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Abstract
The su�cient condition for existence of linear function's

∑N+1
k=0 (lk|xk)Rn minimax estimations is

obtained on the basis of observations yk = Hkxk + ηk up to N moment assuming that lk ∈ Rn, xk is a
solution of the linear descriptor di�erence equation Fk+1xk+1 − Ckxk = fk, F0x0 = g0, k = 0, N , g0, fk

� are some unknown vectors from the set G, ηk � is random vector with unknown correlation matrix Rk

which belongs to set G2. It is shown that in case of quadric sets G, G2 the unique minimax estimation
exists and can be represented in terms of solutions of some linear descriptor equations systems.

Âñòóï òà ïîñòàíîâêà çàäà÷i

Ïðîáëåìàì ðîçâ'ÿçíîñòi, êåðîâàíîñòi òà ñïîñòåðåæóâàíîñòi ëiíiéíèõ äåñêðèïòîð-

íèõ ðiâíÿíü ç íåïåðåðâíèì òà äèñêðåòíèì ÷àñîì, à òàêîæ çàäà÷àì ñïîñòåðåæåííÿ òà

êåðóâàííÿ äëÿ ñèñòåì, ùî îïèñóþòüñÿ òàêèìè piâíÿííÿìè, ïðèñâÿ÷åíî äîñëiäæåííÿ

íàóêîâöiâ ç piçíèx êðà¨í ñâiòó. Òàê, çîêðåìà, ïèòàííÿ icíyâaííÿ ðîçâ'ÿçêiâ çaäa÷i

Koøi äëÿ ëiíiéíoão ñòàöiîíàðíîãî äåñêðèïòîðíîãî ðiâíÿííÿ âèâ÷àëàñÿ ó ìîíîãðà-

ôi¨ [1], çàäà÷àì ëiíiéío-êâaäpaòè÷íoão êåðóâàííÿ äëÿ äèñêðåòíèõ äåñêðèïòîðíèõ ñè-

ñòåì ó ãiëüáåðòîâîìó ïpoñòopi ïðèñâÿ÷åíî ïyáëiêaöiþ [2], ïèòàíèÿ êåðîâàíîñòi, ñïî-

ñòåðåæóâàíîñòi äëÿ ðåãóëÿðíèõ äåñêðèïòîðíèõ ñèñòåì ðîçãëÿíóòî ó [3], äåÿêi àñïåêòè

òeopi¨ îöiíþâàííÿ ïàðàìåòðiâ äëÿ ðåãóëÿðíèõ äåñêðèïòîðíèõ ñèñòåì îïèñàíî ó [4].

Ó öié poáoòi âèêëàäåíî íèçêó íîâèõ ðåçóëüòàòiâ ó ãàëóçi òeopi¨ ìiíiìàêñíîãî îöi-

íþâàííÿ [5, 6] ëiíiéíèõ ôóíêöié âiä ðîçâ'ÿçêiâ ëiíiéíèõ äåñêðèïòîðíèõ ðiçíèöåâèõ

ðiâíÿíü, ÿêi ¹ ïðîäîâæåííÿì äîñëiäæåííÿ, ðîçïî÷àòîãî ó [7]. Âèâ÷åííÿ ñïîðiäíåíèõ

çàäà÷ ìiíiìàêñíîãî àïðiîðíîãî òà àïîñòåðiîðíîãî ñïîñòåðåæåííÿ äëÿ ëiíiéíèõ àëãå-

áðà¨÷íèõ piâíÿíü ç ïðÿìîêóòíèìè ìàòðèöÿìè ïðîâåäåíî ó [8, 9]. Íèæ÷å áóäå íàâåäåíî

óçàãàëüíåíi ïîñòàíîâêà çàäà÷i ìiíiìàêñíîãî ñïîñòåðåæåííÿ [6], ïîíÿòòÿ ìiíiìàêñíèõ

ñåðåäíüîêâàäðàòè÷íèõ îöiíêè òà ïîõèáêè [6, 7].

Ïðèïóñòèìî, ùî äëÿ êîæíîãî íàòóðàëüíîãî iíäåêñó k ∈ [0, N ] âåêòîð xk ∈ Rn

çàäîâîëüíÿ¹ ëiíiéíå ðiçíèöåâå ðiâíÿííÿ âèãëÿäó

Fk+1xk+1 − Ckxk = fk, F0x0 = g0, (1)

äå Fk, Ck � m× n-ìàòðèöi, fk ∈ Rm, g0 ∈ Rm � ïî÷àòêîâà óìîâà.
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Áóäåìî ââàæàòè, ùî êîíêðåòíà ðåàëiçàöiÿ âåêòîðó fk òà ïî÷àòêîâà óìîâà g0 çàçäà-

ëåãiäü íåâiäîìi. Â óìîâàõ âiäñóòíîñòi òî÷íî¨ iíôîðìàöi¨ âåêòîð fk ìîæíà iíòåðïðå-

òóâàòè [5] ÿê íåâèçíà÷åíå çáóðåííÿ ñèñòåìè (1), ïî÷àòêîâèé ñòàí ÿêî¨ g0 ìîæå áóòè

äîâiëüíèì åëåìåíòîì äåÿêî¨ ìíîæèíè. Ïðèïóñòèìî, ùî ñóêóïíiñòü ycix ìîæëèâèõ

ðåàëiçàöié çáóðåíü fk òà ìíîæèíà äîïóñòèìèõ ïî÷àòêîâèõ ñòàíiâ g0 ñèñòåìè (1) çàäà-

