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Abstract. A queueing system of type M/G/2/0 is considered. An only customer in service engages

both servers. Two customers are served separately. There is a limit on service time. The equilibrium

probabilities of the system are obtained in the article.

Ââåäåíèå

Â ïîñëåäíåå âðåìÿ äëÿ èññëåäîâàíèÿ íàä¼æíîñòíûõ õàðàêòåðèñòèê ñèñòåì ìàññî-

âîãî îáñëóæèâàíèÿ ÷àùå ïðèâëåêàþòñÿ àñèìïòîòè÷åñêèå è ñòàòèñòè÷åñêèå ìåòîäû

èññëåäîâàíèÿ, ò.ê. àíàëèòè÷åñêîå ìîäåëèðîâàíèå ïðèâîäèò ê äîñòàòî÷íî ñëîæíûì

ñèñòåìàì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ê ðåøåíèþ êîòîðûõ ïðèõîäèòñÿ

ïðèìåíÿòü ëèáî ïðèáëèæ¼ííûå ëèáî ÷èñëåííûå ìåòîäû. Àâòîðû ïðåäëàãàþò çàäà÷ó,

ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîòîðîé íå ÿâëÿåòñÿ ãðîìîçäêèì è ïîçâîëÿåò ïîëó-

÷àòü àíàëèòè÷åñêîå ðåøåíèå è âûâîä òî÷íûõ âåðîÿòíîñòíûõ õàðàêòåðèñòèê ôóíê-

öèîíèðîâàíèÿ ñîîòâåòñòâóþùåé ñèñòåìû â ñòàöèîíàðíîì ðåæèìå.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì âîåííûé îáúåêò, áåçîïàñíîñòü êîòîðîãî îáåñïå÷èâàåòñÿ äâóìÿ ðàç-

ëè÷íûìè ÇÐÊ (çåíèòíî-ðàêåòíûìè êîìïëåêñàìè). Áîìáàðäèðîâùèêè, àòàêóþùèå

îáúåêò, îáðàçóþò ïðîñòåéøèé ïîòîê ñ èíòåíñèâíîñòüþ λ. Âðåìÿ íàõîæäåíèÿ ñàìî-

ë¼òà íàä çîíîé îáñëóæèâàíèÿ � ñëó÷àéíàÿ âåëè÷èíà γ, ðàñïðåäåë¼ííàÿ ïî ýêñïî-

íåíöèàëüíîìó çàêîíó ñ ïàðàìåòðîì µ. Âðåìÿ ¾îáñëóæèâàíèÿ¿, ñàìîë¼òà i-é ëèíè-

åé (ÇÐÊ) � íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà ωi ñ èíòåíñèâíîñòüþ µi(x), i = 1, 2.

Ðàêåòíûå óñòàíîâêè (ëèíèè îáñëóæèâàíèÿ) ìîãóò âûõîäèòü èç ñòðîÿ â ìîìåíòû îá-

ñëóæèâàíèÿ çàÿâîê (ïîäâåðãàòüñÿ áîìáîâûì óäàðàì). Ïîòîêè ïîëîìîê ëèíèé ïðî-

ñòåéøèå ñ èíòåíñèâíîñòÿìè äëÿ êàæäîé èç ëèíèé ðàâíûìè α, åñëè â çîíå îáñëóæè-

âàíèÿ îäíà çàÿâêà è 2α � åñëè äâå. Âðåìÿ âîññòàíîâëåíèÿ (ðåìîíòà) i-é ëèíèè �

íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà θi ñ èíòåíñèâíîñòüþ βi(x).

