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Abstract. In this paper consider the optimal control problem on infinite time interval with quadratic
cost functional. State of this problem is defined by the evolutionary inclusion of reaction-diffusion type.
We prove the solvability of such a problem. In the case of rapidly oscillating coefficients in coefficients of
differential operator and multivalued interaction function we prove the convergence of e-dependent optimal

process to optimal process of the corresponding averaged problem.

INTRODUCTION

One of the main problems in the study of processes in micro-inhomogeneous media
is the correctness of passing to the averaged problem [1]. Works [2] - [4] are devoted to
the research on convergence in optimal control problems for distributed systems with
perturbations in coefficients. In this paper we consider the optimal control problem
on the solutions of reaction-diffusion type inclusion. Moreover, such an inclusion has
perturbations in the differential operator coefficients and multivalued interaction function
which has power growth. We investigate the issue of the solution dependence on the
parameter for mentioned problem. However as opposed to [3, 4] the averaged problem is

not degenerate into linear-quadratic one.

1. PROBLEM SETTING

We consider the optimal control problem

% € div(a®(x)Vy) — F.(x,y) + he(z)u(t), z € Q, t >0,

y(x,t) =0, z € 09, (1)
y(x, 0) = Y5

u(t) € U C L3(0, +00), @)

J(y,u) = +0fo [ it + +Ofoou2(t)dt > inf, 3)
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where 2 C R" is bounded domain, € > 0 is a small parameter, matrix a°(z) = {a;(z)} is
measurable, symmetric and satisfies the condition of uniform ellipticity

AN >0, Ay >0Ve >0V eR”
n 4
€] < 21 as;(x)&:&; < A€ @

i7j:

Multivalued interaction function F.(z,y) has a form

F(z,y) = [be(2) f-(y), do(2) g-(y)]-

Here b., d. are measurable, bounded functions in L>°(2), for which the following condition
holds
A6>0Ve € QVe>00b(x) >0, d(z)> . (5)

Functions f., g. are bounded functions in C'(R), which satisfy the next conditions

3C1 >0, dJa>0, dp >0, Vy e RVe >0

|fe )|+ lge(w)| < CL(1+ [y, (6)
yfe(y) > alyl?, yge(y) > alyl?.

Functions h¢, y§ are bounded in L?(f2), set of admissible controls U is closed, convex
and 0 € U.

loc loc

Definition. For fixed u € U a functiony € W = L2 (0, +oo; H3(2)) () L} (0, +00; LP(£2))
is called the solution of the problem (1) if this function is such that y(0) = y§, and for some
function | = I(t,2) € L}, (0, +00; LQ)), , + ; =1 it holds that I(t,z) € F.(z,y(t, v))

almost everywhere (a. e.) and Vv € H}(Q) (N LP(Q), Vn € C°(0,T)

T T
Jwomat = [ (@93, 9)+ (10) = u(e)0,0) nat = . (7)
0 0

Here and below || - || and (-, ) indicate a norm and a scalar product in L?((2).

By the conditions (5), (6) the global solvability of the problem (1) follows from [5] for
Vu € U, y5 € L*(Q), if in the right-hand side we put a continuous selector of the mapping
F.. However from the results of [6] it implies that the set of the solutions of (1) is not
exhausted to the solutions of equations for continuous selectors of F.. It greatly increases
the set of admissible processes in the problem (1) - (3).

The main aim of this paper is to prove convergence of optimal process of the problem
(1) - (3) to optimal process of corresponding averaged problem.
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2. EXISTENCE OF SOLUTIONS OF THE OPTIMAL CONTROL PROBLEM

From [3] - [6] it follows that any solution of the problem (1) belongs to class
C([0,+00); L*(2)) and for almost all (a. a.) t > 0 next energy equality holds

%%lly(t)ll2 +(a*Vy (1), Vy(t) + (1, y(t) = u(t)(h7, y(1)), (8)
where [(t,z) € F.(x,y(t,z)) a. e.
Moreover, by (4) - (6) Vt > s > 0 we have

1d

5 7 VO + Mally @) 15y + aBlly@IIL < Tu@®IIR @] )

From the Poincare inequality [5] one can obtain
d 3
Ny O + Mlly @17y + 208yl < Coll*Pu(®), (10)

Applying the Gronwall inequality, we finally have V¢ > s > 0
+o0o
ly@I* < [ly ()1 exp= ) +-Cy[ |2 / Ju(t)|dt. (11)
0

Using the Poincare inequality again, by (10) V¢ > s > 0 we have

/ ly)Pds < 3 (Ol + Iy + ol / fu(s) [ds). (12)

Herefrom, in particular, this implies that J(y,u) < oo.
The next lemma is needed for passing to the limit in the problem (1) and it follows
from The Mazur Theorem [7].

