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j ∈ {1, 2...N} íàáëþäàþòñÿ ðåàëèçàöèè íàáîðîâ ñëó÷àéíûõ âåëè÷èí
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(k)
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(k)
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(k)
(j,2), k = 1, 2, ..., q èìåþò êîððå-ëÿöèþ ρ > 0, òî òî÷êà j îáëàäàåò ïðèçíàêîì ¾Ö¿.Ïðèçíàêîì ¾Ö¿ îáëàäàåò ðîâíî n èç N òî÷åê.



Âûäåëåíèå òî÷åê, îáëàäàþùèõ ïðèíöèïîì ¾Ö¿ 15Ïî íàáëþäåíèÿì ?? òðåáóåòñÿ îïðåäåëèòü òî÷êè, îáëàäàþùèå ïðèçíà-êîì ¾Ö¿.2. �àññìîòðèì ñëó÷àéíóþ âåëè÷èíó
∆j = ∆(j,1) − ∆(j,2), j = 1, 2, ..., Nßñíî, ÷òî M∆j = 0, j=1,2,...,N. Ñëó÷àé, êîãäà òî÷êà j îáëàäàåò ïðè-çíàêîì ¾Ö¿, áóäåò õàðàêòåðèçîâàòüñÿ òåì, ÷òî D∆j = 2(1 − ρ)σ2

0, ãäå
σ2

0 = σ2 + σ2
1. Ñëó÷àé, êîãäà òî÷êà j íå îáëàäàåò ïðèçíàêîì ¾Ö¿ áóäåòõàðàêòåðèçîâàòüñÿ òåì, ÷òî D∆j = 2σ2

0, ãäå σ2
0 = σ2 + σ2

1.Ïóñòü H0 - ãèïîòåçà, êîòîðàÿ ñîñòîèò â òîì, ÷òî ñëó÷àéíàÿ âåëè÷èíà
∆j èìååò äèñïåðñèþ 2(1 − ρ)σ2

0 (òî÷êà j îáëàäàåò ïðèçíàêîì ¾Ö¿);
H1- ãèïîòåçà, êîòîðàÿ ñîñòîèò â òîì, ÷òî ñëó÷àéíàÿ âåëè÷èíà ∆j èìå-åò äèñïåðñèþ 2σ2

0 (òî÷êà j íå îáëàäàåò ïðèçíàêîì ¾Ö¿).Äëÿ êàæäîãî j ∈ 1, 2, ..., N áóäåì ïðîâåðÿòü ãèïîòåçó H0 ïðîòèâ àëü-òåðíàòèâû H1.Ïóñòü α = P (H1/H0) - îøèáêà 1-ãî ðîäà (âåðîÿòíîñòü ïðîïóñêà ïðè-çíàêà ¾Ö¿).
β = P (H0/H1) - îøèáêà 2-ãî ðîäà (âåðîÿòíîñòü ëîæíîãî îáíàðóæåíèÿïðèçíàêà ¾Ö¿).
1 − β - ìîùíîñòü êðèòåðèÿ - âåðîÿòíîñòü òîãî, ÷òî ïðè îòñóòñòâèèïðèçíàêà ¾Ö¿ îí íå áóäåò îáíàðóæåí.Ïóñòü çàäàí óðîâåíü çíà÷èìîñòè êðèòåðèÿ α. Ñîãëàñíî ëåììåÍåéìàíà-Ïèðñîíà, êðèòè÷åñêàÿ îáëàñòü K êðèòåðèÿ íàèáîëüøåé ìîù-íîñòè çàäàííîãî óðîâíÿ çíà÷èìîñòè áóäåò èìåòü âèä

K = {~x ∈ Rq|f1(~x)

f0(~x)
}, ~x = (x1, ..., xn),ãäå f1- ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû
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j ), j ∈ 1, 2, ..., N ïðè ãèïîòåçå H1; f0- ïëîòíîñòüðàñïðåäåëåíèÿ ýòîé æå ñëó÷àéíîé âåëè÷èíû ïðè ãèïîòåçå H0.Â íàñòîÿùåì ñëó÷àå
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,Äàëåå,
f1(~x)

f0(~x)
= (1−ρ)

q
2exp

{ 1

2σ2
0

( 1

1 − ρ
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)

q
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i

}

= (1−ρ)
q
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{ ρ
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.Òàêèì îáðàçîì, êðèòè÷åñêàÿ îáëàñòü áóäåò èìåòü âèä
K =