Ïðàâèëà îáñëóæèâàíèÿ. Ïîñòóïèâøàÿ çàÿâêà (áîìáàðäèðîâùèê) íà÷èíàåò îáñëó-

æèâàòüñÿ (îáñòðåëèâàòüñÿ) íåìåäëåííî äâóìÿ ëèíèÿìè. Åñëè â ìîìåíò ïîñòóïëåíèÿ
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î÷åðåäíîé çàÿâêè â ñèñòåìå íà îáñëóæèâàíèè íàõîäèòñÿ îäíà çàÿâêà, òî îäíà èç

ëèíèé ïåðåêëþ÷àåòñÿ íà îáñëóæèâàíèè íîâîé çàÿâêè, ïðè ýòîì, åñëè âðåìåíà îáñëó-

æèâàíèÿ òåêóùåé çàÿâêè áûëè îäèíàêîâû (ω1 = ω2), òî ïåðåêëþ÷àåòñÿ ïåðâàÿ ëèíèÿ,

åñëè æå âðåìåíà îáñëóæèâàíèÿ çàÿâêè áûëè ðàçíûìè (ω1 ̸= ω2), òî ïåðåêëþ÷àåòñÿ

ëèíèÿ, èìåâøàÿ áîëüøåå âðåìÿ îáñëóæèâàíèÿ. Çàÿâêà, ïîñòóïèâøàÿ â ìîìåíò, êîãäà

â ñèñòåìå îáñëóæèâàþòñÿ äâå çàÿâêè, òåðÿåòñÿ (ñàìîë¼ò áåñïðåïÿòñòâåííî ïðîëåòàåò

çîíó îáñëóæèâàíèÿ). Åñëè îäíà èç äâóõ îáñëóæèâàåìûõ çàÿâîê óõîäèò èç ñèñòåìû

ëèáî â ðåçóëüòàòå îêîí÷àíèÿ îáñëóæèâàíèÿ (ñàìîë¼ò ñáèò), ëèáî â ðåçóëüòàòå èñòå÷å-

íèÿ âðåìåíè γ å¼ ïðåáûâàíèÿ â çîíå îáñëóæèâàíèÿ (ñàìîë¼ò âûëåòåë íåâðåäèìûì èç

çîíû îáñòðåëà), òî âåäóùàÿ å¼ ëèíèÿ ïåðåêëþ÷àåòñÿ íà ïîìîùü äëÿ îáñëóæèâàíèÿ

îñòàâøåéñÿ â ñèñòåìå çàÿâêè. Çàÿâêà, ïîñòóïèâøàÿ â ìîìåíò îáñëóæèâàíèÿ îäíîé

èç ëèíèé ïðåäûäóùåé çàÿâêè ïðè íåèñïðàâíîé äðóãîé ëèíèè (èëè ïðè íåèñïðàâíûõ

îáåèõ ëèíèÿõ), òåðÿåòñÿ. Âîññòàíîâëåííàÿ ëèíèÿ íåìåäëåííî âêëþ÷àåòñÿ íà ïîìîùü

ëèíèè, âåäóùåé îáñëóæèâàíèå.

2. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

Ïðîíóìåðóåì ñîñòîÿíèÿ ñèñòåìû äâóìÿ èíäåêñàìè: ïåðâûé èíäåêñ íåñ¼ò èíôîð-

ìàöèþ î êîëè÷åñòâå èñïðàâíûõ ëèíèé, âòîðîé � î êîëè÷åñòâå çàÿâîê â ñèñòåìå.

• (2, 0) � îáå ëèíèè èñïðàâíû è â ñèñòåìå íåò çàÿâîê

• (2, 1eq) � îáå ëèíèè âåäóò îáñëóæèâàíèå îäíîé çàÿâêè ñ ðàâíûìè âðåìåíàìè

îáñëóæèâàíèÿ (ω1 = ω2)

• (2, 1neq) � îáå ëèíèè îáñëóæèâàþò îäíó çàÿâêó ñ íåðàâíûìè âðåìåíàìè îáñëó-

æèâàíèÿ (ω1 ̸= ω2)

• (2, 2) � îáå ëèíèè îáñëóæèâàþò äâå çàÿâêè (êàæäàÿ ñâîþ)

• (11, 1) � èñïðàâíà òîëüêî ïåðâàÿ ëèíèÿ è îíà îáñëóæèâàåò îäíó çàÿâêó (âòîðàÿ

ëèíèÿ âîññòàíàâëèâàåòñÿ)

