
ÓÄÊ 517.977Ï�Î�ÍÎÇÈ�ÎÂÀÍÈÅ �ÅØÅÍÈÉ ÍÀ×ÀËÜÍÎ-Ê�ÀÅÂÛÕÇÀÄÀ× ÑÎÏ�ßÆÅÍÈß ÄËß ÏÀ�ÀÁÎËÈ×ÅÑÊÈÕÓ�ÀÂÍÅÍÈÉ Ñ ÍÅÏÎËÍÛÌÈ ÄÀÍÍÛÌÈÀ.�. Íàêîíå÷íûé, Þ.Ê. Ïîäëèïåíêî, Î.Ë. Ëåâîøè÷Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Òàðàñà Øåâ÷åíêî�àêóëüòåò êèáåðíåòèêèïð-ò àêàäåìèêà �ëóøêîâà, 2, êîðï. 6, Êèåâ, ÓêðàèíàAbstratWe onsider systems desribed by initial-boundary value problems for paraboli equations withdisontinuous oe�ients. From observations of the state of systems, we �nd minimax predition estimatesof funtionals from solutions of these initial-boundary value problems at an arbitrary moment of time inthe future. It is assumed here that the right hand sides of equations boundary, transmission onditionsand also errors of measurements are not determined exatly but only the sets to whih they belongare known and that the information onerning initial onditions is missing. It is established that thedetermination of the aforementioned estimates is redued to solving some systems of integro-di�erentialequations. ÂâåäåíèåÏîñòàíîâêà ïðîáëåìû â îáùåì âèäå. Â ñèñòåìíîì àíàëèçå çíà÷èòåëüíîå ìåñòîçàíèìàþò ïðîáëåìû îöåíèâàíèÿ â óñëîâèÿõ íåîïðåäåëåííîñòè äëÿ óðàâíåíèé ñ ÷àñò-íûìè ïðîèçâîäíûìè.Òàêèå çàäà÷è âîçíèêàþò â ÷àñòî âñòðå÷àþùåéñÿ íà ïðàêòèêå ñèòóàöèè, êîãäà íåêî-òîðûå äåòåðìèíèðîâàííûå äàííûå êðàåâûõ çàäà÷ íåèçâåñòíû òî÷íî, à èçâåñòíû ëèøüîãðàíè÷åíèÿ, êîòîðûì îíè óäîâëåòâîðÿþò. Äëÿ ðåøåíèÿ ïîäîáíûõ çàäà÷ íàèáîëååý��åêòèâíûì îêàçàëñÿ ìèíèìàêñíûé ïîäõîä, ïîçâîëÿþùèé íàõîäèòü îïòèìàëüíûåîöåíêè ïàðàìåòðîâ êðàåâûõ çàäà÷, ðàññ÷èòàííûå íà íàèõóäøèå ðåàëèçàöèè âîçìó-ùåíèé (ñì., íàïðèìåð, [1℄ è óêàçàííóþ òàì áèáëèîãðà�èþ).Îäíàêî, íåñìîòðÿ íà çíà÷èòåëüíîå êîëè÷åñòâî ðàáîò â ýòîì íàïðàâëåíèè, çàäà÷èìèíèìàêñíîãî ïðîãíîçíîãî îöåíèâàíèÿ ïàðàìåòðîâ óðàâíåíèé ñ ðàçðûâíûìè êîý�-�èöèåíòàìè äî íàñòîÿùåãî âðåìåíè íå áûëè èçó÷åíû äîñòàòî÷íî ïîëíî (óïîìÿíåìëèøü ðàáîòû [5℄ è [2℄). Àêòóàëüíîñòü èññëåäîâàíèÿ òàêèõ âîïðîñîâ ñîñòîèò â òîì,÷òî êðàåâûå çàäà÷è äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ñ ðàçðûâíûìè êî-ý��èöèåíòàìè ïðèìåíÿþòñÿ ïðè ìîäåëèðîâàíèè �èçè÷åñêèõ ïðîöåññîâ â êóñî÷íî-íåîäíîðîäíûõ ñðåäàõ.Àíàëèç ïîñëåäíèõ äîñòèæåíèé è ïóáëèêàöèé. Â ñâÿçè ñî ñêàçàííûì âûøå îòìå-òèì, ÷òî â [5℄ èññëåäîâàíû çàäà÷è ìèíèìàêñíîãî ïðîãíîçíîãî îöåíèâàíèÿ ðåøåíèéïàðàáîëè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ òðàíñìèññèè â ïðåäïîëîæåíèè, ÷òî íà íåèç-âåñòíûå ïðàâûå ÷àñòè óðàâíåíèé, à òàêæå íà ïðàâûå ÷àñòè ãðàíè÷íûõ è íà÷àëüíûõ



4 À.�. Íàêîíå÷íûé, Þ.Ê. Ïîäëèïåíêî, Î.Ë. Ëåâîøè÷óñëîâèé, óñëîâèé ñîïðÿæåíèÿ íà îáùèõ ÷àñòÿõ ãðàíèö îáëàñòåé çàäàíû êâàäðàòè÷-íûå îãðàíè÷åíèÿ.Íåðàçðåøåííîé â ðàìêàõ ýòîé ïðîáëåìàòèêè îñòàâàëàñü çàäà÷à ïðîãíîçèðîâàíèÿ�óíêöèîíàëîâ îò ðåøåíèé â ñëó÷àå, êîãäà îãðàíè÷åíèÿ íà íåêîòîðûå äåòåðìèíèðî-âàííûå äàííûå çàäà÷è (íàïðèìåð, íà íà÷àëüíûå óñëîâèÿ èëè íà óñëîâèÿ ñîïðÿæåíèÿ)íå çàäàþòñÿ, à íà îñòàëüíûå äàííûå íà÷àëüíî-êðàåâîé çàäà÷è íàëîæåíû îãðàíè÷å-íèÿ, òàêèå æå, êàê â [5℄. Äàííàÿ ðàáîòà ÿâëÿåòñÿ åñòåñòâåííûì ïðîäîëæåíèåì [5℄.Åå öåëüþ ÿâëÿåòñÿ ðàçðàáîòêà êîíñòðóêòèâíûõ ìåòîäîâ ìèíèìàêñíîãî ïðîãíîç-íîãî îöåíèâàíèÿ ïðè ïîëíîì îòñóòñòâèè èí�îðìàöèè î íà÷àëüíûõ óñëîâèÿõ.Ïðåäâàðèòåëüíûå ñâåäåíèÿ. Äàëåå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
x = (x1, . . . , xn) � ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ, èçìåíÿþùàÿñÿ â îãðàíè÷åííîìîòêðûòîì ìíîæåñòâå Ω ⊂ Rn ñ ãðàíèöåé Γ; dx = dx1dx2 . . . dxn; t � âðåìåííàÿ ïå-ðåìåííàÿ; Qt0,T = Ω × (t0, T ) � îòêðûòûé öèëèíäð; Σt0,T = Γ × (t0, T ) � áîêîâàÿïîâåðõíîñòü öèëèíäðà; D((t0, T )) � ïðîñòðàíñòâî áåñêîíå÷íî äè��åðåíöèðîâàííûõ�óíêöèé ñ êîìïàêòíûì íîñèòåëåì íà èíòåðâàëå (t0, T ); H1(Ω) � ïðîñòðàíñòâî Ñîáî-ëåâà ïîðÿäêà 1 â îáëàñòè Ω; (H1(Ω))′ � ïðîñòðàíñòâî, ñîïðÿæåííîå (äâîéñòâåííîå)ê H1(Ω); dγ ìåðà íà (n − 1)-ìåðíîé ïîâåðõíîñòè γ, ïîðîæäåííàÿ ìåðîé dx; Hs(γ) �ïðîñòðàíñòâî Ñîáîëåâà íåöåëîãî ïîðÿäêà s íà (n − 1)-ìåðíîì ñå÷åíèè îáëàñòè Ωëèïøèöåâîé ïîâåðõíîñòüþ γ; ñêàëÿðíîå ïðîèçâåäåíèå 〈u, v〉 ýëåìåíòîâ u ∈ H1/2(γ)íà ýëåìåíòû v ∈ H−1/2(γ), ñîãëàñîâàííîå ñî ñêàëÿðíûì ïðîèçâåäåíèåì â L2(γ) , îáî-çíà÷àåòñÿ ÷åðåç ∫