þòüñÿ çà äîïîìîãîþ âêëþ÷åííÿ f
def
= [g0, f0, ..., fN ] ∈ G, äå G � îáìåæåíà ïiäìíîæèíà

åâêëiäîâîãî ïðîñòîðó Em
N+2

def
= Rm

N+2︷ ︸︸ ︷
×...×Rm. Êîæíié ìîæëèâié ðåàëiçàöi¨ f â ñèëó ñè-

ñòåìè (1) ìîæíà çiñòàâèòè ìíîæèíó (âèïàäîê ïîðîæíüî¨ ìíîæèíè íå âèêëþ÷åíî) Xf

ðîçâ'ÿçêiâ (1), ÿêà ñêëàäà¹òüñÿ ç ycix òàêèõ âåêòîðiâ x = [x0, ..., xN+1], êîìïîíåíòè xk

òà xk+1 ÿêèõ äëÿ äîâiëüíîãî k ∈ [0, N ] ïîâ'ÿçàíi ñïiââiäíîøåííÿìè (1). Ïîêëàäåìî

G1
def
= {f ∈ G : Xf 6= ∅}. Ñèìâîëîì D−1(G) ïîçíà÷èìî ñóêóïíiñòü ycix âåêòîðiâ x

òàêèõ, ùî x ∈ Xf äëÿ äåÿêîãî f ∈ G1.

Ïðèïóñòèìî, ùî äëÿ êîæíîãî k ∈ [0, N ] ïðè äåÿêîìó x ∈ Xf ñïîñòåðiãà¹òüñÿ

peaëiçaöiÿ âåêòîðà yk ∈ Rl âèãëÿäó

yk = Hkxk + ηk, (2)

äå Hk � l × n-ìàòðèöÿ, ηk ∈ Rl � peaëiçaöiÿ âèïàäêîâîãî âåêòîðà, Mηk = 0, xk �

k-òà êîìïîíåíòà âåêòîðà x ∈ Xf äëÿ äåÿêîãî f ∈ G1.

Áóäåìî ââàæàòè, ùî ðåàëüíèé âèãëÿä ìàòðèöi Rk,s = Mηkηs íåâiäîìèé, íàòîìiñòü

ó âèãëÿäi äåÿêî¨ îáìåæåíî¨ ïiäìíîæèíè G2 åâêëiäîâîãî ïðîñòîðó Rl∗l∗N çàäàíî ñóêó-

ïíiñòü ycix ìîæëèâèõ ðåàëiçàöié R = {Rk,s}N
1 .

Ïðèïóñòèìî, ùî ó (1) ðåàëiçóâàâñÿ âåêòîð f ∈ G1 íåõàé ó (2) ñïîñòåðiãà¹òüñÿ äåÿêà

ðåàëiçàöiÿ âèïàäêîâîãî âåêòîðó η, ïðè÷îìó R = Mηη′ ∈ G2. Ïîñòàâèìî ñîái çà ìåòó

íàáëèçèòè çíà÷åííÿ ëiíiéíî¨ ôóíêöi¨

`(x)
def
=

N+1∑
k=0

(lk|xk)Rn , lk ∈ Rn

íà ìíîæèíi Xf çà äîïîìîãîþ çíà÷åíü àôiííî¨ ôóíêöi¨

uc(y)
def
=

N∑
k=0

(uk|yk)Rl + c, uk ∈ Rl, c ∈ R. (3)

Ôóíêöiþ uc âèãëÿäó (3) áóäåìî íàçèâàòè îöiíêîþ. Ââåäåìî ïîíÿòòÿ ìiíiìàêñíèõ ñå-

ðåäíüîêâàäðàòè÷íèõ îöiíêè òà ïîõèáêè îöiíþâàííÿ.

Îçíà÷åííÿ 1. Îöiíêó ûĉ(y) íàçâåìî ìiíiìàêñíîþ ñåðåäíüîêâàäðàòè÷íîþ îöiíêîþ,

ÿêùî äëÿ âñiõ îöiíîê uc(y) ìà¹ ìiñöå ñïiââiäíîøåííÿ

sup
x∈D−1(G),Rη∈G2

M[`(x)− ûĉ(y)]2 6 sup
x∈D−1(G),Rη∈G2

M[`(x)− uc(y)]2. (4)
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Âèðàç σ(û, ĉ)
def
= supx∈D−1(G),Rη∈G2

M[`(x)− ûĉ(y)]2 íàçâåìî ìiíiìàêñíîþ ñåðåäíüîêâà-

äðàòè÷íîþ ïîõèáêîþ îöiíþâàííÿ.

Áóäåìî øóêàòè ìiíiìàêñíó ñåðåäíüîêâàäðàòè÷íó îöiíêó âèðàçó `(x) çà äîïîìîãîþ

îïåðàòîðíîãî ïiäõîäó. Äëÿ öüîãî ââåäåìî åâêëiäîâèé ïpocòip En
N+2 ïîìiòèìî, ùî ó

En
N+2 ñèñòåìà (1) çàïèøåòüñÿ ó âèãëÿäi ëiíiéíîãî îïåðàòîðíîãî ðiâíÿííÿ1

Dx = f, (5)

äå îïåðàòîð x 7→ Dx äi¹ ç åâêëiäîâîãî ïðîñòîðó En
N+2 ó åâêëiäîâèé ïpocòip Em

N+2 i ó

ïapi áàçèñiâ En
N+2, Em

N+2 âèçíà÷à¹òüñÿ ìàòðèöåþ

F0 0 0 . . . 0 0

−C0 F1 0 . . . 0 0

0 −C1 F2 . . . 0 0
...

...
...

...
...

