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Abstract. In this paper we analyze the stability of the two-parametric secant type method to errors

calculations for solving nonlinear equations and estimate the total error.

1. INTRODUCTION

We consider the equation
F(z) =0, (1)
where F' is a nonlinear operator defined on a convex subset D of a Banach space X
with values in a Banach space Y. Studying solving methods for the equation (1) does
not always take into account all the errors that arise during equation solving with the
help of numerical methods. These issues were researched by certain authors. The stability
and the error perturbation of the Newton-Kantorovich method and its modification are
investigated in [5]. The evaluation of the total error of the simple iteration method is
obtained in the work [3]. The paper [4] studies conditions of convergence and evaluation
of the total error of the two-step iterative-differential method. The stability analysis of
the accelerated Newton method to calculation’s errors is carried out in [8].
In this paper we investigate convergence conditions of the two-parametric secant type
method with regard to the rounding errors. The two-parametric secant type method,
proposed in [6], has the form

Li+1 = Tk — [F(ukavk)]ilfxxk)a k= 07 17 27 R (2)

where F'(ug,vy) is divided difference of the first order of the operator F' at the points u
and vg, up = rp + ak(wk,l — l‘k), Vp = T + bk(l‘k,1 — ib'k), ap € [—1, 1], by, € [0, 1] In the
work [7] the semilocal convergence of the method (2) is examined.

Definition 1. Let F' be a nonlinear operator defined on a subset D of a linear space X

with values in a linear space Y and let x, y be two points of D. A linear operator from
X into Y, denoted as F'(z,y), which satisfies the condition

F(r,y)(x —y) = F(z) — F(y).

is called a divided difference of F' at the points x and .
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2. CONVERGENCE CONDITIONS OF THE PERTURBED METHOD

Let us assume that the divided difference F(x,y) is calculated with an error, the
operator F' is calculated exactly. Let us consider the perturbed iterative process

Tht1 = Tk — [F(uk,vk) + Fk]_lF($k>, k= O, 1, 2, PN (3)

Here {I'y} € L(X,Y) is a sequence of linear operators. For the iterative process (3) the

following theorem is valid.

Theorem 1. Let x_y,x9 € D be initial approximations, Sy = {x € D : ||z — zo|| < R}.
Assume that the following conditions hold

1) [Jz—y = mol| = o

2) there exist Ay" = [F (ug,v0)] ™! and || Ag"|| < Bo;

3) HF(%W < Co; Mo = BoCo;

4) 1Tkl < pmg, Bopmo < 1, k=0, 1, 2, ..., where {ni} is a numerical sequence;

5) divided differences of the first order of the operator F satisfy Lipschitz condition

1F (2, y) = F(w,0)[| < Lllz —ull +lly =2ll), = y, v, veD, L>0

Let us denote

m = (oL max{ 'm0

1 = Bopuro
suppose that |ay| < a, by < b and the equation

+ (a+b)a, (1+a+b)—1 Tg)un}Jrﬂo/mO,
— Bopno

u (1 - o ) ——m (4)
1—=6BoL((2+a+b)u+ (a+b)a)— Bouu 1 — Bopno
has at least one positive zero, let R be the minimum positive one.
If BL(2+a+b) R+ (a+b)a)+ BouR < 1,
B m
1 -BL((24+a+b) R+ (a+b)a)— fouR =
and Sy C D, then the sequence {x1}, given by the iterative process (3) is well defined,

M 1

remains in Sy and converges to a unique solution x, € Sy of the equation (1). Moreover,
the following inequality holds
1

ST (%)

2 — .| <
B[ L(1+a+b) + 4]
O =0, by =1,

1—BoL((24+a+0b) R+ (a+b)a) — fopR’
P, =0, 1 +P, o, k=1, 2, ...

where h =
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Proof. Let us denote Ay = F (uy,vy). By (3), we have

xr1 = Tg — [Ao —+ Fo]_lF (.fo) = X9 — [A()(I + Aalro)]_lF (.Z'o) =
=Ty — [[ + Ao_lro]ilAO_lF (3’)0) .

1
Since ||[I + A;'To]™Y| < — , then, taking into account the theorem’s
. 1 — [|Ag [[[[Toll
conditions, we get
_ A | IF (o)l
|21 — x| = H_[I‘FAEIFo]_lelF(xO)H < H - ‘1‘4—1 s
) ; o 1 —[[Ag " HIToll
no ( 0 )
<—»r—=—(h—] <R
— 1= Boumo N1 — Bouno

SO, X € Sg.
Using the condition 5) of the theorem, we obtain
17— AgtAs|| < [|Ag || 140 = Aull < BoL (lug — wa ]l + [Jvg — v ) -