{

~x ∈ Rq|
q

∑

i=1

x2
i ≥ c

}

.Ïîñòîÿííàÿ c íàõîäèòñÿ ïî çàäàííîìó óðîâíþ çíà÷èìîñòè α.Ïðè ãèïîòåçå H0 âåëè÷èíà 1
2σ2

0(1−ρ)

q
∑

i=1

(∆
(i)
j )2, j ∈ 1, 2, ..., N èìååò χ2ðàñïðåäåëåíèå ñ q ñòåïåíÿìè ñâîáîäû. Èç óðàâíåíèÿ

P
{

~x ∈ Rq| 1

2σ2
0(1 − ρ)

q
∑

i=1

x2
i ≥

c

2σ2
0(1 − ρ)

}

= αïî òàáëèöå êâàíòèëåé χ2 ðàñïðåäåëåíèÿ íàõîäèì c
2σ2

0(1−ρ)
[1,.551℄.Ïðè ãèïîòåçå H1 âåëè÷èíà 1

2σ2
0

∑q
i=1(∆

(i)
j )2 èìååò χ2 ðàñïðåäåëåíèå ñ qñòåïåíÿìè ñâîáîäû. Ìîùíîñòü êðèòåðèÿ

1 − β = P
{ 1

2σ2
0

≥ (1 − ρ)
c

2σ2
0(1 − ρ)

}

Òàáë.1 α = 0.01

q I II 1 − β III 1 − β IV 1 − β V 1 − β V I 1 − β5 15.086 7.543 0.2 6.344 0.3 4.758 0.5 3.017 0.7 1.508 0.8510 23.209 1.6 0.3 9.28 0.5 6.96 0.7 5.64 0.85 2.32 0.9915 30.578 15.28 0.4 12.23 0.7 9.17 0.85 6.1 0.98 3.5 0.9920 37.566 18.75 0.6 15.02 0.75 11.2 0.92 7.5 0.99 3.75 0.9925 44.314 22.15 0.65 17.7 0.85 13.3 0.96 8.86 0.99 4.4 0.9930 50.892 25.45 0.7 20.36 0.9 15.27 0.99 10.17 0.99 5.1 0.99I: c/2σ2
0(1 − ρ) , II: ρ = 0.5c/2σ2

0,III: ρ = 0.6(1 − ρ) = 0.4c/2σ2
0,IV: ρ = 0.7(1 − ρ) = 0.3c/2σ2
0,¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2006



Âûäåëåíèå òî÷åê, îáëàäàþùèõ ïðèíöèïîì ¾Ö¿ 17V: ρ = 0.8(1 − ρ) = 0.2c/2σ2
0 ,VI: ρ = 0.9(1 − ρ) = 0.1c/2σ2
0 .Âåðîÿòíîñòü òîãî, ÷òî íè îäèí ïðèçíàê ¾Ö¿ íå áóäåò ïðîïóùåí, ïðè-âåäåíû â Òàáë.2.

n 1 5 10 15 20
P 0.99 0.95 0.9 0.86 0.81Àëãîðèòì:N, q- íàòóðàëüíûå ÷èñëà, {∆(S)

j |j = 1, 2, ..., N ; S = 1, 2, ..., q}- äåéñòâèòåëüíûå, ρ, σ2
0- ïîëîæèòåëüíûå, ρ ∈ (0, 1), σ2

0 > 2.1) Ïî òàáëèöå 1 äëÿ çàäàííîãî q íàõîäèì c
2σ2

0(1−ρ)
è âû÷èñëÿåì c2) Âû÷èñëÿåì

q
∑

i=1

(∆
(S)
j )2, j = 1, 2, ..., N.3) Åñëè q

∑

s=1
(∆

(S)
j )2 < C, òî j îáëàäàåò ïðèçíàêîì ¾Ö¿.Åñëè q

∑

s=1
(∆

(S)
j )2 ≥ C, òî j íå îáëàäàåò ïðèçíàêîì ¾Ö¿.3. Óêàæåì îäèí ñïîñîá âûäåëåíèÿ ïðèçíàêà ¾Ö¿ ïðè N = 4, n = 2.Ñðåäíåå m áóäåì ïðåäïîëàãàòü íåèçâåñòíûì.Ïîëîæèì ∆̄(j,i) = 1

q

q
∑

s=1
∆

(k)
(j,i), j = 1, 2, 3, 4; i = 1, 2.

r̂j =

q
∑

s=1
(∆

(k)
(j,1) − ∆̄(j,1))(∆

(k)
(j,2) − ∆̄(j,2))