• (12, 1) � èñïðàâíà òîëüêî âòîðàÿ ëèíèÿ è îíà çàíÿòà îáñëóæèâàíèåì (ïåðâàÿ

ëèíèÿ íà ðåìîíòå)

• (11, 0) � â ñèñòåìå íåò çàÿâîê, ïåðâàÿ ëèíèÿ èñïðàâíà, âòîðàÿ íà ðåìîíòå

• (12, 0) � â ñèñòåìå íåò çàÿâîê, âòîðàÿ ëèíèÿ èñïðàâíà, ïåðâàÿ âîññòàíàâëèâà-

åòñÿ

• (0, 0) � îáå ëèíèè ðåìîíòèðóþòñÿ, â ñèñòåìå íåò çàÿâîê

Ïóñòü ξ(t) � ñëó÷àéíûé ïðîöåññ, îïèñûâàþùèé ýâîëþöèþ ñèñòåìû, ôàçîâîå ïðî-

ñòðàíñòâî êîòîðîãî ñîñòîèò èç äåâÿòè ñîñòîÿíèé ñèñòåìû (i, j).

¾Òàâðè÷åñêèé âåñòíèê èíôîðìàòèêè è ìàòåìàòèêè¿, �2' 2011
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Ââåä¼ì ôóíêöèè:

pi,j(t) : = P{ξ(t) = (i, j)},

Q2,1eq(t, x) : = P{ξ(t) = (2, 1eq), ω1 < x, ω1 = ω2}, q2,1eq(t, x) :=
∂Q2,1eq(t, x)

∂x

Q2,1neq(t, x, y) : = P{ξ(t) = (2, 1neq), ω1 < x, ω2 < y}, q2,1neq(t, x, y) :=
∂2Q2,1neq(t, x, y)

∂x∂y

Q2,2(t, x, y) : = P{ξ(t) = (2, 2), ω1 < x, ω2 < y}, q2,2(t, x, y) :=
∂2Q2,2(t, x, y)

∂x∂y

Q11,1(t, x, z) : = P{ξ(t) = (11, 1), ω1 < x, θ2 < y}, q11,1(t, x, z) :=
∂2Q11,1(t, x, z)

∂x∂z

Q12,1(t, y, z) : = P{ξ(t) = (12, 1), ω2 < y, θ1 < z}, q12,1(t, y, z) :=
∂2Q12,1(t, y, z)

∂y∂z

Q11,0(t, z) : = P{ξ(t) = (11, 0), θ2 < z}, q11,0(t, z) :=
∂Q11,0(t, z)

∂z

Q12,0(t, z) : = P{ξ(t) = (12, 0), θ1 < z}, q12,0(t, z) :=
∂Q12,0(t, z)

∂z

Q0,0(t, x, y) : = P{ξ(t) = (0, 0), θ1 < x, θ2 < y}, q0,0(t, x, y) :=
∂2Q0,0(t, x, y)

∂x∂y

Ïîñêîëüêó ñèñòåìà èìååò êîíå÷íîå ÷èñëî ñîîáùàþùèõñÿ ñîñòîÿíèé, ñóùåñòâóåò ñòà-

öèîíàðíûé ðåæèì, ò.å. ïðè t → +∞ ñóùåñòâóþò ïðåäåëû âñåõ îïðåäåë¼ííûõ âûøå

ôóíêöèé. Ââåä¼ì îáîçíà÷åíèÿ:

lim
t→+∞

pi,j(t) = pi,j lim
t→+∞

qi,j(t, ...) = gi,j(...)