Since

|uo — ug|l = ||wo + ao (x—1 — x0) — Th — ap (Tp—1 — 2)|| <

< |lwo — x| + |aol [[z—1 — wol| + |ar| |ve—1 — 2],

o = vkl| = [0 + bo (21 — o) — @k — by (241 — ) || <
< llzo — @kll + bo lz—1 — @ol| + b f|lwk—1 — @k
and |ag| < a, by < b, then
[T = Ay As|| < BoL ((2+ a+b) lzo — 1]l + (a+b) o1 — wo]]) <

< BoL {(2+a+b)L+(a+b)a] <50L[<2+a+b)R+(a+b)a} <1
1 — Bopno
By the Banach lemma, A" exists and
Bo
1—BL((24+a+b)R+ (a+b)a)

AT <
Let us denote:

Bo | Lllee = 2| + L(a + ) a1 = @]l + o]

My = >k217
1—50L[<2+a+b)3+(a+b)a}
. 1—50L[(2+a+b)R+(a+b)a} . ]
_1—ﬁoL[(2+a—|—b)R—i—(a+b)a}—BouR’ " 1= Bopme’
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It can be easily seen that CoMy < M and CM,;, < M, k > 1.
From the definition of the first divided difference and (3) we can obtain

F (55'1) =F (ZU()) - F (xo,xl) (Z‘O - 1'1) = (A() + F() - F (1’0,1‘1)) (SEO — 1'1) .
Taking into account the theorem’s condition 4) and Lipschitz condition 5), we get
|F (@Il < [ 140 = F (2o, 20)ll + IToll] 21 — o]] <
< [ L luo = ol + lleo = 2all) + o) ey — o <

< [L((@+b) llzo = 21| + llz = wol)) + pmo| 121 = ol

Thus,

Po(L(a+b)|lzo =zl +Lilzr —zoll +pm)  m

AT IE (z1)]] <
= MoCono = 1.
Let us show that 1, < ng. In fact,

o
ﬂoL ((a + b) o+ m) + ﬁo/u”?o

S ARl (@t ath) Rt (atb) o)l — fopm) =

< Mo <

T 1-06L((2+a+b) R+ (a+b)a)— Bouno —

< o = My < 1.
1-BL((2+a+b) R+ (a+b)a)— BouR

Above this we have

CMy m M <L< o )q”
C 1=PFouny  C1—Poumy Ch\ 1—fFouno)

Therefore x5 is well defined and

lwe — @l < [|=[7 + ATT 7 JATIF ()l <

mh =

ATH | F (= 1 1
< [Eh Hﬂ_l ol <C’771<—(h—n0 ) :
L—[JA [T ] h \"1—= Bopno
In addition, ||zo — 1] < M—""__ Since R is a solution of the equation (4), then
1= Bopno
|22 = @ol| < [|w2 — @] + [[o1 — @ol| < (M + 1)% <R

and x5 € 5.
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Let us suppose that the following conditions are valid for ¢ = 2, k — 1:

e linear operators A; are invertible,
_ 1 ;5
o |ATHIIF ()]l < mi = M1 Oy < —<hL) s i < M1,

1 — Bopmno

1 i1
o [z — il < Cmi < —(hL> < EMq)i and ;1 € So.

h

Then, for ¢ = k we also obtain

17— A5 Ax|| < [[ A5 Ao — Akl < BoL (|luo — urll + [lvo — vill) <

1 — Bopno

< BoL [(2+a+b)¢+(a+b)a] <BoL[24+a+b)R+(a+b)a] <1

and || A <

Bo

1—BL((24+a+b)R+ (a+b)a)

From the definition of the first divided difference and (3) we can obtain

F(fljk) = F(l‘kfl) — F(wk,l,xk) (a:k,l — LL‘k) =
= (Ap-1 + Tt — F (21, 25)) (Tp—1 — o) -

Taking into account the condition 5) of the theorem, we receive the following

[F (@)l = [[(Ag—1 + Tror — F (z-1, 21)) (231 — 1) || <

Then

[AIE (@)l <

= M _1Cnp—1 =y <

1

< — MPr-11Ph2 —

Ch

<

<

<

l Ak = F (@i, on)ll + ITxal] llow = 2] <

L (Jlug—1 — wp_a|| + [Jvp—1 — z2]]) + unm] |2k — 2] <

Ll = el + L@+ ) on s — xoall + ] e — zaa |

Bo| L llow = il + L+ b) 2y — 2ol + | Oy
1—BL(2+a+b) R+ (a+b)a)

1 Dp_1 1 Dp_o 1 ‘bk—l] 1 Dp 1
ﬁO[LhM  Lla+b)z MM 4 p MP | =M

1—-BL((24+a+b) R+ (a+b)a) <

1
—— M P
Ch

Since My 1C < M < 1, then n, < ng_1.

