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Abstract. In the paper we define generalized solutions of the optimization problems for control
systems with partial derivatives and develop two types of numerical algorithms for calculating the

generalized solutions.

We consider optimization problems of control systems that are described by the partial
differential equations
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The continue differential functions ., dby,:, ¢i(7), ¥i(7), afi;, Uiy, fa, and
up®, upd* are defined on the given subsets D C R?, Dy C D, {(¢i(7),¢u(7))I7 € T} C D,
{(ths})lg € @} € D, K* K}*, g € R.

Numerical algorithms for optimal control approximations are based on the reductions
of the primary optimal control problem to linear programming. The adequate reduction
may be performed, in particular, by replacing partial derivatives D%y, (¢, s) and D7uy(t, s)
by correspondent difference approximations of adequate accuracy, and by implementation
of appropriate numerical procedures for computing of integrals. The obtained linear
programming problem is to be solved by interior point algorithms [1].

In general case of the nonlinear control systems

ox(t,s) Ou(t,s) 0% x(t,s) 0% u(t,s)

fo(t,s,z(t,s),ul(t,s), B g1 Biet s’ Hratgeat )=0
and the nonlinear constraints
Oz(t,s) Ou(t,s) 0 x(t,s) 0 u(t,s) —
t t t dsdt < 0,1 =1
g il sl 5). ulls ), =50 =5 Gpargsas » gatggar )50 < 0:L=1m.
l
0z (t,s) Ou(t,s) 0 x(t,s) 0 u(t,s) ,
, <0,0=1
hl(t7 S7x(t7 S)?“(t7 8)7 at Y 6t Y Y atafﬁsag; Y 8ta;1«88ag ) — 07Z 7n2

iterative gradient methods of linearization and the modified interior point algorithms are
used to built extreme controls [1, 2].

The practical example of such multidimensional optimization problem is the
following inverse river pollution problem. In mathematical model of the river pollution
transfer they denote by x(t,z) the concentration of river water pollution at the
distance coordinate z (along the river) at the time moment ¢. The value of the
concentration x (t,z) depends on concentrationsz(t,0) = wus(¢,p) at the initial point
z = 0, on concentrations x(0,z) = uy(z,p) at the initial time ¢ = 0, on the pollution
sources intensities us (¢, z, p) at points z (industrial and agricultural production, sewage
settlements, etc.), on the rate of flow v (¢, z, p) and on the coefficient of turbulent diffusion
a(t, z,p) at different points z € [0, b]. These dependences are approximately described by
differential equations with partial derivatives

Ox(t,z) Dx(t, z)
ot —a(t,z,p)w+v(t,z,p)

The solution of the inverse problem in search for pollution sources us (¢, z, p) is based

8x(2 Z) + U3(t, Zap)

on data measurements of concentrations X (t;, z;) of river water contaminants at the
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observation points z;, 7 = 1,2,...,m, in the time moments ¢; and may be calculated as

minimizer of the maximum deviation J (u)

J (’LL) = Mmaxmax |JJ (tw Zj) - X (tu Z])‘ )
i

on the given set P of admissible parameters p € P, that satisfy constraints
lur (t,p) — Ui ()] < Ci(1), [uz (z,p) —Ua(2)] < Ca(z),

la(t,z,p) —A(t,2)] < Cs(t,2),|v(t,z,p) —V(t,2)] <Cult,2),

duy (t, dus(z,
‘f(t,z,p) —F(t,Z)‘ < CS(t7Z)7 %‘ < Dl(t)7 %‘ < DZ(t)a
ol < —I | < —| <
‘ ot ' = D3(t7 Z)7 Oz = D4(t,Z), ot = D5<t,2),
Ou(t, z,p) of(t. 2, p) of(t, 2, p)
‘T SDﬁ(tu’z)’ T §D7(t,2’), —Z SDg(t,Z)

for the observed averaged values U, (t), Us(z), A(t,2), V (t,2), F (t,z) of unknown
ul(t7p)7 u2(27p>7 a<t727p)7 U(t,Z,p) and f(t,Z,p)