Lemma 1. Let Q be a bounded set, ¢ > 1 and functions f,, qn, l, € LY(Q) satisfy

fulz) < lp(x) < gp(x) for a. a. x € Q,
fo—=f, Lo =1, g — g weakly in LI(Q).
Then
f(z) <l(z) < g(x) for a. a x€Q.
Theorem 1. Under (4) - (6) for Ve > 0, Vy5 € L*(Q) the optimal control problem (1) -

(8) has at least one solution.

Jlokasameavcmeo. Let J. be a value of the problem (1) - (3). We choose {u,} C U such
that Vn > 1

I (Yn, un) < Jo +

S |-
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Then

+o00
~ 1
8 / |un(t)|2dt S JE + )
n
0

so {u,} is bounded in L?(0,+o00) and for some u € U on subsequence
u, — u weakly in L*(0,400).
From the estimates (10), (11) for V7' > 0
{yn} is bounded in L(0,T; L*()) () L*(0,T; Hy()) () LP(0. T; LP(Q)).  (13)
By the condition (6) we have
[£-(y)}. A9- ()} ave bounded in L(0, T; L9(%2).
For I,(t,x) € Fe(z,yn(t,x)) 3N, = M\o(t, z) € [0,1] such that for a. a. (¢, 2)
bn(t; ) = Anbe(2) [ (yn(t, 2)) + (1 = An)d:(2) e (yn(t, ).
And since b, d. are bounded in L>(2), then
{l,} is bounded in L%(0,T; L(S2)). (14)
This implies that
{%} is bounded in L*(0,T; H '(Q2)) + L%(0,T; LY(2)). (15)
From the Compactness Theorem [5] for some function y € W on subsequence

Yn =y in L*(0,T; Hy (€2)),
yn =y in L*(0,T; L*(92)),
Yn(t) = y(t) in L2(Q) V ¢ >0,
yn(t) — y(t) in L*(Q) for a.a. t >0,
yn(t,x) = y(t, ) a. e.,
l, = 1in L9(0,T; L(S)).

(16)

Passing to the limit in (7) at n — oo, we have that {y, u,{} satisfies (7).
By Lions Lemma [5] b fe(yn) — befe(y), dege(yn) — dege(y) at n — oo weakly in
Li((0,T) x Q) and a.e. In this case for a. a. (t,z)

be fe(yn(t, 7)) < In(t,2) < dege(yn(t, ).
Then from the Lemma 1 [(t,z) € F.(z,y(t,x)) a. e.
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Hence, {y,u} is the admissible process in the problem (1) - (3), and inequality
T
T ) 2 Irlamwn) = [ Nonl0)Pdt 4 [ (0Pt
0
implies that V1" > 0
js > lim J(yn, un) > m Jp(yp, un) >

n—o0 n—oo
T T
> Jim [ lga(®lFde +y Jim [ fun(®)Pde = Jn(y. )
— n—o00
0
It follows that J. = J(y,u), so {y,u} is the optimal process of the problem (1) - (3).
0
3. CONVERGENCE TO OPTIMAL PROCESS OF AVERAGED PROBLEM
Let us consider now a limit averaged problem
%W = div(a®(z)Vy) — Fo(z,y) + ho(z)u(t), x € Q, t >0,
Y1) =0, x € 00, (a7)
y(x,0) = yo
u(t) € U C L0, +oo) (18)
J(y, ffy xtdxdt—i—’yf t)dt — inf, (19)
where Fy(x,y) = b(x)f(y) and for e—0
a® — a®, h® — hg in L*(2),
ye — yo weakly in L%(Q),
b. = b, d. — b *weakly in L®(Q), (20)
VR >0 sup, (If<(v) = W)l + lg-(y) = F(W)]) = 0
Y=

By (20) this implies that the matrix a(z) is symmetric and satisfies (4), b(x) satisfies
(5) and f € C(R) satisfies (6). Hence, by Theorem 1 the optimal control problem (17) -
(19) has solutions and we can consider the problem (1) as the perturbed problem (17).
Such a situation naturally arises when modeling of complex evolutionary processes in
micro-inhomogeneous media.

The following condition is supposed to satisfy:

Vu € U Vyo € L*(Q) the problem (17) has the unique solution. (21)
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The following condition |5] is sufficient to carry out the condition (21):
f€CYR), f'(u)>—CyVu€R.
Theorem 2. Let the conditions (4) - (6), (20), (21) hold. Then
lim | . = Jo| =0,
where J. is the value of the problem (1) - (8), Jy is the value of the problem (17) - (19).