0 0 0 . . . −CN FN+1

(6)

Ïîäàìî (2) ó âèãëÿäi ëiíiéíîãî îïåðàòîðíîãî ðiâíÿííÿ

y = Hx + η, (7)

äå îïåðàòîð x 7→ Hx äi¹ ç åâêëiäîâîãî ïðîñòîðó En
N+2 ó åâêëiäîâèé ïpocòip El

N+1 i ó

ïapi áàçèñiâ öèõ ïðîñòîðiâ âèçíà÷à¹òüñÿ ìàòðèöåþ

H0 0 . . . 0 0

0 H1 . . . 0 0
...

...
...

...

0 0 . . . HN 0

(8)

Miíiìàêñíi ñåðåäíüîêâàäðàòè÷íi îöiíêè äëÿ âèïàäêó

çàãàëüíèõ îáìåæåíü

Ñôîðìóëþ¹ìî íåîáõiäíi òà äîñòàòíi óìîâè ñêií÷åííîñòi ìiíiìàêñíî¨ ïîõèáêè.

Òåîðåìà 1. Ïðèïóñòèìî, ùî G, G2 � îïóêëi êîìïàêòíi ïiäìíîæèíè âiäïîâiäíèõ åâ-

êëiäîâèõ ïðîñòîðiâ. Òîäi

σ(u, c) =

{
(1

2
[s(z|G1) + s(−z|G1)] + |βz − c|)2 + γ2(u), (`, u) ∈ L× Ul,

+∞, (`, u) 6∈ L× Ul,
(9)

1Òåïåð çðîçóìiëî çìiñò ñèìâîëó D−1(G) � öå ïîâíèé ïðîîáðàç G ïðè îïåðàòîði D .

¾Òàâðè÷åñêèé âåñòíèê èíôîðìàòèêè è ìàòåìàòèêè¿, �2 2005
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äå βz
def
= 1

2
[s(z|G1) − s(−z|G1)], γ2(u)

def
= supRη∈G2

(Ru|u)El , a L, Ul ìàþòü íàñòóïíèé

âèãëÿä

L
def
= {` : ∃u, z `−H∗u = D∗z},

Ul
def
= {u : `−H∗u ∈ Im(D∗)}

(10)

Äîâåäåííÿ. Áåðó÷è äî óâàãè (5), (7), ëåãêî îäåðæàòè, ùî

(`|x)En − (u|y)El
N+1

− c = (`−H∗u|x)En − (u|η)El − c := α. (11)

Âðàõîâóþ÷è âiäîìå ñïiââiäíîøåííÿ Dξ = Mξ2 − (Mξ)2 ìiæ äèñïåðñi¹þ

Dξ
def
= M[ξ − Mξ]2 âèïàäêîâî¨ âåëè÷èíè ξ òà ¨¨ ñåðåäíiì Mξ, à òàêîæ òîé ôàêò, ùî

Mηk = 0, îäåðæèìî:

M[`(x)− uc(y)]2 = (Mα)2 + Dα = [(`−Hu|x)En − c]2 + M(u|η)2
El .

Áåðó÷è äî óâàãè âëàñòèâîñòi ìàòåìàòè÷íîãî ñïîäiâàííÿ, ëåãêî îäåðæàòè, ùî

M(u|η)2
El =

∑
k,s

(Rk,suk|us)Rl = (Ru|u)El

òîìó

σ(u, c) = sup
x∈D−1(G)

[(`−Hu|x)En − c]2 + γ2(u)

Î÷åâèäíî, 0 6 γ2(u) < +∞ i γ2 � îïóêëà íàïiâíåïåðåðâíà çíèçó ôóíêöiÿ.

Ëåãêî çáàãíóòè, ùî îáðàç ìíîæèíè X
def
= D−1(G) ïðè âiäîáðàæåííi

x 7→ |(`−Hu|x)En − c| îáìåæåíîþ ïiäìíîæèíîþ ðîçøèðåíî¨ äiéñíî¨ ïðÿìî¨ îäíî÷à-

ñíî ç îáðàçîì X ïðè âiäîáðàæåííi x 7→ |(`−Hu|x)En|. Îñòàííié, â ñâîþ ÷åðãó, îáìå-

æåíèé ëèøå òîäi, êîëè ÷èñëà infx∈X(` − Hu|x)En = −s(H∗u − `|X), s(` − H∗u|X)

ñêií÷åííi.

Îá÷èñëèìî s(` − Hu|X). Äëÿ äîâiëüíîãî x ∈ X ñïðàâåäëèâå ïðåäñòàâëåííÿ

x = x∗ + x0, äå x0 ∈ N(D), x∗ ∈ Im(D∗) i Dx∗ = Dx ∈ G, òîìó ëåãêî çáàãíóòè,

ùî s(`−Hu|X) = +∞ ïðè `−Hu 6∈ N(D)⊥, ùî ìîæëèâî äëÿ (`, u) ∈ L× Ul i ëèøå

äëÿ íèõ.

Íåõàé òåïåð (`, u) ∈ L× Ul. Òîäi

s(`−Hu|X) = sup
x
{(z,Dx)Em|Dx ∈ G} = sup

f
{(z, f)Em|f ∈ G1} = s(z|G1),

çâiäêè ∣∣∣∣(`−Hu|x)En − 1

2
[s(z|G1)− s(−z|G1)]

∣∣∣∣ 6
1

2
[s(z|G1) + s(−z|G1)].