This inverse problem is a particular case of the general optimization problem in search
for unknown functions (controls) w : D — R" and x : D — R", (t,s) € D C R x R",

that satisfy integro-differential equations and inequalities

fi’j(t,s,x,u) £ i’;(t,s,u(t, S),Ffi’?'(x,t,s)) =0,(t,s) € D;(x,u),k: =1, kyy,

gﬁj(t,s,x,u) = gfj(t,s,u(t, s),ngj(a:,t,s)) <0,(t,s) € D;(x,u),l =1,1;,

where l’; and gfj are given functions on given subsets Dj-(x,u) c D j=1m+1,
Dij(x,u) £ {ti(z, u), si(z,u)}i, C D, i = 1,i; F'5 and F% are given compositions of

operators Fi, Fy and Fj:

ootB

0 0
Fi(z,t,s,a,B) 2 (2(t, s), ax(t, s), %x(t, ) Wm(t, s)),

F, is defined by the set Q(t,s) = {t'(t, s), s'(t, s), o, B9,
FQ(Fla l‘)ta S, Q) £ (Fl(x7t+ t1($7t)7 5+ Sl(xa t)a alaﬁl)a

“Taurida Journal of Computer Science Theory and Mathematics”, 2013, 2



Optimization problems with partial derivatives and algorithms for constructing ... 13
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and Fj is defined by the given operator ¢ on the given set Q(t, s, z,u) C R x R"™,

x(t+ 1", s 4+ "))

Fy(x,u,t, s, ¢,Q) 2 ff o(t, s,u(t,s), Fi(z,t + 7,8+ 0,a, B))drdo.
Q(t,s,x,u)

In search for extremal solution of such generalized optimization problem we may
implement subgradient methods. In case of convex functions one use generalized gradient
algorithms to calculate approximated global optimal solutions. In this way the parameter
set Q(a,.) of all the functions (x,u), that satisfy the inequalities

z;-(t,s,x,u) < a,, ﬁfj(t,s,x,u) <a.,(ts) € D;(x,u), k=1, k;,

gzl'j(t757xau> S 07 (t78> S D;(IL‘,U),Z = 1’lij7

Tk A k- . 0
hij—— ij,j—O,m—i—l,Z—l,zj

is defined and the generalized solution is defined as a subsequence of the sequence

{(@r,ur) 32, € Qo) that satisfy the inequalities B(zg, ug) < ( )iné( )B(m,u) + o
x,u)el(any

at . — 0. The generalized solution is to be calculated by numerical methods [1,2]| as
a sequence of functions (z,(t,s),u.(,s)), belonging to nested sets X"+ ¢ Xn=(N+1

Unu(r) c U+ of parametric functions
(2,(t,8), (L, 8)) 2 (T (o) (Prs Ly 8)s Uy () (G 1, 8)) € X x Umulr)

that are defined by the parameters p, € R™() ¢, € R™() where for any value a > 0
there exists a number r for which the parameters p,., ¢. satisfy the inequalities

rk
max .4t,$,l’nzr s ) Uny (r e SOé,kzl,k‘i-
(t,s)GD;(x,u) f”( ( )(p ) ( )(q )) g

max Ef(ta S, Ty (r (pk: ) ')7unu r (Qk7 ) )) S «, k= 17 ki'; (1)
(t,s)GD;:(:t,u) J ) ") J
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)
max gi'(t787xnz r (pk: ) ')7unu r (QIm ) )) S O,Z = 1ali'7
(t:5)eDk () o ) !

anzT y %y )y Uny (r P S ll'lf BI,U =+ .
(@na) Prs ) ) (@) < i B (x, w)

Numerical algorithms for calculating generalized solutions are given by the following
theorem.