√

q
∑

s=1
(∆

(k)
(j,1) − ∆̄(j,1))2

q
∑

s=1
(∆

(k)
(j,2) − ∆̄(j,2))2

j = 1, 2, 3, 4.Ïóñòü |r̂j1| > |r̂j2| > |r̂j3| > |r̂j4|. Òîãäà ïîëàãàåì, ÷òî òî÷êè j1 è j2îáëàäàþò ïðèçíàêîì ¾Ö¿.Ïóñòü, äëÿ îïðåäåëåííîñòè, ïðèçíàêîì ¾Ö¿ îáëàäàþò òî÷êè 1) è 4) è
Pîø-âåðîÿòíîñòü îøèáî÷íîãî îïðåäåëåíèÿ ñèòóàöèè. Òîãäà âåðîÿòíîñòü¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2006



18 Êíîïîâ Ï. Ñ, Ïåïåëÿåâà Ò.Â.îøèáêè
Pîø ≤ P{|r̂3| > |r̂1|} + P{|r̂3| > |r̂4|} + P{|r̂2| > |r̂1|} + P{|r̂3| > |r̂4|}.Êàæäàÿ èç ýòèõ âåðîÿòíîñòåé îöåíèâàåòñÿ îäíîòèïíî.�àññìîòðèì

P{|r̂3| > |r̂1|}.Âåëè÷èíà r̂3 èìååò ïëîòíîñòü
fq(r) =

Γ(q−1
2 )

Γ(q−2
2 )

(1 − r2)
q−4
2

√
π

,−1 ≤ r ≤ 1.[2,.436℄ ïðè÷åì r̂3 = 0, Dr̂3 = 1
q + O

(

1
q3/2

) [2,.393℄ (r̂3 = 0 ñëåäóåòèç âèäà fq(r)).Âåëè÷èíà r̂1 èìååò ïëîòíîñòü
gq(r) =

q − 2

π
(1 − ρ2

1)
q−1
2 (1 − r2)

q−4
2

1
∫

0

xq−2

(1 − ρ1rx)q−1

dx√
1 − x2

,ïðè÷åì
r̂1 = ρ1 + O

(1

q

)

, Dr̂1 =
(1 − ρ2

1)
2

q
+ O

( 1

q3/2

)[2,.393℄.Âåðîÿòíîñòü P{|r̂3| > |r̂1|} îöåíèì ñëåäóþùèì îáðàçîì.
P{|r̂3 > r̂1|} ≤ P{|r̂3 ≥ ε} + P{|r̂1 < ε}.Äàëåå,

P{|r̂3 ≥ ε} ≤ 1

ε2

[1

q
O

( 1

q3/2

)]

≤ 1

ε2q
+

c

ε2q3/2
.Çäåñü è äàëåå áóêâîé áóäåì îáîçíà÷àòü ðàçëè÷íûå êîíñòàíòû (çàâèñÿ-ùèå, áûòü ìîæåò, òîëüêî îò ρ).Âåðîÿòíîñòü P{|r̂1 ≥ ε} îöåíèì äâóìÿ ñïîñîáàìè.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2006



Âûäåëåíèå òî÷åê, îáëàäàþùèõ ïðèíöèïîì ¾Ö¿ 19Ïóñòü ε îòäåëåíî îò |ρ| , ò.å. ε ≤ |ρ| − ε0, ε0 - �èêñèðîâàíî, îò q íåçàâèñèò. Äëÿ äîñòàòî÷íî áîëüøèõ q |Er| > ε äëÿ ýòèõ q èìååì:
P{|r̂1 ≥ ε} ≤ P{|r̂1 − Er̂1| ≥ |Er̂1| − ε} ≤

≤ 1
[

|ρ|−ε+O

(

1
q

)

]2

[

(1−ρ2)2

q + O
(

1
q3/2

)

]

≤

≤ 1
(|ρ|−ε)2

(

1 + c
q

)

[

(1−ρ2)2

q + c
q3/2

]

≤

≤ 1
(|ρ|−ε)2

(1−ρ2)2

q + c
q3/2 .