Çàìåòèì, ÷òî èìåþò ìåñòî ñîîòíîøåíèÿ:

p2,1eq =

∞∫
0

g2,1eq(x) dx, p2,1neq =

∞∫
0

dx

∞∫
0

g2,1neq(x, y) dy, . . . , p0,0 =

∞∫
0

dx

∞∫
0

g0,0(x, y) dy

Âåðîÿòíîñòíûå ðàññóæäåíèÿ è ïðåäåëüíûå ïåðåõîäû ïðèâîäÿò ê ñëåäóþùåé ñèñòåìå

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé è ãðàíè÷íûõ óñëîâèé:

λp2,0 = µ(p2,1eq + p2,1neq) +

∞∫
0

dx

∞∫
0

g2,1neq(x, y)(µ1(x) + µ2(y)) dy+

¾Òàâðiéñüêèé âiñíèê iíôîðìàòèêè òà ìàòåìàòèêè¿, �2' 2011
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+

∞∫
0

g2,1eq(x)(µ1(x) + µ2(x)) dx+

∞∫
0

g11,0(z)β2(z) dz +

∞∫
0

g12,0(z)β1(z) dz,

g′2,1eq(x) + (λ+ 2α + µ+ µ1(x) + µ2(x))g2,1eq(x) = 0, g2,1eq(0) = λp2,0

∂g2,1neq(x, y)

∂x
+
∂g2,1neq(x, y)

∂y
+ (λ+ 2α+ µ+ µ1(x) + µ2(y))g2,1neq(x, y) = 0,

g2,1neq(0, y) =

∞∫
0

g2,2(x, y)(µ+ µ1(x))dx+

∞∫
0

g12,1(y, z)β1(z)dz,

g2,1neq(x, 0) =

∞∫
0

g2,2(x, y)(µ+ µ2(y))dy +

∞∫
0

g11,1(x, z)β2(z)dz,

∂g2,2(x, y)

∂x
+
∂g2,2(x, y)

∂y
+ (4α + 2µ+ µ1(x) + µ2(y))g2,2(x, y) = 0,

g2,2(0, y) = λg2,1eq(y) + λ

∞∫
y

g2,1neq(x, y)dx, g2,2(x, 0) = λ

∞∫
x

g2,1neq(x, y)dy,

∂g11,1(x, z)

∂x
+
∂g11,1(x, z)

∂z
+ (α + µ+ µ1(x) + β2(z))g11,1(x, z) = 0,

g11,1(0, z) = λg11,0(z), g11,1(x, 0) = αg2,1eq(x) + 2α

∞∫
0

g2,2(x, y) dy + α

∞∫
0

g2,1neq(x, y) dy,

∂g12,1(y, z)

∂y
+
∂g12,1(y, z)

∂z
+ (α + µ+ µ2(y) + β1(z))g12,1(y, z) = 0,

g12,1(0, z) = λg12,0(z), g12,1(y, 0) = αg2,1eq(y) + 2α

∞∫
0

g2,2(x, y) dx+ α

∞∫
0

g2,1neq(x, y) dx,

g′11,0(z) + (λ+ β2(z))g11,0(z) =

∞∫
0

g11,1(x, z)(µ+ µ1(x))dx+

∞∫
0

g0,0(x, z)β1(x)dx, g11,0(0) = 0,

g′12,0(z) + (λ+ β1(z))g12,0(z) =

∞∫
0

g12,1(y, z)(µ+ µ2(y))dy +

∞∫
0

g0,0(z, y)β2(y)dy, g12,0(0) = 0,

∂g0,0(x, y)

∂x
+
∂g0,0(x, y)

∂y
+ (β1(x) + β2(y))g0,0(x, y) = 0,

g0,0(0, y) = α

∞∫
0

g11,1(x, y)dx, g0,0(x, 0) = α

∞∫
0

g12,1(y, x)dy.
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3. Îñíîâíûå ðåçóëüòàòû

Àâòîðàì íå óäàëîñü ðåøèòü ñèñòå-

ìó óðàâíåíèé è ïîëó÷èòü òî÷íûå âû-

ðàæåíèÿ äëÿ âåðîÿòíîñòåé pi,j ñîñòîÿ-

íèé ñèñòåìû â ñòàöèîíàðíîì ðåæèìå

â òàêîé îáùåé ïîñòàíîâêå. Ðàññìîòðèì

ýòó çàäà÷ó â ÷àñòíîì ñëó÷àå, êîãäà ëè-

íèè íå âûõîäÿò èç ñòðîÿ, ò.å. α = 0,

β1(z) = 0, β2(z) = 0, à òàêæå ïðè

µ2(x) = µ2 = const. ×èñëî ñîñòîÿíèé

ïðè ýòîì óìåíüøàåòñÿ äî ÷åòûð¼õ. Ïå-

ðåíóìåðóåì èõ: (2, 0) = (0), (2, 1eq) = (1),

(2, 1neq) = 2, (2, 2) = (3) (ñì. ðèñóíîê).