Theorem 1. If for each o > 0 and for selected sequence of nested setsX”, U™, r =1, o0,
convex on (p,q) functionals

B(xr(pv ) ')7 ur(Qa K )),?]Zk](t, S, xr(p> ) ')7 ur(Qa K ))

and for the linear functionals

_zl;(t7 S, xr(pa “ ')7 u’r(q7 Yy ))7 k= ]-7 kij
there exists a number r, for which the set of parameters p € R and q € R", which satisfy
the inequalities (1), has an open subset, then the generalized solution is contained in the

sequence {Tn, (r)(Dr > ) Uny (1) (@, + *) }oy and is calculated by the iterative algorithm:
Pr41 = Pr — hrv’r/Hv’rH7qT+1 =4qr — hrwr/erHa

?(p7q)7fi’;'(ta5>xnz(r)(pr7'v') Uy, (r) <Q7“7 ) ))

FEt s, 2,y (Pry s )y () (@ 7)) =
v(pq)hz]@asvxm(?“)(pm 7') unu(?”)(qu'v ))

(v, w,) = ) hE(t, S, Ty ) (Prs ) Uny () (@, - ) =
V(pﬂ)g’Lj(t?S’xnz("‘ (Pry ), unu(r)(%w 1)), i

) G5t s, Ty (e 5 ) Un () (@ 5 7)) = 2,
v(ﬁﬂ)fo(mnw(?“)(prv'a') unu(?”)(qTi 7'))7 Zf

| /\

z = max{ max max max  max fi];-(t, S, Tng(r)(Prs * )5 Un () (@5 5 ),
j=0,m~+1i=1,i; k=1,k;; (ts)EDl(xu

max max max  max h»j(t, S, Ty () (Drs 5 )5 Un () (Grs 5 7)),
j=0,m+11i=1,ij k=1k;; (ts)eDl(mu)

max Inax 1max max gij(t75>xnz(r)(pra'7'>7Unu(r)<q“'7'>>}a
J=0m+1 i=1,i5 k=1ki; (t,5)€D} (x,u)

lim h, =0, im n,(r) = oo, lim n,(r) = oo,Zhr =00, h, > 0.

T—00 r—00 T—00 1
r=
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In case of linear optimization problems the optimal solution may be calculated by
accelerated algorithms using interior point methods. In this way the original generalized
optimization problem is approximated by the LP problem

minch|A:c =b,x>0
that is solved simultaneously with the dual problem
maxb’y | ATy +z2=¢, 2>0.

By the Karush-Kuhn-Tucker theorem the solution of these LP is the solutions of the
nonlinear system (and backwards)
Ar — b= 0, ATy + 2 — ¢c= 0, ZXe=0,2 >0, z >0,
e= (1,1,...,1), X = diag (x),Z = diag(z).
To calculate the solution (z,y, z) of the last nonlinear system the Newton’s iterative
methods may be effectively implemented starting from any interior admissible point

(2°,9°,29),2° > 0, 2° > 0. At the k-th iteration the solution (dx,dy,dz) of the linearized
at the point (:ck, yk, zk) Newton system

Abx =1y, ATéy + 02 =14, Z"6x + X*52 =r,,
r,=0b—Axk rg= c— 2k — ATyk r, = —X*ZFe

is calculated

| = (X*IZ)_1 , ACAT Sy = 1p+-C(ra— X 'ry), 60 = CAT0y—C(rq— X 'ry), 0z = rq— AT dy

To ensure the inequalities 21 > 0, z*! > 0 we calculate

a1 = min i ‘6.%1 <0 , g = min i |($Zl <0 s

& = min {oy, as} ,7* = (:z:k)Tzk,’?k = (:Ek + &k&lck)T (zk + &k(Szk) ,
~k\ 2 k
() ()
v n
re = pFe — A XFAZFe — XFEZFe, A X* = diag(dx), AZ* = diag(6z),

ACAT Ay = rp+ C(rqg — X r,),
Ax =CATAy — C(rqg— X 'r,), Az =14 — AT Ay,
(xk+17yk+1’zk+l) _ (];k’yk,zk) +a(Az, Ay, Az) .
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The approximate solution is obtained at the iteration satisfying the three inequalities
||Az|| < e, ||Ay|| < e, ||Az|| < e. In general case of regular convex optimization problem
the polynomial convergence of this algorithm was proved.

CONCLUSIONS

Two types of numerical algorithms for calculating the generalized solutions of the
generalized optimization control systems with partial derivatives is proposed: the gradient
algorithm for calculating extremal solutions and the Newton type interior point algorithm
for calculating the global optimal generalized solutions of linear control systems.
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