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Abstract. Estimates for the convergence speed models isotropic random fields on the sphere in the
norms of Orlich space. The resulting estimates are used to construct models of random fields on the
sphere. Models approrimate the random field with given accuracy and reliability.

INTRODUCTION

This paper continues investigation of convergence rate of the random series [3]-|7]. We
obtain estimates for sub-Gaussian trigonometric series in Orlicz spaces. Same estimations
of Gaussian series were obtained at [3]-[5], and on the uniform metric [6]. The results are
used to model homogeneous and isotropic random fields on the sphere. Methods for the

random modeling fields can be found in [2].

1. BASIC DETERMINATIONS

Let (2, A, P) — be a standard probability space.

Definition 1. A random variable ¢ is sub-Gaussian, if £ = 0 and a > 0 exists, such

that for every A € R! following estimate occurs

Eexp{A{} < exp{ )\2;2 }

A space of sub-Gaussian variables Sub({2) is Banach relative to the following norm

{2 mEexp{Ag}] %.

7(§) = sup 3z

A£0

Definition 2. A family of random variables Sy C Sub(Q2) called strictly sub-Gaussian,
if every finite or countable set of random variables {&;,i € I} C Sy for every A € R!

T2<ZAZ@»)= E(Z/\i&).

i€l i€l

performs

Let (7,2, 1), u(T) < oo — be some measurable space, Ly (T) — Orlicz space, that
was generated from C-function U = {U(z),z € R'}.
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Definition 3. Orlicz space, generated by U(x), called a function family {f(t),t € T},
and for each function f(t) exists constant r, that [, U(@) du(t) < oo.

Space Ly(T) is Banach relative to norm || f||, = inf{r >0: [, U(@)du(t) < 1}.

Norm || f||, called the Luxemburg norm.

Definition 4. Let f = {fi(t),t € T,k = 1,2..} — be a family of functions
from the space Ly (7). This family belongs to the class Dy(c), if numeric sequence
¢c = {a,k = 1,2,..},0 < ¢ < ¢4 exists, such that for every sequence
r={r, k=1,2,...} following inequality holds

> refiu(t) > refu(t)

Definition 5. Isotropic in the broad sense field will be called linear isotropic field, if the

< ¢
U

L Lo

random variables £ are independent.

2. SIMULATION RANDOM FIELDS ON THE SPHERE

Let Sy sphere in d — be a measurable space. A random continuous in mean-square
homogeneous and isotropic field on the sphere £(x) can be represented as [9]

)= Y &uSula),

m=0 [=1

where &. independent strictly sub-Gaussian random  variables, E¢. =0,
E¢ ¢ =026 65, m=0,1,.... l=1,....h(m,d), S' () — Spherical harmonic of m

degree, h(m,d) — harmonic count and Y >°_ o2 h(m,d) < co.
Field model construct as
M h(m.d)
Su(z) = Z Z éﬁnsfn(x)?
m=0 I=1

Number of summand M chosen in such way, where 6 > 0 and 0 < a < 1 and inequality
holds P{|| &(z) — &) [|[> 6} <1 — au
Next results were proved in papers [4, 5.

Lemma 1. Let &,&,,...,&, — be an independent strictly sub-gaussian random variables,
E& = 0?2i=1,2,...n. Then, for each 0 < u < 1 and N = 1,2, ... following inequality
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n n l
U : 1 1wz,
_E < _E Z =
EeXP{QZN — gl}_exp{Q Z(ZN> }’

=1

holds

~
where Zy = ( S U§N> :

Lemma 2. Let &,&,...,&,, ... — independent strictly sub-gaussian random variables. If
S% 02 < oo, then for each 0 <u <1 and N = 1,2,... and following inequality holds

=1 "1
TT— 11/ uZ !
E — 2 < - =
wofo et eenly 30(5) )

1=l

z|~

where Zy = ( pyal O'?N>

Lemma 3. Let &,&,...,&,, ... — be an independent strictly sub-Gaussian random
variables. If Y o0 02 < 0o, then for such 0 < u <1 and N = 1,2,... following inequality
holds
= 1
Fop] g 3-8 < o] o) + o)
where

Have similar lemma

1

N
Lemma 4. If | >35° h(i,d)o?N | < oo, for N =1,2,... then for each 0 < u < 1 and
m > 1 following inequality holds

Bexp{ s 6 I, < o Jox) +ux) .