Joxasameavcmeso. Let {y°,u"} be an optimal process of the problem (1) - (3). Note that
for any admissible process {y,u} in the problem (1) - (3) the estimates (10), (11) are
valid. Therefore if 2° is the solution of (1) with control u = 0 € U, then by the optimality
of u® we have
+oo
561

+o00 “+oo
N 1 1 Yo
“(t)Pdt < = “)|Pdt < = Sl|PeMidt < 20— 22
JrEora < [loRa < [ e < 52 (22)
0 0 0

Hence {u¢} is bounded in L?*(0,+00) and for some u € U on subsequence
u* — u weakly in L*(0, +00).

Let (¢ corresponds to J¢, I5(¢,z) € F.(z, 3 (t, x)) a. e. Then we can repeat thinking of
the Theorem 1 and obtain the convergence (16) for some § € W, I € L1((0,T) x Q).
Let’s argue the passing to the limit in the equality (7). Since a® — a° in L*(2) then
T T
/(aEVﬂE, Vu)ndt — /(aV’yv, Vu)ndt Vv € Hy(Q),¥n € C5°(0,T).
0 0
Due to strong convergence a® — a®, h® — hy in L?(Q), we can pass to the limit in
the equality (7) and obtain that {7, 7,1} satisfies (7) for VT > 0.
Prove that [(t,z) = b(z) f(§(t, z)) a. . In fact, f.(57) — f(§) weakly in L9(0, T'; L9(2))
and a. e., b. — b *-weakly in L>(2). Then

bsfs<g€> - bf(g) = be(fe(ge) - f(@) + (be - b)f(@ = ]s(l)<t7x) + 15(2)<t7 1‘)

Since b. is bounded in L*(f2), then Y (t,z) — 0 a.e. and it is bounded in
L9(0, T L9(<2)). Hence, by Lions Lemma I (¢, 2) — 0 weakly in L4(0, T; L9(S2)).
On the other hand, V8 € LP(0,T; LP(Q)) f(7) -0 € L*((0,T) x Q), therefore

//&@—MMﬂWwW@@%&

i.e. IP(t,2) = 0 weakly in L9(0, T; LI(Q)).
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Thus, B
be(2) fe(y(t, ) < U(t, ) < de(2)g:(y(t, ) a. e.,

moreover,

be - f(¥7) = b+ f(y), dege(y) = b- f(y) weakly in L9(0,T; LU(%2)),
5 — 1 weakly in LI(0,T; LU(Q2)).

Then by the Lemma 1 we have that [(¢,z) = b(z) f(7(t, z)) a. e.
Moreover, ¢ — 4 in C([7,T]; L*(Q)) V7 > 0. So VT >0

Jim J. > Jim Jr (5, @) > Jr(7. ).

e—0 e—0

hence
lim J. > J(y,u). (23)

e—0

Using Bellman optimality principle, we can argue [4] that {y,u} is an optimal process of
the problem (17) - (19).
Let’s prove that
Tm . < J(7.9). (24)
e—0
From Bellman optimality principal we obtain that the process {3, u®} is optimal for
the problem (1) — (3) on [T, 4+00) with initial data (7',y°(T")). Then for every T' > 0 by
(12) the following inequality holds

/u Hﬁ+7/\ 2%</M P < CIFOE (@)

where p® is the solution of the problem (1) with control u = 0 € U and initial data

(T, y*(T)).
Let w® be a solution of the problem (1) with control @. Then from (21) we have that
w® — y in the sense of (16). Moreover, we obtain the following estimates:

/H n%+7/1 D2t <

“+oo

—+o0
Sv/ﬁwwﬁﬁ/WWWﬁ+/WﬂMW%§ (26)
0
<—||w H2—|—7/ [u(t |dt+/||w ||2dt—l— /| th
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+o00 +o00o
2
~c 2 ~ 2 2
QQ/WWﬁs/mmwun I+ /r|ﬁ
0

and for T" — oo we get

Then

+oo “+oo
T / 3 (1) 2t < / ()2, (27)
E—r

0 0

which together with weak convergence guarantees strong convergence u® — u in
L*(0, +00).
Further from inequalities (25), (26) we obtain the following inequality

~ . 1
T, € I1l@) + - lF (D)

Then ]
T < ~ il Pt 2
T J. < J2(@) + 5 17(T)
and for T — oo we get (24), which means together with (23) that on some subsequence
ll_I)I(l) J. = J(y,u).
Assuming by contradiction that this convergence goes on not all sequence € — 0, we can

repeat previous thinking and under uniqueness of optimal process {y,u} we obtain the

contradiction.
O

CONCLUSION

In this paper the following results were obtained:

— we proved the solvability of optimal control problem (1)—(3),

— we proved convergence of the optimal process of the problem (1)-(3) to optimal
process of corresponding averaged problem (17)-(19).
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