¾Òàâðiéñüêèé âiñíèê iíôîðìàòèêè i ìàòåìàòèêè¿, �2 2005
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Ïðèãàäàâøè îçíà÷åííÿ βz, iç ïîïåðåäíüîãî ñïiââiäíîøåííÿ ç óðàõóâàííÿì î÷åâèäíî¨

piâíîñòi supk:|k|6v |k −m| = v + |m|, çíàõîäèìî

sup
x∈X

[(`−Hu|x)En − c]2 =

(
1

2
[s(z|G1) + s(−z|G1)] + |βz − c|

)2

.

�

Çàóâàæåííÿ 1. Ïîìiòèìî, ùî ó òåîðåìi âñòàíîâëåíî ñêií÷åííiñòü ïîõèáêè ëèøå äëÿ
âåêòîðiâ ç äåÿêîãî êëàñó L, à ñàìå äëÿ L = P(En

N+2), äå ñèìâîëîì P ïîçíà÷åíî îïåðà-

òîð îðòîãîíàëüíîãî ïðîåêòóâàííÿ íà ïiäïðîñòið Im(D∗)+Im(H∗). Ìè ìîæåìî ðîçøè-

ðèòè êëàñ L äî âñüîãî ïðîñòîðó, ÿêùî òî÷íó âåðõíþ ãðàíü ó (4) áóäåìî îá÷èñëþâàòè

ëèøå ïî x ∈ P(X), áî òîäi äëÿ äîâiëüíîãî ` ∈ L áóäå (P`−H∗u, x)En = (`−H∗u,Px)En .

Ñèìâîëîì T ïîçíà÷èìî îïåðàòîð w 7→ T w = D∗z +H∗u. Ïîêëàäåìî

Wh
def
= Arginf

w
‖T w − `‖2

En = {w = (z, u) : D∗z = Ph−H∗u}.

Î÷åâèäíî, Wh � íåïîðîæíÿ îïóêëà çàìêíåíà ìíîæèíà äëÿ äîâiëüíîãî h ∈ En
N+2.

Òåîðåìà 2. Ïðèïóñòèìî, ùî ` = Ph, h ∈ En
N+2 i

W∗
h

def
= Arginf

w=(z,u)∈Wh

{(
1

2
[s(z|G1) + s(−z|G1)]

)2

+ γ2(u)

}
6= Ø.

Òîäi ìiíiìàêñíó ñåðåäíüîêâàäðàòè÷íó îöiíêó ûĉ(y) ëiíiéíî¨ ôóíêöi¨ (`|·)En âiä

ðîçâ'ÿçêó ðiçíèöåâîãî ðiâíÿííÿ (1) ìîæíà ïîäàòè ó âèãëÿäi

ûĉ(y)
def
=

N∑
k=0

(ûk|yk)Rl + ĉ, ĉ
def
=

1

2
[s(ẑ|G1)− s(−ẑ|G1)], ŵ ∈ W∗

h, ŵ = [ẑ, û]. (12)

Ìiíiìàêñíà ñåðåäíüîêâàäðàòè÷íà ïîõèáêà îöiíþâàííÿ ìà¹ âèãëÿä

σ(û, c) =
1

4
[s(ẑ|G1) + s(−ẑ|G1)]

2 + γ2(û). (13)

Äîâåäåííÿ. Íåõàé W∗
h 6= Ø. Öå îçíà÷à¹, ùî ìíîæèíà ðîçâ'ÿçêiâ çàäà÷i óìîâíî¨ îïòè-

ìiçàöi¨

1

4
[s(z|G1) + s(−z|G1)]

2 + γ2(u) → inf
w=[z,u]∈Wh

(14)

íåïîðîæíÿ. Ïiäêðåñëèìî, ùî ó (14) îïòèìiçàöiÿ âåäåòüñÿ ïî z, u, ÿêi ðîçãëÿäàþòüñÿ

ÿê íåçàëåæíi çìiííi.

Âèáåðåìî äîâiëüíå ŵ = [ẑ, û] ∈ W∗
h i ïîêàæåìî, ùî îöiíêà ûĉ(y) (äèâ. ôîðìó-

ëó (12)) çàäîâîëüíÿ¹ îçíà÷åííÿ ìiíiìàêñíî¨ ñåðåäíüîêâàäðàòè÷íî¨ îöiíêè, òîáòî äëÿ

äîâiëüíî¨ îöiíêè uc(y) (äèâ. òåîðåìó 1), ïîðîäæåíî¨ u ∈ Ul i äiéñíèìè c, âèêîíó¹-

òüñÿ (4). Çàôiêñó¹ìî äîâiëüíå u ∈ Ul òà äiéñíå c i ïîêàæåìî, ùî ïîõèáêà îöiíêè uc(y)
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íå ìåíøå (13). Äëÿ öüîãî ïîìiòèìî, ùî äëÿ âñiõ z, u, ÿêi ëåæàòü íà àôiííié ìíîæèíi

D∗z +H∗u = Ph, âèêîíó¹òüñÿ íåðiâíiñòü

1

4
[s(ẑ|G1) + s(−ẑ|G1)]

2 + γ2(û) 6 [s(z|G1) + s(−z|G1)]
2 + γ2(u), (15)

áî ŵ ∈ W∗
h ⊂ Wh. Ïîìiòèìî, ùî ïîõèáêà îöiíþâàííÿ îöiíêè uβz ïîâ'ÿçàíà ç ïîõèáêîþ

îöiíþâàííÿ îöiíêè uc íàñòóïíèì ñïiââiäíîøåííÿì

σ(u, βz) 6 σ(u, c). (16)

Äiéñíî, ñïðàâåäëèâiñòü (16) âèïëèâà¹ ç íåðiâíîñòi[
1

2
(s(z|G1) + s(−z|G1))

]2

+ γ2(u) 6

[
1

2
(s(z|G1) + s(−z|G1)) + |βz − c|

]2

+ γ2(u)

òà ôîðìóëè (9) òåîðåìè 1.