Thus,

1
|Tps1 — xxl] < O < EM(D’“~
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Mo

L — Bopmo
account that R is the solution of the equation (4), we get

Obviously that for i = 1,k ||z — x4]| < M? is valid. Therefore, taking into

21 = zoll < ks — @l + o — 2l + o+ fln — 2ol <

Mo 1= M 7o 1 Mo

< (MF 4+ M1+ 1 = < =R
( )1—ﬁow70 1—=M 1-=pPopno 1—=M1— Fopno
and xp11 € Sp.
Let us show that {z3} is a Cauchy sequence. In fact,
|Zktp — Tl < Trrp — Trgp-all + oo+ lzp — 2| <
1 7o i
< (MPY 4 MP2 4 +1)— (h—) =
( 2 \"T gam (6)

N P (g8 (18
k) <)
h(1 — M) \' 1= Bouno h(1— M) \' 1~ Bopno

Therefore, {z;} is a Cauchy sequence and converges to x, € Sp.

Now let us prove that z, is a unique solution of the equation (1). Since

o
— } T — Tp
T oo ™) | !

and ||z — x| = 0 if & — oo, then F' (z,) = 0.

IF @Il < [L(L+a+b)

Suppose that there exists @, € S, Tuw 7 T4 i F (244) = 0. Let us denote F (7., z,) = H.
From the definition of divided difference of the first order we get

H (e —xy) = F (T4) — F (2) .

If the operator H is invertible, then z,, = x,. Indeed,
A H = I|| = || Agt (H = Ao)|| < || A5 || I1H = Aoll < BoL [[|se — wol| + [l — woll] <
< BoL [[|#ax — wol| + [|24 — wol| + (@ +b) |21 — zol] < BoL (2R + (a+b)a) < 1.

So, the operator H~! exists. From (6) we can obtain the following estimation

1

—M®%*,
(1l — M)

[z — 2.l <

O
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3. EVALUATION OF THE TOTAL ERROR OF THE METHOD (2)

Let us assume that the operator F'is calculated approximately, i.e. we have perturbed
equation
F.(z) =0. (7)
We assume that the operator F. is "close” to operator F' in the sense that the following
condition is valid
[Fx(z) = F(2)]| < 6(e, z), (8)
where d(¢,z) = 0,if ¢ = 0, x € D.
Let us apply the method (2) for solving the equation (7)

T = o — [F(ul,vp)] " Fo(2f), k=0, 1, 2,.... (9)
For the iterative process (9) the following theorem is true.

Theorem 2. Let us suppose

1) conditions of Theorem 2 hold for the operator F;

2) the equation (1) has at least one solution;

9) (e, 9) 1| < B, for all 2,y € D;

4) the condition (8) holds.

If k — oo and € — 0 then iterative process (9) converges to the solution x, € Sy of
the equation (1) and the following inequality holds

M®* + Bi(e, ). (10)

low =l < 35 =3n

Let us suppose that the divided difference F(x,y) and F' are calculated with errors.

Then the following iterative process is studied
i1 = g — [F(ug,v) + i) 7 F(zg) + 0, k=0, 1, 2, (11)

where {I';} € L(X,Y) is a sequence of linear operators, {U;} : X — Y is a sequence of

operators.

Theorem 3. Let x_1,xy € D be initial approzimations, So = {x € D : ||x — zo|| < R}.
We assume that the following conditions hold

1) s — 20l = a;

2) there exists Ay' = [F (ug,v0)] ™" and ||Ag"|| < Bos

8) | F (o)l < Cos Mo = BoCo;

4) 1Tkl < g, Bopmo < 1;

5) 1ol < yn. 1%l < o1, k = 1;

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



144 Stepan Shakhno, Halyna Yarmola

6) divided differences of the first order of the operator F satisfy Lipschitz condition
IF (2, y) = F (u,0)|| < L([lz —ul +lly —vl]),

where x, y, u, v € D, L > 0.
Let us denote

1+ 1+
mzﬁoLmax{w+(a+b)a,(1+a+by7o<—ﬂo%>} + Botiio + fo.
1 — Bopno 1 — Bopno
o Boyno

T 1-BL(2tat bR+ (atba)
suppose that |ay| < a, by < b and
u (1 _ m(1+C") ) ~ o1 + Bovmo)
1=BoL((2+a+b)u+ (a+b)a)— Bopu 1 — Bopno
has at least one positive zero, let R be the minimum positive one.
If BoL (2 +a+b) R+ (a+b)a) + fopR < 1,
M= m
11— BL(2+a+b) R+ (a+b)a)— BouR
and Sy C D, then the sequence {x}, given by iterative process (11), is well defined,

—0  (12)

(1+C") <1

remains in Sy and converges to a unique solution x, € Sy of the equation (1). Moreover,
the following inequality holds
1

M
Ml—M) "

[y = .|| <

ﬂo(L(1+a+b)+u+7)(1—|—C*)
where h = =0, &y =1,

1—BoL((24+a+0b) R+ (a+b)a) — fopR’
D=0, 1 +P, 5, k=1,2,....

CONCLUSION

In this paper we analyze the stability of the two-parametric secant type method to
errors calculations for solving nonlinear equations and estimate the total error. It indicates
that the iterative process (2) is resistant to the rounding errors and does not change the

convergence order if conditions of Theorems are true.
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