Ñèñòåìà ñîîòâåòñòâóþùèõ óðàâíåíèé òàêæå óïðîùàåòñÿ:

λp0 =

∞∫
0

g1(x)(µ1(x) + µ2) dx+ µ(p1 + p2) +

∞∫
0

dx

∞∫
0

g2(x, y)(µ1(x) + µ2) dy,

g′1(x) + (λ+ µ+ µ1(x) + µ2)g1(x) = 0, g1(0) = λp0,

∂g2(x, y)

∂x
+
∂g2(x, y)

∂y
+ (λ+ µ+ µ1(x) + µ2)g2(x, y) = 0,

g2(x, 0) =

∞∫
0

g3(x, y)(µ+ µ2) dy, g2(0, y) =

∞∫
0

g3(x, y)(µ+ µ1(x)) dx

∂g3(x, y)

∂x
+
∂g3(x, y)

∂y
+ (2µ+ µ1(x) + µ2)g3(x, y) = 0,

g3(x, 0) = λ

∞∫
x

g2(x, y) dy, g3(0, y) = λg1(y) + λ

∞∫
y

g2(x, y) dx.

È ïîÿâëÿåòñÿ âîçìîæíîñòü âûïèñàòü å¼ ðåøåíèå. Òî÷íåå, â ýòîì ñëó÷àå ñèñòåìà ñâî-

äèòñÿ ê ñèñòåìå ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ñòàöèîíàðíûõ âåðî-

ÿòíîñòåé pk, k = 0, 1, 2, 3 è ÷èñåë A =
∫∞
0
g2(0, y) dy è B =

∫∞
0
g3(0, y) dy:

p1 = λp0Φ
∗
1(β1),

p2 = λ(µ+ µ2)AΦ
∗∗∗
1 (β1, β2, β1) + (µ+ µ2)BΦ∗∗

1 (β1, β2) + AΦ∗
1(β1),

p3 = λAΦ∗∗
1 (β1, β2) +BΦ∗

1(β2),

¾Òàâðiéñüêèé âiñíèê iíôîðìàòèêè òà ìàòåìàòèêè¿, �2' 2011



48 Êîâàëåíêî À.È., Ìàðÿíèí Á.Ä., Ñìîëè÷ Â.Ï.

A = λA(f ∗∗
1 (β1, β2) + µΦ∗∗

1 (β1, β2)) + B(f ∗
1 (β2) + µΦ∗

1(β2)),

B = λp1 + λ2(µ+ µ2)AΦ
∗∗∗
1 (β1, β2, β1) + λ(µ+ µ2)BΦ∗∗

1 (β1, β2), (1)

λp0 = λp0f
∗
1 (β1) + λ(µ+ µ2)f

∗∗∗
1 (β1, β2, β1)A+

+B(µ+ µ2)f
∗∗
1 (β1, β2) + Af ∗

1 (β1) + (µ+ µ2)(p1 + p2),

p0 + p1 + p2 + p3 = 1.

Çäåñü Φ1(x) � ôóíêöèÿ íàä¼æíîñòè, f1(x) � ïëîòíîñòü íåïðåðûâíîé ñëó÷àéíîé âåëè-

÷èíû ω1, β1 = λ + µ + µ2, β2 = 2µ + µ2, Φ
∗
1 è f

∗
1 � ïðåîáðàçîâàíèÿ Ëàïëàñà ôóíêöèé

Φ1(x) è f1(x) ñîîòâåòñòâåííî, à ïðåîáðàçîâàíèÿ F
∗∗ è F ∗∗∗ îïðåäåëÿþòñÿ òàê:

F ∗∗(s, t) :=

∞∫
0

e−sydy

∞∫
0

e−txF (x+ y) dx,

F ∗∗∗(s, t, u) :=

∞∫
0

e−szdz

∞∫
0

e−tydy

∞∫
0

e−uxF (x+ y + z) dx.