(2)
Ýòà îöåíêà íå ó÷èòûâàåò ìàëîñòü îöåíèâàåìîé âåðîÿòíîñòè ïðè ìàëûõ

ε. Äëÿ ïîñòðîåíèÿ äðóãîé îöåíêè âîñïîëüçóåìñÿ âèäîì ïëîòíîñòü gq(r).Èìååì ïðè |r| < ε, ε îòäåëåíî îò |ρ| :
gq(r) ≤















q−2
π (1 − ρ2)

q−1
2

1
∫

0

xq−2

(1−|ρ1|ε)q−1
dx√
1−x2

, ρ1r > 0,

q−2
π (1 − ρ2)

q−1
2

1
∫

0

xq−2dx√
1−x2

, ρ1r < 0.Èíòåãðàë
1

∫

0

xq−2dx√
1 − x2

= |x2 = t| =
1

2

1
∫

0

(1−t)−
1
2 t

q−3
2 dt =

1

2
B

(1

2
,
q − 1

2

)

=
1

2

sqrtπΓ(q−1
2 )

Γ(q
2)

=

=

√
π

2

Γ(q−1
2 )

Γ(q
2)

.Äëÿ Γ(x) ñïðàâåäëèâà �îðìóëà Ñòèðëèíãà
Γ(x) = cxx− 1

2e−xe
Θ(x)
12x , 0 ≤ Θ(x) ≤ 1Îòñþäà ïðè x → ∞

Γ(x)

Γ(x + 1
2)

∼ xx− 1
2e−x

(x + 1
2)

xe−x− 1
2

∼
√

e
1√

x(1 + 1
2x)x

∼ 1√
x
, x → +∞.Ïîýòîìó

1
∫

0

xq−2dx√
1 − x2

∼
√

π

2

1
√

q
2

=

√
π√

2 · √q
, q → ∞;¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2006
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gq(r) ≤

{

c
√

q (1−ρ2)
q−1
2

(1−|ρ1|ε)q−1 , ρ1r > 0, |r| < ε,

c
√

q(1 − ρ2)
q−1
2 , ρ1r < 0, |r| < ε.Òîãäà

P{|r̂1 < ε} ≤ c
√

q(1 − ρ2)
q−1
2 ε

[

1 + 1
(1−|ρ1|ε)n−1

]

≤ c
√

qε(1 − ρ2)
q−1
2 /(1 − |ρ1|ε)q−1.(3)Ýòîé îöåíêîé èìååò ñìûñë ïîëüçîâàòüñÿ, åñëè

1 − ρ2

(1 − |ρ|ε)2
< 1,èëè

1 − |ρ|ε >
√

1 − ρ2; ε <
1 −

√

1 − ρ2

|ρ| =
|ρ|

1 +
√

1 − ρ2
.Ïîñòðîèì ñ ïîìîùüþ îöåíîê (2) è (3) äâå îöåíêè äëÿ èñêîìîé âåðîÿò-íîñòè. Èòàê, â ïåðâîì ñëó÷àå

P{|r̂3 > r̂1|} ≤ 1

ε2q
+

1

(|ρ| − ε)2

(1 − ρ2)2

q
+

c

ε2q3/2
.Ìèíèìèçèðóÿ ïî ε âûðàæåíèå

1

ε2
+

(1 − ρ2)2

(|ρ| − ε)2
,ïîëó÷àåì äëÿ êðèòè÷åñêîé òî÷êè ýòîé �óíêöèè îò ε óðàâíåíèå

1

ε3
=

(1 − ρ2)2

(|ρ| − ε)3
;

|ρ| − ε

ε
= (1 − ρ2)2/3,Îòêóäà

ε =
|ρ|

1 + (1 − ρ2)2/3
.Òîãäà ïðè ýòîì

1

ε2
+

(1 − ρ2)2

(|ρ| − ε)2
=

[1 + (1 − ρ2)2/3]3

ρ2
,Äåéñòâèòåëüíî,

1

ε2
+

ε2(1 − ρ2)2

(|ρ| − ε)4/3
=

1

ε2
[1 + (1 − ρ2)2/3] =

[1 + (1 − ρ2)2/3]3

ρ2
.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2006
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P{|r̂3 > r̂1|} ≤ 1

ε2
[1 + (1 − ρ2)2/3] =

[1 + (1 − ρ2)2/3]3

ρ2

1

q
+

c

q3/2
. (4)Îöåíêà (3) äàåò

P{|r̂3 > r̂1|} ≤ 1

ε2q
+

1

ε2q3/2
+ c

√
nε

(

√

1 − ρ2

1 − |ρ|ε
)n−1

.Âûáåðåì ε òàê, ÷òîáû
√

1 − ρ2

1 − |ρ|ε = 1 − 1√
q
.Òîãäà

|ρ|ε = −
√

1 − ρ2

1 − 1√
q

+ 1;

ε =
|ρ|

1 +
√

1 − ρ2
+ O

( 1√
q

)

.Ïðè ýòîì
1

ε2q
=

[ |ρ|
1 +

√

1 − ρ2

]−21

q
+ O

( 1

q3/2

)