γ
u(y)v(y) dγ; L∞(Qt0,T )) � ïðîñòðàíñòâî èçìåðèìûõ è ïî÷òè âñþäóîãðàíè÷åííûõ â öèëèíäðå Qt0,T �óíêöèé; L2(t0, T ; H1(Ω)) � ïðîñòðàíñòâî �óíêöèé,îïðåäåëåííûõ è èçìåðèìûõ (ïî îòíîøåíèþ ê ìåðå Ëåáåãà dt) íà èíòåðâàëå (t0, T ) ñîçíà÷åíèÿìè â ãèëüáåðòîâîì ïðîñòðàíñòâå H1(Ω) è òàêèõ, ÷òî

T
∫

t0

‖f(·, t)‖2
H1(Ω)dt < ∞;àíàëîãè÷íî îïðåäåëÿåòñÿ ïðîñòðàíñòâî L2(t0, T ; (H1(Ω))′).Åñëè f ∈ L2(t0, T ; H1(Ω)), òî ìîæíî îïðåäåëèòü îáîáùåííóþ ÷àñò-íóþ ïðîèçâîäíóþ ∂f/∂t êàê åäèíñòâåííûé ýëåìåíò ïðîñòðàíñòâà

D′((t0, T ); H1(Ω)) = L(D((t0, T )); H1(Ω)) îáîáùåííûõ �óíêöèé ñî çíà÷åíèÿìè â
H1(Ω), êîòîðûé óäîâëåòâîðÿåò ñîîòíîøåíèþ

∂f(·, t)

∂t
(ϕ) = −

T
∫

t0

f(·, t)
dϕ(t)

dt
dt, ∀ϕ ∈ D((t0, T )).¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005



Ïðîãíîçèðîâàíèå ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ ñîïðÿæåíèÿ.. 5Îáîçíà÷èì ÷åðåç Ω1 è Ω2 îãðàíè÷åííûå îòêðûòûå îáëàñòè â Rn òàêèå, ÷òî
Ω1∩Ω2 = ∅, Ω1∩Ω2 6= ∅, ÷åðåç Γ1 è Γ2 � ãðàíèöû îáëàñòåé Ω1 è Ω2 ñîîòâåòñòâåííî, êî-òîðûå ïðåäïîëàãàþòñÿ ëèïøèöåâûìè, è ïóñòü γ = int(Γ1∩Γ2) 6= ∅, Q(k)

t0,T = Ωk×(t0, T ),
Σ

(k)
t0,T = Γk × (t0, T ), k = 1, 2, Σt0,T γÁ(t0, T ) =.Åñëè â îáëàñòè Ω1 çàäàíà �óíêöèÿ f1, à â îáëàñòè Ω2 çàäàíà �óíêöèÿ f2, òî ýòîéæå, íî ïðîïèñíîé áóêâîé F áåç èíäåêñà áóäåì îáîçíà÷àòü �óíêöèþ, îïðåäåëåííóþ âîáëàñòè Ω = Ω1 ∪ Ω2 ðàâåíñòâàìè F (x, t) = fk(x, t) â Ωk, k = 1, 2.Ââåäåì äàëåå ïðîñòðàíñòâà Wk(t0, T ), k = 1, 2, �óíêöèé fk ∈ L2(t0, T ; H1(Ωk))òàêèõ, ÷òî ∂fk/∂t ∈ L2(t0, T ; (H1(Ωk))

′). Ýòè ïðîñòðàíñòâà, èìåþùèå íîðìû
‖fk‖Wk(t0,T ) =





T
∫

t0

‖fk‖
2
H1(Ωk)dt +

T
∫

t0

∥

∥

∥

∥

∂fk

∂t

∥

∥

∥

∥

2

(H1(Ωk))′
dt





1/2

,ÿâëÿþòñÿ ãèëüáåðòîâûìè.Ïóñòü ñîñòîÿíèå ϕ1(x, t), ϕ2(x, t) ñèñòåìû îïðåäåëÿåòñÿ êàê îáîáùåííîå ðåøåíèåíà÷àëüíî-êðàåâîé çàäà÷è òðàíñìèññèè
ϕ1 ∈ W1(t0, T1), ϕ2 ∈ W2(t0, T1), (1)

∂ϕ1(x, t)

∂t
+ A1(t)ϕ1(x, t) = f1(x, t) â Q

(1)
t0,T1

, (2)
∂ϕ2(x, t)

∂t
+ A2(t)ϕ2(x, t) = f2(x, t) â Q

(2)
t0,T1

, (3)
∂ϕ1

∂vA1

+ σ1ϕ1 = β1 íà Σ
(1)
t0,T1

\ Σt0,T1 ,
∂ϕ2

∂vA2

+ σ2ϕ2 = β2 íà Σ
(2)
t0,T1

\ Σt0,T1 , (4)
α11

∂ϕ1

∂vA1
+ α12

∂ϕ2

∂vA2
+ β11ϕ1β12ϕ2 = ω1,

α21
∂ϕ1

∂vA1
+ α22

∂ϕ2

∂vA2
+ β21ϕ1β22ϕ2 = ω2, íà Σt0,T1 ,

(5)
ϕ1(x, t0) = B1f01 â Ω1, ϕ2(x, t0) = B2f02 â Ω2. (6)Çäåñü f1, f2, β1, β2, ω1, ω2, f01 è f02 � äàííûå ýëåìåíòû ïðîñòðàíñòâ