Ïîëó÷åííàÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé èçáûòî÷íà. Ïåðâûå 6 óðàâíåíèé ëèíåéíî

çàâèñèìû, ïîýòîìó ïðè ðåøåíèè ëþáîå èç íèõ ìîæíî îòáðîñèòü è èñïîëüçîâàòü â

äàëüíåéøåì äëÿ ïðîâåðêè ðåçóëüòàòà.

Âåðîÿòíîñòü ïîòåðè çàÿâêè â ñòàöèîíàðíîì ðåæèìå ðàâíà, î÷åâèäíî, p3.

Â ñëó÷àå, êîãäà è µ1(x) = µ1 = const ñòàöèîíàðíûå âåðîÿòíîñòè p0, p1, p2, p3 ëåãêî

îïðåäåëÿþòñÿ èç òàê íàçûâàåìîé ñèñòåìû óðàâíåíèé ðàâíîâåñèÿ (ÑÓÐ) äëÿ ìàðêîâ-

ñêîãî ïðîöåññà ξ(t), âûïèñûâàåìîé èç äèàãðàììû ¾ïî ñòðåëêàì¿:

p0 =
β(β + µ)

β2 + (λ+ µ)β + λµ+ λ2
, p1 =

λ

λ+ β
p0, p2 =

λ2

β(λ+ β)
p0, p3 =

λ2

β(µ+ β)
p0.

Çäåñü β = µ+µ1+µ2. Ýòî ðåøåíèå ñîâïàäàåò, êàê ìîæíî óáåäèòüñÿ ïîñëå íåêîòîðûõ

âûêëàäîê, ñ ðåøåíèåì ñèñòåìû (1).

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ðàññìîòðåíà ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ òèïà M/G/2/0,

ò.å. ñèñòåìà ñ äâóìÿ êàíàëàìè îáñëóæèâàíèÿ, ïóàññîíîâñêèì ïîòîêîì ïîñòóïàþùèõ

çàÿâîê, ïðîèçâîëüíîé ôóíêöèåé ðàñïðåäåëåíèÿ âðåìåíè îáñëóæèâàíèÿ, âçàèìîïîìî-

ùüþ ìåæäó êàíàëàìè, îòêàçàìè (ïîëîìêàìè) è âîññòàíîâëåíèåì êàíàëîâ îáñëóæè-

âàíèÿ. Íàéäåíû èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ, îïè-

ñûâàþùèå äàííóþ ÑÌÎ. Àâòîðàì íå óäàëîñü ïîëó÷èòü ÿâíîå ðåøåíèå ñèñòåìû óðàâ-

íåíèé â îáùåé ïîñòàíîâêå. Â ñëó÷àå îòñóòñòâèÿ ïîëîìîê êàíàëîâ ïîñòàâëåííàÿ çà-

äà÷à ðåøàåòñÿ. Óäàëîñü íàéòè îñíîâíûå âåðîÿòíîñòíûå õàðàêòåðèñòèêè ñèñòåìû â
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ñòàöèîíàðíîì ðåæèìå, â ÷àñòíîñòè, âåðîÿòíîñòü ïîòåðè çàÿâêè, ÷òî â äàííîé èí-

òåðïðåòàöèè çàäà÷è îçíà÷àåò âåðîÿòíîñòü áåñïðåïÿòñòâåííîãî ïðîëåòàíèÿ ñàìîëåòà-

áîìáàðäèðîâùèêà ÷åðåç çîíó, êîíòðîëèðóåìóþ ÏÂÎ. Ïîä âîïðîñîì îñòàåòñÿ âîçìîæ-

íîñòü íàõîæäåíèÿ ÿâíîãî ðåøåíèÿ äëÿ îáùåãî ñëó÷àÿ.
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