Íåõàé ĉ îçíà÷åíî òàê, ÿê ó (12). Òîäi çãiäíî òåîðåìè 1 ïîõèáêó îöiíþâàííÿ îöiíêè

ûĉ(y) ìîæíà ïîäàòè ó âèãëÿäi

σ(û, ĉ) =
1

4
[s(ẑ|G1) + s(−ẑ|G1)]

2 + γ2(û)

çâiäêè, âçÿâøè äî óâàãè (15), çíàõîäèìî

σ(û, ĉ) 6 [s(z|G1) + s(−z|G1)]
2 + γ2(u) = σ(u, βz),

ùî ðàçîì iç (16) äà¹ (4). �

Íàñëiäîê 1. Ïðèïóñòèìî, ùî ìíîæèíà G öåíòðàëüíî ñèìåòðè÷íà âiäíîñíî íóëÿ.

Òîäi çàäà÷à ìiíiìàêñíîãî ñïîñòåðåæåííÿ åêâiâàëåíòíà çàäà÷i îïòèìiçàöi¨

[s(z|G1)]
2 + γ2(u) → inf

w=[z,u]∈Wh

(17)

Ìiíiìàêñíi ñåðåäíüîêâàäðàòè÷íi îöiíêè äëÿ âèïàäêó

êâàäðàòè÷íèõ îáìåæåíü

Ïðèïóñòèìî, ùî Q0,Q1,k,Q2,k � äîäàòíî îçíà÷åíi ñèìåòðè÷íi ìàòðèöi. Ââåäåìî

áëî÷íi ìàòðèöi âèãëÿäó Q1 = diag{Q0,Q1,0, . . . ,Q1,N}, Q2 = diag{Q2,0, . . . ,Q2,N}.
Îçíà÷èìî ìíîæèíè G, G2 íàñòóïíèì ñïîñîáîì

G =

{
f : (Q0g0|g0)Rm +

N∑
k=0

(Q1,kfk|fk)Rm = (Q1f, f)Em
N+2

6 1

}
,

G2 =

{
R :

N∑
k=0

trQ2,kRk,k = trQ2R 6 1

}
.

(18)
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Òåîðåìà 3. Ïðèïóñòèìî, ùî ìíîæèíè G, G2 ìàþòü âèãëÿä (18), P` = `. Òîäi

1) Çàäà÷à ìiíiìàêñíîãî ñåðåäíüîêâàäðàòè÷íîãî îöiíþâàííÿ åêâiâàëåíòíà çàäà÷i

îïòèìiçàöi¨

(Q−1
1 z|z)Em + (Q−1

2 u|u)El → inf
D∗z+H∗u=`

, (19)

2) Çàäà÷à (19) ìà¹ ¹äèíèé ðîçâ'ÿçîê [û, ẑ], äå û = Q2Hp, à ẑ, p çíàõîäÿòüñÿ ç

ñèñòåìè

D∗ẑ +H∗Q2Hp = `,

Q−1
1 ẑ −Dp = 0.

(20)

Íàâïàêè, ÿêùî ẑ, p çàäîâîëüíÿþòü (20), òî [ẑ,Q2Hp] ¹ ðîçâ'ÿçêîì (19).

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó ñïðàâåäëèâiñòü 2). Áåðó÷è äî óâàãè äîäàòíó

îçíà÷åíiñòü ìàòðèöü Q1, Q2, ââåäåìî ó ïðîñòîðàõ E
m
N+2, E

l
N+1 íîâi ñêàëÿðíi äîáóòêè:

(z|z)Q1 = (Q−1
1 z|z)Em , (u|u)Q2 = (Q−1

2 u|u)Em i ïîäàìî (19) ó âèãëÿäi

Q(w)
def
= (z|z)Q1 + (u|u)Q2 → inf

w=[z,u]∈Wh

(21)

ÎñêiëüêèWh ¹ íåïîðîæíiì àôiííèì ìíîãîâèäîì, òî â ñèëó ñòðîãî¨ îïóêëîñòi, ñëàáêî¨

íàïiâíåïåðåðâíîñòi çíèçó òà êîåðöèòèâíîñòi ôóíêöiîíàëó Q çàäà÷à îïòèìiçàöi¨ (21)

ìà¹ ¹äèíèé ðîçâ'ÿçîê ŵ = [ẑ, û], ÿêèé (äèâ. [11], c. 18, ò.1.4.2) çàäîâîëüíÿ¹ âàðiàöiéíó

íåðiâíiñòü

(ẑ|z − ẑ)Q1 + (û|u− û)Q2 > 0, ∀w = [z, u] ∈ Wh

çâiäêè âèïëèâà¹ îáìåæåíiñòü çíèçó ëiíiéíî¨ ôóíêöi¨ (ẑ|·)Q1 + (û|·)Q2 íà Wh. Öå îçíà-

÷à¹, ùî [Q−1
1 ẑ,Q−1

2 û] ⊥ M , äå M � ëiíiéíèé ïiäïðîñòið, ïàðàëåëüíèé äî àôiííîãî

ìíîãîâèäóWh. Ïðèãàäàâøè îçíà÷åííÿ îïåðàòîðà T , îäåðæèìî, ùî M = N(T ). Òîìó

[Q−1
1 ẑ,Q−1

2 û] ∈ Im(T ∗) òîáòî iñíó¹ p ∈ En
N+2 òàêå, ùî [Q−1

1 ẑ,Q−1
2 û] = T ∗p (∗), äå

T ∗p = [Dp,Hp]. Ç iíøîãî áîêó ŵ ∈ W∗
h, òîìó T ŵ = ` (∗∗). Îá'¹äíóþ÷è (∗), (∗∗),

ïîìi÷à¹ìî, ùî p, ẑ çàäîâîëüíÿþòü (20).