L2(Q
(1)
t0,T1

), L2(Q
(2)
t0,T1

), L2(Σ
(1)
t0,T1

\ Σt0,T1), L2(Σ
(2)
t0,T1

\ Σt0,T1), L2(Σt0,T1), H1 è H2ñîîòâåòñòâåííî, Bi ∈ L(Hi, L
2(Ωi)) � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû, îòîáðàæà-þùèå ãèëüáåðòîâû ïðîñòðàíñòâà Hi â L2(Ωi), i = 1, 2, αij = αij(x, t), βij = βij(x, t)è σ1 = σ1(x, t), σ2 = σ2(x, t) èçìåðèìûå îãðàíè÷åííûå ñîîòâåòñòâåííî íà Σt0,T1 è

Σ
(1)
t0,T1

, Σ
(2)
t0,T1

�óíêöèè, Ak = Ak(t) � äè��åðåíöèàëüíûå îïåðàòîðû, çàäàííûå âîáëàñòÿõ Q
(k)
t0,T1

, âèäà
Ak(t)ϕk(x, t) = −

n
∑

i,j=1

∂/∂xi

(

a
(k)
ij (x, t)∂ϕk(x, t)/∂xj

)

+ a
(k)
0 (x, t)ϕk(x, t), k = 1, 2,¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2005



6 À.�. Íàêîíå÷íûé, Þ.Ê. Ïîäëèïåíêî, Î.Ë. Ëåâîøè÷êîý��èöèåíòû a
(k)
ij (x, t), a

(k)
0 (x, t) êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿì

a
(k)
ij , a

(k)
0 (x, t) ∈ L∞

(

Q
(k)
t0,T1

)

,

n
∑

i,j=1

a
(k)
ij (x, t)ξiξj > α(ξ2

1 + . . . + ξ2
n), α > 0, ∀ξi ∈ R1,ïî÷òè âñþäó â Q

(k)
t0,T1

, çäåñü è äàëåå v-åäèíè÷íàÿ íîðìàëü, âíåøíÿÿ ïî îòíîøåíèþ êîáëàñòÿì Q
(1)
t0,T1

è Q
(2)
t0,T1

ñîîòâåòñòâåííî íà ïîâåðõíîñòÿõ Σ
(1)
t0,T1

è Σ
(2)
t0,T1

è íàïðàâëåí-íàÿ èç Q
(1)
t0,T1

â Q
(2)
t0,T1

íà ïîâåðõíîñòè Σt0,T1 , ∂/∂vAk
� êîíîðìàëüíàÿ ïðîèçâîäíàÿ ïîîòíîøåíèþ ê îïåðàòîðó Ak, îïðåäåëÿåìàÿ �îðìóëîé

∂ϕk

∂vAk

=
n

∑

i,j=1

a
(k)
ij

∂ϕk

∂xj

cos(v, xi),ãäå cos(v, xi) � i-é íàïðàâëÿþùèé êîñèíóñ íîðìàëè v.Ïîëîæèì
∆ := det

(

α11 α12

α21 α22

)è ïðåäïîëîæèì, ÷òî ñóùåñòâóåò êîíñòàíòà p > 0 òàêàÿ, ÷òî ∆ ≥ p íà Σt0,T1 . Îáîçíà-÷èì ÷åðåç cij = cij(x, t), i, j = 1, 2, �óíêöèè, îïðåäåëåííûå íà Σt0,T1 �îðìóëàìè
c11 = 1

∆
(−β11α22 + β21α12), c12 = 1

∆
(−β12α22 + β22α12),

c21 = 1
∆

(−β21α11 + β11α21), c11 = 1
∆

(−β22α11 + β12α21).ïðè ýòîì ïîä ðåøåíèåì óêàçàííîé âûøå çàäà÷è áóäåì ïîíèìàòü �óíêöèè
ϕ1 ∈ W1(t0, T1) è ϕ2 ∈ W1(t0, T1), óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì (6) è óðàâ-íåíèþ

(

∂ϕ1(·, t)

∂t
, ψ1(·)

)

+

(

∂ϕ2(·, t)

∂t
, ψ2(·)

)

+ a(t; Φ(·, t), Ψ(·)) = L(t; Ψ(·)) (7)
∀ψ1 ∈ H1(Ω1), ψ2 ∈ H1(Ω2).Çäåñü ÷åðåç L(t; V (·)) è a(t; U(·), V (·)) ïðè t ∈ (to, T1) îáîçíà÷åíû ñîîòâåòñòâåííîñåìåéòñâà ëèíåéíûõ íà ïðîñòðàíñòâå H×H �îðì, îïðåäåëÿåìûõ ñîîòíîøåíèÿìè

L(t; V (·)) =

∫

Ω1

f1(x, t)v1(x)dx +

∫

Ω2

f2(x, t)v2(x)dx

+

∫

Γ1\γ

β1v1d(Γ1 \ γ) +

∫

Γ2\γ

β2v2d(Γ2 \ γ) (8)
+

∫

γ

(d11ω1v1 + d12ω2v1 − d21ω1v2 − d22ω2v2)dγ,¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005



Ïðîãíîçèðîâàíèå ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ ñîïðÿæåíèÿ.. 7
a(t; U(·), V (·)) =

∫

Ω1

n
∑

i,j=1

a
(1)
i,j (x, t)

∂u1(x, t)

∂xj

∂v1(x)

∂xi

dx +

∫

Ω1

a
(1)
0 (x, t)u1(x, t)v1(x)dx

+

∫

Ω2

n
∑

i,j=1

a
(2)
i,j (x, t)

∂u2(x, t)

∂xj

∂v2(x)

∂xi

dx +

∫

Ω2

a
(2)
0 (x, t)u2(x, t)v2(x)dx (9)

+

∫

Γ1\γ

σ1u1v1d(Γ1 \ γ) +

∫

Γ2\γ

σ2u2v2d(Γ2 \ γ)

+

∫

γ

(−c11u1v1 − c12u2v1 + c21u1v2 + c22u2v2)dγ,ãäå U = (u1, u2), V = (v1, v2), ÷åðåç (·, ·)1 è (·, ·)2 îáîçíà÷åíû îòíîøåíèÿ äâîéñòâåí-íîñòè íà (H1(Ω1))
′ × H1(Ω1) è (H1(Ω2))