1

where J(N,m) = < S (i, d)afN)

Using these results we obtain the following theorem.
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1

N
Theorem 1. If ( > h(i,d)o?N | < oo, for N =1,2,... then for each 0 < u <1 and
e > 0 following inequality holds

PUI6(0) — (o) s> 2| < expf — e Jowt) + uvt .

where wy(u) and vy (u) defined in Lemma 3, J(N,m) — defined in Lemma 4.

Proof. Compute || £() — En(2) |7,= Do nrin rmd) (¢l V2. According to Lemma 4 for
0 <wu <1 holds

u

B 3o 160 - @) I, }< expf Joxtu + wnto

1

N
where J(N, M) :(Z;ﬁMﬂ h(i,d)aiZN> and N =1,2, ...
Then, according to the Chebyshev inequality
PLIED - €ula) > <= P 60) ~ arlo) I3,> €} <
u

< Pesp{ s 6o - o) I, oo - 70

Theorem proved. U

When N =1 we have

P{U0) = o) o> e e = e b 3

where J(M) :(ZzMH h(i, d)af). . When N = 2 we have

Y o L

where J(2, M) - ( Z?iM—t-l h(la d)af) ’

Let
h(m,d)

Pu(z) = &.5,(x),
Qn(x) =Y Pu(x),
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Ry (z,b) = Z bs Ps(z),

where {bs > 0} — be a monotonically non-decreasing sequence. R (x) — that
trigonometric polynomial of (d — 1) — variable of order m = (m, m, ..., m). that’s why for
p > 2 holds (Nikolskii inequality [8])

| R, b) 1, < 35 () @D B3 | R (2, b) |,

Theorem 2. Let a monotonically non-decreasing sequence exists {by > 0}, by — o0,
k — oo, that following series convergent

cS(J(s))% < 00
s=1
where \
J(s)=>_ h(k,d)bio}
k=1
and ( ) . )
_ad-1\@-D(3-3) [ = _
Cs 3 (S) 2 (bs b5+1)’
Then, for each
e> > a(J(s):
s=M+1

estimate holds

P10 - 6uto) s, <}

where D(M) = 322 1 eg(J(5))3.

IN

Proof. Write Abel’s transformation

r—1
) 1 1 1
mlx)=> R (z,0)| — — +R (z,b .
0ux) = 3 i (5= 5 )+
Then
— 11 1

r = R b — — R’ b <
100 s, = 3 o) i (g )+ 1 ) g

Zci H R:n(l',b) HL2’
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where ¢; = 3d*1(i)(d71)(%7%) (l - ) by m <i<r,and ¢, = 3 1(r )(dfl)(%fi) (i>,

b; bz+1 by
by ¢ =r.
Therefore, for some y > 0 holds

pe{y | Qu@) I3, )< Een{ (v ol Rt I ) -

According to Jensen’s inequality d;,7 = m,..,r such that > 0, = 1, holds

Eexp{(iim%éici | R (x,b) \|L2) }< EeXp{Zé( ci || B (x,b) |\L2>2}.

According to the Holder inequality

Bexp{y? | Q@) |2, }< Q(Ep{ ((% | Riy(,b) I, )})

Mark u; = 2y%c25;2J(N,m, i), where

J(N,m, ) (th d) QNbQN)

If 0 < u; = 2y%c25; ' J(N,m, i) < 1, then by Lemma 4

2
pow (Lol R 11, ) |-
202262 J (N, m, i) ' )

E 174 , m, i _
eXp{ 2J(N,m, ) I Rp(@.b) I, | p<

exp{%vN(ui) + wN(ui)}.

2|~

l\J\»—-

2
If N =1, then Eexp{ (5%0,' | RE (x,b) |1, ) } (1 —wy)2.

Then
r 0 r
1) 1
2 T 2 -1 o
Eexp{y® || Q. (2) |IZ, }< H ((1 — ;) ) = eXp{ - 52@ In(1 — u)}
Set 0; = M where V>0 and ) ) 6; = 1.
Then

Z \/§yCi<‘]/2<m7 Z) — \/5y ZCZJ%OTL’Z) = 1’

i=m
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or

V=v2y Y i (m,i).

And therefore,

T 2
u; = 2y*c;6; 2 J(N,m, i) = QyQ(ZciJé(m, 2)) =V

If V <1, then

1 T
Eexp{y* || Q),(2) II7, }< exp{ - 52&- In(l —u;) f=

T

exp{ — gin(1 -y RO (4t

=m

)
Let set y* = %Q(Z:_m ¢ Jz(m, z),) , then

V2 1
Eexp{ Q@) 2, }s (1-v2 b
2(zz;m cz-J%<m,z'>,)

Consequently, according to the Chebyshev inequality,

2 2 VZe? 2
P Q) 1> )< exp - ba-vey
2<Z::m C’LJé(mvz)v)
If the series of converges ZciJ%(l,z’), then ZciJ%(m,i) — 0 where m — oo,
i=1 i=m
T — 00.