Íàâïàêè, íåõàé p, ẑ çàäîâîëüíÿþòü (20) i û = Q2Hp. Ëåãêî çáàãíóòè, áåðó÷è
äî óâàãè (20) òà âëàñòèâîñòi ôóíêöi¨ Q, ùî Q(w)−Q(ŵ) > 0∀w ∈ Wh.

Ïîêàæåìî åêâiâàëåíòíiñòü çàäà÷i ìiíiìàêñíîãî ñïîñòåðåæåííÿ i çàäà÷i îïòè-

ìiçàöi¨ (21). Äëÿ öüîãî îá÷èñëèìî s(·|G), γ. Áåðó÷è äî óâàãè óçàãàëüíåíó íåðiâíiñòü

Êîøi-Áóíÿêîâñüêîãî, çíàõîäèìî

[s(z|G)]2 = (Q−1
1 z|z)Em , γ2(u) = sup

R∈G2

M(u|η)2
El = (Q−1

2 u|u)ElM(Q2η|η)El . (22)

Î÷åâèäíî, G � îïóêëèé öåíòðàëüíî ñèìåòðè÷íèé êîìïàêò ïðîñòîðó Em
N+2. Ìè áà-

÷èìî, ùî óìîâè òåîðåìè 1 âèêîíàíî, òîìó çãiäíî íàñëiäêó 1 çàäà÷à ìiíiìàêñíîãî

ñåðåäíüîêâàäðàòè÷íîãî îöiíþâàííÿ åêâiâàëåíòíà çàäà÷i îïòèìiçàöi¨ (17). Îá÷èñëè-

ìî s(·|G1) = (δ(·|G1))
∗ = (δ(·|G) + δ(·|Im(D)))∗. Î÷åâèäíî, ôóíêöi¨ δ(·|G), δ(·|Im(D))

¹ îïóêëèìè i âëàñíèìè, ïðè÷îìó ¨õíi åôåêòèâíi ìíîæèíè ïåðåòèíàþòüñÿ ó íóëi i
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δ(·|G) îáìåæåíà ó äåÿêîìó îêîëi íóëÿ. Òîäi (äèâ. [12] ñòîð. 188, òåîðåìà 1), âçÿâøè

äî óâàãè (22), çíàõîäèìî

s(z|G1) = inf
p
{s(p− z|G) + s(p|Im(D))} = inf

p
{s(p− z|G) + δ(p|N(D∗))} =

inf
p∈N(D∗)

{(Q−1
1 (p− z)|p− z)Em}

1
2 = { inf

p∈N(D∗)
(Q−1

1 (p− z)|p− z)Em}
1
2 .

Îòæå, (17) åêâiâàëåíòíà çàäà÷i îïòèìiçàöi¨

L (w)
def
= inf

p∈N(D∗)
(z − p|z − p)Q1 + (u|u)Q2 → inf

w=(z,u)∈Wh

. (23)

Ïîêàæåìî åêâiâàëåíòíiñòü (23) i (21). Äëÿ öüîãî ââåäåìî ìíîæèíó

W̃ = {w = [z, u] ∈ Wh : (z|z)Q1 = inf
p∈N(D∗)

(z − p|z − p)Q1}.

Çðîçóìiëî, ùî W̃ ¹ íåïîðîæíüîþ ïiäìíîæèíîþWh, ïðè÷îìó
2 L (Wh) = L (W̃), òîìó

infWh
L = inf(L (Wh)) = inf(L (W̃)) = infW̃ L . Ïîìiòèìî, ùî äëÿ äîâiëüíîãî w ∈ W̃

ìà¹ ìiñöå ðiâíiñòü

L (w) = inf
p∈N(D∗)

(z − p|z − p)Q1 + (u|u)Q2 = (z|z)Q1 + (u|u)Q2 = Q(w) (24)

òîìó

inf
Wh

L = inf
W̃

L = inf
W̃

Q > inf
Wh

Q. (25)

Ç iíøîãî áîêó, î÷åâèäíî, δ(·|G1) 6 δ(·|G), çâiäêè

L (w) = [δ(z|G1)]
2 + γ2(u) 6 [δ(z|G)]2 + γ2(u) = Q(w), ∀w ∈ Wh. (26)

Ïîðiâíþþ÷è (26) ç (25), îäåðæèìî ðiâíiñòü

inf
Wh

L = inf
Wh

Q. (27)

Äëÿ çàâåðøåííÿ äîâåäåííÿ íàì çàëèøèëîñü ïîêàçàòè, ùî ŵ ∈ W̃ . Äiéñíî, òîäi çãi-

äíî (24), (27) âåêòîð ŵ = [ẑ, û] áóäå ðîçâ'ÿçêîì çàäà÷i îïòèìiçàöi¨ (23), âiäòàê

û áóäå ìiíiìàêñíîþ ñåðåäíüîêâàäðàòè÷íîþ îöiíêîþ. (28)

Ïîêàæåìî, ùî ŵ ∈ W̃ . Äëÿ öüîãî ïîòðiáíî ïîêàçàòè, ùî ïðîåêöiÿ ẑ íà ïiäïðîñòið

N(D∗) ¹ íóëüîâèì âåêòîðîì. Íåõàé pz � ðîçâ'ÿçîê çàäà÷i îïòèìiçàöi¨

(ẑ − p|ẑ − p)Q1 → inf
p∈N(D∗)