′ × H1(Ω2) ñîîòâåòñòâåííî,
d11 =

1

∆
α22, d12 = −

1

∆
α12, d21 = −

1

∆
α21, d22 =

1

∆
α11.Îïðåäåëèì òåïåðü ïðè t ∈ (t0, T1) ñåìåéñòâî ëèíåéíûõ �óíêöèîíàëîâ L̃(t; Φ(·)) íàïðîñòðàíñòâå H ðàâåíñòâîì

L̃(t; Φ(·)) =

∫

Ω1

f̃1(x, t)ϕ1(x)dx +

∫

Ω2

f̃2(x, t)ϕ2(x)dx.Òîãäà àíàëîãè÷íî ïðåäûäóùåìó, îáîáùåííîå ðåøåíèå
Ψ = (ψ1, ψ1) ∈ W1(t0, T1) × W2(t0, T1) óðàâíåíèÿ

−

(

∂ψ1(·, t)

∂t
, ϕ1(·)

)

1

−

(

∂ψ2(·, t)

∂t
, ϕ2(·)

)

2

+ a(t; Φ(·), Ψ(·, t)) = L(t; Φ(·)) (10)
∀ϕ1 ∈ H1(Ω1), ϕ2 ∈ H1(Ω2)ñ íà÷àëüíûì óñëîâèåì

ψ1(x, T1) = ψ0
1(x) â Ω1, ψ2(x, T1) = ψ0

2(x) â Ω2 (11)ìîæíî èíòåðïðåòèðîâàòü êàê ðåøåíèå ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è òðàíñ-ìèññèè: îïðåäåëèòü �óíêöèè ψ1 è ψ2, óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì
ψ1 ∈ W1(t0, T1), ψ2 ∈ W2(t0, T1), (12)

−
∂ψ1(x, t)

∂t
+ A∗

1(t)ψ1(x, t) = f̃1(x, t) â Q
(1)
t0,T1

, (13)
−

∂ψ2(x, t)

∂t
+ A∗

2(t)ψ2(x, t) = f̃2(x, t) â Q
(2)
t0,T1

, (14)
∂ψ1

∂νA∗

1

+ σ1ψ1 = 0 íà Σ
(1)
t0,T1

\ Σt0,T1 ,
∂ψ2

∂νA∗

2

+ σ2ψ2 = 0 íà Σ
(2)
t0,T1

\ Σt0,T1 , (15)
∂ψ1

∂νA∗

1

= c11ψ1 − c21ψ2,
∂ψ2

∂νA∗

2

= −c12ψ1 + c22ψ2 íà Σt0,T1 , (16)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2005
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ψ1(x, T1) = ψ0

1(x) â Ω1, ψ2(x, T1) = ψ0
2(x) â Ω2, (17)ãäå f̃1 ∈ L2(Q

(1)
t0,T1

), f̃2 ∈ L2(Q
(2)
t0,T1

), ψ0
1(x) ∈ L2(Ω1), ψ0

2(x) ∈ L2(Ω2) � çàäàííûå �óíê-öèè, à ÷åðåç A∗
k(t), k = 1, 2, îáîçíà÷åíû ëèíåéíûå äè��åðåíöèàëüíûå îïåðàòîðû,ñîïðÿæåííûå ê îïåðàòîðàì Ak(t) è îïðåäåëÿåìûå ïî �îðìóëàì

A∗
k(t)ψk(x, t) = −

n
∑

i.j=1

∂/∂xi

(

a
(k)
ji (x, t)∂ψk(x, t)/∂xj

)

+ a
(k)
0 (x, t)ψk(x, t), k = 1, 2.Ïðè óñëîâèÿõ, ñ�îðìóëèðîâàííûõ âûøå, èñïîëüçóÿ ðàññóæäåíèÿ èç äîêàçàòåëü-ñòâà òåîðåìû 1.2 â [4℄, ìîæíî ïîêàçàòü, ÷òî çàäà÷à (1) � (6) èìååò åäèíñòâåííîå ðå-øåíèå ϕ1 ∈ W1(t0, T ), ϕ2 ∈ W2(t0, T ), íåïðåðûâíî çàâèñÿùåå îò �óíêöèé, âõîäÿùèõ âïðàâûå ÷àñòè (2) � (6) (ýòî æå óòâåðæäåíèå ÿâëÿåòñÿ ñïðàâåäëèâûì äëÿ ñîïðÿæåííîéê íåé êðàåâîé çàäà÷è).Ïîñòàíîâêà çàäà÷è. Ïðåäïîëîæèì, ÷òî íà èíòåðâàëå [t0, T ], T < T1, íàáëþäà-þòñÿ �óíêöèè âèäà

y
(1)
k (x, t) =

∫

Ω1

g
(1)
k (x, ξ, t)ϕ1(ξ, t)dξ + η

(1)
k (x, t), k = 1,m1, (18)

y
(2)
k′ (x, t) =

∫

Ω2

g
(2)
k′ (x, ξ, t)ϕ2(ξ, t)dξ + η

(2)
k′ (x, t), k′ = 1,m2, (19)ãäå g

(1)
k ∈ L2(Ω2

1 × [t0, T ]), g
(2)
k′ ∈ L2(Ω2

2 × [t0, T ]), � çàäàííûå �óíêöèè, η
(1)
k (x, t)è η

(2)
k′ (x, t) ïîãðåøíîñòè íàáëþäåíèé, êîòîðûå ÿâëÿþòñÿ âûáîðî÷íûìè �óíêöèÿìèíåïðåðûâíûõ â ñðåäíåêâàäðàòè÷åñêîì ñëó÷àéíûõ ïîëåé, îïðåäåëåííûõ ñîîòâåòñòâåí-íî â îáëàñòÿõ Q

(1)
t0,T è Q

(2)
t0,T .Áóäåì ñ÷èòàòü, ÷òî �óíêöèè f1, f2, β1, β2, ω1, ω2, ýëåìåíòû f01 è f02, à òàêæå âòî-ðûå ìîìåíòû ñëó÷àéíûõ ïðîöåññîâ íå îïðåäåëåíû òî÷íî, à èçâåñòíî ëèøü, ÷òî îíèóäîâëåòâîðÿþò óñëîâèÿì

T1x

t0Ω1

q2
1(x, t)f 2

1 (x, t)dxdt +

T1x

t0Ω2

q2
2(x, t)f 2

2 (x, t)dxdt +

T1x

t0Γ1\γ

β2
1r

2
1d(Γ1 \ γ)dt

+

T1x

t0Γ2\γ

β2
2r

2
2d(Γ2 \ γ)dt +

T1x

t0γ

ω2
1(x)r2

3(x)dγdt +

T1x

t0γ

ω2
2(x)r2

4(x)dγdt ≤ 1, (20)
Mη

(1)
k (x, t) = 0, k = 1,m1, Mη

(2)
k′ (x, t) = 0, k′ = 1,m2, (21)

m1
∑

k=1

Tx

t0Ω1

M(η
(1)
k (x, t))2r̃2

k(x, t)dxdt +

m2
∑

k′=1

Tx

t0Ω2

M(η
(2)
k′ (x, t))2 ˜̃r2

k′(x, t)dxdt ≤ 1, (22)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005



Ïðîãíîçèðîâàíèå ðåøåíèé íà÷àëüíî-êðàåâûõ çàäà÷ ñîïðÿæåíèÿ.. 9ãäå q1(x, t), r̃k(x, t), k = 1,m1, q2(x, t), ˜̃rk′(x, t), k′ = 1,m2, r1(x, t), r2(x, t), r3(x, t),
r4(x, t) � íåïðåðûâíûå ñîîòâåòñòâåííî íà ìíîæåñòâàõ Q̄