;

c
√

n
(

√

1 − ρ2

1 − |ρ|ε
)q−1

= O
( 1

q3/2

)

, q → ∞.Èòàê, ïîëó÷åíà îöåíêà
P{|r̂3 > r̂1|} ≤ (1 +

√

1 − ρ2)2

ρ2

1

q
+

c

q3/2
(5)Îáúåäèíÿÿ îöåíêè (4) è (5), ïîëó÷àåì

P{|r̂3 > r̂1|} ≤ Aρ

q
+

Cρ

q3/2

df
= Fρ(q), (6)ãäå

Aρ
df
= min

{

(1 +
√

1 − ρ2)2

ρ2
,
[1 + (1 − ρ2)2/3]3

ρ2

} (7)
Cρ < ∞. ¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2006



22 Êíîïîâ Ï. Ñ, Ïåïåëÿåâà Ò.Â.Ñðàâíèì îöåíêè (4), (5). Ñîñòàâèì íåðàâåíñòâî
[1 +

√

1 − ρ2

|ρ|
]2

<
[1 + (1 − ρ2)2/3]3

ρ2

(1 + γ1/2)2 < [1 + γ2/3]3, γ = 1 − ρ2.Ïðè ìàëûõ γ ëåâàÿ ÷àñòü áîëüøå (ò.ê. γ1/2 > γ2/3); ïðè γ , áëèçêèõ êåäèíèöå, íåðàâåíñòâî ñïðàâåäëèâî.Èòàê, ïðè äîñòàòî÷íî ìàëûõ |ρ| âûãîäíåå ïîëüçîâàòüñÿ îöåíêîé (5);ïðè äîñòàòî÷íî áîëüøèõ |ρ| - îöåíêîé (4). Â ðåçóëüòàòå ìû ïîëó÷èëèíåðàâåíñòâî âèäà
P{|r̂3 > r̂1|} ≤ Fρ(q).Òîãäà èñêîìàÿ âåðîÿòíîñòü îøèáêè
Pîø ≤ 4[Fρ(q) + Fρ].Çàìå÷àíèå.Îöåíêè, ïîäîáíûå (3) è ñîîòâåòñòâåííî (4), îïèðàþòñÿ íààñèìïòîòèêó ïåðâûõ äâóõ ìîìåíòîâ âûáîðî÷íîãî êîý��èöèåíòà êîððå-ëÿöèè, ìîæíî ñòðîèòü áåç ïðåäïîëîæåíèÿ î íîðìàëüíîñòè ðàññìàòðèâà-åìûõ âåëè÷èí. Äîñòàòî÷íî ïðåäïîëîæèòü ñóùåñòâîâàíèå ÷åòâåðòûõ ìî-ìåíòîâ; íóæíî òàêæå ïðåäïîëàãàòü èçâåñòíûìè íå òîëüêî êîððåëÿöèè ρj, íî è öåíòðàëüíûå (ñìåøàííûå) ìîìåíòû ñî âòîðîãî ïî ÷åòâåðòûé âêëþ-÷èòåëüíî. Ñõåìà ðàññóæäåíèé, îñíîâàííàÿ íà íåðàâåíñòâå ×åáûøåâà èàñèìïòîòè÷åñêèõ �îðìóëàõ äëÿ ïåðâûõ äâóõ ìîìåíòîâ âûáîðî÷íîãî êî-ý��èöèåíòà êîððåëÿöèè, îñòàåòñÿ áåç èçìåíåíèé; ïîñëåäíèå �îðìóëûäàíû â ìîíîãðà�èè Êðàìåðà íà .393 [2℄.Çàêëþ÷åíèå�åçóëüòàòû ñòàòüè ìîãóò áûòü èñïîëüçîâàíû ïðè ðåøåíèè êîí-êðåòíûõ çàäà÷ ðàñïîçíàâàíèÿ. Ïðîñòîòà àëãîðèòìà è îöåíêà âåðîÿò-íîñòè ïðèíÿòèÿ íåâåðíûõ ðåøåíèé äåëàåò åãî âåñüìà óäîáíûì è ëåãêîðåàëèçóåìûì íà ïðàêòèêå.Ñïèñîê ëèòåðàòóðû1. ÊåíäàëëÌ. Äæ½ Ñòüþàðò À. Òåîðèÿ ðàñïðåäåëåíèé. Ì.: ¾Íàóêà¿, 1966.2. Êðàìåð �. Ìàòåìàòè÷åñêèå ìåòîäû ñòàòèñòèêè. Ì.: ¾Ìèð¿, 1975.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2006