(29)

Âiäîìî (äèâ. [11], ñ.23, íàñë. 1.4.3), ùî pz çàäîâîëüíÿ¹ òîòîæíiñòü Åéëåðà

(Q−1
1 (ẑ − pz)|z)Em = 0, ∀z ∈ N(D∗). (30)

Ïîìiòèìî, ùî çãiäíî (20) Q−1
1 ẑ = Dp. Ïiäñòàâëÿþ÷è äî (30) pz ∈ N(D∗) çàìiñòü z,

çíàõîäèìî (Q−1
1 pz|pz)Em = (Q−1

1 ẑ|pz)Em = (Dp|pz)Em = 0, òîìó pz = 0. �

2Ñèìâîëîì L (Wh) ïîçíà÷åíî îáðàç ìíîæèíè Wh ïðè ôóíêöi¨ L .
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Íàñëiäîê 2. ûĉ(y) =
∑N

k=1(ûk, yk)Rl , ûk = Q2,kHkpk. Ìiíiìàêñíà ïîõèáêà ñåðåäíüî-

êâàäðàòè÷íîãî îöiíþâàííÿ ìà¹ âèãëÿä

sup
x∈X,y∈Y

M

[
N+1∑
k=0

(lk|xk)Rn −
N∑

k=0

(ûk|yk)Rl

]2

=
N+1∑
k=0

(lk|pk)Rn ,

äå pk, ẑk çàäîâîëüíÿþòü ñèñòåìó ðiçíèöåâèõ ðiâíÿíü

F
′

kẑk = C
′

kẑk+1 −H
′

kQ2,kHkpk + lk, F
′

N+1ẑN+1 = lN+1,

Fk+1pk+1 = Ckpk +Q−1
1,kẑk, F0p0 = Q0ẑ0, k = 0, N.

(31)

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî êîìïîíåíòè ẑk, pk âåêòîðiâ ẑ = [ẑ0, ..., ẑN+1],

p = [p0, ..., pN+1] çàäîâîëüíÿþòü (31), ÿêùî ẑ, p çàäîâîëüíÿþòü (20). Äëÿ öüîãî îá-

÷èñëèìî ìàòðèöi îïåðàòîðiâ D∗, H∗Q2H ó áàçèñàõ âiäïîâiäíèõ ïðîñòîðiâ. Ïðÿìèì

ïiäðàõóíêîì çíàõîäèìî, ùî îïåðàòîðîâi D∗ âiäïîâiäà¹ ìàòðèöÿ

F
′
0 −C

′
0 0 0 . . . 0 0

0 F
′
1 −C

′
1 0 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 0 . . . F
′
N −C

′
N

0 0 0 0 . . . 0 F
′
N+1

(32)

à ìàòðèöÿ îïåðàòîðà H∗Q2H ìà¹ âèãëÿä

H
′
0Q2,0H0 0 . . . 0 0

0 H
′
1Q2,1H1 . . . 0 0

. . . . . . . . . . . .

0 0 . . . H
′
NQ2,NHN 0

0 0 . . . 0 0

(33)

Òîäi âèêîíàííÿ D∗ẑ = P`−H∗Q2Hp åêâiâàëåíòíî òîìó, ùî

F
′

kẑk = C
′

kẑk+1 −HkQ2,kHkpk + lk, F
′

N+1ẑN+1 = lN+1, k = 0, N. (34)

ßêùî ó (5) çàìiíèòè ñèìâîë x ñèìâîëîì p i ïîêëàñòè f = Q−1
1 ẑ, òî åêâiâàëåíòíiñòü

îñòàííüîãî ðiâíÿííÿ (20) òà äðóãîãî ðiâíÿííÿ (31) âèïëèâàòèìå ç åêâiâàëåíòíîñòi (5)

òà (1).

Ïiä ÷àñ äîâåäåííÿ òåîðåìè 3 áóëî âñòàíîâëåíî (äèâ. (28)), ùî û = Q2Hp ¹ ìi-

íiìàêñíîþ ñåðåäíüîêâàäðàòè÷íîþ îöiíêîþ, òîìó ûk = Q2,kHkpk, k = 1, N. Îá-

÷èñëèìî ìiíiìàêñíó ïîõèáêó. Äëÿ öüîãî çãiäíî òåîðåìè 3 (äèâ. (17), (23), (27))

ïîòðiáíî îá÷èñëèòè Q(ŵ). Áåðó÷è äî óâàãè (20) � (21), ëåãêî ïåðåêîíàòèñü, ùî

Q(ŵ) = (`|p)En =
∑N+1

k=0 (lk|pk)Rn . Íàñëiäîê äîâåäåíî. �
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Òåîðåìà 4. (ïðî àëüòåðíàòèâíå ïðåäñòàâëåííÿ). Íåõàé âèêîíàíî óìîâè òåîðåìè 3.

Òîäi ûĉ(y) =
∑N+1

k=0 (lk|x̂k)Rn , äå x̂k, vk çíàõîäÿòüñÿ ç ñèñòåìè

F
′

kvk = C
′

kvk+1 + HkQ2,k(yk −Hkx̂k), F
′

N+1vN+1 = 0,

Fk+1x̂k+1 = Ckx̂k +Q−1
1,kvk, F0x̂0 = Q0v0, k = 0, N.