(1)
t0,T1

, Q̄
(1)
t0,T , Q̄

(2)
t0,T1

, Q̄
(2)
t0,T ,

Σ
(1)
t0,T \ Σt0,T , Σ

(2)
t0,T \ Σt0,T è Σ̄t0,T �óíêöèè, êîòîðûå íå îáðàùàþòñÿ â íóëü.Îáîçíà÷èì ÷åðåç G0 ìíîæåñòâî âåêòîð-�óíêöèé f̃ = (f1, f2, β1, β2, ω1, ω2),óäîâëåòâîðÿþùèõ óñëîâèþ (20), à ÷åðåç G1 ìíîæåñòâî ñëó÷àéíûõ �óíêöèé

η̃ = (η
(1)
1 , . . . , η

(1)
m1 , η

(2)
1 , . . . , η

(2)
m2), óäîâëåòâîðÿþùèõ óñëîâèÿì (21) è (22).Çàäà÷à ïðîãíîçà çàêëþ÷àåòñÿ â òîì, ÷òî ïî íàáëþäåíèÿì âèäà (18), (19) íà âðå-ìåííîì èíòåðâàëå [t0, T ] çà ñîñòîÿíèåì ñèñòåìû, îïèûâàåìîé íà÷àëüíî-êðàåâîé çà-äà÷åé (2) � (6), ïðè óñëîâèÿõ (20) � (22) îöåíèòü â ïðîèçâîëüíûé ìîìåíò âðåìåíè

T1 > T ëèíåéíûé �óíêöèîíàë
l(Φ(·, T1)) =

∫

Ω

L(x)Φ(x, T1)dx =

∫

Ω1

l1(x)ϕ1(x, T1)dx +

∫

Ω2

l2(x)ϕ2(x, T1)dx (23)â êëàññå ëèíåéíûõ ïî íàáëþäåíèÿì îöåíîê âèäà (ñì. [5℄)
l̂(Φ(·, T1)) =

Tx

t0Ω1

m1
∑

k=1

u
(1)
k (x, t)y

(1)
k (x, t)dxdt +

Tx

t0Ω2

m2
∑

k′=1

u
(2)
k′ (x, t)y

(2)
k′ (x, t)dxdt + c, (24)ãäå â (23) è (24) l1 ∈ L2(Ω1), l2 ∈ L2(Ω2) � çàäàííûå �óíêöèè, u

(1)
k ∈ L2(Q

(1)
t0,T ),

k = 1,m1, u
(2)
k′ ∈ L2(Q

(2)
t0,T ), k′ = 1,m2, c ∈ R1. Îöåíêó l̂(Φ(·, T1)), îïðåäåëÿåìóþ èçðåøåíèÿ ýêñòðåìàëüíîé çàäà÷è

inf
u
(1)
1 , . . . , u

(1)
m1

∈ L2(Q
(1)
t0,T

)

u
(2)
1 , . . . , u

(2)
m2

∈ L2(Q
(2)
t0,T

), c ∈ R
1

sup
f̃ ∈ G0, η̃ ∈ G1

f01 ∈ H1, f02 ∈ H2

M [l(Φ(·, T1)) − l̂(Φ(·, T1))]
2 =

= sup
f̃ ∈ G0, η̃ ∈ G1

f01 ∈ H1, f02 ∈ H2

M [l(Φ(·, T1)) − l̂(Φ(·, T1))]
2 =: σ2,íàçîâåì ìèíèìàêñíîé ïðîãíîçíîé îöåíêîé �óíêöèîíàëà (23), à âåëè÷èíó σ � ìèíè-ìàêñíîé ïîãðåøíîñòüþ ïðîãíîçà.Ïðåäñòàâëåíèÿ äëÿ ìèíèìàêñíûõ ïðîãíîçíûõ îöåíîê è ïîãðåøíîñòåéîöåíèâàíèÿËåììà 1. Çàäà÷à íàõîæäåíèÿ ìèíèìàêñíîé ïðîãíîçíîé îöåíêè �óíêöèîíàëà

l(Φ(·, T1)) ýêâèâàëåíòíà çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé
z

(2)
1 (x, t; u) = z

(2)
1 (x, t; u

(1)
1 , . . . , u

(1)
m1 , u

(2)
1 , . . . , u

(2)
m2) ∈ W1(t0, T ),

z
(2)
2 (x, t; u) = z

(2)
2 (x, t; u

(1)
1 , . . . , u

(1)
m1 , u

(2)
1 , . . . , u

(2)
m2) ∈ W2(t0, T ),

(25)
∂z

(2)
1 (x, t; u)

∂t
+ A∗

1(t)z
(2)
1 (x, t; u) = −

∫

Ω1

m1
∑

k=1

u
(1)
k (ξ, t)g

(1)
k (ξ, x, t)dξ â Q

(1)
t0,T , (26)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2005
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∂z

(2)
2 (x, t; u)

∂t
+ A∗

2(t)z
(2)
2 (x, t; u) = −

∫

Ω2

m2
∑

k′=1

u
(2)
k′ (ξ, t)g

(2)
k′ (ξ, x, t)dξ â Q

(2)
t0,T , (27)

∂z
(2)
1

∂νA∗
1

+ σ1z
(2)
1 = 0 íà Σ

(1)
t0,T \ Σt0,T ,

∂z
(2)
2

∂νA∗
2

+ σ2z
(2)
2 = 0 íà Σ

(2)
t0,T \ Σt0,T , (28)

∂z
(2)
1

∂νA∗
1

= c11z
(2)
1 − c21z

(2)
2 ,

∂z
(2)
2

∂νA∗
2

= −c12z
(2)
1 + c22z

(2)
2 íà Σt0,T , (29)

z
(2)
1 (x, T ; u) = z

(1)
1 (x, T ) â Ω1, z

(2)
2 (x, T ; u) = z

(1)
2 (x, T ) â Ω2, (30)ñ �óíêöèåé ñòîèìîñòè âèäà

I(u
(1)
1 , . . . , u(1)

m1
, u

(2)
1 , . . . , u(2)

m2
) =

Tx

t0Ω1

q−2
1 (x, t)