Consequently, P{ || Q7 (z) 17,> g} — 0 where m — oo, — oo. If we set m = M +1
and direct » — oo, then we will get following estimate

V2e? .
PG (@) 12, > )< exof - SJa-vak
2(2?0M+1 CiJ%(M+ 1,i))

If we optimize right part by V, i.e., when

€ > Z i3 (M +1,1)
i=M+1

set V=1- éZ;’iMH cl-J%(M + 1,4), then we get estimate. Theorem proved. O
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With a similar argument we can prove a next theorem.

Theorem 3. If sequence convergence

Z CZ h(l,d)O’i . < o0,
i=1 (Ziiz h(k, d)Uﬁ) ’

where C; = 3‘1_1(@')(‘1_1)(%_%), then for each € > G(M + 1) holds neat estimate

PLleto) - o) s, > <<

3

me@{ R WZI)}GXI’{%}’

GHM+1)=(1+V2) 3 Ci L
i:%l ( 2021' h(kad)0§)§

where

Proof. For chosen sequence {b;} get

and
Yo cEM 1)< Y CZ(1 —bl )(1+\/§(( h(k,d)oy) —1)2)§
i=M+1 i=M+1 i il k=i
(1 + \/5) pRe I, d)o -
S (S )}
Theorem proved. O

In modeling of random fields ask the modeling accuracy € > 0 and reliability 1 — «,
0 < a < 1. For space Ly number of summand M in model (1) we found as minimum

value, where inequality when N =1

WP{ _%M)}exp{%}g_a,

And when N = 2 inequality
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For functional space L,,p > 2 number of summand M in model (1) we found from
inequality

£ e? 1
S - a1
<D<M+1>>6Xp{ 2Dz<M+1>}eXp{2}— )
Left-side depends on the sequence {by}. As > .° h(i,d)o? < oo, then, without

any loss of generality, we can assume that > .- h(i,d)o7 = 1 and choose
1

b, = 1—#((2Z L h(i,d)o?)” —1)
Consequently, number of summand in model &y,(x) we can calculate from inequality

o - o)

With a similar argument we can prove a next theorem

Theorem 4. Let U(x) = {U(x),z € R be a C-Orlicz function, those function
GU (z) = exp{( (U (z — )P}z >1

conver at v > 1, UY(z) - mverse function to U(x). Then for every x such

)
2 > max(p(T), )7 (2 + (UCD(

1))~ ) following inequality holds

P{ | €0) = £u(@) llopm> e}<

% e"p{ B 2(555;,25;))))27)2 }Xp{%}

Theorem 5. Let {(x) — be a strictly Orlicz field, £y (x) — those field model. If some
(d— 1)(2 2)

p > 2 sequence convergence Y _ h(m,d)oZm then for any 6 > 0 following

equality holds

P{( / lg(x)—fM(x)de);Z 6}§<U<62 [cupc<3d1)2 i h(m, d)afnm(d_l)(z_i)}_

)

m=M-+1
Proof. Let use Nikolskii inequality. We have

(- 2 o{( 1 5 s

m=M+1

<(v(#]c. > ez f |sfn<x>rpdx)5]_p))_l.

¥

m=M+1
As the S! (z) — a trigonometric polynomial of (d — 1) variables, then for p > 2
inequality holds |S,||,, < 3% 'm!* 1)(2_7)HSZ |z, & [|SL,(z)]|r, = 1. Therefore, when
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p > 2 we have (fT’S,il(f)\pdx)%S Sd_lm(d_l)(Z_%) and [|S}, |2 < Cop,. In that case
following inequality holds

) h(m,d) ) ) )
Co S S LI / S (@)Pdz) < C, O3S (m, d)otm@(2),
T

m=M+1 I=1 m=M+1

Theorem proved. O
When p = 2 holds following theorem

Theorem 6. Let £(x) - be a strictly Orlicz field, £y (x) - those field model. If such sequence
convergence Y oo h(m, d)o2m @Y then for each § > 0 holds inequality

P{ ( S/ |£(x)—£M(x)|2dx) 25}§<U<52 {cupc > h(m,d>afnm<d—1>D) .

m=M+1
CONCLUSION

The paper constructed a model of random fields on the sphere. The models of linear
isotropic fields from Orlicz space were observed. The models approximate the field with
given accuracy and reliability.
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