(35)

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî ìíîæèíà ðîçâ'ÿçêiâ ñèñòåìè (35) íåïîðîæíÿ. Ç

öi¹þ ìåòîþ ðîçãëÿíåìî çàäà÷ó îïòèìiçàöi¨

J(f)
def
= (Q0g0|g0)Rn +

N∑
k=0

(Q1,kfk|fk)Rn + (Q2,k(yk −Hkxk)|yk −Hkxk)Rl → inf
f

Fk+1xk = Ckxk + fk, F0x0 = g0, f = [g0, f0, ..., fN ]

(36)

Çàäà÷à (36) ìà¹ ¹äèíèé ðîçâ'ÿçîê f̂ = [ĝ0, f̂0, ..., f̂N ]. Ùîá äîâåñòè öå, ââåäåìî äîïîìi-

æíó çàäà÷ó îïòèìiçàöi¨

‖T ∗x− ỹ‖2
1 → inf

x
, (37)

äå ïîêëàäåíî ỹ = [0, y], ‖[z, u]‖2
1 = (Q1z|z)Em + (Q2u|u)El , à îïåðàòîð T ∗ äi¹ çãiäíî

ïðàâèëà T ∗x = [Dx,Hx]. Çàäà÷à ïðîåêòóâàííÿ (37) ìà¹ ùîíàéìåíøå îäèí ðîçâ'ÿçîê

x̂. Ïîêëàäåìî f̂
def
= Dx̂ i ïîêàæåìî, ùî f̂ ¹ ðîçâ'ÿçêîì (36). Âèáåðåìî äîâiëüíå f ∈ Im(D)

i x òàêå, ùî Dx = f. Òîäi

J(f) = (Q1Dx|Dx)Em + (Q2(y−Hx)|y−Hx)El > ‖T ∗x̂− ỹ‖2
1 = J (̂f)

â ñèëó ìiíiìàëüíîñòi x̂, òîìó f̂ ¹ ðîçâ'ÿçêîì (36). Ç iíøîãî áîêó çàäà÷à (36) ìà¹ íå

áiëüøå îäíîãî ðîçâ'ÿçêó â ñèëó ñòðîãî¨ îïóêëîñòi J .

Çàïèøåìî óìîâè îïòèìàëüíîñòi äëÿ x̂

(Q2Dx̂|Dx)En = (H∗Q2(y−Hx̂)|x)El , ∀x ∈ En
N+2 (38)

(38) ñâiä÷èòü ïðî òå, ùî äëÿ v = Q1Dx̂ âèêîíó¹òüñÿ D∗v = H∗Q2(y−Hx̂). Öå îçíà÷à¹,
ùî ïiäñòàâëÿþ÷è (x̂, v) äî ñèñòåìè

D∗v = H∗Q2(y−Hx̂),
Dx̂ = Q−1

1 v.
(39)

ìè îäåðæèìî òîòîæíiñòü, òîìó (35) ìà¹ íåïîðîæíþ ìíîæèíó ðîçâ'ÿçêiâ. Ëåãêî çáà-

ãíóòè, áåðó÷è äî óâàãè (6), (32) � (33), ùî êîìïîíåíòè x̂k, vk+1 âåêòîðiâ x̂, v çàäî-

âîëüíÿþòü (35), ÿê òiëüêè ïàðà (x̂, v) çàäîâîëüíÿ¹ (39).

Çãiäíî òåîðåìè 3 (äèâ. (28))

ûĉ(y) = (Q2Hp|y)El = (p|D∗v+H∗Q2Hx̂)En = (Q−1
1 ẑ|v)Em + (H∗û|x̂)En = (`|x̂)En .

�
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Âèñíîâêè

Îäåðæàíî íåîáõiäíi òà äîñòàòíi óìîâè (òåîðåìà 1) ñêií÷åííîñòi ìiíiìàêñíî¨ ñåðå-

äíüîêâàäðàòè÷íî¨ ïîõèáêè îöiíþâàííÿ, îïèñàíî êëàñ îöiíîê Ul, ùî õàðàêòåðèçóþòüñÿ

ñêií÷åííîþ ïîõèáêîþ îöiíþâàííÿ, çàïðîïîíîâàíî äîñòàòíi óìîâè (òåîðåìà 2) iñíóâà-

ííÿ ìíîæèíè ìiíiìàêñíèõ ñåðåäíüîêâàäðàòè÷íèõ îöiíîê ëiíiéíèõ ôóíêöié (`|·)En âiä

ðîçâ'ÿçêiâ ëiíiéíîãî äåñêðèïòîðíîãî ðiâíÿííÿ (1) äëÿ òîãî âèïàäêó, êîëè îáìåæåííÿ

íà íåâiäîìi çáóðåííÿ fk, ηk òà ïî÷àòêîâå çíà÷åííÿ g0 çàäàþòüñÿ ó âèãëÿäi îïóêëèõ

çàìêíåíèõ îáìåæåíèõ ìíîæèí G, G2. Íàâåäåíî (çàóâàæåííÿ 1) ñïîñiá ðîçøèðåííÿ

ìíîæèíè îöiíþâàíèõ ôóíêöié L äî âñüîãî ïðîñòîðó.

Äëÿ âèïàäêó êâàäðàòè÷íèõ îáìåæåíü äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi ìi-

íiìàêñíî¨ ñåðåäíüîêâàäðàòè÷íî¨ îöiíêè (òåîðåìà 3), íàâåäåíî äåÿêi ïðåäñòàâëåííÿ

îöiíêè (íàñëiäîê 2, òåîðåìà 4) çà äîïîìîãîþ ðîçâ'ÿçêiâ ñèñòåìè ëiíiéíèõ äåñêðè-

ïòîðíèõ ðiâíÿíü.
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