(

z
(2)
1 (x, t; u)

)2

dxdt +

Tx

t0Ω2

q−2
2 (x, t)

(

z
(2)
2 (x, t; u)

)2

dxdt

+

Tx

t0Γ1\γ

r−2
1 (x, t)

(

z
(2)
1 (x, t; u)

)2

d(Γ1 \ γ)dt

+

Tx

t0Γ2\γ

r−2
2 (x, t)

(

z
(2)
2 (x, t; u)

)2

d(Γ2 \ γ)dt

+

Tx

t0γ

r−2
3 (x, t)(d11z

(2)
1 (x, t; u) − d21z

(2)
2 (x, t; u))2dγdt

+

Tx

t0γ

r−2
4 (x, t)(d12z

(2)
1 (x, t; u) − d22z

(2)
2 (x, t; u))2dγdt

+

m1
∑

k=1

Tx

t0Ω1

r̃−2
k (x, t)(u

(1)
k (x, t))2dxdt + +

m2
∑

k′=1

Tx

t0Ω2

˜̃r−2
k′ (x, t)(u

(2)
k′ (x, t))2dxdt → min

u∈U
, (31)ïðè óñëîâèè, ÷òî ìíîæåñòâî

U :=
{

u =
(

u
(1)
1 , . . . , u(1)

m1
, u

(2)
1 , . . . , u(2)

m2

)

∈ H :=
(

L2(Q
(1)
t0,T )

)m1

×
(

L2(Q
(2)
t0,T )

)m2

:

B∗
1z

(2)
1 (·, t0; u) = 0, B∗

2z
(2)
2 (·, t0; u) = 0

} íå ïóñòî.Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ÿâëÿåòñÿ ìîäè�èêàöèåé äîêàçàòåëüñòâàëåììû èç [5℄.Îïðåäåëèì íà ïðîñòðàíñòâå H =
(

L2(Q
(1)
t0,T )

)m1

×
(

L2(Q
(2)
t0,T )

)m2 îòîáðàæåíèå
C : H → H∗

1 ×H∗
2 ïî �îðìóëå Cu =

(

B∗
1z

(2)
1 (·, t0; u), B∗

2z
(2)
2 (·, t0; u)

). Òîãäà åãî ïðîèç-âîäíàÿ ïî Ôðåøå C̃ ∈ L(H,H∗
1×H∗

2 ) åñòü ëèíåéíûé íåïðåðûâíûé îïåðàòîð, îïðåäåëÿ-åìûé ñîîòíîøåíèåì C̃u =
(

B∗
1 z̄

(2)
1 (·, t0; u), B∗

2 z̄
(2)
2 (·, t0; u)

), â êîòîðîì ÷åðåç z̄
(2)
1 (x, t; u)¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005
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(2)
2 (x, t; u) îáîçíà÷åíû �óíêöèè, óäîâëåòâîðÿþùèå óðàâíåíèÿì (25) � (29) è óñëî-âèþ

z̄
(2)
1 (x, T ) = 0 â Ω1, z̄

(2)
2 (x, T ) = 0 â Ω2. (32)Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ óñëîâèå Im C̃ = H∗

1 ×H∗
2 , êîòîðîå áóäåì íàçûâàòüóñëîâèåì ðåãóëÿðíîñòè îòîáðàæåíèÿ C. Â ñèëó ýòîãî óñëîâèÿ ìíîæåñòâî U áóäåò íåïóñòûì, âûïóêëûì è çàìêíóòûì â ïðîñòðàíñòâå H. Òîãäà, ðåøàÿ çàäà÷ó îïòèìàëü-íîãî óïðàâëåíèÿ (25) � (31), èñïîëüçóÿ ïðè ýòîì òåîðåìó î ñóùåñòâîâàíèè ìèíèìóìàêâàäðàòè÷íîãî �óíêöèîíàëà íà âûïóêëîì ìíîæåñòâå â ãèëüáåðòîâîì ïðîñòðàíñòâåâ êîìáèíàöèè ñ ïðèíöèïîì Ëàãðàíæà, ïðèäåì ê òàêîìó óòâåðæäåíèþÒåîðåìà 1. Ìèíèìàêñíàÿ ïðîãíîçíàÿ îöåíêà ˆ̂

l(Φ(·, T1)) �óíêöèîíàëà (23) îïðåäåëÿ-åòñÿ ïî �îðìóëå
ˆ̂
l(Φ(·, T1)) =

Tx

t0Ω1

m1
∑

k=1

û
(1)
k (x, t)y

(1)
k (x, t)dxdt +

Tx

t0Ω2

m2
∑

k′=1

û
(2)
k′ (x, t)y

(2)
k′ (x, t)dxdt + ĉ,ãäå

û
(1)
k (x, t) = r̃2

k(x, t)

∫

Ω1

p1(ξ, t)g
(1)
k (x, ξ, t)dξ, k = 1,m1, (33)

û
(2)
k′ (x, t) = ˜̃r2

k′(x, t)

∫

Ω2

p2(ξ, t)g
(2)
k′ (x, ξ, t)dξ, k′ = 1,m2, (34)

ĉ = 0, à �óíêöèè p1(x, t) è p2(x, t) îïðåäåëÿþòñÿ èç ðåøåíèÿ çàäà÷è (35) � (45):
z1 ∈ W1(t0, T ), z2 ∈ W1(t0, T ), (35)

−
∂z1(x, t)

∂t
+ A∗

1(t)z1(x, t) = −
m1
∑

k=1

∫

Ω1

r̃2
k(ξ, t)g

(1)
k (ξ, x, t)

∫

Ω1

p1(η, t)g
(1)
k (ξ, η, t)dηdξ â Q

(1)
t0,T ,(36)

−
∂z2(x, t)

∂t
+ A∗

2(t)z2(x, t) = −
m2
∑

k′=1

∫

Ω2

˜̃r2
k′(ξ, t)g

(2)
k′ (ξ, x, t)

∫

Ω2

p2(η, t)g
(2)
k (ξ, η, t)dηdξ â Q

(2)
t0,T ,(37)

∂z1

∂νA∗

1

+ σ1z1 = 0 íà Σ
(1)
t0,T \ Σt0,T ,

∂z2

∂νA∗

2

+ σ2z2 = 0 íà Σ
(2)
t0,T \ Σt0,T , (38)

∂z1

∂νA∗

1

= c11z1 − c21z2,
∂z2

∂νA∗

2

= −c12z1 + c22z2 íà Σt0,T , (39)
B∗

1z1(·, t0) = 0, z1(x, T ) = z
(1)
1 (x, T ) â Ω1, B∗

2z2(·, t0) = 0, z2(x, T ) = z
(1)
2 (x, T ) â Ω2,(40)

p1 ∈ W1(t0, T ), p2 ∈ W1(t0, T ), (41)
∂p1(x, t)

