâàä-ðàòè÷íûõ ñîîòíîøåíèé // Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè. �2009. � �2. � C. 91-98.ÓÄÊ 517.98�îçãëÿíóòî �-àëãåáðó, ÿêà ïîðîäæåíà äâîìà ñàìîñïðÿæåíèìè òâiðíèìè a; b; ùîïîâ'ÿçàíi ñïiââiäíîøåííÿìè:mXi=1 fi(a)bgi(a) = h(a); lXj=1 pj(a)brj(a)bqj(a) = �(a);äå fi; gi; h; i = 1; m; pj; rj; qj; � j = 1; l ïîëiíîìè íà R; m; l 2 N : Îòðèìàíî óìîâè íàïîëiíîìè fi; gi; h; i = 1; m; pj; rj; qj; � j = 1; l ïðè ÿêèõ íàâåäåíà �-àëãåáðà ¹ �-ðó÷íîþ.Íàâåäåíî ïðèêëàäè òàêèõ àëãåáð.�àññìîòðåíà �-àëãåáðà, ïîðîæäåííàÿ äâóìÿ ñàìîñîïðÿæåííûìè îáðàçóþùèìè a; bêîòîðûå ñâÿçàíû ñîîòíîøåíèÿìè:mXi=1 fi(a)bgi(a) = h(a); lXj=1 pj(a)brj(a)bqj(a) = �(a);ãäå fi; gi; h; i = 1; m; pj; rj; qj; � j = 1; l ïîëèíîìû íà R; m; l 2 N : Ïîëó÷åíû óñëîâèÿ íàïîëèíîìû fi; gi; h; i = 1; m; pj; rj; qj; � j = 1; l ïðè êîòîðûõ äàííàÿ �-àëãåáðà ÿâëÿåòñÿ�-ðó÷íîé. Ïðèâåäåíû ïðèìåðû òàêèõ àëãåáð.¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2009
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ÄÎ ÂIÄÎÌÀ ÀÂÒÎ�IÂÇàãàëüíi ïîëîæåííÿÄëÿ îïóáëiêóâàííÿ â æóðíàëi �Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè� ïðèéìàþòü-ñÿ ðàíiøå íå îïóáëiêîâàíi íàóêîâi ïðàöi â ãàëóçi ìàòåìàòèêè òà òåîðåòè÷íî¨ ií�îðìàòèêè,çãiäíî çi ñïèñêîì ïðîâiäíèõ òåìàòè÷íèõ ðîçäiëiâ.Àâòîðó(-àì) ïîòðiáíî íàäàâàòè òàêi äîêóìåíòè:1. Âiäîìîñòi ïðî àâòîðà(-iâ) (ïðiçâèùå, iì'ÿ, ïî áàòüêîâi, ó÷åíi ñòóïåíi òà çâàííÿ, ìiñöåðîáîòè òà ïîñàäà, àäðåñè ïðîæèâàííÿ òà îðãàíiçàöi¨, òåëå�îí, �àêñ, àäðåñà åëåêòðîí-íî¨ ïîøòè òîùî).2. �åöåíçiþ ñòîðîííüî¨ îðãàíiçàöi¨ (áàæàíî).3. Ñòàòòþ, íàäðóêîâàíó íà ïðèíòåði.4. Ôàéë ñòàòòi íà äèñêåòi 3,5� àáî íàäiñëàíèé åëåêòðîííîþ ïîøòîþ çà àäðåñîþ ðåäàêöi¨.