∂t
+ A1(t)p1(x, t) = q−2

1 (x, t)z1(x, t) â Q
(1)
t0,T , (42)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2005
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∂p2(x, t)

∂t
+ A2(t)p2(x, t) = q−2

2 (x, t)z2(x, t) â Q
(2)
t0,T , (43)

∂p1

∂νA1

+ σ1p1 = r−2
1 z1 íà Σ

(1)
t0,T \Σt0,T ,

∂p2

∂νA2

+ σ2p2 = r−2
2 z2 íà Σ

(2)
t0,T \Σt0,T , (44)

∂p1

∂νA1
= c11p1 + c12p2 + r−2

3 (d11z1 − d21z2)d11 + r−2
4 (d12z1 − d22z2)d12,

∂p2

∂νA2
= c21p1 + c22p2 + r−2

3 (d11z1 − d21z2)d21 + r−2
4 (d12z1 − d22z2)d22 íà Σt0,T .

(45)Çàäà÷à (35) � (45) îäíîçíà÷íî ðàçðåøèìà.Îøèáêà ïðîãíîçà ïðåäñòàâèìà â âèäå
σ =

[

l(
ˆ̂
P (·, T1))

]1/2

=





∫

Ω1

l1(x)ˆ̂p1(x, T1)dx +

∫

Ω2

l2(x)ˆ̂p2(x, T1)dx





1/2

, (46)ãäå �óíêöèè ˆ̂p1(x, t), ˆ̂p2(x, t) îïðåäåëÿþòñÿ êàê åäèíñòâåííîå ðåøåíèå ñëåäóþùåéíà÷àëüíî-êðàåâîé çàäà÷è:
ˆ̂p1 ∈ W1(T, T1), ˆ̂p2 ∈ W2(T, T1), (47)

∂ ˆ̂p1(x, t)

∂t
+ A1(t)ˆ̂p1(x, t) = q−2

1 (x, t)z
(1)
1 (x, t) â Q

(1)
T,T1

, (48)
∂ ˆ̂p2(x, t)

∂t
+ A2(t)ˆ̂p2(x, t) = q−2

2 (x, t)z
(1)
2 (x, t) â Q

(2)
T,T1

, (49)
∂ ˆ̂p1

∂νA1

+ σ1
ˆ̂p1 = r−2

1 z
(1)
1 íà Σ

(1)
T,T1

\ ΣT,T1 ,
∂ ˆ̂p2

∂νA2

+ σ2
ˆ̂p2 = r−2

2 z
(1)
2 íà Σ

(2)
T,T1

\ ΣT,T1 ,(50)
∂ ˆ̂p1

∂νA1

= c11
ˆ̂p1 + c12

ˆ̂p2 + r−2
3 (d11z

(1)
1 − d21z

(1)
2 )d11 + r−2

4 (d12z
(1)
1 − d22z

(1)
2 )d12, (51)

∂ ˆ̂p2

∂νA2

= c21
ˆ̂p1 + c22

ˆ̂p2 + r−2
3 (d11z

(1)
1 − d21z

(1)
2 )d21 + r−2

4 (d12z
(1)
1 − d22z

(1)
2 )d22 íà ΣT,T1 ,

ˆ̂p1(x, T ) = p1(x, T ) â Ω1, ˆ̂p2(x, T ) = p2(x, T ) â Ω2. (52)Äðóãîå ïðåäñòàâëåíèå äëÿ ìèíèìàêñíûõ ïðîãíîçíûõ îöåíîê �óíêöèîíàëà (23),÷åðåç ðåøåíèÿ ñèñòåì èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-íûìè ñïåöèàëüíîãî âèäà, êîòîðûå ìîãóò áûòü èñïîëüçîâàíû òàêæå äëÿ ïîëó÷åíèÿðåêóððåíòíûõ ïðîãíîçíûõ îöåíîê ðåøåíèé èñõîäíûõ çàäà÷ ñîïðÿæåíèÿ, ïîëó÷åíî âñëåäóþùåé òåîðåìå.Òåîðåìà 2. Ïðè óñëîâèÿõ òåîðåìû 1 ìèíèìàêñíàÿ ïðîãíîçíàÿ îöåíêà �óíêöèîíàëà
l(Φ(·, T1)) èìååò âèä

ˆ̂
l(Φ(·, T1)) = l(

ˆ̂
Φ(·, T1)) =

∫

Ω1

l1(x) ˆ̂ϕ1(x, T1)dx +

∫

Ω2

l2(x) ˆ̂ϕ2(x, T1)dx¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005
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=

∫

Ω1

z
(1)
1 (x)ϕ̂1(x, T )dx +

∫

Ω2

z
(1)
2 (x)ϕ̂2(x, T )dx, (53)ãäå �óíêöèè ˆ̂ϕ1(x) è ˆ̂ϕ2(x) ÿâëÿþòñÿ åäèíñòâåííûì ðåøåíèåì ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è:

ˆ̂ϕ1 ∈ W1(T, T1), ˆ̂ϕ2 ∈ W2(T, T1),

∂ ˆ̂ϕ1(x, t)

∂t
+ A1(t) ˆ̂ϕ1(x, t) = 0 â Q

(1)
T,T1

,

∂ ˆ̂ϕ2(x, t)

∂t
+ A2(t) ˆ̂ϕ1(x, t) = 0 â Q

(2)
T,T1

,

∂ ˆ̂ϕ1

∂νA1

+ σ1
ˆ̂ϕ1 = 0 íà Σ

(1)
T,T1

\ ΣT,T1 ,
∂ ˆ̂ϕ2

∂νA2

+ σ2
ˆ̂ϕ2 = 0 íà Σ

(2)
T,T1

\ ΣT,T1 ,

∂ ˆ̂ϕ1

∂νA1

= c11
ˆ̂ϕ1 + c12

ˆ̂ϕ2,
∂ ˆ̂ϕ2

∂νA2

= c21
ˆ̂ϕ1 + c22

ˆ̂ϕ2 íà ΣT,T1 ,

ˆ̂ϕ1(x, T ) = ϕ̂1(x, T ) â Ω1, ˆ̂ϕ2(x, T ) = ϕ̂2(x, T ) â Ω2, ,à �óíêöèè ϕ̂1(x, t) è ϕ̂2(x, t) îïðåäåëÿþòñÿ èç ðåøåíèÿ çàäà÷è (54) � (64):
p̂1 ∈ W1(t0, T ), p̂2 ∈ W2(t0, T ), (54)

−
∂p̂1(x, t)

∂t
+ A∗

1(t)p̂1(x, t) =

m1
∑

k=1

∫

Ω1

r̃2
k(ξ, t)g

(1)
k (ξ, x, t)[y1(ξ, t)−

−

∫

Ω1

ϕ̂1(η, t)g
(1)
k (ξ, η, t)dη

]

dξ â Q
(1)
t0,T , (55)

−
∂p̂2(x, t)

∂t
+ A∗

2(t)p̂2(x, t) =

m2
∑

k′=1

∫

Ω2

˜̃r2
k′(ξ, t)g

(2)
k′ (ξ, x, t)[y2(ξ, t)−

−

∫

Ω1

ϕ̂2(η, t)g
(2)
k (ξ, η, t)dη

]

dξ â Q
(2)
t0,T , (56)

∂p̂1

∂νA∗

1

+ σ1p̂1 = 0 íà Σ
(1)
t0,T \ Σt0,T ,

∂p̂2

∂νA∗

2

+ σ2p̂2 = 0 íà Σ
(2)
t0,T \ Σt0,T , (57)

∂p̂1

∂νA∗

1

= c11p̂1 − c21p̂2,
∂p̂2

∂νA∗

2

= −c12p̂1 + c22p̂2, íàΣt0,T , (58)
B∗

1 p̂1(·, t0) = 0, p̂1(x, T ) = 0 â Ω1, B∗
2 p̂2(·, t0) = 0, p̂2(x, T ) = 0 â Ω2, (59)

ϕ̂1 ∈ W1(t0, T ), ϕ̂2 ∈ W2(t0, T ), (60)
∂ϕ̂1(x, t)

∂t
+ A1(t)ϕ̂1(x, t) = q−2

1 (x, t)p̂1(x, t) â Q
(1)
t0,T , (61)

∂ϕ̂2(x, t)

∂t
+ A2(t)ϕ̂2(x, t) = q−2

2 (x, t)p̂2(x, t) â Q
(2)
t0,T , (62)¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè i ìàòåìàòèêè¿, �1 2005
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∂ϕ̂1

∂νA1

+σ1ϕ̂1 = r−2
1 p̂1 íà Σ

(1)
t0,T \Σt0,T ,

∂ϕ̂2

∂νA2

+σ2ϕ̂2 = r−2
2 p̂2 íà Σ

(2)
t0,T \Σt0,T , (63)

∂ϕ̂1

∂νA1

= c11ϕ̂1 + c12ϕ̂2 + r−2
3 (d11p̂1 − d21p̂2)d11 + r−2

4 (d12p̂1 − d22p̂2)d12,

∂ϕ̂2

∂νA2

= c21ϕ̂1 + c22ϕ̂2 + r−2
3 (d11p̂1 − d21p̂2)d21 + r−2

4 (d12p̂1 − d22p̂2)d22, íàΣt0,T . (64)Çàäà÷à (54) � (64) èìååò åäèíñòâåííîå ðåøåíèå.Äîêàçàòåëüñòâî ýòîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1.Çàìå÷àíèå 1. Â ñëó÷àå, êîãäà H1 = Rn1 , H2 = Rn2 , f 0
1 = (α

(1)
1 , . . . , α

(1)
n1 ),

f 0
2 = (α

(2)
1 , . . . , α

(2)
n2 ),
B1f

0
1 (x) =

n1
∑

i=1

α
(1)
i w

(1)
i (x), B2f

0
2 (x) =

n2
∑

i′=1

α
(2)
i′ w

(2)
i′ (x), (65)ãäå w

(1)
i ∈ L2(Ω1), w

(2)
i′ ∈ L2(Ω2) � çàäàííûå ëèíåéíî íåçàâèñèìûå �óíêöèè, ñîîòíî-øåíèÿ B∗

1z1(·, t0) = 0 è B∗
2z2(·, t0) = 0, âõîäÿùèå â (40) ïðèìóò âèä

∫

Ω1

w
(1)
i (x)z

(2)
1 (x, t0)dx = 0, i = 1, n1,

∫

Ω1

w
(1)
i′ (x)z

(2)
2 (x, t0)dx = 0, i′ = 1, n2.Àíàëîãè÷íûé âèä áóäóò èìåòü òàêæå ñîîòíîøåíèÿ B∗
1 p̂1(·, t0) = 0 è B∗

2 p̂2(·, t0) = 0,âõîäÿùèå â (59).Ïðè çàäàííûõ îïåðàòîðàõ B1 è B2 âèäà (65), èñïîëüçóÿ ïðèìåð 13 íà ñòð. 55 èç [6℄,ìîæíî ïîêàçàòü, ÷òî ïðîâåðêà âûïîëíåíèÿ óñëîâèÿ ðåãóëÿðíîñòè îòîáðàæåíèÿ Cñâîäèòñÿ ê ïðîâåðêå ëèíåéíîé íåçàâèñèìîñòè íåêîòîðîé êîíå÷íîé ñèñòåìû âåêòîð-�óíêöèé.Â çàêëþ÷åíèå îòìåòèì ñëåäóþùåå.Îáîáùåíèå ðåçóëüòàòîâ ðàáîòû íà ñëó÷àé, êîãäà îáëàñòü Ω = ∪N
k=1Ωk ñîñòàâëåíàèç N íåïåðåñåêàþùèõñÿ îáëàñòåé Ωk, çàìûêàíèÿ êîòîðûõ ìîãóò ïåðåñåêàòüñÿ òîëüêîïî èõ ãðàíèöàì, ïðîâîäèòñÿ ñîâåðøåííî àíàëîãè÷íî.Àíàëîãè÷íûå ðåçóëüòàòû ìîæíî ïîëó÷èòü äëÿ íà÷àëüíî-êðàåâîé çàäà÷è òðàíñìèñ-ñèè âèäà (1) � (6) è â ñëó÷àå, êîãäà âìåñòî óñëîâèé (4) íà Σ

(1)
t0,T1

\Σt0,T1 è Σ
(2)
t0,T1

\Σt0,T1çàäàíû íåîäíîðîäíûå óñëîâèÿ Äèðèõëå.Çàêëþ÷åíèå�åçóëüòàòû äàííîé ñòàòüè, òàêèì îáðàçîì, ñîñòîÿò â òîì, äëÿ ñèñòåì, îïèñûâàå-ìûõ ïàðàáîëè÷åñêèìè íà÷àëüíî-êðàåâûìè çàäà÷àìè, ïðè ñ�îðìóëèðîâàííûõ âûøåîãðàíè÷åíèÿõ íà ïàðàìåòðû ýòèõ çàäà÷, ïîëó÷åíû ïðåäñòàâëåíèÿ äëÿ ìèíèìàêñíûõïðîãíîçíûõ îöåíîê ðåøåíèé è ïîãðåøíîñòåé îöåíèâàíèÿ ÷åðåç ðåøåíèÿ èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ñïåöèàëüíîãî âèäà.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �1 2005
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