Âèìîãè äî ðóêîïèñiâ1. Îñíîâíi åëåìåíòè ñòàòòi ðîçìiùóþòüñÿ ó òàêié ïîñëiäîâíîñòi: iíäåêñ ÓÄÊ, iíiöiàëèòà ïðiçâèùå àâòîðà, íàçâà ñòàòòi, àíîòàöiÿ (äî 10 ðÿäêiâ) óêðà¨íñüêîþ, ðîñiéñüêîþ òààíãëiéñüêîþ ìîâàìè (àíîòàöiÿ ïîâèííà ìiñòèòè êîíêðåòíó ií�îðìàöiþ ïðî îòðèìàíiðåçóëüòàòè), òåêñò, ñïèñîê ëiòåðàòóðè.2. Ñòàòòÿ ìîæå áóòè íàïèñàíà óêðà¨íñüêîþ, ðîñiéñüêîþ àáî àíãëiéñüêîþ ìîâîþ. Îáñÿãñòàòòi ïîâèíåí íå ïåðåâèùóâàòè 10 ñòîðiíîê ðàçîì ç ìàëþíêàìè, òàáëèöÿìè, ãðà�iêà-ìè (íå áiëüøå òðüîõ) òà áiáëiîãðà�i¹þ. Ñòàòòÿ ïîâèííà áóòè ñòðóêòóðîâàíà (ïîäiëåíàíà ðîçäiëè iç çàãîëîâêàìè).3. Âiäïîâiäíî äî ïîñòàíîâè Ïðåçèäi¨ ÂÀÊ Óêðà¨íè âiä 15 ñi÷íÿ 2003 ðîêó�7-05/1 òåêñò ñòàòòi ïîâèíåí áóòè âèêëàäåíèé ëàêîíi÷íî, çðîçóìiëî i âiäïîâiäàòèòàêié ñòðóêòóðíié ñõåìi.Ó âñòóïi íåîáõiäíî ÷iòêî âèäiëèòè (êóðñèâîì) òàêi ïóíêòè:Ïîñòàíîâêà ïðîáëåìè ó çàãàëüíîìó âèãëÿäi òà ¨¨ çâ'ÿçîê iç âàæëèâèìè íàóêîâèìè÷è ïðàêòè÷íèìè çàâäàííÿìèÀíàëiç îñòàííiõ äîñëiäæåíü i ïóáëiêàöié, â ÿêèõ çàïî÷àòêîâàíî ðîçâ'ÿçàííÿ äà-íî¨ ïðîáëåìè i íà ÿêi ñïèðà¹òüñÿ àâòîðÍåâèðiøåíi ðàíiøå ÷àñòèíè çàãàëüíî¨ ïðîáëåìè, êîòðèì ïðèñâÿ÷ó¹òüñÿ çàçíà÷åíàñòàòòÿÔîðìóëþâàííÿ öiëåé ñòàòòi (ïîñòàíîâêà çàäà÷i)Ó âèñíîâêó ç äàííîãî äîñëiäæåííÿ íåîáõiäíî ÷iòêî âèäiëèòè (êóðñèâîì)ðåçóëüòàòè äîñëiäæåííÿ òà ïåðñïåêòèâè ïîäàëüøèõ ðîçâiäîê ó öüîìó íàïðÿì-êó4. Ó ñòàòòi íåîáõiäíî äîòðèìóâàòèñü òåðìiíîëîãi¨, ïðèéíÿòî¨ äåðæàâíèì ñòàíäàðòîì;âèêîðèñòîâóþ÷è íîâèé òåðìií àáî àáðåâiàòóðó, àâòîð ïîâèíåí ðîçøè�ðóâàòè òà ïî-ÿñíèòè ¨õ.5. Âèêîðèñòàíà ëiòåðàòóðà íàâîäèòüñÿ çàãàëüíèì ñïèñêîì íàïðèêiíöi ñòàòòi çà ïîðÿä-êîì ïîñèëàííÿ íà íå¨ â òåêñòi (â êâàäðàòíèõ äóæêàõ) ìîâîþ îðiãiíàëó, âiäïîâiäíî äî�îðìè Ô23 áþëåòåíþ ÂÀÊ Óêðà¨íè, 2000, �2.



108 Ïðàâèëà î�îðìëåííÿ òà ïîäàííÿ ðóêîïèñiâ6. Ñòàòòÿ ìà¹ áóòè ïiäãîòîâëåíà çà äîïîìîãîþ âèäàâíè÷î¨ ñèñòåìè LATEX ç âè-êîðèñòàííÿì ñòèëüîâîãî ïàêåòó twim.sty, ÿêèé ìîæíî îòðèìàòè çà àäðåñîþwww.twim.
rimea.edu.�îáîòà ðåäàêöi¨ ç àâòîðàìè1. Ìàòåðiàëè íåîáõiäíî íàäiñëàòè åëåêòðîííîþ ïîøòîþ, à òàêîæ ó âèãëÿäi �òâåðäî¨�êîïi¨ çà àäðåñîþ ðåäàêöi¨: Òàâðiéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â.I. Âåð-íàäñüêîãî, ïð-ò Âåðíàäñüêîãî, 4, ì.Ñèì�åðîïiëü, Êðèì, Óêðà¨íà, 95007,e-mail: twim_taurida�mail.ru2. �åäàêöiÿ çàëèøà¹ çà ñîáîþ ïðàâî âíåñåííÿ çìií ðåäàêöiéíîãî õàðàêòåðó áåç çãîäè çàâòîðîì (-àìè).3. Çà íåîáõiäíîñòi àâòîðó (-àì) íàäñèëà¹òüñÿ êîðåêòóðà ñòàòòi.4. Îñòàòî÷íå ðiøåííÿ ïðî ïóáëiêàöiþ ïðèéìà¹ ðåäàêöiéíà êîëåãiÿ.5. �óêîïèñ, ÿêèé íàäiéøîâ äî ðåäàêöi¨ ç ïîðóøåííÿì çàçíà÷åíèõ ïðàâèë î�îðìëåííÿ,íå ðå¹ñòðó¹òüñÿ i íå ðîçãëÿäà¹òüñÿ, à ïîâåðòà¹òüñÿ àâòîðó (-àì) äëÿ äîîïðàöþâàííÿ.
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Ïðàâèëà î�îðìëåííÿ òà ïîäàííÿ ðóêîïèñiâ 109ÄÎ ÓÂÀ�È ÀÂÒÎ�IÂ!Ïðî ïiäâèùåííÿ âèìîã äî �àõîâèõ âèäàíü, âíåñåíèõ äî ïåðåëiêiâ ÂÀÊÓêðà¨íèÏÎÑÒÀÍÎÂÀÏ�ÅÇÈÄI� ÂÈÙÎ� ÀÒÅÑÒÀÖIÉÍÎ� ÊÎÌIÑI� ÓÊ�À�ÍÈâiä 15.01.2003 ð. �7-05/1Íåîáõiäíîþ ïåðåäóìîâîþ äëÿ âíåñåííÿ âèäàíü äî ïåðåëiêó íàóêîâèõ �àõîâèõ âèäàíüÓêðà¨íè ¹ ¨õ âiäïîâiäíiñòü âèìîãàì ïóíêòó 7 ïîñòàíîâè Ïðåçèäi¨ ÂÀÊ Óêðà¨íè âiä10.02.1999 ð. �1-02/3 �Ïðî ïóáëiêàöi¨ ðåçóëüòàòiâ äèñåðòàöié íà çäîáóòòÿ íàóêîâèõñòóïåíiâ äîêòîðà i êàíäèäàòà íàóê òà ¨õ àïðîáàöiþ�.... �åäàêöiéíèì êîëåãiÿì îðãàíiçóâàòè íàëåæíå ðåöåíçóâàííÿ òà ðåòåëüíèé âiäáið ñòà-òåé äî äðóêó. Çîáîâ'ÿçàòè ¨õ ïðèéìàòè äî äðóêó ó âèäàííÿ 2003 ðîêó òà é ó ïîäàëüøiðîêè ëèøå íàóêîâi ñòàòòi, ÿêi ìàþòü òàêi íåîáõiäíi åëåìåíòè: ïîñòàíîâêó ïðîáëåìèó çàãàëüíîìó âèãëÿäi òà ¨¨ çâ'ÿçîê iç âàæëèâèìè íàóêîâèìè ÷è ïðàêòè÷íèìè çàâ-äàííÿìè; àíàëiç îñòàííiõ äîñëiäæåíü i ïóáëiêàöié, â ÿêèõ çàïî÷àòêîâàíî ðîçâ'ÿçàííÿäàííî¨ ïðîáëåìè i íà ÿêi ñïèðà¹òüñÿ àâòîð; âèäiëåííÿ íåâèðiøåíèõ ðàíiøå ÷àñòèíçàãàëüíî¨ ïðîáëåìè, êîòðèì ïðèñâÿ÷ó¹òüñÿ çàçíà÷åíà ñòàòòÿ; �îðìóëþâàííÿ öiëåéñòàòòi (ïîñòàíîâêà çàäà÷i); âèêëàä îñíîâíîãî ìàòåðiàëó äîñëiäæåííÿ ñ ïîâíèì îá-ãðóíòóâàííÿì íàóêîâèõ ðåçóëüòàòiâ; âèñíîâêè ç äàíîãî äîñëiäæåííÿ i ïåðñïåêòèâèïîäàëüøèõ ðîçâiäîê ó öüîìó íàïðÿìêó.�îëîâà ÂÀÊ Óêðà¨íè Â.Â.ÑêîïåíêîÂ÷åíèé ñåêðåòàð Ë.Ì.Àðòþøèí
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